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ABSTRACT. — In this paper we show the continuity of the solution of a
Hilbert-valued stochastic differential equation with respect to the initial
condition. Using an entropy criterium presented in [2], [16] the continuity
property is obtained on some compact subsets. We apply this result to
prove a theorem on existence of solution for an anticipating Hilbert-valued
stochastic differential equation of Stratonovich type. This is done using
an infinite dimensional version of a substitution formula for Stratonovich
integrals depending on a parameter.
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REsuME. — Dans cet article nous montrons la continuité, par rapport a
la condition initiale, de la solution d’une équation différentielle stochasti-
que hilbertienne. Cette continuité est obtenue dans certains compacts en
utilisant un critére d’entropie prouvé dans [2], [16]. Nous appliquons ce
résultat pour montrer ’existence de la solution d’une équation différentielle
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134 A. GRORUD, D. NUALART AND M. SANZ-SOLE

stochastique hilbertienne anticipante, de type Stratonovich; la preuve est
fondée sur une version en dimension infinie de la formule de substitution
pour les intégrales de Stratonovich dépendant d’un paramétre.

0. INTRODUCTION

Consider the stochastic differential equation on a separable Hilbert
space H

t

X,(x)=x+J

0

t
o (X, (x)) dWs+J~ b (X (x)) ds, 0.1
0

where W={W, re[0, 1]} is a Brownian motion taking values in some
Hilbert space [, with covariance operator Q. The coefficient b (x) takes
values on H, and o (x) is a linear operator (possibly unbounded) from [
on H such that 6 Q'? is Hilbert-Schmidt. By choosing bases on the
Hilbert spaces H and K, we can interpret this equation as an infinite
system of stochastic differential equations driven by an infinite family of
independent Brownian motions. This kind of equations are related with
certain continuous state Ising-type models in statistical mechanics and also
with models of genetic populations. Different problems concerning these
diffusions have been studied in [1], [4], [7], [9], [14], [15].

Assume now that we put as initial condition, instead of a deterministic
value xeH some random vector X,, which depends on the whole path of
W. In that case the solution of (0.1), whenever it exists, is no more an
adapted process with respect to the filtration associated with W. Then
(0.1) becomes an anticipating stochastic differential equation, and we
should specify the meaning of the stochastic integral.

There has been some recent progress on the stochastic calculus with
anticipating integrands (see [3], [12]) which has allowed to study some
classes of finite dimensional anticipating stochastic differential equations
(see, for instance, [13]). Roughly speaking, it turns out that equations
formulated in terms of the generalized Stratonovich integral are easier to
handle than those written using the Skorohod integral, which is an exten-
sion of the It6 integral. For this reason, in this paper we will consider a
Hilbert valued anticipating stochastic differential equation of the form

Y,=YO+J

0

to(YS)°Ns+th(Ys)ds, 0.2)

0
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STOCHASTIC DIFFERENTIAL EQUATIONS 135

where the symbol “°” means the stochastic integral in the Stratonovich
sense, and Y, is an H-valued random variable which is not necessarily
independent of W. The finite dimensional analogue of (0.2) has been
studied in [13].

Our main goal has been to prove a theorem on the existence of solution
for (0.2). Due to the properties of the extended Stratonovich integral a
candidate for the solution of the equation (0.2) will be the composition
X:(Yy)), where X, (x) is the unique solution of (0.1). In order to show
that X, (Y,)) solves (0.2) we need to establish the substitution result

J 6 (X, (x))°dW, |x=y0=j o (X;(Yo))°dW,.
0 0

One of the difficulties in proving such results is to show that the
solution X, (x) of equation (0.1) has a version which is continuous in the
variable x. We have been able to establish this continuity property on
some particular compact subsets of H, by means of a generalization of
the Kolmogorov continuity criterion for processes indexed by a metric
space, as presented in Fernique’s St. Flour course (see [2]). This application
of the infinite dimensional continuity criterion has been inspired by a
recent result of P. Imkeller [5] on the existence and continuity of local
time for some classes of indefinite Skorohod integrals.

In the first section we present, in an abstract setting, some results related
with the above mentioned continuity criterion that will be useful in the
sequel. Section two is devoted to study the dependence of the solution of
(0.1) with respect to the initial condition x. The most important result
states the continuity of X, (x) in the variable x, in the set of elements x
whose Fourier coefficients in some fixed basis of H converge to zero fast
enough. This includes the case of an exponential decay with a suitable
rate.

Section three deals with the following problem. Assume we are given a

Hilbert-valued process u (., x) depending on a Hilbert-valued parameter
xeH, such that the Stratonovich integral f 1 u(t, x)°dW, exists for any x.
Consider an H-valued random variable 0. V\(/)e want to analyze under which
conditions jl u(t, 0)°dW, exists and coincides with the value of the

0
1

random vector j u(t, x)°dW, at x=0. The corresponding question in
0
the finite dimensional case has been studied in [12], but the methods of

their proofs do not have a direct analogue in the infinite dimensional case.
Finally, in Section 4, we present an existence theorem on the solution of
(0.2), based upon the results proved in Section 3.

Vol. 30, n° 1-1994.



136 A. GRORUD, D. NUALART AND M. SANZ-SOLE

1. CONTINUITY CRITERION FOR STOCHASTIC PROCESSES
INDEXED BY A METRIC SPACE

In this section we will derive some results on the existence of continuous
versions for processes indexed by an arbitrary metric space. Let (T, d) be
a metric space and B a real and separable Banach space. The norm in B
will be denoted by || . ||. We denote by N (g), or more precisely N (g, T, d),
the smallest number of open balls of radius ¢ needed to cover T. We
recall that a function ®: R, - R, is called a Young function if

®(x)= J & (y)dy, where ¢ is strictly increasing, continuous and ¢ (0)=0.

Then we have the following continuity criterion (see, for instance,
Corollary 3.3 in [2], or Theorem 1.2 of [16]).

TueoreM 1.1. — Let {X (1), teT} be a stochastic process taking its
values in B. Assume that the stochastic process { }is
separable, and there exists a Young function ® such that the following
conditions are satisfied

(i) for anys,teT,E(CD{M}>§l,
d(s, t)
(i) J O~ (N(g))de< + 0.
{(N@>1}

Then, almost surely the paths of X are continuous and
E{ sup ]]X(s)—X(t)||}§8J @' (N (g)) de. (1.1
s,teT {N@E>1)

In the next lemma we will show that condition (i) of Theorem 1.1 is
fulfilled by a particular Young function @, assuming some LP”-estimates
of the involved processes.

LemMa 1.2. — Let {X(t), te T} be a stochastic process taking its values
in B. Assume that there exists py =1 such that for any p=p, and s, teT

E[||X(s)=X (1) |1 <" [d(s, D)), (1.2)
for some positive constant k. Then, for all B>0 it holds that

s (o PG )=

O, (x)= Be“"OJ xPe kP Br dp, (1.3)

po

where
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STOCHASTIC DIFFERENTIAL EQUATIONS 137

Proof. — The inequality (1.2) yields

EJVOO<”X(s)—x(t)”)pe—kpz—ﬁpdpgle—ﬂllo,
d(s, 1) B

po

for any B>0, and this implies the result. W
Note that ®;(x) is a Young function which satisfies the following
inequality

Dy (x) 2 C, exp [(log x—B)*/4 k], (1.4

where CO=% B ePro \/%, for all x=exp (2 kp,+ B). Indeed, easy computa-

tions show that

e o} 0
xPe~kp?~bp dp=\/ﬁcem2/2°z —1_ e~ 12 (rm? g,
Po Po \/2750'

for 6=; and m=i(log x—B), and we know that

\/Zk 2k
© 1 11262 (e m)2 1 .
e 12T gp > if mZ2p,.
0 \/211:0' 2
The inequality (1.4) implies
@y ' (y)sexp (Bt /4k log(¥/Cy)), (1.5

provided y2=®;(e**?0*P). Hypothesis (ii) of Theorem 1.1 concerns the
integrability of the function ®; ' (N (g)) in a neighbourhood of the origin.
For this reason we introduce the following definition.

DerINITION 1.3. — A metric space (T, d) is said to satisfy the pro-
perty (E,), for some constant k>0, if the function
R, ->R,

e exp [(4k log N (g, T, d))'/?]

is integrable at the origin.
As a consequence of Lemma 1.2 and Theorem 1.1 we obtain the
following result.

PrOPOSITION 1.4. — Let {X(t), te T} be a B-valued stochastic process
satisfying the estimate (1.2) for some constant k>0. Assume also that T
satisfies the property (E,). Then X possesses a continuous version.

By means of the same arguments one can show the next technical result
which will be needed later.

Vol. 30, n° 1-1994.



138 A. GRORUD, D. NUALART AND M. SANZ-SOLE

ProposiTioN 1.5. — Let {X,(1),t€T} be a sequence of B-valued
stochastic processes. Suppose that there exists a constant k>0 such that
the following conditions are satisfied

(i) there exists po=1 and a sequence 0<38,<1 decreasing to zero such
that

E(||X, ()= X, ()||) <8, [d(s, D), (1.6)
for all s, teT, and for all p=p,;
(i)
lim E(]|X,(t)]|)=0, forsome t,eT;

n — o

(iii) the space(T, d) satisfies the property (E,).
Then

lim E(sup|| X, (s)||)=0.

n - o teT
Proof. — In view of condition (ii) it suffices to show that

lim E(sup || X, (s)—X,()|)=0. (1.7

n— o s,teT
Consider for each n>1 the Young function defined by
(DB, n (x) = 6n_ ! (I)B (X),

where ®;(x) is given by (1.3). From condition (i) and Lemma 1.2 we

obtain
an 50, (5001
s,teT d(S, t)

for all nx1. Furthermore, ®;}(y)=®;'(8,y) and, therefore,
lim @ (»)=0, for any y>0. Since ®; ' (5,»)<®; ' (»), and &5 ' (N (g))

n — oo

is integrable on a neighbourhood of the origin by condition (iii), we get

lIA

1, (1.8)

lim j @, (N () de=0. (1.9
n= o J(N@E)>1)}
Finally the convergence (1.7) follows from Theorem 1.1, (1.8) and
(1.9, m

In Section 2 we will apply Proposition 1.4 to prove the existence of a
version of the process { X, (x), (¢, x)€[0, 1]x H }, solution of (0. 1), jointly
continuous in (¢, x) on some subspace of [0, 1] X H. Proposition 1.5 will be
used in Section 3 to establish the substitution formula for the Stratonovich
integral.

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



STOCHASTIC DIFFERENTIAL EQUATIONS 139

2. SOME PROPERTIES ON THE DEPENDENCE
OF INFINITE DIMENSIONAL DIFFUSIONS WITH RESPECT
TO THE INITIAL CONDITION

Let H and K be two real and separable Hilbert spaces. The scalar
product and the norm in H will be denoted by ( ., . ) and || . ||, respec-
tively, and those of IK by ¢ ., . )i and || . ||, respectively. Suppose that
W={W(), t€[0, 1]} is a K-valued Brownian motion defined on some
complete probability space (Q, #, P). We will denote by Q the covariance
operator of W which is a nuclear operator on K. That is, W is a zero
mean Gaussian process such that

E[K{ Wy, by DKW, by 3= A1) Q (hy, hy),

for all s, t€[0, 1], and A, h,elK. We will denote by #2 (K, H) the space
of Hilbert-Schmidt operators from I on H, and by L% (K, H) the space
of (possibly unbounded) operators T : KK — H such that TQ'? is Hilbert-
Schmidt. In £ (K, H) we will consider the norm || T ||o= || TQ'/? ||xss-

We consider measurable functions b: H - H, ¢ : H — L& (K, H) satis-
fying the following Lipschitz condition:
(H1) There exist constants C,, C,>0 such that

|6x)=b()||SC,||x—y
||0(x)_G(J’)”Q§C2 | x—y

>

B

for any x, yeH, te[0, 1].

Under these conditions (see, for instance, [9], [14], [17]), we can show
that for any fixed initial condition x e H, there exists a unique continuous
H-valued stochastic process X={X, (x), te[0, 1]}, solution of the follow-
ing stochastic differential equation

t

X,(x)=x+j

0

o (X, (x)) dW, + f b (X, (x)) ds. Q.1

0

We want to show the joint continuity in (¢, x) of X, (x) in some subset of
[0, 1]x H. To this end we start by proving some general estimates. In the
sequel we will denote by C; the constant C;=[C, +|| 5 (0)||o]*.

PROPOSITION 2. 1. — Assume that hypothesis (H 1) is satisfied. Then, for
any constant k> C,/2, there exists p, =2 such that

E[||X, () =X, () |[1<e* || x—y ], 2.2)
E[(1+][X, () |71 <e*? (1+] x||>), (2.3)

Jor every p=p,, te[0, 1], and x, ye H.

Vol. 30, n° 1-1994.



140 A. GRORUD, D. NUALART AND M. SANZ-SOLE
Proof. — We will first show the inequality (2.2). Fix p=1, and consider
the function f: H - R, /' (x)=||x||**. 1td’s formula (cf. [17]) yields
E[[|X, () =X 5[] =| x =y >
+2pEfHXs(x)—xs(y) [
X (X (%)= Xf (), b X (X)) = b (X () ) ds
+2p<p—I)Ef||xs(x)—xs(y>|i“"—2’
x[|Q"* [0 (X, (x)— cfo(Xs ONT* X () =X, () || ds
#7100 -X, 0P o (-0 (0. (2.4

By Schwarz’s inequality and the Lipschitz hypothesis (H 1),
(X () =X, (1), bX, () =X, (1) ) SC, | X, (0) =X, ) 1%,
and
Q"2 [o (X, (x)) — o (X, (W) I* X () = X, () [P S C3 | X, () = X, () [|*.
Hence, from (2.4)
B[ X, ) =X, 0P| x—y]**

F{2p2C24p2C,—CY) f B[ X, (60— X, () |71 ds
0

Note that exp (2p>C3+p(2C, —C32))<exp (4p*k), for p larger than some
value p, because C3<C;<2k. Then the result follows by Gronwall’s
lemma.

We can use the same method to show the inequality (2.3). In fact,
hypothesis (H 1) ensures

(X (), bX )Y =Cy [ X P+ O X, (|l
S(C+HbO DA+ X0 )
and
Q"2 [o (X, N I* X, N | S C, || X, () |2 +]] Q2[5 (O) 1 ||| X, () |
< /G (14X, )2,
Then, using the It6 formula we obtain

E[(1+]| X, ) [+ x|?P

t
+2p? C3+p(2(C1+|lb(0)||)*C3))J E[(1+]|X,(x) [|)) ds,
0
and (2.3) follows again from Gronwall’s lemma. W

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



STOCHASTIC DIFFERENTIAL EQUATIONS 141

PROPOSITION 2.2. — Under hypothesis (H1), for any constant k>C;/2
there exists po=2 such that

E[|X, )= X, 0PI {[x—y[PP+|t=s > A+]|y [Py}, 2.5
for every p=p,, s, t€l0, 1] and x, ye H.
Proof. — Fix p=1. Since
E[[|X,0)—X,0[P1=2* " {E([| X, () =X, ) |””
HX. =XM1}

and in view of the proof of the estimate (2.2), we need only to show that
for any k> C;/2 we have

E[|| X, (0) =X, () |1 e | t—s |7 (1+]| |2, (2.6)

for any p large enough. This will be checked by using Burkholder’s
inequality for Hilbert-valued martingales (see for instance, [8], p. 212,
E.2), together with Holder’s inequality. Indeed, assuming ¢ <s, we have
o (X, (»)adW,
+E< U b(X,(»))du

2p>
)
s faorrr( [ oo an)

e Bl

SC){|t—spPt+|t—s|P ! }JSE(I + || X, ) [P du,

E[“er)—xsm||2v1§2”“{E(

t

b(X, () du

t

where C(p)=((C1+||b(0)||)2”+(C2+||0(0)||Q)2”)e”23"p2". So, the
estimate (2.3) yields (2.6) for p larger than some fixed value, and the
inequality (2.5) is proved. W

On [0, 1] x H we consider the metrlc d’ defined by
d'((s, x), (t, ) =[t—s['+d(x, y),

for any s, te[0, 1], x, yeH, and where d denotes the metric induced by
the norm of the Hilbert space H. Let us fix M>0 and consider the open
ball {xeH : || x||<M}. Then, for any constant k>C,/2, Proposition 2.2
yields

E[[| X, ()= X,(») 1= (@ (5, x), (¢, »)), 2.7

for any s, 1€[0, 1, || x||, ||»||£M, p=p,, where p, depends on the con-
stants k, C,, C,, ||6(0)], ||~:$(O)||Q and M. As a consequence of
Proposition 1.4 we can now give the main result of this section.

Vol. 30, n° 1-1994.




142 A. GRORUD, D. NUALART AND M. SANZ-SOLE

THEOREM 2.3. — Let {X,(x), 1€[0, 1]} be the solution of the stochastic
differential equation (2.1), with initial condition xeH. Let B be a bounded
subset of H such that ([0, 1]1x B, d') satisfies the property (E,), that means,
the function e exp[(4k log N (g, [0, 1]1x B, d"))'/?] is integrable at the
origin, for some constant k>C,/2. Then, there exists a version of
{X,(x), (¢, x)€[0, 1] x B} with almost surely continuous paths.

In the sequel we will exhibit some examples of bounded sets B such
that [0, 1]x B verifies property (E,). Fix a complete orthonormal system
{e, i21} on H, and consider a sequence B={B,, i=1} of positive real

o)

numbers such that ) (B;)*><oo. We define the set

i=1

By={xeH :|{x, e )|<P,ix1}. (2.8)
Given £>0, set
82
j(e)=inf{kgI:ZBi2<z}. 2.9
i>k

Notice that j(g) < + oo, for any £>0. The sets By are bounded and closed
subsets of H. Furthermore, it will be shown that the By are totally
bounded, and consequently compact. Moreover, for any £>0 it will be
possible to estimate the number of open balls of radius £>0 required to
cover the subset Bg.

Before proving these facts we will state an elementary result on totally
bounded sets.

LemMmA 2.4, — Let (S;, d)), i=1, 2 be two metric spaces. Consider the
product space S=S, X S, endowed with a metric d such that

d((xy, x5), (1, ¥2))Sdy (x4, y1) +d; (x5, ¥2), (2.10)
for any x;, y,€S,, i=1, 2. Then, for any £>0

N, S, d)gNG, S, d1>N<§, S,, d2>. @2.11)

In particular, if the spaces (S, d), i=1, 2, are totally bounded, the same
property holds for the product space (S, d).

PROPOSITION 2.5. — Let By be the subset defined in (2.8), and

Dg=[0, 1] X Bg. Then By and Dy, are totally bounded subsets of (H, d) and
([0, 1] x H, d’) respectively. Furthermore, for any £>0,

log N (e, B, d)éj(ﬁ){log 2i+% log j(¢) } (2.12)
€

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques
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and
log N (g, Dy, d)<log ++7(%)) 1og S+ 1o (§> 2.13)
g ’ B> = g 82 J 2 g c 2 g] 2 s .
where c=2(1+sup2B,), and with j(¢) defined in (2.9).

Proof. — We will first estimate the number of open balls of radius &
needed to cover By, following the ideas of Imkeller (see [5], Proposi-
tion 1.1). The corresponding estimation for Dy will follow as an easy
consequence. For every j=1 we define

T;={xeBy:{(x,¢)=0, for i>j},
Tj={xeBy:{(x, =0, for i<j}.
On T; we consider a metric d,, defined by

d,(x,y)= sup |{x—y, )|

1Sisj
which verifies
d(x, )£ [jdy (x, y).
As a consequence we obtain
N, Tj, d)gN(a/\/]', T;, d,)

DA} e

€

where[.] denotes the entire part. Furthermore, T; is compact because it is
a finite dimensional closed rectangle.

Fix €>0, and consider the index j(¢€) given by (2.9). For any xeTj,,
we have

Ixl=( 2 ¢ ) s( x (ﬁ,.>z)”2<§.

i>j(e) i>j(e)
Thus, Tj, is included in the open ball of H of radius—;-centered at 0,

and therefore

NG T o d>=1. 2.15)

Consider the metric spaces (T, d) and (T} d). The product
T; % Tj can be identified with B and equipped with the metric d. In
that form condition (2.10) is satisfied and we can apply Lemma 2.4 to
these metric spaces. The inequality (2. 11) together with (2. 14) and (2.15)

Vol. 30, n° 1-1994.



144 A. GRORUD, D. NUALART AND M. SANZ-SOLE

yield
N (e, B, d)§N<§, T d><+oo, (2.16)

and consequently (B, d) is totally bounded. Furthermore, (2. 14) implies
i© B, [i(E)
NG By <] ([M]+ 1),
i=1 €

Consequently,
1
log N (s, By, d)gj(s){ log 2i+5 log j (¢) }
€

with ¢=2(1+sup2,). Finally, the inequality (2.13) follows easily from

2.12. =

As a consequence of the previous Proposition, a set of the form
[0, 1] x B verifies the property (E,) if

J exp { [8 k log (2/¢) +4kj(e/2) (log (c/e) +(1/2) log j(g/2))]'/? } de < o0,
O+
where ¢=2(1+ sup 2B).

We finish this section by giving an example of class of sets By and Dy
for which the property (E,), k>0 holds.

Example 2.6. — Consider a square summable sequence of the form
B;=e~%, where 8>0. Then the sets By and Dj verify the property (E,) for
any k such that k<§/4. In fact, it holds that

|1 2
J((°,)—[8<l<>s;4~8 —= )] (2.17)

and, from (2.12) and (2.17) we deduce

[4k log N (e, By, d)]"2 < i‘g’f log

€
for some constant C>0, and a similar inequality holds for Dg. There-
fore, the function e exp [4k log N(g, By, )]/ is integrable at the
origin provided 4k/3<1. As a consequence, the solution X,(x) of the
equation (2.1) has a continuous version on any set of the form
{xeH, |{x, e )|<e ®}, provided >2C;,.

The results of this section are still true if the coefficients » and ¢ depend
on the time variable, and in addition to the Lipschitz condition (H 1) they

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques
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verify a linear growth condition of the form
152G 0 | <K A+ x5,
ot 0 [lo=Ka (1 + ][ ][

In that case the constant C; appearing in Propositions 2.2, 2.1 and in
Theorem 2.3 would be the maximum of C3 and K3.

3. SUBSTITUTION FORMULA FOR THE STRATONOVICH
INTEGRAL

This section is devoted to extend the substitution result for the Stratono-

vich integral, given in Proposition 7.7 of [12], to an infinite dimensional
setting. We first recall and introduce some notations and facts on anticipat-
ing calculus that will be needed in the sequel.
As in the previous section W={W, t€[0, 1]} will denote a K-valued
Brownian motion with covariance operator Q. We will assume that the
c-algebra & is generated by W. We will denote by D the derivative
operator. That is, if F is a H-valued elementary random variable of the
form

F=f (KW @), by ), oo KW (), By )) o, 3.1

where fe € (R™), veH, and Ay, ..., h, are elements of H, then the
derivative of F is the element of L ([0, 1] x Q; £ (I, H)) defined by

m

D,F=} a—f(<W(t1), hy )y oo AWty B ) Lo, 19 (1) (@)

i=1 0X;

Let u be a stochastic process in L?([0, 1]1x Q; £ (I, H)), and suppose
that there exists a constant C>0 such that for any elementary random
variable F of the form (3.1) we have

’E(f:(u,, D,F>de>

Then we can define the Skorohod stochastic integral of u, denoted by

<C||F |2 @, w

1 1
J u,dW,, as the adjoint of the operator D. That is, I u, dW, is the
0 0
element of L? (Q, H) determined by

E<L1<u,, D,F>Qa’t>=E< < F, Ll U, dW, > >
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for any elementary random variable F. If u is adapted with respect to the
natural filtration associated with W, { #, se[0, 1]}, this Skorohod inte-
gral coincides with the usual It6 integral for Hilbert-valued processes that
has been used in the preceding section.

Let IT be a partition of [0, 1] of the form IT={0=¢,<t, <...<t,=1}.
We will denote by |II| the norm of the partition. We will also use
the notation A;=[t;, t;+4], j=0, 1, ..., n—1, and |A;| will represent the
Lebesgue measure of the interval A;.

Consider a process ve L*([0, 1]xQ; £3 (I, H)), such that for almost
all ® we have v(0)eL! ([0, 1]; £ (K, H)). We recall that % (I, H) denotes
the space of bounded linear operators from K to H, which is included in
5,”(22 (K, H). Then to each partition IT of [0, 1] we can associate the
#? (K, H)— valued step process defined by

n—1
M ()= L(J‘ v(s)ds)lAj(t), (3.2)
j=0 ‘Aj| Aj
and the corresponding Riemann sums
n—1
St= ——1—<j v(s)ds)W(Aj). 3.3)
i=o |81\ s

which are H-valued random variables.
The process v is said to be Stratonovich integrable if the family { S™}

converges in probability as |II| tends to zero. The limit is called the
1
Stratonovich integral of the process v, and is denoted by j v, e dW,

0
(see [3)]).
Consider the particular case where, in addition to the above conditions,
v is an adapted process continuous in £*(Q; ¥?(K, H)). Moreover,
assume that the following condition holds:
(C1) There exists an H-valued process a such that

jllla(z)lldt<oo as,

and
n—1 1 1 1
— @) —v()(W,—W,)ds — — f a(t)ydt (3.4)
=0 | A;]Ja; T m-02 Jo
in probability.
Then v is Stratonovich integrable and

J‘lv(t)°dW,=J1v(t)dW,+%J'1a(t)dt. 3.9

0 0 0
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The proof of this statement is as follows. Consider the decomposition

St =g+ p1,
with
all= Z v(t) W(A),
j=0
b"— f (v()—v(t)) W (A)ds.
j=0 |A

The continuity in L? (Q; #2 (I, H)) of the process v yields the convergence
1
f {a"} in L*(Q; H) to the It6 integral J v(t)dW,. We can write
0
b= b+ b with

b‘f—} ) |A | J (v ()= (¢) (W W)ds
and

blz"_ ] J(v(S)—v(t))(W,,+1 W) ds.

1 (! . - .
Condition (C1) yields lim b“—2J a(t)dt, in probability. Using the
|| io
fact that v belongs to the space L?([0, 1]x Q; ,S,PQ(IK H)), and applying
the isometry property of the stochastic integral we can prove that
lim b¥=0, in L?(Q; H). Hence (3.5) is established.

oo

Consider a family u(x)={u(s, x), t€[0, 1]} of £ (KK, H)-valued pro-
cesses indexed by xe G, where G is some subset of H, and satisfying the
following hypotheses

(h 1) the mapping (¢, x, ®)—u(Z, x, ®) is measurable;

(h2) u(¢, x) is #,-measurable, for any xeG;

(h3) for any xeG, u(., x)e L' ([0, 1}; £ (K, H));

(h4) t—u(t, x) is continuous in L?(Q; L3 (K, H)), for any xeG;

(h 5) there exists a constant k>0 and p, =2 such that for any s, £€[0, 1],
x, yeG, p=p,, the process

Vo, o (x, p)=(u(s, x)—uls, y) = (u(t, x)—u(t, y))

verifies
E(||Vy, (x, p) B < || x—y|P|t—s]. (3.6)
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LemMMA 3.1. — Suppose that the family of processes {u(x), xeG}
satisfies hypotheses (h 1) to (h5). For any partition 11 set

n—1

AT (x)=Y u(t;, x) W(A)).

i=0

Let B be a bounded subset of G which verifies the property (E,.) for some
constant k' >k where k is the constant appearing in hypothesis (h5). Then,

1
lim E{sup J u(t, x) dW,— A" (x) }=0. 3.7
|| L0 xeB 0
Proof. — For any point x,€H, it is clear that
1
lim E{ J u(t, xo) dW,— A" (x,) }=0, 3.8)
fmjLo 0

by the well known properties on approximation of the Ito integral. We
can write

A“(X)=flu“(t, x)dW,,

0

where

n—1

u (t, x)= "3 u(t;, x) 1,,(0).

j=0

Fix p=2, x, yeG, and set

7" (x)= jl [u(t, x)—u"(z, X)) dW,.

0

In order to prove the convergence (3.7) we are going to apply
Proposition 1.5 to any sequence { Z™ (x), xe H }, n>1 such that |II,| | 0.
First notice that condition (ii) of Theorem 1.5 follows from (3.8). In
view of the assumptions of the lemma it is sufficient to establish the
estimate

E(]|Z" ()= Z" (») | Sexp (k' p?) || x—y 7|11

, (3.9
for any p larger than some real number. Define

u” (S9 X, y)=(u(sa X)_uH(S, X))—(M(S, y)_ul'l(s, y))
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Then, by applying Burkholder’s inequality, we obtain

E<||Z"(x)—Z“(y)||")=E< )
0

soal( [ )

<C, sup supE(]|u"(s, x, »)|[§)

0sjsSn—1 seA;j

1
J u' (s, x, y) dW,

u" (s, x, y)

<C, sup E(||V,.(x &

|s—t]=| 1|
where CI,=(e/2)”/2 p?. Since by hypothesis (h5) the right hand side of this
inequality is bounded by

exp (kp?) || x—y |IP |11,

we obtain the estimation (3.9) for p large enough, and this completes the
proof of the lemma. W

LEMMA 3.2. — Assume that the family of processes u(x), xe G satisfies
hypothesis (hl) to (h5). For any partition I1 of [0, 1] set

F(x)= ) b [u (s, x)—u(t;, x)](W

—W,)ds.
j=0 |A_]| Aj

tji+1
Let B be a bounded subset of G which verifies the property (E,.) for some
k'>k where k is the constant appearing in hypothesis (h5). Then

lim E {sup||F"(x)| }=0.

n— © xeB
Proof. — We first establish an estimate of the form

E{|F"-F' [P} |x—y|P|O

, (3.10)
for any x, ye G and p large enough. To prove (3.10) we remark that,
using the notation that we have introduced before, we have

n—1

FT()—F ()= Y —— | (s, x, y)(W

=0 |AJ| Aj bt

— W, ds.
The discrete time H-valued process

1 .
{m uM (s, x, »)(W,,,, —Wyds, j=0, ...,n—l}
Jl JAj
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is a martingale difference with respect to {,/', 5 Jj=0, ,n—1}. Hence,
by Burkholder’s and Holder’s inequality, for any p> 2 we 0bta1n

E[||F*(x)—F"(») ]
n—1 1 2\ p/2
wor(l 4 |

j"mwaHIMMs

=0 A

n—1 1 o 5 p/2
=GF j=0 |A 1 L [ (s, x, y)(W,]H_Ws)“ ds>

- j

—-

<C ; i I”’Zf E([|u" (s, x, ) (W,,,, —~ W[ ds, (3.11)

I

where the constant C, is of the order of C”p”, for some constant C>0.

Suppose that { 4, i=1} is a complete orthonormal system in I such that

{{W,, h; )y, te[0, 1]} are independent real valued Brownian motions with
o

variances v;, and Y, y;<oo. Then using again Burkholder’s inequality for
i=1
Hilbert-valued discrete martingales we obtain

E (]| (s, x, p)(W,,,,— W) [)

=% S

P
2 U (s, x, ) (hi)<wtj+1_WS’ hi )i )
i=1
E( S s D) ()| W, ~Wo b D
i=1
E@W@an”Zﬁ*W

i=1

IIA

p/2>

IIA

X ” ul'l (S’ X, y) (hz) ”2 l < Wtj+1_wsa hi >IK1P>'

Due to the independence of u™ (s, x, y) and W

— W,, this last expression
is bounded by

tji+1

C, A, E(||u" (s, x, WB) 141 =812, (3.12)

where A, is the p-th moment of the absolute value of a standard normal
variable. By substituting (3.12) into the right hand side of (3.11) we
obtain that the left hand side of (3.11) is bounded by

Cix, sup E(||V,.(x, »|H,

Is—t|=| 1|
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and using hypothesis (h5) we deduce (3. 10). Finally by the same arguments
used in the proof of (3.10) we get

lim E(

|IpLo
The estimate (3.10), the convergence (3.13) and the assumptions
of the lemma allow us to apply Proposition 1.5 to any sequence
{Z™(x), xeH, n=1} such that |II,| | 0, and this completes the proof of

the lemma. W
We can now state the main result of this section.

n—1

-**j [u(s, xo) —u(;, Xo)](Wt~+1“Ws)dS“)=0- (3.13)
=0 || Jy; !

THEOREM 3.3. — Let {u(x), x€G} be a family of processes satisfying
hypothesis (hl) to (h5). Let B be a bounded subset of G which verifies the
property (E,.) for some k' >k where k is the constant appearing in hypothesis
(h5). Let © be a B-valued random variable. Suppose that:

(h6) There exists a measurable function d:[0, 11X G X Q — H such that

P— lim Y 1 (u(t,9)—-u(tj,9))(W,—W,j)d=%Jld(t,9)dt.

miio j=o |A;| Ja 0

Then {u(1, 0), te[0, 1]} is Stratonovich integrable and

1 1 1
j u(t, 9)odW,=j u(t, x)dW,|x=e+1J d(t, 0)dr. (3.14)
] (4] 2 (V]

If, in addition

(h7) for any x€B,

1

(W (1, X)=u(t, X)) (W,~W,)di = %f de, x)dt,

0

n—1 1
P— lim ) —

imiio j=o |Ajl Ja

then {u(t, x), te[0, 11} is Stratonovich integrable for any xeB and

1 1
J u(t, x)°dW,|x=9=J u(t, 0)°dw,. (3.15)
0 0

Remark. — Hypothesis (h6) [respectively (h7)] ensures the existence of
the joint quadratic variation of the process { u(t, 8), t€[0, 1]} (respectively
{u(t, x), tel0, 11}) and the Brownian motion W. These variations exist
in the case where the processes { u(z, 0), t€[0, 11} and {u(t, x), t€[0, 1]}
are % (IK, H)-valued adapted continuous semimartingales. In particular if
u (¢, x) has the integral representation

u(t, x)=u(0, x)+JtA(s)Ns+th(s)ds,

0 0
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then hypothesis (h6) holds and the process d(z, 0) is given by
d(t, x)=Tr[A(®HQ],

where we assume that A (7) is an integrable process taking values in the
space & (H, £ (K, K))c L2 (K, Z (K, H)).

Proof. — We first decompose the Riemann sums corresponding to
1
J u(t, 0)°dW, in the following way
0
n—1 1
Y —<J u(t, 0)dt>W(AJ.)=A"(9)+F"(O)+G"(9)
Jj=0 [ AJ | Aj
with
n—1
AH(9)= z u(tj7 O)W(Aj)a
j=0
n—1 1
Fl @)=} —*—J (u(t, 0)—u(;, ) (W, —W)adt,
j=0 | AJ | Aj
n—1
G"(0)= —1~J @ (t, ©)—u(t;, 0))(W,~ W, )dr.
i=o [A;] s

1
By Lemma 3.1, A“(9)—>j‘ u(t, x)dW,|,_o in L' (Q, H) as |I1]|0. By

0
Lemma 3.2, lim F" (0)=0, in L' (Q, H). Finally, hypothesis (h6) ensu-
imjio
1! . ..
res the convergence of G™(0) to 5 J d(t, 0) dt in probability, as |II| | 0.
0

This proves (3.14).
If (h7) is also satisfied, it is clear that the process {u(z, x), te[0, 1]} is
Stratonovich integrable, for any xeB, and

jl u(t, x)°dW,=J‘1 u(t, x)dw,+ %Jl d(t, x)dt.

0 0 0

This shows (3.15) and finishes the proof of the theorem. M

4. AN EXISTENCE THEOREM

The purpose of this section is to prove an existence theorem for the
solution of the infinite dimensional anticipating stochastic differential
equation (0.2). We will use some ideas developed in [10] for the finite
dimensional case. That means, we will apply the substitution formula
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proved in Theorem 3.3. In order to check that the hypotheses (hl) to
(h7) of this theorem are satisfied, some restrictive hypotheses on the
coefficients have to be imposed. We will assume that

c: H-o-2(K, H) and b: H->H

are functions such that o is twice continuously differentiable and b is
continuously differentiable. In the sequel V will denote the gradient opera-
tor. That is, V o (x) is an element of . (H, % (K, H)), and V2 & (x) belongs
to Z(H®H, Z (K, H)). Along this section we will deal with the following
conditions:

Lipschitz properties. — For any x, yeH,

H) |b)-bW|ZCi|lx=y], [lo®)—c()]e=C,||x—»]
H2) (Vo) B~V BN |le w m+][(V20) (6 Q%) (x)
—[(V20) (6 QoM (M) || w1+ || [(V 0) (0)] (x)
_[(V0)(0)](}’)”z(w,z’é(n«,w))écnx_J’”-

Recall that C;=[C,+|| 6 (0) ||o]*.
We consider the stochastic differential equation on the Hilbert space H

B

t

X,(x)=x+J

0

t
o (X, (x) dws"'J b(X(x))ds, 4.1
(o]

te[0, 1], xe H.

Notice that Vo Q!2 belongs to .Z (H, £? (K, H)). Indeed, (Vo) (x) is
a bounded operator from H in % (K, H) and Q'/?e #? (K, K). Therefore,
for any ye H the composition V & (x) () Q'/? is a Hilbert-Schmidt operator
from K in H, and

|| Vo(x)Q'? ||$(M, 22 a6 m) = || Vo(x) ||z(w, £ (I, H) “ Q2 ”_72 (K, 1)

Moreover, o Q'/? belongs to #? (I, H). Under these conditions, one can
show that their composition (Vo Q'?)*(cQ'?) is an operator in the
space # (H, ! (K, K)), and we can define its trace, which will be an
element of H. Define

b(x)=b(x)- %Tr[(VGQ”Z)* (6 Q'] (x). (4.2)

Under the conditions stated before, it is obvious that equation (4.1) is a
particular case of (2.1). Therefore, all the results obtained in Section 2
apply to the solution X,(x) of (4.1). In particular, Theorem 2.3 and
Example 2.6 yield the existence of suitable bounded subsets B of H
such that the process X, (x) is jointly continuous in (¢, x)e[0, 1] X B. Set
u(t, x)=0o(X,(x)). Our first aim is to show that conditions (H 1) and (H2)
ensure the validity of hypotheses (hl) to (hS) of Section 3, with G equal
to H. It is clear that (hl), (h2) and (h4) hold. Hypothesis (h3) follows as
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a consequence of the Lipschitz property (H 1). The next lemma shows that
hypothesis (h5) is also satisfied.

Lemma 4.1. — Assume that conditions (H1) and (H2) hold. Set
u(t, x)=o(X,(x)), te0, 1], xe H, with X, (x) the solution of (4.1). Set

Vs, (6 p)=(u(s, x)=u(s, y)) = (u(, x)—u(t, y)). 4.3)
Then for any constant k> C,/2 there exists py=2 such that
E(||V,, . (x, ») [B) exp (kp?) | x—y || 1=
Sor all s, te[0, 1], x, yeH and p=p,,.

, 4.4

Proof. — Fix p=1. We will denote by ||.||oxo the norm in the space
L3 (K, 2§ (K, H)). By means of the Ité formula we obtain

t
E(|V, .06 0|3 =2pE f 1V, 06 D32 (Vs 0 (6 30, Au s 3) Sepd
t
“’Ef 1V G 9[22 1By (. 3) 1B

+2p@—1)Efnvs,u(x, g
X[| (Ve (5, 2), QU2 B, (%, ) Do e, (4.5)
where,
AL ) =1V 0) (B (X, ()~ [(V 0) (B)] (X, (1)
+ (P OBQOD X, W)~ L (V20) 0Qo*) (X, (1)

and

B, (x, »)=[(V 0) (o)1 (X, (x)) — [(V 5) ()] (X, (»))
Condition (H 2) yields
1AL D [le=C X, ) =X, (W]l 4.6)
and
[ B. (%, 1) [[3xo=C*[| X, () — X, (») ||*- 4.7
Therefore, from (4.5), (4.6), (4.7) and Schwarz inequality we obtain:

t

E(||V, . (x. ) |3 <2p CE j 1V, 0 G ) 311X, () — X, (3) ]|

+@pr-p)CE j 1V, 9272 X, (00— X, () [P

Using (H 1) we have
[V, e ME=CE27 {1 X, 00) = X, ) [+ 1 X () =X, (D) |14}
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So we obtain

E(|V, (% 3 [ <C, () E j (%0 —X, 0P~
x || X, () =X, ) ||+ | X, ) =X, () ||?7 } du
+C2(P)EJ {I1X ) =X O[22~ 2| X, () = X, () |]?

H| X, ) =X, () |77 } du
S2(Ci (M +Ca(p) sup E(|X, ) =X, D[P ]1=s],

sSu=st

where C, (p)=p2?? 1 CC% ! and C,(p)=(2p>—p)2?*»~3C>C5 1. It suf-
fices now to apply Proposition 2.1 [estimate (2.2)] to obtain the estimate
4.4. 1 .

Note that in the proof of Lemma 4.1 we have used the hypothesis (H 3)
with the spaces £% (I, H) and £ (K, £3 (I, H)) instead of # (K, H)
and Z (K, Lﬂé (K, H)), respectively. We want to apply Theorem 3.3 to
the family of processes { 6 (X, (x)), €[0, 1], xe H }. The next lemma will
imply the validity of hypothesis (h6).

LemMMA 4.2. — Assume that conditions (H1) and (H2) are satisfied.
Consider the process { d(t, x), (1, x)€[0, 1% H } defined by

d(t, x)=Tr[(Vo Q'*)* (c Q)](X, (x)).
Let B be a bounded subset of H which verifies the condition (E,) for some
constant k>C,. Then, for any B-valued random variable 9, the family of
random variables

( L e, @) -5 (X, @) (W,~W,) ds>

Jj=0 ] A]I Aj
1 1
converges in probability to 5 J d(t, 0)dt, as || I1] | 0.
0
Proof. — Using the It6 formula we can write

(6 (X, ()~ 0 (X,, () (W, ~ W, ) = j (0 (X, (x) ~ 0 (X, (X)) dW,
+ f [V ) (O (X, () (W, — W,) aW, + f [V 0) (B)] (X, () (W, — W,) du
+ %f [(V ) (0 Q )] (X, (x)) (W, ~ W, ) du

+J Tr[(Vo Q'%)* (o Q'2)](X, (x)) du.
]
Then, the proof of the lemma will be done in several steps.
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Step 1. — The following convergence holds

n—1
{sup L J < J [0 (X, ()~ 0 (X, (x))]dW)
xeB|[j=0 IAl Aj

as |IT]| 0. Indeed, set as in (4.3),
Viju (6 )= (0 (X,;(x)) = 0 (X;;(»)) ~ (6 (X, (x)) — o (X, (»)))-

Applying Fubini’s theorem for the stochastic integral we can write

\f (J\ th,u(x’y)dwu>dS=J\ (tj+1_u)Vrj,u(x’ y)dwu
Aj tj Aj

} 0, 4.8

J

n—1

Hence, by Burkholder’s and Holder’s inequalities, we get for any p=>2,
1 S
Ta 1 <J‘ th,u(xa y)dwu>ds
j=0 |Aj | Aj\Jij

(|5 [l

éCpE[(Jl ) ! TG w1, @)V, (X, )
i=o !A| J J

1 ,n—1 tj+1—u P
ngE Z p —¢ lAjH th,u(x’ J’) “Q du
0 \j=0 Ftj+1 ¢

<C, sup sup E(||V,j,u(X, %),
0<jsn—1 ueA;j 4.9

re

where C,=(e/2)"?pP. By Lemma 4.1 the right hand side of (4.9) is
bounded by exp(kp?)||x—y|]P|II|, for any p=p,, x, yeH, provided

k>C,/2.
On the other hand, for any fixed xe H, we have
n—1 s 2
lim E( lAl ) <J [G(Xu(x))—o(X,j(x))]qu>ds >=O. (4.10)
n - o j=0 tj

J

In fact, the arguments used in the proof of (4.9), with p=2, show that

< Z |A| ( S[G(Xu(x))—c(X,j(x))]dwu>ds )

<C(p) sup supE(|[oX,(x))—oX,;x)[[3), 4.11)

0=<j=n—1 ue Aj
and the right hand side of (4. 11) tends to zero as |IT| | 0, since the process
{o(X,(x)), €0, 11} is continuous in LZ([0, 1]xQ; £3 (K, H)). The
results given in (4.9) and (4.10) and the assumption on the set B,
allow us to apply Proposition 1.5 to any sequence { A™}, with |II,|] 0,

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



STOCHASTIC DIFFERENTIAL EQUATIONS 157

where

Z|A|<fwmu»cmumM)

This completes the proof of (4.8).

Step 2. — It holds that
n—1

ds
Jj=0 |AJ! Aj

XJ Vo
tj

Indeed, set for u€[0, 1] and x, yeH,
Z,(x, )=[(V o) (0)] (X, (x)) = [(V 0) ()] (X, ()

Then, analogous arguments as those used in the proof of (4.9) show that,
for any p22

E[ dsf
|A | A]
o7 G —w) 1, (Z, (x, ) (W,—W,)

werl([]

2.
where C,=(e/2)"?p?. Let {h;, i21} be a complete orthonormal system

)]
i=0 |A | '
<C, sup  sup B([|Z, (v ) (W, %%)wm
in K. Then using Hélder’s inequality and condition (H 2) we have
E( ” (Zu (x’ y)) (Wu_— Wtj) ”6)

SE( ” (Z,(x, y) ”9 (1, 23 (1€, 1)) ” W, — Wtj) ”ﬁ’«)
0 r\1/2
<CPIE||X, ()X, () P71 (=12 (E(Z £Q, h») )
i=1

SCE|IX, (0 =X, ([P
X (U=t (Tr QP2 (u—1)P? (Ay,)'%, (4.14)

lim E { sup

|II] L0 xeB

\ }=o. (4.12)

tj

where A, is the p-th moment of the absolute value of a standard normal
variable, and {&;, i>1} is a sequence of independent N (0, 1) random
variables. By Proposition 2.1 [estimate (2.2)] the right hand side of (4. 14)
is bounded above by

e [ x—y || L],
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provided k> C;/2. Therefore any sequence of H-valued random variables
{ B™} where

B"= Z l I f%(xu(x»o(xu<x»(wu—w,,.)dwu,

satisfies the estimate
E(||B™(x)—B™(y) ") < || x—y|?|1L,], (4.15)
provided k>C,. Furthermore, for xeH fixed, n(x)|[*)=0.

Therefore we can apply Proposition 1.5 to complete the proof of this
step.

Step 3. — For any xeH, set
1
M, (x)=[(V o) (D) (X, (x)) + 5[(V2 0) (6 Qo™ (X, (x)).
Then for any B-valued random variable 0 it holds that

n—1 S
. l s IRPEE 2
lim Eﬂ dsq M,,(O)(W,,—'.W,.)du) }=0. (4.16)
Imio j=o IA,I N G )
Indeed, Jensen s inequality yields
)

( — ds(f M,0O)(W,—W )du)
ji=0 | |
f 2<j E(||M, () (W, W,j)“z)du)lA (s) ds.
0 j=0 |A |
By Schwarz’s inequality, this expression is bounded by

1h- 1
( 5 J E|W,—W, )1, (s)a's)

0 j=0 |AJ|2
X sup  sup (E(“Mu(e)H}(K,H))l/Z

0<jsSn—1 uel;j

3
g%moﬂm sup  sup (E(| My @) |[f ge ). (4.17)

0<js=n—-1 ue Aj
The Lipschitz hypotheses (H 2) ensures that
E([[M, ®)||% &, 1) <8(C*E(]|0]|*) +[| M, (0) ||
Therefore, the convergence (4. 16) holds.
Step 4. — For any B-valued random variable 0 it holds that

Z | y < JSTr[(VGQ1/2)*(0Q1/2)]‘(X.,(6))du>, (4.18)
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1! .
converges a.s., as [IT]|0 to 5_[ d(t, 8)dt, where d has been defined in
0
Lemma 4.2.

Indeed, the expression (4.18) can be written, using Fubini’s theorem as
1

Yty —uw)d(u, 0) 1, () du.
0 j=o |4l i

1n—1

n—1
1.
The functions ) —l—l(tj+1—u) 1 Aj(u) converge to Em the weak topo-
j=0 |B;j
logy o (L ([0, 1]), L?([0, 1])) as the norm of the partition tends to zero.
Notice that, hypothesis (H2) yields

1
E(j lde, O)HZdt>§K(1 FEC swp XG0P,
(4] (x,1)e[0,1]xB
for some positive constant K. This last quantity is finite, due to the
properties of the set B, Proposition 2.1, Lemma 1.2 and Theorem 1.1.
Consequently, d(., 0) belongs to L2 ([0, 1]; H), a.s., and the result follows
by weak convergence. The lemma is now completely proved. W
Remark 4.3. — Let d be the process defined in Lemma 4.2. Assume
that conditions (H 1) and (H 2) are satisfied. Then, for any xeH,
n—1
. 1
P— lim 3} ——| (c(X,(x)—0(X,(x)
[mplo j=o lA,-| Aj
1 1
X(W,—W,)ds= —f d(t, x)dt.
J 2 0
Hence (h8) holds. Indeed, this convergence follows by the arguments
developed in the proof of Lemma 4.2.
We can now state an existence theorem for the anticipating stochastic
differential equation (0. 2).

THEOREM 4.4. — Assume that 6:H - £ (K, H) and b:H —>H are
JSunctions satisfying conditions (H 1) and (H2). Let B be a bounded subset
of H which verifies condition (E,) for some constant k>C;. Then for any
B-valued random variable Y, the process {Y,=X,(Yo), te[0, 11}, with
{X,(x), 1€[0, 1], xe H } given by (4.1), is a solution of the Stratonovich
anticipating stochastic differential equation

t

Y,=Y0+f

0

o (Y, dW,+ fi? (Y,)ds, 4.19)

0

where b is given by (4.2).
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Proof. — The results proved so far show that, under conditions (H 1)
and (H2) the stochastic differential equation (4.1) can also be written in
the Stratonovich form, i.e.

t t
X, (x)=x+ f G(Xs(x))°dWS+J b (X, (x)) ds.

0 0
We know, by Theorem 2.3, that { X, (x), (z, x) [0, 1]x K} is jointly con-
tinuous. The process u (7, x)=o (X, (x)), [0, 1], x€ B satisfies hypotheses
(h1) to (hS) of Section 2. Moreover, Lemma 4.2 implies that for any
random variable 0 taking values on B, hypothesis (h6) of Theorem 3.3
is satisfied with d(7, x)=Tr[(Vo Q'?)(c Q?)](x). On the other hand,
hypotheses (h6) and (h7) of Theorem 3.3 are also satisfied by the set B

and the process u(¢, x)= o (X, (x)), due to Lemma 4.2 and Remark 4.3.
Consequently, Theorem 3.3 yields

0

J G(XS(YO))OdWs=J 6 (X (X)) dW,| =y,
0

for any ¢€[0, 1]. This completes the proof of the Theorem. M
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