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ABsTRACT. — Consider a Dirichlet form (&, 2 (&)):

éa(f,f)=%j Vf.aVpdx, fe (),

D
2(8)={feL*(D, pdx) N H},(D): & (f, f)<oo},

where D is a d-dimensional domain, a is a bounded, symmetric, locally
elliptic, d x d matrix-valued function on D, p is a strictly positive probabil-
ity density on D, and a, p are locally Lipschitz continuous on D. We
investigate two methods for appoximating the stationary, symmetric Mar-
kov process X associated with (&, 2(&)), which in the case of smooth
non-degenerate data is a diffusion process with infinitesimal generator

1 . .
2—V.(ap V) in D and conormal reflection at the boundary of D. The first
p

(or exterior) approximation is a conventional penalty approximation by
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14 E. PARDOUX AND R. J. WILLIAMS

diffusions defined on all of R% The second (or interior) approximation
uses diffusions confined to D by singular drifts that tend to infinity at the
boundary of D. The existence of such singular diffusions is established as
a result of possible independent interest. For both approximation methods,
the approximating sequences of processes are shown to be tight using a
decomposition of Lyons and Zheng. The conditions under which one can
identify any weak limit as a realization of X are most general for the
interior approximation scheme and are satisfied for example if for any
compact set K = R? a is uniformly elliptic on D N\ K and p is strictly
bounded away from zero there. Finally, we show under further mild
regularity and non-degeneracy conditions on a and p that if dD is locally
of finite (d— 1)-dimensional upper Minkowski content, then X is a semi-
martingale.

Key words : Dirichlet form, reflected diffusion, stationary, symmetric Markov process,
penalty methods, singular drift, semimartingale, Minkowski content.

ResuMi. — Considérons une forme de Dirichlet (&, 2 (£)):

éa(f,f)=%f V/.aVfpdx, fe D (&),
D
9(&)={feL(D, pdv) \HL, (D)6 (f, )< },

ou D est un domaine de R?, a est une fonction bornée de D dans I’ensemble
des matrices dx d symétriques et définies positives, p est une densité de
probabilité strictement positive sur D, a et p sont localement lipschitziennes
sur D. Nous utilisons deux méthodes pour approcher le processus de
Markov symétrique et stationnaire X associé a (&, 2 (£)), qui dans le cas

de données régulicres est une diffusion de générateur infinitésimal

ZLV.(apV) dans D, avec réflexion conormale a la frontiére de D. La
p

premicre approximation est une approximation «extérieure»; elle utilise
la méthode classique de pénalisation d’une diffusion dans tout R’ La
seconde est une approximation «intérieure »; elle utilise des diffusions qui
sont contraintes a rester dans D par une dérive singuliére. Nous établissons
I'existence de telles diffusions; il s’agit d’un résultat probablement intér-
esssant en soi. Dans les deux cas d’approximation, la tension est établie
en utilisant une décomposition diie & Lyons et Zheng. Les conditions sous
lesquelles on peut identifier toutes les limites faibles comme des réalisations
du processus X sont plus générales dans le cas de I'approximation inté-
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SYMMETRIC REFLECTED DIFFUSIONS 15

rieure, et sont satisfaites en particulier si pour tout compact K de R?, a
est strictement elliptique et p uniformément positive sur D (M K. Enfin on
montre que sous des hypothéses assez faibles de régularité de a, p, éD et
de non dégénérescence de a et p, X est une semimartingale.

0. INTRODUCTION

In this paper we consider the Dirichlet form (&, 2 (£)):

) Ui f)= % V/.aVfdy, fe2 (&),

D
2 2(8)={feL*(D, p) NH, (D): & (f, /)< oo},

where D is a domain in RY a is a symmetric bounded, locally elliptic,
dx d matrix-valued function on D, du=pdx and p is a strictly positive
probability density on D. To ensure that this is a Dirichlet form (see
Theorem 2. 1), we impose the mild regularity assumption that a and p are
locally Lipschitz in D [see (A1)-(A2) of section 1].

The theory of Fukushima [9] associates to the Dirichlet form (&, 2 (&))
a stationary symmetric Markov process X with strongly continuous semi-
group on L?(D, p). The infinitesimal generator of this semigroup is an
extension of the partial differential operator

L=LV.(apV) on C¥ (D).
2p

We paraphrase this by saying that X behaves in D like a diffusion with
o . o 1 .
diffusion coefficient a and drift TV .(ap). Here and throughout this paper
p

we use the term diffusion loosely to mean a Markov process that on the
interior of its state space has an infinitesimal generator that is an elliptic
partial differential operator. When we need the more restrictive notion of
a continuous strong Markov process, we shall use precise words to this
effect. Indeed, for there to be a continuous strong Markov process with
paths in D associated to (&, 2(&)), one needs to impose additional
assumptions on the data (D, q, p). In particular, if D is bounded and has
smooth boundary, and q, p can be extended off D to smooth functions
defined on R? such that a is uniformly elliptic and p>0, then there are
many ways to define a continuous strong Markov process in D with
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16 E. PARDOUX AND R. J. WILLIAMS

associated Dirichlet form (&, 2(&)). For instance, when ‘“smooth” is
interpreted to mean C2-smooth, the work of Lions and Sznitman [17],
Theorem 4.4, on solutions of stochastic differential equations with reflect-
ing boundary conditions, guarantees that given a d-dimensional Brownian
motion W and initial point xeD and letting 6= \/Z denote the positive

definite, symmetric, square root of a, b=E—V.(ap), and n denote the
p

inward unit normal to 0D, there is a unique solution (X*,L*) of (3)-(5)
that is adapted to W:

3) f=x+fc(xz)dwsrf’b(xndwf(an)(xodu, (20,

0 0 0

(4) L~ is a continuous, one-dimensional, non-decreasing process,

t
) Li‘=f Ipp(X9)dLs, 120,

0
The boundary behavior of X* is captured by the last integral in (3) and
(4)-(5), which indicate that X is reflected at the boundary of D in the
conormal direction an. The process L* is called the local time of X* on dD.
By It0’s formula, the process X* generates a solution starting from x of the
submartingale problem used by Stroock and Varadhan [26] to characterize
diffusions with smooth boundary conditions. Indeed, the uniqueness of
solutions of that problem [or of (3)-(5)] guarantees that { X*, xeD} has
the strong Markov property. The process obtained by randomizing the
initial condition of this process so that it has the stationary law p on D
can be verified by integration by parts to be a realization of the stationary
symmetric Markov process associated with the Dirichlet form (&, 2 (&)).
An extension of the above claims to unbounded D can be achieved by
imposing suitable growth conditions on a and p.

When 0D is not smooth or a or p may degenerate at the boundary
of D, little is known about representations of the form (3)-(5) for the
Markov (or strong Markov) process associated with (&, 2 (&)). However,
by analogy with the smooth case, we shall refer to such processes as
symmetric reflected diffusion processes.

In the special case where a=1, D is of finite Lebesgue measure and p is
constant, X is called (normally) reflected Brownian motion in D and more
is known about this process. In particular, Bass and Hsu [2], [1], have
shown that when D is a bounded Lipschitz domain, there is a continuous
strong Markov process on D associated to (&, 2 (&)) and relative to the
filtration generated by X one has the semimartingale decomposition:

t
(6) X,=XO+W,+f n(X,)dL,, 120,

0
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SYMMETRIC REFLECTED DIFFUSIONS 17

where W is a d-dimensional Brownian motion martingale, L is a continu-
ous, adapted, non-decreasing process that increases only when X is on
oD, and n is the inward unit normal vector field defined a.e. relative to
surface measure on dD. Since L does not charge the set of times for which
X is at points where n does not exist, (6) is well defined.

For an arbitrary domain D of finite Lebesgue measure, Williams and
Zheng [29] have shown that one can approximate the stationary reflected
Brownian motion X in D by a sequence of stationary diffusions with
drifts that tend to infinity at D in such a way as to keep the sample paths
of these diffusions in D. We refer to this as an interior approximation. It
further follows from the work of [29] that X is a semimartingale if the
boundary of D is locally of finite (4— 1)-dimensional upper Minkowski
content [see (A8) for the definition] and in this case an averaged version
of the decomposition (6) holds (see Theorem 6.1 below).

In this paper we generalize the results of [29] to symmetric reflected
diffusions associated with the Dirichlet form (&, 2 (6)) and we compare
the interior approximation with a conventional penalty (or exterior)
approximation method. We stress here that we only consider the stationary
Markov process associated with (&, 2 (&)) and we do not address the
question of when it has an associated continuous strong Markov process
on D. The latter is an interesting open problem. (For the case where a
and p do not degenerate at the boundary of D, which includes the case of
reflected Brownian motion, this question has recently been addressed by
Chen [6], and some sufficient [6] and necessary [28] conditions for such a
strong Markov process to have a certain semimartingale decomposition
have been given. Since the submission of our paper, further progress has
been made on this question in the non-degenerate case by Chen, Fitzsim-
mons and Williams [7].)

The structure of our paper is as follows.

Section 1 describes some notation and assumptions. In section 2 we
verify that (&, 2 (&)) is indeed a Dirichlet form under these assumptions
and characterize it as the maximal one associated with self-adjoint, non-
negative definite, Markovian extensions of the operator (L, C? (D)). This
generalizes Lemma 2.3.4 of [9] from the Brownian motion case to the
diffusion case treated here. In sections 3 and 4 we develop exterior
(penalization) and interior approximations, respectively, to X. The argu-
ments in these two sections have the following common skeleton:

(i) define an approximating sequence of stationary, symmetric diffu-
sions, and identify the associated Dirichlet forms,

(ii) establish tightness of this sequence of processes using the decompo-
sition of Lyons and Zheng [18] and a uniform bound on the diffusion
coefficients of these processes,

(iii) verify there is strong convergence in L*(p) of the semigroups on
L® functions whenever there is weak convergence and conclude that a
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18 E. PARDOUX AND R. J. WILLIAMS

weak limit of the approximating sequence is a stationary, symmetric
Markov process with strongly continuous semigroup on L?(D, p) and
that its infinitesimal generator is an extension of (L, C® (D)),

(iv) under suitable conditions, identify the Dirichlet form associated
with any weak limit as (&, 2(&)), and conclude that the approximating
sequence converges weakly to X.

The main differences between sections 3 and 4 lie in steps (i) and (iv).
The definition of the approximating sequence of processes is significantly
more difficult in section 4 than in section 3. Indeed, the penalty approxim-
ation of section 3 uses a sequence of ordinary diffusions defined on R?
with drifts that outside of D point back toward D and grow in magnitude
to +oo0 as one proceeds along the sequence. On the other hand, the
interior approximation of section 4 employs a sequence of diffusions
confined to D by singular drifts that for each diffusion in the sequence
tend to + co in magnitude as the boundary dD is approached. The proof
that such diffusions exist and do not exit D is deferred to section 5. The
result stated there may be of independent interest since it is related to
work of such authors as Carlen[4], Zheng [30], Norris [21],
Fukushima [10], Cattiaux and Léonard [5], and references cited therein on
diffusions with singular drift. The extra complication in step (i) for the
interior approximation is rewarded in step (iv) with more general condi-
tions under which one can identify the limit process. In section 3 we need
to assume that 0D is of zero d-dimensional Lebesgue measure and that
there is a set of functions that is dense in the Hilbert space associated
with the form (&, 2 (£)) and which can be extended to a set of functions
defined on R that is dense in each of the domains of the Dirichlet forms
for the approximating penalized processes. This extension property usually
requires some additional conditions on (D, q, p) (see Remark 3.10). On
the other hand, in section 4 a sufficient condition for the identification is
that for each compact set K in RY, on K M D, a is uniformly elliptic and
p is strictly bounded away from zero, conditions which require no direct
assumptions on D.

In section 6 we address the question of when X is a semimartingale.
For this we impose slightly stronger regularity assumptions on a and p,
formulated precisely in (A1")-(A2") of section 6. Using the tightness criter-
ion for semimartingales of Meyer and Zheng [19], we are able to verify in
a similar manner to that in [29] that X is a semimartingale if the boundary
of D is locally of finite (d— l)-dimensional upper Minkowsk: content
and to obtain some properties of its semimartingale decomposition (see
Theorem 6.1). Whilst this manuscript was in preparation, we received a
preprint of the work of Chen [6] on sufficient conditions for symmetric
reflected diffusions in bounded domains to be semimartingales. Under
slightly weaker regularity conditions on a and p than ours in section 6,
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SYMMETRIC REFLECTED DIFFUSIONS 19

Chen shows that X is a semimartingale when the boundary of D is of
finite (d— 1)-dimensional lower Minkowski content. Since his method of
approximation is different from ours, we feel our result may still be of
interest. We would like to thank Z. Q. Chen for sending us his preprint
and for telling us about the paper [10] of Fukushima.

1. NOTATIONS AND ASSUMPTIONS

For a vector xe R? and set F = R?, | x| will denote the Euclidean norm

d 1/2
of x:|x|=<z xf) and d(x, F)=inf | x—y|. For two sets F and G in
i=1 yeF
RY(d=1) we writt Fc G if Fc F< G and the closure F of F is
compact. For a domain D = R, the o-field of Borel subsets of D will be
denoted by #(D), and for a o-finite measure v on (D, #(D)) and
pell, ], we let L?(D, v) denote the space of Borel measurable functions
f:D >R that are in L? with respect to the measure v, and we let
|- ll? o, ) denote the LP-norm on L?(D, v). If D=R’, we write L”(v) for
L?(R% v). If v is Lebesgue measure on D, we simply write L?(D) for
L?(D, v). For the inner product on L*(D, v), we shall use (., .) 2 p,»

i.e., (f, &2, v)=j fegdv for all f, ge L*(D, v). When there is no ambigu-
D

ity as to the measure involved, we shall simply write (.,.) for
(5 2, v

For each non-negative integer n, we let W™?(D) denote the Sobolev
space of functions fe L?(D) that have all distributional derivatives up to
and including those of order n in L? (D). The norm on W™ ?(D) is taken
to be

”f”n,p: Z ”Daf”L"(D) for 1=p=<oo,

0s |a| =n

where D° f denotes the a-th derivative of f for any multi-index a, and in
particular, D° f=f. The local spaces W},? (D) consist of functions f: D — R
that belong to W™?(D’) for all domains D' =« =« D. We note that for
n=1, Wt (D) is the same as C*~ ! ' (D), the space of functions which
have derivatives up to and including those of order (n—1), and which
together with those derivatives are locally Lipschitz continuous on D. We
use the usual notation that H"(D)=W™ 2 (D) and H},.(D)=W}2 (D).

We let C"(D) denote the set of functions f:D — R that are n-times
continuously differentiable on D, n=0, 1, 2, ... We shall write C(D) in
place of C°(D). The set C* (D) will denote those functions that are
infinitely differentiable on D. For n=0, 1, 2, ..., oo, C}(D) will denote

Vol. 30, n° 1-1994.



20 E. PARDOUX AND R. J. WILLIAMS

those functions in C" (D) that have compact support in D and Cj (D) will
denote those functions in C"(D) which together with their partial deriva-
tives up to and including those of order n are bounded on D. Again, for
n=0, the superscript »n will be suppressed.

Occasionally, for a vector or matrix valued function f defined on D or
R?, we shall write for example, fe W™ ? (D) to mean that each component
of the vector or matrix valued function belongs to W™ ? (D).

For k=1, let C([0, 1], R¥) denote the space of continuous R*-valued
functions defined on [0, 1], and, unless indicated otherwise, consider
C([0, 1], R¥) to be endowed with the topology of uniform convergence.

Throughout this paper d will be a fixed positive integer and D will be a
fixed but arbitrary domain in R%. In sections 2-4, functions a: D —» R ® R?
and p: D — R will be assumed given such that they satisfy
(Al) a=(a;)eW,,” (D) is symmetric, bounded and locally elliptic on D,
in the sense that for each compact set K < D, there is Ax >0 such that

Eax)E= Z aij(x)gia'gkl('&lz

i, j=1

for all £eR? and xeK; and

(A2) peW..® (D), p>0on D, and f pdx=1.

D
In particular, note that since Wi, ® (D) < C(D), for any compact set
K < D there are constants ¢x and Cy such that 0<cg <p(x)<Cy <o for
all xeK. We regard (D, a, p) as the data for the stationary symmetric
reflected diffusion that we wish to construct. Such a process should live
in D, have infinitesimal generator on functions fe C? (D) given by

=Ly ( 5f),

2p;ii=10x 6xj
and have associated Dirichlet form (&, 2 (&)) given by (1)-(2). We shall
1
let b=—V.(ap), i.e., for j=1, ..., d,
2p

Z (a;;p)-

j 2p, 16

2. THE DIRICHLET FORM

The aim of this section is to study the Dirichlet form (&, 2 (&)) defined
by (1)-(2). We shall closely follow the terminology of Fukushima [9] and
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SYMMETRIC REFLECTED DIFFUSIONS 21

freely use the results proved there. We shall first prove that (&, 2 (8)) is
indeed a Dirichlet form, and then identify the associated unbounded
operator on L?(D, p), which will be the infinitesimal generator of the
process to be constructed in the next section. Note that the results of this
section will be applied later not only to the Dirichlet form (&, 2(8))
under study, but also to the approximating forms which will be introduced
in the next two sections.

Recall that (&, 2 (&)) is called a Dirichlet form on L?(D, p) if it is a
symmetric, closed and Markovian bilinear form on 2 (&)X 2 (&), where
9 (&) —called the domain of & —is a dense linear subspace of L?(D, p).
In this section, (., .) denotes the inner product in L?(D, p), where as
before du=pdx on D.

THEOREM 2.1. — (&, 2 (&)), as defined by (1)-(2), is a Dirichlet form.

Proof. — The symmetry of & follows readily from that of the matrix
(a;;). The Markovian property of (&, 2 (&)) follows from the fact that for

9.€C; (R) as in [9], page 5, Vo, (/) =¢;(f)V f where | ;| <1.
To show that (&, 2(&)) is closed, suppose that { f, }° is a sequence

n=1

in 2 (&) such that { £, } is Cauchy relative to the norm ||. ||, given by

[ /N5 0= N+EL N, fe2(8).

We first note that there exists fe L?(D, p) such that f, — f in L?(D, p).
Let { D, };%, be an increasing sequence of open subsets of D such that
(i) DyccD, k=1,2,...,
(i) UD,=D.
k
By the local ellipticity of a and since p is bounded away from zero on

D,, for any k=1, 3¢, >0 such that

gt oo =cillgllo @y €2 (&)
Hence for each k> 1,
(N Jalo, = flp, in H' (D))

and so fe Hj,. (D). Moreover Vf, — V fin p-measure. Hence from Fatou’s
Lemma

&(f, /)<lim inf & (f,, f,)< 0

n —> ©

and fe 2 (&). To show that & (f—f,, f—f,) — 0 as n — oo, note that

ES S [—1)= j V({f=1).aV({f=1)dn

+ J V({f=/f)-aV(f—f)adn.
D\.Dy
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22 E. PARDOUX AND R. J. WILLIAMS

Since (7) holds and fe 2 (&), it suffices to show that Ve>0, 3 k(g) and
N (g)e N such that V=N (g),

®) f Vf,.aVf, du<e.
D\Dx (¢)

This follows from the Cauchy property of { f,} in 2 (&) and the fact that
V fueL?(D, p) for each N. [

It follows from Theorem 1.3.1 and 1.4.1 in [9] that there exists a
unique negative semi-definite self-adjoint operator A on L?(D, p), which

generates a strongly continuous symmetric Markovian (®) semigroup
{P, 120}, and satisfies:

2©6)=2(/=A)
£, 9=(/~Af. J=Rg).f gcD(&).
Note that the following properties hold:
2(A) c2(6)
§(f,8)=(=Af g), feD(A), ge2(6).

We shall use the following definition of (&, 2 (&)) in terms of the semi-
group { P, 120}:

9((5”)={f€L2(D, u)ilimTl(f,f—Ptf)<00}

tjo I

£, g)=1ilrr(1)%(f—P,f, 9. f.86 D (8).

Finally we associate to A the resolvent {Gaé(aI—A)_l, a>0}, which
satisfies
G,(L*(D, W) = 2(8), 8,(G,u, v)=(u, v), ue L*(D, p), ve 2 (8),
where &, (u, v)=¢& (u, v) +a(u, v), u, ve P (&). Moreover,
2(&)={feL*(D, p): lim 1P (f, /)< oo}

[ i

&(f, )= lim &P (f, g), f, g€ 2 (6),

B— o

where &P (f, 8)=B(f—BGy £, 2).
We want now to identify the operator A associated to the Dirichlet form

(&, 2(&)) defined by (1), (2). For that, we first introduce the operator L

(®) In fact “subMarkovian” in the usual terminology.
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SYMMETRIC REFLECTED DIFFUSIONS 23

from CZ (D) into L? (D, p), defined as follows (we use here and henceforth
the convention of summation upon repeated indices):

Ll O 1 0@n

2 Uéx 0x; 2p 0x; ax,f
We note that L feL? (D, p) whenever fe C? (D), since the a;; are bounded
and L 9P

2p Ox;

are bounded on compact subsets of D. We note that

Lf= : aijpg)
2 ox, 0x;

and hence for f, ge C* (D), by mtegratlon by parts:
1 0 0g
,—Lg)=—- X ; x) dx
o L=~ 3| 107 (a2 ,>( )
=¢(f, 8)-

Thus, (L, C® (D)) is a negative semi-definite, symmetric operator. We first
show:

LEMMA 2.2. — (A, 9 (A)) is an extension of (L, CZ? (D)).

Proof. — Let feL?(D,un). Then h=G, fe2() and
&(h, )+ 8=, 8). g6CZ (D), i.c.
f ( ! j” jg +hg> ()P (x) dx= J S8 () p () d.

Since heHj, (D), a;peW,;.* (D), and the support of g is a compact
subset of D, we can integrate by parts in the above to obtain:

(-Lg+tg. M= f), geCr(D).
Hence, if L* denotes the adjoint of L then A€ 2 (L*) and

L*h—h=—f.
However, since h=G, f=(1—A)"! f, we also have:
Ah—h=—f

Hence 2 (A)=Range (G;) =« 2(L*) and A=L* on 2(A), i.e. Ac L*
The result then follows from Lemma 2.3.2 (i) in [9]. O

Let /(L) denote the set of all self-adjoint, negative semi-definite
Markovian extensions of L. We have just shown that A € o7\, (L). We shall
next show that A is the maximal element in &/ (L) in the sense of the
next theorem. This theorem is a generalization to our L of Lemma2.3.4

. . 1 . L
of [9] which was established for L= EA. Since the proof for L is similar
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24 E. PARDOUX AND R. J. WILLIAMS

1
to that for -;):A’ we only give details where there is a difference in the

argument due to our weak regularity assumptions on the coefficients of L.

For Be <7y (L), we shall denote by (&5, Z (&5)) the associated Dirichlet
form, and

Ep o (U, vV)=6Egu, v)+a(u, v).
THEOREM 2.3. — Suppose Be o\, (L), then 2 (&g) = 2 (&) and
Es(LNZEL ),  feD(8y).

Proof. — By the same reasoning as in the first paragraph of the proof
of Lemma 2.3.4 of[9], it suffices to show that for o>0,
N ={feD(L*):(a—L*) f=0} and fe &, N D (&p), we have feHL (D)
and

Es(f, )2E(f ).

Since L*=L on C? (D), by the definition of 4", (L—a) f=0 in the sense
of distributions. Then by an extension of Weyl’s lemma applicable to L
(see Hormander [11], Theorem 17.2.7), it follows that fe WZ,2(D) and
(L—o)f=0a.e.

Let { Gg, >0} denote the resolvent for B, GE(f2)= lim Gi(f* A n),

n — o

&P (2, 9=B(g—BGig. g, B>0, geL?(D,p),

and extend the definition of (g, /) =J gh du to whenever the right member

D
is well defined. Then by the same kind of argument as in the third
paragraph of Lemma 2.3 .4 of [9], possibly using truncation of f and then
passage to the limit, we obtain

p

ER (L N= 5(1,fg),

where
fo=—(fP=BGR /O +2(f* =BGy N+f*—f*BG} 1,
frD=BIGE(f() =10 +2/2 () (1-BCED ()20 ae.
Thus

SN2 LU, @) forany 05051, 0eCr D)
and using the first formula above for f; we have
® (fp 0)Z—(f2=BGE /2, @)+2(S*—BfG} /. ¢)

since (f2—f2BGE1, ¢)=0.
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This paragraph takes the place for L of the justification of (2.3.25)
for %A given in [9]. By Lemma 2.3.2(i) in [9], B < L*, hence

L*(Gpf)=BGg f—f
and the same holds with f2=f2 A n in place of f. Then (9) becomes
(fp> ©)2 lim (G /7, Lo)—2(Gg f; L(f9))

=(f* Gp(L9)—2(G} £, L(fo)).

Here we have used the fact that fo e W? ?(D) with compact support in
D in the first line and the symmetry of G§ in the second line. Now,

B <P)él3jwe"”(f2, PP (Lg))dt
0

—2ﬁf°°e""(P?f, L(fo)dt,
0

where {PP, =0} is the semigroup associated with B. Since
L(f9)eL?(D, p) and P? is strongly continuous, t— (P2 £, L(f¢)) is
continuous, and

lim p Ce P PR £ L(f @) di=(f, L(f 9)).
m B

For the other term, we note that P2 (L ¢) - L ¢ in p-measure as ¢ | 0, and
is bounded by a constant, hence since f2e L' (D, p),

lim B| e P*(f?, PP (Lo)dt=(f* Lo).
B— 0
We have proved that, as B — oo,

lilrinT inf B (fp, ©)2(f* L)=2(f; L(f9)).

Now since fe A, and by integration by parts,

(., LUe)N=a(f, fo)
(/% Lo)=2(fLf, 9)+(@Vf, oVf)
=2o(f, f@)t(@Vf oV/\).
Thus,

lim inf B /5, 9) 2@V, 9V 1)
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Hence,

Ex(f, )= lim &3(. /)

B

1 ..
:E lim B(f,, 1)

B o

2 timinfB (. 0)

B— o

>

@V f, oV ).

N | =

Letting ¢ 171, we deduce finally
S, N26(, ). O

3. APPROXIMATION BY PENALIZATION

Let (D, a, p) denote the triplet described in section 1. We shall construct
a sequence {X"} of symmetric Markov processes taking values in all of R?,
which under additional assumptions described in Theorem 3.9 converges
weakly to the process X associated to the Dirichlet form (&, 2 (£)). We
shall add one crucial assumption to those made in section 1, which will
be supposed to hold only in this section:

(A3) 0D=D\D has zero d-dimensional Lebesgue measure.

We note that when (A3) does not hold, the limit constructed by penaliza-
tion (which is an “approximation from the exterior’”’) would not need to
agree with the limit we shall construct by approximation from the interior
in section 4.

We shall use the following lemma, which is proved in Stein [24], p. 171,
to define a regularization of the distance to D.

LemMA 3.1. — Let G be an open set in R®. For xeR?, let d(x) denote
the distance of x from G¢. There exists a continuous function 9:R* - R and
strictly positive constants ¢y, c,, cg, such that

(i) ¢, d(x)<0(x)<c,d(x) for all xeRY,

(ii)) 0€C*(G) and for any multi-index B, the B-th derivative 0*8 of 0
satisfies

|00 (x)| < cp(d(x) "*lfor all xeG,

where |B| denotes the sum of the components of the multi-index B.
Let us now define the approximation. For this, extend a by I and p by
0 outside of D.
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LEMMA 3.2. — There is a sequence {(D,, a, p,)}2, such that
UD,=D, and for each n,

(1) Dn is open, Dn c < Dn+1 < D,
(il) a,e W' = (R?, a, is symmetric and uniformly elliptic on R%,

(iii) p,e W' > (R%, p,>0 on R?, j p.,dx=1, and there is a finite con-
r?

stant c, such that

(10) AZ:A <c, on R,
Pn
(iv) a,=a and Vo, _Vp on D,,

Pn

p
V) p,—pin LY (RY), as n > .
Proof. — Let & denote the function 0 from Lemma 3.1 associated with
G=D¢and
gn (x)=exp (—n3d (x)).
Let pe Cy (R be such that p>0 on R?, and for some keN and ¢>0,

— 1 for xeB,,
p(x)=
cexp(—|x|)  for xeBf,,,
where B,, /=1, 2, ..., denotes the ball in R? of radius / centered at the

origin. Let { D, };> | be a sequence of open subsets of D such that
D,c<D,,, forall n, UD,=D.

n

For each n, let ¢,e C? (R?) such that 0<¢,<1,

4= 1 on D,
" 0 on Di,,,

and let y,=1—¢,.

Define
(11) a,=ad,+1y,
12) Pn=k,(p &, +Pg,\,)

where k, is a normalization constant:

-1
k,= <f (P4t Pa, V) dx) :
R
The properties stated in the lemma are easily checked. Note in particular

that k,—» 1 as n— oo by dominated convergence (we use (A3) here to
insure a.e. convergence). [J
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For each n, by Lemma 5.2.1 and Theorem 5.2.2 of [25], there is a
function o,:R?! - R*® R? such that c,e W' *(R%), o,(x) is symmetric
and positive definite for each xe R? and o, 6,=a,. Let

1
b,=—V.(a,p,
2 (a,p,)
and p, (dx)=p, (x)dx. We note that a,=a, b,=b on D,.
Let (Q, #, P) be a probability space on which are defined a d-dimen-
sional Brownian motion { W, r>0} and an independent d-dimensional
random vector Y” with law p,. Consider the stochastic differential equation

(13) dXi=b,(X})dt+0c,(X;) dW,
Xn=Y",

We have the following

THeorREM 3.3. — Egquation (13) has a unique strong solution which is a
Stationary symmetric Markov process with sationary measure p,, and an
associated strongly continuous semigroup {P}, 120} on L*(R? p,). The
associated Dirichlet form is (6", 2 (6")) where

(14) & (g, g)‘J Vg (x).a,(x)Vg(x)u,(dx),
(15) 2 (" ={geL*(R%, n,) " Hj, (R):6"(g, g)< 0}
=H"(R%, p,).

Before proving this theorem, we need to establish a technical lemma:

LEMMA 3.4. — Let o,;,e W (R, 154, j<d, and B;e L* (R?), 1Zi<d.
Suppose that the matrtx o (x) = (o (x))? ;=1 is symmetric for each xeR’,
and that there exists a.>0 such that &' oz(x)E_,Zoc]&P for all x, EeR?. We
define

N\, g @
Rl e
Let ¢:R, X R? - R be the unique (*) measurable function satisfying
@ ijI(I, y)dy=1 for all 120,
(i) q[z N L2((0, T), H' ®)) N C(R,, L*(RY),

T>0

(Y It is a consequence of our proof that ¢ is unique.
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(i) for any t>0, e C® (RY),
(q(t, ), §)=(q(0, ), 4’)"’[ (q(s, ), L)ds
0

where (., .) denotes the usual inner product in L? (R?).

Moreover, let {Y,, t20} denote a diffusion process in R? with infinitesimal
generator L and initial law \(dy)=q(0, y)dy. Then for any t>0,
A, (dy)éq(t, y)dy is the law of Y,.

Proof. — We note that from the assumptions made on {ocij, ,-}, the
martingale problem associated to L is well posed. (Indeed, the associated
stochastic differential equation even has a unique strong solution (see
Veretennikov [27]), but we won’t use this fact.) Hence the law of the
process {Y,, th} is uniquely determined by the conditions given in the
statement of the lemma. We shall denote expectation under that law by
E,, and expectation under the law of the same process with the initial
condition Y,=y a.s. will be denoted by E,, ye R".

The assumption (iii) says that ¢ solves in a weak sense the Fokker-
Planck equation:

@ =1L*q, t>0.
ot

For 1>0 and ¢eC® (R, let {v(s, »):0<s5<1, yeR?} denote the unique
element of L?((0, £), H' (R%)) N C([0, #], L? (R%) which in a similar weak
sense solves the backward Kolmogorov equation:

0
—v+Lv=0, O<s<t,
A

o(t, )=0(y), yeR:,

see Dautray-Lions [8], Theorem XVIII.3.1 and 2 for a reference. We first
claim that

v(0, »=E[o(Y)], aey.

Indeed, this formula is known under additional regularity assumptions
on the coefficients a and B, see Bensoussan-Lions [3], Theorem 2.7.4.
The claim now follows by taking limits along a regularizing sequence of
coefficients, both in the partial differential equation for v (using the
methods in [8], Chapter XVIII) and in the martingale problem for Y (see
Stroock-Varadhan [25], Theorem 11.3.3).
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Now, from [8], Theorem XVIII. 1.2, s — (q(s), v(s)) is absolutely con-
tinuous and

d
g(CI(S), v($)=Cv(s), L*q(s) ) =< q(s), Lo(s))

=0a.e.s,

where (., .) denotes the pairing between H! (R?) and H™ ! (R?). Hence

B[ (Y)]= J JE e (YIIM ()

=((0,.), (0, .))
=@ ), 9@ )

=j o(q(t, y)dy,
[Rd

for any @ e C, (R).

Proof of Theorem 3.3. — Existence and uniqueness of a strong solution
follow from the results of Veretennikov [27]. By Lemma 3.4 with

1
o= Ea,,, B=b,, q(t, x)=p,(x), we have that p, is an invariant probability

measure for X".

By identifying the space L?(R?, p,) wih L?(Q, o (X%), P) for each =0
we can define a bounded linear operator P” on L2 (R?, p,) by

(Pig) (X5 =E[g(XD|X5l,  VgeL’(R, u,).

The fact that P} is a bounded linear operator with norm one on
L2 (R?, p,) follows from Jensen’s inequality and the conservative property
P71=1. The symmetry of {X}} follows from the fact that the process
obtained by time reversal at a fixed time ¢ is again a solution of a stochastic
differential equation with the same coefficients and initial law as in (13),
see Pardoux [22]. Note that condition (H2)(ii) there is not needed since
a, is non-degenerate (see Remark 2.3 of [22]), and that the Lipschitz
continuity of b is assumed there only to ensure existence and uniqueness
for the stochastic differential equation.

Since C, (R?) is dense in L2 (R¢, p,) and { P} } is a contraction semigroup,
strong continuity on L?(R?, p,) will follow from

”P:'g'—gHLz ®, 0 as -0,

for any ge C, (R?). The latter follows from Jensen’s inequality, the conti-
nuity of the paths of X" and bounded convergence.
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1
L,= 2—V.(a,,p,,V.).

Pn

Since X" is a solution of (13), by applying It6’s formula we have that for
any ge C? (RY), '

g(XZ')=g(X'6)+j (Vg.o,) (XL')-dWs+f (L, 8) (X5) ds.
0

0o

Since Vg. o, is bounded, the stochastic integral with respect to W defines
a martingale. Hence

}E[g(xn—g(xmxs = %IEU (Lng)(xz)ds|xz]= %J P7 (L, g) (X5) ds.
0 0

By the strong continuity of the semigroup {P, s=0} and boundedness
of P*(L,g), the last entity above converges in L*(Q, (Xj3), P) to
(L,g)(X®) as ¢} 0. It follows that the strong domain of the infinitesimal
generator A, for {P?, 1>20} contains C? (R?) and that

A,g=L,g for geC®(RY.

Hence, since C® (R?) is dense in H* (R?, p,), the Dirichlet form associated
to X" is the unique one extending

- J (L,8) (x)g(¥)p,(dx), geCP(RY,
[Rd

which is defined by (14)-(15). O

Since we are only concerned with stationary Markov processes, from
hereon we restrict attention to processes defined on the time interval [0, 1].
From the definition of X" we have that

t t
(16) M?EX?*XS—J bn(X?)dS=f G, (X5) dWy, t€[0, 1],

0 0 -

is a continuous martingale with respect to the;ﬁltration generated by X",
which we call the “forward” filtration of X", and M" has mutual variation
process

t

an (MM, (Mf‘)j>,=J (a);(XDds for all i, je {1, ..., d}.
0

Since X" is symmetric, it follows that for X"=X1 _ |

t
as) Mrzfq-xz—f by (R ds, 1[0, 11,

0 -

Vol. 30, n° 1-1994.



32 E. PARDOUX AND R. J. WILLIAMS

is a continuous martingale with respect to the filtration generated by X",
called the “blackward” filtration of X", and the mutual variation of M”" is
given by

19 (™, (Mf)j>,=jt(a,,)ij()"<g)ds for all i, je{1, ..., d}.
0

It can be readily verified by substituting (16) and (18) in the following
that we have the decomposition (¢f. Lyons-Zheng [18], pp. 251-252)

1 1
(20) Xp=Xg+ M= (M{-Mj_) for all r€[o, 1]

Since the mutual variations of M" and M" given by (17) and (19) are
absolutely continuous with respect to d¢t and have derivatives in ¢ that
are uniformly bounded in ¢ and n, it follows (see Jacod-Shiryaev [12],
Prop. VI.3.26, Thm. VI.3.21) that the laws of

d d
X (M), (M7, and Y (M), (M)
i=1 i=1

define tight sequences of measures on C([0, 1], R) and consequently by
Theorem V1.4.13 of [12] the laws of {M"};2; and {1\7[" ~_, are tight.

Since p, - p in L' (R?), X% converges weakly to X, whose law is p,
where p (dx) = pdx. Thus, individually the laws of {M"}:2 |, {M"},2 ;, and
{ X%}, are tight and consequently the laws of { (M", M", X§) } >, define
a tight sequence of measures on C([0, 1], R*)x R%. Suppose that
(M, M, X,) is a weak limit point of this sequence and define

Q1) X, =X, + %M,— %(MI—MI_,) for 1€[0, 1].

Then (M" M", X") converges weakly along a subsequence to (M, M, X).
For notational convenience, without loss of generality, we may suppose
that the convergence is along the sequence (not a subsequence). It can be
readily verified that X inherits stationarity and symmetry from the X".
Moreover, since the law of X! is p, for each t€[0,1] and p,=p, we
deduce that p is the law of X,, for each 7€[0, 1]. Since D is the support
of p, and X almost surely has continuous paths, we deduce that

PX,eD for all ze[0, 1])=1,

and moreover, for each t€[0, 1], X,eD a.s., since p(D)=1.
In a similar manner to that in the proof of Theorem 3.3, we define for
each 7€[0, 1] the bounded linear operator P, on L?(D, p) by:

(P,)Xo)=E[g(X)|Xol, geL*(D, p),
and remark that P, is symmetric since { X, } is.
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LEMMA 3.5. — For any f, ge L (R?) and t€[0, 1], we have
(i) Lm | |P7g—Pg|*dn=0,

n - o Jp
(i1) J fPI‘gdu..—’ij:gdu as n— .
R4 D

Proof. — We first claim that it suffices to prove the lemma for
1, geC, (R%. To see this, observe that for he L* (R?) and ge C, (R?),

(22 J |P?h—P,h|2du§4{j IPt(h—g)|2du+J |P} (h—g)|* dn
D D D
+J |P7g_Ptg|2dH}-
D
It suffices to consider the first two terms on the right side. Now,
(23) JlP,(h—g)Pdugj |h—g " du,
D D

since P, has norm one on L? (D, p), and

Py

IP:‘(h—g)Izdu.,Jrf |Py(h—g) > d(n—n,)
R4 R4

»

JlP?(h—g)Izdué
D

o

lIA

|h—g|2 dﬂn+0||P_Pn||L1 (RY)
ule
)

|h—g|2 d”+2"”P_Pn||L‘ (R
D

IA

where ¢=(||#]||, +] g]|o)*- Thus, since C,(R% is dense in L*(R%p) it
suffices to prove (i), and similarly (ii) for £, ge C, (R?).
Assuming g e C, (R%), we have for any he C, (R,

24 JhPi'gdu—J hP, gdp
D D

< +

J hPggd(n—p,)
D

J hP,"gdu,.—I hP,gdu'
D D

Slhllollglle 2= Pallet @
+|E[A(X5) g XD —E [~ (Xo) g X)1]
—0 as n— o0,

by the convergence of p, and the weak convergence of X" to X. It is easily
deduced from this that P?g — P, g in L?(D, p) weakly, as n — oo, for each
g€ C, (RY. Now (ii) follows from the L' (R?) convergence of p, to p.
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We now show that P} g converges strongly to P,g in L?(D, p), again
for geC,(R?. For each xeR?, let {X*, r>0} be the unique strong
solution of (13) with initial condition X™ "(0) x. By well posedness of
the associated martingale problem (see [25], Exercise 6.7.4), the law of
X™* is unique and x — E [g (X ¥)] is measurable. Hence,

Pl (x)=E[g(XP™)], for ae. x.
Fix xe D such that the last identity holds and me N such that xeD,,. Let
T,=inf{s20:X>*eDg, }.

We observe that for n=m, the coefficients of equation (13) restricted to
D,, do not depend on n. Let (a, b) be an extension of (a, b) outside D,,,
such that ae W' © (R?) is symmetric and uniformly elliptic, and 5 is
bounded and measurable. Then the associated stochastic differential equa-
tion has a unique strong solution X* starting from x. For 0<s<z, let
p(s, x,y) denote the associated transition probability density (see
Theorem 9.2.6 in Stroock-Varadhan [25]), which as a function of y is in
L?(RY. Let t=inf{u20:X*e D5, }. Then,

Plg(x)=E[P_ g (X))
=E[PP_ g (XP7); 1, 25]+E,
=E[P7_,g(X); T25]+E,

=J r gyl (’)y)u(dy)+é,.+m

where
&2l P (a<s)=||g ]l P (T<s),

and the same bound holds for n,. Given £>0, we can choose s>0 small
enough such that 2||g||, P (t<s)<e. Then

Prg(x)— j Prg(PEEN ay)|<e
Dy, ()

for any n=m. Moreover, from the weak convergence in L?(D, p) of
{Pt_.g},

(25)

J e PEED L Gy

r
converges as n— o0, since ‘% is in L?*(D,) and hence
p(.
4 (Sa X, ) 1 ( ) 2 .
————1p_(.)eL*(D, p). We conclude from this convergence and (25)

p(.)
that {P;g(x)}>., is a Cauchy sequence in R, for p-a.e. x in D. Strong
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convergence in L? (D, p) follows from the bounded convergence theorem,
and the strong limit equals the weak limit. [

Lemma 3.6. — {P,, 0=r<1} is a strongly continuous symmetric Marko-
vian semigroup on L* (D, p).

Proof. — The symmetry has already been noted and the Markovian
property is evident from the definition of P,. For the semigroup property,
since L® (D, p) is dense in L2 (D, p) and P, has norm one on L* (D, p), it
suffices to show that for each g, he L* (D, p), and 0=s, t<1 such that
t+s5<1,

f h(P,P,g—P, g dn=0.

D

But by the symmetry of P, this is equivalent to

(26) J P,hP,g—hP,, . g)dpn=0.
D

Observe that with P? P P, w, R? in place of P, P, P, ,p, D,
respectively, and the functions 4, g extended by 0 outside D, the above
holds by the symmetry and semigroup properties of { P, 0<u<1}. For
all n sufficiently large, the left member of (26) can be shown to be within €
of that with the “n-replacement” described above, by invoking Lemma 3.5
and the convergence in L' (R?Y) of p, to p, together with the uniform
bound 2|4, | gll. for P/hPig—hP}, g The strong continuity of
{P,, 0=<t=<1} now follows precisely as in the proof of Theorem 3.3. [

THEOREM 3.7. — The weak limit process X is a stationary symmetric
continuous Markov process with stationary measure @ on D and associated
strongly continuous semigroup {P,, 0<t<1} on L*(D, p).

Proof. — To prove X is a Markov process with semigroup {P,, 0=¢<1 }
on L2 (D, p), it suffices to show that

@7 j ho Py, (hy Py, (. Py h) du=E[ho (Xo) by (X)) - - - (X4 s5,)]

for all  hy, by, ..., h,eC.(D) and s, ...,s5,>0 such that
s;+...+s5,=1. We extend each of the 4, i=0, 1, ..., to be zero on Df,
so they are in C,(R%). By the analysis of Lemma 3.5, one can show that
the left member of (27) equals

limf ho P (hy P (... P" h.)dy,.
Rd

sm''m
n
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But by the Markov property of X", this equals
Hm E Ao (X0) Ay (X)) - - - by (X5 )],

S1+...tsy

which by the weak convergence of X" equals the right member of (27). O

Under suitable conditions, we now identify the symmetric Markov
process X, with strongly continuous Markovian semigroup { P, 0=:=1 }
on L?(D, p), as the one having Dirichlet form

1

(28) &g, 8)= EJ‘ Vg.aVgdy forall ge2 ()
D

where 9(£)={geL2(D, p)ﬂH,‘ac(D):j Vg.aVgdu<oo } For this, let

- D
@& 2 (6)) denote the Dirichlet form associated with {P,, 011 } Let A
denote the infinitesimal generator of {P, 0<¢<1} and let 2(A) denote
its strong domain.

LemMA 3.8. — For any ge C® (D), we have g 9 (A) and
Ag=Lg on D.

Proof. — Let geCZ? (D) and he C, (D). Then, after extending g and A
by zero outside D, we have

(29) Ele(X)—gXo)) h(Xo)]=1lim E[(g (X{)— 2 (X5)) h(X5)]

=1imrﬁ[(f (L, £) (X2) ds)h(xs)]
n 0

—fim j "EL(L,g) (X7 h (X3)] d.

n 0

Now for n sufficiently large, the support of g will be contained in D, and
then

L,g=Lg.
Thus the last line of (29) equals

lim J E[(Lg)(X") h(X3)] ds=lim f ( j hP"(Lg) dpn> ds
Rd

n 0 n 0

= jl <J hP (Lg) dp) ds

by Lemma 3.5 (ii). Since h was arbitrary we have

t
P,g—g= j P,(Lg)ds p-ae.
0

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



SYMMETRIC REFLECTED DIFFUSIONS 37

By the strong continuity of P, s > P (Lg) is a continuous function from
[0, 7] into L2 (D, ) and so it follows that

1
lim-(P,g—g)=Lg
t10l

strongly in L2(D, p). O _
It now follows from Theorem 2.3 that 2 (8) < 2(£) and

(30) &g, 8)26 (g, g) forall ge ().

Before we can state our final result, we need to define:
A={feW" = (R%:f has compact support }

and Ap, the set of restrictions to D of the elements of A.

THEOREM 3.9. — Suppose that
(A4) Ay, is dense in D (&) with the norm ||. || () defined by
”fllz@(g):éal LN=LN+HEL L)
Then (€, 2(6))=(&, 2 (8)).
Proof. — Tt suffices to prove that 2 (&) = 2 (&) and for all ge 2 (8),

(31 &g 828 9.

Since 2 (&) equipped with the norm Illo & is complete, it suffices
from (A4) to show that A, = 2 (&) and that (31) holds for geAp.

Let geAp. Then g has an extension to R?—that we still denote by
g—which belongs to A. In that sense, ge 2 ("), and from Lemma 1.3.4
of [9], for each >0,

Py

_ 1
(32) 17! dg(g—P:'g)du,éEJ

JR (113

Vg.a,Vgap,.
d

Taking the limit as n — oo in (32), we deduce that

»

e
! g(g_P:g)duéij Vg.aVgdu< .

JD D

The result follows by applying Lemma 1.3.4 of [9] again. [

Remark 3.10. — Suppose a is uniformly elliptic, D is bounded and p is
bounded above and below by positive constants. Then 2 (&)=W* 2 (D)
and ||.||g ( is equivalent to ||.||wt.2 ). In this case, a sufficient condition
for (A4) to hold is that D is an € — & domain, i.e., there is €>0 and 6>0
such that whenever x, yeD and | x—y| <3, there is a rectifiable arc ' = D
joining x to y such that

1
Tls x|
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and

d(z, D)= elx=zlly=zl ¢ zer
|x=»]
where |T'| denotes the length of I'. If D is an £—8 domain, then by a
theorem of Jones ([13], Theorem 1) any function in W' 2 (D) is the restric-
tion to D of some function in W' 2 (R?), and since A is dense in W' 2 (R%),
it follows that Ap is dense in W' ?(D). We note from the paper of
Jones [13] that an € — 6 domain can have a highly non-rectifiable boundary
and for any ae[d—1, d), there is an e—38 domain whose boundary has
positive a-dimensional Hausdorff measure.

Remark 3.11. — The results of this section remain true if we replace
the sequence {(a,, p,)} by any other sequence satisfying the properties
stated in Lemma 3.2. In particular, we could have made the following
choice for p,:

pn=p¢n+kn1;\l"n

where k, is chosen in such a way that f pndx=1. Accordingly, k, — 0 as
[Rd

n— oo and the term involving ¢, creates a large drift towards the interior
of D from points x in D,, ;\D,. In this case, the “strong push” is only
exerted inside D, as in the next section, but it is not strong enough so as
to keep X" inside D. When X" exits D, we count on recurrence to bring it
back inside. Note that in the construction used in this section, there is
also a strong push on D, ;\ D, due to p#p. However, this push inside
can be avoided in the case where D is bounded and p can be extended to
an element of W1 (R%).

4. APPROXIMATION FROM THE INTERIOR

Let (D, a, p) be the given data as described in section 1. We first
approximate a and p by data for a sequence of diffusions defined on all
of R% by defining (D,, a,, p,) almost as in Lemma 3.2, with the only
difference being that g, and k, are replaced by 1. It can be verified that
all of the properties stated in Lemma 3.2 still hold except possibly for

j pndx=1and for p, » p in L* (R?%) as n — o0.
Rd

Let & denote the function 0 from Lemma 3.1 associated with G=D.
For each xe D, define

(33) S ()= eXp< e )>
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Note that for each fixed n, f,(x) > + o0 as x > JD and for each fixed
xeD, f,(x)|1 as n— oo. We extend f, to D by defining f, (x)= + oo if
xeD*. Now define

(34) Pn=exp(—fp),

where exp(—0)=0. It can be readily verified using Lemma 3.1 that
p,€C® (D) and for each multi-index B, the B-th derivative of p, at xeD
tends to zero as x — dD. Combining this with the fact that p, is identically
zero outside of D, it follows that p, is a C* function on R?. Note also
that p,Te” ! on D as n — oo. Let

1
(35 g,,=—5a,,Vf,, on D.

As in section 3, for each n we define a function o,: R? > R? ® R? such
that c,e W' ® (R, o,(x) is symmetric and positive definite for each
xeRY, and o, satisfies 6,0,=a,. Let

1
b,=—V.(a,p,),
Ty (@,pn)
and let p, be the probability measure on D that has density v, p, p, relative
to d-dimensional Lebesgue measure, where

-1
v..=<f Dn p..dX> .
D

We note from the definition of p, that y, » e as n — co. One can check
by dominated convergence that y, p,p, — p in L* (D) as n — 0.

Let (Q, #, P) be a probability space on which are defined a d-dimen-
sional Brownian motion {W,, 120} and an independent random vector
Y" taking values in D and having law p,. Consider the following stochastic
differential equation in D:

a6 { dX; = (b, (X2) + 8, (XD) di +0, (XD) dW,,
X5=Y"

Note that |g,(x)| may tend to +oo as x—dD, and so in general (36)

does not fall within the realm of the general existence and uniqueness

theory for solutions of stochastic differential equations. Nevertheless, the

following theorem which guarantees existence of a unique strong solution

of (36) that lives forever in D is a consequence of Theorem 5.1 below.

THEOREM 4.1. — The stochastic differential equation (36) has a unique
strong solution {X;’, th}. Moreover, X" does not exit D almost surely,
and X" is a stationary, symmetric Markov process with stationary measure
W, and associated strongly continuous semigroup {P?, 120} on L*(D, p,,).
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For each n, let (6", D(6") be the Dirichlet form associated with the

strongly continuous symmetric Markovian semigroup {P?, ¢>0} on
L?(D, ).

LEMMA 4.2. — We have 9 (6")=H' (D, u,) and
1
(37 8" (g, g)= EJ Vg.a,Vgdp, forall geH' (D, p,).
D

Proof. — One can show as in section 3 that the strong domain of the
infinitesimal generator A, for {P}, 120} contains C¥ (D) and that
A,g=L,g for geCZ(D),

1
where L, g=

V.(a,p,p,Vg). It then follows from Theorem 2.3 that
9 (6" < H' (D, ) and

1
&" (g, g)gij Vg.a,Vgdy, forall ge2(&").
D

Thus it remains to show that H' (D, p,) = 2 (6") and that the reverse of
the above inequality holds for g in H* (D, p,). This can be proved in the
same manner as Lemma 3.5 of [29] with the observation that since a, is
bounded and uniformly elliptic, whenever (37) holds, the norm ||.||,

@"
associated with &”", defined by

g% "’"’=J g2 dn,+6"(g, g
D

is equivalent to the norm on H! (D, p,) given by

1
||g||ﬁ1<o,pn,=f gzdu,,+—J |Vg|2dy, O
D 2 D

Since we are only concerned with stationary Markov processes, from
hereon we restrict attention to processes defined on the time interval [0, 1].

In a similar manner to that in section 3, we can show that any subse-
quence of the sequence { X", ne N } has a weakly convergent subsequence,
whose limit {X,, t€[0, l]}, is a stationary symmetric process with initial
law p and continuous paths in D. Define a family {P,0<¢<1} of
bounded linear operators on L? (D, p) by:

(P.g)(X9)=E[g(X)|X,l,  geL*(D, p), tel0, 1].
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LeEmMA 4.3. — For any f, ge L* (D) and t€(0, 1], we have
(i) lim j |Prg—P,g|*dn=0,
D

(i) J fP?gdunﬂJfPtgdu as n— co.
D D

Proof. — As in Lemma 3.5, it suffices to prove the result for
f, geC, (D), and the weak convergence of P"g in L? (D, p) as well as (ii)
is proved as there.

For the proof of strong convergence, the only difference from the
situation in Lemma 3.5 is that b is replaced by a sequence {b,}=,, which
agrees with {b,+g,}, on D,, and which we choose to converge

~ ~ 1
uniformly to b, where b= 2—V.(ap) on D,
p

For each £>0, we need to be able to choose s such that

supP (t,<s)<e.

nm
However this follows from Chebyshev’s inequality, since from elementary
estimates for stochastic differential equations,

sup[E< sup |f(ﬁ"‘—x|2>
n2m O<us<s
tends to zero as s — 0.

Moreover the transition density p, (s, x, y) of X" depends on n, and in
order to conclude we only need that

p.(s, x, )—-p(s, x,.)
in L?>(D), which follows from Theorem 11.4.2 in Stroock-
Varadhan [25]. O

We can now prove the following in a similar manner to the proof of
Theorem 3.7.

THEOREM 4.4. — The weak limit process X is a stationary symmetric
continuous Markov process with stationary measure w on D and associated
strongly continuous semigroup {P, 0<t<1} on L?(D, p).

By a similar proof to that of Lemma 3.8, with the additional observa-
tion that | V f,| goes to zero uniformly on any compact subset of D as
n— oo, it follows that the infinitesimal generator of {P, 0<¢<1} is an
extension of (L, C* (D)).

Let (&, 2 (&)) denote the Dirichlet form associated to X. As in section 3,
2 (&) < 9 (&) and

(3% 8@ 926 2, 220
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THEOREM 4.5. — Suppose that for each compact set K = R?,

(AS5) a is uniformly elliptic on K N D,

(A6) v, (Pnpn) (X)=c,p(x) for all xeD N K, neN, for some constant c,,
Then, (&, 2(€))=(&, 2 (&)).

Proof. — By (38), it suffices to show 2 (&) = 2 (&) and for all ge 2 (&),

(39) (2,228 (g, 9)-
Since 2 (&) is complete with respect to the norm ||. ||  defined by
(40) lells &= 2@ nté( g foral ge2 (&),

and (as we will show below).
A={ge2(6)NL>(D, p): g is zero outside K N D for some
compact set K (depending on g) in R}

is dense in 2 (&) with norm ||.||g ) it suffices to show that A = 2 (&)
and (39) holds there.

To see that A is dense in 2 (&), let ge 2 (&) and ®,e C; (R) such that
0S®,<1,

_fy for |y|=n,
2.0 {(n+l)sgn(y) for |y|zn+2.

Further, let ¥,eC” (R? such that |¥,(x)|€[0, 1], |V¥,(x)|<1 for all
xeR?, and

{1  for |x|=n
W"(x)—{o for |x|zn+2.

Define h,=¥,®,(g) and observe that s, A. Moreover, for
I,={xeD:|g(x)|2n}U{xeD:|x|2n},
“g_hn”é(é’)=(g_hm g—h,).2 o, p)+éo(g_hn! g—h,)

éf lg—¥,®,(2)|*dn
Iy

+2f {(Veg(1-¥,2,(g).aVg(1-¥,D,(2)
Ty
+(V¥,®,(g).a(V¥,D,(2)) } dn

§4J Iglzdu+8'[ Vg-andu+2J lall8” i,
ry Ty

Cn

d 1/2
where ||a||w=max< Y |aij(x)12) . Since ge P (&), the last line above

xeD \i, j=1
tends to zero as n— oo, and it follows that A is dense in & (&) with the
norm ||. g (s
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We now verify that A ¢ 2(&) and (39) holds for geA. For geA,
since a is uniformly elliptic on the support of g, there is A,>0 such that

kyj |Vg|2du§f Vg.aVgdu
D D

and so VgeL?(D, p), and then by assumption (A6), VgeL?(D, u,)
and also geL?*(D, p,), hence ge 2 (6"). By Lemma 1.3.4 of [9] and
Lemma 4.2, for each 1>0,

1
(41) t‘lf gg—Pigadn,<8"(g g= 5[ Vg.a,Vgadu,
D D

It follows form Lemma 4.3 (ii) that the left member of (41) tends as

n— oo to ! j g(g—P,g)dp.

D
Now ae.on D, (Vg.a,Vg)y,p,p,— (Vg.aVg)p as n — o0, where the
sequence on the left is dominated by (||a||,, +1)|Vg|*c,peL* (D) and by
(A6), ¢, is a constant depending on g. Thus, on letting n — 00 in (41) we
obtain

1
(42) t‘lfg(g—P,g)duéif Vg.aVgdu<oo.
D D

Invoking Lemma 1.3.4 of [9] again, we conclude that ge 2 (&) and
&g 9= %f Vg.aVgdy, as desired. O

D
Remark 4.6. — An examination of the above proof shows that all we

really need for the result of Theorem 4.5 is that (a) there be a common
set of functions that is in all of the 2 (&™) and is dense in 2 (&), and (b)
one can pass to the limit as n — oo in (41) to get (42). The reader may
verify that another sufficient condition that can be used in place of
conditions (AS5)-(A6) is that W' ® (D) is dense in & (&) with the norm
I-lla @

Remark 4.7. — Condition (A6) is really quite weak. It is always satisfied
if p is uniformly bounded away from zero on D N K for each compact
set K = R?. Moreover, since p is bounded away from zero on compact
subsets of D, (A6) only puts a lower bound on how rapidly p may go to
zero at the boundary of D. In fact, one could even modify our choices of
pn and p, to still keep the same qualitative features but to accommodate
more densities p that go to zero at D at a “reasonable rate”.

Remark 4.8. — Under the result of Theorem 4.5, any subsequence of
{X"} has a further subsequence that is weakly convergent to X, the
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symmetric Markov process with strongly continuous Markovian semi-
group associated with the Dirichlet form (&, 2 (£)), and so it follows that
{X"} converges weakly to X. Without the identification provided by
Theorem 4.5, we simply know that any subsequence of {X"} has a
weakly convergent subsequence whose weak limit is a stationary symmetric
Markov process with strongly continuous Markovian semigroup and
associated Dirichlet form (&, 2 (&)) satisfying

C> (D) = 2(&) = 2(6),8 (g, g)=(g, —Lg) for all ge C® (D),
and & (g, g)= €& (g, g) for all ge 2 (&).

Remark 4.9. — Other approximations from the interior are possible. If
we choose the D,’s to have smooth boundaries, we could choose X" to be
a diffusion reflected at the boundary of D,, as constructed for example in
Lions-Sznitman [17]. (Indeed, this is the kind of approximation used by
Chen [6] in his contemporaneous, independent work on the existence of
Skorokhod-like decompositions for reflecting diffusion processes with non-
degenerate a and p.) Alternatively, one could choose the drift of X" so as
to keep this process inside D,. If §,(x) denotes the distance from xeR?

to Dj, and f,=exp(1/(n3,)) on D,, then since dD, is smooth, proving that
the additional drift

1
&= — Eanvﬁw
maintains X" inside D, is not too hard to show using f, as a Lyapounov
function, and does not require the involved argument in section 5. How-

ever, we feel that our approximation is more natural, since our X" lives
in all of D.

5. CONSTRUCTION OF A DIFFUSION WITH SINGULAR DRIFT

In this section, we carry out the construction of a diffusion with singular
drift, which is needed in section 4 for the definition of the approximation
from the interior.

Here D will denote the domain in R? where the coefficients for our
stochastic differential equation are defined. The drift will be only locally
bounded in D, and we will need to show that the exit time of the diffusion
from D is a.s. infinite. In fact, we shall do that for a stationary and
symmetric Markov process, and we shall show that it never hits the “set
of nodes”, i.e., the set where its stationary density vanishes. We deduce
from this the desired result for all starting points x in D of the diffusion.
Our result generalizes earlier results of Carlen [4] and Zheng [30] who
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assume that the diffusion coefficient is the identity matrix. In [10}], Fukush-
ima considers a Dirichlet form (1) with D=R¢ uniformly elliptic C*
diffusion coefficient a, and density p that may degenerate to zero on a set
of points having zero Lebesgue measure. Assuming p is locally bounded
on R? and satisfies a local finite energy condition, Fukushima uses a
potential theoretic method to show that the zero set of p is not reached
by the process associated with his Dirichlet form. His proof might be
adapted to establish our result in most cases. (We assume less regularity
of a, though more of p.) Nevertheless, we believe our method is of indepen-
dent interest, being more sample path oriented, along the lines of the work
of Zheng [30], Meyer-Zheng [20], and Norris [21]. Here we adapt the
approach of the latter to our situation.
The following assumptions are adopted throughout this section.

(A1) a=(a;)eW" (R, R*® R?) is symmetric and uniformly elliptic
on RY;

(A2) peW'*(R?, p>0onR% p~'|Vp|eL®(R?), and J

pdx<oo.
IRd

We also assume as given a function p such that

(A7) (i) peW" = (R, R,),
LA , .
(ii)) D={xeR?:p(x)>0} is connected,

(iii) p~'|Vp|*peL! (D),
(iv) p(x)Zc(d(x, D%)? for all xeR? for some ¢>0,

) j p(x)p(x)dx=1
D
We denote by p the measure on D defined by p(dx)=p (x) p (x) dx. Define

1 1
b= —V.(ap), = —aVp,
2 (ap) 20 p
1
so that b+g= 2—V.(app). Note that (A1) and (A2') imply that b is
pp

bounded. Let ce W' * (R?, R? ® RY) be symmetric, positive definite and
such that co=a.

We want to study the equation:
43) dX,=(bX)+tgX))dt+o(X,)dW,

where {W,, =0} is a given d-dimensional standard Brownian motion
defined on a probablity space (Q, &, P).
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The aim of this section is to prove:

THEOREM 5.1. — For any xeD, equation (43) has a unique strong
solution starting from x, which P-a.s. does not exit D in finite time.

COROLLARY 5.2. — If Y is a D-valued random vector with law p and is
independent of {W,, t=0}, then the solution of (43) with X,=Y is a
Stationary symmetric Markov process with an associated strongly continuous
semigroup {P, 120} on L*>(D, p).

We begin with the:

Proof of Theorem 5.1. Step 1: Local existence and uniqueness. — In
this step, we prove existence and uniqueness up to the exit time of the
solution from D, using rather standard arguments.

Let {D,};2 denote an increasing sequence of open subsets of D, as
defined in Lemma 3.2, and for each n, let g, be a bounded and measurable
mapping from R? into itself, which coincides with ¢ on D,. For each n,
we can apply Veretennikov’s result [27] to equation (43) with g replaced
by g, and initial condition X,=wx, yielding a unique strong solution
{X},120}. Let S,=inf{r=0:X!¢D,}. We deduce from standard argu-
ments the existence of a unique solution {X,, 0<¢<S} of equation (43)
starting from x, where S=1imS,, and X,=X} for 0<7<S,. Since we may

consider D as the state space for the process {X, 0<r<S}, in the
following we shall call S the explosion time. (Readers concerned about X
being defined on a stochastic interval may define X,=0 for S<t< oo,
where 0 is a cemetery point isolated from R?. This defines a strong Markov
process with paths in D\ {d}.)

Step 2: A sufficient condition for the explosion time to be a.s. infinite. —
We now show that provided the solution of (43) does not explode (i.e.
exit D) in finite time a.s. when initialized with an initial law v on D with
respect to which Lebesgue measure on D is absolutely continuous, then
for any x in D, the solution of (43) starting from x does not explode a.s.
in finite time.

Let { X,, 0<¢<S} be a solution of equation (43) with initial law v.
We assume that

44) P(S<w)=0,
and we claim that (44) implies that
P(S<w|X,=x)=0, VxeD.

Indeed, we first note that

P(S<oo)=J P(S< o |Xo=x)v(dx),
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hence
(45) P(S<o0|X,=x)=0,
for v-a.e. x in D, and therefore for Lebesgue a.e. x in D. Suppose now

that there exists xeD such that P(S<oo|X,=x)>0. Then there must
exist £>0 and ne N such that

P(1<S,<S< o |X,=x)>0.
However
P(1<S,<S< o |Xy=x)
=E[P(S<0|X)1{<s,,| Xo=x]
=E[P(S<oo|X,=X])1(,s,,| Xs=x]
<E[P(S<owo|X,=X))1p, (X)) | X5=x]

=J P(S<w|X,=y)pi(x, y)dy,
Dy,

where p;(x, .) denotes the transition probability density of the process
{Xr} (starting from x), which exists from Lemma 9.2.2 of Stroock-
Varadhan [25]. Now for any y in D,

P(S<wo|X,=y)=P(S<ow|X,=)

and the assumption made upon x implies that there is a set of positive
Lebesgue measure in D, such that for all y in that set, P (S <0 | X,=y) >0,
which contradicts the above equality and (45).

Step 3: When initialized with the law W, the solution of equation (43) does
not explode a.s. — This is the main and last step of the proof. We shall
exploit the symmetry of the solution of (43) when initialized with p (this
symmetry is formally recognized in Corollary 5.2), while adapting ideas
from Norris [21].

Let us first consider the equation (43) without the unbounded drift g.
We shall put it back using a Girsanov transformation a little later.

Given a filtered probability space (Q, #, { #, }, Q) on which are defined
a d-dimensional Brownian motion {V,, >0} (which is also supposed to
be an { #,}-martingale) and an & ;-measurable random vector X, with
law p(x)dx on R there exists, again from Veretenikov’s result, a unique
strong solution { X,, 120} of the equation:

t t
(46) X, =X, + f b(X,)ds+ f c(X)dvV,  t=0.

0 0

Moreover, by the arguments in the proof of Theorem 3.3, {X,, 1>0} is
a stationary symmetric diffusion process.
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We let
A.
S=inf{720:X,¢D}
and for k=1, 2, ...
A t
Tk=inf{tgo:J h(Xs)dsgk}
0
where

h=<p‘2(an, Vp)+i>lp
pp

with o some continuous, bounded, and everywhere strictly positive proba-
bility density on R
We claim that:

47) jth(Xs)a’sT+oo, ast1S Q-a.s. on {0<S<o0}.

0

For the proof of this, note that Q-a.s. on {0< S<o }, Xo,€D and
Xse D¢, hence p (Xs)=0. By a Girsanov transformation and a time change
argument using the boundedness and uniform ellipticity of a, one can
deduce a Lévy-type bound on the modulus of continuity of X, from which
it follows that @-a.s., for each >0 there exists ¢ and €>0 (¢ may depend
on ¢ and o) such that, whenever | —s|<g,

|XS—X,|2§c|t—s|log< : >
|1=s]

Hence from (A7) (iv), there exists a random variable ¢ such that €>0
Q-a.s. on {0<S<co }, and a constant ¢ such that

_ 1
p(Xs)écIS—sllog< 57| >

on the set {0<S<oo} N {|S—s|<e}. Now if 0<s<S, X €D, hence
la(Xs)
p(Xy)

h(X)z|rlls

a (Xy)

z|pllat=
2llrlle c|S—s|log(1/|S—s])

for (S—&)* <s<S<oo. Now on this random time interval, X; lies in a
compact set (depending on ®), hence a(X,) is bounded away from zero
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on the same random time interval. But

[ () oo

hence (47) is established. From (47) and the definition of T,, we have that

T,
48) th(Xs)dsgk, T,<S  Qas. on {0<S)}

0

and the second inequality is Q-a.s. strict on {0<S<oo0 }.
We now define

t
ZF“D{%J (p~'aVp)(X,).dV,
0

—%f(p”(aw,Vp)<xs))ds}, 120,
0

with the convention that Z,=0 if X e D for some 0<s=t. From (48) and
the fact that p~2(aVp, Vp)<h on D, we have

r’(p“z(wp, Vo) (X)ds<k, @-as.on{0<S}.
0

Hence by standard arguments (see e.g. [14], p. 198), {Z, , 1, 120} is an
L2-bounded martingale for each ke N. Let

Zy=lim Z

t—

t ATy
and define P, on (Q, #y,) by

dp,

—=pXo) Zy,.

d@ p( O) Tx
By Girsanov’s theorem, under P,,

1 t AT
49) \ f “ploVp) (X)ds, 120,

t ATk - 2 o
is a Brownian motion stopped at T,.
Now fix 1>0. For 0<s5=<1, define
t
VS=V,-VS+J (p~'V.(op) (X,) du,
s=6{V,— Vg ssust}”

where the last superscript ~ denotes completion with the @-null sets
in &,

H=%9 v o(X)).
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Then, under Q, {Vszogsgt} is a Brownian motion that is a martingale
with respect to the backward filtration { #*:s€[0, 7]} and

t t
(50) XS—X,=j b(Xu)du+J o(X,)*xdV, for 0<s<t,

N

where the last integral is a ““backward It6 integral” defined as follows:

j—1

t
jc(xu)*dvu= lim Z G(Xt{+1)(vt{+1_vt{)

Jj= wi=0

where s=rh<t{<...<ti=rand sup/Z{ (t},, — ) > 0 as j > oo. The claim
of the last sentence is made in Theorem 2.2 and Corollary 2.4 of
Pardoux [22], with the same minor adaptation as in the proof of our
Theorem 3.3.

We now introduce, for each s€[0, 1],

Zs(=exp{ %j (02 oVp) (X,) * d¥, - %J (0= (@Vp, Vp)) (X,,)du}

s

with the convention that Z,=0 if X,e D for some uels, 7). Let Z,=Z,,.
We now claim that

(51) E®[Z,|X]<1 Q-as.
To see this, let

~

t
Sk=sup{s§t:j (p~%(aVp, Vp)) (X,)du=k or X ,eD; },
where the supremum of an empty set is taken to be zero. Then since V is
a Brownian motion martingale with respect to {st:se[O, 1] }, we have
(52) F2(Z, . | X]=1.

By considering the cases where X eD for all s€]0, 7], and the alternative,
separately, we conclude that
zt é li_mk zgk AT

Then (51) follows from (52) by Fatou’s Lemma.
We will now prove that for each =0,

(53) P(X)Z=2,p(X) Q-as.

Since (53) is trivially satisfied on the set { S<t} from the definitions of Z,
and Z,, by comparing the exponents in (53), we see that it suffices to show
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that @-a.s. on the set {S>1},

1 , N
logp(X,)+§ f (p~'aVp) (X)) *dV,
0

1 t
=logp (Xo)+ EJ (p™'oVp)(X,).4V..
0

Now we have roughly speaking the following two facts:
(a) the “forward” It6 formula applied to X, satisfying (46) yields that
on {S>1}

(54) log p (X)) —log p (X,)

=f(p-‘b.Vp>(Xs)ds+f'(p-lch>(Xs>.dvs
0 0

d t 2
+ ! Y. (a 0"logp ) (X,) ds,

ij
2,‘J=1 0 axi(?xj

and
(b) the “backward” It6 formula applied to X, satisfying (50) with s=0
yields that on {S>1}

(55)  logp(Xo)—logp(X,)= f (p™'b.Vp)(X,)ds
0
+J'(p—1 Vpo) (X,) *x dV,
0

d t 2 y
+1y <a 9 Ing>(Xs)ds.

i A A
2i,j=1 0 axiaxj

Note that (54) [resp. (55)] is not obtained by a direct application of
It6’s formula since log p ¢ C*(R?), but rather as follows. For any n, there
exists a function g,e C*(R?) which coincides with logp on D,. We apply
the forward (resp. backward) It6 formula to g,. This gives (54) [resp. (55)]
on the set {S,>¢} for each n, hence on the set {S>¢}= { S,>t}, where

S,=inf{120:X,¢D,}.
Subtracting (55) from (54) yields the desired result.
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Letting E, denote expectation under P,, we can now conclude that for
t >0 fixed,

T, At
kmmggﬁukhmwﬂ

0
rt
= | E[h(X) 1<, lds
Jo
t
=| E° [h(X)) p(Xo) Zg , Tk l{ngk}] ds
JOo
rt
<| E2Ih(X) p (o) Z,] ds
JOo
3
= | E°[h (X)) p (X)) Z]ds, by (53)
JO

I\

"B [ (X)) p (X,)] ds, by (51)

Jo

=t{f (p™'(aVp, VP))(X)P(x)dx"‘J OC(X)dX},
D D

by the stationarity of X,

<00,

from (A1"), (A7) (iii).
This shows that for each 1=0,

(56) P (T,=<t)>0 as k- oo.
For each t=0, Ae #,, define
P(A)= lim P,(AN{T,>1}).

k = ©

It follows from (56) that this defines a probability measure on (Q, U &)

t

(see Stroock-Varadhan [25], p. 35). Then Télim T, satisfies
k

(57) P(T=+o)=1.
Now let

t

V,— 1‘[ (p 'oVp)(Xy)ds forall 120, 0on {T=00};

W= 2Jo
0 forall 120, on {T<oo }.
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From (49), {W, 1,20} is a continuous P-martingale with mutual
variation

W, Wi 3,=8,(t ATy, t20, ij=,....d
ATk ATk J

Consequently { W,, 7>01} is a Brownian motion under P, and P-a.s.

t t
(58) X,=XO+J b+g (Xs)ds+f o (X,)dW,, 1=0,
0 0
where X, has distribution p under P. The fact that X does not exit D
P-a.s. follows from (48), (57) and the fact P(X,eD)=1. O
We can now proceed with the:

Proof of Corollary 5.2. — We only need to prove stationarity and
symmetry, since strong continuity of the semigroup follows in a similar
manner to that in the proof of Theorem 3.3. We shall use the notations
from the proof of Theorem 5. 1.

We first note that for Ae &,

P(A)= lim P,(AN{T,>1})

k = o

= lim E®(p(Xo)Zs AN{T,>1})

k = o
=E%(p(Xo) Zs A)

by monotone convergence, since Z,=0 Q-a.s. on (U {T,>}). Hence
k

Pls,<Q|s, and

dP
(59) 0 . =pXo) Z,.
Let now ¢, Y€ C, (D). From (59), (53), we deduce
(60) EP [¢ (Xo) W (X)) =E?[¢ (Xo) ¥ (X)) p (Xo) Z)]
=E2[p XV (X) p(X)Z]
=E2[¢ (X) ¥ (Xo) p(Xo) Z)]

where X, =X,_,, 0<s<t. Now we rewrite (50) as

)_(S=X,+J b()—(,)dr+J c(X,)dv,, 0<s<t,

o 0
with V.= —V,_ and also

Z,=eXp{§I (P~ oVp)(X,).dV,— %J (p~%(aVp, Vp))(&)ds},
0 0

i.e., Z, is the same functional of (X, V) as Z, is of (X, V). Now, under
Q, V and V are both standard Wiener processes and X (resp. X) is a
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strong solution of a stochastic differential equation with coefficients (b, ©)
driven by V (resp. by V) and with initial condition X, independent of V
(resp. X, independent of V), where X, and X, have the same law. Hence,
under Q, the law of (X, V) equals the law of (X, V), and the last line
of (60) equals

E2[¢ (X) ¥ (Xo) p (Xo) Z=E” [¢ (X) ¥ (Xo)]-
We have proved that

E*[¢ (Xo) ¥ (X1 = E7 [¢ XD ¥ (Xo)],

which establishes the symmetry property, as well as stationarity (choose

y=1). O

6. SEMIMARTINGALE REPRESENTATION

In this section we give sufficient conditions for the Markov process X
constructed in section 4 to be a semimartingale and we give a form for
the decomposition in this case. For this, in addition to conditions on D,
we need to impose more stringent assumptions on a and p than previously
encountered. Accordingly, we shall assume henceforth that a and p have
extensions to all of R? (again denoted by a and p) such that

(A1) a:R'->R!'® RY aeC!(RY), a is symmetric, bounded and locally
elliptic on R?,

(A2") p:R'> R, peC'(R%, p>0 on D and j p(x)dx=1.
D
In this case, we could have taken simpler modifications a,, p, of a, p

than those defined at the beginning of section 4. In particular, suppose
that for each n, B,={xeR?:|x|<n}, D,=DNB,, ¢,eC* (R’ such that
0<¢,<1and

{1 onB,
¢"‘{ 0 on Bi,;.
Define y,=1—¢, and let a,, p, be defined by equations (11)-(12) with the
,, W, of this section and with k,=1, g,=1 (as in section 4). Then the
proofs of section 4 go through with only minor modification using these
(D,, a,, p,)- One point to note is that sometimes the D, are used for two
purposes, firstly as the sets where a,=a and b,=b, and secondly as
convenient sets whose closures are compact sets in D which expand to fill

all of D. For this second use, one can use other bounded open sets with
compact closures in D that cover all of D.
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Assumption. — We shall assume in this section that { X"} is the sequence
of processes as defined in section 4 but with D,, a,, p, as defined above.
Moreover, conditions (A5)-(A6) of Theorem 4.5 will be assumed to hold,
so that {X"} converges weakly to X, the process associated with the
Dirichlet form (&, 9 (£)).

Using conditions of Meyer-Zheng [19] for convergence of semi-martinga-
les to semimartingales, we will identify conditions under which X is a
semimartingale. In the following, B, is defined as at the beginning of this
section and

b= LV.(ap).
2p

Observe that by the assumptions (A1”) and (A2”) ona and p, b is
continuous.

THEOREM 6.1. — Suppose that for each m=1,

(61) lim inff |Vexp(—1,)|dx< .
D n By

n — o

Then X is a continuous semimartingale, with decomposition relative to the
filtration { F¥} generated by X of the form

t
(62) X,=X,+M,+ J b(X)ds+V, telo, 1],
0

where M is a martingale relative to {97 ,X} with mutual variation process:
t

(M, M, )= J a;;(X,)ds, and V is a continuous { F }-adapted process of
0
bounded variation such that for each ve C? (R, R?),

1
(63) [E[ f v(X,).dV,}= ! J div (avp) dx.
0 2 D

Remark 6.2. — Condition (61) is slightly weaker than condition (4.1) of
Williams-Zheng [29]. However, an examination of the proof of Lemma 4. 1
in [29] reveals that one only needs a subsequence of { X"} for which (4.1)
in [29] holds, and the existence of such is guaranteed by our condition
(61) (5). We also note from Theorem 4.1 of [29] that a sufficient geometric
condition for (61) to hold for each m is that the boundary of D be locally
of finite (d— 1)-dimensional upper Minkowski content, i.e., for each m,
(A8) limsupe™'v{xeR?:d(x, (DN B,)<e} < oo,

£l 0

(°) This was also observed by Z. Q. Chen [6].
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where v denotes Lebesgue measure on R’ In fact, if one restricts x to be
in D in (A8), this condition still implies that (61) holds. (One might
paraphrase the condition in this case by saying that the (d— 1)-dimensional
upper Minkowski content measured from within D is finite).

The following lemma will play an important role in our proof of
Theorem 6.1. Here M", M" are defined from X", X" by (16) and (18) with
b,+g, in place of b, there.

LEMMA 6.3. — Suppose (M", M", X") converges weakly to (M, M, X)
along a subsequence. Then M is a martingale with respect to the forward
filtration generated by X and M is a martingale with respect to the backward
filtration generated by X. Moreover,

t
(64) (M, M,->t=j a;(Xy)ds,  tel0, 1],
0
t
(65) (M, M; >,=J a;(X,)ds, tef0, 1].
0
Remark 6.4. — To avoid problems with null sets, we take X to be

defined on a complete probability space (Q, &, P), and the forward filtra-
tion generated by X is {F¥=0c{X,:0<s<t}", te[0, 1]}, where ~
denotes augmentation by the P-null sets in #. Similarly, the backward
filtration of X is defined with X =X, _ in place of X.

Remark 6.5. — We note that when one has (M", X") converging weakly
to (M, X) along a subsequence, and each M" is a martingale with respect
to the forward filtration of X", it does not follow in general that M is a

. . . 1
martingale with respect to X. For example consider X"=—-B, M"=B
n

where B is a Brownian motion.

Proof of Lemma 6.3. — For simplicity we suppose (M", M", X") conver-
ges weakly to (M, M, X), not just along a subsequence. We will prove
the results for M, the arguments for M being similar. Since M" is a
martingale with respect to the filtration generated by X", it follows from
the weak convergence that M is a local martingale with respect to the
filtration generated by X and M (M is included here to ensure adapted-
ness).

Since t,=inf{r20:|X,|=r or |[M,|=r} is a non-decreasing function
of r, the (random) set of points of discontinuity of r —t, is at most
countable and hence has zero Lebesgue measure. Fubini’s theorem then
yields that for a.e. reR,, 1, is P-a.s. a continuous functional of (X, M)
(¢f. Kurtz [15], p. 13-14). Thus we can choose a sequence of reals r — oo
such that for each r in the sequence and

u=inf{t20:|X}|2r or |[MJ|2r},
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(M", », X", ) converges weakly to (M ., X ,,) as n— co. Since a,=a
on {xeR*|x|<r} for n>r, and g;; is continuous on R?, we also have

n

"a,; (X" ds

AT
n n —
<Mi’ Mj >,/\T¥—
0
AT

converges weakly to f a;;(X,)ds. It follows from [19], Theorem 12,

0

that the mutual variation of M, is given by (64) with ¢ A 1, in place
of ¢ for all €0, 1]. Letting r —» oo yields the mutual variation of M. Since
a is bounded, it follows that M is an L?-martingale, not just a local
martingale. It remains to show that M is adapted to { F}}.

Let {U,, };2_; be an increasing sequence of open subsets of D such that
for each m, U,, is a compact set in D and U U,,=D. Observe that

m

t

e[| [ 1moa,

0o

2]=EU'(16.)Tr<a)) X)) ds]
0

= f ' E[(155 Tr (@) (X,) ds]

0

=0,

where Tr(a) is the trace of a and the last equality comes from
P(X,edD)=P (X,e0D)=0 for all 5. Since the stochastic integral is con-

tinuous, f 1,p(X,) dM, =0 P-a.s.
0
Thus, P-a.s.,

t t
(66) M':J ID(Xs)dMs=limj ly, Xy)dM; for all t€[0, 1].

0 m 0
Fix ie{1, ..., d} and meN. Let ue CZ(D) such that u(x)=x; on U,
Then by It6’s formula applied to ¥ and X", we have

67) u(XP)=u(Xp)+ Ji Vu (X5).dM; + ft L, u(X})ds,

0 0

1 . .
where L,= 2ﬁV .(a,p,p,V.). Since u has compact support, its support
pn p'l
is contained in B, for all n=n,, some n,. Since a,=a, p,=p on B,, for

nzn,,

1
L,u=—V.(apVu)— 1Vf,,.aVu
2p 2
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where V f, tends to zero uniformly on the support of u as n— co. Also,
2

u .
Vu, e o a and b are continuous and bounded on the support of u, so
X. 0X:
Y

it follows that we may take weak limits in (67) (¢f. Kurtz-Protter [16]) to
obtain

t t
(68) uX)=uXey)+ j Vu(X,).dM,+ J Lu(X,)ds.
0 0
Rearrangement of this equation yields that

{N,EftVu(Xs).dMs, tef0, 11}

0
is adapted to { #, t€[0, 1]}. But since u(x)=x; on U,,, we have

J'1Um<xs>dMi=f(lumVu)(Xs).dMs
0

0

t
=j lum(Xs)ste?f(.
0

Letting m — oo and i range over {1, ..., d}, from (66) we conclude that
M is { # }-adapted. O

Proof of Theorem 6.1. — Fix ie{1, ..., d}, meN and let ue C (R?)
such that u(x)=x; for all xeB,, and supp (v) < B,,, ;. Consider n=m+1
and observe that for such n, a,=a, b,=b on supp (). It follows from It6’s
formula that

(69) u(X?)=u(Xg)+JtVu(X;').dMg+jt((b+gn).Vu)(X§)ds

0 0

¢ 4 2
+1f y <a,.jﬂ>(xg)ds.
2 0i,j=1 axiﬁxj

t
We first consider the term j (g,.Vu)(X2)ds in (69). Observe that by the
0

stationarity of X",

(70) [El:J1|g,,.Vu|(X;‘)ds:|= %J \Vu.aVf,|pp,dx
D

0
éﬁnpawugmﬂ,wj |Vexp ()| dx,
2 DnBp+i

where |||, ,, , denotes the supremum norm on B, ;. Since y, > e as
n— o0, condition (61) implies that the lim inf, , ., of the left member
of (70) is finite. Hence, by Meyer-Zheng [19], Corollary 9, there is a
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0

subsequence of {f (g,.-Vu) (X)) ds} that converges weakly (relative to
0 n=1

the pseudo-path topology on the Skorokhod space D ([0, 1], R)) to a

bounded variation process. By section 4 we know that there is a further

subsequence of that subsequence along which (M", X") converges weakly

to (M, X) (with the uniform topology on C([0, 1], R*%)), where by

Lemma 6.3, M is a martingale relative to the forward filtration { # )}

of X. It follows from Kurtz-Protter [16], Theorem 2.2, that since
2

0*u .
a, b, u, Vu, a—a— are continuous and bounded on the support of u,
x; 0x

iy

(1) (u(xt'), f Vu(Xn). dMmr,

0
(b.Vu)(X")ds, Y {a—— |(XDds
0 0 j=1 0x; 0x;

converges weakly along the same subsequence as (M", X") to (71)
with the indices n removed. It follows that the weak limit V* of

{ J (g,-Vu) (X ds} along this subsequence is a continuous bounded
0 n=1

variation process adapted to {9‘ X } Combining the above, we conclude
that for all 1€]0, 1],

(72) u(X,)=u(X0)+JtVu(Xs).dMs+Jt(b.Vu)(Xs)ds
0

0
: 4 2
+V;‘+%j Y (a Ou >(Xs)ds.

i A A
0i,j=1 axiaxj

By stopping X at t,,=inf{7>0:X,¢B,, }, from (72) we obtain a decompo-
sition of X} , . . Note from this that the last term in (72) is zero for t<rt,,.

On letting m — oo and i range over {1, ..., d}, we obtain by consistency
that

t
(73) X,=X0+M,+J b(X)ds+V, teo, 1],

0

where V is a continuous, { # [ }-adapted process with paths of bounded
variation. Noting the mutual variation of M from Lemma 6.3, we see
that it remains to show (63).

Vol. 30, n° 1-1994.



60 E. PARDOUX AND R. J. WILLIAMS

For ve C2 (R%, R?), by using (73) to reexpress dV,, we have

(74) le(xtld\’,:jlv(Xt)°d(X:—Xo)

0 0

_le(xt)°th

0

- J 1 v(X,).b(X,)dt,

0

where ° denotes the Stratonovitch integral. By Lemma 6.3, X —X,, is the

difference of a forward and backward martingale with respect X and hence
t

by Lyons-Zheng [18], (4.5), so too is ¢t — f v(X,) e d(X,—X,) where the

0
martingale initial values are zero. It follows that the expectation of this
process vanishes at each ¢. Hence,

(75) E[le(X,).dV,]=—E[le(X,)°dM,]
0 0
—E[jlv(X,).b(X,)dt]
0

where using the Stratonovitch-Itd conversion (e.g., see Protter [23], p. 216),

(76) [EI:J1 1)(X,)°dM,:|=[E|:J1 v(X,).dM,]
0 0
14 Ov;
a2 Geoos]

The first term on the right of (76) is zero. Thus, combining (75)-(76) with
the definition of b and stationarity of X, we have

1 d
[E[I v(Xt).dV,}= - lj Z <%aijp+via(aijp)>dx
o 2Jpii=1\0x; 0x;

which simplifies to (63). O

Remark 6.6. — If a, p, 0D are smooth, the right member of (63) is
equal by the divergence theorem to

1
—J n.avpdc
2)

where 7 is the inward unit normal to dD and o denotes surface measure
on 0D. This is consistent with X having conormal reflection (i. e., reflection
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in the direction an) at the boundary of D. For in this case,
t
Vv, =J (an) (X,) dL,,
0

where L is a one-dimensional, continuous, non-decreasing process adapted
to X that increases only when X is on dD. The process L is called the
local time of X on dD. Its Revuz measure is concentrated on D and has

S B
density 5 p with respect to the surface measure . Consequently,

[E[Jtv(X,).dV,]=E[Jl(v.an)(xt)ﬂ,J= lj v.anpdo.
0 0 2J)
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