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A NOTE ON SPACES OF TYPE IP° +C

by David A. STEGENGA (1)

This note is concerned with a theorem of Sarason [I] , [4], which
states that H°° + C is a closed subalgebra of L°° on the unit circle T.
Here C is the space of all continuous functions on T and H°° is the
subspace of L°° consisting of those bounded functions whose nega-
tive Fourier coefficients are zero. L°° is given the essential supremum
norm and pointwise multiplication.

In [2], Rudin generalizes a proof of Sarason's theorem given
by Zaicman [5], to the context of Banach spaces. With this genera-
lization Rudin shows that various natural analogues of H°° 4- C are
closed subspaces, although not always a subalgebra. Among these
natural analogues are those obtained by replacing the unit disc by
poly discs or by balls in C", the space of n complex variables.

The purpose of this note is to show that Rudin's theorem is
general enough to have a converse. The proof of the converse theo-
rem is relatively easy but we give an example which shows that not too
much more can be said about the nature of the solution in general.

I would like to thank Walter Rudin for calling my attention to
to this problem.

We now proceed to prove the converse of the theorem referred
to above. This is Theorem 1.2 in [2], and its statement is the following :

THEOREM 1. - Suppose Y and Z are closed subspaces of a Banach
space X, and suppose that there is a collection ̂  of bounded operators
taking X into Y with the following properties :

a) Every A E ^ maps Z into Z H Y.

(!) The author was supported by NSF Grant GP-36418X1.
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b) sup {||A|| : A E < )̂} < ^o.

c) To every y G Y and to every e > 0 corresponds a A E $
^c/z r/^r ||̂  — A^H < e.

Then Y + Z is closed.

The converse we have for this theorem is the following :

THEOREM 2. - Suppose Y and Z are closed sub space of a Banach
space X, and suppose that X = Y + Z. Then there exist a collection $
of bounded operators taking X into Y with properties^), (b), anrf (c)
of Theorem 1. Furthermore, $ can be chosen so that for every y G Y
there corresponds a A E $ m7/z Ay = j^.

Pwo/ - Fix ^o E Y, by the Hahn Banach extension theorem
there exist a bounded linear functional </?i on X of norm one, such
that (^iCFo) = \\Vo\\' Also, there exists a bounded linear functional
<^?2 on the quotient space Y/Y H Z of norm one,

with ^o + Y H Z) = ||^o + Y 0 Z l l .

Finally, there exists a z^ E Y H Z, w^ \\VQ - ZQ || < 2 l^o + Y H Z||
since the quotient norm is the infimum in ZQ of ||̂ o - ZQ\\. If
^ E Y H Z, define A(x) = ̂ 00^ ||̂ ||-1 and i f ^ Y H Z define

AOO = ̂ (x) zo IM"1 + ̂ (y + Y n z) (^o - ^o) ll^o + Y n zil-1

for ^ = y + z, with y ^ Y and z G Z. Note that if x is also equal
to / + z', with / E Y and z ' G Z, then ^ + Z H Y = ^ ' + Z n Y
so the second definition of A makes sense. In either case we clearly
have A a linear operator mapping X into Y, satisfying (a), and
A(yo) = Yo- We must show that ||A[| is bounded independent of YQ.
For YQ G Y H Z, we have ||A|| = 1 so we consider the second case
YQ f. Y F» Z. We have in this case

HAOOIK llzoll imi ll^oll"1 + ll^o - ^11 ll^o +Ynz||- l||^+Ynz||
< (ll^o - YQ\\ + ll^olD ll^ll ll^oll"1 + 2 [|^ + Y H Z||

< 3 1 1 x 1 1 + 2||^ +YnZ| | .

Since X = Y + Z, the quotient space X/Y H Z is the direct sum of
its closed subspaces Y/Y H Z and Z/Y 0 Z, consequently the pro-
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jection operator mapping X/Y n Z into Y/Y 0 Z is bounded. This
is a well-known fact that follows easily from the closed graph theo-
rem. This means that there is a constant M > 0 with

\\y + Y H Z|| < M \\y 4- z + Y n Z || < M || y 4- z ||

for all y e Y and z G Z. Thus ||A|| is bounded by 2M + 3. The
family of operators {A} therefore satisfy property (b) and the proof
is complete.

In order to prove that H°° + C is a closed subspace of L00, set
$ =={A^}^i where \ is the operator that assigns to each F G L°°
the arithmetic mean of the first n partial sums of its Fourier series.
Then with X = L°°, Y = C, and Z = H°°, $ satisfies the conditions
of theorem 1 and the result follows. Condition (c) is Fejer's theorem.
In this example a property stronger than (c) is satisfied, namely if
K is any finite subset of Y and e > 0 then there exists a A G $ with

sup \\y - Ay || < e.
yez

In the proof of theorem 2, each operator A had a small range,
dim (range A) < 2. A natural question is to ask if it is possible to
satisfy condition (c) modified as above to involve finitely many
elements of Y. This question has a negative answer. A counter-
example is provided by switching the roles of H°° and C in the
above. Let X == H°° -h C, Y = H°°, Z = C, and $ a collection of
bounded operators mapping H°° + C into H°° satisfying (a), (b), and
(c) of theorem 1. That such a collection <& exists is the content of
theorem 2. Since PTn C is the disk algebra A and each A G $ maps
C into A we restrict our attention to C.

THEOREM 3. — Suppose $ is a uniformly bounded family of
operators mapping C into A and satisfying condition (c) for Y = A.
Then there exists an e > 0 and a finite subset K of A with

sup ||F - AFIL > e
F £ K

for all A G ^>.

Proof. — Suppose, to get a contradiction, that for each e > 0
and each finite subset K of A there exist a A G $ with
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sup ||F - AFIL < e .
F€K

Since $ is a uniformly bounded family of operators we get the same
conclusion if K is a compact subset of A. Let RQ be the translation
operator on C given by

R^F(r) = F(0 -h t) (- 7 r < r < 7 T ) .

We identify T with the interval [— TT , ?r] and consider C as the space
of continuous periodic functions of period 27T. By uniform continuity,
the mapping 6 into Rg is continuous in the operator norm topology.
As a result we can define new bounded operators on C by

- 1 r "AF == — / R_e AR^F d6
27T -w

for F G C. Let e^(t) = ^int for each integer n, then a simple compu-
tation shows that Ae^ = (Ae^(n) ̂ . Since A maps C into A we have
^^ ^w
Ae^ = 0 for n < 0, and so A maps C into A. Clearly, the family of

operation {A} are uniformly bounded in norm. We would like to show
that they satisfy condition (c). Since A is translation invariant, and
RQ F is a continuous function of 6 with values in A, for each F G A,
we have that K = {RQ F : — TT < 0 < T!"} is a compact subset of A. Let
e > 0, then by our assumptions there exists a A G 4> with

sup | |R,F-AR^F|L<e.
6

Thus we have

|| F - AFIL < — r IIR-0 Re F - R_e AR^ FIL d6
27T -~ w

<sup | |R^F-AR,F|L<e
e

and so condition (c) is satisfied. Now let F = ̂  a^e^ be a trigonometric
«

F-̂  /^x
polynomial and F^ == ^ ^^w The critical property of A is that

n>o
AF = AF^, consequently, for all A we have
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IIF^IL < IIFi -AFJL-h IIAFJL

<||Fi -AFJL+sup HAH IJFIL.
A

By property (c), ||FJL < K II^L where K = sup ||A|| < oo. This is a
contradiction, since it implies that

sup |F(z)| < K sup |ReF(z)|
I z K l |z|<l

for any F analytic in |z| < 1 (ReF is the real part of F), which is
clearly false. The conformal map of the unit disc onto a vertical
strip is an explicit counterexample. This completes the proof of the
theorem.

One final remark, is that the averaging process described in
theorem 3 is a method employed by Rudin [3] to show that there
are no bounded projections of C onto A.
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