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I. — INTRODUCTION

The adjoint representation of SU (3) plays a specially important role
in the physical applications since the electromagnetic and weak currents
whose space integrals are the generators of the symmetry belongs to it.

In the physical litterature this representation is usually discussed
by using a particular basis namely the Gell-Mann [1] A-matrices. To
evaluate most of the physical quantities which are functions of the matrix
elements of the currents on vectors of the adjoint representation, one
has to compute expressions involving products of the tensors components

fijx and V'3 duse.  These are sines and cosines of angles multiples of 300.

We think there might be advantages in going beyond this trigonome-
trical approach by studying the geometry of the 8-dimensional
space R* of the SU (3) adjoint representation. In our opinion this
allows to obtain a deeper understanding of the structure of R8, a structure
much richer than the one of R* on which acts the 3-dimensional rotation
group or its covering group SU (2). Indeed R® is not ¢ isotropical ”’
under the action of SU (3), but contains families of orbits of special
directions with peculiar geometrical properties. It is a remarkable
fact that the directions in R® corresponding to physical quantities
(strong and weak hypercharge, electromagnetic charge, weak currents,
etc.) all belong to these exceptional families.

We have studied this correspondence [which actually goes beyond
SU (3)] in a series of papers [2] containing only a brief summary of our
geometrical method and of its results. A detailed accound was given
in a preprint reproduced in 1969 in Pisa and Tel-Aviv, whose publication
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186 L. MICHEL

was delayed by our intention to write a more systematic and general
treatement of all the SU (n).

We now think that the elementary approach of our preprint might
have some interest for physicists and for this reason we have decided
to publish it with a few modifications and improvements. We have
in particular changed the normalization of the symmetrical (/) product

so that the structure constants of this algebra are now equal to /3 times
the d-tensor of Gell-Mann.

The first two sections of this paper do not contain new results : formu-
lae equivalent to ours can be found in several articles [3], [4], [5].

We believe however that our derivations are simpler than the ones
which explicitely use the coordinates and that they allow an easier
extension to more complicated cases.

II. — THE SYMMETRICAL AND ANTISYMMETRICAL SU (n)
INVARIANT ALGEBRAS ON R*!

1. The polynomial invariants on R“~!

SU (n) is the group of n X n unitary (u—! = u*), unimodular (det u = 1)
matrices. Every ueSU (n) can be written in the form

(I1.1) u = e~

where x is a n X n Hermitian (x = z*) traceless (tr £ = 0) matrix. The set
of all z form an (n*> — 1)-dimensional, real vector space, R*~'. We define
the Euclidean scalar product of two vectors x and yeR”~'. by

(IL.2) @y) = @) = ytray.

The action of SU (n) on R¥~! is given by

(I1.3) u: x> uru*

for every ueSU (n) and every x€R¥~'. This defines the adjoint
representation of SU (n); it is an irreducible representation that we
denote by U (u). The transformation (II.3) obviously leaves invariant
the scalar product (II.2).

The scalar product is the only SU (n) invariant bilinear function of
two vectors. For three vectors z, y, z it can be proved that there are two
linearly independent trilinear invariants :

- _
(1I1.4) {x,y,z}=%tr{x,y}z=\/7ntr(xy+yx)z,

(I1.5) [z, y, 2] = —%tr[x,y]z= —-%(xy——yx)z.
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THE GEOMETRY OF THE OCTET 187

By using the symmetry properties of the trace it can be verified that
{x,y,z} and [z, y, z] are completely symmetrical and antisymmetrical
respectively in the three vectors.

More general polynomial invariants are polynomials in the traces
of product of vectors (see e.g. [6]).

2. The invariant algebras

From the existence of only one bilinear form and two linearly inde-
pendent trilinear forms on R”—" invariant under SU (n) we conclude that
there are only two linearly independent algebras on R*~' with SU (n)
as automorphism group. One is the Lie algebra whose multiplication
law is

i i
(11.6) TaY = — 5l yl=—5 @y —yr) = —y,z.
Another is the symmetrical algebra whose multiplication law is
AL vy = Py ) — Stray = 0@y + ) — 2@y =y,x
2 v’n 2 \/n

Any algebra on R*~! with SU (2) as automorphism group, is of the
form
(11.8) Ty =oaxyy+pLrrYy
with « and 3 real. Indeed we have
(I1.9) uzxy yu—' = (uxu—')p (uyu').

The two trilinear invariants can now be written :

(I11.10) 1%y 2} =@vy, 2 = @Yy,
(IL.11) [z, 9, 2] = @AY, 2) = (@, YA2)-

3. The operators f. =z, and d. = xy

T
Every x€ R”~! defines a linear mapping xy, R* ! S Re-t

(I1.12) Tr: Yo Ty

for every ye R¥~'. The r. h.s. of (II.12) is defined by (II.8).
We will in particular consider the two mappings :

(I1.13) f- =z, (often denoted by ad x),
(I1.13%) d. =z
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188 L. MICHEL

From (II.10), (II.11) it follows that the linear operators d., f. are
respectively symmetrical and antisymmetrical, i. e.

(11.14) dt=d,; [1=—F.

at

The adjoint representation U (u) of SU (n), transforms f., d. accor-
ding to

(A1.15) U@ fo U@ = furu—s, U () ds U ()" = dypuer.

P
Thelinear mappings (*) @, ®',R* ' - R, ® () = Tr f., ®' (xr) = Tr d.,
commute with the group action on R*~!, e. g. For example :

Quru)y=TrU@@f. U@ =Trf. = ().

Hence the kernel of @ [i. e. the set of x such that ® (x) = 0; it is a
vector subspace] is invariant by the group. Since the representation
U (u) is irreductible, this kernel must be either { 0} or the whole space.
Since its dimension is > n> — 2> 0, Ker ® = R*~!, Ker = &’ i.e.

(11.16) Trfo = 0 = Trd,.

The first equality (II.16) can also be derived from (II.14). An
elementary proof of the second one will be given later.

We begin by establishing a number of relations satisfied by f. and d.
which depend upon the fact that SU (n) is an automorphism group of
the two algebras , and . This implies that ad z = f, is a derivation
for both of them, that is

(11.17) fe@n2) = e pz + ya(fe2),
(I1.18) o@ve) =) vz + yy(fe2).

Equation (I1.17), which is simply Jacobi’s identity, can also be written
in the form

(11.19) [fes fy] = fa, >

which states that the commutator of two derivation is a derivation.
Similarly (I1.18) is equivalent to

(11.20) [fe dy] = ds, .

From (II.18) we obtain two other equations by cyclic permutations
of x, y, z. Adding these three equations we get :

(1.21) fo@va) + fr@ya) +f: (xvy) =0

(") We use tr for the trace of n by n matrices and Tr for the trace of operators on
R “'i.e. (n*—1)X(n* — 1) matrices.
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THE GEOMETRY OF THE OCTET 189

or
(1122) fz dy + fy d, = fxvy-

By transposition of (I1I.22) we obtain with (II.15) :
(I1.23) dy fr +dofy = fu

When x = y these last two equations become
1
(11.24) fode =dofo=5fr o

We can now give another proof of the second equation of (II.16).
Indeed since the trace of a commutator vanishes, equation (II.20)
states that for any z and y, d.. yistraceless. On the other hand it follows

from the Jacobi identity that the set of all vectors of the form x,y is
an ideal of the Lie algebra. Since SU (n) is simple this ideal coicides
with the Lie algebra. This completes the proof of (II.16).

4. Further relations satisfied f. and d.

To obtain further relations for the two operators f.. and d.. we evaluate
with the help of (II.7) the associator of the \-algebra, i. e. the vector
zy@yvz) — @vy vz We find

(I1.25) x\(yvz) — @y vz =nyp@r2) — 22 2) + 22 (2, 7)
or

(11.26) dedy —nfyfo=d. y —22><y+2(@y)l

where the dyadic operator x > <y is defined by

(I1.27) rT><y.z=2( 2

and I is the (n> — 1) X (n* — 1) unit matrix.
By antisymmetrizing equation (II.26) we obtain

(11.28) [desd)] + 0fe v = —2@> <y —y> <2).
Setting x = y in (I1.26) we get

(11.29) di —nfy = de o + 2(x, ) (I — Po),

where

(11.30) P.=@zy"'c> <zx=P2

is the projection operator on the vector z.
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190 L. MICHEL

The expressions Trf. fy, Trd.d,, Trf.d, are bilinear forms which
are invariant under the group SU (n) [use (II.15)]. Because of the
unicity up to a factor of such an invariant bilinear form, they are propor-
tional to (z, y) defined in (II.2).

For example Trf. f; = % (z, y) is the Cartan-Killing form. We shall

now compute it. Let [e, > be a basic of orthonormal vectors in G,
the complexified of R* ' :

1
Jey, e > = Qtr e ep = (eX, ey).

We choose * =y = a, where a is a traceless Hermitean diagonal

n
matrix, whose diagonal elements are o;, real, withzai = 0.

i=1

Let e;; be the n X n matrix whose elements are

(eij)kl = V/Q Oir 5//;
then
e = ey and (€7 €irjr) = i 0.
All diagonal matrices commute so that a,e; = f, e; = 0.
Using : (I1.6), (I1.11) we get,

Trfofo=Trf, f,,ZeA ><e =Trf, faz‘e,—; > < ey 22(61'% a, ap, ei,-)

i7j i)

A
1~ ) 1§ >
= — g 2@ —ay = — 3 ¥ (@ —a) = —n(a

IEF) ij

2a,-=0, Ea,?’ =tra’ =2(a, a)

since

and therefore

(I1.31) Trf.f, = —n(,yYy).
This equation, with the trace of (II.26), yields :
(I1.32) Trd.d, = [n* — 4) (z, y).

Finally, from (II.24) and (II.16), we get :
(I1.33) Trf.d,=0.

Equation (II.32) show that for n = 2, trd2 = 0.
Since d.. = df, d} is a positive symmetrical operator, and

trd2 =0 = d,=0.
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THE GEOMETRY OF THE OCTET 191

Therefore, for n = 2 the |, algebra is trivial (see § IL.5).
We recall that the Casimir operator of the adjoint representation
of SU (n) :

(11.34) C=—Yfi=cL

is a multiple of the identity operator. From (II.31) we deduce :
(I1.34) c=@ —1)"'trC=n.

Similarly we remark that Trf. f; f;, Tr f.dy d. are linear combinaison
of [x,y,2] and {x,y,z}.

Using (II.14), and Tr CAB = Tr ABC = Tr C*BT AT we see that
Tr f. fv f- and Tr f. d, d. are completely anti-symmetrical and Tr f. f, d.,
Trd. d, d. are completely symmetrical in x, y, z. Hence from (II.19)
and (I1.31) :

n

(11.35) Trf:fyf-=— Q[x, Y, z].

This equation, together with (II.26) multiplied by f., yield;

n?—4

(11.36) Trd.d, f. =Trf.d,d. = ——2—[:1:, y, z].

The trace of (II.23) multiplied by f, yields with (II.31) and (I1.10) :
(11.37) Trdxfyf;=Trf,_«f,-d:.=—g{x,y,z}.
Similarly the trace of (II.29) multiplied by d. :

(11.38) Trdedyd, =T 52z, y,2).

For the trace of the product of a larger number of operators ford we
refer to [4] and, for SU (3) only, to [3].

To obtain more relations for the two algebras , and \, we must make
explicit use of the fact that their elements are nxn matrices which
satisfy an algebraic equation of degree n. Before considering the case
of SU (3) we will briefly review the well known case of SU (2).

5. The space R® of the adjoint representation of SU (2)

As an example we discuss the well known case of n = 2. The charac-
teristic equation for a 2x2 traceless matrix is

(11.39) 2 —Ildetr=2*—I(x, ) =2,2=0.
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192 L. MICHEL
The symmetrical algebra is thus trivial in this case. Indeed if
9 @) =zyz =0,
1
(I1.40) 0=50C+y —-92@ —9@) =y
Hence d. =0 or [see eq. (I11.7)] :

1
(I1.41) 5Tyl =(zylL

Appart from Jacobi’s identity, the only non trivial equation is, in this
cas (I1.26) :

(I1.42) —fefr=—2><y+ @yl
Using Jacobi’s identity in the form (II. 19) we get

(11.43) o fyl=fe,y=—@><y—y><a).

Equations (I1.29) and (II.31) give :

{—f!=@odA~P,)=(za) Pt

(I1.44) | —Trf? =2 (z, x).

Hence for a normalized vector, (z,z) =1, if, has the eigenvalues 1,
0, — 1 and the Casimir operator C has the eigenvalue 2 :

IIl. — THE GEOMETRY OF THE SU (3) OCTET

1. Relations for f. and d. specific to SU (3)

For n = 3, the vector space of the Lie algebra is R®, whose elements
are 3x3 Hermitian traceless matrices. They satisfy the equation

(L. 1) P@ =7 — 1@ — @ =0,
where

(111.2) T@ = @) = gtra,
(I11.3) p(x):detx=%trx3=3%§e(x),
where

(111.3") 0 (@) = (x\ 2, 2).
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THE GEOMETRY OF THE OCTET 193
Since x is Hermitean, its three eigenvalues are real i. e.
(I11.4) 4P @222 @) = 7@)=0 @)
We notice that equation (III.1) can be rewritten as
(I11.5) @yr)yr=2y(Ty2)=7v@ T =222
For further reference we also give the fourth order relation
(I11.6) @yr)y(@yr) =20@)zx —y@) 2,2

which is a particular cas of equation (II.25).
By polarization of (III.1) we get :

(IIL.7Y) O0=9@+y+2)—9o@+y —o@+2—9@@+2
+oe@+o@® +9@
or

(1L.8)  zy@v2) +yvive) +z2v@vy) =z @ D+ ¥ (2 2) + 2 (@, y)-
In terms of the operators d, equation (III.8) reads :

(L9 (dody|+dy =A@y +2><y+y> <a).

From (II1.9) and (II.26) symmetrized with respect to x and y we obtain
(111.10) tdody} —{fsfy} =2(@ Y L,

IL11) dey +{fefri=2><y+y><z—I(2,).

Setting x = y we get

(II1.12) & —fi=v@]I

(II1.13) dv o +2f2 = —y@ (1 —2P,).

We end this section by recording other useful relations

(I11.14) YEVY) Y @AY =1@7©O),
(I1.14)  @va,gvy) + 1@ 7 @) = 2@ y)* + 27 @AY).

They are deduced from (II1.12) and (III.13) by multiplying them
by y (y) P, and taking the trace.
In particular if x = y we get for any vector « :

(I11.15) T@yD) =7 @)
which could also directly be obtained from (I11.5).
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194 L. MICHEL

With the use of (III.15), Schwartz inequality applied to (II1.14) yields
(I11.16) @y +y@ =y @ 7O
[For SU (2), this is an equality.]
2. The ¢-vectors

A vector q of R; will be called a g-vector if it satisfies one of the follo-
wing conditions :

(I11.17) @ qug+n@g=0
where 7 (¢) is a real number :
(I11.18) (i) Y@’ =9

(iii) The matrix of ¢ has a double eigenvalue.

(iv) The eigenvalues of f, are proportional to 1, 0, — 1.

Condition (i) shows that the matrix of ¢ has only two distinct eigen-
values and is thus equivalent to (iii) or (ii).

We will now prove that (i) or (ii) or (iii) imply (iv). From (III.5)
and (III.6) if follows :

(1I1.19) 1@ =x@; 0@ =—"9@©
hence
: 0(9
II1.19 = — .
( ) n (9) Y@
If we multiply (I11.12) by f, and use twice (I1I.24) we get
;3
(I11.20) —fi=37@f
which implies
(I11.21) <_—4 f‘l>2 __ A
' 3v@" 3v@"

:( — %«{ (q)> f? is thus a projection operator whose trace is 4, and whose

\

eigenvalues are 0 and 1 (each four times degenerates). Its square roots :
21
V31 (@
‘which are antisymmetrical have thus the eigenvalues zero (four times
degenerate) and 4 1 (each twice degenerate). We have thus proved

that (i), or (ii) ou (iii) imply (iv). That (iv) implies the other conditions
will be proven at the end of paragraph III.4.

(111.21") +Q@ ==+ fa
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THE GEOMETRY OF THE OCTET 195

Let U, be the centralizer of ¢, i.e. :
(I11.22) U, ={z€eRs: fyz=qgrx =0},

U, is a p-algebra which is the Lie algebra of the isotropy group G, of ¢
(also called the stabilizer or little group of ¢) :

(I11.23) G, ={ueSU@B):uqu' =gq}.
By diagonalizing the matrix ¢ one verifies that G, is a U (2) group.
The Lie algebra i, (2) is thus a direct sum U, (1) P S U, (2) of a

U (1) and an SU (2) Lie algebra. Hence each g¢-vector provides a
decomposition of R* into a direct sum of orthogonal subspaces :

(I1.2) R=U, QUL =U, )BSU, 2 S UL

In terms of the corresponding projection operators :

(I11.25) [=P, + Py, + Py
Equations (II1.21) and (III.13) can thus be written :

(I11.26) - ?:%ﬁf = Q3 =Py,

(I11. 26") 4= = (zq()q) ( — P, + Pyyy — %P.u#)

In the following we will call a g-vector positive or negative when 6 (q)
is negative or positive respectively : that is [y (g) = 1],

(II1.27) 6(q) = —1 < ¢ is a positive normalized ¢-vectors.

We add some remarks concerning the pairs of normalized positive
g-vectors.

Tueorem 1. — If ¢, and ¢. are normalized positive g-veclors,
1

—g5=(mg)=1
Proof. — For such a pair equation (III.14) reads :

(HL.28) 27 (qing) = —2(q, ) + (@ q2) + 1
= —2| @0 +3 i@ ) — 10

CoroLLARY 1 :
1 .
(n:=0 = @.g)=—5 o (g)=1 ie q=¢.

Tueorem 2. — If q,, q. are distinct commuting normalized positive
q-vectors, then g, defined by q;. + q: + q. = 0, is also a normalized positive
g-vector which commutes with ¢, and ¢..
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Proof. — (g:, ;) = (¢ + ¢», ¢ + ¢:) = 1 shows that ¢ is normalized.
Moreover :

(I11.29) 0(g;) = @ @sv ) = (s — @1 — q2 + 2 g1y q2)
=1-2@,¢vg) —2@»qive)
=1—-2@qveg,¢) —2@vesq)
=1+4(@,¢)=—1
This shows that ¢, is a normalized positive ¢-vector. Furthermore

(%w=mw=_%

so that ¢; commute with ¢, and g¢..

3. The r-vectors

A r-vector r is a vector whose matrix is singular i. e.
(I11.30) () =0.

We will only consider normalized r-vectors, i. e. 7 (r) = 1.
From (III.6) it follows that r\ r is a normalized positive g-vector; i. e.

(I11.31) ryr =g,
with

(I11.32) 4G = — ¢
Equation (III.5) then gives :

(I11.33) ¢y =Tyq. =T

which shows that reS U, (2) [use equation (III.26%)].
We will now prove the following

LemMa 1. — Every 2-plane = fwo dimensional vector space P of R®
contains at least one r-vector.

Let I be the unit circle, y () = 1, of P. The real valued function on I,
0 (x) = (xr\ x, ) is continuous and has the property 0 () = — 0 (— x).
Hence 6 has at least two zeros 0 (4 r), corresponding to an r-vector.

There are k-planes of Ry which contain only r-vectors as we will show
now for k =3 and 4.

PropositioN 1. — The vectors which belong o the 3- and 4-dimensional
subspaces S U, and U} defined by a q-veclor g, are r-vectors.
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Proof. — Let x be in SU, or in U}. From (III.26) it then follows

(111.34) d;x=qyx =%z
. 0(q) . 10 .
with 2 = — X ifzeSU, and 2 = + ; — if xeUl,
(9 ' 21 ’

Using (III1.34) and (II1.5) we obtain
(111.35) 0@ = (@ 2y2) = 1 (v Ty2)
1 v (x
=@z, =g =0

This shows that x is a r-vector. In accordance with the discussion of
section I1.2 the r-vectors of SU, and those of U} correspond respec-
tively to the eigenvalues 0 and 4- 1 of Q (g) : see equation (III.21’).

If in equation (II1.10) we set x = r’, y = r” with r, r"€S U, and we
apply the operators to ¢ we get [use equation (III.33)] :

(I11.36) r,rreSu, 2 = ryr"=(@,r"yq.

4. The Cartan subalgebras of S ‘U (3)

If z is not a g-vector, x and z x span a two-dimensional space C.;
equations (III.5) and (II1.6) show that ¢, is a ,-algebra. It is also an
Abelian Lie algebra which is the centralizer of z in the Lie algebra [see also
(II1.5) and (III.6 ii). Indeed, if  is not a g-vector 0 (x)* < v (2)*;
according to (III.4), x has three distinct eigenvalues A, > 2, > 1,, with
A+ 4+ 2; =0. Let v be a unitary transformation which diagona-
lizes x; the set of ue€ SU (3) which commute with x is characterized by :
[vuv~', vav—'] = 0. Hence vuv—' is diagonal and since det u =1, it is
a U (1) x U (1) group, called Cartan subgroup of SU (3), which we denote
by C.. Its Lie algebra is €C,.

We choose for convenience normalized z : vy (x) = 1. Since z is not
a g-vector, — 1 < 0 (x) < 1.

We shall now prove the following propositions :

(i) €. contains three normalized posilive g-veclors, q,, Qs s ¢

(III.37) g = 4 X + ﬁl‘x\/x.
Proof. — If 0(x)<0 from the conditions v (q) =1, 0 (@)= —1
we deduce, with the help of (III.5) and (I11.6), the equations
(I11.38) % =B — B,
(111.39) (=0 @)l — 5o — O(Tx) — 0,
) s 3 1
(111..40) (1= 0 @)@ — g — 4 =0.
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These three equations have three real solutions (o 3) when
0< @] <.
If 0 (x) = 0 (i. e. z is a r-vector) a direct computation gives three real

roots (x, 1) = (0, 1), (*/—23 _ %>, <— g, — %) which also satisfy (T11.38)
and (II1.39, 40). The proposition is thus proved for all
@): —1<b(@<L
The solutions (a;, 3;) satisfy ¥ «; = ¥ 3 = 0 which imply
(I11.41) S=q+¢+q¢=0

We introduce the following symbols :

(I11.42) ‘ e,»,-k: : _ } if i,j, k is an : e:;;; permutation of 1, 2, 3;
| z¢;s = 0 otherwise (i. e. two indices at least are equal)

and

(I11.42") Nk = (Gijr)?

and use the summation convention on repeated indices.
One can easily verify that

1., .
(I11.43) (@ 9) = 5B 9, — 1)
and
(I11.43") qivg; = — 05 @1 — Tiijk Qe

(ii) €. conlains six r-vecfors 4 r,, 4+ r., = .
The proof is obtained by verifying that

1
(I11.44) ri= — 2—¢-§sm— (¢ — @)

are r-vectors. They have the following properties :

(I11.45) (ror)) = %(3 0 — 1),
V3

(I11.46) (g 1)) = 5 Yk Cijis

(111.47) riyTj = 0ij q; — Nijk Gos

(I11.48) riyq; =0 i — ik Tk
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and therefore
0(@)=(iq)=0.

Hence each pair ¢, r; is an orthonormal basis for ¢,. We remark that
the six unit r-vectors of €. are the vertices of a regular hexagon.

(iii) The six unit vectors -+ r.€ C, are the roots of S U (3) for C,.

We begin by recalling the definition of the roots of S (3). Let us
consider the vector space C*, obtained by complexifying R®. The
elements of G* are 3 x 3 traceless, complex matrices z. With the Hermi-
tian scalar product :

(I11.49) {zypz )= %tr z¥ z, = (2%, z,),

C' is a Hilbert space. Notice that { z, y > reduces to (z,y) on R®. The
operators d. and f. are naturally extended to C* : d. is real and symmetric
and therefore Hermitian; f. is real and antisymmetric and therefore
antihermitian. For every real a€¢,, if, is thus Hermitian and

(I11.50) ifa Cx = 0; if.ctcel
Since for all real a € C.. the operators if, form a set of commuting Hermi-

tian operators they have a commun orthonormal basis of eigenvectors.
Let zecL be such an eigenvector :

(I11.51) ifaz = %[a, z] = p:(a) 2,

where 2. (a) is a real function of a, which is a linear form on €, :
(I1.52) p.(x @+ Bb) z=ifunsgsz =i fu+ Bfo) 2 = 2p.(a) -+ fp: (b).
Hence there is a real vector r;€¢, such that

(I11.53) 0: (@) = (rs, a).

The vectors r: for all z are by definition the roots of S<U (3) for C,.

To summarize, the roots of the Cartan subalgebra ¢ are defined by
the equation in C® :

(II1.54) Vaee, if(a)z=iapz=(ar)z

To compute the roots r; we choose successively for a the three norma-
lized g-vectors qi, ¢,, ¢; of ¢. We know from equations (III.21) to
(ITI.26) that the eigenvalues of if () on €L are doubly degenerate and
equal to 0, %3, — \%3, so that 6 root vectors satisfy :

(£r,q) =0, (:tn,q;)=:t%3 or +§’ for ij.
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‘The comparison of these equations with (III.46) completes the proof
of (iii).

We shall give an alternative algebraic proof of (iii), obtained from the
-characteristic equation of f.. To establish this equation we sety =z x
in equation (III.11), we multiply it by f. and use (II.24). We thus
-obtain

(I1I1.55) G @ +4f2) fe,+20@)f. =0.
We then multiply (III.12) by f.; and use (II.24) twice :
(I11.56) fiye=4F @@ + 1)

‘By eliminating f“’vl' between these two equations we get :

(UL57) fX(r @ +f2) (¢ (@) + 412)" — 0 (@]
=6 +247y @ e +97@* f2 + 7@ —0@)]=0.

“The equation for f; obtained by setting equal to zero in (III.57) the
-expression between square brackets has three roots =0 which are
distinct if y(z)’ — 0 (x)*20 and 6 (x)* #0. Equation (II1.57) is
‘thus the characteristic equation of the antisymmetrical operator f.
‘which is already known to have zero as a double root when 0 (z)* £ v (x)%.

Ifweputy(x)=1and —1L0(x)=sino1,1i.e. — gécp_ég,
‘the six eigenvalues of if,. in €1 are cos <§ -+ kg) withk =0, 1, 2, 3, 4, 5.
"The angles % + k g are the angles between x and the six (unit) r-vectors
+ r;€C.. [Indeed O (x) = 0= ¢ =0].

(iv) If a€¢€., the eigenvalues of d. on €L are (¢:;, a) where ¢, are the
.3 positive g-vectors of C..

Proof. — Equation (II.20) shows that for every beC., dy commutes
with the set of if,, a€€,. Hence the restriction of the d;’s to ¢t form
a commuting set of Hermitian operators. We can thus write

(I11.58) d,z =% (a)z=(, a) z

We shall call the vectors £; the ¢ pseudo-roots ” of SU (3) for €.. If the
aunit vector a is not a g-vector (| 9 (a) |52 1), there exist only two unit
vectors b, defined up to a sign, such that b,,b0 =a. 'We can check
that [use (III.5) and (II1.6)] :

1
(111.59) b = VTR RERAC) (@ + aya),
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%
Fig. 1. — The six roots + r; and the three pseudo-roots g; of a Cartan subalgebra.
Together with the — g,, they represent the ¢ 12h "’ of the SU (3) clock.

TaBLE 1

Eigen values and eigen vectors of the if, and d,
for the elements a of a Cartan subalgebra €

C—cgel . E1genvalue§, . Elgenvalufes,
eigenvectors in C eigenvectors in C*
. (r:, a) Z
ifa 0 Vzec (— 1., ) 2
+Vy (@
1
a-+a va| —=
Vy (@)
d, > (g @) az 4Bz
V2 ()
VY (@)
(see note)
Note : If 6 (a) = + y(a)"% a is a g-vector q. The eigenvectors of d, in e
are q and the root r, such that ¢ = r,yr, (— 0 (¢))'"”". The corresponding eigen-
values are F %)7
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Using equation (III.13) we find

(I11.60) diz=Q(f) —Dz=[2(r, b — 1]z
= (a, r:.\/r:-) z= (a’ q":) 2.

The last equality is obtained from (III.22) using v (r;) =y (b) =1,
bar. =0. Since r;\r; is a positive g-vector € €, and equation (III.27)
shows that (III.60) still holds when a is g-vector, we have thus proved (iv).
The g-vectors play for the operator d, the role of the roots r for the ope-
rators if,; for this reason we shall call the g¢-vectors «pseudo-roots ».

The results of this section are summarized in figure 1 and Table 1,
which gives the eigenvalues of if, and d. for ae€. The explicit values
of the eigenvalues of if, as function of a show that condition (iv) of sec-
tion III.2 implies the other three.

5. Orbits and strata of SU (3) on R® and S;

In this section we study non linear geometrical properties, mainly
the orbits and strata of SU (3) on the octet space. For the definition
of orbits and strata and for general notions on group actions, the reader
is refer to Appendix 2.

The necessary and sufficient conditions for two vectors x and y of R®
to belong to a same orbit of SU (2) [i. e., there exists a ue SU (3) such
that y = uru'] are

(II1.61) T@=7@, 1@=0@).

Indeed any Hermitian matrix can be diagonalized by a unitary trans-
formation (II.3), with its eigenvalues ordered in decreasing sequence :
A > 2, > ;. Equation (II1.61) is equivalent to say that the Hermitian
3 x 3 matrices x and y have the same eigenvalues.

We can thus establish a one to one correspondence between the
orbits of SU (3) on R?® and the points of a domain @ in the plane 6, y defi-
ned by @ :y* > 02

The strata of R* can be easily identified with the help of the y-0-dia-
gram illustrated in figure 2.

(i) The general stratum is the open dense domain y* > 0% of ®@. The
isotropy groups of the orbits of this stratum are U (1) xU (1) groups
whose Lie algebra are the two dimensional Abelian Lie algebras discussed
in section III.4.

(ii) The g¢-stratum is the frontier of the domain @, v* = 62, with the
exclusion of the point ¥ = 0 = 0. The isotropy groups are conjugated
U (2) subgroup of SU (3) whose Lie algebra are the L, (2) Lie algebras
discussed in section III.2.
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(iii) The fixed point O, ¥ = 0 = 0 whose isotropy group is SU (3)
itself.

In the physical applications we are only interested in the directions
of R?, and not in the lenght of the vectors. We can thus consider the
action of SU (3) on the unit sphere S;cR* (y = 1) or even on the real
projective space PR (7) obtain from S; by identification of points diame-
tricaly opposite. The orbits of SU (3) on S; can then be put into a one
to one correspondence with the points of the segmenty =1, — 1 20 <21

(see fig. 2).

Fig. 2

There are only two strata on S; :

(i) The general stratum which contains the orbits corresponding to
all the points of the segment except for its two end points.

(ii) The g-stratum which is described by the two end points 0 = 4 1.
They correspond to the two orbits of the normalized negative and positive
g-vectors respectively.

To study PR (7) we have to identify the orbits with 4+ 0. We will
therefore denoted the orbits of PR (7) by | 0 |. There are three strata :

General stratum 0 < | 0| < 1, dimension 7, open dense;

The g¢-stratum |0] =1, one orbit of dimension 4;
The r-stratum [ 0] =0, one orbit (the set of roots) of dimen-
sion 6.

It would beinteresting (and useful for physics) to study the orbits
of SU; on manifolds whose elements are geometrical objects of Rs, for
examples : pair of vectors, k-planes, subalgebras.

We leave such a systematic study to the reader; we only make some
remarks on this point.
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The isotropy group of an ordered pair of vectors z, y is the intersection
of the isotropy group of each vector. Hence in the action of SU (3) on
R* @ R*, the general stratum corresponds to the trivial isotropy group
(€-n¢€, ={0} when x,y#0) and it contains 8-dimensional orbits.

The Montgomery and Yang theorem (see Appendix 2) tells us that
this general stratum is 16-dimensional and therefore contains a 8-para-
meter family of (8-dimensional) orbits. One can choose for these para-
meters the algebraically independent invariants constructed out of
two vectors : (z,2), (¥, 9), @), {x, x, 2}, {z, 2,4}, {x, 5.7 }! { 944 }
and one more, for instance y (xYy), Y (xvy) or (xyx, y, y) which are
linearly related by equations (ITI.14) and (II1.14'). Any other invariant
built from z and y is function of these eight invariants.

For a non ordered pair of vectors z, y, satisfying (III.61), one must
include in the isotropy group of the pair the SU (3) transformations
which exchange the vectors.

6. The Lie Subalgebras of S U (3)

We have alread found two orbits of S (3) Lie algebras, namely :
U, (2), the centralizers of g-vectors and the Cartan subalgebra C,, the
centralizers of the other elements. We list here for completness all
the S U (3) Lie subalgebras.

(i) 1-dimensional algebras generated by any vector x3=0.

(ii) 2-dimensional algebras. They are all Abelian and isomorphic
to the Cartan algebras defined in equation (III.4). These algebras
are all conjugated by the group; i. e. they form one orbit for the group
action (indeed they are defined by any root r they contain). There
exist no non-Abelian 2-dimensional subalgebras. Indeed if follows from
(I1.11) that if x 5 y 52 0, it is orthogonal to both x and y, so thatz ry, z, y
span a three dimensional space.

(iii) 3-dimensional subalgebras. They are all isomorphic to S U (2)
and their elements are all r-vectors.

Indeed, let £, be such an algebra and e, e, e; be an orthonormal
basis of it. Since the centralizers of the elements are € or U,, we know
that £, is not Abelian; so there are two e;, e. g. e, e, such that e, pe,
is different from zero and orthogonal to e, e.; i.e. :

(111.62) e pe = hes, A 20.
This can be written [see (II.11)],
(I11.627) [eis €5, €] = A
we first prove that all elements of £, are r-vectors.
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Indeed, we call an arbitrary normalized element e, and we compute
(I11.62") 0 () = (en, €1y €) = ; @ dor po, €)

= S o de ) — (e e [, €]
= (e5, d. e)) + (e, d., e)
= 2 (e, d, e)).

By using e; = — I(e;,/\e[) we get

0(e) =— ? (e:s d fo, €2) = — % (es i, d., e.)
= % (ﬁ': €, dl,‘. ez) = 0,

[In this computation we have used (II.20) and (II.24).]
Therefore from a given basis we can define three normalized positive
g-vectors :
q: = e e.
By using [see eq. (II1.62")] :
0(e) =2 (e, doy€)) =2 (g, €1),

it follows that ¢, is orthogonal to e,. Since without a change, we could
permute 2 and 3 in the previous calculation it also follows that g, is ortho-
gonal to e,. Morever 0 (e) = (¢; &) = 0, hence

(I11.63) (@ e) =0

that is, for every element r of the algebra £, the corresponding g-vector
q = ryris orthogonal to all elements of the algebra. Finally we define

(I11.64) 3k=q 4+ q. + ¢,
and we have
(I11.65) Veer, epk=0;

indeed, using I1.24, we have :
GANe=2e V(i Ne)=—2he, \Ves=—2¢ (2 Ney=—q. A\ e

We have two cases to consider :

(@) k20 : TIts centralizer contains £,, so that k is a g-vector.
[Vrer, y()=1=ryr =k] and £, = sU (2). Equation (III.14)
with z=e,, y =e, yields|A| =1 [see also (ITI.36)]. By choosing the right
orientation of the trihedron e,, e,, e; we can set A — 1. Since the posi-
tive unit g-vectors form a single orbit, these are all conjugated by SU (3).

(0) k =0: This yields (g, q.) = — % From corollary 1 of (III.2)
9> ¢, g5 are the three positive unit g-vectors of a Cartan subalgebra.
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Equation (III.14’) yields in this case | 2| = % As before we can choose

a right handed basis for which } — %
All S (2) of type (b) are conjugated. This can be proved as follows :
Let e; and e; be right handed orthonormal basis of the two SU (2)

algebras. The eight algebra cally independant invariants [listed at the

end of (II1.5)] made with a pair of vectors ¢, e, :

N 1
(e, €)) = 94, (9: €) =0, Y (eine) =1

have the same value as those made with the pair ¢€;, ¢,. Thus these
two pairs of vectors are conjugated and the S (2) Lie algebras they
generate are also conjugated. All these alsebras are conjugated to SO (3),
the subgroup of orthogonal (= real unitary) matrices of SU (3). Indeed
the SO (3) elements of the SU (3) Lie algebra are the antisymmetrical
matrices ' = — x€R*. [Remark that (z y)' = — 27.y").] A ortho-
gonal basis e; of this Lie algebra is in Gell’Mann’s notation (see Appendix 1)
e = )x-:, e, = — )~:;, e, = }“.’-

(iv) 4-dimensional subalgebras. They are conjugated and isomorphic
to aL, (2).

We will prove first that any four-dimensional Lie algebra «, has a

two dimensional Abelian subalgebra. Let & Gta % = 2, be the decompo-
sition of its vector space into two perpendicular 2-planes. We choose
two linearly independent vectors in each 2-planes : z,, ., € T, y,, y. €Y
and define x, A2, =y, i Y. = 2. We remark that the direction of
y (resp. x) is independent of the choice of z,, x, (resp. y, y.); indeed

(Ohxl + 2, xz)/\(,3| T, 4+ ;3;’ xz) = (“l i3-_> — %y 51) )

and similarly for x. If eitherxory = 0, seebelow: £, = A é} g3, Other-
wise we note [see (II.11)] that xe® and ye€?. We choose =’ | =,
ref, y Ly ye€y. Since z',y is perpendicular to 2’ and y’,
Ay =zx + By, with

2= (5,2 7\Y) = @p2,Y) =2 y) =0,
and similarly
P=@2\y)=—@ry,2) =4 (x2)=0.
Hence in all cases we can choose for the decomposition of «, into two

1
perpendicular two planes : £, = & ¢ @& where €L carries a two-dimen-
sional Abelian Lie algebra generated by ' and y’. Let b | b’, b, b’ €.
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Then for every ae@, bpa = 3 (a) b’ and § (a) is a linear form on A.
Therefore there is a vector ge @ such that () =0 and A P {2 b}c
centralizer of q. Thus ¢ is a g-vector and 2, = L, (2).

We finally prove that Sl (3) has no Lie subalgebra with dimension
greater that 4. To prove this statement we begin by introducing the
notations : A B for the vector space spanned by all vectors a, b with a
and b contained in the vector spaces A and B respectively; and A | B
to denote that A and B are orthogonal, i. e. (a, b)) =0, V a€A, V beB.
Since S U (3) is a simple real compact Lie algebra :

(I11.66) A]lB = AnB={0}

and furthermore if A, B are two perpendicular subalgebras :
(I11.67) A,AcA, B\BcB, AJB = A ] (AAB)1B.
Indeed, from (II.11),

al, a: EA, b1, ngB = ((Z‘, ag/\bj) = (a1/\ag, b]) = 0,
(an/\bu bz) = (al, bl/\b:) = 0.

We are now ready to prove that if £ is a proper [i.e. # S U (3)]
Lie algebra of S (3), [ = dim £ =<4 :

Proof. — Let us first suppose [ < 6. It follows from lemma 1 (in
section ITI.3) that 21 contains at least one vector x which is not a g-vector.
Since dim. €, = 2, dim ¢, N 2= 0 or 1 and then dim za£L=lorl—1.
Equation (IIT.67) applied to the Lie algebra {1z} and £ implies
£ 1 {2z} L) L {2x}; from (II1.66) it follows thatl +1 —1 4+ 18
i.e.l 4. Consider now the case [ =dim £ =7, i.e. £L=a, (1).
If z is not a g-vector the proof used for < 6 is still valid. If instead x
is a g¢-vector, dim (¢,Nn£) =7 —3 =4. Equations (II1.66) and
(II1.67) would then imply 7 44 4+ 18 which is absurd. This
completes the proof that ! = dim £ < 4.

To summarize this section, the Lie algebra of SU (3) are :

(i) The one dimensional U.(1); an infinite family of conjugation
0 (2

T ="

(ii) The conjugate class of the two dimensional Abelian algebra : i. e.
the Cartan subalgebra.

(iii @) The conjugate class of SaL, (2).

(iii b)) The conjugate class of the Lie algebra of SO (3)c SU (3) the
subgroup of orthogonal (= real) matrices of SU (3).

(iv) The conjugate class of 4, (2)i.e., 4-dimensional centralizer
of the elements which are g-vector.

classes, each one defined by the parameter 0 = ——
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7. The Subspaces 2’ of R* generated by sets of non zero vectors

Letz, y, z, ... be a finite set of vectors and let 27, denote the n-dimen-
sional space which is the closure of the set under addition, multiplication
by a scalar and under the ,- and \~laws. <, is therefore both a 5- and
a y-algebra.

From the results of the previous section it follows that the only ¥’s
are :

(i) ¥, generated by a g¢-vector.

(ii) ¥, = €., the 2-dimensional Cartan generated by a vector x which
is not a g-vector.

(iii) ¥ = U4 (2) generated by two non-commuting vectors whose
centralizers have a 1-dimensional intersection which must then be a
g-vector.

(iv) ¥5 = R® generated by two non-commuting vectors whose centra-
lizers have zero intersections.

We remark that two non-commuting g-vectors ¢, and ¢. generate a
¥V, = U, (2) where the positive normalized g-vector ¢ is given by

e  g=(ue) =0 (3@ +0) +ave)

[for a physical example see [2d], eq. (42)].

APPENDIX 1

In this appendix we give some of the relations which are necessary
to translate our formulation into the one communly used in physics.
Let 2; be the elements of an orthonormal basis of R*~ :

A.1] (s 2)) = 04y,

The structure constants of the , and ., algebra are defined by
(A.2) hind; = fijk da
(A.3) hivh; = V3 dij b

In this appendix we use the convention that repeated indices should
be summed from 1 to n>— 1. Using (A.1), equation (A.2") and (A.3)
are equivalent to
(A.2) fije = [2o 25 M),

(A.3) V3dijk = { iy Ajy M e

Thus f;;x and dyu; are the coordinates of completely antisymmetrical

and symmetrical third rank tensors invariant under SU (3). They are
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also related to the matrix elements of the f), and d), that we simply
denote by f; and d..

Then
A.9) Qi i M) = (e = fie = — sy
(A.5) P d; ) = (@i = dijr = (d)) s

Gell-Mann [1] chose an explicit realization of the 2; suggested by physics,.
with two matrices : 2; in the direction of the hypercharge and 4; along:
of the third component of isospin.

However the particle states of a SU (3) octet are eigen vectors (ele--
ments of C*, the complexified of R*) of the operators f, for ae¢. It is.
therefore more convenient to choose an orthonormal basis of G* made
with the eigenvectors z, z* introduced in III.4. We give them explici—
tely as 3 by 3 matrices and in terms of Gell-Mann’s.

Let e;; be the matrix with elements :
(A.6) (eij)ap = 0ix 98-

The Cartan subalgebra ¢, of diagonal matrices contains the three unit.
positive g-vectors :

(A.7) I—2e)

1
‘Ii=%(

and the six vectors 4 r; with :

() ()
()

For all ae¢C,, z, have in commun the six eigenvectors z;, z* in L=

(A.8)

1

2 = —= €3, 2y =

V2

1 e V4 1 e
—= €31, 3 = —= Cia.
V2 V3
The vectors of

q‘Zy rs, 21, Zr, Za, Z;‘, 2y Z?x‘

form an orthonormal basis of G* [with the Hermitian scalar product.
(I11.49)].

Their relation to the Gell-Mann basis and the particle states are:
given in Table 2.
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TABLE 2

Correspondance befween 3 X3 malrices and particles of the octet

Gell Mann’s...| 2s Md Fidd —id Ay Fididg —idi Ay —ids i +1ks
V2 V2 V2 V2 V2 V2
Our notation...| ¢, r; Z: z¥ z z* Z, zs
Octet <%>+ T US TR S - = = pr
Octet 0—...... 7w T K K° K- K+
Octet 1—...... 9" g0 oF o~ K*o K¥  K*- K#*~+

To respect the symmetry under the Weyl’s group, i. e. the permutations
of the index values 1, 2, 3, A; should be replaced by — 2; in the Gell-
Mann basis.

TaBLE 3

Relations between vectors of complexified octet

(z,2)) =0, (2, 2) =0

iz A 2 —-i- z* iZ;a2¥ =11 0; — iz z*f—i:.. z
PN%] = =ik %k iN<; = T Qi iNE] T T cijk £k
V2 V2

ziyz =0, Ziyzt = q
3 .. .
Zi\/zi=\/§4, zyzy =0  (iZjZ= ki)

[ris 25, 24] = O, i[r:, zj, 2] = 91 O

i [zi’ Zj, Zk] = \/~ Eijk = — i [Z;(, Z?, Z)/':]

[zi, 2, 28] = 0 = [z, 2}, z4]

zz,z Z/,— |~11L|—az z* *;
2

{2228} = 0= {2z, 2% 2} §.
The last four lines give the values of the f and d coefficients in
this basis.
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TABLE 4

Physical Directions along which SU (3) is broken

Third direction of the isospin..... sy =Ty
Hypercharge direction............ y=q
Electric charge direction.......... qg=—q
Cabibbo’s :

. . €. =2;¢c080 + z¥sin 0
direction of weak currents...... f " * .
lc.=c* =z¥cosh + z,sin0

direction of weak hypercharge. ¢ =2c, sc_

Table 3 contains some mathematical relation which are useful in the
applications of the formalism developped in this paper to physical
problems. Table 4, summarizes the definitions of the directions along
which SU (3) is broken. We finally list the relations between the vectors
introduced in Table 4

q9= %(!] + \/g t::)’

which is the Gell-Mann and Nishijima relation;
C = C;Ci C, = C A Cay
3.,
@, c)=1— 5 sin 0
which were given by Cabibbo;

Jyvg =Yy +4q, cvg==c¢—+gq,
20 —-@, oPpg+2yyc+y+c=0,

which were given in reference [2 d].

APPENDIX 2

In this appendix we give the necessary definitions and some results
concerning the action of a group G on a set M.
An action of G on M is given by a homomorphism

G - Permutation group on M.
If Ker fis trivial, G acts effectively on M.
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We will use latin letters for the elements of G, greek letters for those
of M, and when there is no ambiguity we will use x.« instead of f (x) [«];
e.g.xy.a« = x.(y.«) expresses the group law in the action.

An orbit of G is the set of x.« for all x€ G and a fixed «. M is thus
partitionned into orbits by the action of G. Two orbits E and E’ of G
are said to be of the same type if there is a bijective (one-to-one onto)

mapping ESE’ commuting with the group action i. e. for every z€G,
9o f@=[" @09

Given €M, the elements x€ G which leave o fixed : x.a = «, form
a subgroup G. of G, which is called the isotropy group, or little group
of a. If « and 8 belong to the same orbit there is at least one g€ G such
that B =g.a so Gg =g G, ¢!, i. e. the isofropy group of the poinis of
an orbit are all conjugaled.

One can prove that if the isotropy groups of two points of M are conju-
gated, the orbit are of the same type (for this use as prototypes for orbits
of isotropy groups conjugated to H, the cosets ¢ H of H, the group acting
by left translation x.g H = x g. H).

Thus if « and B€H have conjugated isotropy groups, even though
they may not belong to the same orbit, they belong however to orbits
of the same type.

We call stratum [7] of M the set of all points with the same isotropy
group up to a conjugation. A stratum is thus the union of all orbits
of a given type.

Many theorem exist for the differentiable actions of Lie groups on
manifolds M. We use only one in this paper. If G is compact, there
is one stratum on M which is open dense [8]. We will call it the generic
stratum.

APPENDIX 3

Part II was written for SU (n) and part III for SU (3) only. We give
here some hints for the generalization to SU (n) of the definitions and
properties of r and g-vectors using the same notations of section II.
The characteristic equation of a vector re R*~":

n
xr — .‘,2 (x) 2 — \‘,3 (.’L') ... — Y” (x) — " —ZT/" xu—-k — 0
k=2
where the coefficients v, (x) satisfy :

vi (@) = ;{tr{x" —z;“(z (z) 2+ };

=2

1 1, .
. (@) =7 (@) = Qtrx"; s (x)=§trx-‘ =—0(2).
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A unit r-vector is defined by
M=1 7u@m=0 1>2

i. e. the eigenvalues of r are 1, — 1 and O which appears (n — 2) times.
To each r-vector there corresponds for n > 2 a g-vector

ryr=y\n—2q.

The unit positive g-vectors satisfy :

Given a maximal Abelian plane €. i. e. a Cartan subalgebra of SU (n)
(its dimension is n — 1), the roots are its units r-vectors and the pseudo-
roots the positive unit g-vectors, i. e.

VaeC.,: ifopz=( a) = z;
doyz = (rsyrs, a)z =\n — 2 (g, a) z.
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