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Section A :

Physique théorique.

ABSTRACT. 2014 Scale symmetry (or dilatation invariance) is discussed in
terms of Noether’s Theorem, expressed in terms of a symmetry group
action on phase space endowed with a symplectic structure. The conventional
conceptual approach expressing invariance of some Hamiltonian under
scale transformations is re-expressed in alternate form by infinitesimal auto-
morphisms of the given symplectic structure. That is, the vector field repre-
senting scale transformations leaves the symplectic structure invariant.
In this model, the conserved quantity or constant of motion related to scale
symmetry is the virial. It is shown that the conventional virial theorem can
be derived within this framework.

I. INTRODUCTION

Symmetry principles and their associated conservation laws in high
energy physics are of two types : «. Space-time »-symmetries and « internal »
symmetries. For internal symmetries, properties such as charge, baryon
number, etc., are conserved whereas for space-time symmetries, kinematic
properties such as energy and momentum are conserved. A further classi-
fication refers to exact and approximate symmetries. So far, only internal
approximate symmetries have been successfully exploited in high energy
physics. As regards approximate space-time symmetries, scale or dilatation
invariance is of this last type, since this symmetry is exact if and only if
strongly interacting particles are massless. That is, exact dilatation symmetry
implies the mass spectrum is either continuous or all masses are zero. So
scale symmetry must be broken for strong interactions. This situation refers
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to a quantum field-theoretical approach where conserved quantities are
generators of symmetry transformations in Hilbert-space satisfying certain
commutation relations.

In this paper the nature of dilatation symmetry is studied within an intrinsic
manifold-theoretical framework. Such a frame seems to provide comple-
mentary features to a quantum field-theoretical description of symmetries.
It is shown that the virial theorem is a consequence of scale invariance.

II SCALE SYMMETRY IN TERMS
OF A DIFFERENTIAL-TOPOLOGICAL VERSION

OF NOETHER’S THEOREM

the four-dimensional space-time manifold and consider C(4), the 15-para-
meter conformal group of automorphisms of M4. Its infinitesimal represen-
tation is given by the 15 infinitesimal generators

and

the latter being the dilatation-generator. Note that scale-transformations in
M4 are defined by

Let be the cotangent bundle of M4. A symplectic structure Q on T*M4
is a distinguished closed 2-form = 0) of maximal rank 2n defined
everywhere on ([1], [2], p. 534). This nondegenerate bilinear form has
by Darboux’s theorem the local expression [1]

It may be regarded as a linear isomorphism Q(~-) : Tx -~ Tx for each
x = xu) E and hence as a bundle isomorphism (a diffeomorphism
from one bundle to another which maps isomorphically fibres into fibres) :

(Refer to formula (50), p. 541, Ref. [2]). Here TM4 is the tangent bundle
of M4, X : M4 -~ TM4 a Coo vector field- and i(X) the interior product
operator [1], [2].
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LEMMA 1. 2014 In terms of local coordinates the map (5) and its
inverse are given by

and

Proof. The proof follows from the definition of the interior product
[1 ], [2]. In fact, let Q = 03A3dp  11 dxu, then

This proves (6). Here we used the following general rules

where OJ and ~ are any differentiable differential forms of degree p and q,
respectively, f a X and Y are COO vector fields. Formula (7) is
obtained along similar lines..

COROLLARY2.- The lift of the infinitesimal dilatation vector field (1) on M4
is the vector field

Proof. Let the observable

Then

so one obtains by formula (7)

Next define the Lie derivative of a differential form cca with respect to the
vector field Xõ by

r-’

Then one proves the following
Vol. XXIX, n~ 4 - 1978.
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PROPOSITION 3. The infinitesimal transformation XD (eq. (11)) is an
infinitesimal automorphism of the symplectic structure Q = 03A3dp  11 dxu,
that is

Proof. 

and

then, on account of the general rules

and

we have

and

Now

In fact

by formulae ( 10) and ( 17 a). Therefore

Likewise, one finds on account of (10) and ( 17 b) :

The conjunction of (20 ~) and (20 &#x26;), or (21 ~) and (21 &#x26;), respectively,
yields the assertion (16), thus proving the proposition..
By virtue of the Corollary 2 and Proposition 3 one infers.

PROPOSITION 4. - An observable /: -+ ~ is a constant of motion

associated with scale symmetry Xï) = ~ 2014 2014 /~ represents the

four-dimensional virial

Annales de Henri Poincaré - Section A



419SCALE SYMMETRY AND VIRIAL THEOREM

Proof.2014By Corollary 2; D = implies Xj) = x  ~ ~x -p ~ ~p  Conver-
sely, let X~ be given by (11), then, by (5) and (6):

and hence f = x pp = D..
The observable f is constant on Ur-orbits (where { oo  ~  + 00}

is a dynamical 1-parameter group) i. e.

In fact :

Remark 5. The constant of motion f = x p  associated with a dynamical
system is also obtained as follows :

Now

and

Remark 6. 2014 On account of Lemma 1, formula (7) one may re-formulate
the result of proposition 4 in terms of the Poisson bracket :

The constant of motion f = x p  which was obtained from propositions 3
and 4 relates to Nother’s theorem whose intrinsic formulation may be given
within a differential topological approach as follows :

PROPOSITION 7. 2014 If G is any n-parameter Lie group which is a dynamical
symmetry group of a canonical system (T*M4, Q), such that
B1(T*M4) = 0 (*) (B1: first Betti number), then with each parameter of G is
associated an integral of the system.

P~oo_f: Let G act differentiably on i. e. ({J : G -+ Diff (T*M4)
(diffeomorphisms of T*M4); is a group homomorphism and

(*) The number of linearly independent cohomology classes of order p is given by the
p-th Betti number of a manifold M.

Vol. XXIX, no 4 - 1978.



420 C. VON WESTENHOLZ

0: G x is a Then G is said to
be a dynamical group of symmetries, iff it leaves the 2-form Q invariant,
i. e. iff = Q for g E G. The transformation group of all diffeomor-
phisms ({J of the phase space that preserve Q is

and its « Lie algebra ))

Let now be an infinitesimal transformation
which is a locally Hamiltonian vector field :

Thus, by formula (19) one has.

thus, df(X) = X(/) = 0. .

Remark 8. ..., is a basis of generators for the Lie algebra
(5(G) of the symmetry group G, the X~ have images Yi - i. e. the

action ~p : G -+ determines a basis { ..., Yr } for 
c This basis uniquely characterizes the action p. The one-
forms may locally be integrated as differentials { df1, ..., of

functions fi E ~) which form a system of local first integrals,
since the { dfl, ..., ~.} are linearly independent.

III. THE VIRIAL THEOREM DERIVED

FROM THE CONSTANT OF MOTION D

By proposition 4 the constant of motion

is constant on Ut-orbits. Hence
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on account of pk - - 2014.. Therefore

x

For a motion in a bounded region of ~3 the quantity xkpk is bounded

and the time average d dt(03A3xkpk) vanishes.

PROPOSITION 9 (virial theorem). 2014 Let (T*M4, Q), Q = be a

canonical system and C(4) the group of conformal automorphisms of M4.
Let D = be the constant of motion associated with dilatations (2).
Define an energy function T on TM4 by

Then 2T = x - holds where V is a homogeneous ~) function

of degree k.
The assumption of homogeneity for

is required so that Euler’s relation

may be applied. This yields for instance in the case of the virial theorem
for the inverse square law

i. e. Coulomb interaction (homogeneous function of degree k = - 1 ), the
familiar result

Note that, conventionally, eq. (26) is obtained in terms of a direct argument
along the following lines : Consider the eq. of motion

then
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80

For any attractive potential, C  0, bound states occur, i. e. a particle
remains indefinitely within a volume around the force centre. The time

average of d(r v)/dt in a bound state must be zero if one averages over many
cycles of the motion. Thus the last equation gives for the time average
again eq. (27).
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