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ON Br-COMPLETENESS (*)

by Manuel VALDIVIA

Let E be a separated locally convex space and let E'y be its
topological dual provided with the topology a(E' , E) of the uniform
convergence on the finite sets of E. E is said to be B^-complete if
every dense subspace Q of Ey such that Q H A is a(E' , Enclosed in A
for each equicontinuous set A in E\ coincides with E\ [8]. In this
paper we prove that if {E^}^^ and (F^^ are two sequences of

( 00 \ 00

infinite-dimensional Banach spaces then H = ® E _ ) x II F_n=i n! y i = i "
is not B,.-complete and if F coincides with n F^ we have that
F x F ' [ ^ i ( F ' , F)] is not B^-complete, p.(F' , F) being the topology of
Mackey on the topological dual F' of F. We prove that i f{E^}^=^ and
{F^}^^ are also reflexive spaces there is on H a separated locally
convex topology Si coarser than the initial one, such that H[g?] is a
bornological barrelled space which is not an inductive limit of Baire
spaces. We give also another results on B^-completeness and borno-
logical spaces.

The vector spaces we use here are non-zero and they are defined
over the field K of the real or complex numbers. By "space" we mean
"separated locally convex space". If (E , F) is a dual pair we denote
by a(E , F) and ^(E , F) the weak and the Mackey topologies on E,
respectively. If a space E has the topology ^ and M is a subset of E,
then M[^»] is the set M, provided with the topology induced by ^. If
A is a bounded closed absolutely convex subset of a space E, we
mean by E^ the normed space over the linear hull of A, being A the
closed unit ball of E^. The topological dual of E is denote by E\ Ifu
is a continuous linear mapping from E into F, we denote by ^u the
mapping from F' into E', transposed of u.

(*) Supported in part by the "Patronato para el Fomento de la Investigacion
en la Universidad".
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In [15] we have proved the following result : a) Let E be a
separable space. Let {E^}^°=^ be an increasing sequence of subspaces
of E, with E as union. If there exists a bounded set A in E such that
A<? E^, n == 1 , 2 , . . . there exists a dense subspace F of E, F ^= E,
AKC/Z ^^ F H E^ ^ finite-dimensional for every positive integer n.

LEMMA 1. — Let E be an infinite-dimensional space such that in
E'[a(E' , E)] there is an equicontinuous total sequence. Let F be a
space with a separable absolutely convex weakly compact total subset.
If F is infinite-dimensional, there is a linear mapping u, continuous
and infective, from E into F, such that u(E) is separable, dense in F
and u(E) =fc F.

Proof. - Let{i^}^ be a total sequence in E'[a(E', E)], equi-
continuous in E and linearly independent. By a method due to Klee,
(see [7] p. 118), we can find a sequence {^}^=i in E\ such that its
linear hull coincides with the linear hull o f{^}^=^ , and a sequence
{^,}^=i in E, such that < ^ , x ^ ) = l , ( v ^ , x ^ ) = 0 , if n =^m,
n, m = 1 , 2 , . . . If B is the closed absolutely convex hullof{^}^= ^ ,
then B absorbs v^ and, therefore, we can take the sequence {^}^=i
equicontinuous in E. Let A be a weakly compact separable absolutely
convex subset of F which is total in F. We can take in A a linearly
independent Sequence {>^}^=i which is total in F. Applying the
method of Klee, ([7], p. 118), we can find a sequence {^}^=i in A,
such that its linear hull coincides with the linear hull of {y^}^= i ,
and a sequence {H^}^=i in F' such that (w^ , z ^ > = 1, (w^ , z^> =0,
n =^ m, n, m = 1 , 2 , . .. Let u be the mapping from E into F
defined by

u(x)= ^ ( \ l n V ) { v ^ , x ) z ^ , f o r x E E .
M = l

Let us see, first, that u is well defined. Since {i^}^=i is equicontinuous
in E there is a positive real number h, such that

I (v^ , j c ) | < / z , ^ = l , 2 , . . .
Given a neighbourhood U of the origin in F, there is a positive
number X such that X A C U . Since { ( l / n ) z^=\ converges to the
origin in the Banach space F^, there is a positive integer n^ such
that ( l / n ) z ^ G (\/h) A, for every positive integer n > n^, and since
X A is convex and
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1/2" + \ir^ + . . • + 1/2^ < i ,p > o
we have that

w+p
^ ( l / ^ X t ^ ^ z ^ e X A C U . M ^ n o . p X )
q=l

and, therefore, the sequence
/ ,
^ ( l /7t2"X^,x)z^^J V - / - - 7 ^^ , - ' -„ 1

n= 1 ) r= 1

is Cauchy in F. Since z^ E A, it follows that the members of this
sequence are contained in the weakly compact set h A and, therefore,

^ (l/n2n)(v^x)z^
n= 1

is convergent in F. Obviously u is linear. If x, y E E, x ^ y , there
exists a positive integer n^ such that <i^ ,x - y ) =^ 0, since {^}^=i
is total in E'[a(E7, E)]. Then

( w ^ , u ( x - y ) ) = ^ ( l / ^ 2 " ) < ^ , x - ^ X z , , w > =
M = 1

= (l/n,211) ( v ^ , x - y ) ^ 0 ,

and, therefore, u is injective. If V is a neighbourhood of the origin
in F, we can find a positive number 11 such that ^ A C V. If W is the
set of E, polar of {v^ , v^ , . . . , v^ , . . .} then jnW is a neighbourhood
of the origin in E and if z G ^W we have that

^) = S O/^)^ ) = = S ( l / ^ ) < ^ , z ) z ^ G ^ A C V
yi= 1

and, therefore, u is continuous. Since

u(x,)= S (1/^2") <i;^^)z^ =(1/^2^ z^,
yi= i

it follows that u(E) is separable and dense in F. Finally, given any
element x G E there is a positive number a > 0 such that ax EW,
hence i <i^ , a x ) | < 1, n = 1 , 2 , . . . , and
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u(ax)= ^ (1^2")<^ ,ax)z^
n =1

belongs to the closed absolutely convex bull M C A of {(l/n)z^}^^
and, therefore, u(E) is contained in the linear hull of M. The set M
is compact in the infinite-dimensional Banach space F^ and, therefore,
applying the theorem of Riesz, (see [5], p. 155), it follows that M is
not absorbing in F^, hence u (E) =^ F.

q.e.d.

THEOREM 1. - Let {E,,}^ and {F,,}^ be two sequence of
infinite-dimensional spaces, such that, for every positive integer n, the
following conditions hold :

1) There exists in E^ a separable weakly compact absolutely
convex subsets which is total in E^.

2) There exists in F^[a(F^,F^)] an equicontinuous total se-
quence.

Then there is in L = f ® ^ E^ x( n F^ a dense subspaceG,

different from L, which intersects every bounded and closed set of L
in a closed set of L.

Proof. - Since for every E^ and F^, the conditions of Lemma 1
hold there exists an injective linear continuous mapping u^ from F^
into E^ such that u^(P^) is separable, dense in E^ and u(P^) ̂  E^.
We set

u = {u, , u^ , . . . , ̂  , . . .) and ^ = (^ , r^ ,. . . , r^ ,. . .)

If y = (Yi , Y 2 . . . , ^ , . . . ) ^ n F^ andw — i
x ' = (x\ , x\,... ,x'^ , . . .) G ̂  E^ we put

u(y)= (u^ ( y^ ,u^ ( y^ , . . . , u ^ ( y^ ) , . . . ) and

W) = CM, (^), ̂ (x,),. .. , ̂ (^),...).
00 00

If x G ® E we define the mapping / from L into n E putting
M = - l n^ I n

f(x, y ) = x 4- u(y). It is immediate that / is continuous and linear
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and, therefore, r/ is weakly continuous from S E' in
n^ 1 "

( n E^) x f S F ' ) .
\ n = l "/ \ n = l "/

If./ E ̂  E^ and z' E e F^ are elements such that ^ ( x ) = (./, z'),

we have that

(y9 , x > + <z ' , >- > = < (/ , z'), (x , >Q> = < ̂ (jc'), Oc , > / )>=

= <X\/(A:,^)> = (x' , x + u(^)>= (x , jc> 4- <x\^(^)> =

= (x , x> + <^(jc'),^> .

then <^' , ^ > + ( z ' , y ) = (x , x ) + <^( jc ' ) ,^>. In the last relation if
we take y = 0 it follows that y = x\ and if we take x = 0 it results
that z = ̂ (x). Therefore, ^ ( x ) = (x , ̂ (x)).

Let M ={(jc',^(;c')) : JC 'G n £„}. Since, for every positive
n — \

integer n, tu^ is weakly continuous from E^ into F^ we have that M

is weakly closed in ( n E^) x ( n F^) and, therefore,

^^P^C,^)]
is weakly closed in ( n E^) x ( © F^ ). On the other hand, if

(x , ̂ ( x ' ) ) E N, then ^Qc') E e F^ and, therefore, ^Oc^) is zero

for all indices except a finite number of them. Since tu^ is injective it
follows that x'n is zero for all indices except a finite number of them,

hence x ' E S E', and, therefore, t/ ( S E^ = N. Since r/ f S E^
w = l " \/i = 1 " / \ n = l •*/

is weakly closed in ( n E^) x ( © F^) we have that/is a topolo-

gical homomorphism from L[a(L, L')] onto

H=/ (L) [a(/(L),J^ E,)] .
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Let L, =(J^ £„) x (Jn^ F,) and let H, =/(L^). Since ^(F,) is

separable and dense in E^ we have that H^ is separable and dense in H.
If z^ is an element of E^ such that z^ ^M^(F^) let

z<^=(z^ , Z 2 , . . . , Z p , 0 , 0 , . . . , 0 , . . . ) .

The set A ̂ z0^^,.. . , z < ^ , . . .} is bounded in H and z<p + l ) ^ Hp .
According to result a), there exists a dense subspace D of H, D ̂  H,
such that D H Hp is finite-dimensional, p = l , 2 , . . . I f G = /^(D),
then G =^= L and G is dense in L, since / is weakly open from L into H.
Given in L a bounded closed set B such that G H B is not closed,
there is a point z in B, which is in the closure of G H B, with z ^ G.
There exists a positive integer pg such that B C L . Since / is conti-
nuous, /(z) ̂  D and /(z) E /(G H B) C DH/(B). On the other hand,
D H /(B) is contained in the closed subspace D H Hp , hence /(z),
which belongs to D, is not in the closure of D H /(B), which is a
contradiction.

q.e.d.

THEOREM 2. — //{E^}^ and {^n^=i are two sequences of arbi-

trary infinite-dimensional Banach spaces, then ( ® EyJ x ( n F^ )
V M - - I / \ rt — 1 /

is not B^-complete.

Proof. - Let Gy, and H^ be separable closed subspaces of infinite
dimension of E^ and F^ , respectively. Since every closed subspace of a

B^-complete space is B^-complete, [8], and t ® G^\ x ( n H^ is

closed in ( ® E ) x ( n F^ ) it is enough to carry out the proof,
\n - 1 / \n - 1 /

taking E^ and F^ to be separable spaces, which will be supposed. If
{^p}^! ls a dense sequence in E^ ,-we can find a sequence {o^}^, of
non-zero numbers such that ^p^p}^=i converges to the origin in E^.
The sequence {a x } ^ ^ is total in E^ , and it is equicontinuous in
E^[At(E^ , E^)]. If V^ is the closed unit ball in F^ and V^ is the polar
set of V^ in F^, then V^ is a separable weakly compact absolutely
convex set which is total in F^(F;, , F,)]. Since {F^ [jiz (F^ , F^)]}^,
and {E^[^t(E^ , E^)]}^^ satisfy conditions 1 and 2, respectively, of
Theorem 1, there exists in
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L=L^ F.^(Fn^)l) x(^ E^^E^E^)])

a dense subspace G, G ^ L, such that G intersects every bounded
closed subset of L in a closed subset of L and, therefore,

(Ji E")x C"! F") is not B^0111?16^ q-e.d.

THEOREM 3. -// {E^}^^ and {F^}^i are two sequences of
infinite-dimensional Banach spaces, then

C"^)^^17"^17"'^)
is not By-complete.

Proof. - We take in E^ a separable closed subspace G^ , of infinite
dimension. If V^ is the closed unit ball of F^ , let V^ be the polar set
of V^ in F ' ^ . We take in V^ an infinite countable set B linearly inde-
pendent. If H^ is the closed linear hull of B in F^[a(F^ , F^)] and A
is the a(F^ , F^-closed absolutely convex hull of B, then H^ [jn(H^ , H^)]
has a separable weakly compact absolutely convex set A which is
total. Reasoning in the same way than in Theorem 2 it is sufficient to
carry out the proof when E^ is a separable space and F^[jn(F^ , F^)]
is of the form H^ [jLi(H^ , H^)]. Then the sequences {E^ [^(E^ , E,,)]}^
and {Fj^ ^ satisfy the conditions of Theorem 1, hence it follows that

the space (J^ E^) x (j^ F^[/i(F^ , F^)l) is not B.-complete.
q.e.d.

COROLLARY 1.3. — Let E be a product of countable infinitely
many Banach spaces of infinite-dimension. Then E x E'[jLi(E', E)] is
not By-complete.

By analogous methods used in Theorems 2 and 3, we can obtain
Theorems 4 and 5.

THEOREM 4. -Let {E^^ and {F^}^^ be two sequences of
Banach spaces of infinite dimension. If, for every positive integer n,

E, /. separable, then (^ E,h(E, , E,)l) x (j^ F,[jLx(F, , F,)l) is

no t By-complete.
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THEOREM 5. -Let {E^i and {F^}^ be two sequences of
Banach spaces of infinite dimension. If, for every positive integer n,

F^ is separable, then (J^ En)x(^, ̂ (F^F^l) ^ ^ot B,-
complete.

Note 1. - It is easy to show that Theorems 2, 3, 4 and 5 are
valid changing the condition "Banach space" by "Frechet space",
with the additional hypothesis : In Theorem 3, the topology of E
will be defined by a family of norms ; in Theorems 2 and 4 the
topology of F^ will be also defined by a family of norms. Let us
suppose, now, given an infinite-dimensional nuclear Frechet space F,
its topology is defined by a family of norms. Since F is a Montel
space then it is separable, [3], (see [5], p. 370). If we take E^ = F^ = F

and we apply the generalized Corollary 1.3 it results that E = fl En=i n

is a nuclear Frechet space such that E x E'[^i(E', E)] is not B^-
complete. If we apply the generalized Theorem 2 it results that
G = \n^\ B") x C11! F") is a nuclear strict (LF)-space which is not
B,.-complete and, finally, if we apply the generalized Theorem 4 it
follows that G'[^i(G' , G)] is a countable product of complete (DF)-
spaces which is not B,.-complete.

In ([I], p. 35) N. Bourbaki notices that it is not known if every
bornological barrelled space is ultrabornological. In [9] we have ob-
tained a wide class of bornological barrelled spaces which are not
ultrabornological. In [10] we give an example of a bornological bar-
relled space which is not the inductive limit of Baire spaces. This
example is not a metrizable space. In Theorem 6 we shall obtain a
class QL of bornological barrelled spaces which are not inductive
limits of Baire spaces, such that QL contains metrizable spaces.

In [10] we have given the following result : b) Let E be a borno-
logical barrelled space which has a family of subspaces {E^}^^ such

00

that the following conditions hold : 1) U E^ = E. 2) For every

positive integer n, there is a topology ^ on E^, finer than the initial
one, such that E^J is a Frechet space. 3) There is in E a bounded
set A such that A < ? E ^ , ^ = 1 , 2 , . . . Then there is a bornological
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barrelled space F which is not an inductive limit of Baire space, such
that E is a dense hyperplane of F.

THEOREM 6. — // {Gf : i G 1} is an infinite family of ultraborno-
logical spaces, there is in G = n{G, : ; G 1} a dense subspace E, bor-
nological and barrelled, which is not an inductive limit of Baire spaces,
so that E contains an ultrabornological subspace F, of codimension
one.

Proof. - We take in I an infinite countable subset {z\ , ̂  , . . . , /„ ,...}.
If G; is of dimension one we put G; = !€„ . IfG; is not of dimension

*n ^n n ^n
one we can take G, = K^ © Hy,, being H^ a closed subspace of codi-
mension one of Gf . The space G can be put in the form

(^n K,) x n { L , : / € = j } ,

such that Ly is ultrabornological for every / G J . Let {F^}^ be a
sequence of infinite-dimensional separable Banach spaces and let

00

{E^}^ be a sequence such that E - II K- , n = 1 , 2 , . . . Thep - 1 r

sequences {E^}^^ and {F^}^^ satisfy conditions of Theorem land,
therefore using the same notations as in Theorem 1 we have that

^ (H , ® E' ) can be identified with the topology induced in H by
\ M - 1 /

oo

n E since the last space is metrizable. Hence, L/y^O) can be
M — 1

identified with H jn^H , © ^n)\ anc^ therefore, there is on H^ a

topology ^, finer than the one induced by n E such that
M — 1

H^J^J is a Frechet space isomorphic to ^/(/"^(O) H L^). On the

other hand, A is a bounded set of H nn (H , ® E^ such that

A <? H^ , n = 1 , 2 , . . . , whence it follows, applying result b), and
00 00

since n E^ is complete, that there is a point x G n E^ , x ^ H,
00

such that the linear hull S of H U{x} is a dense subspace of n E
7 1 — 1

bornological and barrelled, which is not an inductive limit of Baire
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spaces and H [^i(H , ̂  E^l is an ultrabornological subspace of S,
00

of codimension one. Since n K^ is topologically isomorphic to
00 00

n E^ there is in n K^ a dense subspace D which is bornological

and barrelled, such that it is not an inductive limit of Baire spaces,
and it has an ultrabornological subspace T, of codimension one. We
take in {L^. : / E j} the subspace U such that x E U if, and only if, all
the components of x are zero except a most a countable infinite
number of them. The space U is ultrabornological, (see the proofs of
Theorem 1 and Theorem 2 in [ 11 ]). If E = D x U and F = T x U,
then E and F hold the conditions of the theorem.

q.e.d.
In [12] and [15] we have given, respectively, the two following

results : c) // E is a reflexive strict (LP)-space, then E'[jn(E' , E)] is
ultrabornological. d) Let Sl be a non-empty open set in the n-dimen-
sional euclidean space R". Let (Q\Sl) the space of distributions, with
the strong topology. Then there is a topology ^ on S)'(^l) coarser
than the initial one, so that 6D\^2) [^] is a bornological barrelled space
which is not ultrabornological. In Theorem 7 we extend the result d).

THEOREM 7. - Let Ebea reflexive strict (LFYspace. If E' [jn(E', E)]
is not B^-complete, then there exists in E' a topology ^, coarser than
ti(E' , E), so that E'[^} is a bornological barrelled space which is not
an inductive limit of Baire spaces.

Proof. — Let {E^= ^ be an increasing sequence of Frechet sub-
spaces of E, such that E is the inductive limit of this sequence. Let
G be a dense subspace of E, G ^ E, which intersects to every weakly
compact absolutely convex subset of E in a closed set. Let ^ = ̂ (E\ G).
Obviously every closed subset of G[a(G , E')] is compact and, there-
fore, E'[§?] is barrelled. Let us see, now, that E'[^] is bornological. By
a theorem ofKothe, ([5], p. 386), we shall see that G[^ ] is complete,
^» being the topology of the uniform convergence on every sequence
of E'[Si] which converges to the origin in the Mackey sense. According
to result c),we have that E[/i(E' , E)^] is complete. Since E'^E' , E)]
is the Mackey dual of a (LF)-space, it follows that E'[^(E\E)] is
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complete and, therefore, ^(E' , E)^. is compatible with the dual pair
<E , E'). Since G n E^ is closed in E,we have that (G 0 E^) [jn(E\ E)^ ]
is closed in E[/x(E' , E)^, ], hence it results that (G H E^) [fJi(E' , E)^, ]
is complete and hence, applying a theorem of Bourbaki, ([5], p. 210)
one deduces that (G n E^) [^ ] is complete. Let us suppose, now,
that G[^ ] is not complete. We take in the completion G[^ ] of
G[^ ] an element XQ which is not in G. Since (G H E^) [^ ] is
complete, we have that G n E^ is closed in G[^ ], and we can find
a continuous linear form u^ on G[^ ], such that (u^ , x^) = 1 and
<^ , x ) = 0, for every x E G n E^ . Given any point ̂  G G there is a
positive integer ^o, such that ^oEGFtE^ , and, therefore, (nu^ , ^ o > =0,
for n > H Q , hence it deduces that{^}^ converges to the origin in
E ' [ ^ ( E ' , G)], from here {^}^=i converges to the origin in E'[jLi(E',G)]
in the sense of Mackey and, therefore, {^}^°=i is equicontinuous in
G[^ ]. Since {(u^ ,;c>}^ converges to the origin for every x G G,
and G is dense in G[^ ] it follows that {{u^ , x)}^^ converges to
the origin, for every xGG[^ ], which is a contradiction since
{u^ , X Q > = 1, n = 1 , 2 , . . . Thus, G[^ ] is complete. Finally, if /
is the identity mapping from E'[fJi(E1 , E)1 onto E'[^l, then / is conti-
nuous and f~1 is not continuous. Applying the closed graph theorem
in the form given by De Wilde, [2], we can derive that E'[^] is not an
inductive limit of Baire spaces.

q.e.d.

THEOREM 8. -// {Ej^ and {F^=i are two sequences of
infinite-dimensional reflexive Banach spaces there is on

E = ( S E_) x ( n F . )
\n=l nl \n=l n )

a topology ^, coarser than the initial one, so that E[^i] is a bornological
barrelled space which is not an inductive limit of Baire spaces.

Proof. - It is immediate consequence from Theorem 2 and
Theorem 7.
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Note 2. — In part, the method followed in the proof of Theorem
7 suggest to us the following short proof of the well-known result
that if E is the strict inductive limit of an increasing sequence {E^}^,-^
of complete spaces, then E is complete, [6], ([5], p. 224-225) : Sup-
pose that E is not complete and let XQ be a point of the completion
E of E, XQ ^ E. Since E^ is closed in E we can find u^ G (E)' such
that {u^ , ^ o > = 1, {u^ , x > = 0 for every x G Ey,. The set of restric-
tions of A = {u^ , u^ , . . . , u^ , . . .} to E^ is a finite set which is,
therefore, equicontinuous in E^. Hence A is equicontinuous in E and,
therefore, A is equicontinuous in E, hence A is relatively compact in
(E/[(7((Ey , E)]. If u is a cluster point of the sequence {^}^=iin
(E/[Gr((E/ , E)] then it is immediate that u is zero ou E and {u , XQ)= 1,
which is a contradiction since E is dense in E.

J. Dieudonne has proved in [4] the following theorem : e) // F
is a subspace of finite codimension of a bornological space E, then F
is bornological. We have proved in [13] the following result : f ) / /F
is a subspace of finite codimension of a quasi-barrelled space E, then
F is quasi-barrelled.

In e) and f) it is not possible to change "finite codimension" by
"infinite countable codimension". In [10] we have given a example of
a bornological space E which has a subspace F, of infinite countable
codimension, which is not quasi-barrelled. In this example F is not
dense in E. In Theorem 9, using in part the method followed in [10]
we shall give a class QL of bornological spaces, such that if E G QL
there is a dense subspace F of E, of infinite countable codimension,
which is not quasi-barrelled.

We shall need the following results given in [10] and [14], respec-
tively : g) Let E be the strict inductive limit of an increasing sequence
of metrizable spaces. Let F -be a sequentially dense subspace of E. //
E is a barrelled then F is bornological. h) Let E be a barrelled space.
If {E^}^^ is an increasing sequence of subspaces of E, such that

00

E = U E^, then E is the strict inductive limit o/{E^}^^.

THEOREM 9. — / / {E^}^ and (F^}^i are two sequences of
infinite-dimensional separable Banach spaces, there is in

L = ( S E^) x ( n F,)
\n=l n ) \n=l n )
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a bornological dense subspace E, such that E contains a dense sub-
space F, of infinite countable codimension, "which is not quasi-
barrelled.

Proof. - The sequences {E,,}^ and {V^=\ satisfy the condi-
tions of Theorem 1 and, therefore, there is in L a dense subspace F,
F ^ L, which intersects to every bounded closed subset of L in a
closed subset of L. Let A^ and B^ be respectively two countable dense
subsets of E^ and F^ , considered as subspaces of L. Let H be the linear

00

hull of ̂  (A^ U B^). If E is the linear hull of H U F, with the topo-

logy induced by the topology of L, then E is bornological, according

to result g), since E n ( © E ) x ( II F.,) is dense in
\ n = 1 ••/ \ n = 1 "/

( ^ E \ x ( n F \ .
\n=l n ) \n=l n )

Suppose that F is quasi-barrelled. Then F is barrelled, since F is quasi-
complete and, therefore, by result h), F is the inductive limit of the
sequence of complete spaces

! F n ( ^ E , ) x ( n F,)j 0 0 ,i p n f ^ E , ) x ( n F,)j
( \n=l n / \n=l n! )' \n=l n / \n=l n! } P~1

and, therefore, F is complete, hence F = L, which is a contradiction.
Thus, F is not quasi-barrelled. Since H has countable dimension, then
F if of countable codimension in E and, by result f), F is of infinite
countable codimension in E.

q.e.d.
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