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A variance for k-free numbers in arithmetic

progressions of given modulus
par ToMos PARRY

RESUME. Une formule asymptotique pour la variance des nombres entiers
sans facteur carré dans une progression arithmétique de raison donnée a été
trouvée par Nunes dans [9]. Pour I'un des termes d’erreur, nous donnons la
meilleure amélioration que ’on puisse espérer d’avoir.

ABSTRACT. An asymptotic formula for the variance of squarefree numbers in
arithmetic progressions of given modulus was obtained by Nunes, see [9]. We
improve one of the error terms as far as one would expect to be able to go.

1. Introduction

For k > 2 let
S = {n € N|there is no prime p with p¥|n}

be the set of k-free numbers. The k-frees are a classically studied sequence
which, for large k, resemble the natural numbers whilst, for decreasing k,
they have more and more divisibility constraints imposed on them. Conse-
quently they may be thought of as approximating to the primes, which are
of course what we are most interested in.

There is a suitable approximation, 7(q, a), which will be defined precisely
soon enough, to the count of k-frees in arithmetic progressions, and the
natural question is then on the extent to which the error

> 1-an(q,a)
n<x
nes
n=a mod (q)
is small. Just as is the case for primes, we are particularly interested in this
error since it is connected to the distribution of the zeros of the Riemann
zeta function; the particular case of the k-frees can be seen in e.g. the second
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page of [10]. In view of this, one might be inclined to conjecture that the
above error is

(1.1) ~ (””)1/%.

q

For the case of the squarefrees (k = 2) this was conjectured by Montgomery
(see [2]), and a result of Hooley (see [4]), says the error is then

1/2
() ran

Under current knowledge of the zeros of the Riemann zeta function it is dif-
ficult to get errors better than ~ (z/q)/*. This is parallel to what happens
with the primes so just as in that case, we look at the average behaviour
instead and consider, for example, the quantity

2
q

> > 1—an(qa)| ,

a=1 n<lz,neS
n=a mod (q)
which is a variance for k-free numbers in arithmetic progressions when aver-
aging over a (complete) residue system modulo ¢. In accordance with (1.1)
one would like to establish that this is

2N\ Lk
%q() .
q

This was managed a few years ago by Nunes, see [9], who found an as-
ymptotic formula for this type of variance. For the squarefree numbers one
obtains an asymptotic formula up to an error essentially

/3 .5/3
(1.2) < <$> + I
q q

by an elementary argument. Indeed Nunes obtains a better second bound
by employing the square sieve, and according to [6] an even better bound
is possible. Nunes’ result is concerned with averaging just over the reduced
residues, not a complete residue set, and we will briefly come back to this at
the end of the introduction. Before Nunes’ result only upper bound results
were recorded (see [5] and the references therein), although some of these
are stronger in the range where the above asymptotic formula doesn’t hold
and are concerned with more general sequences than the k-free numbers.

The above elementary argument alluded to is valid for general k, and we
will carry it out in this paper for completeness.



k-free numbers in arithmetic progressions 319

Theorem 1. Let k > 2 and denote by S the set of k-free numbers. For
qg,a € N and x > 0 define

n(g,a) = i (d) Ex(g,a) = ) 1—an(ga)

= lg.d*’ =
(quk)‘a nES
n=a(q)
and .
Velq) = |E:(g,a).
a=1
Define
2(/k-1) p* +2p(p — 1)
Ok = r o1 1;[ ! prF2
and

1—2/p* + (q,p")*1/p
T+1/p—2/pF

For 1 < q < x we have for every e > 0

o\ U/ NV 142/ )
Ve(q) = q (q) (@) +Ope 2| q (q) + T .

However the main result of this paper is the following.

fele) = Ci I1
plg

Theorem 2. Suppose we are in the setting of Theorem 1. Then for k = 2

Va(g) = ¢ (2)1/2 f2(q)

1/4 7/5 1/5
+ O (me <q (aj) + T <q1/5 + (x) > +:1:3/4>> .
q q q

If q is squarefree we may replace the middle error term through /% /q.

The main feature is the improvement in the first error term exponent
from 1/3 to 1/4, what is most likely optimal. This may catch the attention
of any analytic number theorist, since they will of course be aware of the
state of the error term in the famous Dirichlet divisor problem. The second
feature is that the second error also improves on the second error in [9] as
well as that claimed in [6].

For x/q — oo, Theorem 1 provides an asymptotic formula once ¢ is larger
k2 42k—1
than x ®+H@k-1)  Theorem 2 provides one once q is larger than x

in the squarefree case.

We should mention a very recent work [3] of Ofir Gorodetsky, Kaisa
Matomaéki, Maksym Radziwill and Brad Rodgers, in which the range of
validity for the asymptotic formula extends to ¢ as small as 25/1 which

9/13 2/3

or T
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far surpasses what we have here. On the other hand their results are proven
only for prime ¢ and their error term which corresponds to our first error
term, not being their prime concern but being our main concern, is far
weaker than what we have. We should in particular mention that we found
our argument for Lemma 3.6 after looking over [3].

The question of whether one averages over a complete set of residues,
as here, or over a reduced one, as in [3] and [9], is, most likely harmless
but still remains to be seen. The squarefree numbers are, in contrast to
the primes, not better understood outside the reduced residue classes, and
therefore it isn’t clear, at least to the author, neither why averaging over
a reduced system is guaranteed to be just as insightful as averaging over a
complete system, nor that averaging over a complete system is no harder.
For example, in the reduced residue case, it seems Theorem 2 holds without
the squarefree condition (see Lemma 3.8).

Our argument for Theorem 2 results in replacing the exponent 1/(k + 1)
in the first error term in Theorem 1 with 2k/(9%k — 2), and so is inferior
once k > 4, but we could have stated a result for cube-free numbers with
exponent 6/25.

The paper is structured as follows. In Section 2 we carry out the neces-
sary technical work to establish Theorem 1. This is routine and is simply
repeating the outline of the argument in [9] for general k. In Section 3 we
carry out the necessary technical work to establish Theorem 2. Here our
argument is less routine and requires exploiting cancellation in the integrals
arising from applying Perron’s formula. In Section 4 we prove our theorems.

A number of helpful comments were provided by a referee to this article.

Notation. Throughout this paper we are only concerned with “power-
savings”, so that factors involving x¢, where € as usual denotes an arbitrarily
small positive quantity, and logx are of no importance. Consequently in
various proofs we will often write

f(Xa, .o X)) € g(Xq,..., Xy)

where we really mean
f( X1, 0, X)) < | X1 Xnl9( X, .0, Xn).

However, in the statements of lemmas we will always include these factors
explicitly if present.

2. Lemmas for Theorem 1

For o € N define & to be the smallest multiple of k& which is > «. If
n=prtpy

define

o
ri(n) = 7"
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so that

(2.1) for d,n € N, din* = rp(d)n

and

(2:2) re(m) = n Lo pf
Pl

We will use this function at various points throughout this work, as well as
the well-known convolution formula

(2.3) Z u(d) = {1 if n is k-free

i 0 if not

for the k-free numbers.

A large but necessary part of any dispersion argument is calculating
the constants associated with large terms, which in number theory often
amounts to computing Euler products. This is our first lemma.

Lemma 2.1. For N € N denote by K(N) its squarefree part. For w,L € C
with w # 0 and L # 1 define

z, =[] (1-»"), Z,(N) =T (1-»"),

P pIN
Au(N) = Z,(N) 251 (), 0u(N) =[] (1 _ 2Awk(p)> "
pIN p
2 2 1
Cw:EI(l—M), azl;[(l_pk—i_p2k>’
Fy(N) = p(t)pars1 (st)u (K (st)) K (st)*ry (N/s)" 24,y (K(st)),
st|N
ZL(N) = Fy(r-1)(N) Mgz)
Qh=N

and

— 1-— (N7 pk)iL
UL(N) =] <l—pk(L . - .
(L—1) _ k
DIV L+p 2/p

(A) For Q € N and w € C\{0}

> h)u(d) (') Ay (hdd’
> 1 )M(;?Zc(dkil/k( )

= by (Q).
hd,d'=1
(h,dd))=1

(Q,hdd")=1
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(B) For Q a power of a prime p and L € C\{1}

> ZL(N)Ogr—1)(N) =UL(Q).
NIQ
(C) Let n(q,a) be as in Theorem 1. For any q,n € N
1(g,n) <e g

and

! Q)2 — ald_1(q)
;n(% ) :

q
Proof. (A). Write S, (Q) for the sum in question. We have

w(h AN )
Z )5~ 20 S )
D=1 dd'=D
(hQ) (D,hQ)=1

and the D sum here is

-1
I (1 - 22500 4 22093 77 (122500, 8400) - axag

. p p ho p p
and since
(R)X (h Aup(p) X Ap(P) X (p)\
Z p(h h%) ( ):H(l_ (ggk (p)>H<1_ (igk (p)>
()= g me
BY(Q)

we therefore conclude that

(24) Suw(Q) =ABX(Q)Y(Q)
27 A, (p? Ap(p) X
:H<1— pk(p)+ §f)><1_(pgk(m>

p p

204 Au(@®)\ " Aw(P)X (p)\
XH<1— k(p) N 2(5 )) (1_ (pgk (p)> .
plQ p
Since Ay (p?) = Ay(p) we see that

2A Ay (p? Ay(p)X 2Ay,
(1 - pk(p) N p2(§ )) (1 B (}z;)k (p)) _ 28

and the claim follows from (2.4).

(B). Take N € N a power of a prime p and write w = k(L — 1). Write

gu(N) = p(K(N)) K(N)*" 25, (N); note that gy (p) =

p2w_1'
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For d?*|N we have ri,(N/d**) = d=%r,,(N) so
Fu(N) = 76(N)" = guw®)re(N)" + gu(p) D p(t)para (st)r (N/s)"
st|N
= V)" = gulo)e (V)" + o) ()
{rk(N)w(l — 9uw(p)) + 9u(p) if Np**
re(N)Y (1= gw(p) + p~*“gu(p)) if p? 1N

= o1 (V) (re(N)" (1 = 90 (1)) + 90 ()

and, since

uh) PP 1) prag)

=y HL NL o NL
we see that
Z(N) = W (PEar@)re(N)” (1 = gu(p)) + P aL(p)gu )
= ’@’“X;L(M (P"AL(p)ri(N)" + p"Br(p))
=: fL(N)
so that
(2.5) D ZL(N)0w(N) =14 0u(p) > fu(N).
N|Q pINIQ
Note that
p72w pr_l _L—l
Ar(p) = p—(Qw 7 ), Br(p) = _Z%'

Write p” = (@, p™). We have ry(N)* = p for p|N|p and ry(N)* = 2
for p**t1|N|p?* so that, if D > k + 1,

Tk N)W Tk N)v
Z fL(N) =p“AL(p) Z ](VL) +p"AL(p) Z ](VL)
pINIQ p|N|p* pk+1N|pP
1
+p"Br(p) > N
p|N[pP

k—1

D—k—1 D—1

— AL S AL ) S B Y

L\P p]L p L\p ij L\pP p]L
7=0 7=0 7=0
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—_ 1 —w [ —kL pr(ka) -1 _DIL
—p—m_1<p -1+ = (7 )
_ Zk(p)Z-w(p)

Z_2u(p)

If D < k the same argument goes through (with this time the first sum
running up to p” and no middle sum) to give

S fun) = ~Z_p1(p)Z-w(p)

PIN|Q 272w(p)

so we can deduce

_ Z—Lmin(Dk) (p)Z—w(p)
2., T = Z2u(p)
P2 Lwin(D,k) (P) Zuw(p)
ZQw (p)

p|NIQ

so that (2.5) implies

Z_r min(D,k) (p)Zw (p)
(1 =244 (p)/P*) Z2w(p)

w  Z=Lmin(Dk) (D)
1+pw—2/ph

S ZL(N)fu(N) = 1 - p*-
N|Q

(C). Arranging the d according to the value of D = (¢, d") and using (2.1)
we have

doo <!y DS KD

Dig,a g|:d%“
1 D
< - —_—.
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From (2.2) we see that the summand here is < 1 and the first claim follows.
We have

Zq: Z pd)ld) Zq:

(2.6) 1

a=1 d,d'= 1 dk qa d,k] a=1
(¢,d%),(q,d"")]a

& p(d)u(d)

=q )

Mﬂmmmwmw@@wﬂ
p(d') (g, d*, d'™)

wu(d
Z dFd’*

Zlg w(d)u(d) (g, d¥, ™)

Clearly b,(N) is multiplicative and simple calculations show

bq<p) = -2,
be(P*) = (¢, ")

and b,(p') = 0 for ¢ > 3. Consequently

L by(N 2 ,pF
> 43D 1 (1- 5+ 5)

N=1 P p p
_H@_2+1>HL4M+@MW%
- k 2k _ k 2k
. proop) e 1=2/pf+1/p
=aU-1(q)
which with (2.6) is the second claim. O

We will need to evaluate precisely a sum of type ¥,<y (X — dfn).
One option is through the Euler-Maclaurin summation formula, which gets
us Theorem 1, and another is through Perron’s formula, which gets us
Theorem 2. The next lemma contains the main work in using the Euler—
Maclaurin summation formula.
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For X > 0 define B;(X) and B3(X) as in [12, (2.19)-(2.22)]. Dis-
play (6.7) of that paper says |B3(X)| < X so that

@y (a(gd,d) =1
Z (q,dk d’k)[d d’] Bk( q(dk,d’k) ><<W1 Z [d d’]

d,d'=1 d,d'=1
o 1
= Z D Z dkd’k
D=1 d,d'=1
(d,d")=D

< 1.

From the line preceeding (6.7) of [12] we have

(2.7) Bi(a) = /0 " Bi(8)dB

The function B;(X) is exactly x(v) in display (2.2) of [9], so by Lemma 4.1
of that paper we have

X Bi(X)ds ((1/k—1) 1
(2:8) /0 151/k T 1/k-1 +O<X1/k)'

Lemma 2.2. For X > 0 define B5(X) as in the discussion above. For
d,d € N write N = (d,d’) and define

p(d)p(d) . [ z(q, N¥)
- 55 () s ()

d,d'=1
M (d) [ NE+ k
Z @ Nk ad )

d,d'=1

and, for L <0,

which, by the discussion above, are both absolutely convergent. Then

Bq_l = ozLLl(q),
o Uo(q)
5= )

and

2B;(X) = Cp X"y 1 )1(q) + O (Cle/(kH)) ,
where Ur,(q) and o are as given in Lemma 2.1 and Cy as in Theorem 1.
Proof. Throughout this proof we will use

1 ifn=1
Z”(d):{o itn#1

dn
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in the form

a,b a,b
(a,b)=1 hla
h|b

as well as use the vanishing of y on squares in the form
ZM (ab) Z p(a
(a, b)

regularly without comment. Define 7(D) as at the start of this section and
define

(2.9) wr(D) = Tfi(Tg).

Define Z,,(NN) as in Lemma 2.1 so that
(2.10) wr (D) = Z1(T)rg(D) ™"
and so that (2.1) implies
B 1 if (D, T) =
(2.11) N;Z 1_ZwT(D){O DT~ 1 }+0(1).

(N, T)=1
D|NF

Arranging the N according to the value of @ = (¢, N*) and using (2.3), we
see that

o~ u(N)? . [z(q, N*)
(2.12) Ngl (q’Nk)B2< N )
(N,T)=

1

*ZMQ Z HANG@naz), T (chi)

Qhlg (o f
where
Npa(X)= > Bs(X/N*),
N=1
(N,T)=1

D|NF
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and
e M N)QNk(L 1)
(2.13) Z _
— Nk)L
( 7T_):1
q d=
(d,7)=1
where
T — Z Nk (L-1)
(N T)
D|Nk
Write
S CO/k—1)
1/k—1

From (2.7), (2.11) and (2.8) we have, for (D,T) = 1 and a parameter
1 <y < X to be chosen,

> By (x/N¥) = /Ox/y Big)| Y. 1|as

N>y <N<(X/B)V/*
(%i‘\);l Z(/N,T):l, D|N*
X" Bi(B)
_ 1/k 1
= wr(D)X"* | i 8
X/y* X[y
—ywr(D) [ Bupas + 0| [ |Bu(g)]ds
~——J0 0 ~——
L1 T/ <1

= Zwp(D)X'* + 0O (y + ;)

and if (D,T) > 1 the same argument gives the same conclusion but with
no main term, so

)=z} 12D =1 oy )
sz mmioren (), BT Co(we)
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on choosing y = X/ *+1) and using (2.10). Recall the definitions of Z,, and
Zy(N) from Lemma 2.1. From (2.1) we have

L _ KI-1) N kr-1 [1 (D, T)=1
Npr = (D) Nz_:l N {0 if (D,T) > 1
(N,T)=1
-1 k-1 [1 i (D,T)=1
= Z,0 1y 2k (D)ri(D)F D {0 if (D,T)>1

These expressions for NV, 7-(X) and /\/ﬁj mean that (2.12) and (2.13) be-
come

oo T k
(2.14) Z (“ 2( (%j )>

,T):l
h -1
—2Z (T xl/k ,LL ( Q >
1< ) %q Ql 1/k Z (Qh7d2k)
(Qh,T)=1 (dT) 1
1 > 1
1/(k+1
+0 (a: /( )Qg Q171/(k+1) Z d2k/(k+1))
q —
1/k (h)Dy (Qh) e, 1/(k+1
=2zt 3 HEEERE o (fa)
(Qh,TBI:l
and
oo k(L—1)
(2.15) %
= (¢ NF)
( 7T):
= Z];(L_Dzk(Lfl) (T)
ph) = k() ( Qh )“L—”
— d Ay | ———~
A N
(Qh,T)=1 (d,T)=1
k(L—1)
_ w(h)D Qh
= Z 1 2T Y () TQL ( ),
Qhlg
(Qh.T)=1
where
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Arranging the d according to the value of s = (N, d?*) we see that

(2.16) Dy(N) =) u(t)re (N/s)" Z >
st|N ( T)
st\d%
3l (V/)" ER(s0).

st|N

For N € N denote by K(N) the squarefree part of N. For (T, N) = 1 and
M|N we have

(217) EROM) = g (M) S du(d)

d=1
(d,T)=1
K(M)|d

= K (M)* pag1 (M) o (K (M) Z d* p(d)

T
B B s (M) (KH3) K (Y 252 ()
so from (2.16) we have, for (T, N) =1
D%(N) = Z2w22_u} (T)Fw(N)a

where F,,(N) is as given in Lemma 2.1. Define A, (N) and Z;(N) as in
Lemma 2.1. Then the last equality means that (2.14) and (2.15) become

p(N)* . [z(g, N7)
e & e (e
(N,_):1
=ZZ o2 P A (1) Y zl_l/k(MHo(qsxl/(kH))
M]q
(M,T)
and
(2.19) i w
= (@NF)
(N7 ):1
—Z,;(L 1)22k(L—1) Dk(L-1) ) > Zu(M

Mlq
(M,T)=1
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Arranging the d,d’ according to the value N = (d,d’) we have

! s 2 T k
B:(x) = Z p(h)p(d)p(d) 3 1(N) B;< (q,N)>

k k k
(h dd') (N,dd'h)=1

and
O IV R S o
(h, dd’) (N,dd'h)=1

Using (2.18) and (2.19) these equalities imply

- — h)p(d)p(d)A—q (hdd')
B (z) = 22 _ozl/k Z1=1/k(f p(

(hydd')=1

(M,dd'h)=1

+0 <qex1/(k+1))

and

L -1

By = Zk(Lfl)Z%(L—l) Z Zr(M
M|q h,d,d'=1

(h,dd)=1

(M,dd’h)=1

= wh)p(d)p(d) A1y (hdd')
Z h2kdk;/(kL : :

From Lemma 2.1(A) and (B) it now follows that
By(z) = ZZ,gc,lxl/kul_l/k(q) +0 (qexl/(kﬂ))

and

Bl = Z;;(lL_l)sz(L—an(L—l)UL(Q),
where ¢, is as given in Lemma 2.1. Since

k
+2p(p—1
za = (1- 2070
) p

and

_ 2
ZwIZchw = H (1 + p¥ — pk> .

p

we are finished. O

We will need to bound a tail end of a series. For the elementary error
term z'+t2/(k+1)+¢ /g in Theorem 1 the following lemma suffices.
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Lemma 2.3. For any X, Y > 1 and N € Z

Z 1 <<E Y1+€,
[d.d]<Y

Z 1 < Yl—k-l—e
oy [dk’ d/k] €

and

Z Yo 1< XyTRre g XD (x4 N,
n<X
[d, d’]>Y n=0(d"*)
n=N(d'®)

Proof. Since

Z 1<« n®

[d,d'|=n

the first two claims are clear. Let Z > 0 be a parameter. We have with a
divisor estimate for the d’

> I (XN DY Y1

dd  n<X dh<x n<X
d>Z n=0(d*) d>7Z n=0(d*)
n=N(d'*)
1

K XX+ N> y
d>7Z
< XZ'7F (X4 N

and similarly for the terms with d’ > Z. On the other hand the second
claim implies

ooy 1k Y (dkd'k 1)

dd'<zZ n<X d,d'<z
[d,d']>Y n=0(d*) [d, d’}>Y
n=N(d'®)

< XYyl =Fte 4 72
and therefore
Z Z 1< XYl_k+E+Z2+XZ1_k(X€+N€)
[dd]>Y n<X
n=0(d*)
n=N(d'*)

which gives the last claim on choosing Z = X1/(k+1), (]
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3. Lemmas for Theorem 2

For this section we fix some 0 < § < 1/2k and all O constants are allowed
to depend on this 6. For QRe(s) > 1 define

_ < p(d)p(d)
‘7:(8) - d,dZ:1 [dk, d’k][q, (dk, d/k)]s’

absolutely convergent since the summands are bounded by
1 1
[dk, d’k‘](dk, d’k) < dkdk”
For Re(s) > —1+ 0 define

* 1+ (q7pk)s/pk(1+s) 2
F — 1— .
: g L+ 1/p0+s) 1;[ Pk (1 + (g, pF) /pH0+9))

Since for Re(s) > —1+446

(3.1) (@, /0

< 1/pF for Me(s) >0
1/p* for Re(s) <0
<1

and therefore
14 (g, ") /pF0+®) > 1 - 1/2% > 1

we see that each Euler factor of the infinite product in F*(s) is of the form

1+0(1/p")
and therefore this product converges absolutely and is < 1 for Re(s) >
—1+ 4, so holomorphic. Since for Re(s) > -1+ 46

LN

ph(i+s) = pko
and therefore

14+ 1/pF0+) > 1 —1/27 > 1

we see from (3.1) that each factor in the finite product in F*(s) is < 1
for Re(s) > —1 + 0, and so the whole product is < ¢¢, and is obviously
holomorphic. We conclude that F*(s) is holomorphic and < ¢¢ for Re(s) >
—144.

We first obtain an analytic continuation for F(s).

Lemma 3.1. Let F(s) and F*(s) be as above. If Re(s) > 1 then

C(k(s + 1) F*(s)

F) = k(s 1 1)
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Proof. We have

M d’)(dk d/k)l S(q,dk d/k)
Z dkd/kz

d,d

= i NE p(d)u(d)(d*, d™)' =5 (g, d", d*)*

Clearly a,(NN) is multiplcative and simple calculations show
aq(p) = _27
aq(p*) = p"' ) (g, 9")*

and a,(p') = 0 for ¢ > 3. Consequently ((3.1) ensuring no problems with
zeros of denominators)

= ag(N 2 ,pF)*
6y S8 (1- 2 020)
B (q,p")* 2
- 1;[ (1 + pk(1+s)> 1;[ (1 a Pk (1+ (q’pk>s/pk(l+s)))

) H k)s/pk 1+s)
ol 1 + 1/p (1+s)

2
% 1;[ ( (1 + (g, pk)s /pk(”s)))

_ +s))f*( )
C(2k(1 +5))

so that (3.2) becomes

3 p(d)p(d)(d¥, d*)' =5 (q, d¥, d"™)* _ C(k( +5)) F*(s)
dd drd’* C(2k(1+s))

and the claim follows. O

To exploit cancellation when integrating F*(s) we need to write F*(s)
as a Dirichlet series.

Lemma 3.2. Suppose q has w distinct prime factors pi,...,p, and let
F*(s) be as given at the start of this section. Then:

for each n € N and each ly,... ly,1},...,0, >0
there are A, Wp, C]}]/, Zl,l' € R with W,, Zl,ll >0
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such that
Fs)= > > CrZiy W,

ll,...JWZO n=1
Vel >0

for Re(s) > —1+4 6. Moreover for these s

>y ’CI,I,Zﬁl/Ant“

l1,e.l>0 n=1
1 ,.015>0

< log(qg+1).

Proof. From (3.1) we have |(¢, p*)*/p*0+%)| < 1 and therefore

2

2 (@)
(3.4) E[(l_pk (1_|_(q7pk)s/pk(1+s))> - 1;[(1_1,1th1< pk(i+s) ) )
= fi(n)
n=1

where fX(n) is the multiplicative function given on prime powers by

t—1
f*( t) _ _z _(q,pk)s
s\P) = Pk \ k() :

For any n € N and prime p|n define ¢ = ¢(p through pt||n. Then

a5 s =T(-) ( k(m)

pln

: (HH )( 2)
pln
1+s)
If we now define

v (e ) (W 3) (pm 8

then (3.5) becomes

and
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0 (3.4) becomes

2 > s

(3'6) 1;[ (1 o pk; (1 + (q,pk)s/pk(l—ks))) = 712::1 AnWé—’— :
k s\ t—1

( p ) ) '

G
<X (m ) =i <!
G

.7) is < 1 and therefore

Just as (3.4) is true so is

(3.7) i =11 (1 BESS
1)

p t>1

The ¢ sum here is from

so the Euler product in
(3.8) ny ) <1, for —146<Re(s) <0.

We have for i)fie(s —1+6

1 -1\ Cy(1)
<39) S_Z< s)_z ps
1+ 1/pk(+9) & pR(Fs) 120 pRFs)
for some Cp () with
Cyp(l 1!
(3.10) > k(ﬁ)l <y <M> <1
>0 P >0 \P
as well as
(@,0°)°  — Cp) (g, p")*"
(3'11) 1+ pk(1+s) - l'go pk(l—i-s)l’
for some C}(I') with
Cy (1) (g, p")*"
(3.12) > —pk(m)l/ <141
>0

from (3.1). From (3.9), (3.10), (3.11) and (3.12) there are for each prime p
and [,1" € N some Cy(1), Cp(I') for which

14 (g, p%)s/p"0+9) < Cp()CH(I) (g, pF)*

1+ 1/ph0s 5 pEOFs)(+D)

and )
Co(DCy(1") (g, p*)*
PROAF)0+)

< L

>

1,I'>0
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Consequently

I 14 (q,pk)*/pF+e)
1+ 1/pk(1+s)

3 Cp, (1)C) (1) -+ + Cp,, (1)l (1) (g, PF)*" - - (g, pf )

plg

k(14s)(l1+1) k(1+s)(lw+1!
11,00l >0 § 41 ! -'-pw( Jtle)
U ,ell,>0

and, for some A > 0,

5 Cpy (1), (15) -+ - Cp,, (L) Chy (1) (g, pF)" - - - (g, pE)te
S o PTG 0]
4 I/,>0

1 otw

< AY <« log(q +1).

If we now define

!
w w f C*
i Lt Gy
Cry = [ Co. )Gy, (1), Wiy = (H P ) , Cry = =2
=1

i=1 Wi’
w
/ Dy
Dy = , k li, and Ay =
| g(q pi) =
then
1+ (g,p%)° /")
(313) H E(1 == Z CL]IZﬁI/
pig  1H1/pEO) [ ydes >0
Uyl >0
with
(314) Z ’C]J/le,]/‘ < log(q + 1)
Uyl >0
Uyl >0
The first claim now follows from (3.6) and (3.13), and the boundedness
claim from (3.8) and (3.14). O

As mentioned before Lemma 2.2, we will have to evaluate precisely a sum
of type ¥ jk,« x (X —d*n). That lemma contained the work necessary for the
elementary argument and consequently Theorem 1, whilst for Theorem 2
we use Perron’s formula. We weren’t able to find a quantative version for
Perron’s formula with Cesdro weights in the literature so we produce one
here.

Lemma 3.3. Let c > 1, let

E

Als) =32
n=1

3
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be absolutely convergent for Re(s) > ¢, and let

A= B ™!

Then for T > 1 and non-integer @ > 0

Zan(Q—n>:i Mds

0 271 JexiT s(s+1)

QA(Q)2° QogQ+1)\ | Q' X |an]
+O( T (1+ T >+ T ;W)
In particular if c =1+ O (1/log Q) then
_ 1 ((s)@° ! Q @
%(Q—n)—m crir s(s+1) dS+O<Q <T+T2>>

Proof. Take X > 0 and define

0 Hfo<X <1
X—-1 ifX>1

5(X) = {

and
1 Xs+1
Ix(T)=— ds.
x(T) 271 Jeir s(s+ 1)
We first prove
Xc+1 1
3.15 Ix(T)—96(X —— mins 1, ——— 7.
(3.15) 16(T) = 800 < S min{ 1 g |

Suppose first 0 < X < 1 so that for R > ¢ we have X% <« X¢ « 1. The
integrand is holomorphic to the right of 0 so for R > ¢

R+z’T Xs+1
omilx (T) = — / i / A g
c+iT R+iT —iT (s + 1

1 R XR-H

— [ Xx°tl4 dt
< T2 /C o+ I

Xc+1 + XR+1 XR+1T Xc+1

T?|log X | * R? <<T2|logX|

<

with R — co. Suppose now that X > 1 so that for R < —1 we have X « 1
we have X! « 1. The integrand is holomorphic except for at two places,
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so for R < —1

Xs+1 Xs+1
2milx (T) = ReSg—g | ———— Resg—— 1 | ———
milx(T) es 0<s(s+1)> T RESa= <8(8+1)>
R—G—iT
ORI
c+iT R+4T —iT (s + 1

1 XR—H
=X-1+0 X77d dt
; (TQ/ o )

1 0o XR+1T
=X-14+0| = Xotlq
* <T2/C 7F TIRrP )

xetl + X R+1 XR+1T>

=X-14+0
- ( T2logX| | |RP

Xc+1
—X-1+0( 2
* (TQ\logX|>

so we can conclude that for all X > 0 the second bound in (3.15) is clear;
now for the first bound. If 0 < X < 1 and if C is the arc of the circle going
clockwise from ¢+ T to ¢—4T (so a circle of radius VT2 + ¢? > T') then on
C we have X*® < X on C). Noting again that the integrand is holomorphic
to the right of 0 we have

X s+l

1 XC—H
<<XC+1/7ds L —
clsl-|s+1] T

If X > 1 the remaining part of the circle should be taken as the contour
so that X% <« X holds on the contour, and this gives a similar result. We
conclude that the first bound in (3.15) also holds for any value of X > 0
and so the proof of (3.15) is complete.

By (3.15) (and absolute convergence)

A(S)Qerl
CRONY I P
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For Q/2 <n <3Q/2

[log(Q/n)| =

log<1—|—niQQ)‘ >>\n—nQ! > Un—Q”/n

Therefore

Q/2<n<3Q/2

1—c
<0 (gl 22 5 )

h<Q/2+1

Q(IOgQ+1)>

< QCA(Q)2" (1 -

and if n is not in this range then |log(Q/n)| > 1 so we deduce
Qc+1 i |an| ) { 1 }
min< 1, ——
T = ot Tlog(Q/n)]|
QA(Q)2° QogQ+1)\ Q" X ay
T (1 + T ) T 2 e

n=1

<

Therefore the error term in (3.16) is of the right order of magnitude and of

course the main term is
> an(Q - n)
n<Q

so the main claim is proven. For the “in particular claim” the main claim
implies an error term

(Q, @ @)
@ (ﬂw*w)’

now use ((¢) < 1/(c—1) < log@ and Q° < Q. O

We need bounds for the integrals arising from Perron’s formula that go
beyond taking absolute values.

Lemma 3.4. Take Q >0, L > 2 and A € [1/2k,1/k). Let
Ri=—-14+A and Ry=Ak.

Then

dt < LV/4=1/%k log L.

/L C(Ry +it)¢(Re + itk)Q™
1 t2
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Proof. Take s = o + it € C with t > 1 and take two parameters N, M > 1
with NM =t/27. Let

25175 sec(sm/2)

By formula (4.12.3) of [11] (the definition of x(s) comes just before) we
have for -1 <o <1
£\ 1/2—0—it 1
3.17 y i (140(1))
(317) W= () +o/;
t 1/2—0’—th . 1
I i(t+m/4)
B <2rr> € +0 <t1/2+a)
so that
. 1
X(Ry +ith) 3 n1-Ra—itk
n<M
1/2— Ry —itk R
(L iy L o (M
' =, nl—R2—itk t1/2+R2

so by the approximate functional equation [11, (4.12.4)]

(3.18) ((Rz +itk) = Z R2+ztk X(Rz +itk) Z m
n<N n<M
o) (N‘RQ + t1/2—R2MR2—1)
— Z ; +< )1/2 fra itk pi(th+m/4) Z ;
= = nRatitk T\ o ot pl—fa—it

(")

From the functional equation (this just preceeds formula (4.12.1) of [11])
and (3.17) we have

t 1/2—Rq—it ” A 1
C(Ry +it) = <<2ﬂ) ez(+“/)+0(w>>f(1—R1—it)

t 1/2—R1—it (4 /4) ' 1
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so that with (3.18) we get
C(Ry + it)((Ro + itk)

£\ 1/2-Ri—it (/) 1
:<%J T~ Ry —it) Y

n<N

t 1—R1—R2—it(k’+1) '(t(k;+1)+ /4) ) 1
+ (277) e C(1— Ry —it) <ZM o e

M Re t1/2
1/2— Ry _ _ o -
+O<t @ Rle(t> <LFM>

(t/M)lfRz _‘_t1/27R2MR2 1 M Ro t1/2
+ t1/24+R1 + t1/24+ R, (t) 1+ M
Ro 1/2
ool (4”15

Write N = t1/4 and M = t}/B so the above reads
(319) C(Ry +i)C(Ro + ith)
= My (t) + Ms(t) + O <t1/2—R1+R2/B—R2 (1 i t1/2—1/3>> .

For some constant C
— log t+1—log nF+log m+log Q)

it _ ol/2—R
M, (H)Q" = Ct R;Vle oy
(1))
COl/2—FRi mQ/n’“
271'n]\Z§t

where

t(—logt+1+log X)
Jx(t) = 2m

and the two summation conditions on n are equivalent. So for any 7" > 1
(and absolute convergence)

oy [ 00,

T t2

> 1 1 2T e(me/nk (t)>
= sz::l ml-Ri Z W[nax(2ﬂnM’T) t3/2+R17dt.

nA<2T

We now bound this oscillatory integral. We have

(3.21) 21 f5 (t) = —logt + log X.
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Suppose first that 7" is large and 0 < X < 1. For max(2nnM,T) <t < 2T
we have from (3.21)

i) >1

and

so from Lemma 4.3 of [11]

/2T e (fx(t))

1
dt « ifo<X <1
max(27nM,T) t3/2+F

(3.22) T3/2+R1’

Suppose now that X is large. Since from (3.21)
fx(t) > [log(t/X)|
= [log (1 + (¢ = X)/X)|
§ {\t — X|/X ifte(X/2,3X/2)

1 if not
N 1/VX ifte(X/2,X —vVX)U(X +vVX,3X/2)
1 if t ¢ (X/2,3X/2)

and since for t > T
(3.23) £3/2 0 s, 3/2

we have from Lemma 4.3 of [11]

[ e(fx(1)
max(27nM,T) t3/2+ 1
2T 2T
max(27nM,T) + max(27nM,T)
tE(X—VX X+VX) “te(X—VX,X+VX)
- VX T3/ B i (T,2T) N (X/2,3X/2) # 0
1/T3/2+ if (T,2T) C (1,00)\(X/2,3X/2)
1

< TR

where we have used a trivial bound for the second integral. Therefore
from (3.22)

/ T e(fx(t))

————dt K

max(2rnM,T) t3/2+F T+
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holds in fact for all X > 0, and indeed all T" > 0, being trivial for T not
large. We deduce from (3.20) that for any 7" > 0

2T My () Q™ 1 &1 1
3.24 ————dt —
(3.24) /T 2 < TR mZ::l ml—Fi nAzg:T nR2

1—Rso
1/A
< v (T )
< T]./A*].*Rl*RQ/A.

Similarly we have (for a slightly different f)

T My (1) Q" S 1o e(f(t))
/ e dt:szzjl mli—Fi > nl—Re /maX(nNyT) et U

T nB<T

where the oscillatroy integral is

1
< Tt Rt R
so that
2T My (1) Q™ 1 <1 1
(3.25) A 2 dt < T1/2+R1+R; mZ::l ml—Fi nBng nl—R2
1 1/B) 2
< T2t Rt R (T )
< TRz/Bfl/Zleng
Note that
(3.26) 12— R —Ry/2=1/2—-A—Ak/2<1/2—A—1/4
so taking A = B = 2 we see from (3.24) and (3.25)
2T it
/ (M (t) +t12\/—’2(75)) Q¥ 1 « T2 Ra-Ra/2 1/
T

for any T' > 0 and so we conclude
L it
1

and so from (3.19) and (3.26)

/L C(Rl + it)C(RQ + it/{?)Qit
$2

1/4—A L —3/2—R1—R2/2
dt < L log L + t dt
1
< LY* 2 1og L. O

We summarise the result of the last two lemmas.
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Lemma 3.5. Let F*(s) be given as at the start of this section. For X, T > 1
and ¢ > 1 we have, for some a, 8,y € C,

1/ C(s)C (k(s + 1)) FH() X"
270 Jerir  S(s+1)C (2k(s+ 1))

1/2k c+1
—aX?+ X +4XYE 4L O ((qXT)E <T1/4 (;f) + XT—Q + 1)) .

Proof. For s € C write always s = o + it for o,t € R and let

¢(s)¢ (k(s + 1)) F*(s)

¢ (2k(s+1)) '
Let Ry = —1+ 1/2k + 7 for some 0 < 7 < 1/k, and remember that we
have fixed at the very beginning a small § € (0,1/2k). We have already
established (just before Lemma 3.1) that F*(s) < ¢° for 0 > —1 44,
therefore

(3.27) I(s) =

q°[C(s)C (k(s + 1)) |
€ (2k(s + 1)) |
On Re(s) > —14 9 we know by the comments before Lemma 3.1 that Z(s)

is holomorphic except for simple poles at s = 1 and s = —1+ 1/k so by the
Residue Theorem

for o > R;.

(3.28) I(s) <

s+1
(3.29) / L)X s omi (aX?+ BX +X'/F)

+i7 s(s+1)
Ry1+iT Ry—iT c—iT I(S)Xs+1
- / + + / L) A g
eiT Ri+iT  JRi—iT) Ss(s+1)

for some «, B,y € C. It is standard that for ¢t > 1

tl/2—o for o0 <0
C(s) < t°{ max{1,t/279/2} for o >0
t1/4 for o > 1/2
and
1 for o > 2k
< B
(o) {1/]0—1| for 1 <o <2

we will now use these bounds freely without comment. If 0 < o < 2 and
t > 1 we have

C(s) < temax{1, 127912 k(s +1)) < 1

and

m < C(2k(0’ + 1)) < 1,
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so from (3.28)
I(s) < ¢t max{l, tl/Q*"/Q}

and therefore

c+iT I(S)Xs—i-l X Xc+1
3.30 —d TN ==+ ——|.
(3.50) /iT s(s+1) . T

If Riy <o <0thenfort>1
C(S) < tl/2—0+e7
C(k(s+ 1)) < ¢!/

and
1 < 1
—1] T’

1
C(2k(s+1))
so from (3.28)

qetl—a

(3.31) I(s) <

T

and therefore

T I(S)Xs—i-l q X R+l X ¢ X
3.32 ——d N =t = — 1+ ).
(3.32) /Rl-i-iT s(s+1) ST \TR T T) ST ( " T)

From (3.30) and (3.32) we have

R1+iT c—iT s+1 eqe c+1
(3.33) (/ o +/ )Z(S)X ds « TL <1+X )

eHiT Ri—iT /) S(s+1) T T2
a similar argument for the second integral obviously valid. We now turn
to the vertical contribution in (3.29). Denote by w the number of prime
factors of q. For given integers n, l1,...,l,, 1}, ..., I/, writen = (n,ly, ..., L,
I,...,1,). Denote by N the set of all n for which all the n, l;,; are > 0. Let

Wy, Z1y be as in Lemma 3.2. Then that lemma says that for given n € N/
there are an, = an(o) € R such that for o > —1+4

JT"*(S) = Z Qan (WnZL]/)it

ncN
and
(3.34) Z lan| < ¢°.
neN
Therefore

F*(Ry +it) X" i 3 p(m)an (XWnZIJ/)“
Ck(Ri+it+1)) = 5 mAh(Fat]) m?2k ’
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so from (3.27), Lemma 3.4 and (3.34)

TI(Ry +at) X" 1/4—1/2k )an
m=1lne

< T4 126 (10g TYC(1 + 2k7)

T1/4=1/2k 100 T
- .

<

We clearly have for ¢ > -1+ ¢
1 for0<t<1
I(s) < ¢ L
(=) q{t7/4 for t > 1

and for ¢ > 1 we have

therefore from (3.35)

Ri+4T T s+1
/ Z(s)X o
R, s(s+1)
_ xRt /T I(B + )X
1 t2
+ O XR1+1 /R1+100 ‘I( )’ d +XR1+1 /R1+i ‘Z(S)’ dS
ROY t3 R |s(s+1)]
XR1+1T1/4—1/2]€1 T
< - BT 4 gextu
B X TTL/4+e (X)l/Qk .
N T T €

A similar bound obviously holding for ¢ negative we conclude

Ry —iT I(S)Xs-‘rl XTTl/A44e s x 1/2k
| o XTI Y
Ry S(s+1) T T

Putting this, (3.33) and (3.36) into (3.29) gives the claim but with error

ee X 1/2k xetl
<! <X7T1/4 (T) 14

(3.36)

T 172
X 1/2k xetl
erpie 1/4 [
< log X¢°T (T (T) +1+ T

on taking 7 = 1/log X, so long as X is large. This is the claim for large
X. If X is not large then the claim is trivial, the integrand being trivially
<t 2foro=c. O
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Obtaining a good second error in Theorem 2 amounts to counting so-
lutions to d*n = d’*n'(¢) with d*n,d*n’ < 2 and D < d < 2D and
D' < d <2D'.1f D, D’ have some size the following lemma is useful.

Lemma 3.6. For z,D,D’ >0 and ¢ € N

- 2\ 1/2 2\ 1/2
> i<ropmmlits) (15)

d?n,d?n'<z

d*>n=d"*n'(q)
d<D<2D

d'<D'<2D’

Proof. Let k > 2 until told otherwise. We will denote the conditions d*n,
d’*n’ < z by d¥*n < 2 and the conditions D < d < 2D and D’ < d’' < 2D’

by d ~ D. Arranging the sum in question according to the value of h =
(d*n,q) = (d"*n', q) and using

log X > 1 for X >e
0 for X >1
we have
zTe zTe
kz 1< Z Z log <dkn) log (d’kn) .
d*n<z hlq d¥n<ze
d*n=d"*n/(q) dFn/h=d"*n’/h (q/h)
d~D d~D
h|d*n,d’Fn’

(d*n/h,q/h)=(d"*n' /h,q/h)=1

Denote by ¥, a sum running over the Dirichet characters modulo ¢/h. From
orthogonality and then the Cauchy—Schwarz Inequality the inner sum is

2\ 1/2

1 & ze
< 3(a/h) ZX: dknz;ez x(d"n/h)log (d'm)
d~D, h|d*n

2\ 1/2

X Z Z x(d*n/h)log <;:;>

X dkn<ex
d~D’, h|d*n

1/2 1/2
. ¢(q1/h) (%]XD(X”Q) <XX: !XDf(x)|2>
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and so to prove the lemma it is enough to prove, for any h|qg,

(3.37) ZyX )P < h1; (q+;>.

We will avoid writing ¢¢ factors and assume they are included in the <
notation. The Dirichet series of the sequence

if h|N
if not

)= S 1| (v {1
dkn=N
d~D

is absolutely convergent for ¢ > 1 and is there equal to

Zan/h_Z% i X(dkn/h)
ds

dn=1 d~D n—1 n?
d~D h/(d* h)|n
h|d*n
_ L(s,x) 3 (d¥, h)*x(d*/(d¥, h))
hs = dks

=: T'(s, x)L(s, x)-
Therefore by (5.20) and (5.22) of [8]

T(s,x) (s, x) (ex
52

) ds.

(3.38) Xp(x) = /2 "

Define ri(N) as at the start of Section 2. From (2.1) and from (2.2), which
says that r,(H)*/H is an integer,

1 d*/H
T(SaX):EZHS Z X(dké )
Hih d~D
(d*,n)=H
_1 5 H*x(ri(H)*/H) > x(d*)
- S kS kS .
Hih rk(H) D) @
(re(H)*/H,h/H)=1 (d*,h/H)=1
In particular
1 H 1
(3.39) T(1,x0) < h Z W Z o
HIh d~D/ry(H)
D'k H

<=2

Hlh r(H)
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and for any t € R

. H1/2 X(dk)
T(1/2+it, x) h1/2 Z H)k/2 > dR/2 kit
d~D /vy, (H)
(dk,h/H)=1

_. ] H'/?|Sp it, x|
T Rp1/2 an Tk(H)k/2

so that, from the Cauchy—Schwarz Inequality,

H (it
(3.40)  |T(s,x)* < + Z |SHZ)X)| for s=1/2+1it, teR.
h

If x = xo then the integrand in (3.38) has a simple pole at s = 1 with
residue
xD!F H

h H)

exT(1, x) Ress—1 L(s, x0) <
Hh 7

but is otherwise homorphic for o > 0; if x # xo the integrand is holomorphic
throughout ¢ > 0. Therefore by absolute convergence of the integral and
by the Residue Theorem

T(s,x)L(s,x) (ex)®
(10K ) )"

xD'F H 1 ifx=x
“9( iy {6 ifx#xg})
— Y () + 0 (Z(x)).

It follows from classical results that

I 2
/ M ds is absolutely convergent and < 1
1/2+00 ||

so from (3.40) and the Cauchy—Schwarz Inequality

(3.42) Z\Y < T Z (T Z/ st.

1/2+400

If we put

1/nY/? if n is a k-th power, n'/* ~ D/ri(H) and (n,h/H) =1
an =
0 if not
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then Theorem 6.4 of [7] says that for any interval I of length 7" > 0 on the
vertical line 1/2 + ico we have

) qT D 1
Z/ISH<zt,x>l2ds<< (+ ) > =
x h re(H) d~DJry(H) d
T )
h re(H)?

< D'y (H)F (

so (3.42) becomes

xDF D
L0 < T2 ()

Hh

From (3.41)

x2D272k HH/
1Z(y)* < :
XX: W2, () ()

From now on suppose that k = 2. In that case (2.2) says that r,(H)/HY? >
1 so the last two equations with (3.41) imply

1-k
S IXp (0P < 2 (g 4+ D+ 2D ).
X

which is (3.37) since we can assume w.l.o.g. that D¥ < . O

We will also need to count solutions to d*n = a(q) with d*n < z, for
fixed a and q.

Lemma 3.7. Take a,q € N and x, R > 0. Then
z(a, T
> 1<<6q5< ( §)+1/+\/§).
5 qR q
d“n<z

d’>n=a(q)
d>R

Proof. In [1, p. 283] our lemma is proven under the assumption that (a,q) =
1; we will deduce the case of general (¢,a) from this. Write D = (q,a),
a' =a/D and ¢’ = q/D. Then

(3.43) Yo=Y 1
d*>n<z d>R  n<zg/d?
d*>n=a(q) d?n/D=d'(q')
d>R D|d%*n

S YD VD

hD  d>R  n<wh/d*D
(d*,D)=h d?n/h=d’'(q’)
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For N € N define r;(N) as at the start of Section 2, recall (2.1) and note
that (2.2) says that H := r3(h)?/h is an integer. Then

2 2 = > ) 1

4>R - n<ah/d*D d>R/ra(h) n<z/Hd*D
(d*,D)=h d?>n/h=ad’'(¢) Hd*n=d'(¢')
so from (3.43)

)SEEED DU DS

d?n<z h|D d’n<z/HD
d*n=a(q) (H,Q"=1 g2n=Hd'(¢')
d>R d>R/ra(h)

Using the known version of the lemma this is

a:rg(h)2 T -
< MZD (HDq'R2 &g TV

and the result follows. O

Now we deal with the case that one of the D, D’ is small.

Lemma 3.8. For z,D,D’" >0 and ¢ € N

Z 1 <. af x? 1 if q is squarefree
c¥ qD2D’ | \/q otherwise

d2n,d?n/<zx

d?n=d"n'(q)
d<D<2D
d'<D’'<2D’ 23/2 D2 z
+ + +
q g  max{D,D'}

and similarly with D and D’ switched on the RHS.

Proof. We will denote the conditions d?n,d?n’ < x by d’n < z and the
conditions D < d < 2D and D' < d < 2D’ by d ~ D. Again we will let z¢
factors be absorbed in the < notation; note that then for any n € N and
X >0 with X,n < 200

> (n)<X.

0< <X

We can of course assume w.l.o.g. that D?< x, but we can also assume that
q < x, since otherwise the sum in question is

T

<z 1< —.

> 1< 5

dn?<zx
d>D
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From Lemma 3.7 and the last sentence

(3.44) oo Y > Y 1

d?n<z 0<fl|<z/qd'~D" d?n<z
d’n=d"?n/(q) d’n=ql(d'?)
d~D d>D

x(ql,d?)  x
<K Z Z ( 2D2 +7+d/

0<|l|<z/q d'~D"

72 (q, d/2) $3/2 D2
+—+ :
qD? ~,  d? q q

<

Define 72(IN) as the start of Section 2. Note that (2.2) says that ro(d)? > d
in general whilst 72(d) = d for squarefree d. From (2.1)

d 1 (1 if g is squarefree
S Uy cepy et . }
n>D’ dlq "TD’ dlq ra(d) D" Vg otherwise
d|n
and now the lemma follows from (3.44). O

4. Proofs of Theorems 1 and 2

Let 1 < ¢ < z be given, and let 7(q, a), V;(q) and S be as in Theorem 1.
For the rest of the paper, 2¢ bounds will be contained in the <, O notation.
Opening the square we have

(4.1) V@)= > 1-22) nlgn)+2*) nlqa)?
a=1

n,n/ <z n<zx
n,n'eS nes
n=n’(q)

—: A,(q) — 20B,(q) + 2* Y n(q, a)’

From Lemma 2.1(C) we have 7n(q,d) < 1/q and of course n(q,n) =
n(q, (q,n)). Therefore from Lemma 2.2(ii) of [12] we have for some con-
stants cqp, cq and a new parameter X > 1

(4.2) Bx(q) =Y _nlg,d) > 1

dlq n<X
nes
(n,q)=d
dlq hlg/d n<X

nes
dhln
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=X nlg.d) > u(h)thJrO(Xl/’““ > In(g,d)| Zlu(h)!)

dlq hlg/d dlq hlg/d
X 1/k+e
=Xcg + 0O ( )
q
~ Xecq, with X — oo.

But it is easy to establish

Z 1~ Xn(q,a), with X — oo,
n<X

nes
n=a(q)
so that
q q )
BX(Q):ZH(CLG) Z 1~XZ77(q,a), with X — oo,
a=1 n<X a=1
nes
n=a(q)

so (4.2) implies
q
cg = _n(q,a)’
a=1

and therefore the last but one line of (4.2) says

q L7k
(4.3) Bi(q) =z n(g,a)* + O (q) :

a=1

It is well known that

Zl—%%—@(xl/k)

n<x
nes
therefore
(4.4) Aglg)=2 > 1+> 1
n<n/<z n<z
n,n’'€S nes
n=n'(q)

X
=2 14— +0O (2"
l;I/q n,%:c C(k) ( )
nn' €S
nl—n:ql

=:2C,(q) + ﬁ +0 (/%)
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so we deduce from (4.1) and (4.3)

E p1t1/k
(4.5) Ve(q) = 2C4(q) Qan, ( )

q

Using (2.3) we see that for some parameter 1 < y < z to be chosen

S 1= Y wduld) X1
n,n' <z d,d' <z n,n/ <z
n,n'€S n=0(d*)
n'—n=ql n'EO(d/k)

n'—n=ql

= Y w@dpd) Y 1

d,d' <z n<x—ql
n=0(d*)
nE—ql(d’k)

-y M(d)y(d’)(m—k(f)(l))—k(f) DS

[d.d']<y dd'>y n<lz
(d*,d'™*)|ql n=0(d")
nE—ql(d’k)
p(d)p(d’)
—ql R 1
S 2 Ty O\ 2
(d'c d'k)\ql

—i—(’)((x—ql) Z i, d’k)+o Z Z 1

[d,d']>y dd'>y n<z
n=0(dF)
n=—ql(d’*)

From Lemma 2.3 the first two error terms here
< y+aytF
so that, writing N = (d, d’)

wu(d
(4.7) Cy( Z dk d’k] Z (qul)
d,d'=1 I<z/q
N¥|ql

+O|(y+ay'™) 1+ > Y > 1
I<z/q I<z/qdd'>y :nog(zk)
nEiql(d’k)
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o0 d d N2k
=0 3 w2 ()
d,d'=1 q, lSLU/[q,Nk] q,

z(y + zy/F1
+0 MJF > o1
q dkn,d’*kn/ <z
dFn=d"*n/(q)
dd' >y

=:qJy(z) + O <m(y +;y1_k) + Eq(:n)> ,

and so from (4.5)
q

X i 1k
(4.8) Vi(q) = 2¢T,(x) + ﬁ —223 (g, a)? +0<(y+qy) +5q(a;)>.

a=1
Define Bj(X) as in the discussion before Lemma 2.2; that is, define it as
n [12]. From Lemma 2.16 of that paper

X2 X .
Z (X—n):7—§—32(X)
n<X
so from Lemma 2. 2
x\ 2 N\*
270 = (7)) > (a) 5 3 wamen)( )
1/ ga= 1 ) dd’ 9 ga=1 dd’

N> a:)
k
d,d'=1 dd’ N]

= all_1(q )(2)2 IZ’(’O() — Cilh—1/4(q )(z)l/kJrO((z)l/(kH)),

where U, (q) are as given in Lemma 2.1, and so from (4.8) we deduce

Ve(q) = (au_ Zn q,a >

+ (1=U0)) g5+ o) (5 "
+0 ( <q>1/(k“) L rlytay™) gq(x)> .

q

@) (0N
_2Z”q’N,€ <
q)

Lemma 2.1 shows the z? terms cancel, so does the z term, and Lem-
ma 2.3 (C) shows the error term to be < '+ +1) /¢ if we take y < x'/*.
This proves Theorem 1, and we now turn to Theorem 2.
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Assuming as we can that z is not an integer, write Q = x/[q, (d*, d'*)]

and let c =1+41/log Q. From Lemma 3.3 the inner sum in J,(z) is for any
T>1

30t Lo s(g(j)n (e d'k>]>s+l as

T

. 2
i O([q, (@, amT " ([q’ <d’“’d”“”T> )

so from Lemma 3.1 (and absolute convergence)

1 ((s)z*H! p(d)p(d’)
( ) jq( ) 27m /iiT s(s+1) (d,d' [dk,d’k][q, (dk,d’k)]5> ds

g, (d*,d"™)] x 22
" <§ [, d*] <[qv (@ 9T " o <dk,d'k)]2T2>)
i/ C(s)C (k(s+1)) F*(s) <x>5+1 "y

2

c+iT S(S + 1)C (2k:(s + 1)) q
r & (dk,dﬂﬁ 2 & (q,d%, d%)
+0 | = )
(T d,dZ=1 dkd’k qT2 ddZ1 dkd’k
Suppose
(4.10) T<Z
q

It is straightforward to establish that for any V € N

> (N, dF, d™)
2 dFd'*

d,d'=1

< N°¢

so that the error term in (4.9) is

x 1‘2 $2

<<T+W<<W’

and from Lemma 3.5 the main term in (4.9) is

o))l )
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for some a, 3,7 € C, and so we can conclude (remembering that 2! < x?)

041'2
(4.11) jq(x) = 7 + /335 + ,qu—l/kxl/k

ol (@)™ ()
= ()

(which is <1 in accordance with (4.10))

Setting

where

2 —1/2k
0/4—1/2k
then (4.11) becomes

2 2/(9-2/k)
Jq(x) = % + Br+y¢ a0 (q (2) )

and so from (4.8)

(4.12) Vi(q) = (Z‘ > (g, a)2> 221 (C(lk;) i ﬁ) 2+ g~ gLk
a=1

2/(9-2/k)  g(y + pyl—F

+O<q <x> Lt ).
q q

Suppose from now on that k£ = 2. From Theorem 1

Va(q) = fa(q)q"x"? 4 o(q"/21/?)

once ¢ is significantly larger than z7/9, so the 22 and z coefficient in (4.12)
must vanish and the third must be f3(q), and therefore

\YV4 oz x
(4.13)  Valg) = falg)g’a'* + O (q (q)l g (yz/y) + Sq(ac)> .

V:

We have (recall £;(x) is given in (4.7))

4.14) & 13y =: F(D,DN}.
(4.14) E,(z) < gEs ZZ N D{%%;(x{ (D,D")}
DD'Sy | @nd?n’<z, d>n=d"n'(q) DD'>y

D<d<2D, D'<d'<2D’

If one of the D, D’ is < /v then the other is > ,/y and so Lemma 3.8 says

2

/ T 1 if ¢ is squarefree Ty T
F(D, D) < qy3/? {\/(j otherwise + q + VY
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whilst if both are > ,/y then Lemma 3.6 says that

x 2\ 2\ v a?

F(D,D') < — |q¢+ — +—=] <-—=+=.

( ) Yy VY VY VY oy
Consequently (4.14) says that

2

+
VY oqy

z? { 1 ifgis squarefree} n xy

Eq(2) < V4 otherwise

qy3/?
so the error term in (4.13) is

359

< x 1/4 n xy n xj n x? 1 if g is squarefree n kX
q q q qy qy3/? | /q otherwise NG

Recall y was the parameter introduced before the display (4.6). If ¢ is
squarefree we set y = /2 to deduce that the last error is

/4 3/2
<<q(x> TR
g g

whilst if ¢ is not squarefree we set y = 22/°¢1/5 for an error (assume w.l.0.g
that ¢ > \/x so that y > /z)

1/4 7/5 1/5
q<x>/ L q1/5+($>/ L
q q q

and we have Theorem 2.
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