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THE DUAL OF WEAK LP

by Michael CWIKEL (%)

1. Introduction.

For any given p in (0, =), the space Weak L? on a given measure
space (X, X, u) consists of those (equivalence classes of) real or
complex valued measurable functions f (x), whose distribution func-
tions f,(c),

) = udx] 1fC)] > a})

satisfy sup af f (o) < oo
a>0

The quasi norm |f|, =(:up an*(a))llp defines a topology on
>0

Weak L?. L? is continuously embedded in Weak LP. Weak L” claims
our attention largely because of the Marcinkiewicz interpolation
theorem, and the fact that several important operators such as the
Hilbert transform and the Hardy-Littlewood maximal function which
map L? into L? for p > 1, map L' into Weak L'.

It is convenient for some purposes to consider L and Weak
L? within the more general framework of the Lorentz spaces L(p , q).
Let us recall the definition of these spaces.

For each measurable function f on X with distribution function
f.(@), we define the non-increasing rearrangement f*(z) of f by :

f*@) = inf{a>0]|f () <t} forall >0

(with the usual convention that the infimum of the empty set is + ).

(*) Supported in part by the C.N.R.S.
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For 0 <p <o, 0 < g < oo, define

Ol 1/q
IFl* = @ MP x(1))e dtft
e (f )
and for 0 < p < o0, g = oo,

IIfII: _ = sup t'P f*@).
’ t>0

Then for the above values of p and g the Lorentz spaces are defined by:

Lip,={fI11fI} , <oo}.

It is easy to see that L(p , p) = L” and that sup a”f, () = (lIf Il:,w)",
a>0

so that L(p, o) = Weak L?.

hf II:’ q is not a norm since the triangle inequality may fail. However
for 1 <p<oo, 1 <q<o, the L(p,q) topology may be defined
by the norm :

Il = ([ @ @) dre) " for g <o

= sup t!? f**@) for g = oo,
>0

where f**(¢) is defined by :

f**(@) = sup

(u(E) ™! fE Ifldu | EEZ, wW(E)=>t

for 0 <t < u(X)

=r—’fx 1f] du for t > u(X).

If the measure space is non-atomic,
sup{ WEN ™ [ Ifl du | E€Z , u(E) > 1]

= sup

' [ 1f1du | E€T , u(E) = zf,

and consequently

1 Vigpey = sup{u(®)P [ 11 du| E€ ],

In the non-atomic case it also follows that :

@ =1t [ ds.
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A detailed study of the Lorentz spaces has been made by
Hunt [6]. It includes characterisations of their dual spaces for all
values of p and q with g finite. L(p, o)* for 0 <p < 1 has been
studied in [2] and [4]. We summarise the results in Table 1.

Table 1

The dual space of L(p, q) for various values of p and q.
(/p+1p"=1=1/q + 1/q")

0<p<l1 p=1 1 <p<oo p=o
=L = L', )
0<¢g<l1 For0<g< 1, L(p,q)*=L(p, )*
This follows readily from theorem 2.5
of [6]
=L L(eo, q) is
q=1 = {0} = L~ for a = L(p', =) [6] undefined for
if the o-finite measure all g < oo,
measure space [S].

space is non

1 < q < oo |atomic. [6] = L', q") [6]
= {0} if is non trivial, =L(p',1)eS,eS_|=L"*, the
measure space | though functio- | shown in this space of bounded
q = is non atomic. | nals vanish on | paper finitely additive
[2] all simple set functions. [5]

functions [4]

In this paper we consider L(p,o)* for 1 <p < . For this
range of values of p, L(p , ) is a Banach space with norm as defined
above. The underlying measure space (X, X ,u) will be taken to
be non atomic, except where explicitly stated otherwise. It will be
seen that L(p,o)* can be expressed as the direct sum of three
spaces, L(p', 1) ® S, ® S_, where 1/p + 1/p' = 1. The spaces S, and
S, consist of functionals which exhibit a singular behavior similar
to that seen in all elements of L(1 , %)* ; they annihilate all functions
which are bounded and supported on any set of finite measure.
(There are also some essential differences between the elements of
So and S_ and those of L(1,)*, as shown in [3]).
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Characterisations of S, and S are obtained, and both spaces
are seen to be reflexive. Thus we readily deduce the form of the n*h
dual of L(p, ).

We note that, as indicated in Table 1, L(p', 1)* = L(p, *).
It will be clear that the embedding of L(p', 1) into L(p' , 1) ® S, & S
is the canonical embedding of L(p', 1) into its double dual.

We shall use the notation z for the complex conjugate of any
complex number (or complex valued function) z. The function sgn
will be defined by

sgn(z) = z/|z| for all z#0
=0 for z= 0.

The open subinterval (0, u(X)) of the real line will be denoted
by L

2. Some technical preliminaries —
continuously monotone families.

The definitions and consequent observations to be made in this
section constitute a more careful look at the procedure which yields
the non-increasing rearrangement function f*(¢) from a measurable
function f on X. Our aim is to have an apparatus with whose help we
may work with f almost as easily as if it were itself a non-increasing
function on the positive real axis. Roughly speaking we shall find
a ‘“‘direction” in X in which f is decreasing and looks rather like
f*(t). The simple notion of a continuously monotone family of sets
is central here, and it will also be important later, in describing the
continuous linear functionals on L(p , ).

LEMMA 1. — Let g be a positive measurable function on X, such
that g, (t) and g*(t) are both finite for all t > 0. Then
t—pu(xlgx) =g*1)}) <g,g*@®) <t
for all t, 0 < t < u(X).



THE DUAL OF WEAK L' 85

Proof. — By the expanding sequence theorem,

lim g*(a + %) = g,(0)

n-—»co

for all € [0, =), and by the contracting sequence theorem,

1
lim g, (a—— )= u(xlgk) > a)) = g,(@) + n(xlgk) = &)

n-+oco

for all ¢ € (0, ). By definition of g*(¢),

8 (g*(t) + %) <t <g*(g*(t) - %)

for each n. It remains only to pass to the limit as n tends to infinity.
But to deal with those ¢ for which g*(¢#) = O' (and consequently
8,(0) <) we need the additional remark that

r(X) = p({x|gkx) = 0}) + g,(0),
and so t— u({xlgkx) = 0}) =t — uX) + g,00) <g,(0).

DEFINITION. — A continuously monotone family (CM.F.) on X
is a family (A‘)o<r<u(X) of measurable subsets A, of X such that :
i)Ap =0, Ay = X
ii) t <s implies A, C A;.

iii) u(A,) =t for each t, 0 <t < u(X).

DEFINITION. — Let g be a positive measurable function on X.
Let (A,)0<t<“(x) be a CM.F. on X. We shall say (A,) carries g if,

for all t, 0 <t < u(X)
ess sup{g(x)|x € X\A,} < ess inf{g(x) | x € A,}.

(For example if X =(0,%) and A, = (0,¢) then (A,) carries all
non-increasing functions).

With the help of Lemma 1 we can verify the not very sur-
prising fact that each function g > 0 with g_(¢) and g*(¢) both finite
for all + > 0, is carried by a C.M.F. Given g, let E, ={x|g(x) =}
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for each A = 0. Since X is non-atomic, there exists a C.M.F. on E,,
A .
(B9)0<e<u(z)\)‘ (Of course E, will have zero measure anyway for

“most” values of A, and u(E,) could be infinite). For each ¢ € (0, u(X)),
let

_ " g
A, ={xlglx)>g*}Vu B e

This is well defined since, by Lemma 1,0 < ¢ — g,(g*(?)) < y(Eg*(,)).
To verify that (A,) is a C.M.F. first note that

B(A,) = g.(g*() + (1 — g (g*(1)) = ¢.
For the inclusion property, take ¢ <s. Either g*(¢) = g*(s) or
g*(t) > g*(s). In the former case A, C A,, since Bi\—g*(}\) C B> £,
(where A = g*(¢#) = g*(s)), and in the latter case again A, C A_, since

A, C{x | glx) = g*(#)} C{x | glx) > g*(s)} C A,.

It is obvious from the definition of (A,) that it carries g.

We next consider an alternative definition of the non-increasing
rearrangement (cf. [8]). Let g(x) be any measurable function on an
arbitrary measure space (X, Z , u). Define two non-increasing functions
gR(t) and g¥(¢) on (0, ).

gRt) = inf (ess sup Ig(x)l) for t < uX)
EEZ, u(E)<t \xEX\E

=0 for t =2 u(X)

gt = sup (ess inf Ig(x)l) for t < u(X)
EEX, w(E)>1 xE€EE

=0 for t > uX).

o \ ! )
LEmMMA 2 Let (A,)o<t<“(x) carry the positive measurable func

tion g for which g (t) < o, g*(t) <o forall t > 0. Then
gR(t) = ess sup{g(x)| x EX\A,}
and gL(t) = ess inf {g(x) | x € A,}.

Proof. — Let E be any measurable set with u(E) < :.
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Then ess sup g(x) = max [ess sup g(x) , ess sup g(x)]
X\E X\E\A, A\E

and ess sup g(x) = max [ess sup g(x) , ess sup g(x)].
X\A, X\E\A, E\A,

Since (A,) carries g, if u(A,\E) and u(E,\A) are positive,

ess sup g(x) < ess sup g(x) < ess inf g(x) < ess sup g(x).
E\A, X\A,; A, A,\E

If u(A,\E) =0, A, = E a.e. since u(E) <t = u(A,). If u(E\A,) = 0,

then A; D E a.e. In all three cases we can deduce that

ess sup g(x) < ess sup g(x)
X\A, X\E

and therefore gR(t) = ess \sup g(x). The proof that gL(t) = ess inf g(x) is
X\A, A,
the exact dual of the above.

LEmMMA 3. — a) gR(t) is right continuous and g"(t) is left con-
tinuous.

b) Letting m denote Lebesgue measure on (0, ),
m({t]g"(t) > o) = g, (@) = m{t18"(1) > a})
for each o > Q.
c) gh(t) =g*(t)  forallt,

and gt (1) = g*(t) for almost all t.

Proof. — The definitions of g®(¢) and g(¢) and all the statements
of Lemma 3 are valid for an arbitrary measurable function g, on an
arbitrary measure space (see [3]), but for conciseness we shall give
the proof only for the case where the function g is carried by a
CMF. (A) This case is sufficient for all our subsequent

applications.

o<t<u(X)’

a) Since gR(¢) is non increasing,

lim gRt + 1/n)

n—o

sup g} (¢t + 1/n)
n=1

sg;: (ess sup{g(x)|x € X\A1/n D)
nz
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lim gR¢ + 1/n)

n+»oo

ess sup ] g(x)| x € Gl (XN\A,y/0)
n=

ess sup{g(x) | x € X\A}
=g"®)

and gR(¢) is consequently right continuous. The left continuity of
gl(t) is proved in a similar manner :

inf gt — 1/m) = ess inf { g0x) Ix€ O A, | = g'w.
n=1

n=1
b) For each ¢ < u(X)

g = inf (ess sup lg(x)l).
EEE,u(E)<r \ xeX\E _

But this infimum is actually attained (by the set E = A,). Conse-
quently

m{t1gR() > a}) = inf{t|gR(¢) < &}

=inf] wW(E) |[EE X, ess sup |g(x)]| < af.
xEX\E

Every measurable set E satisfying ess sup |g(x)| < o must contain
xEX\E

almost all of the set E, ={x||g()| > a}, and E_ itself satisfies
this same inequality. Therefore

m{t|ght) > a}) = u(E,) = g,(a).
The argument for g¥ is slightly different :
m({t|g4(t) > a})

sup{t | g“(t) > o}

sup } u(E) | ess Ii‘:nflg(x)l >al.
xe

Almost all of any set E satisfying ess inf | g(x)| > a must be contained
x€EE

inE,, and essinf |g(x)|> afor each n. Consequently
*€Eq+1/n

m{t|gh) > a)) = gx(a)
for each o > 0.
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c) It is well known, and not hard to verify, t .at g*(¢) is “unique”
in the sense that any function 4 (¢#) which is decreasing, right continuous
and satisfies m ({ | A(t) > o}) = g (o) for all @ > 0 must equal g*(?).
Thus we have shown that gR(¢) = g*(¢), and furthermore gL(¢) = g*(¢)
except on the necessarily countable (or even empty) set of points
(z‘,,)‘:'= . where g(¢) has jump discontinuities, because the function

f(0) = g4y, for r&@,)_

lim gk¢s), for t =1,

sit,

is also right continuous with distribution function equal to g,.

Remark 1. — If (A,) is a C.M.F. carrying the function

o<t<u(X)
|f] where f€ L(p, ), then f**(t) = 7! j:\ |fi du, for if E is any

t
set of measure ¢,

Jo rrdu= [ rtdu s 1S dk,

and [ dw =ﬁmt|f| du +fmt |f] dp.

The sets A,\E and E\A, both have measure ¢t — u(A, N E). On the
former, |f(x)| = f*(t) a.e. whereas on the latter |f(x)| < f*(t) a.e.

> .
Thusj; | fdu “?ggtj; |fldu

t

Remark 2. — From Remark 1, and the readily verified formula,

f**() = ! ﬁtf*(s) ds, it follows that fA | fl du = \/O‘tf*(s) ds.
t

In fact, by similar arguments, j; Af) du = ﬁ’ (f*(s))" ds for any
't

exponent r > 0.

3. The decomposition L(p ,>)* = L(p’',1)@S, ®S_.

LEMMA 1. — Given any | € L(p, )*, there exists a set E of
o-finite measure, supporting 1, that is, I(xgf) = I(f) forall fE€ L(p , o°).
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Proof. — We consider real vector spaces, the extension to the
complex case being obvious. Since f(x) < g(x) a.e. implies

I,y < gl pip ey

we can show in the usual way that / = I* — [~, where /™ and I~
are positive continuous functionals (see e.g. [2]). Thus it suffices
to prove the lemma for / positive.

Given € > 0 there exists a positive function f, in L(p , o) with
t1p fi*(s) < 1, such that I(f;) = 11 (1 — €). The set

E, ={x|fi(x) # 0}
is o-finite. Let g be any function which vanishes on E, with
llgllL(p’m) = 1.
Then for each t > 0 :

(fi+o** 0= _sp ' [ |f +gldu
AEZ, u(A)=t A

= oo it L le1du]

AEZ,u(A)=t

< sup ' [afFR(a) + (1 — o) ¥ — o))
n<a<t

< sup ' [altVP 4+ (t — a)tMP) = 2Pt tp,
o<a<t

So Ify + gl (pw < 2.

If g is positive, | I(f; + &)l = I(f,) + 1(g) < 2'7 |1l

So [ <2'P NIl —=1I1(f)y< @Y —1+e¢),
and I I = su [( N IF L,
! (xx\El ) o#feLFp.“) : XX\, DI .

< @Y — 1 + ).

We repeat the same argument, choosing a function f, supported on
X\E, with If, IIL(p’w)< 1 such that [I(f,)] > ||I(>(x\El (1 —e).
Let E, be the support of f,. It follows that

g 6, IS QP =1+ )2 I
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By further repetitions of the argument we can construct a sequence
of o-finite sets (E,);, -, such that

Mg, . \E,_g, M < QWP =1+ ey I

n

If the initial choice of € was such that e <2 — 2P then E= U E
n=1

is a o-finite set supporting /.

LEMMA 2. — If g is a measurable function, such that for every
simple function f,

fx g du | <K Aflyg 0 (%)

where K is a constant independent of f, then g € L(p', 1) where
1/p + 1/p =1.

Proof — It is evident that | f f(Re(g))du| <K IfI L(p, for all
real valued simple functions f, and a similar inequality holds with
Im(g). Therefore it suffices to consider real valued functions g and f.

In the case X = (0, «©) with Lebesgue measure, if g is a positive
decreasing function we have only to choose a sequence ( f,) of simple
functions such that f,(f) t¢7'/° = tP~! ae. and we have imme-

diately that /; t~YP gx(t) dt < K, as required. This argument adapts
to give a proof in general, with the technical help of a C.M.F. carrying

|g(x)|. But before the existence of such a C.M.F. can be assumed,
we must verify that g*(¢) <o and g,(¢) <oo, for all > 0.

For each set E with u(E) = ¢,

fF lgl du =fsgn(g) Xe & dp <K lsgn(@) xgl (, = by (*)

<K P,

From this it follows that # /" g**(t) < K for all t, and so g € L(p’ , =)
and, in particular, g*(¢) and g,(¢) are finite for all positive ¢.

Now let (A,) be a C.M.F. carrying |g]|, and let

o<t<u(X)

s(x) = Z 2“k/P xAzk-f-[\Azk (x)-

k=—o0
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Then s*(t) = 2 27k X [2k 2k+1) @

k=—o0
and satisfies the inequality ¢ ~1/7 < s*(¢) < 2!/ ¢ '/ for all positive ¢.
One can quickly see that (A,) carries both s(x) and s(x) | g(x)|.

sY(t) gi(t) = ess inf s(x) - ess inf | g(x)] < ess inf s(x) |g(x)| = (sg) ().
xEAt xEAt :cEAr

For each positive integer N, let
sn(x) =

27k x ).

Ill [\4 =

2k +1\A

k N

gl p 1y < C/(;mt‘/"' g*(t) dt/t = C /o'mt“/" g*(t) dt
<C fo 5% (1) g*(1) dt < C fo “(se)* () dt
=C [, 50) 180l dux) = lim C [ sy00) 1g()] duCo)

< CK lim sup lsgn(g). syl (p, by (*)
N~oo ’
< oo,

Thus g€ L(p', 1) and the lemma is proved.

THEOREM. — Let Ny and N,, be seminorms on L(p , «°) defined by :
No(f) = lim sup /P f**(¢)
-0

.N“,(f) = lim sup 1P f**(r).

t—>oo

Let S, be the subspace of L(p,*)* of functionals | satisfying
(I < C Ny(f) for some constant C, and analogously let S_ be
the subspace of functionals ‘“‘subordinate” to N_(-). Then

L(p,»)* =L(p' ,1)e S, ®S,.

Proof. — Given !l € L(p , «)*, let E be a o-finite set supporting /.
Define the set function »(F) for all sets F € X, by

w(F) = I(X[:) = I(XEn p)-

One can readily verify that v is g-additive and absolutely continuous
with respect to the o-finite measure ug.
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(ug(F) = p(ENF)).
Thus v has a locally integrable Radon-Nikodym derivative g, which
vanishes off E, and for all simple functions f, {(f) = f f g du
X

By Lemma 2 g €L(p', 1). Furthermore, in view of the gene-
ralized Holder inequality | f fg dul < IfI% ... llgl*  of whicha proof

is given in [6], the functional lg, lg(f) = j;( fg du, belongs to L(p , >©)*

In fact each / € L(p, >)* uniquely defines such an /.. Let [ be the
“singular” part of I, I, = I — I,. We have shown that

Lp,=)*=Lp',1es,

where S is the space of ‘“singular” functionals on L(p , %), which
vanish on the closure in L(p , o) of the simple functions. In particular,
singular functionals vanish on all functions which are bounded and
supported on sets of finite measure. To show that S = S, @ S_, write
any [, €S in the form [y = I, + 1, where [o(f) = Li(f X{x| 1)1 > a} )
and 1.(f) =I; (fX{x|1rex)1<e}) fOr some number a > 0. To show
that the definitions of /, and /_ are independent of the choice of a,
and that /; and /_ are linear, one has only to observe that the following
four functions are bounded and supported on sets of finite measure,
and thus annihilated by [ :

I X{xtiren>a) —F X{xi 170158} >
FXxniren<d —F Xxiireoi<gts
(f+8 X{x 1 1£(Ge) +g(x)1 > a} _fx{xl rer>al— & X{x11gtx)I>a}>

(f + 8 X{xi1rcp+ei<a} —F X{x1 7m0 <a) ™ & Xfx 1 1g(x)1 < ops

for all f, g€ L(p, ) and all positive numbers o, . From this it
also follows that :

IL(f) = 0}1_{11“ LS X{xt 176001 > o)
and I.(H)= :l-{r:) L(f X{x1 1 7)1 <a}) -

Consequently I, €S, since I,(f) < I/l sup t'P f*%(t) for every
0<t<e

€ > 0. To see that I_€S_, note that I_(f)=1_(f,) for all «a >0
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where fa(x) =fx) if |fx)<a«
=a if |fX))>a«a

and sup P £E¥0) < sup PR
t>0 t2f. (@)

Either f, (&) = > as a > 0, or f,(0) < e which means that [(f,) = 0
for all & > 0. This completes the proof of the theorem.

Remark 1. — From the above it is clear that /€S, annihilates
all bounded functions and that each /€ S_ annihilates all functions

which vanish on the complement of a set of finite measure. Of course
if p(X) <eo, S_ ={0}.

Remark 2. — The results of this section remain true if X has
atoms.

4. Representation of the singular functionals.

Let the measurable subsets of X be partitioned into equivalence
classes by the relation A ~ B iff u(A A B) = 0. Henceforth we will
use latin’ capitals, A, B, C... to denote such equivalence classes as
well as sets, and u(A) to denote the u measure of any and every
set in the class A. We shall not always be very pedantic in distinguishing
between a set and its equivalence class, but nor is there need to be
for our purposes.

DEFINITIONS . —

i) Let Z be the metric space of ‘sets”, (that is, equivalence
classes of sets) A, for which 0 < u(A) < oo, equipped with the metric
d(A,B) = u(A AB).

ii) Let ® be the unit ball of L™(X, 2, u), and let &, be the
subset of functions ¢ € ®, for which |¢(x)| = 1 p-almost everywhere.

iii) Let Q =Z,x ®. Q is a metric space with the metric,
d((A,9),(B,¥)=p(AAB) + llp — ¢l «.

iv) Let C(S2) be the Banach space of all bounded continuous
complex valued (or real valued) functions on S equipped with the
supremum norm.
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Each f€ L(p, ) defines a function in C(£2), which we may
also write unambigously as f. For each (A, ¢) €,

F(A, ¢) = (u(A))lr! fA fo du.

The linear map of L(p, <) into C(£2) given by f(x) = f(A, ¢), is
readily seen to be an isometry onto a closed subspace of C(£2) :

sup If(A, $)|= sup (u(ADP* [ |fldu = sup 1'e frx(z).
Q CH >0

Since a metric space is completely regular, the Stone-Cech compac-
tification S of £ exists, and C(f2) is isometric to C(3£2). From here
on the notation (A, ¢) will be used in an extended sense to denote
points of 3£2. We can now remark that each continuous linear func-
tional / on L(p, ) may be represented, via a (non-unique) Hahn
Banach extension, as a bounded regular Borel measure A on (.

1(f) =fm f(A, ) d\(A, $).

This representation as it stands is very unwieldy as compared
to the straightforward and canonical representation obtained for at
least the L(p', 1) part of L(p, cc)*. Nevertheless it is the starting
point for a characterisation of Sy and S_. Given any / in S, or S_,
we shall see that the corresponding measure A on §2 can be taken
to be concentrated on a very much simpler subset of £2, specifically
the closure, with respect to a suitable topology, of the ‘“curve”
{(A,,9)10<t<uX), where ¢ is a fixed element of &, and
(A,)o<t<“(x) is a C.M.F. Each element / in S, or S_ can thus be

represented in the form :
1(f) = f, f(A,, ¢)dv(r) (1)

where v is a finitely additive bounded set function on the Borel
subsets of the open interval I = (0, u(X)), such that for all g € L™(I)

f g(t) dv(t) < const. lim esssup |g(?)| (2)
1 n—e t€(0, 1/n)

if I€S,, and alternatively
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» f g(t) dv(t) < const. lim ess su? g (1)l 3)
1

n—~ te(n,>
if1€S_.

We shall say “v concentrates at zero’” to indicate that a finitely
additive set function v satisfies (2), and similarly (3) will be indicated
by saying “v concentrates at infinity”. Such “concentrating” set
functions must exist of course, as elements of L*(I)* dominated
by the semi-norms on the right hand sides of (2) and (3).

It is obvious that an / of form (1) is in S, or S_. A much
longer argument will be needed to show that each element of S,
and of S_ can be thus represented. We shall show first (Theorem 1)
that the representation is valid for the functionals in a norm dense

subset of S, and of S_. Thus every singular functional / is the limit
of a sequence (/,)5-,

LD = [ £, 80) dvy).

We then show that the three sequences (v,), (A, ,) and (¢,) have

subsequences which converge to limits v, (A,) and ¢ in a sufficiently
strong manner to imply that

1) = [ 1A, $)av.

This is done in three stages ; Theorem 2 (convergence of (v,)),
Theorem 3 (convergence of (A,,’t)) and Theorem 4 (convergence of
(¢,,)). It will be seen that v can always be taken to be a positive
set function with »(I) = 71l

THEOREM 1. — Let IE€S,, a =0 or oo, such that for some
FEL(p, ), I(f)=l1l lfl L(p,>) -

Then there exists a positive finitely additive set function vE€L"(1)*
which concentrates at o, with vl = v(1) = 11, such that

1(g) =f1 g(F,,9)dv(t) forall gEL(p,),

where (F,),cy is a CMF. carrying |f| and ¢(x) = sgn(j%?))edl
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Proof. — Let us first deal with the case a« = 0. Let / be a
functional in S, such that for some fin L(p , «), I(f) = W Ifl ., o).
It is convenient to suppose that IZll=lfl ., o= 1. As shown
above, we may write

Ko = [ ga,9)dNA, ¢) forall gEL(P,=)

where A is a regular Borel measure on 2 with total variation 1.
Since I(f) = 1, it follows that any Borel subset of §§2 disjoint from

{(A,9)|1f(A, ¢)| = 1} must have zero A-measure.

Let (F,),c; be a C.M.F. carrying the positive function |f(x)|.
Then the function f,, = f. Xy 1jn differs from f by a bounded function,
and so I(f,) = 1 for all n. Thus any Borel subset of B2 disjoint from

A= N {(A, ®)11f,(A, )| = 1} has zero A\-measure.
n=1

Since £ is dense in €2, ‘each “point” (B, ¢) in A is the limit
in B2 of a net (By, np?),,EF of elements (By,w,,) in £2. Clearly
lim |f, (B,, x[/“,)l = 1 for each integer n. We now show furthermore
Y&l

that lim M(By) = 0.

yE€I

11uBy s Ul S @B [ 1S, 1 dp < @B [ 1]l du

Y Fi/n
< (/-‘(B,y)/#(Fl/n))I/p_l "f”]_,(p,oo)z (nl-‘(B,y))l/p_l “f" L(p,>)"

So 1= lim inf 1, (B , Yl < 1y e Tim sup u(B,))! 1P

for all n. This is a contradiction if lim sup #(B,,) > 0. Henceforth
yer

we shall find it convenient to use the notation |y| = M(B.,) for each
yET.

By definition of the net (B, , w“r)»,er’

gB,y) = lim gB,,y,) forall gEL(p, ).
YED

We now wish to deduce that :

g(B, V) = lim g(F,,¢) forall g€L(p,=), (4
yED
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where each F, is a member of the CM.F. (F),¢; with
0 <uF,)) <wu@®B,),

and ¢ €® is the function ¢(x) = f(B, ¢) sgn (]Tx)). But before
verifying (4), let us show how. it enables the proof of the theorem
to be completed for the case o = 0.

For all g€ L(p , ),
[4(g)l < (var N) sup{lg(B, ¥)I | (B, ¥)EA}

< lim sup lg(F, , sgn(f(x)))l

by (4) and the fact that ’lylen% u(.B,,) = 0 for each net (B,y s ‘py)yer in

£2 tending to a point (B, ) in A. I(g) is thus completely determined
by the function g on (0, u(X)), g(+) = g(F,, sgn (f(x))), and, via a
Hahn Banach extension, we have [/ in the form (1), where v is a
bounded finitely additive measure with total variation v(v,I) = 1.
Clearly v concentrates at zero.

We next show that v is positive. For every Borel subset E of I,
denote by v(v, E), the total variation of » on E (as in [5] Chapter III).

Let f(¢) = f(F,, sgn (f(x)) = P! /; |fldu, for all t €1

t

Then 1=I()= f 7 dv(t)
I

= Re [ [ 7o dv(t)] +Re [ fm-: 70) dv(t)]

<|v(E)| cosf + (1 —v(v,E))
where v(E) = |v(E)| e®
<1+ |vE) (cos§ — 1)

so 6 must be zero, and v(E) = 0 for each E.

It remains to prove (4). This will be done in four steps.

Step 1: lim (u(F,,,, A B,y)/l'yl) = 0.
y&Er :
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Proof. — Since #(Fm) = |yl = u(B7), we have that
/J(B7 n F;7|) =yl — #(B7\F|7|) = |yl — #(F|7|\B7)

1
and so, M(B.,\Fm) = /.t(F,,yl\B,,) = E “(Flvl A B,y).

Let us denote €(y) = u(By\Fm). Recalling Remark 1 of Section 2,
and the fact that (F,) carries | f], we note that‘/l‘3 1 fldu < /1; | ] du.
Y Tyl

Therefore

Jy 1 d#<%(f37 U+ [ 171 dw)

1
T2 (‘/l;vr‘Fm 71 i +j';7UFI7

1

<_2_ "f"L(p,oo) [(M(B,y N F,.ﬂ Ni-tp 4 (IJ(B7 (U] FI7I ) 1-tip)

|1 du)

\S]

= % [yl — e+ (Iy] + e(y)!~HP].
Consequently,
[yl ”"“‘/l;7 |f1 du <% [(1— e/ + (1 + e/ 1v]) '7P).
For s €[0, 1], let w(s) be the function,
w(s) = % [(1 —s)-Vp 4+ (14 5)1-1p),

Then lim inf w(e(y)/|y|) = lim inf | y|'/P~! f | fl du
y&T y&ET B.y

> 1 l/p_l = = 1.

lim || |f81 £y du| = 118, 9l

But the function w(s) is strictly decreasing for s € (0, 1) and w(0) = 1.

Therefore lim €(y)/|y] =0 and step 1 is proved. The above chain
yET

of inequalities also implies that :

fim |y[te=t [ |fldu= 1. (5)

YET Flyl
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Step 2. —‘}lgll‘ g(B7 , "bv) = }Ilg g(FM R |/J7) for all g € L(p,)

Proof. — |g(B, , ¥,) — g(F,, ¥,

<yt [ lg ¥, | du < [u(B, A F) /111" ligly , .

ByAFy

Therefore, using step 1, lirrIl‘Ig(By s l]l,y) ~g(F|,y| , ‘pv)l = 0.
yE

Step 3. — For each y €T there exists a positive number n(y) < |vl,
such that

i) lim g (Fyy , 4) = lim g(Foq) » ¥,)
i) lim sup (n(¥))'” fH(n(x)) > (1 = 1/p)/2.
04

Proof. — In view of (5) there exists v, €I', such that vy = 1v,,

1
implies that [y|*P~! [ |fldu>—.
Let n(y) = sup {s|0 <s <|yl, s fl(s) = (1 — 1/p)/2} for each
Y 2 79,. The set over which the supremum is taken is non-empty and
the supremum is positive, for if not, s7 fl(s) < (1 — 1/p)/2 for
s€(0,|yl] and by Remark 2.2,

byl
Iyt [ 1 fldp = Iyt [ s ds <
0

Flyl

1

2 b

which is a contradiction. By the left continuity of fL(s),
M) fYm(y) = (1 — 1/p)2  forall y=>1,,

and part ii) of step 3 is proved.
For each vy =2 v,,

() Iyl
et oAl = ty1 et ([T s+ [T o) )
Y

n(y)

Iyl
< [ | VP2 du+ (1—1/p))2 | slrgq
<ttt ([ it a =) [ s )

< |y () P+ (v 1P — () TP /2]

=[1 + qMW/IyD-P)2< 1.
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In view of (5), it follows that
lim (m()/lv]) = 1. (6)
YT

Now to show part i), let g € L(p, o).

|g(F|7| s lll,y) _g(Fn(y) s \b,y)l

= | |7I"”“f

gy, du — (n(y))!/p-! J gy, du

Flyl Fn(w
< | 1Mt — eyt | [ gldu +
‘Fl'yl
+ @t [ gldu
Fiyi\Fa(y)

< (Dt — 1) lighypm +
+ (NP1 (| y| — n(y) P gl L(p,=)
= "g"L(p,m) (@MY DYP=t — 1 + (Iyl/n(y) —D—P),

By (6) this has generalized limit zero with respect to the directed
set I', and so part i) is proved. ‘

Step 4. — lim g(Fo , ¥,) = lim g(Fy,) , ¢) for all g € L(p, )
where ¢(x) = f(B, ¥) sgn(f(x)).

Proof. — On the set Foms for each vy = v,, f is non-zero and
therefore |¢| = 1. For any number r > 1 let

H) = (o) et fHaen) fy 16 41" d

H('y) < 2r—l(n(,y))l/l’—l j}; lf| |¢ — \b,yl du, since "¢ - l[l,y "Loo <2,
n(7)

<27 @) [ 1A= vyl du

n(y)

< 21 (n(y)) Pt /; |f1 11 — Re(y, ¢)| du

M [67]

Haimentet f
ny

|f1 Im(y, )| dp

=h,(v) + h,(7).
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We shall show that both these terms have generalized limit zero with
respect to I

|1 = Re(¥,9)l = 1 — Re(y, )
and |1 Re(Y,¢) = Re(f(B, ¥) fY,) on F,,.
In view of steps 1, 2, 3,

: 1/p—1 -
PLNCCPRY [ Adu=1B, ).

"n(y)

So lim ()"t [, Re(FBL ) fUy) du= 1.

n(y)

Also, by much the same argument as in the proof of equation (5),
lim ()Pt [ Al du = 1,
YET “Inly)

and consequently lim 4, (y) = 0. But further, since
yEr

Re(f(B, ¥) fY,) < |Re(f(B, V) FY ) <Ifl,

. Ip— o .1 ) —
lim ()P [ IRe(FTB, 9) fu,)l du = 1.

n()

For the second term,
M, B = ¥, 81> — [Re(y,®)I* < 2(1 — [Re(¥, $)]) .
()t 111 m(y, @) du

n(y)

1/2

<@montet (fi uran)” ([ 11 imey, 9 dw)

< [2(17(7))‘/”*‘ /.

n(y.

_ 1/2
) [f1 (1 — IRe(y, ) du]

which has generalized limit zero. Therefore lim H(y) = 0. For each
yeT

Y 2 7v,, and each gE L(p, =)
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|g(Fn(7) > \P,y) - g(Fn(,y) > 9l

<l [ gl 1o = vyl du

n(y
, 1/r' 1/r
gl dn] [ 16— .1 dﬂ]
‘/]:n(w) K

<t [ f
ny.
, 1/r'
(g%s)) dS] H) n()/ ()P fLm(y)] V"

n(7)

< [n(m]/P! [f

V]

< [n(y)]e-1 [/;nm(const.)s_"/” ds]l/r [2H(M)/(1 — 1/p)]

using ii) of step 3. If we choose r so that r' < p, then the above
expression has generalized limit zero, and we have proved step 4,
demonstrated the validity of equation (4), and thus completed the
proof of the theorem for a = 0.

For a = oo the proof is almost the same. Steps 1 to 4 are valid

irrespective of whether lim |y|= 0 or not, so all that is needed
y&ET
is to show that in this case lim n(y) = o°. Since /IE€S_, I(f,) = 1
y&T

for each n, where f,, = f- XX\F,,"

faEpp s 0L < Iy 170 1] d

Iy I\ Fy

< (max [|y| — n, 0)/|y)'~1P

By step 2, lim inf If,,(F|7I s t[/,,)l =1,
yer
and so lim || = oo - Furthermore lim n(y) = o
YET yET
also, since lim (m(y)/ly) = 1.
yer

Remark 1. — In proving the theorems which follow, it will be
convenient to assume that the function ¢ appearing in the conclusion
of Theorem 1 is in ®,, that is, |¢p(x)| = 1 for almost all x € X. To
justify such an assumption we have only to redefine ¢ on the set E

where f(x) = 0, and to check that the functional I(g) = j; g(F,, ¢) dv
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is unchanged by this redefinition. Certainly / is unchanged by any
alterations to ¢ on the set X\ UI F,. If u(ENF,)>0 for any ¢
te

then f vanishes almost everywhere on X\F, This can only happen
if /€S,, and in this case we can change f on the set

lhifel < o[ YE]

without changing the hypotheses or conclusions of Theorem 1. Thus

we can arrange that f(x) # 0 forallx€ U F,
tel

THFOREM 2. — Let 1€S,, a = 0 or o Then l is the strong limit
of a sequence of functionals I, € S,

L= [ F(An, s 8, av

where v is a positive finitely additive set function on the Borel
subsets of 1 such that v(I) = ||l|| and v concentrates at o, and where
for each n, (A, ), is a CM.F. and ¢, €.

Proof. — Bishop and Phelps [1] proved that the continuous linear
functionals which attain their norms on the unit ball of a Banach
space, are a norm dense subset of the dual _space. Consequently, from
Theorem 1 and Remark 1, [ = strong lim [,, where

n-—»>oo

L= [ A, 0,
where each v, is a positive iinitely additive set function which concen-
trates at o, with v, (I) = ||/,]l, and where ¢, € ®,.

For each n there exists a function f, in the unit ball of L(p , ©°)
for which l L(f) = Hl Il. We may of course assume that Ill =1l
for all n, and let us again take ||/|| = 1 for convenience.

In order to prove the theorem, it will be shown that the sequence
(»,) tends to a limit » in a sufficiently strong topology.

For any g€ L(p, ) and any CM.F. (A)),¢; ,

g(A) = gA,, 1) = Pt j;t g(x) du(x)

is a bounded continuous function on 1.



THE DUAL OF WEAK L' 105

Let C(p, ) denote the space of all such bounded continuous
functions on I obtained as g ranges over all of L(p , %), and (A,),,
ranges over all CM.F.s. C(p, o) will be normed by :

I fllecp, =y = inf{ligllyep,-) | 8(A) = f(2)
for all t€1I and some C.M.F. (A))}.

LiMMA 2A. — Let f(t) €C(p , ), and let (A,),c; be an arbitrary
CM.F. Then for any positive €, there exists a function g € L(p , *)

such that sup 18(A) — fF(DI < € and 11 glly(p,0) < 1 fllc(p, -

Proof. — Take any function # € L(p , ) and C.M.F. (B,),¢; such
that .
— 1/p—-1
f=t jB'h dp.

Let (t(n)),-_.. be an increasing sequence of points in I and let

gx) = Y [(t(n + 1) —t(n)! jl;( e hdy]
n=-—oo t(n+1 t(n
XAt(nH)\At(n) x).

For any measurable set E,
L 18l du< Y BENAGoNA)

(tn + 1) — t(n))! |h| du

Bt(n+1)\Bt(n)

oo

<Y HENA GG KECY [ Ihldu

— oo n
where C, C B,,11)\By,, is the set of measure u(E N A, )\A,,)

in a C.M.F. carrying |4l XBy (s 1)\Brny * Then C = gl C, has the

n

same measure as E, and f lgl du < f || du. Consequently
E C

Il ey < NAlL(p.eey -
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Also by construction, 8(Amy) = f(t(n)) for all n. f(¢) is uni-
formly continuous on all closed subintervals of I and t“‘”’g(A,) is
the linear interpolation of its values at the points #(n). Thus it is
clear that by choosing a sufficiently “dense’ sequence (#(n)), one
can satisfy tsglp lg(A) — f(®)] < e, and the lemma is proved.

(We remark that C(p, ) is closed under pointwise multipli-
cation of functions, and that the C(p , °°) norm topology is strictly
finer than the supremum norm topology).

Let M(p,) be the dual space of C(p, ). Each element p
of L*(I)*, when restricted to C(p , ), defines an element of M(p , ),
with llpllyp, =) < v(p, D, since || fll =gy < | flic(p, =) for all FEC(p , o).
In particular each v, is in M(p , ©).

Y\Vle recall that there exists a function f,, in the unit ball of L(p , «)
with ,(f,) = 1. In other words g,(¢) = f,(A,, , , ¢,) is in the unit ball

of C(p, =), and [ g,dv, = 1.1t follows that 9, llyp,<y = 2D = 1.

It will be shown that (v,) is a Cauchy sequence in the M(p , =)
norm and consequently it has a strong limit in M(p , *). This limit
can also be thought of as a finitely additive set function, since the
sequence (v,) must have a weak star convergent subsequence in L™(I)*,
with limit » and the restriction of v to C(p, ©©) must be the limit of
the sequence (v,) in M(p, ). It is clear that » must be a positive
set function with »(I) = Iy, -~ = 1. v concentrates at a since each
v, concentrates at o.

Before passing to the proof that (v,) is Cauchy in M(p, =)
norm, we remark that if [, (f) = ‘/; f(A,,,,,q),,)dv for each f in

L(p, ), where » = lim »,, then

n-—>oo

1,0 = T < WA 8llcip,m 1P = Pl o)
< ”f“]_,(p’on) “V - Vn“M(p,“)'

Thus (7,) and (l:) must both converge strongly to the same limit /
and Theorem 2 follows.

The following lemma immediately implies that (»,) is a Cauchy
sequence. '
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LEMMA 2B. — Let 1, and 1, be two singular functionals of form (1)

L = [ 1A, e

L = [ 1B, ¥ dp

where v and p are positive finitely additive set functions with
v(D) =pM =1= LI =1ILI, and ¢ and Y are functions in ®,.
Let € = ||I; — L,|I, then |lv — pIIM(p,“) = 0(e), where 0(e) denotes any
function depending only on €, which tends to zero as € tends to zero.

Proof. — For each integer m, let

8n¥) = X Aa Xaguuipargn &)

n=—oo

where (A,)”. is a decreasing sequence, and (#(n))”. an increasing

sequence such that the step function s, on I,

S,,(1) = Z N X{t(n), t(nr1y) ()

satisfies supls,,(t) — (1 — 1/p) t~1P| < 1/m. Then the sequence (g,,(x))
rel

converges uniformly u almost everywhere to a limit g(x) which is
carried by (A,) with g*(t) = (1 — 1/p) 1P and g(A,) =1 for all ¢
So lIglly(p,= = 1, and

[earar = fgmayde=1.
e > |1,(gp) -—12<g$)|>1—|f g(B,,wE)dp|>1— [ &®) do.
I 1

Sol —€< B,) dp.
6] € j; g( 1) P
Exactly as in step 1 of the proof of Theorem 1,

gB,) < wm(B\A/1)

1
where w(s) = 3 [(1 =P + (1 + 5)'-1P] for s€[0,1].
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Let P, ={t€l| u(B\A)/t > s}
Q, = I\P, ={¢t€1| u(B\A,))/t < s}

1—e< [ sB)do+ [ g(B,) dp < p(P,) w(s) + (1 — p(P,)
s Qg

since w(s) is a decreasing function.
Thus p(Py) < e(l —w(s)™

Since w'(0) = 0, and w''(s) is negative and bounded away from
zero on (0, 1), it follows that 1 — w(s) = Cs?> on [0, 1] where C

is a positive constant depending only on p. Putting s = €'/* we obtain
p(PEIM) < C 'y €. 7

We shall need a second estimate,

| r® 0) = 1@, Wy do| < 0@ Iflpmy  ®

for all f€L(p, ). This is shown by methods similar to steps 3
and 4 of Theorem 1. For some r > p’, let

HO=(0—1pe' [ 16— yl" du

A,NB,
=11t glny [ lg— yI” du
AtﬂB‘

< plp-t f gl — yl” du, since (A,) carries g,
A,NB

t t

< et 0 gle— yldu
t

< 2r-1 f1lp-1 f gIRe(1 — y@¢)| du

B,

+ 2ot [ glim(yg)l du

t

<271(g(B,) — (B, , Re(¥9))]

w2t (e [ ogan)” (0 [ elimy@P au)”
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H(r) < 2! Re(g(B,) — g(B,, ¥9))

+ 2r—l(t1/P~'l j; 2¢[1 — Re(¥¢)] dy)lﬂ (as in step 4
t of Theorem 1).

J Hordo <2t Re( [ £B) — 5B, , ¥ordp)

+ 27 ([ Re@®,) — B, , @ dp)"

by Schwarz’ inequality.
|f1 g(B,) — g(B, , V¢) dpl

< Iflg(B,)dp— 1|+ - f g(B,,wE)dp|

= | /@) —eanan| + | [eapa — [ om,. vial
<20@a) + [0 18(A) — 2Bl dp + 11,8 — L, (e8]

S 2C '\ e+ Qe UP + ¢ = ((e).
We have shown that
fl H(¢) dp = 0(e).

Then for any f€ L(p, =),

I/; f(B,, ) — f(B,, ¥) dpl

< -1 — wldu)dp + 0 Iflly,. -
erm (: fB 116 = Wldu) dp + 0() Ifll(p

< (L) (e vra)”

+ 0(e)ll fI L(p,=)

S Q 1/4 pr (fr, i d”)l/rl (TIE}E:T)I,'+ 2’te‘/4)”' dp

+ 06 1f1lL(p,
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where (F,) carries |f],
. yr' H() 1/r
- tl/r+l/p—l[ L)Y ds] 20 4 oreisa
Joun Jare it 2e)
+ 0(e) If I cp,m)
' t ' I/rl
< ||fl|:‘m[j; (t(I/r-H/p—l)r ‘/(;S—r /pds) dp]

H([) 1/r
+ 2r 1/4
[ I 1—1/p ¢ dp]

+ 0€) 111l (p.

1l

0(€) 1fl p, ey » since ¥ < p and I llp(p w
(p,>) (p,>)

and |- I} . are equivalent. Thus (8) is proved.

16 = Vlup,my = sup §| [ 1 ao = [ novao| 1wecp, ),

hllggpe < 1}

< sup lff(A,)dv = £ A do| 1FE LD, 1fl gy < 1
|

using Lemma 2 A. Now for each f€ L(p , ),

fl F(A) dv — fl F(A) dp|

<14,(/8) — L(fO)l + |flf(B,,wE) dp —flf(B,>dp|

| S r@) — rapd|.
The first term is dominated by ellfll (,, «). The second equals :
|fl (SO B, ¥)do = [ (f8) B, 9)dp| < 0O I lu(p.ey

from (8).
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For the third,

If; f(B,) — f(A) dpl <j(; e | f(B,) — f(A)ldp

+ e lf(B,) — f(A)ldp

LY

< (261’4)1_llp||fl|L(p,°°) +2c™! \/Ellf”l,(,,,m).

Therefore |lp — VIIM(p’“,) = 0(€¢) and the proof of Lemma 2B and thus
of Theorem 2, is complete.

THEOREM 3. — Every 1€S,, a =0 or o, is the strong limit of
a sequence of functionals (1,) in S,

1,,(f)=flf(A,,¢,,)dv forall fEL(p,),

where (A,)c; is a CM.F., v a positive finitely additive set function
with v(I) = IIVIIM(,,,,,) = |Il|| which concentrates at o, and (¢,) is a
sequence in P,.

Proof. — As before we normalise to have ||/|| = 1. By the preceding
theorem, / is the strong limit of a sequence (/,,) where

L= [ 1A, 8,)dv.

We shall construct a CM.F. (A,),c,, which is the “limit” of the
sequence {(A,,),c;},=; in the sense that

lim f; p(A, \A)/t dv = 0. 9)

n—oo

From this the theorem will follow readily, since
11, = (O < Wfllupe [; [BA,, A AP do,
as in step 2 of Theorem 1,

< Wflgpmr ([ 28 NANIE )"

and so lim (1, — 1|l = 0.
n"’°°
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LimMMA 3A. — Let 7,:, v and (A, ,) be as above, then

[ AL NA, Dy = O, =T,
I
for each pair of integers n and m.

Proof. — Fix an n and let g be the positive function with
ligll,(p=) =1 carried by (A, ,),c; such that g(A, ) =1 for all ¢
(as in the proof of Lemma 2B).

By the same reasoning as in the proof of Lemma 2B and in
step 1 of Theorem 1,
g(A,, ) < wA, \A,, /D

and g(A,,) —&(A,, ) =1 — wuA, \A, )/t = CA, \A,, )

2
So [ f A amotav | <€ flathn) A, ) v

<c! | S 80 — Ay 8,8,) dv

<c 'y —1.

n m

This proves the lemma.

In all that follows we will suppose that

€(n) = fl (A Ay ) do

oo

satisfies 2 €(n) < oo, It is clear from Lemma 3A, that this can
n=1 ~
always be guaranteed, by passing if necessary to a subsequence of (/,,).

Let us first consider the case /€ S,.

Roughly speaking, the idea for the construction of the ‘“limit”
C.M.F. (A,),¢; is to take a sequence of positive numbers (a(n)),_,
which tends monotonically to zero, and thus partitions the part of I
near zero into disjoint intervals (a(n + 1) , a(n)] n = 1, 2... Then
we could define A, = A, for t € (a(n + 1),a(n)] for each n. In
fact our definition will be almost this, but adjustments are necessary
to ensure that A, C A, whenever ¢ <s. A certain condition will have
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to be imposed on the sequence (a(n)),—, to permit these adjustments.
Subsequently we shall show that if the convergence of a(n) to zero
is sufficiently rapid, then the corresponding C.M.F. (A,),< satisfies (9).

Since v concentrates at 0, we can find, for each fixed n, a positive
sequence (a(k)),‘:’:1 tending to zero such that

B(A, 20 \A i1 a0 a(k) < 2 €(n)

for all k. Consequently, given any positive sequence (b(k)),-, tending
to zero we can find a strictly decreasing sequence (a(k));:=l with
0 < a(k) < b(k) for all k, such that :

B(A g agery\A g1 agers))/a(k + 1) < 2 €(k) for all k. (10)

All positive sequences which decrease strictly with limit zero, and
satisfy (10) will be termed admissible.

Let (a(k)):=l (we shall also use the notation a(-)) be an admissible
sequence. Fix k, and for each t € [a(k + 1), a(k)] define the set B, :

B, = [Ak,,\(Ak,a(k+1)\Ak+l,a(k+l)\ck,7)]
Y [ Arsssatme i\ Amacnen)]

where (C; )a+1)<r<ary 1S @ “rescaled CM.F.” on the set

A k,a(k+l)\Ak+1 ,a(k+1) >
that is :
) Craneny = 0, Ck,a(k) = Ak,a(k+1)\Ak+l,a(k+l)
ii) s <t implies C,; C Cy,

t—ak+1)

(k) — a(k + 1)) #(Ak,a(k+l)\Ak+l,a(k+1))

i) uC,,) =
for all ¢t € [a(k + 1), a(k)] .
Clearly for s,t in [a(k + 1), a(k)], s < t implies B; C B,.
Bay = Akawy Y [mgk (Am+1,a(m+1)\Am,a(m+1))]

and
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Byk+1y = [Ak,a(k+ l)\(Ak,a(k+l)\Ak+ l,a(k+l))]
U[ I (Am+l,a(m+l)\Am,a(m+l))]
mz=2k

= (Ag a1y N Axsr,a+1)) Y (Ak+l,a(k+l)\Ak,a(k+l))

U [ mgk (Am+1,a(m+1)\Am,a(m+l))]

= Artr,ameny Y [m>t)+1 (Am+l,a(m+l)\Am,a(m+l))] .

We can now extend the definition of B, to all 7, 0 < ¢ < a(l).
On each interval [a(k + 1) , a(k)] we use the same formula as above,
and k ranges over all the positive integers. When ¢ = a(m) is the common
end point of two adjacent intervals, [a(m + 1), a(m)] and

[a(m) ,a(m — 1)],

there are two “‘rival” definitions for B,, but these definitions coincide,
in view of the consistent expressions obtained above for B,, and

Ba(k+l)'

(B)o<r<aqry is almost a CM.F. on B,., We certainly have
B, € B, whenever s <¢ but u(B,) is not necessarily equal to
Instead we have only approximate equality as ¢ tends to zero. To
show this, observe that because of the admissibility of a(.),

t—2ak+1)ek)<uB,)str+2. Z e(m)a(m + 1)

m>k
for all t € [ak + 1), akk)].

Thus, as ¢ tends to zero (which corresponds to k& tending to

infinity), lim u(B,)/t = 1.
t—0

It is clear that u(B,) is a continuous non decreasing function of ¢
on [0, a(1)] (define B, = @) and so for each number ¢ € [0, u(Bam)]
there exists an s(¢) € [0, a(1)] such that u(By,)) = ¢ Let us then
define the CM.F. (A,),; by A, = By, for all # € [0, u(B,(,))] For
t> u(B,;)) we may define A, quite arbitrarily since we are working
with an [ €S,, and a v which concentrates at zero. Similarly we may
consider (B,) defined for all £ € L.
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We shall henceforth refer to (B,) as a quasi-C.M.F. generated
by a(-), and to (A,) as a CM.F. generated by a(-). In fact for our
purposes it is easier to work with the quasi C.M.F.. If we can show
that there exists an admissible sequence a(-) which generates a quasi-
C.M.F. (B,) for which (9) holds :

lim j w(A, \B)/t dv =0

n-—oo

then we can readily deduce that the corresponding C.M.F. (A,)
generated by a(-) also satisfies (9) by noting that

kA, \A,) < u(A, \B,) + u(BAA,) < u(A, \B,) + |u(B,) — 1|
and that f |u(B,) — t|/t dv = 0 since the integrand tends to zero
1

as t tends to zero, and v concentrates at zero.

Let 6 be a positive number less than u(X), let I, = (0, 8], and
let GBI, denote the Stone-Cech compactification of 1,. Clearly there
exists a Borel measure A supported on SI \I;, with total variation
v(N\, Bly) =v(v, ], such that

[ rav= [ Blf]dn
lo To '

for every continuous bounded function f on I;, where B[ f] is the
continuous extension of f to fI,.

For each pair of real numbers a, b, with 0 <a < b let

V,po(1) =0 for t=>b

b—t
= for a<t<b
b —a

=1 for 0<t<a

Let n be an arbitrary fixed integer, and let a(-) be an admissible
sequence generating the quasi-C.M.F. (B,).

#(A, \B)/t <1 forall ¢

and if t € [a(k + 1), a(k)] where k = n
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(A, \B)/t < p(A, \A, )t + u(A; \B,)/t
< #(An,r\Ak,t)/t + “(Ak,kﬂ\Ak+1,a(k+1)\ck,t)/t

< Y WAL \A )+ 2e)

= Y Vaims 1atmy(®) B, \A iy E+ 2 €(k).

Thus for all t € (0, a(n)]

W(A, B/t < £,(t; a()

where

£,(¢ ;a(-)) = min [1, Y Vst aomy KA Ny D+ G(t)] ,

m22n

0(¢) being a continuous function on I, which tends to zero as ¢ tends
to zero, such that

0(t)= 2e(k) on [ak + 1), atk)] foreach k=1, 2...

For each admissible sequence a(-) and each integer n, f,(¢;a(-)) is
continuous and bounded on I;, and so B[ f,(¢;a(-))] is defined as
a continuous bounded function on fI,.

We now regard the set D of admissible sequences a(-) as a directed
set with the partial ordering a(-) = b(-) iff a(k) < b(k) for all k.

LEMMA 3B. — Let n be an arbitrary fixed integer, then

JJim £, 5a()] < 2 BIMA,\A,. /1]

m=n

pointwise on BI \1,.

Proof. — Let x be a point of BI\I,. Then x is the limit of a
net (¢,),ecr of points in I, in the sense that §[f](x) = lim f(z,)
yEr

for every bounded continuous function f on I,

First note that lin;nﬂ t, = 0 in the topology of [0, 8] for if not
yeE

a subnet of (t'y)'yEI‘ would converge to a point in (0, 6] which cannot
be x.
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Choose an arbitrary € > 0. For each integer m, there exists a
Y., €T such that for all y > 1,,

HOA Ay oty < BIB(A 1y \A g 1] () + €27,

For all m > n define v,, = sup 7, .
n<r<m

Define the subnet I', of I' to consist of the sequence 7,, ¥,+;»
Yp+a» - - - together with all elements y €T" for which y = v, for all
m=mn, n+1,... Now construct an admissible sequence b(-) with

0<b(m)< min L, for each m = n. Then for each y €T,
n<r<m-—1 r

fn(tv Q)RS Z Vb(m+l),b(m) (ty) ”(Am,t,y\Amd-l,t,y)/t'y—'_ G(ty)

m2=2n

< 2 BIHALN\A /1] () + € +6(2,).

mz=n

Passing to the limit with respect to the net I',,

BLAE BN () < Y, BIHA R AA /1] ) + €

For all ¢(-) and d(-) € D with ¢(-) = d(-), we have
[t e <[f,(t;d()) forall r€I,.
Thus lim B[f,(t;a(-)] (x) = inf B[f,(t;a(-))] (x)
a(-)ED a()ED

for each x € Bl \I,, and satisfies the required inequality.

LiMMmA 3C. — Let n be an arbitrary fixed integer, and \ a Borel
measure induced an Bl \1, by v in the manner described above. Then

lim fmo BULU AN < [ % BluA, A,y raN

a()ED 0 m>n

Proof. — First let us note that A must be a positive measure since

ol fd\ = /; fdv =0 for every positive bounded continuous
0 “1g

function f on I,.
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Let
F(x;a(-)) = max {0, B[/, (t;a(N] (x) — X BIMA,, \A,.p )] (x)

m2n

F(x ; a()) is an upper semi continuous function on Bl \1, for each
a(-) € D. a(-) =2 b(-) implies F(x ; a(-)) < F(x ; b(-)), and by the previous
lemma, l)im F(x ;a(-)) = 0 forall x €pI\]I,.

a(f)€ED

Foreache >0, N {x|Fx;a(-))=€et=0
a(-)€ED

and, since each of the sets {x | F(x ;a(-)) = €} is compact, there
exists a finite collection of admissible sequences

a, (), a,(-)... a, (), such that

r'ﬂ {x | F(x; aj(-)) =>et=0
j=

—

Thus for all a(:) = s(fp al.(-), 0 < F(x ;a(-)) < e for all x €BI\I,, and
i=1

F(x ;a(-)) converges to zero uniformly. This argument is of course
nothing other than Dini’s theorem. The proof of the lemma now
follows obviously.

We are now ready to construct an admissible sequence b(-) which
generates a quasi C.M.F. (B,) satisfying (9). For each n we can find,
using Lemma 3C, an admissible sequence a,(-) such that

BLL,(ta,(N]d\ < fm Y Bl(An Ny Dt AN + 1/n.

Blg 0 m>n

Let b(-) be an admissible sequence such that

0<b(m) < min a,(m) for each m.
1<n<m
Observe that f, (¢ ; a(-)) depends only on the members of the sequence
a(m) with m =2 n, and that b(m) <a,(m) for all m = n. Thus
f,tb(¢) <f,(;a,()) for each n and all t € 1.

Let (B,) be the quasi C.M.F. generated by b(-). Then, for each n,
as shown earlier, u(A, ,\B,)/t <f,(t;b()) for t €(0, b(n)]. Conse-
quently,
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[ v \BYE v < [ f,(50,0)) dv
I o

= [ BU(t;a,()]dN
Bl

<3z o BUCALNA L VL dN + L

Y ANy e dy + Un

m2n
= 2 e(m) + 1/n,
m=2n

which tends to zero as n tends to infinity. Thus (B,) satisfies (9)
and the proof of Theorem 3 is complete for the case /€S,

We now turn to the proof for /€ S_.

A sequence (a(k))y-, of positive numbers will be called oo-
admissible if it is strictly increasing with limit + o and

1 k—1
lenl;% mzz.l aim) = 0 (11

y(Ak,a(k)\Ak_l’a(k))/a(k) < 2e(k —1) for each k. (12)
For t € [a(k), a(k + 1)] define :

Bt = [Ak,t \(Ak,a(k)\Ak—l.a(k)\Ck,t)] U[mgk (Am—l.a(M)\Am,a(m) )]

where (Cy )yuy<r<a+1y 15 @ rescaled CM.F. on Ap 0 \Ax_ .
which means that :

i) Ck,a(k) =0, Ck,a(kﬂ) = Ak,a(k)\Ak—l,a(k)

ii) s < ¢ implies that C, ;| C C, ,

t—ak
iii) “(Ck,r) = (a atk) ) I‘(Ak,a(k)\Ak—l,a(k))-

(k + 1) —ak)

As before we have monotonicity of B, on the interval [a(k) , a(k + 1)]

Ba(kﬂ) =Ak,a(lcj-l) U [m{ik (Am—l,a(m)\Am,a(m))]
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and

Ba(k) = [Ak,a(k) N (Ak—-l,a(k) U (X\Ak,a(k) ))] U (Ak-—l,a(k)\Ak,a(k))

U méi_l(Am—l,a(m)\Am,a(m))]

= Ak—l,a(k) U m<llf—l (Am——l,a(m)\Am,a(m))]'

The consistency of the expressions for B,y and B,,.,, permits
us to define B, for all 1 €[a(l), o).

For t € [a(k) , a(k + 1)] we have, using the o°-admissibility of a(-),

t—2ak)etk — ) <puB)<t+2 ¥ a(m)e(m— 1)
m<k

In view of (11) it follows that lim u(B,)/t = 1.
t—>oo

From here the proof is an obvious analogue of that for /€S,
We pass to a Borel measure A on f[1, )\[1,). The role of V,, (¢)
is played by A,,(t) = 1—V,,(2), and the analogue of the function
0(t) will be a continuous function 6_(¢) which tends to zero as ¢
tends to infinity and for which

inf 0_.(t)=2ek— 1)
a(k)<t<a(k+1)

for each integer k.

THEOREM 4. — Each €S, o = 0 or oo, has the form

o

1) =[ 1A, . 9) av

where (A,),e, is a CM.F. ¢ € ®,, and v is a positive finitely additive
set function concentrating at o, with HVIIM(p,,,) =p)=||1].

Proof. — Much of the proof proceeds along similar lines to that
of Theorem 3.

Our starting point is, naturally enough, the sequence (l,),., of
Theorem 3, which converges strongly to /,

1(f) = fl f(A,, ¢,)dv.
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We shall construct a function ¢ € ® which is a “limit” of the sequence
(¢,)=1 in the sense that

. _ * ’ 1r
3ﬂ£[t T dy] dv =0 (13)

where, as in the proofs of Theorems 1 and 2, r is a fixed number in
(1, ) such that ' < p.

Given such a ¢, we have, for each f€ L(p , =)

< tp-1 Il o, —ld ]d
‘/1[ ‘/,:t ¢, —¢ldu]dv
LA e WI’dﬂ] "’ [M’_l S du]”' i

The second factor in the integrand is bounded uniformly for all ¢t €1
since ' < p and

! t ’
S 117" au< [ ds

W= [ FA, ) av
1

< UFIEY (1 =7 fp)~t 117,

Thus from (13) it will follow that / = lim /, must have the desired
form nee

1= J 1A, , 9 dv.

LiMMA 4A. — Let the sequence of functionals (1,),-, and the
number r be as defined above. Then for each pair of integers m and n,

-1 - r 1/r _ _
Kt 1on =6 au] ™" dv =00, = 1.

'Proof — Using a function g carried by (A,),c, with g(A,) =1
for each ¢t we proceed almost exactly as for the estimating of H(#) and

‘/; H(#) dp (proof of (8) in Lemma 2B) and show that

S L, 1w =t au] v =0as, =

(The argument is in fact even simpler than that for (8) since we may
take p = v and (A)),c; = B),e1)-
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We have only to apply Holder’s inequality and the proof is
complete.

Let e() = £ ["1 _//; [ @y — Ol du]”’ dv.
t

Lemma 4A allows us to assume that 2 €(n) < oo, by passing if
n=1
necessary to a subsequence of (I,),—,.

CASE | : I€S,.

For each strictly decreasing sequence (a(k)),-, we define ¢ to
be the function generated by a(-) if

s

¢= P Pk Xaggo\Aagenn)”

1
-

A sequence a(-) tending strictly monotonically to zero will be
termed ®-admissible if

D a() <1, i) atk+ 1)<ak)®* for each k.

Let a(-) be ®-admissible, and suppose it generates ¢. Then for
t€lak + 1), ak)] with k = n,

[,—: S 1o du]”’
< [,_1 fA 16, — 84" dn]”’ + [r' Ji 19 —¢k+,|'du]"’
+[t‘l j:\a(m) I¢,.—¢I’d#]l/r
<2 ¥ | [ |¢m—¢m+,l'd#]”'
+ 2 [a(k + 2)/a(k + D]

k

d _ r o
<2 24 Va(m),a(m——l)([) [t l ‘/; |¢m - ¢m+1| d“]

- A

+ 2[a(k + D"

where V,,(¢) is as defined for Theorem 3.
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Thus for all £ € (0, a(n)], [t"‘ /; I, — ol” dy] tr is dominated
ek 4

by the continuous bounded function :

h,(t ;a(-)) = min

2,2 % Vaomy.aom—-1)8)

dd
m2n

’ 1fr r
[ L, 10— bmoal” @]+ 20|,

As in theorem 3 we let A be the Borel measure on Sl \I, induced by
v and by analogous reasoning to Lemmas 3B, 3C, 3D etc. we construct
a ®P-admissible sequence b(-) such that for each n

[ Blh,G b0 AN

Bly

— r 1/r
<2 Y '/l;lo ﬁ[tl‘/’\r (G — P du] d\ + 1/n.

m=n
Thus, if ¢ is the function generated by b(-)

— r r Q)
j;[t “/‘;t lp,, — ol dp] dv<2 ) e(m)+ 1/n

m2n

and (13) follows.

CASE 2 : IES_.

A strictly increasing sequence (a(k)),-, generates the function ¢,
where

s

¢= K P XA 1)\ Aagi”

(]
-

Such a sequence a(-) is ®-o-admissible if
i) a(1)>1, and i) a(k+1)>a(k)* foreach k.

Let ¢ be the function generated by the ®-oo-admissible sequence a(-).
Then for ¢ € [a(k), a(k + 1)] with k& = n,
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[/, 16— @]
<[ e a] e[

— 1/r
+| ! — ol
[ oy 1000 d#]

r 1/r
|¢n - ¢k—ll dﬂ-]

t

k—

1
<2 X | fA 16— Gpmsr I” dﬂ]w”la(k—n/a(k)l”'
t

k—1
<2Y A O] [ 100 = S lae] ™+ 20at)
- a(m),a(m+1) A, m m+11 G a

where A, ,(¢) is defined as for Theorem 3.

Let 6_(¢) be a continuous bounded function on (0, <°) such
that lim 6.(¢t) =0, and inf 0.(t) = 2 [a(k)]"'/?" for each

t—oo a(k)<t<a(k+1)
integer k. Then for all ¢ € [a(n) , =)

1/r .
e 1, - or du| T<min} 22 Ay amen®
Ay

mz2n

[t“' j; 16 — Sl du] v 0m(t)t :

From this (13) follows in much the same way as before. This completes
the proof of Theorem 4.

Remark 2. — As it stands our characterisation of the elements
of S, and S. is not canonical, in the sense that one can have

fl f(A,, 6) dv=f1 f(B,, V) dp

forall f € L(p, o) where p # v, ¢ #+ Y and (A,),¢; # (B,);c. However
each functional [, I(f) = f f(A,,¢)dv can be seen to be inone
1

to one correspondence with a triple ([v], [(A),c;], [¢]) where the
square brackets denote equivalence classes in the sets of positive
bounded finitely additive set functionals, of C.M.F. s, and of functions
in ®, respectively.
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These three classes are defined by the equivalence relations :

)p~viff lp—vlyge =0
li) (At)tel ~ (Bt)tel iff f “’(At ABt)/t dV = 0
I

for any v € [v], (and thus for every v € [v])

i) ¢ ~ ¢ iff f; [rl j; |¢~¢/I’du]l/rdv=0
t

for any v € [v] and any (A,) €[(A,)] (and thus for every v € [v]
and every (A,) € [(A)]

An apparent shortcoming of our characterisation is that there
seems to be no way in which it reflects the linear structure of S, .

Let J,(f) :j; FA ., 8) dv, j=1,2, 3 with I =1, + ;. There
does not seem to be a “recipe” for defining v, ,(A; ,) and ¢; (or
their equivalence classes) directly in terms of v, , v,, (A, ,),, (A, ,), ¢,
and ¢,.

Remark 3. — From Theorem 4 one can see that every functional
in S, attains its norm on the unit ball of L(p, ). Let F, be the
quotient space of L(p, =) defined by the equivalence relation

f~g iff N(f—g)=0

where N, and N_ are the semi norms which define S, and S.
(section 37). Then S, is the dual of F, and each functional in S,
attains its norm on the unit ball of F,. Applying a theorem of
James [7], we see that F, must be reflexive. Let F, , denote the
direct sum of k copies of F,, and S, ; the direct sum of k copies
of S,, then for each n the (2n — 1) th dual of L(p, ) is

Lp', e s, ,®S.,,

and the 2nth dual is L(p, ) @ Fo,n & Fw‘n.
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