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CONVERGENCE ON ALMOST EVERY LINE
FOR FUNCTIONS WITH GRADIENT IN L? R")

by Charles FEFFERMAN

This note answers a question asked by L.D. Kudrjadev ([1],
p. 264, problem 1). The question was suggested by the following
result of Uspenskil [2] : if u(x) is a smooth function R* - R and

fR" lgrad u |? dx < oo (1 < p < n), there exists a constant ¢ such

that lim u(rx') = ¢ for almost every x' € S"~'. Professor Kudrjalev
¥ —>oo

kindly informed me that V. Portnov answered his question indepen-
dently by another method [3].

We use now the notation

x = (x,,x"), where x, €R and x'€R"L,

THEOREM. — Let u(x,, x') be a smooth function : R" - R
and suppose fn |grad u |? dx < oo (1 < p < n). Then for a constant
R
¢, lim u(x,,x") = c for almost all x'.
X >

ou
Prof. — Set u, = —
/ 3x].

let I' denote fractional integration of first order in R”.

, let R]. denote j* Riesz transform, and

We begin with the standard formula
: ov; ov;
YRRy =y + X RI (S L),
i LY ! 7 ox;  0x

valid for C” functions of compact support. (To check this, just take
Fourier transforms). Take a function ¢, on R" equal to one for
fx] < 2N, supported in |x| < 2N*', and satisfying |Vpy| < C27N;
and apply the above formula to the functions v; = pyu; €C7. As



160 CHARLES FEFFERMAN

N — oo, the left-hand side of the formula tends to Y, R;R;u; in L,

j
since the Riesz transforms are bounded on L?. On the other hand,

d, o du, d )
N T

= u, ——
, bl
ox; ax,. i 2 ox; ax,.

term is zero since (u;) is a gradient. Thus,

and the first

ov; v,
—+L ——+ < lgrad ull ligrad oy, > 0 as N - o.
ox; ox; P

1 1 1
Since lel is bounded from L? to I’ with— = — — — (1 < s <oo
s p n

since 1 < p < n), we see that as N — oo the final term in our formula
tends to zero in L°. Thus, taking the limit in measure of both sides

of our formula, we obtain u; = X, R;R;u;.
j

du
In other words, setting f = Z R, —
i

€L”, we have u; = R,f.
! ox;

0
Now for f € L?, we know that — (I'f) = R, f in the sense of tempered
ox; !

i
distributions. (It's trivial for f€ Cy ; in general we express f as

the limit in L? of smooth compactly supported fn as N = oo
R,;fy = R,fin L” and hence weakly as distributions, and I'fy = I'f

2
in L® and hence weakly, so that -a—x— (IlfN) also converges weakly

i an.

to ox,

On the other hand, the Riesz transforms or 1™ fractional
integral of a smooth function in L? are smooth functions, so that
58_ w—1f= R,f — R,f = 0, not just as distributions, but as
po'intwise derivatives of smooth functions. Thus # = constant + I'f

So to prove the claim, it will be enough to show that

lim I'f(x,,x")=0

X oo

for almost all x’, whenever f is a smooth function in L”.
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Now
f(x)dy f(y)dy
I'f(x,,x') = T < lx_ym F
Sy x) fR” Ix —y|*! jl;—yl<l lx —y 1"
. fF(y)dy
+f 1Y __ g
‘/lx—y|>l Ix —y|"!

Then 1I is easy ; it tends to zero as x — oo. (In fact, we just break up
finto f =g + b where llgll, < I, and g lives on a bounded set,
while 116 I, < e. The contribution of g to II clearly tends to zero,
while b produces at most

- 1] <

"b"p-(f'x?ym IX—yl“"“)"dy) [;')— +

B
q
<Clbl,<Ce since p<n
So the main problem is term I.

The main step in dealing with term I is to prove the

LEMMA. — Let f€ Lp(Q) where Q is a cube of side 10, and
1<p<n Say Q =1[0,10] x Q" S R' x R*'. Then
n—1

f(y,y)dy, dy'
Q ! ’ 2
((y, —x)* + (' —x"?) 2
belongs to LP(Q"), and IM "p <Clf Ilp.

M(x") = sup

0<X;<10

Proof. — Say f =0 and f = 0 outside Q. Let (., ') be the
decreasing re-arrangement of (., »") on [0, 10], for each fixed y' € Q'.
Of course I f I, = IfY I,. We claim that Mf (x") < 2M f*(x") pointwise.
In fact, fix x', x, ,y', and consider

f fy .y dy, '
yl>xl n——l
((y, —x)2 + (' —xN*) 2

(n—1)

Since X (, 1350} W)y =X + ' =x)") * is mono-

tone decreasing in the interval (x, ,°) in which it is supported, we
know that
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/~ f, ,y)ay, _ o oy, v) dy,
Jyosx 1= J, nt’
R (S L S b T ((r)*+ (¥ —x))?

Integrating over y' yields
fy L,y ady, _ oy yHdy,
n—1 > n—-1"
Q —
e (S N O S I 0} + ' = x))?
Similarly,
fy,yhdy, dy' iy, yhdy, dy'
L. < e
154 2 Y T Nl
yeqg (¥ —x)" + " —x)7) (y1 + (- x)?)

Adding and taking the sup over x, gives us

', yHdy, dy'
My <2 f T ()

W+ —xHh?

which is stronger than the claim.

We shall use what we proved in full strength. For a fixed y,,
ffog,yhay!

: ’ —
the function Myl x" = f

== is just the
yleQI ——

B+ O —-x))?

convolution of f*(yl ,.) with (yl2 + (' - x')z)_ 2 on the cube
Q' CR""'. Thus

I Myl(-) ||p < liconvolution kernel @) Ify, ,. ~

~ C (log 11) IIf‘(yl )

Therefore by estimate (¥), Mf(x") < fo Myl(x') dy', and
nMﬂ5<f c@% lowmh,ﬂlwl\

< (fow (C 1og Iy%)q dy, )I/q (j;m 1f (s ) 1 dy, )1/,,

(Note : g <o since p> 1) <CIfl,=Clfl,.
Q.E.D.
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Now we return to term I above. Divide R”™! into a mesh of
cubes of side 2, R"™ ! = U Ql'-, and write R” = U Q, where
j ij

Q, = {(x, , xVER" X' €Q;, 20 <x; 2@+ D} (—o0 <i<oo).

Then let Q* be the cube concentric with Q;; but with side 10, and
set f,.,- = fo*. For
ij

lf(yy, ¥y dy, ay'
sup p— s
g (x) = 2i<x, <2(i+1) ¥ Ix—yI<1 lx — yl

0 otherwise

<Clr. |

— ' . ’ ]
where x = (x, ,x") if x' €Q; we have IIgi]. ||Lp(R,,_1) PRI

by the lemma. For

| | d
X' €Q;, SuPlf F) nijlz

x, €R lx-yl<1 | IT
where x=(x,x') X =)y
1/p
=supg; &) < (Tgf )
i i

So certainly

. dy 1°
f sup j lfn)ldy dy' =
rR"1 1, x") —y1<1 [x —

-1
xIERl y In

P,
- 2 \/;'EQ’. [sup (etc. etc.)]” dx’ < Z R 1 (2 gi;’ (X'))p Pax' =
7 ] ; <

= p
o) fRn_l gh ) dx' SC X Ify 17 < CUfIpn,.
i,j i,7

In other words, if

d
N() = Nf() = sup If»ldy
xleR' [xpx)-pI<t |x —y P71
then

"Nf" n—l)<C "f"Lp

LP(R ®" "

Now term I becomes easy. Again split up if f = g + b where g is
supported in a bounded set and b IIP <e.



164 CHARLES FEFFERMAN

In evaluating the claim

Ifld
fim f _f_(_Ji__f_l =0, ((x,,x") =x)
x) e VG —yI<L |x — y |

we find that g makes no contribution at all to the last integral
for x, large enough. On the other hand, for b we know that

lim sup f 7)1 dy <Ce by (xx)

, —1
x> VIGpX)-yi<t 1Oy, x) =y 1" LP (ax")

Since € > O is arbitrary, the proof is complete.
Q.E.D.
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