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A higher-order generalization of Jacobi’s
derivative formula and its algebraic geometric
analogue

par DAvID GRANT

RESUME. Nous généralisons la formule de la dérivée de Jacobi en écrivant,
pour un m impair, un déterminant de taille m composé de dérivées d’ordre
supérieur évaluées en 0 des fonctions théta d’une variable avec vecteurs carac-
téristiques a coordonnées dans ﬁZ comme une constante explicite multipliée
par une puissance de la fonction n de Dedekind. Nous déduisons ce résultat de
sa version algébro-géométrique, qui est valable si la caractéristique ne divise
pas 6m.

ABSTRACT. We generalize Jacobi’s derivative formula for odd m by writing
an m x m determinant of higher order derivatives at 0 of theta functions
in 1 variable with characteristic vectors with entries in ﬁZ as an explicit
constant times a power of Dedekind’s n-function. We do so by deriving it
from an algebraic geometric version that holds in characteristic not dividing

6m.

Introduction

In the vast pantheon of theta function identities, a central position is
held by Jacobi’s derivative formula. Recall that for 7 € h = {z+iy |y > 0},
and a,b € R, we define the theta function in one variable z € C with
characteristic vector [§] by

(1) 0[%] (Z, 7_) _ Z eﬂi(n+a)27+27ri(n+a)(z+b)'
nez

A characteristic vector [§] with a,b € $Z is called a theta characteristic,

which is called odd or even depending on whether 0[%](z,7) is an odd or
even function of z. Modulo 1 there is a unique odd theta characteristic

§ = “g}, and three even ones, € := [J], 2 := {1{)2}, €3 1= [192].

Manuscrit recu le 6 février 2020, révisé le 2 février 2021, accepté le 18 mai 2021.
2010 Mathematics Subject Classification. 14K25, 14H42.
Mots-clefs. Theta functions, elliptic curves.
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Jacobi’s formula states that

3
(2) %(9[5](277))&:0 = —m [[ 0lei] (0. 7) = —2mn(7)?,
i=1

where for ¢ = €27,

n(r) =g I (1 —¢")
n>1
is Dedekind’s n-function ([22, p. 64 and 72]).

Jacobi’s formula has been generalized in a number of directions: see the
references in [12], [13], and [16] for information on what is known about
generalizations to theta functions in several variables. One main goal of the
paper is to prove for any odd m a generalization of (2) for higher derivatives
inzof 0[¢](z,7) at 2 =0 and a,b € 5= Z.

We note that first derivatives in z of 6[%](z,7) at z = 0 for a,b € Q
were studied in [5], [6], and [10], where their vanishing was related to the
existence of “singular torsion” on the elliptic curve whose complex points
are parameterized by C/(Z + Z7), and a genus 1 analogue of the Manin—
Mumford conjecture. For higher-order derivatives we have:

Theorem I. Let m be odd. Then
zO]
m—2

d ANPIESS
oS m (dZ> < [ 3 }(z’mﬂ>
= i(3m+1)/2(27r/m)(m2_m+2)/2m! <H E!) 17(7’)m2+2.

0<k<m—2,k=m
/=1

3

Note that when m = 1 we recover (2). The reason that k = m — 1 is
excluded as an index is explained in the Remark at the end of the Intro-
duction.

Theorem I takes a more attractive form if for any characteristic vector
¢ = [ 4] and integer j, we set f; ;(z,7) = 0[“+i/m](mz,m7) and let fc[?(O,T)
denote its k'"-Hasse derivative with respect to z at 0. (Recall this means

that fc[lz] (0,7) is the coefficient of z* in the Taylor expansion of f. ;(z,7) at

z = 0.) Then recalling that § = Hg}, Theorem 1 is equivalent to:
(%] _ ;(3m+1)/2 (m2—m+2)/2 m2+2
(L1) Jdet £ =i (2m) n(r)™ .

0<k<m—2,k=m

We ask in advance for the reader’s forbearance: we believe the computa-
tion of the constant in Theorem I is new, but inasmuch as the objects have
been studied for the last two centuries, we cannot provide a guarantee of
this fact. We note that using the transformation formula for theta functions
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([8, p- 81]), Lemma 13 in the next section of this paper, and ([22, p. 124,
Prop. 1.3]), one can show that the left hand side of (I.1) is a level-one mod-
ular form with character that doesn’t vanish on h, so is a constant times
a power of n(7) (this also follows by combining the results on p. 270 and
in Remark 1.1 on p. 272 of [8], obtained with rather more work via the
heat equation and a study of Weierstrass points on modular curves). This
means one could calculate the constant via g-expansions, but it would be
unenlightening to do so.

More important perhaps then is the algebraic geometry that underlies
the statement of Theorem I, and indeed, we will prove it by deriving it from
results (Theorems II and III of the next section) that hold for any elliptic
curve E defined over a field K of any characteristic not dividing 6m.

To describe this, let E- be the complex elliptic curve

y? =23 + A(r)x + B(7)

whose points (z,y) are parameterized by (p(z,7), 3¢'(2,7)) for z € C,
where p(z, 7) is the Weierstrass p-function for the lattice L, = Z+Zt. Let
O denote its origin, t(z) = —x(z)/y(z) = z+... be a local parameter at O,
and let L(mO) denote the m-dimensional vector space of functions on E-
with poles bounded by mQO. Then the starting point of Mumford’s theory
of algebraic theta functions ([22, Chap. I §3, Chap. II, §1] [23, §§1-5]) is
the fact that the functions on F. defined by

fé,j(z, 7)
016](z, 7)™’

0 < j < m — 1, are eigenfunctions of Heisenberg operators on L(mO)
with different eigenvalues, so they form a canonical basis for L(mQO). The
eigenfunctions are only determined up to constant, and if we let

eQTrij/m (m—1)/2
gj(Z7T) = ( > Tj(Z’T),

21

ri(z,7) =

then we will prove in Proposition 22 of Section 2 that if we also set

0 T(r)= et () 07)
0<k<m—2,k=m

then (I.1) is equivalent to

(L2) T(r) = 1/(2m? (7)™ L.
In other words,
(L.3) T(r) = A(r)~(m*=D/12,

(up to a choice of cube-root of the righthand side when 3 divides m), where
A(1) = —16(4A(7)% + 27B(7)?) = (2m)'2n(7)?* is Dedekind’s discriminant
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modular form. Once we note using Lemma 21(c) of Section 2 that

_ m k|¢
T(r) = det — (t"g)"(0,7),
0<k<m—2,k=m
where (t"g;)M¢(z,7) denotes the k''-Hasse derivative of t™g;(z,7) with
respect to ¢, (I.3) has an algebraic meaning for elliptic curves over any
field.

Indeed, let K be any field of characteristic not dividing 6m, and E be any
elliptic curve over K given by a Weierstrass model, y? = 2% + Az + B over
K, with t = —z/y a local parameter at the origin O. In the next section
we will develop what we need of the theory of Heisenberg operators for F
and K. Then in Theorem II we will use this to calculate the determinant of
the 0,...,m — 2, and m'*-Hasse derivatives with respect to ¢ of ™ times a
basis for L(mQO) of normalized eigenfunctions for the Heisenberg operators,
and then in Theorem III express this determinant as in (I.3), in terms of
the discriminant of the Weierstrass model.

Then in Section 2, we will show that when K = C and F = E;, this
normalized basis of eigenfunctions for L(mO) is precisely the g;(z,7), 0 <
j <m —1, and derive Theorem I from Theorems II and III.

We remark that some analogous but more complicated results should
hold for m even and in the case that K has characteristic 2 or 3. Also it
would be nice to know what the appropriate generalization of Theorem I is
for higher derivatives of theta functions in several variables.

Remark 1. If for any theta characteristic ¢, we let W, ,(2,7) denote the
Wronskian with respect to z of fco(z,7),..., fom—1(2,7), then Lemma 13
of the next section will show that W;,,(0,7) vanishes, and we will see in
Lemma 21 of Section 2 that therefore we can rewrite Theorem I as

d 27 (m?—m+2)/2 m—2 )
a L (Bma1)/2( 2T , , m2+2
(L4) = (Wsm()]emo = <m> ml ge. ()™ 2.

We note that the lefthand side of (I.4) is a “lacunary Wronskian” in the
language of Anderson [1]. See also [20].
On the other hand, recalling that {e1, €2, €3} is a set representing the even

theta characteristics modulo 1, similar reasoning to that in the discussion
above shows that

3
I We,m(0,7)
=1

is a non-vanishing modular form of level one and weight 3m?/2 with char-
acter on h, and so is a constant times 77(7')3m2, which gives a supplemental
generalization of (2). Presumedly the constant can be determined along the
lines of this paper but we have not tried to do so.
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1. Algebraic geometric version of Theorem I

Let m be an odd integer, K a field of characteristic not dividing 6m, and
E/K an elliptic curve over K. Let E be given by a Weierstrass model,

(4) y? =23+ Az + B.

Let w = dx /2y be a choice of invariant differential for E, and t = —z/y be a
parameter at the origin O of E. We let D be the derivation on the function
field K(F) given by D = d/w, i.e. the unique derivation determined by
Dz = 2y. Since w is translation-invariant, so is D.

Let L(mO) denote the m-dimensional K-vector space of functions on F
whose poles are bounded by mO (along with the zero function), where K

is an algebraic closure of K. Let E[m] denote the m-torsion in E(K). For
any R € E(K) and ¢ € Z, we let [(]R denote the image of R under the
multiplication-by-¢ endomorphism of E. For f € K(E)* we let (f) denote
its divisor. For any R € E(K) we let T denote the translation-by-R map
on E, and T} its pullback to K(E).

For a point R € E(K), let vg denote the valuation of the local ring Og
of E at R. Let Div(E) denote the group of divisors of E over K. If f is a
non-zero function and D = } p.pnrR is a divisor on E whose support is
disjoint from the support of (f), we let f(D) = [[grep f(R)"E.

Identifying E with its jacobian, if D is a divisor of degree 0 linearly
equivalent to S — O for some S € E(K), we will say that D sums to S.

For every u,v € E[m], let e,,(u,v) denote their Weil pairing. For lack of
a suitable reference, we give a lemma expressing the Weil pairing in terms

of local contributions.

Lemma 2. For non-zero functions ¢, € K(E) whose divisors are in
mDiv(E), we define for every R € E(K),

(6, )m.r = (—1) R(¢)UR(¢)/m<¢UR(7/’)/m/wUR(¢)/m)(R).

Let u,v € E[m]. Then if functions p, and p, have divisors mD,, and mD,,
such that D, sums to u and D, sums to v, we have

em(u,v) = H (pu; pv)m,R'
ReE
Proof. If D,, and D, have distinct support, Example 3.16 in [27] gives that
em(u,v) = pu(Dy)/pu(Dy). It is clear from the definitions that we have
pu(Dy)/po(Dy) = [1rer(Pu, Pv)m,r, Which gives the Lemma in this case.
More generally, recall for any non-zero functions ¢, and point R €

E(K), we have the local symbol

(6, 0) R = (_1)UR(¢)UR(¢’)(d)vR(w)/q/}vR(@)(R)

which is bilinear, and satisfies the product formula [[zcp (0, ¥)r =1 ([26,
p. 34-35]). For ¢,v¢ which have divisors in mDiv(E), (¢,%)m,r is also
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bilinear, and for any function p, (¢,p)r = (¢, 0" )m,r- S0 if (py) = mD,,
and (p,) = mD,, and D,, and D, do not have disjoint support, we can find
linearly equivalent divisors D!, and D! with disjoint support, so there are
functions v, ¥, with divisors D), — D,, and D) — D,,, such that ¢, := p, 02"
and ¢, := p,l*, have divisors mD), and mD). Then

em(uav) = H (Qbmgbv)m,R

ReFE
= H (puv pv)m,R(pua Q;Z)v)R(wm Pv)R(¢ua Q;Z)v)?%l = H (pUa Pv)m,R,
ReFE ReFE
which gives the Lemma. O

Following Mumford ([23, p. 43], [21, p. 289]) we now define:

Definition 3. The group H = H,, of Heisenberg linear operators on
L(mO) consists of pairs h, of the form (u, f,) where u € E[m] and (f,) =
mu — mQO, with the group composition of h, = (u, f,) and h, = (v, fy)
given by hy 0 hy = (u+ v, {75, fv).

It is straightforward to verify that H is indeed a group with (O, 1) as its

identity, and that H acts on L(mO) by setting for any g € L(mQO), and
hy = (’LL, fu) €EH,

(5) hu(g) = TZ,(9) fu-
Definition 4.

(i) For any u € E[m] there is a distinguished choice F, for f,, given
as follows: Using that m is odd, let d,, be any function with divisor
mHilu —mO. Then let F, = d,,/T*,d., which is independent of
the choice of d,,.
(ii) We let H,, denote (u, F,).

Lemma 5. Let u € E[m)].
(a) [-1]*F, = F_,.
(b) H'=H_,.

Proof. Any choice of d, is an even function, so [—1]*d, = d, and we can
take d_,, = d,,. Hence [-1]*F, = [—1]*d,/[-1]*T* ,dy = du/T;idy, = F_,,
which gives (a).

Likewise,

H,oH_,=(0,FT",F_,) = (0,F,(T",dy/dy)) = (O, 1),
which gives (b). O

We now recall Mumford’s definition of algebraic theta functions.
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Definition 6. For any s € L(mO), and u € E[m], we define the algebraic
theta function

Os(u) = t"Hy b (8)],mg = t" H-u (8)],—g -
When s = 1, we will let ©(u) denote O1(u) = t™ F_,|,_, -

Remark 7. Let £(mO) be the invertible sheaf attached to the divisor mO.
Mumford defines elements of the Heisenberg group attached to £(mO) as
pairs (u,1)) where u € E[m| and ¢ : L(mO) — T;}(L(mO)) is an isomor-
phism of invertible sheaves, which as in [14, II, Prop. 6.13], is given by mul-
tiplication by a function whose divisor is mO — T (mO) = mO —m([—1]u).
Since we are studying functions in L(mO), we found it more natural to re-
place his elements (u, ) by the pair (u,T%,%) in the definition of H, since
T*,% € L(mO). This gives us different formulas for the group law of #H
and its action on L(mO), but the group and the action are the same that
Mumford uses.

In Mumford’s definition of algebraic theta function (see the versions
in [23, p. 76] and [21, p. 300]) we are simplifying by considering the theta
function directly as a function of torsion points of E, obviating the need to
pick a “theta structure”, and are using s — t""s|;— as the required choice
of linear functional on L(mQO). Also it is an exercise to show that since m
is odd, our map u — H (u) agrees with the map 7 defined in [23, p. 58] that
is needed in his definition of algebraic theta function.

Let {P,Q} be an ordered basis for E[m| as a Z/mZ-module, and let
¢ = en(P,Q), which is a primitive m*—root of unity.
Definition 8. Let S = ;’;_01 CiQ be the quadratic Gauss sum.
(a) Set vy to be (—1)(™=1/2/§ times any chosen m!-root of

(b) Let gp = w I1\2 *(x — 2((K]P)).
(c) For any 0 < j < m, set g; = H_[;jq (gp) (so in particular, go = gp).

The definition of vy is perhaps overly perspicacious: it is chosen to sim-
plify the later statement of Theorem II. Note that gp is a specific choice
for d P.

Definition 9. Identifying the completed local ring at the origin @O with
the power series ring K[t], for 0 < j < m and n > 0, define 6, € K as
the coefficients in the expansions

tmgj = Z ﬁj’ntn.

n>0
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Remark 10. From Definition 6 we have

Ogp ([F1Q) = t"™H_{j10 (9P) li=0 = t" gjlt=0 = V;0-

Therefore it makes sense to think of the ¥;, as analogous to Hasse deriva-
tives in ¢ of an algebraic theta function (see also [4, §2.2]).

The goal of this section is to compute

© T(P.Q) = det [0l
0<k<m—2,k=m
which we relate in the next section to 7'(7) when K = C and E = E; for
a particular choice of P and (). We will need a sequence of lemmas.
Most of the following Lemma comes directly from the definitions and is
standard (see e.g., [22, p. 2], [23, p. 44, Prop. 3.6(c)]). We provide proofs
to keep the paper self-contained.

Lemma 11. Let u,v € E[m], and let e,,(u,v) denote their Weil pairing.
(a) O(—u) = —6(u).
(b) Hy o Hy = c(u,v)Hyyy, where c(u,v) =1 if u= 0 orifu = —v,
and c(u, v) = F,(—u)O(u)/O(u + v) otherwise.
) u
(d) ( (u v)(m+1)/2 i.e., c(u,v)? = em(u,v).
e) Hyp (QP) =gr f07" allk 2 1.
)
¢,
) The set gj, 0 < j < m, forms a basis for L(mO).
(h) For every 1 <k <m,
1

—o(WP) I @kP) - a(K]P)) = —D(ge)(KIP).

K2k, m—Fk
Proof. (a). Using Lemma 5(a), O(—u) = t"Fyli=0 = [—1]*(t"Fy|i=0) =
(—t)mF_u‘tzo = _th—u‘t:O = —@(u)
(b). This is trivial if u = O or follows from Lemma 5(b) if u = —wv, so

assume not. From (5), for any f € L(mO),

HuOHv(f) :Hu (ij(f)F) Tju v(f)Tju (Fv) Fu
= (T, (Fy) Fu/Futv) Huto(f)-
Then comparing divisors shows T, (F,)Fy/F,+, is a constant, which we

find by multiplying numerator and denominator by ¢ and evaluating at O
to be Fy,(—u)O(—u)/O(—u — v), and the result follows from (a).
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(¢). By (b), we need to show that ¢(u,v)/c(v,u) = ep(u,v). This is trivial

if u=0,v=0,or v=—u, so assume not. In all other cases, by (a), and
Lemma 5(a), we get from (b) and then Definition 6 that
Fy(—u)O(u)  —F,(—u)O(u)

(w0 /e, ) = 5 =6 0) ~ Fou(0)(—0)

= H (Fva F—u)m,R = em(va —u),
ReE
by Lemma 2, which since the Weil pairing is bilinear and antisymmetric is
em(u,v).

(d). We first claim ¢(u,v) = ¢(—u, —v). This is trivial if u = O or v = O or

v = —u, so assume not. Using Lemma 5(a), we have by (a) and (b), that
(7) c(—u, —v) = F(;((ui@(;;“b) = Fg(_uujr@v()u) = c(u,v).

Also, taking inverses of ¢(v,u)Hy, = Hy, o H, gives by Lemma 5 (b) that
c(v,u) " H_y =H 4o H_,, so

c(—u, —v) = c(v,u) ! = e (u, v)e(u,v) 7,
by (c). Combining this with (7) gives c(u, v)? = e (u,v).
(e). We will show this by induction. First of all, by the definition of Fp,
Hp(gp) = T*p(gp)Fp = gp. Now assume H[,_jjp(9p) = gp for some
k > 2. Using (b) we get Hyyp(gp) = c([k—1]P, P)"'Hy,_ypoHp(gp) = gp
since e, ([k — 1]P, P) = 1 implies ¢([k — 1]P, P) =1 by (d).

(f). Using (c) again and (e),

Hyp (95) = Hygp (H—[j]Q(gP)> = en([k]1P, —[11Q)H_[;)q (H[k]P(gP))
= ¢ H [ (9p) = *y;.
(g). The Riemann-Roch Theorem gives that the dimension of L(mQO) over

K is m, and the g, 0 < j < m, are m eigenfunctions for Hp with different
eigenvalues.

(h). Forall k > 1, (e) and Lemma 5 (a) gives F_jp = QP/T[}:]ng. So since
gp =1y H,S?:ll)m(x — z([K']P)), we have for 1 <k <m —1,
(Tiyppr)/t
_ 4—m p—1 _ (k] P
VO(HP) =t F yp| = T

T pla — (k1 P))
t

t=0

I[I  (@(kP) —(K]P)).

t=0 1<k'<(m—1)/2,
K £km—k
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Now since D is translation-invariant and d¢/w is 1 at the origin, we have
by L’Hopital’s rule,

Tipla—a(kIP)|  D(Tjple —a(kIP))
t t=0 - Dt t=0
= Tiyp Dla — #([HP)) =g = 20(K]P).
This also shows 1/0([k]P) = D(gp)([k]P)/vo. O

Definition 12. For any function f € L(mO) we write the expansion of
t™ f in terms of t over K as Y, 5q afnt".

(a) We define a linear transformation ¢ : L(mO) — K™ by ¢(f) =
(aﬂo, e ,af7(m,2), af,m).

(b) If B = {b1,...,by} is any ordered basis for L(mO), we let
det(¢(B)) denote the determinant of the matrix whose rows are
d(b1)y ..., d(bm).

By Definition 9, ¢(g;) = (Y0, .., Yjm—2,%jm), for 0 < j < m—1. Note
that in (6) we have already defined T'(P, Q) = det(¢(G)), where G is the
ordered basis {go, .., gm-1}-

Lemma 13. Let B = {b1,...,bn} be an ordered basis for L(mQO), thought
of as a column vector in K(E)™.
(a) The map ¢ is an isomorphism. Hence det(¢(B)) is non-vanishing.
(b) If M is an invertible m x m matriz with entries in K, so B’ =
MB is another ordered basis for L(mQO), then det(¢(B')) =
det(M) det(o(B)).
(c) If for f € L(mO) we set p(f) = (af0,---,0fm—2,0fm—1), then
we have det(p(B)) = 0, where p(B) is the matriz whose rows are

p(br), - p(bm)-

Proof. (a). If ag; = 0 for all 0 < i < m — 2, then f has a pole of at worst
order 1 at the origin, so is constant. Then ay ,, = 0 means that this constant
is 0. Hence ¢ is injective, and the Riemann—Roch Theorem gives that the
dimension of L(mO) over K is m, so ¢ is an isomorphism.

(b). This is clear.

(c). Tt is enough to note that 1 € L(mO) and p(1) = 0. O
We have one ordered basis for L(mO), namely G. We will compute

T(P,Q) by writing down another ordered basis, and comparing the two.

Definition 14.
(a) Set wy = 1, and for 2 < j < m set w; = 27/2 if j is even, and
wj = 2U3/2(—y) if j is odd. Let W = {wp, w2, ..., wy,}, which is
an ordered basis for L(mO).
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(b) Let L denote the change of basis matrix with entries in K expressing
G in terms of W, so G = LW.

(¢) For 0 < k < m, applying operations entry-by-entry to elements of
a vector, let G, = H[k]p(G), and Wy, = H[k]p(W)

(d) Let I" and Q be the matrices which respectively have k-th column
G, and Wy, so I' = LQ.

We note that since x = t% + ...,y = ;—31 + ..., by design the Laurent
expansion of w; at the origin in ¢ has lead term 1/ t7. Hence the first non-
zero entry of ¢(wj) is a 1 in the (m + 1 — ) entry for 2 < j < m,
and the first non-zero entry of ¢(wp) is a 1 in the mt* entry. Therefore
det(p(W)) = (—=1)"=1D/2 since reversing the columns of ¢(W) yields an
upper-triangular matrix with 1s on the diagonal.

Hence by Lemma 13 (b),

(8) T(P,Q) = det(¢(G)) = (~1)" "D/ det(L).

So we concentrate now on computing det(L), which by Definition 14 (d)
satisfies
9) detI' = det L det Q2.

Proposition 15. Let Z = deto<;jr<m [ij}, vy be as in Definition 8, and
I' and Q be as in Definition 14.

(a) t™ L det I,
(m—1)/2

m—1
= ()" Vlzp [T o) I (11)Q) - =((kP)>*.

j=1 k=1
(b) tm*~Ldet Q|,_, = (=1)™* =D/ [T V2 o[k P).
Proof. (a). Note that I'jz = Hyyp(gy) = ¢I*g; by Lemma 11 (f), so det T =
—1)\n= " g; ) Z, since reversing the 2nd through the m** rows o
(m=1)/2 ;”01 i) Z he 2nd th h the m!" f
[C_jk]ogj’;Km yields [Cjk]ogj,kon. Hence detT" has a polie of order m? —1 at
the origin, and letting m denote the maximal ideal of Op, we have

m—1
"1 et T = (=1)m=0/27 H vj mod m,
§=0
where for 1 < j <m—1, we set v; = g;t"|4—0, using from Definition 8 that
vy = got™ |i=0. So for 1 < j < m — 1, using (5) and Definitions 6 and 8
we have

vj = H_[0(9p)t" lt=0 = ;10 (9P) F110 t"|i=0
(m—1)/2

—w0lQ) I (@(lQ) - «(kIP)).

k=1
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Hence
t"™ " ldetT
m—1 (m—1)/2
=Dz TT 0Q) T @(1Q) — z([kIP))*  mod m,
j=1 jk=1

since z is an even function.

(b). Since Q. = Hyp(w;) = (T[*_k]ij) Fl)p, we have that

m—1
det ) = jzog%tjgm [T[_k,}ij} H Fiyp,
0<k<m k=0

so since Fjgjp = 1 and Fjyp has a pole of order m at O for 1 <k < m, we
see from (a) and (9) that det[T[”:k]ij] has a pole of order m — 1 at the
origin. Hence if we let C; denote the cofactor of w; in [T[*_ . pwj], we have
that C), vanishes at O. Therefore since det [T[**k] pWjl = woCo+Z;-”:2 w;Cj,
we have from w; = t% + ..., that

m—1
™1 det Q|,_, = (H @(—[k:]P)) (D(Cm) + Cr—1) 4= -
k=1

Applying a derivation to a determinant yields a sum of the determinants
of the derivation applied to each column. Since for j = 0 and 2 < j <

m—2, D(w;) is in the span of {wy, ..., wj—1,w;41}, all summands in D(Cy,)
vanish except for the one with the derivation applied to the last column.
Then since Dwy,—1 = Da(m=D/2 = m=La(m=3)/2(2y) = —(m — 1)wy,, and

D is translation invariant, accounting for the signs attached to the two
cofactors we have that

D(Cy,) = (m —1)Chy_1.
Hence by Lemma 11 (a),

m—1
(10) 1 det Q|,_, = (H @([k]P)) mCin1y_p -
k=1
Now
_ (_1\ym—1+1 N
(11) Cr—1ly—g = (=1) iog et [w; ([=K]P)].

Applying 252;5)/21. = (m — 5)(m — 3)/8 transpositions to the rows of the

matrix in the righthand side of (11) gives the matrix

Q' = [wj([=k]P)]j=02,4....m~335,...m
1<k<m-—1



Higher-order Jacobi derivative formula 373

so if € = (—1)(m=3)(m=5)/8 "since m is odd, (11) can be rewritten as
(12) Cm71|t:0 = —edet Q,.
Subtracting the jth-column of Q' from the (m — j)th-column for j =

1,...,(m—1)/2, yields a block lower-diagonal matrix, whose upper-lefthand
block is the Vandermonde matrix

V= [»’U([k]P)j} 0<j<(m—3)/2 »
k=1,..,(m—1)/2

and whose lower-righthand-block is

V' = [2y([K]P)z((KIPY | ocjcims)2

k=(m+1)/2,....m
since —y([—k]P) = y([k]P). Note that det V" is [T;" ;.1 1y/2 2y([k]P) times
the determinant of [m([k:]P)j]O<j<(m73)/2_k:(m+1)/2 ., which is the deter-
minant of the matrix V' with its columns reversed. Hence
(13) det (') = det V det V'
(m—1)/2

_ ST 2 [ @EP) - (¥)P)

1<k7ék”§(m—1)/2
(m—1)/2
— (m—1)/2 H @

by Lemma 11 (h), using that y is odd. Putting together (10), (12), and (13)
gives

m—1 (m—1)/2
1 det Q|,_, = <H @([k]P)) m(—e)(—1)m=1/2 H o
k=1

and the result follows from Lemma 5 (a) since —e = (—1)(m*=1/8, O

Corollary 16. With notation as in Proposition 15,

s Z 175 O(l11Q)
T(P,Q) = (1) D=y (x([/)Q) —a([K] P))? -
w8 L GO0 WD e 576 g

Proof. By (9), det L = detI'/ det 2, which by Proposition 15 is
m~—1 4 m—1 . Hm 19([ }Q)

(1) T gy (z([j]Q) — =([K]P))* === :

TN [ " e[k p)
The result follows from (8). O
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Theorem II. Recall S = Z?;ol Ciz is the quadratic Gauss sum and that
we set vy to be (—1)""D/2/S times any mt-root of H,&ZID/Q O([k]P)3.
Then

T(P,Q) = AP,Q)/m,
where \(P, Q) =

m—1 m—1
(—1)m=/2 I[I @@ -=(kP)? [T el IT ek p).
1<) k<(m—1)/2 j=1 k=1

Proof. Tt follows from work of Schur ([24], see also [27, Chap. 6, App. §2]),
that (—1)(m*=D/8+(m=1)/27 — gm ({4 show this holds in any K, it suffices
to show it holds in Z[(], and for that it suffices to show it holds in any
complex embedding of Z[(], which is what Schur does). Hence with this
choice of vy, Corollary 16 can be rewritten as T'(P, Q) = A(P, Q)/m, where

m—1 (m—1)/2
II GO -k, [Tele) I edkr)
1<j,k<(m—1)/2 j=1 k=1
The result now follows from Lemma 5(a). O

Theorem II gives the formula for T'(P, Q)) we will use in the next section
to derive (I1.2). We will finish the section by relating A(P, Q) to the discrim-
inant of the curve as we do in (I1.3), though the best we can do when 3|m
is to determine A(P, @) up to a third root of unity.

Lemma 17. Let m be odd and K be of characteristic not dividing 6m. Let
n be any non-zero integer not divisible by the characteristic of K, and let
Yn be the n-division polynomial with divisor 3 ,c gt — n20 normalized
by t* "D, |i—o = n ([19, App. 1]), and let E[n]* denote E[n] — O.
(a) Suppose n+m, and n —m are not divisible by the characteristic of
K. Then [n)*z — [m]*x = Lmtplmen
(b) For independent generic pointi; o and B of E,

2([n)a) — (7)) _ ¥n(B +a)n(f — )
(z(a) — z(B))"* Un(@)?¥n(B)?
(¢) For a generic point « of E,
(—1)(*=D) 2y([n]a) _ ¥n((2a)
2y(a)™ ()t
(d) Let A = —16 (4A3 + 27B?) be the discriminant of the Weierstrass
model (4) for E. Let ¢, = ([n]*z) - 2. Then

H an(u) _ n—QnQAnQ(n2—1)/6.

u€E[n]*
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(e) We have
1 el =27" T (o) = (~1)m D2A020/
ueElm]* ecE[2]*
(f) If n is not a multiple of 3, then
H b3(u) = 3" 21 H Yn(e) = 1)(n2—1)/3A2(n271)/3.
u€E[n]* ecE[3]*

Proof. (a). This is a special case of Proposition 1 of [19, App. I].
(b). Both sides are functions on E x E, with divisor
[n)]*(D+D —2(ExO+0xE))—n* (D+D —2(Ex0+0 x E)),

where D and D’ are respectively the diagonal and antidiagonal on E' x E. So
the formula holds up to a multiplicative constant. Now let t, = t(«). Then
the lead term in the Laurent expansion of both sides in the neighborhood
of a =0 is #taﬁ—z’ so the constant is 1.

(c). By the chain rule for division polynomials, Proposition 2 of [19, App. 1],
[n]*1bg = o /0% = ([2]*0n)08” /1b. The result follows since y = —2y.

(d). We will only need this for n = 2 and n = 3 for which it can be verified
by direct computation. More generally, since ¢,, is a monic polynomial in x
of degree n?, for n odd this follows from standard properties of resultants
using any of a number of people’s proof that the resultant in x of ¢, and
Y2 is A" (*=1)/6 (gee [15], [7, Lem. 1.7.11(b)], [2, Lem. 2)). For n even, this
same result is stated without proof in [3, (1.3)], and proven in [9)].

(e). The first equality comes from the product formula for local symbols
as in the proof of Lemma 2. The second equality comes from induction on
m. Clearly when m = —1 and m = 1 the value of €y, := [[.cgjg+ Vm(e)
is respectively —1 and 1. Now take m > 3 to be odd. From (a) we have
Uma2tm—o/1%, = ¥3([2]*x — [m]*z), which is ¢2 minus a function that
vanishes at 2-torsion points. From (d) we have [].cpjg- ¢2(e) = 278A2
and hence €42 = Q*SAzefn /€m—2, and the result follows inductively for
m > 0. That suffices since ©_,, = —p,.

(f). Again, the first equality comes from the product formula for local sym-
bols as in the proof Lemma 2. The second inequality comes by induction
on n. Now let €, := [[.cps)- ¥n(e). We have trivially that e_1 = e = 1,
and from (e), that e_o = e = (—1/27)A2. As in (e), from (a) we have
Un+3Un—3/ w% is ¢3 minus a function that vanishes at 3-torsion points. So
from (d), we have for n not a multiple of 3, that €,.3 = 3718A2e2 /¢, 3.
The result follows by a two-step induction for n > 0, which as in (e) suffices
for the result. 0
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Theorem III. Let T(P,Q) be as in (6) and A be the discriminant of the
Weierstrass model (4). Then for all odd m we have

T(P,Q)* = A~(m D/,
If in addition m is not a multiple of 3, then
T(P,Q) = A~ (m?=1)/12.

Proof. Theorem II gives T(P, Q) = A(P,Q)/m, and we will get the result
by applying Lemma 17 to each factor in A(P, Q) Let £ > 0 be not divisible
by the characteristic of K and prime to m. Lemma 11 (h) with @ playing
the role of P gives

m—1 . B 1 mt 1
a - ewor= - oo --mor L sty

which for £ prime to m is also H;”:_ll O([74)Q). Hence H;’"b:—ll o([jlQ)¢! =

H;”:_ll O([j1Q)¥ /O([j]Q), which by (14) and Lemma 17 (b) and (c) taking

n=>~1Is

Ty @I IR Q)"
L 0T ity QTR

J

since wg is an even function, and (—1)“2*1)(’”*1) = 1. By the same reason-
: m— 2 m— -m
mng, Hk:11 @([k]P)Z P = szll Ye([k]P)™™.

Finally, again since ¢ is prime to m, [T1<;j x<@m-1)/2(z([J]Q) — z([k]P))?
to the 2 — 1 power is by Lemma 17 (b),

(mﬁ)/ 2 Le([K]P)e([j]Q)* (IS e (1P ([5]1Q))™
AP 1 G1Q2u(MP — QP Mo 0eW)
since 1y is even or odd.
Hence
(15) AP, = (=)™ = T we(w) ™
u€E[m]*

When ¢ = 2, by Lemma 17(e), (15) gives us
A(P,Q)F = m*a=(m*=1)/4,

which when m is a multiple of 3 is the best we can do, and determines
A(P, Q) up to a third-root of unity. Hence by Theorem II,

T(P.Q)* = A" "D/,
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When m is not a multiple of 3, we can also take ¢ = 3 in (15), and now
by Lemma 17 (f) with n = m,

AP, Q)s _ m8A72(m271)/3’

since when m is odd, (—1)(™*~1/3 = 1. Combining this with the above
gives

A(P,Q) = mA= (=012 1(p, Q) = A=(m*=1/12,
which we note is independent of the choice of P and Q. O

Remark 18. The obstruction to calculating T'(P, Q) when 3|m is that it
depends on the choice of P and @ and not just upon their Weil pairing
(or, from another point of view, A3 is a modular form of level one with a
non-trivial character). When m = 3, Theorem III gives that (P, Q)A/3 is
a cube root of A. We note that it is well-known that a cube root of A can
be expressed in terms of coordinates of E[3]: see e.g. [25, p. 305].

2. Theorem I from Theorems II and III

Our discussion of the complex theta function will be aided by gathering
some of the basic properties that follow directly from its definition (1). For
any T € h, let L, =7Z+ Zr.

Lemma 19. Let z € C and 7 € . For any a,b,c,d € R and p,q € Z we
have:

o1(z,7) = (=1)*70[§] (2, 7).

(Z + e, 7_) — e—7r7jc27'—27ric(z+b)9[a—lﬁ)-c] (Z, 7_)‘
(z+d,7)=0[p{al(z 7).

(d) For any X € L., define the factor of automorphy p[ ] (M) by

8] 2
(NO[5](2,7).
—mip?T—2mip(z+b)+2Tiaq .

(e) 9[:2](_277—) = 9[2]('277—)'

Proof. Proofs of (a), (b), and (c) can be found in [22, p. 5-11]. Then (d)
follows from (a)—(c). Note (e) follows by replacing a,b, z, and n by their
negatives in (1). O

015](z 4+ A7) ZP[ ]

a
b 32, T

Let B, : y* = 23 + A(7)x + B(7) be the complex elliptic curve whose
complex points can be parameterized by x = p(z,7), y = %p’(zn‘), for
z € C, where p(z,7) is the Weierstrass p-function attached to L., and
©'(z,7) denotes its derivative with respect to z. Note that since t(z) =
—20(z,7)/¢'(2,7), we have

(16) tHz) =2 +...
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for the beginning of its Taylor expansion at z = 0.
The first goal of this section is to specialize the quantities discussed in
the last section for general E over general fields to the case of E; over C.
As in Section 1, let m denote an odd integer. Now define characteristic

vectors top; = [1/217é/m}, and bot; = [1/2142./7”}, for any j € Z, and set

0 = topy = botg. One sees readily from Lemma 19(d) that ptopme’mT()\) =
Poot; 2,7 /m(A) = ps,27(A)™, for all A € L. Therefore since 0[6](z,7) is ana-
lytic in z and its zeroes consist of just a simple zero at points of L. ([22, p. 1
and 11]), for 0 < j < m the functions r;(z, 7) = 0[top,;](mz, mT)/0[d](z, 7)™
and s;(z,7) = O[bot;](z,7/m)/0[d](z, 7)™ are functions on E. and are in
L(mO). Note that our definition here of r;(z, 7) agrees with the one given
in the Introduction.

From now on let us fix P = % mod L, Q = 7~ mod L, and (p,
Note unlike the last section, we have the luxury of fixing choices for P and
@ with representatives in C and not just E(C) (which is why Mumford’s
full theory of algebraic theta functions is an adelic one.) It is standard that

Let us now take the F,, O([k]P), ©([j]Q), vo, g;, and T(P,Q) from
Definitions 4, 6, 8 and equation (6) defined in the last section for a general
elliptic curve over a general field, and specify these for the elliptic curve E,
over C and our choices of P and @), and denote these by writing them as a
function of 7 € b, or where appropriate, z € C and 7 € b.

— eQm’/m'

Proposition 20. Given our choices for P and Q) on E., we have:

s (R

0 [ ig} (z, 7)™

1k0[ | (07

(a) For 1<k <m—1, Fyp(z,7) = (-1

(b) For1 <k <m—1, O(K|P)(r) = (- 1/2+k/m

o[ 2] 0.7y

o/ G

0 [ }g} (z, 7)™

0|55 0,0y

(c) For1<j<m-—1, Fjg(z,7) =

(d) For1<j<m-—1,0([jlQ)(r) =

!/
o[35] .y
i) 2 (mr)?

(27T)3(m71)/217(7-)3m ’

(e) We can take vo(T) to be
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gl 1/2
. . N (m—1)/2 [1/2
(f) With vo(7) as in (e), gp(z,7) = (2mi) =™ 2
oL

} (mz,mr)

(g) With vo(7) as in (e), for0 <j<m—1,

1/21—1}32'/m:| (mz,m7)

diAICk
= (miG) "D 2y (2, m),

which agrees with the definition given in the Introduction.

9i(z,7) = (2mi¢, )~V {

Proof. (a). It is easy to check that the divisor of ro(z,7) is Y1 [k] P—mO,
so in the notation of Definition 4, we can take dp(z,7) = ro(z T) It follows
from Lemma 11(e) that

fotomy ez LRI bm o[ n)”
[k]P\~> Ti[k]pdp(z,r) 9[%;}(mz— k mr)/@{lﬂ](mz,mﬂ

AR (Rl
0 { }g} (z,7)™

= (-1)

i

by Lemma 19 (a) and (c).
(b). From (a), using (16) and Definition 6 we have
0] 1oLt |07
m /2+k/m ?
O(KIP)(r) = 2™ FLpyp(z,7)| _ = (-1 ,
12| T

(c). Similar to (a), one can check that we can take dg(z,7) = so(z,7).
Hence applying Lemma 11 (e) with P replaced by @, we have

do(zr) _ (L) —arimnise[ie]em)”
j[j]QdQ<sz> 0[%3}( —j7/m, T/m)/9{1/2}(2,7'/m)
- 0[1/2_]/7”}(277_)7?1

Fijo(z,7) =

1/2

0[1@}(2,7)’” 7

by Lemma 19(a) and (b).
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(d). From (c), as in (b),

o250,

O([71Q)(r) = 2" F_j;)q(z,7)

= oo

(e). Recall that S = Y21 ¢, the quadratic Gauss sum, and Definition 8

defines (1) to be (—1)"— 1)/2/8 times any m!" root of H(m n/2 O([k]P)3.
From (b) and (2), one choice of m-th-root is

(=)0 D ()2 (=2mn(r)*) 02,

where

(m—1)/2 )

K(T) = H 0 lfﬁ (0,7)
k=1 2'm
Now from Lemma 19 one gets that:
1 1 1 1
0 é+72”,,:’€] (0,7) =0 [_;_T,;] o =], 5]en=0]7]0n
Hence we also have
(m—1)/2
n(ir)=[ ¢ {1/2—}-/2219/771} (0, 7).
k=1

Now taking the coefficient of u in both sides of formula (7) of [28, p. 84]
and accounting for the fact that Weber’s definition of #11(z) is the negative

of our 9{ 12 ](z,T), #(7)3 is seen to be!

1/2
(=)0 ) 2y )
Hence 1p(7) = (—1)0m =D/8+n=D/2(m7)3 /m® /S (2m)3 =1/ 2y (7)3m,
The proof of (e) now follows the standard fact (see e.g., [17, Chap. 6,
Appendix]) that § = i(1=m)/2(—1)(m*~1/8 /p.

(f). By Definition 8 we have gp(z,7) = () [1\" 1 /*(p(z, 7) — p([K] P, 7)),
which has a Laurent expansion at the origin whose lead term is (1) /2™ !
Hence comparing divisors as in (a), and expansions at the origin, we also
have that gp(z, 1) is

1/2 1/2

9{1/2} (mz,mT)/H{l/z} (z,7)™
vo(T) 7

me[}g]'(o,mﬂ/e[}g} (0, 7)™

LOne can also derive this expression for x(7) from the product expansion for theta functions:
one plugs in z =0, a = 1/2, and b = 1/2 + k/m into (2.53) of [8, p. 141] and takes the product
over 1 <k < (m —1)/2 to verify the formula.
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So by (e) and (2),

1/2

1/2} (mz,mt)

gp(z,7) = (2mi)~(m—1/2 [

0[13] (2 '

(g). From (f) and Definition 8, we can now calculate
9i(z,7) = H_[10 (9p(2,7)) = Tj10 (9P) F_[jq(7,T)

1/2 . m m
oyt 2Lz =+ ) O G )
= T

O[3+ grmrym 03]
1/2+j/m
= (27m')_(m—1)/2gj(m—1)/2 [ 1/2 J(mz,m7)
m 0 1/2 (Z7T)m
1/2
by (c) and Lemma 19 (b). -

We will need a lemma in Proposition 22 to verify the claim in the Intro-
duction that the version in (I.1) of Theorem I is equivalent to the version
in (1.2).

Lemma 21. Let f, fo,..., fm—1 be any functions analytic at the origin,
and let W, (fo, ..., fm—1)(2) denote the Wronskian

d k
og(ji,gim (dz) 13(2).

k
@ LWlforoidn) = det  (52) )

0<j<m
0<k<m—2,k=m

(b) If W.(fo,..., fm-1)(0) =0 then

d\* d\* .
et () f@Eko = det (5) HELosO™
0<k<m—2k=m 0<k<m—2k=m

(c¢) If W(fo,---, fm—-1)(0) =0 and t is a local parameter at the origin,

then
d k d k dZ m27m+2
et (5) Hleo= et () Bl O
0<k<m—2,k=m 0<k<m—2,k=m

Proof. (a). The derivative with respect to z of deto<;r<m(L)¥ f;(2) is the
sum over 1 < ¢ < m of detggj,k<m(%)k+6(z’k)fj(Z), where §(¢, k) is the
Kronecker delta. These summands all vanish unless ¢ = m.



382 David GRANT

(b). Using the product formula for derivatives and properties of determi-
nants, it is elementary that

We(ffo, s [ fm-1)(2) = Wa(fo, -5 fm-1)(2) F ()™,

in a neighborhood of the origin. Suppose that W, (fo, ..., fm—1)(z) vanishes
at the origin. Then differentiating with respect to z gives

d

d
Wl dore o S he2)(0) = TWalloro Fue 1) O£(0)™

The result now follows from (a).

(¢). Using the chain rule for derivatives and properties of determinants, it
is elementary that

dz>m(m—1)/2

Wilfor s Fn)(2) = Wolforeees fon1)(2) <dt

in a neighborhood of the origin. Suppose that W.(fo,..., fm-1)(z) (and

hence Wi(fo, .., fm—1)(2)) vanishes at the origin. Then differentiating with

respect to t gives
d d dz m2-m
Wil fn)(©) = EWe(fon- oo fne)(0) (07

The result now follows from two applications of (a). O

9

Using this we now get:

Proposition 22.
(a) Given our choices for P and Q) on E., we have
T(r) =T(P,Q).
(b) The version of Theorem Iin (1.1) is equivalent to the version in(1.2).
(¢) If m is not a multiple of 8, Theorem I follows from Theorem III,

and if 3|m, we have established Theorem I up to a third root of
unity.

Proof. (a). We get from part (g) of Proposition 20 that g; for E; matches
with gj(z,7) as given in the Introduction. The only difference then in the
definitions in (3) and (6) of 7'(7) and T'(P, @) is that the expansions of the
g; in the former are taken with respect to z and the latter are taken with
respect to t. Because of Lemma 13 (c), we can apply Lemma 21(c) and then
(16) to see that we get T'(17) = T(P, Q).

(b). By the definition of g;(z,7) in the Introduction,

omij/m \ (M—1)/2 m
ngj(sz) = <e 271i > f(;,j(zaT) (M) .
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Hence because of Lemma 13(c), it follows from Lemma 21(b) that

T(r)=det  (z"g)(0,7)
0<k<m—2,k=m

m—1 2mij/m)(m—1)/2
_ (IT75 e ) det [fé?(O,T)].

= Nm(m—1)/2 1\m2 i<m
(27i) (0[6](0, 7)) ogkgénjfzk:m

)

Since m is odd, HT:El e2mij/m — 1, j—m(m=1)/2 _ ;3m(m-1)/2 _ ;(3—3m)/2
2

and (—1)™ = —1, so using Jacobi’s formula (2), we get that
(—1—3m k
{132 det gcjom [fé,}(O,T)]

(27r)(3m27m)/2n(7-)3m2 ’
so (I.1) is equivalent to (1.2).
(c). This follows from (a), (I.2), and (1.3). O

If 3 divides m, we will now determine the ambiguous (or better, trigu-
ous?) cube root of 1 in Theorem III by applying Theorem II to E;.

Proposition 23. For E., and our choices of P and Q,
T(r) = T(P,Q) = 1/(2mn(r)*)™ .
Hence Theorem II implies Theorem 1.

Proof. We start by specializing the formula for A\(P, Q) given in Theorem II
to E;.

Let o(z,7) denote the Weierstrass sigma-function (see e.g., [18, p. 239]),
which is an odd function of z, whose second logarithmic derivative with
respect to z is the negative of the Weierstrass g(z, 7)-function, and is nor-
malized by ¢/(0,7) = 1. It is well-known (see e.g., the argument on [22,

p.25] coupled with the fact that 0[1/2

1/2} (z,7) is an odd functions of z) that

o) = 2012 ()0 2] (0,7,

for a well-studied function ¢(7) we needn’t specify here3. We get immedi-
ately from this that the well-known analytic statement of the Theorem of
the Square (see e.g., [18, p. 243])

o(u+v,7)o(u—v,7)

p(v,7) = p(u,7) =

o(u,T)o*(v,7)

2Coined by Sydney Lamb for when something can be interpreted three ways: Linguistic Data
Processing, in The use of computers in anthropology, de Gruyter (2011), 159-188.

3The argument in Theorem 3 in [18, p. 246] shows that c(7) is —1/2 times a quasi-period of
the Weierstrass (-function. [28] also shows on p. 95 that ¢(7) is —0 [ }ﬁ]”'(o, T)/60 [ i;g]/([), 7).

For its life as a quasimodular form, see [29].
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can be rewritten as

o LN W] 0 )

p(v, T) - @(uv T) =0
[1/2 9“?;}2(% 7)9“;;}2(1),7)

If we now write u = u1T + ue, v = v17 4 vo for arbitrary wuy, us, vi,ve € R,
then by Lemma 19(b) and (c), using that 0[1/2}(—2,7) = —9{1/2}(,2,7')

1/2 1/2
we have
127" 1/2+u1+v 1/24u1—v
B 9{1/2} (0’7)20[1/2+u;+v;}(0’7)‘9[1/2+u;v;}(0’7)
|:1/2+u2i|( ) 7) [1/2—‘,—1}2]( ,7) [1/2—112}( ) 7)

Using this we get
(m=1)/2m—1

II IIeQ,m) - e(klPr,)
k=1 j=1

/ . .
g 0 172] O 78] 1ot | O 78|15 ] (0:7)

kel jei 9{1/;Kiﬂn}(O’T)20[1/itgﬂn}(0’7)9{1/i7gﬂn}(077).

From Lemma 19 we get

SR Pt (R R v [(R R I A [(R)

_2mi(1/245/m)(2 1/2+j/m _ 2 1/2+4j/m
= it/ m@l Al 1(0,7) = ¢Ho[ o 1(0,7).

Hence applying (17) three times (once as is, once with j = 0, and once with
k=0), we get

(m—1)/2m—1

18)  II TI(ei1Q,7) = p(k]P,7))
k=1 j=1

1721 m_121rm—1 ol 1/24+5/m
0[1ja] OV o[ ] 0.7)

= H;”:’f@{l/;ﬁ/m}(oﬁ)m’l (H?gﬁa[1/21472‘/771}(0’7_)9[1/23472'/7,1}(0’7_))(77171)/2 .

o[ 172 (0, )00

m—1 1/24j5/m
jk:O(jJﬂ#(QO)9[1/2+kﬂn}(077)

IR L v e A GRS L

using Lemma 19 (a).
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Hence, using the result from [11] that

m—1

j/m m2—
[T o[am]or) =mm™ ),
jvk:07(j7k)76(070)
Theorem II, Proposition 20 (b) and (d), and (18), we get A(P, Q) =

-

m—

2 m-—1 me1 _—
(_1)%71 H (p(7]Q, 1) — p([k]P,T)) O([k]P,7) H o([j]Q,7)
k=1 j=1 ] i
= 9“;3}’(0,7)(m—1)2mn(7 m271/9“g}'(077_)2m(m71)
21

—m (a0 13] 0.0)" = mmm2y
by (2). Hence by Theorem II,

T(P,Q) = A(P.Q)/m =1/2mn(r)*)™ .
By Proposition 22(a) this gives (I.2) and then Proposition 22(b) gives
Theorem I. |
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