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INFINITELY DIVISIBLE PROCESSES
AND THEIR POTENTIAL THEORY,
(II. Part) ()

by S. C. PORT and C. J. STONE

16. Some Fourier Analysis.

The characteristic function #40), 6 € ®, is defined for
t >0 by

§4(6) = [ <8, zpp! (dz) = [, <6, 2XPY0, dx).
It is jointly continuous in ¢ and 6 and satisfies the equation
(16.1)  @s+(08) = p(0)nk(6), s,t>0 and 6e@®.

A

For convenience we set {i(0) = {.1(0).

Prorosition 16.1. — There is a uniquely defined function
log (), 0e®, such that

p40) = e''s ﬁ(e)’ t>0 and 0e®.

This function is continuous, vanishes at 6 = 0 and nowhere
else, and has non-positive real part.

Proof. — By (16.1) there is a uniquely defined number
9(0) such that

po) =e*®  t>0 and 6e@.

Since §/(0) =1 for ¢t > 0, it follows that ¢(0) = 1. Suppose
¢(0y) = 1. Then pX0,) =1 for ¢t > 0. This implies that

() The fist part was published in Ann. Inst. Fourier, tome 21, 2.
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each S, 1s contained in the subgroup
{re @I {z, 0> = 1}.

Therefore this subgroup equals the whole group and hence
eo = O.

We will now show that ¢ is continuous. Let log z be
defined continuously for |z — 1] <1 so that log 1 =0.

Let N be a relatively compact open subset of . There is
a t, > 0 such that

|g(0) — 1] < 1, 0<t<t and 6eN.

Thus log §40) is well defined and continuous in ¢ and 6
for 0<i¢<it and 6eN. If §>0, t>0, s+t < t,
and 6 eN, then

log p/(6) = log p%(8) + log 0/(9).

Consequently there is a continuous function ¢(6), 6 e N,
such that

log 448) = 19(6), 0
It follows that
p40) = e, 0<t<t and 6eN.
From (16.1) we see that
pY0) = ett®, 0<t< and 6eN,

N

t

N

to and 6 e N.

and consequently that ¢ agrees with ¢ on N. Since N
is any relatively compact open subset of &, we see that o

is a continuous function on &. Since ¢(0) 1s a logarithm
of {.(0), the proof of the proposition is complete.

Tueorem 16.1. — The function

1 — Nz, 6
R log (.(6)

is bounded for x in compact subsets of & and 0 in compact

subsets of the complement of the origin of .
The proof of this result is an obvious modification of the
proof of Theorem 3.1 of [7] and will be omitted.
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Prorosition 16.2. — There is a relatively compact open
neighborhood Q of the origin of & such that
1 1
A—log@(ﬂ)_k—{—l—ﬁ.(ﬂ)gz’ A>0 and 0eQ.
Proof. — There is a relatively compact open neighborhood
Q of the origin of & such that
jo(0) — 11 > EROL o,

and
16(6) — 1 — log a(6)] < [log a(8)f%, 0 Q.
It follows that

|x+1—g(e)1>“—°w, A>0 and 0eQ.

We also have that
IAn —log (0) > [log@(8)), A>0 and 6e@.
Thus for 2 > 0 and 60e€Q
1 B 1
A —log p(6) A+1—0(8)
___la(6) —1—logp(8) _,
A+ 1 — a(0)][» — log (0)]

as desired.

Tueorem 16.2. — Let Q be a relatively compact open

neighborhood of the origin of ®&. The process is transient or
recurrent according as

S () #

converges or diverges.

Proof. — Suppose the process is transient. Choose f(z),
ve®, such that feC#, J(f) > 0, and f is non-negative
and integrable. Then

_ £(0)
N0 = 5= hog 3
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By letting A | 0 and using Fatou’s Lemma, we find that

- . 1 < o
Ju 1O (i) & < €0 < =
Since f(0) =J(f) >0 and log ((6) %= 0 for 6 % 0, we

see that
: 1
———— ) db
J 2 gem) ?
converges.
Suppose instead that the process is recurrent. Then by
Proposition 5.3 S, generates & for some ¢ > 0. Without
loss of generality we can assume that S; generates &. Then

the random walk obtained by looking at the process at integer
times is a recurrent random walk on . By Theorem 5.1

of [7] 1
SR (= )

diverges. By Proposition 16.2
1 1
N (e Lt >d6
2 (egi@) + 2 (—aw)

converges. Thus
1
Sﬁ< R >de
fq log .(8)

diverges as desired.

17. The Recurrent Potential Operator.

Throughout this section it will be assumed that the process
1s recurrent. Let F* denote the collection of functions f(z),
ze®, such that

(1) f 1s a continuous, non-negative and integrable function;
(i1) f is supported by a compactly generated subgroup of &;

(iii) f, the Fourier transform of f, has compact support;
and

(iv) there is a compact subset C of &, a constant ¢
such that 0 < ¢ < o, and an open neighborhood Q of
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the origin of @ such that
—RNf(6) < ¢ max — R<z, 6)), 0eQ.

Properties of this family of functions were developed in [7].
Let & denote the collection of differences of elements of F+.

Recall that
GM = ﬂ e NP fd.
For A >0 and feJ we have

Gf(a) — [ B OF(=0) g
flo) = [, S RA
Choose geJt such that g is symmetric and J(g) = 1.
For A > 0 set c¢* = G*g(0) and define A* for feJ and
ze® by
Nf(z) = AJ(f) — Gf(a).

Then f
M g(— 0)J(f) — <=, 6>f(—6)
Wi = B

Also
—y, 0>(1 — 0
AN, (z) — AX(0) ]< y,; log<a:(0)>)f( %) ge.

In the non-singular case it i1s convenient to modify the
definition of ¢*. Let p® be the distribution of X, when
Xo =0 and define

pr = ﬂ “ e My O dt.

Then we can write

ph = pd + 9 * pd * pd,
where, as {0, p} and u} increase to finite measures p,
and p, and ¢ 1is a probability measure having compact
support and a continuous density and is such that ¢ is
absolutely integrable. This decomposition is obtained as in

Port and Stone [8].

The measure ¢ * u} = u* is absolutely continuous and has
a continuous density p* given by

) — [ <=4 908(0)83(8) 4o
P = ) Tog (o) '
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Set c¢* = p*0) and a*y) = c* — p*(y). Then
a)‘(y) — f (1 — <=y, 65)8(6)p4(6) 4o

6 A — log ((6)
and
—y, 85(1 — <{x, 0>)6(8)aA(0
aMy — x) — aMy) = f@< L >; — l(fg’a(g))“’( J84(6) 4o

We now define

AMf(z) = A(f) — GMf(a)

then

AM(z) = o ay — 2)f(y) dy — [y wh (dy)f(s + y)

and

AM () — AM(0) = [ (s + y — 2) — Mz + y))f(2) dz
— Joud @)z + 2 —y) — f(z — y)).

The process 1s said to be type IT recurrent if @ =R o H
or =7 o H, where H 1is compact, and the induced
process on R or 7Z has mean zero and finite variance.
Otherwise the process is said to be type I recurrent. In the
type Il case we can assume that & =R o H or Z o H
and Haar measure on & is the direct product of Lebesgue
measure on R or counting measure on Z and normalized
Haar measure on H. Let ¢ be the projection from & onto
R or Z and let o* denote the variance of ¢(X;). Then
¢(X,) has mean 0 and variance c%. We set

Gt = {ze@®|Y(z) > 0} and & = {z=@|¢(z) < 0}.

By z—> 4+ o or £—> — o© we mean z—> o and ze@®"t
or £ ®™.

Proposition 17.1. — Let Q be a relatively compact open
neighborhood of the origin of ®. Then
lim [ 220 g4

wo Joh — log ((6)

exists and is finite. In the type 1 case

lim lim {— vy, 0)(1— {z, 6>) 40 = 0.
e A0 J g A — log {(0)
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In the type 11 case

T {—uy, 0X(1 — <z, 0)) T 6=
e e T T tegaey = F oM@

Proof. — We can assume that the random walk obtained
by looking at the process at integer times is a random walk
on &. Then by Proposition 16.2, the result reduces imme-
diately to Theorem 5.2 of [7].

Tueorem 17.1. — In the non-singular case there is a conti-
nuous function a(x), xe®, such that

lim a*(z) = a(z), ze@.
Avo

In the type 1 case
lim (a(y — 2) — a(y)) =0

Y>» o

and in the type 11 case
lim (a(y — 2) — a(y)) = ¥ o7 ().

Y>+w

The convergence in these limits is uniform for z in compacts.

Proof. — Let Q denote a relatively compact open neighbor-
hood of the origin of &. Set

‘) — = <=y, 8)8(6)a}(6)
a%(y) fc A» — log .(6) do.
Then as A | 0, a}. converges uniformly on compacts to
(1 —<—y, 6>)8(0),(9) ,
ag(y) = ab.
o) f : — log (8)
By the Riemann-Lebesgue Lemma

e 60)(0)
fm (A)-> “f Tog (0] %°

and hence
lim (aq(y — 2) — aq,(y)) =0

y>o
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uniformly for z in compacts. Set

_ [ (= <=y, 0))(8(0)p46) — 1)
1“6(3/) - f(; A — lOgCP@.(e) do
= — [L (1 — <—y, 6>)p)(6) db

Thus, as A | 0, ;a}(y) converges uniformly on compacts to
10y) = — fo (1 — <—y, 8>)a,(6) d

Again by the Riemann-Lebesgue Lemma lim ,aq(y) exists
and 1s fimte and hence e

lim (3aq(y — @) — 1aq(y)) =0

uniformly for z in compacts.
Finally, set

Ml —<—y, 0
o A — log a(6)

By Proposition 17.1, as 2|0, ,a} converges uniformly on
compacts to

2(16(3/) =

6>
l = lim LT Y 72 do.
2o Ho] A — log £.(9)

From the same theorem it follows that, uniformly for z in
compacts, in the type I case

lim (saqly — @) — aqly) = 0
and in the type II case
lim (qaq(y — @) — 2a0(y)) = ¥ o2 (a).

Y>*x o

This completes the proof of the theorem.

In order, to state results involving ® in the non-singular
case and F otherwise, we let F* = ® in the non-singular
case and F otherwise.

Tueorem 17.2. — Let feF*. Then for ze@®
lim A*(z) = Af(z)
Avo
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exists and s finite. In the type 1 case

lim (Afy(@) — A£(0)) =0
and in the type 11 case
Jim (Afy(z) — AL(0)) = F d(2)e?J(f).
These limits are all uniform for z in compacts.

Proof. — In the non-singular case, this result follows from
Theorem 17.1. In the singular case it follows from Theorems
16.1 and 16.2, and Proposition 17.1.

In the type II recurrent case define
K(f) = [, b(2)f(z) da.

Tueorem 17.3. — Let feF with J(f) = 0. Then
lim G*(z) = Gf(z)
Ao

exists and is finite and the convergence is uniform for z in
compacts. In the type I case

lim Gf(z) =0

&>

and in the type 11 case
lim Gf(z) = + o2K(f).

T>x 0

Proof. — In the non-singular case the result follows from
Theorem 17.1 and the formula

GH(2) = [, (aX— 2) — My — 2))f(y) dy + [, v (dy)f(z+y).

In the general case i1t follows by the same argument used in
proving the corresponding result in discrete time, Theorem

5.8 of [7].

Cororrary 17.1. — Let f, f € 7*. In the type 1 case
hm (J(f,)Af(z) — J(f)Af(z)) =0

&> o
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and in the type 11 case

Jim (J()Af(x) — J()AL(2) = F «*(J(A)K(F) — K(A)I(F).

Prorosition 17.2. — Let C be a compact subset of &
and Q a relatively compact open neighberhood of the origin

of ®. Then there is an M such that 0 < M <  and
’f<y,0><x,ﬁ> )dﬂ <M
A — log ()
for ye®, zeC, and 1 > 0.

Proof. — By Proposition 16.2 this reduces immediately
to the corresponding result in discrete time, Theorem 5.13

f [7].
In stating the next several results it is convenient to set

a®=a and A°=A.

Tueorem 17.4. — In the non-singular case for any compact
subset C of ® there ts an M such that 0 < M < o and

laMy — x) —a*y)l < M, ye®, zeC, and 2 > 0.
Proof. — This result follows immediately from Proposition

17.2 and the definition of a?.

Tueorem 17.5. — Let feF and let C be a compact
subset of &. Then there isan M such that 0 < M < © and

IA)\fy(x) — A)\fy(o)l <M ye@®, ze(G, and A > 0.

Proof. — In the non-singular case this result follows from
Theorem 17.4. In the singular case it follows from Proposition

17.2.

Tueorem 17.6. — In the non-singular case there is an M
such that 0 < M < o and
aMz) > — M, ze® and A= 0.

Taeorem 17.7. — Let fe 3 with J(f) = 0. Then there
isan M such that 0 < M < © and

AM@E) > —M, 2e® and 23>0
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Proof of Theorems 17.6 and 17.7. Theorem 17.6 follows from
Proposition 16.2 and the arguments used in proving the
corresponding result in discrete time, Theorem 7.8 of [7].
Theorem 17.7 follows from Theorem 17.6 in the non-singular
case. Otherwise it follows from Proposition 16.2 and the
arguments used in proving the corresponding result in dis-
crete time, Theorem 5.15 of [7].

Tueorem 17.8. — Let fed with J(f) = 0. Then there
isan M such that 0 < M < o and
|GM(z) < M, ze® and A= 0.

Proof. — This result is an immediate corollary of the
above theorem.

Tueorem 17.9. — Let the process be non-singular. If
G=RoH or &=7Z o H, where H s compact, there
ts an L such that 0 < L < oo and either

lim a(z) =L and lim a(z) = o
or
lim a(zx) = o and lim a(z) = L.

If & tis not of the above type, then

lim a(z) = .

Tueorem 17.10. — If @ =R o H or @ =Z7Z o H where

H s compact there is an L such that 0 < L < oo and either

lim Af(z) = LI(f) and  lim Af(z) = o

ZT>—0

for all feF* with J(f) > 0 or
lim Af(z) = o and lim Af(z) = LJ(f)

for all fed* with J(f) > 0. If & 1is not of the above type,
then for all fe 3 with J(f) > 0

lim Af(z) = co.

&> o
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Proof of Theorems 17.9 and 17.10. — By using Proposition
16.2, we can extend Theorem 9.4 of [7] to continuous time.
From this point on, the proof of these two theorems is similar
to the arguments used in proving the corresponding discrete
time results in Section 9 of [7].

In the type I case let Co(®) be the collection of continuous
functions on (& which vanish at c. In the type II case
let Co(®) denote the collection of continuous functions f
on & bhaving finite limits f(4 o) and f(— o) such that
f(4+ ©) 4+ f(— ©) =0 then C¢(®) with sup norm is a

Banach space.

Prorosition 17.3. — Let t be such that S, generates ®.

Then
S'Peds
maps Co(®) onto a dense subset of Cy(®).

Proof. — Consider first the type I case. Let y be a bounded
signed measure such that

(v, [Pfds) =0, feCo(®).

Let p° denote the distribution of X; when X, = 0. Then

(v* [uds,f)=0, feCy®).
Consequently
Y * j;t pids =0

and by taking Fourier transforms we see that

¢
9(0) [ p:(0) ds = 0.
Thus 4(0) = 0. For each 6 # 0 thereisa ¢ # 0 such that

(0) = .
Then
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Since S, generates & it follows that {#40) # 1 for 6 # 0.
Thus 4(0)=0 for all 6 and hence y is the trivial measure.
This shows that the collection

['Prds,  feCo®)
1s dense in Cy(S).

Consider next the type II case. Let « be a finite constant
and y a bounded signed measure such that

(v, [[Pfds) +af(+ ) =0,  feCy(®).
Then

(Y“KPVdQ::O, feC,

and arguing as in the type I case we conclude that y is the
zero measure. This implies that « = 0. Thus the conclusion
in the type II case is also established.

Taeorem 17.11. — Suppose the process is non-singular.

Then {Af|feC, and J(f) = 0} s dense in Cy(®).

Proof. — Since the process is non-singular S, generates
® for all ¢t >0 and in particular S, generates &. If
feC, and J(f) =0 then Af= — Gf. Let U denote the
analog of G for the random walk obtained by looking at
the process at integer times. Then

G:f@@u

By Theorem 12.1 of [7], {Uf, feC, and J(f) =0} 1is dense
in Co(®) and hence by Proposition 17.3

{Gf = ['P ds Uf|feC. and  J(f) = 0]

1s dense in Cy(®) as desired.
From Theorem 17.11 we obtain

Cororrary 17.2. — Let geCr, J(g =1, and let

X =GCo(®) ® {Ag}. In the non-singular case the linear mani-
fold {Af: feC,} is dense in .
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18. The Behaviour of Gg.

Throughout this section the process is assumed to be recur-
rent. Recall that % denotes the collection of relatively com-
pact Borel sets in &. We let %, denote those sets Be®
such that C*B) > 0. If Be®,, then P, Ty < 0)=1
ae. ze®. In the non-singular case f Be®, then
P(Ty < w)=1 for all 2e®. We let %, denote those
sets Be® such that Gg(x, A) 1s integrable on compacts
whenever A is compact. We let $#; denote those Be®
such that for every compact set C there exist finite positive
constants ¢t and & such that

P(Ts<t) >3 =xeC.

It 1s clear that if Be®, then Gg(z, A) 1s bounded in =
whenever A 1is compact. Thus $,2%;. If Be® and B
has a non-empty interior, then B e %;. We let #, be those
sets in % having a non-empty interior and such that
P(Tsg =Ts) ae. ze®. In general BB, 2B,2%B;2%,.
Set ®F = $, in the non-singular case and %7 = R, other-
wise.

Prorosition 18.1. — In the non-singular case $, = Rs.

Proof. — Let the process be non-singular and let B e ®,.
To prove that B e ®; it suffices to show that for some non-
empty open set P and finite positive constants ¢ and 3

(18.1) P(Ts <t) >3, zeP.
Since Be®;, we can find a set De® having positive mea-
sure and finite positive constants s and « such that
P(Ts < s) > a, yeD.

Let y,® be such that if Q is an open neighborhood of
Yo, then |Q N By > 0 (such a y, clearly exists). We can
find non-empty open sets P and Q such that y,eQ and
for some ¢ >0 and 0 <r< o

Pr(z, dy) > ¢ dy, zeP and yeQ.
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Set t=r+s and 8 = ac|Q N B,|. Then for zeP
P(Ts < &) > [ Pla, dyP(Ta<s) > [ = Cudy=35,
so that (18.1) holds as desired.

Prorosition 18.2. — The collection B, s the same for
the dual process as for the original process.

Proof. — Let A and C be compact and Be®. Then
[ Ge(x, A) dz = | Gz, C) da.

Proof. — We can assume that A and C are relatively
compact non-empty open sets. Let A, and C; be compact
sets such that

(18.3) ;. Gelz, Ay) dz = co.
We will first prove that
(18.4) [ Ga(z, Ay) dz = .

Let C, be a compact subset of C having a non-empty
mterior. Clearly

Gu(z, Ay) < Go(z, Ay) + [, He,(z, dy)Ga(y, Ay).
Since Gg,(3, A) 1s bounded in z it follows from (18.3) that

/;‘ dzb/(;2 He,(z, dy)Gs(y, A;) = oo.

Let D be a non-empty open set such that D 4 C, ¢ C
Then

(18.5) [ du [, dz [ Hyuc,(z dy)Galy, Ay) = .
Equation (18.4) now follows from (18.5) and Proposition 18.3

For r a non-negative integer define.
Vu(r) = min [¢ > 0| ["1u(X,) ds > r].
Then V,(0) =0, Vuo(r) > o0 as r— o and for all zeG
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with P, probability one, V,(r) < o for all r. Thu:

GB(x’ Al) =E, _foTB1A‘(

_ i E, [fVA("+1) 1A‘(X¢); T, > VA(r)].

r—o Valn)

There is an M < o such that

Ez [fVA(r+1) 1A1(Xt); TB > VA(r)] < MPw(TB > VA(r))

Valr)

Hence

Ga(z, A) < M 3, Py(Ty > Valr) < M(1 + Ga(z, A)).

r=0

The conclusion of the theorem now follows from (18.4).

Tueorem 18.2. — There exist recurrent processes such that

for some Be®, |B| > 0 but Bed,.

Remark. — If Be® and |B|] > 0, then Be®,, so the
theorem shows that B; may be strictly larger than ®%,.

Proof. — Consider a symmetric random walk on the line
which assigns mass 278 to the numbers + 27" n > 1,
the remainder of the mass being assigned to the origin. Then
the random walk has mean 0 and finite variance and hence
1s recurrent. We can convert the random walk into an infini-
tely divisible process on the real line by letting one unit of
time for the random walk correspond to an exponential
length of time with mean one for the infinitely divisible
process.

By the local central limit theorem we can find a compact
set A and a ¢ > 0 such that

fP X,eA)ds>cVt, t>0 and 1 <2< 2.
Let Be®. Then for ¢t > 0 and 1 < z < 2
Gi(z, A)_E fTBflA(X)dx
B[ [ 10(X,) ds; Ta > t] > o/t — tP(Ts < o).

In order to construct the set B start out with [0, 1] and
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delete all points which, for some k > 2, are within 2-2*
of some number of the form j/2*. Then Be % and |B| > 0.

Let 1 <2< 2 and k> 2. If z is within 272* of some
number of the form j/2*¥, then the process starting at =
cannot hit B wuntil at least one non-trivial jump occurs
whose magnitude is strictly smaller than 2—*. The probability
that a jump of magnitude smaller than 2% occurs by time
¢t is less than 2% and hence P, (Ty < t) < t27%. Conse-
quently

Gp(z, A) > Vi — 2278
Choose t = 2*. Then
Go(z, A) > 22 — 1.
The measure of such z's 1s 2'=*, Thus
S Ga(w, A) dz > 21 — 2k,
Since k can be made arbitrarily large
S Ga(w, A) dz = oo

and Be&®R,, as desired.
We now begin to study the main properties of sets in %,
and %;.

ProrosiTtion 18.4. — Let Be®B, and let A and C be

compact. Then
S o Galz, A) dz

Proof. — Let F be a compact set such that AcF and

BcF. Let D be a relatively compact non-empty open set

such A—DcF and B — DcF.
For ueD

./-';+C GB(Z’ A) dz zj;+cdsz“+F(z’ dy)GB(y7 A)
Thus

£+ Gg(z, A IDI f dz fduf H,.x(z, g)Gg(y, A).

ts bounded in =.
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By Proposition 18.3

f Gs(z, A) dz < € — D Ga(y, A) dy < o
z+G IDI D+F
as desired.
ProrosiTion 185. — Let Be®,. Let f be a continuous

non-negative function on & such that for some compact neigh-

borhood P of the origin of & the function fp defined by
fe(x) = max f(y), =ze@,

yex+P

is tntegrable. Then Ggf 1is integrable on compacts.

Proof. — Observe that

|P|Gef(@) = |P| [ Gu(e, dy)f(y) |
= [dz [ Ga(z, dy)f(y) < [ dz fe()Gsl=, z + P).

Consequently

P [ Gof(a) dz < [ dzfel2) [ Ga(z, 2+ P)da

= [ dzfe(z) [, Gala, C) do

and the desired result follows from Proposition 18.4 applied
to the dual process.

Prorosition 18.6. — There exist functions feJF+ and
geJF*t such that J(f) > J(g) > 0 and g — [ is non-negative
outside of some suffictently large compact set A.

Proof. — This result follows easily from the example on
® = R given on page 48 of [8] and the arguments used in
proving Theorem 3.4 of [7].

Let Be®,. For feF and A >0 we have the usual
identity

(18.6) AM(z) — HjAM(2) = — Gif(2) + L) J\f).

Tueorem 18.3. — Let Be®R,. Then
(18.7) lim Li(z) = Lg(z), rxe®,
A0
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exists and Ly s non-negative, finite a.e. and integrable on
compacts. For any Ce$

(18.8) lim S Li(z) do = [ Ly(a) da.

If Be®;, then Ly tis bounded on compacts and the conyer-
gence in (18.7) is uniform on compacts.

Proof. — Let Be®, and let feJ satisfy the assumptions
of Proposition 18.5. Now by monotone convergence

lim Gf(@) = Gof(a),  2<6.

By Theorem 17.2
lim AM(2) = Af(z), ze®,

AVO

uniformly for z 1in compacts and hence

lim H)AM(2) = HaAf(a), @<,

Thus by (18.6)
lim Lj(z) = Lp(®)
AV0

exists for xe«@®. Since L} is non-negative so is Lg. Also
Lp(z) < oo 1if and only if Ggf 1s finite. Since Ggf 1is inte-
grable on compacts it and Lp are both finite a.e. ze@.
If both Lg(z) and Ggf(x) are finite, then

Af(z) — HoAf(z) = — Gsf(a) + Ln(2)J(f).

Since Gpf is integrable on compacts, sois L. By monotone
convergence

lim [ Gif(z) do = [ Guf(2) do

AVO

and (18.8) now follows from (18.6).
Suppose now that B e®;. Then for feJ

him (Gbf(2) — Lb(2)J(f)) = Af(2) — HoAf(2), 2<@.

Let f and g be as in Proposition 18.6 and let C be com-
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pact. Then since f < g outside of some sufficiently large
compact set

lim sup sup (Gjf(z) — Glg(z)) < oo.

Avo z€C

This implies that
lim sup sup Li(z)(J(f) — J(g)) < oo, ze@®.

AVO z€C
Since J(f) > J(g) we see that

lim sup sup Lj(z) < oo.
AVO zeC

This implies that Ly 1is finite everywhere and in fact bounded
on compacts.

For 2 > 0, G}f(z) < Gsf(x). Thus
(18.9) lim sup sup (L*s(z) — Lg(x)) < 0.

AV O zeC

Since f < g outside of some compact
lim sup sup (Gpf(xz) — Gf(z)) < lim sup sup (Geg(z) — Ghg(z)).
AY¥0 ~ =zeC AVO0  z€C

This implies that

lim sup sup J(f)(Ls(z) — Li(2))
< lim sup sup J(g)(Ls(z) — Li(z)).

AVO zeC
Since J(f) > J(g) 2 0 and Ly is bounded on compacts

lim sup sup (Lg(z) — L}(z)) < 0.
AVO z€C

Together with (18.9) this implies that L)(z) - Lg(z) as
A | 0 uniformly on compacts, as desired.

Tueorem 18.4. — Let Be®, and feF*. Then
(189) Af(@) — HaAf(2) = — Guf(2) + La(@)J(f), @<,

with the understanding that if J(f) =0 the term Lg(x)J(f)
is defined to be zero for all ze® (even if Lp(z) = 0 !). In
particular Ggf s integrable on compacts and if B e ®R;, then
Gsf s bounded on compacts.
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Proof. — This result follows easily from equation (18.6)
and Theorem 18.4.

In the type II case set
Li(z) = Lg(®) + o*(¢(z) — Hed(2)).

Then L§ 1s integrable on compacts and finite at exactly
those values of z, where Ly is finite. In particular Lg 1is
finite a.e. If Be®%; then Li is bounded on compacts.
Also L§ is non-negative, as is evident from the following
result.

Treorem 18.5. — Let Be®,, fe ®* and ¢ e ®. If the

process is type 1 recurrent, then

(18.10)  lim Ggf,(z) = La(2)J(f), Ls(z) < o,
and .

(18.11) lim (g, Guf,) = J(f)(9, Lan).
If the process us type 11 recurrent, then

(18.12) lim Gofi(2) = Li(@)J(f), Ls(z) < o,
and o

(18.13) lim (¢, Gaf,) = J(f)(o, Li)-

If Be®B,, then (18.10) and (18.12) hold for all x e ® and the

conyergence is uniform on compacts.

Proof. — For fed*, this result follows immediately from
Theorems 17.2 and 18.3 and the identity valid for Lg(z) < oo :

Afy(x) — Af,(0) — Ha(Af, — Af,(0))(2)

— Gafy(2) + Lu(2)J(f).

In the non-singular case we are done. In general however,
we must replace the collection ¥ by C, This is easily done
by a standard « unsmoothness » argument based on Theorem

3.4 of [7].
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19. Asymptotic Behavior of Ggf(x) and Hjf(x).

Continuing our study of recurrent processes, we obtain
from Theorem 18.5 and duality

Tueorem 19.1. — Let Be®,, fe® and ¢ e ®* If the
process is type 1 recurrent, then

lim (9., Gaf) = J(o)(f, L.
If the process is type 11 recurrent, then
lim (9., Gof) = J(e)(f, Li).

The existence of limiting hitting distributions is most
readily established by reduction to the discrete time case.

Treorem 19.2. — Let B e ®,. If the process is type 1 recur-

rent there is a probability measure py supported by B and
such that for fe ® and ¢ e ®*

him (., Haf) = J(o)(f, wn).

If the process is type 11 recurrent there are probability measures
ws and us supported by B such that for fe® and 9eC,

lim (g, Haf) = J(o)(f, u5)-

Remark. — In the type II case we set pp= (pF + u3s)/2.

Proof. — By Proposition 5.3 we can assume that the random
walk obtained by looking at the process at integer times is a
recurrent random walk on &. Its typeis I or II according
as the recurrent process 1s type I or II. Let

T} = min[n > 0|X, e B]
and let
Hif(z) = E,[f(Xs); Th < o]

Lemma 19.1. — Let C be a compact subset of & and
e > 0. Then there is a compact subset K of & such that
CcK and

lim sup P, (X €C) < e.

& >0
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Proof. — Let C; be a compact set containing C and
such that |dC,| = 0. Let n be a positive integer such that
en > 1. Let G, ..., C, be translates of C; suchthat (..., C,
are disjoint. Let L be a compact set containing C, U--- UC,
and such that |dL| = 0.

Suppose the random walk is type I. Then by Theorem 5.7
of [7) for 1 <k <n

¢, = lim P,(Xq € C))
exists. Clearly ¢; + -+ 4+ ¢, < 1. Thus there 1s a j such
that 1 <j<n and ¢ < 1/n < e Let z; be such that
Cj=u2;+C, and set K=L — 2. Then

Iim P,(Xg1 <Cy) =¢; < =

> o

Consequently
lim sup P,(X+t € C)

&> o

N

€,

as desired. The proof in the type II case requires only obvious
modifications of the proof in the type I case.

Lemma 19.2. — Let B>%, and let ¢ > 0. Then there is
a compact set K such that for fe @

lim sup|Hyf(2) — HkHaf ()| < <lf].

Proof. — There is a compact set CcB such that
P,(X,eC for 0<t< ) = 1)2, yeE.
By Lemma 19.1 there 1s a compact subset K of & such that
CcK and
lim sup P (X4 € C) < ¢/4.

It follows that
lim sup P,(Ts < Tk) < ¢/2,

> o

from which the conclusion of the lemma follows immediately.

Proof of Theorem 19.2. Suppose the process is type I. Then
by Theorem 5.6 of [7]

lim (¢,, HiHaf) = J(o)(Hof, uk),
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where pk is the limiting hitting distribution of K for the
random walk. Let ¢,—0 as n— oo and let K, be the
corresponding compact sets in Lemma 19.2. There are pro-

bability measures g, supported by B such that
(Hgf, vk,) = (f, ».). We now have that

&> o

lim sup |¢,, Hk Hsf — Hsf| < <, lf1I(o).

and

Consequently
lim sup |(¢., Haf) — J(@)(f, wall < <alfl (o).

This implies that (f, u,) i1s a Cauchy sequence in n for each
fe ®. Thus there is a number c¢; such that

lim (f, 1) = ¢
It Follows by Corollary 4 Dunford-Schwartz [3, p. 160]
that for some probability measure up supported by B

ljfg (fy ta) = (£, vB)-
Therefore

11:2 (90> Haf) = (f, vs)
as desired. Only obvious modifications are required to complete
the proof in the type II case.

Tueorem 19.3. — Let Be®} and fe ®* If the process

is type 1 recurrent, then
lim Hyf(2) = (f, ws).

Proof. — Once we know that the appropriate limits of
Hyf exist we can identify these limits by means of Theorem
19.2. The proof that these limits exist reduces to the corres-
ponding discrete time results in [7] by using the same argu-
ment used to prove Theorem 19.2. In the general case, we
use Theorem 9.1. which states that if Be®,, then Hsf
is continuous a.e. ze@®.
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TreorEM 19.4. — Let Be B and fe ®*. If the process
is type 1 recurrent, then

lim Gyf(z) = (f, Ly).

& > oo

If the process is type 11 recurrent, then
lim Guf(a) = (f, L3).

Proof. — Once we know that the indicated limits exist
we can immediately identify them by means of Theorem 19.1.

To show that the limits do exist choose a compact set
Ce®; such that BcC and f is supported by C. This
can be done by Theorem 9.4. Then Ggf = HGpf. In the
non-singular case the existance of the desired limits now
follows immediately from Theorem 19.3. In the singular
case, one way of proceding is to choose a big enough compact
set K such that [0K| =0 and HGsf(z) 1s close to
HiHcGgf(z) = HkGpf(2) and using the fact from Theorem
9.1 that Gsgf is continuous a.e. ze@®.

20. Robin’s Constant.

This section is devoted to associating a number k(B) to
sets in $ such that — oo < k(B) < . It will turn out
that #(B) > — o if and only if Be®,. The constants
k(B) enter in a natural way when we study the time dependent
behavior of recurrent processes in the following several sec-
tions.

Prorosition 20.1. — Let fed. Then for Be®R;, Gsf
is a bounded function and for Be®, and C compact

L., Gaf(y) dy

ts bounded in =x.

Proof. — Let feF, Be®,, and C be compact. Let fi e
with J(f;) =1. Set g=f— J(f)fi. Then ged, J(g) =0,
and on {z|Lg(z) < 0}

Gg — HaGg = Gaf — J(f)Gafi.
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Thus by Theorem 17.3
oo Gaf(y) dy — 3(f) [, Gafily) dy

is bounded in z. Consequently in order to prove the conclu-
sion for feJ it suffices to prove it for one such f;.

By Proposition 18.6 we can find f; €eF*+ and f, €Ft such
that J(fy) =1, J(fz) > 1 and f; < f; outside some compact
set A. Let M be the maximum of f, on A. Then for some
N < oo and all ze®

I [, Gafily) dy — N < [ Gafaly) dy
<M [ _Gs(y, A) dy + [ _Gsfily) dy.
Thus for ze ®

0< [, Gofily)dy < (N+M [, Goly, A)dy)/(J(f) — 1)
Since by Proposition 18.4

S, Galy, A) dy

is bounded in =z, it follows that

..o Guhi(y) dy

is bounded in =z, as desired.
The proof that Ggf is bounded for Be®; is the same,
except that it is no longer necessary to integrate over C.

ProrositioN 20.2. — Let &, be a compactly generated
open subgroup of & andlet § be a continuous homomorphism
from &, onto a closed d-dimensional subgroup of some Eucli-
dean space R® such that §(z) = 0 if and only of = is a com-
pact element of ®&,. In the type 11 case we let &, = & and
¢ as usual. Let fed*. If Be®Ry, then in the type 1 case

lim  (¢(2)) 7 Gsfo(x) = 0

>0, zEQY,

and in the type 11 case
lim | (z)| 2Gef ) = 2672J(f).
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If Be®, and C s compact, then in the type 1 case
lim [¢(a)]" [ Gufufz) dz =0

> o, TEQY,

and in the type 11 case
lim |9(@) 7 [, Gofa(s) dz = 2-2CLI(f).

Proof. — From Theorem 18.4 we see that if Lg(z) < o,
then

Af(z — ) — HpAf(z) = — Gofol(z) + Lu(z)J(f).
Consequently
Gof(2) = (Af(z) + Af(— @) + (Af() — Af(z) — Af(z — 2))
+ (HpAfi(z) — Afo(0)) — HpAf(z) + Gof(2).

Now Af(z) — Af(x) and Af(z —=z) are bounded as z—z
range over a compact. Also HpAf,(z) — Af,(0) stays bounded
for z, ze® (with Lg(z) < «© and hence Hpl(z) =1).
By Proposition 20.1, Ggf is bounded if B e ®; and otherwise

Jzo Gof(2) dz

stays bounded. In the type II case it follows from Theorem
17.2 that

lim |$(a)| = (Af(2) + Af(— ) = 20-2J(f).

& >

In the type I case it follows from Theorem 17.2 that
im  (¢(z)7*(Af(2) + Af(—2)) =0

>0, TEY,
From these results the proposition follows immediately.
Prorosition 203 — Let &, and ¢ be as in Proposition
20.2 and let A be compact. If B e®B;, then in the type I case

lim  (¢(2)2Gplz, © + A) =0

zT> o, ze@;
and in the type 11 case
lim sup |¢(z)| 2Gp(z, z + A) < oo.
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If Be®, and C s compact, then in the type 1 case

lim  ($(2)* [ Gulz, o+ A) dz =0

z> o, z€@®,

and in the type 11 case
lim sup [§(@)| = [ Ga(z, @ + A) dz < oo

Proof. — This result follows immediately from Proposition
20.2. With more work one can show that in the type II case
the actual limits exist if [d2A| = 0.

Proposition 20.4. — Let &, and ¢ be as in Proposition
20.2 and let A be compact. If Be®Rs, then

Go(z, y + A)/(1 + [4(y)])
is bounded in ze® and ye®,. If BeR, and C s

compact, then
s Golm y + AL+ 19(9)]
is bounded for xe® and ye®,.

Proof. — If Be®; the result follows immediately from
Proposition 20.4. Suppose Be®, and C is compact. Let E

be a compact set such that AcE. Let D be a compact

set having positive measure and such that A — DcE.
Then for UWeD

Soodz Gz y + A) < [ dz Hyooin(z, do)Ga(v, y + A).
Consequently by Proposition 18.3

C— D
G A) < | Ga A
fz:+C dz Go(z, y + A) < | D| £+D+E do Ga(v, y + A)

and the desired result now by Proposition 20.3.

Prorosition 20.5. — Let &, and ¢ be as in Proposition
20.2. Let feJ* be supported by &, and such that (Y/z))*f(z)
is bounded on &,. If Be®R,, then in the type I case

lim Guf(2) = (f, Ln)
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and in the type 11 case
lim Gsf(2) = (f, L3),

T>x o

both limits being finite. If Be®B, and ¢ eC, then in the

type 1 case
lim (94, Guf) = J(9)(f, Ls)

&> o

and in the type 11 case
lim (9, Gof) = J(o)(f, L3),

&> x o

both limits being finite.

Proof. — Suppose Be®, and ¢ eC(C,. Now

‘Pz; GBf quz / GB:IJ dy

Let E be a compact subset of &, with |E| > 0. By Propo-
sition 20.4 there is an M < o such that for y in &; and
sufficiently large

Jo#al2)Ga(z, y + E) dz < Mly(y)l, 2e@.
We can also assume that M 1is such that

fu) < M§(y))™, u>y+E, ye6,.
Then there is a compact set D such that for ze ®

S #ul2) dz fon o dy [ Galz, du)f(w)
< M(e) [ Jg(y)l=* dy

which can be made arbitrarily small by making D sufficiently
large (since necessarily d < 2 in the recurrent case). Let
D, o D be a compact set such that (D{n &,) — EcD-
Then

S #ala) dz foo o dy [ Gals, du)f(u)
= Ji 9a(z) dz [ Ga(z, du)f(u)|D* A (u — E)|
> |E| [ ou(z) dz [, Gu(z, du)f(u).
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In otherwords, given ¢ > 0 we can find a compact set D,
such that

Sy 2el2) dz [ Gu(z, du)f(u) < 5, 2@
By Theorem 19.1 in the type I case

lim [@ 9.(2) dz [  Ga(z, dw)f(u) = J(e) [D f(z)Ls(z) dz

T>00 v D
and in the type II case
Tim [\ 0.(5) ds [ Gals, duf(u) = 3(e) [, f(a)Li(2) do.

Since ¢ can be made arbitrarily small, the conclusion of
the proposition follows.

If Be®, the same proof works except that we need not
integrate with ¢, we use Theorem 19.4 instead of Theorem
19.1, and we choose D, such that [dD,| = 0.

Tueorem 20.1. — Let B e ®i. In the type 1 case there is a
finite constant k(B) such that for feF*

lim (Af(2) — Ls(2)J(f)) = kB)J(f).

In the type 11 case there exist finite constants k*(B) such
that for fed*

lim (Af(z) — Ly(2)J(f)) = k*(B)J(f) F o2K(f).

z>%x 00

Let Be®,. In the type 1 case there is a finite constant k(B)
such that for feJF and ¢ eC,

lim (¢, Af — J(f)Ls) = J(o)k(B)J(f).

In the type 11 case there are finite constants k*(B) such that
for feF and ¢ eC,

Aim (g,, Af — J(f)Ln) = J(o)(k*(B)J(f) ¥ o72K(f))

Remark. — The Robin’s Constant is defined as #k(B) in
the type I case and

k(B) = (k*(B) 4 k=(B))/2
in the type II case.
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Proof. — One can find an f; € F of the form of Proposition
20.5 with J(f;) = 1. It can also be assumed that in the type
IT case K(f;) = 0. Recall that

Afi(x) — HeAfi(@) = — Gofy(X) + Lu(a).

Suppose Be®, and ¢ eC, Then by Theorem 19.2 and
Proposition 20.5, in the type I case there is a constant k(B)
such that

lim (¢, Afy — Lg) = J(o)k(B),

>

and in the type II case there exist finite constants k*(B) such
that

lim (¢,, Afy — Ls) = J(¢)k*(B).

&>+ o

The desired result now follows by Corollary 17.1.
The proof for B e #; 1s similar.

Tueorem 20.2. — Let Be®] and feF*. In the type 1

oase lim Gpf(2) = — k(B)J(f) + (Af, ps)

&>

and in the type II case
lim Gsf(z) = — k*(B)J(f) £ oK(f) + (Af, v-5).

&>t

Let Be®,, feF, and ¢ €C, In the type 1 case
lim (., Gf) = J(e)(— k(BJI(f) + (AF, ua)

and in the type 11 case
lim (9., Gof) = J(o)(— k*(B)J(f) £ o2 K(f) + (Af, u?)).

& >

Proof. — This result follows immediately from Theorems

18.4, 19.2, 19.3 and 20.1.
Tueorem 20.3. — Let Be®f and feF*. Then

(f, L) = — k(B)J(f) + (Af, us)
and in the type 11 case

(f, Li) = — k*B)J(f) + o 2K(f) + (Af, u).
9
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Proof. — If f satisfies the assumptions of Proposition
20.5 the result follows from Proposition 20.5 and Theorem
20.2. The general case can easily be reduced to this special
case by arguing as in the proof of Theorem 5.12 of [7], since
Proposition 5.2 of [7] extends in an obvious manner to the
continuous time recurrent potential operator A.

Cororrary 20.1. — Let Be®; and feF*. In the type 1
case

lim Gof (@) = (f, La)

>

and in the type 11 case
lim Gsf(z) = (f, Lg).

&>+

Let Be®,, feF, and ¢ (. In the type 1 case

lim (¢,, Gof) = J(¢)(f, Ls)

&>

and in the type 11 case
lim (¢., Gef) = J(o)(f, Li).

>+

Proof. — This result follows immediately from Theorems

20.2 and 20.3.

Prorosition 20.6. — Let Be® and let B,2B, B,| and
P,(lim,,, Ty, = Ts) =1 ae. 2®. If BeB, and 9eC,
then in the type 1 case

bm (¢, us,) = (¢, s)

n>w

and in the type 11 case

lim (o, u3,) = (o, 43).
Proof. — Let C be a compact set such that C contains

B and B,, n > 1 Consider first the type I case. Now
(9, us) = (Hpe, pc). Let D be a non-empty relatively com-
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pact open set such that B — D<cC. Then
1
((P, l-"B) =Wﬁdy (HBCP’ P*y+C)

1 »
= d dy H — z).
IDI fp‘c( z) .,[1; Y B(P(y Z)
If also B, — DcC, n > 1, then

1
(6 ) =pr f we (da) f dy Hyo(y + 2).

By quasi-left-continuity it follows that
lim Hp ¢(z) = Hpo(2) a.e. ze®

n>oo

and hence that (¢, ws,) = (9, us) as n — oo.
The proof in the type II case is similar.

Prorosition 20.7. — Let B and B,, n > 1, be as in
Proposition 20.6 with Be®,. Let ¢ € ®. Then

lim (¢, L) = (¢, L)

n>x

and in the type 1I case
lim (9, L) = (¢, L§).

n>x0

Proof. — Choose fed+t with J(f) = 1. Then
Af(x) — HpAf(z) = — Gsf(7) + Lu(2)

and

Af(z) — Hp Af(z) = — Gg,f(2) + Ls,(2).
Now

lim HyAf(2) = HoAf(@) and  lim Gy,f(a) = Gaf(a)

n>o

for almost all ze@®. which implies that
lim (CP, LB,,> == ((P, LB).

This implies the desired result in the type I case. The result
in the type II case now follows from the formula

Li(z) = Ln(z) £ o72(¢(2) — Hud()).
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Prorosition 20.8. — Let B and B,, n > 1, be as in
Proposition 20.6 with Be%,. Let ¢ eCy with J(¢) > 0.
Then

lim (¢, Lp) = o

and in the type 11 case

lim (9, L) = oo.

n>»

Proof. — Choose feJd+ such that J(f) = 1. Then
Af(z) — Hp Af(2) = — Gg,f(z) + Lp,(x).
Now (9, HpAf) is bounded in n and
lim (¢, Gg,) = o,

n>x

from which the desired results follow immediately.
We can extend the definition of k(B) to all sets in $ by

setting k(B) = — oo whenever Be% but Be&®%,. Simi-
larly in the type II case we extend A*(B) to all sets in %
by setting k*(B) = — oo if Be® but Bed®,.

Tueorem 20.4. — Let B and B,, n > 1, be as in Propo-
sitton 20.6. Then
lim k(B,) = k(B)

and in the type 11 case
lim £*(B,) = k*(B).

n>o

Proof. — Let fed* with J(f) =1. We can assume that
B,e®, for n > 1. Then by Theorem 20.3

(20.1) k(B,) = — (f, Ls,) + (us,, Af).

Suppose first that B e ®,. It follows from Proposition 20.6

that
lim (us,, Af) = (us, Af).

n>0

By Theorem 18.5, Ly 4 as n4{. By Theorem 20.3 (f, Ls)
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is finite. Since f is non-negative it now follows by Proposition
20.7 that

lim (f’ i"Bn) = (fa LB)'

n>o

Thus
lim k(B,) = — (f, Ln) + (un, Af) = k(B)

n>co

as desired. The proof in the type II case is similar.
Suppose next that Be® but Be®, We will prove
that in the type I case

lim k(B,) = — oo.

n>w

By Proposition 20.8
lim (f, L) = co.

Since (ws, Af) 1s bounded in n 1t follows from equation
(20.1) that k(B,) - — o as n— . The proof in the type
IT case is similar.

Prorosition 20.9. — Let Be®R, and let Ce®B; contain
B. Suppose first that B e ®;. Then

k(C) — k(B) = R(C) — k(B) = (La, po)-

Suppose next that BcC and let D be a relatively compact
non-empty open set such that B — DcC. Then

~

k(C) — k(B) = K(C) — K(B) =ﬁ [ duln, wuro)

Proof. — In the type II case by limits at o we mean the
average of the limits at + o and — co.

Suppose BecC and let D be as in the statement of the
proposition. Let f, ¢ €C, sith J(f) = J(¢) = 1. Then for

ueD
(‘Pw, Gu+0fy) = (‘Pm’ Gny) - (‘Pa:: Hu+CGB]‘:‘r)'
Consequently

S, di®e, Gurcfy) = 1Dl(0es Gafy) — [, du(e., HuvoGaf)-
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Letting y — o, we get from Theorem 18.5,

J, @u(®a; Lusc) = IDl(90; Ln) — [, du(oe, HosoLa).

Letting z — o we get from Theorems 19.2 and 20.1

ID|(k(C) — k(B)) = | du(Ln, pusc)-

Reversing the process and first letting z — oo, we get from

Theorems 19.1 and 19.2
J dulfy Luve) = IDI(fy, L) — . du(Gafy, asc).

Letting y — o we get from Theorems 18.5 and 20.1 that
IDI(R(C) — k(B) = J_ du(Ls, puso),

which completes the proof of the theorem.

_ Tueorem 20.5. — Let B, By, and B, all be in $,. Then
k(B) = k(B) = k(— B). If B,cB,, then k(B,) < k(B,).
Finally k(B; U B,) < k(B,) + k(B,;) — k(B; N B,).

Proof. — It is obvious from the definition of the dual
process that k(— B)=1%B). Let Ce%, be such that
—C=C and BcC.

Then k(C) = k(— C) = k(C) so by Proposition 20.9

(B) = k(B) + %(C) — k(C) = k(B).

Suppose C = @5 and (B, U B,)cC. Then by Proposition
20.9

1
K(By) — k(B) = o ﬁ du(Ly, — Lu, ) > 0.

Finally observe that

1[T.,.>t1 + 1[Tn,>t] = 1[Tn.>t]U[Tn,>tl + 1[Tn.>tlﬂ[Tnz>'l
< 1[Tn,nng>t] + :1[Tmung>t]]'

Choose feC}y with J(f) = 1. Then
Gp, + Gs,f < Gous,f + Gs,usf.
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From Theorem 18.5 it follows that if B, N B,e®,, then
Lp,us, > Ls, 4+ Ls, — Lp,us,
and by Proposition 20.9
k(B; U By) < k(B,) + k(B,y) — k(B; N By).

If B nB,e®R,, then kB, NnB,) = — o0 and this ine-
quality still holds. This completes the proof of the theorem.

21. Time Dependent Behavior (Recurrent Case).

Throughout this section X, will denote a recurrent process.
For Be® and Ae$ recall that

= [ dv P(Ty < t, Xp, < A) da.

We also set for ¢t > 0
Ex(t) = Ex(t, B) = Eqg(t, ®) fde

Then Eg(t, A) and Eg(t) are zero unless Be®,. Eg(t, .)

defines a measure on B having total mass Eg(t).

ProrositioNn 21.1. — For t > 0 and h > 0
Es(t + h, A) — Eg(t, A) = [ Po(Ts > )P,(Ts < h, Xr, < A) do.

Proof. — This result follows from the computations
Ex(t + h, A) — Ext, A)
= [ody Pt < T < t4 h, Xr, < A) dy
— f@ dy f@ P,(Ts > t, X, e da) P,(Tp < h, X, € A)
= J@ P,(Ts > t)P(Ts < h, Xg, € A) da.

ProrosiTion 21.2. — If Be®,, then

lim Eg(t) = oo,

t>o00

lim (Es(t + k) — Eg(t)) =0, & > 0,

t>0
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and

lim B2+ 5) _ 4

t>o EB(t)
uniformly for s in compacts.

Proof. — These results follow immediately from Propo-
sition 21.1 ans the definition of Eg(t), since P,(Tp < o) =1
ae. ve@® for Be®,.

ProrosiTioNn 21.3. — If Be®, and Ce®R,, then

. Es(t)
Imeg =1

Proof. — We can assume that BcC. Let D be a relatively
compact non-empty open set such that B — DcC. Then
for s> 0 and ueD

Es(t +5) > [, Buralt, dy)Py(Ts < s
= /(;j Ec(t, dy)Pusy(Ts < s).
Consequently
14
Es(t + 5) > D] J@ Ec(t, dy)

Choose 0 < ¢ < 1. Thereis an s > 0 such that
1
]ﬁl r+D
Then Eg(t + s) > (1 — ¢)E¢(t). By Proposition 21.2
lixginf Ex(t)/Ec(t) > 1.

P,(Ts < s) du.
y+D

P(Ts < s)du >1—¢,yeC.

Since Eg(t) < Eg(t), 1t follows that
lim Eg(t)/Eq(t) = 1,
as desired.

ProrositioN 21.4. — Let AeP and 0 <t < 0. Then
for Be®,

JIPUTy > 5, Xe, < A) ds
= [ Ga(z, dy)P(Ts < t, Xr,c A), 2e@,



INFINITELY DIVISIBLE PROCESSES 217

and for Be®%, and Ce®
Jodw [ P(Ts > s, Xp, < A) ds
= fc dx fn Gp(z, dy)P,(Tp < t, X, e A), 2e®.
Proof. — Let Be®;. Then
J. Gu(z, dy)P,(Ts < t, Xr, < A) :
= [ du [ Qi(z, dy)P,(Ts < t, Xr, < A)
=fo°°du P,(u < Ts < u+t, Xy, eA)

= A“ dS Pm(TB > S, XTDE A.).
The proof of the corresponding result for Be®, is similar.
Most of the remaining results in this section will be obtained

in the type I case, the corresponding results in the type II
case being deferred to Section 22.

Treorem 21.1. — Suppose the process is type 1. If B e &,
then

lim fo ds P,(Tp > s)/Ep(t) = Ly()

>0

uniformly for x in compacts. If Be®B, and Ce®R, then
hmfdmfdsP (Ts > s)[Es(t) = [ La(a)

t>o0

Proof. — Let Be®;. By Proposition 31.4
S ds P(Ty > 5) = [ Go(z, dy)P(Ts < 1), ze@®.
Choose De@ with |D| > 0. Then
D]/ Ge(x, dy)P,( fdyf Galz, d2)P,(Ts < ).

Choose 0 < e < 1. We can find a ¢ > 0 such that for
ye®, zey+ D and t >0
(1—¢)P(Te <t—ty) <P, (Ts <t) < (14 ¢)P(Ts < t+¢,).

It follows from Theorem 18.5 that, as = ranges over a com-
pact set, for y sufficiently large

(La(2) — ¢)|D| < Gu(z, y + D) < (Ln(x) + ¢)|DJ.
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Thus for some M <

ID| /" Ga(=, dy)P,(T» < ¢)
< ( e) [ P/(Ts < t+ t,)Gu(z, y + D) d
< M+ (1 + ¢)(Lu(2) + )| DI Ex(t + )

and similarly for ¢t > ¢,

ID| /" Ga(=, dy)P,(Ts < ¢)

> — M+ (1 — ¢)(La(z) — )| D|Ex(t — ).

The conclusion of the theorem now follows from Proposition

21.2.

Suppose now that Be®, and Ce®. Choose B,e%
such that B, 2B. Since P Ty > s) > P,(Tp > s) it follows
that

llmlnffdwfdsP (Ts > s)/Egt) fLB

t>o0

It now follows from Propositions 20.7 and 21.3 that

lim inf | da S ds Po(Ts > 5)[En(t) < [ Ly(a) d

t>o0

On the other hand
P.(Ts <t) < P(Ty < t)

and by imitating the proof of Theorem 21.1 for the special
case Be®,;, we can show that

hmsupfdxfdsp (T > s)/Eg(t) fLB

t>o

and since, by Proposition 21.3, Eg(t)/Ep(t) >1 as t—> o
the conclusion of the theorem now follows.

Tueorem 21.2. — Suppose the process is type 1. If B e %3,
then for fe ®*

lim / ds E,(f(Xz,); Ts > )/Es(t) = La(2)(f, ts)

t>00

uniformly for x in compacts.
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Proof. — This result follows easily from Theorems 19.3
and 21.1 and the facts that Eg(f) - 0 as t—> o and for
any compact set K

JTdsP(X,eK  and Ty > s5) = Gy(s, K)
i1s bounded for z in compacts.

Prorosition 21.5. — If Be®R;, then for any t > 0 and
e > 0 there is a compact set K such that

fn' Ga(z, dy)P,(Ts < t) < ¢, rze®.

If Be®, and Ce®, then for any ¢ > 0 there is a compact
set K such that

Jodo [ Ga(z, dy)Py(Ts < t) <5, 2<G.
We start the proof of this proposition with
Lemma 21.1. — Let Be®; and Ke®B. Then

J;. Galz, dy)P,(Ts < ¢)
< tP (X, e K" for some s such that Ty —t < s < Ty).

Proof. — Let t > 0. Then for u > 0

3 o iz, dy)P(Ta <

< P (X,e K’ for some s such that Tz —t <s < Ts).

If we integrate w in the left side of this inequality from 0
to ¢ we get

S du [ Qb dy)P(Ts < 1) = [, Golz, dy)Py(Ts < 1),

from which the lemma follows.

Proof of Proposition 21.5. — Let Be®; and t > 0 and
choose e > 0. There is a compact set K;2B such that

P,(Ts < t) < ¢/3t, y < K;.

By Theorem 19.2 and the argument used in proving Lemma
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19.1 it follows that we can choose a compact set K; such that
lirix:oup Hg(z, K,) < ¢/3t.
There is a compact set K; 2 K, such that
P,(X,e K; for some s suchthat Tsg —t < s < Ts) < ¢/3¢
for all z e K,. These inequalities imply that
lim sup P,(X, e K; forsome s such that Ty—t < s < Tp) < ¢ft.

&> o

By Lemma 21.1 it follows that there is a compact set L such
that

)., Ga(z, dy)P(Ts < t) <&, welS
It 1s easy to see that there is a compact set K2 Kj such that
[ Gu(w, )P, Ts < t) <e, el

The set K 1s the desired set.
The proof of the proposition for B e %, rurs along similar
lines, but uses additionally Proposition 18.3.

Taeorem 21.2. — Let Be®,. Then for t > 0 and Ae®
[ Lo()Py(Ts < 1, Xr, e A) dy = tus(A),
and in the type 11 case
[ Li(y)Py(Ts < t, Xp, e A) dy = tp3(A).
Proof. — By Proposition 21.4
S ds Po(Ty > 5, Xe,e A) = [ G, dy)Py(Ts < 1, Xp e A),

Choose ¢ > 0. By Proposition 21.5 there is a compact set
K such that

S, Go(@, dy)Py(Ts < t, Xr,cA) <&, 2@
Choose Ce@ such that |G| > 0. Then
Sooda fK Go(z, dy)P,(Ty < t, Xg, < A)
= . Galy, @ + C)Py(Ts < 1, X, < A).
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In the type I case as z — oo the last term approaches, by
Theorem 18.5,

1€l [ La(y)P(Ts < ¢, X, e A).
On the other hand by Theorem 19.2

lim f dz f ds P(Tp > s, Xg, € A) = |C|tus(A).

&>

Since ¢ can be made arbitrarily small

Jo La(y)Py(Ts < t, Xp, € A) = tus(A).

In the type II case we need only let z — + oo and use the
same argument.

Tueorem 21.3. — Suppose the process is type 1. Then for
Be®, and Aed.

lim Eg(t, A)/Es(t) = us(A).

t>o0

Proof. — Suppose first that B e ®,. By Proposition 21.1
for Ae®

En(s + 1, A) — Ex(s, A) = [ doP(Ts > s)Py(Ts < 1, Xr, € A)
and hence
[ (Es(s + 1, A) — Ex(s, A)) ds
= [.dw P,(Ty < 1, Xp,e A) [ ds P(Ts > 5).
Let K be compact. Then by Theorem 21.1
lim (Ey(t))~ t [ do P(Ts < 1, Xp,e A) [ ds P(Ts > s)
— fK dz Lp(@)P,(Ts < 1, Xy, € A).

Moreover
fK,dez(T 1XTeAfdsP s)

< [, dz Py(Ty 1fdeTB>s>
Since

A‘t (EB(S + 1) — EB(S)) ds ~ En(t)
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and by Theorem 21.2

[ Lo(2)Py(Ts < 1) do =1,
it follows that

lim lim supEi()11 P,(Ts < 1)fth(TB >s8)ds=0
B (1}

KAG® t>

and thus

lim f Es(s + 1, A) — Exg(s, A)) ds/EB
= [ dz Ly(2)P,(Ts < 1, Xr, e A) = py(A)

and therefore that

. Eg(t, A)
bm =@

= HB(A)-

Suppose now that Be®,. Let B, be a compact set in
$#; containing B. Then

ff Es, (ds, dy)P,(Tp < t — s, Xy, € A)
—fmt@mmM
—ffEB (ds, dy)P,(Ts > t — s, Xy, € A).

Now by Proposition 21.3

lim f En(t, dy)Hs(y, A)/Ex(?)

t>00

= lim f Es(t, dy)Hg(y, A)/Es(t)

t>o00

=AMdMM%M=MW-

Moreover
lim sup f f Es, (ds, dy)P(Ts > t — s, Xz, & A)[Ex(2)
t>0
< lim sup f f Es, (ds, dy)P,(Ts > t — s)/En(t)

t>o0

= hn} sup (Ep,(t ) — Ex(t))/Es(t) = 0,

from which the conclusion of the theorem follows.
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Prorosition 21.6. — Let Be®, and Ce®B,. Then

'E Eg (ds
lim <% ot — ) » (ds) =1.
t>wo / EG d )
Proof. — This result is a direct consequence of Proposition

21.3. According to that proposition

f Ex(t — s)Ey (ds) j Eq(t — s)Ep (ds)
_f Es(t — s)Ec (ds) f Eq(t — s)Ec (ds)

According to Proposition 21.6 we can find a non-decreasing
function g(¢), t > 0, such that for Be %,

llmf Es(t — s)Eg (ds)/g(t)

t>00

Tueorem 21.4. — Suppose the process is type 1. Then for
Ce®, and Bed.

lim f Ec(s) — Ep(s)) ds/g(t) = k(C) — k(B).

Proof. — We use the notation fi(t) ~ f3(t) in this proof
to mean that

lim (f(t) — £(0)glt) =

Suppose first that Be®, and BcC. Let D be a rela-
tively compact non-empty open set such that B — DcC.
Then

IDI(Eq(s) — Ea(s)) = [ du [ [ E,q(dr, dy)PyTs > s — 1)
= [ [ Eq(dr, dy) fyﬂ)azulz,T]B >s—r).

Consequently

IDI [ (Ec(s) — Es(s)) ds

= [* f: Be (ds, dy) Somdu [T PUTy > 1) dr,
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which, by Theorem 21.1 and Proposition 21.3, is asymptotic
to

f Eq(t — s) [ Ee ( ds,dy)f+ Lo(x) du
_f Eo(t — ) ds J- Eq(s, dy) f Ly(u) du
= [7 (LBt — s, dy) ) [, Lal )du)Ec(ds)
~foEct—sEc (ds) fagc(dy)meB(u) du
~ g(t) [ du(Ls, purc)
= g(t) DI (k(C) — k(B))

by Proposition 20.9.

From this it follows that the conclusion of the theorem

holds whenever B e #,. To complete the proof of the theorem
we need only show that if Be® but Be®,, then

(21.1) lim f (Eq(s) — Ex(s)) ds/g(t)

t>00

But by Theorem 20.4 there exist sets B,e%, with B,2B
and lim k(B,) = — o. Thus

>0

lllf_l)inff (Ec(s) — Esg(s)) ds/g(t)
> lim f Eq(s) — Ep (s)) ds/g(t) = k(C) — k(B,)

and hence (21.1) holds, as desired.

22. Stronger Results
on the Time Dependent Behavior (Recurrent Case).

Throughout this section X, will be a recurrent i.d. process
that satisfies the additional

Condition 2. For some ge (F*)* with J(g) =1

lim A1—1*H <%>_1 Grg(z) =1

AYO

uniformly in 2 on compacts for some constant «, 1 < a < 2
and some slowly varying function H.
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By essentially the same argument as used in [7] (see § 13)
we can show that this condition is satisfied for every type II
process with « =2 and H the constant function (2¢2)-1/2,
An easy Abelian argument shows that this condition holds
when @=R'e H or 7Z' @ H and the process (X))
1s in the domain of attraction of a stable law of exponent «

and thus, in particular, for the stable processes themselves.
For Be®, Ae® set

ei(t, A) = Eg(t + h, A) — Eg(¢, A)
and set
en(t) = ek(t, B).
Prorosition 22.1. — For any B e &,
tl/a.

and
ht—1+1/¢

1 ~N —,
W~ @R
In particular, for any type IT process

lim 220 — 9(2/n )t

\f
lim es(t)Vt = (2/n) 2.

t>0

Proof. — It follows from (3.7) that
E};Glg— (1, H}G'g) = (g chm

1 f g(2) E (e-\h)

and

Thus

and thus by Karamata’s theorem.
{lie
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Since

eh(t) = [ Pu(Ts > )P(Ts < h) da

is monotonic in ¢t it follows that

" hi—1+1/a
W~ ()
as desired.
Taeorem 22.1. — For any Be®;, uniformly in z in
compacts,
P(Ty > f) ~ Lpl@) e

H(@)I(1/«)
and for any Be®, and any Ce%®

{—1+l/e
fP(T,,>t ) dz ~ fLB dx]H N

Proof. — By definition of Lj(z)

[rams oo an

and thus, uniformly in z on compacts,

f Py > e N dt ~ Lu(z) <%>”“ H <_i_>‘l.

The result for Be®%; now follows by the usual Tauberian
arguments. The proof for B e %, is similar.

CororLary 22.1. — For any type I1 process

lim \Vt P(Ts > &) = \/ % oLy(2)

t>00

uniformly in x on compacts whenever Be®R;. For Be®,,

lim Vi P(TB>tdx~\/—%—chB(x)dx
c

t>o

Proof. — Immediate.
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Cororrary 22.2 — If the process is type 1 and Condition 2
holds then for any Be®, and any Ae®
t—1+i/a
H()T(1/a)
Proof. — The result follows from Theorem 21.3 and Propo-

sition 22.1 and the fact that ej(¢, A) is monotonic in ¢ by
a standard Tauberian argument.

eh(t, A) ~ us(A)h

Tueorem 22.2. — Suppose the process is type 11. Then for
any Be®,

lim Vi es(t, A) = (2/r)'2 cup(A).

t>00

Proof. — First suppose Be®,. We can write

f_’_i(t’ A) _ 1 T
o ol Jo PTr > T < 1, X, < )

From Corollary 22.1

(22.4) lim lim —— fP (Ts < 1, Xp, € A) dz

KA@ t>w 8B(t
——-—f LB.'E :c B < 1, XTDEA—) d.’l)':(.LB(A).
(6]

In particular this is true for A = B, and thus is must be that

(22.2) lim him

KA@ t>x eB

fp (Ts > )Py(Tp < 1) dz = O.

Thus the theorem is true for any Be®,. Now let Be®,
and choose B; e®, such that B; > B. Since the theorem
is true for B; we see from (22.1) and an Abelian argument
that

Eg(t, A) ~ Eg(t)up(A).

Arguing as in the conclusion of the proof of Theorem 21.3
we see that

En(t, A) ~ Ep(t)un(A) ~ wp(A)22(2[m)!2s.
Since egp(t, A) is monotonic in ¢ it follows that
es(t, A) ~ pp(A)t712(2[r) 26

as desired.
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Taeorem 22.3. — Suppose U Condition 2 is satisfied.
Then for and Ce®, and Be R

. [Eo(t) — Es(t)] _

ltli.lol @ = kiB) — k(A) (22.3)
where
t--1+2/a

———a
ep( £
H(e) I‘< - >
In particular, for every type 11 process
Hm [Eq(t) — En(t)] = (20%)(k(C) — k(B)).

q(t) = [ ec(s)eq(t — s) ds ~ (22.4)

Proof. — First assume that Be®%, and that C 1is such
that B<C. Let D be an open neighborhood of 0 such
that B — D<C. Observe that

t
DI[Eq(t) — En(9)] = [ [ Ec(ds, dy) [ , duPy(Ta > t—s).
By Theorem 221 and Corollary 22.1

‘/Eﬁt E¢ (ds, dy) A+y duP,(Ty > t — s)
~ j_:_}ﬁ‘ Ec (ds, dy)es(t — s) ‘/];+y La(u) du

03]

i ; ‘/é /:1 Eq (ds, dy)es(t — s) /1‘)” Lg(u) du
i«

- Zf?:ec(k — 1, dy) ‘/];H La(u) du e(t — k + 1)
=1
w

~ Z eclk — Veq([t] — k + 1) [ uc (dy) [ La(u) du.

The desired result follows from this by Proposition 20.7 and
the fact that

(3]

Dealk — Dec([t] — k+ 1) ~ [ ec(s)ealt — 5) ds = q(1).

k=1

Thus (22.3) holds for any Be®, and C as above and conse-
quently for any Ce®, and Bew®,. Now suppose BeH
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and B e&%,. We must then show that
Eco(t) — En())

hm —=/———>" = 0.
t>o q(t)

The proof of this fact can be carried out by essentially the
same argument as used in the proof of Theorem 21.4 so we
omit the details.

Tueorem 22.4. — Let BeBi and fe ®* Then if the
process is type |

E.[f(Xy,); Ts > t] ~ LB(%((‘:)I}’\(’;);;;HI“

uniformly for z in compacts.

Proof. — The result follows from Theorem 21.2 and Propo-
sition 22.1 by a familiar Tauberian argument.

We now turn our attention to establishing the correspon-
ding result in the type II case. To this end we will need to
extend a result of Belkin [1] from integer valued random

walks to type Il processes. The proof is essentially that of
Belkin.

Prorosition 22.2. — Let X, be a type 11 process and let
Be®;. Then

lim ViPo($(X)IVE < b; Ta > 1) = (2% [*_ fula)

swhere fp is

fole) = oo = [jalLo(0) — “EebXn)].

Proof. — Let ¢,(0) = Ey(¢"®%) and let ¢(0) = ¥,
We can write
(22.6) E,(exp(t6¢(X /\/t Ts > &) = 9,(0/V1)
— I Py(Ts < ds)o,_0]V2)
3
+ Jeaw.J, Po(Tn e ds, 4(X,) < dy)
[2i-s(0/V 1) — €%V, (6/V/1)].
Let M(6) = log ¢,(8). Then ¢,(0) = ¢™®. Integration by
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parts and some easy computations show that

(22.7) 9(0/V/1) — [ Po(Ts < ds).(0/V/1)
= Py(Ts > &) + [ Po(Ts > sM(O/V Dor-(0/V/7) ds
Let ¢ > 0 be given. Then uniformly in s, et < s < (1 — &)t
Po(Ts > SV ~ La(0)(2/m) 20 t/s)i2.
Also tM(6/\/t) —> — 626%/2 and for 0 < s < (1 — &)t

Pe—s(0/V1) — o(6(1 — s/t)12) — 0.
Thus

228) Vi [ PolTa > oo 0/VIMOIVD ds
- Ly(0)(2fr)t"0 f :H” (fsy & 00V T — ) ds 0.
But
(22.9) f Y ey e o(0(1 — sfop ) ds

¢
_>f1_5 112 9707 0 c? (0(1 — 2)1%2) da.
In addition there i1s a ¢, such that for all s > ¢,
Po(Ts > s)Vs < K < oo.
Thus for some K’ < o
(22.10) | /" Po(Tw > $)VEM(8/V)90i( e/\f ds|
1 et
< K’——f s ds = 2K’ — [Vet — V).
\/E to \/— 0
Also
(22.41) [ [ ds Po(Ts > s)VE MO/ Do,

Similarly for some constant C

~/(‘t—a)t PO(TB > s)\/ZM(e/\/Z)tcpt—s(e/\/t—) de'l
< Cs(i — s)"l 2

= 0(1/V2).

(22.12) Tim

t>x
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It follows from (22.8)-(22.12) that
(22.13) lim Vi j Po(Ts > s)p._s(0/V1)M(8/\/1) ds

— (2/=)sLy(0 ‘J i <— (ﬁriié_—_:ﬂ) dz.

Simple computations and integration by parts show that
(2214) [z f Po(Ts e ds, $(X,) € dy)o,—.(8/V1)
X (1 — €f®e)
= — fiz Pol(Ts > ¢, (Xx,) e dy)(1 — e
+ 0OV i Pold(Xe) @ dy)(1 —
~ Ji fo Po(Ts > s, $(Xx,)  dy)M(6/V/1)
X (1 — "NV, (6/V1) ds

=1+ II 4 IIL
Now in view of Corollary 22.1
(22.15) ||Vt = 0(t1)
and also
122.16) | TII|Vt = O(¢12).

On the other hand
(22.17) lim Vi Il = — i00(0)E¢(Xy,).

Thus from (22.14)-(22.17) we obtain
. - t —
(22.18) lim Vit foo [ Po(Tw e ds, §(X,) € dy)or-i(0/V/7)
(1 — Vi) = — {0E¢(Xy,) exp <— 622°2>.
Thus by (22.6), (22.7), (22.13) and (22.18) we see that
lim < > Vi Eq(e™EW e, Ty > )
20?

. . 1 5202 0%02(1 — z
— Ly(0) [1 o/ P < e > dx]

— i <§’:;g)1/2 onla(XT,) exp <— 6—226—2>
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The Fourier transform on the right (see Belkin [1]) can be
shown to be that of the function

1 2
fole) = g5 oxp (= g5 ) [lalLa(0) — 5 Eat(X)]
This establishes the proposition.

Cororrary 22.3. — Let Be®B; and let X, be a type 11
process. Then for any ze@®,

lim ViP,(X, e ®*; Ty > t) = (—é—)(%)m sLi(z).
Proof. — Since

Pp(X) > 0; Ty > ) = P, <‘P(\? > = “’i_‘”); To, > t>

it follows from Proposition 22.2 that

lim \/tP,($(X,) > 0; Ts > ¢)

_ <_;_> <%>”2 o [Laa(0) — = Eg$(Xs,.) |
=(3)(3)" o [tatm) — 25 BLp(Xe) — v(a1]
- ()

The proof for X,e® 1is similar.
CoroLLArY 22.4. — Let Be®,. Then for any Ae$ for
a type 11 process

. o 2 \1/2
lmve [ Pt < Ta < ¢+ b Xaye ), = hui(4) <—> o/2.
@t

t> K
Proof. — First suppose that B e®;. We can write

Lo Pult < Ty < t+ h; Xo,<A)da
= [oPu(Ts > t; X,e GH)P,(Ts < h, Xn, < A) da.
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From Theorem 22.1 we see that for any compact set K

Timsup P,(Ts > t, X,e ®*)\Vt < TmsupP,(Ts > ) Vi <

t>o €K t>o z€K

and thus

limlim V2 [ P(Ts > ¢, X, & @)Py(Ts < h, Xe, < A) do

KNG t>x

—2%1( >”2< )f T4(@)Pu(Ts < h, Xn,eA) = ui(A).

From (22.2) we see that

limlim V2 [ Py(Ts > t; X,& @*)Py(Ts < b, Xr,eA) dz = 0.

KNG t>o

Now let Be®, and choose B,e®%; such that B,>B.
From what has already been proved and an Abelian argument

P.(Ts, < t, X, < A) do ~ (%) oui (A) V.
@-0-

Using this and arguing as in the proof of Theorem 21.3 we
find that

f " P(Ty < t, Xp,< A) do ~ (l> cu(A) Vi
@

T

and then by a Tuberian argument that

f Pt < Ty < t+h Xe,eA)de ~ h (%) <%>”” cud(A)1e

as desired.

We may now establish the analogue of Theorem 22.4 for
a type II process.

Tueorem 22.5. — Let X, be atype I process and let B e B,
Then for fe ®*

im E,[f(Xxr,) > Vi
- (%)”2 () (Baf (- ) Li(a) + Huf (— eo)La)].
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Proof. — We can write

E.[f(Xz,); Ts > t] _f P,(Ts > t, X, e dy)Hsf(y)
= Jo. Pa(Tn > t, X, e dy)[Hsf(y) — Haf(+ o0)]

+ Jy Po(Ts > 1, X, & dy)[Haf(y) — Haf(— o0)]
+ HBf(—I— w) a:(TB > t) Xte@+)
+ Hpf(— 0)P,(Ts > ¢, X, e &).

It follows from Corollary 22.3 that as t— oo the last two
terms are asymptotic to

[Haf (+ 0)Li(@) + Haf(— e0)Li()](o/2)(2/m) 202,

Let ¢ > 0 be given. Then there is a compact subset K of
® such that K=K, @ H, K, = R, [3(K; n @H)g=0
and |[Hpf(z) — Hpf(+ )| < ¢ for e &+t n K'. Thus

Jo Pe(Ts > &, X, = dy)| Haf(y) — Haf(— oo)|
< eP(Ts > 1) + 2Jf|P. <T > tB,L\;%Z 18K, @+>.

By Proposition 22.2 and Corollary 22.1 we then see that
Em \/7 fge Po(To > t, X, < dy)|Haf(y) — Hof(+ o))

t>x 12
< <%> Ly(z)oe
Similarly

lim \/7 fo- PolTn > &, X, @ dy)| Haf(y) — Haf(— co)
< <1>1/2 Ly(z)cc.

This establishes the theorem.

23. Invariant Functions for Killed Processes.

Let B be a Borel set and let Q% be the transition operator
for the process killed on B, 1.e. Qif(z) = E,[f(X,)); Ts > t].
Using the fact that

{f(XHs); Ts > t—I—S} = {f<Xt°es); TBoes > t, Ts > S}
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it follows that for f a bounded measurable function

Qs7f(#) = Eu[Ex[f(Xy); Ts > t]; Ts > s] = Qy(Qb)/(2)
so Qb has the semi-group property.

DeriniTiON. — A measurable function f is said to be Qf
invartant if Qbf=1{f for all t > 0. A measurable funciion
is called essentially Qf invariant if for each t > 0, Qhf(z) = f(z)
a.e.

Our first task in this section will be to find all the bounded
invariant and essentially invariant functions.

Taeorem 23.1 — For any Borel set B the function
P,(Ts = ) s a bounded Q% invariant function. For a non-
singular process the only bounded Qb invariant functions are
aP(Tsg = ) for « a constant. If B’ s relatively compact,
then 0 1is the only Qb invariant function. This ts also the
case if the process is recurrent and P (Ts = ) =0. In
general, the only bounded essentially Qb invariant functions f
are f(z) = aP (Tpg = ) a.e.

Remark. — In the general case even if we assume f is a
bounded Qf invariant function the most we can conclude
is that f(z) = «P,(Ts = ) a.e.

We will prove this theorem by a sequence of lemmas.

Lemma 23.1. — Let B be a Borel set. Then P (Ty = )

is a bounded Qb invariant function.

Proof. — Since Q§®p(z) = P, (t < Ty < ), we see that
Jy Qb(@, dy)Py(Ts = ) = P,(Ty > ¢)
— P,(t < Ty < ) =P, (Tsg = )

as desired.

Lemma 23.2. — Suppose h s bounded, measurable, and for
each t > 0, P'h(x) = h(z) a.e. Then for some constant «a,
h(z) = o a.e.

Proof. — Let ¢eC, and set {(z)= f@ o(Dh(t + z) dt.
An easy computation shows that P%(z) = ¢(z) for all

ze® andall ¢ > 0. But then AG* = ¢, and as AGMO0, dz)
is a probability measure on & whose supportis X it follows
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from the Choquet-Deny theorem and the basic assumption
that for some constant K, ¢(z) = K a.e. As h 1is bounded
and ¢ € C, the function ¢ is continuous and thus ¢(z) = K
for all ze®. Thus ¢(z) = ¢(0) for all ze@®. Hence for
any ¢ eC,

[ o0lf(t + ) — f(0)] de =0
and thus for some constant «, f(z) =« a.e.

Lemma 23.3. — Suppose f is bounded and essentially Qb
invariant. Then f(z) + |f|.Po(Te = ©) > 0 a.e. If f is

bounded and Qf invariant, then this inequality holds everywhere.
Proof. — Note that for a.e. 2 (all z if f is invariant)
If (@) = |Qbf(2)] < |fl.Pu(Ts > 1)
and thus for a.e. 2 (all z if f is invariant)

[f(@)] < [flPs(Ts = o0).

Lemma 23.4. — Assume f >0 ae. and essentially Qb
invariant. Then P"7f > P*f ae., n=1, 2, ... and so lim

n>x
P*f = h exists a.e. The function h is essentially P' ingariant.

Proof. — For any real t > 0, P'f > Qbf =f a.e. and so
PHsf > Psf a.e. Thus for some measurable A > 0, P*f{h
a.e. Let ¢ € ®+t. Then

(@, P*f) = (P, Pf) > (oP', f) = (e, Pf)
and so lim (¢, P¥f) = a < 4 o exists. By monotone conver-
gence :; (9, k). Thus by monotone convergence again
(¢, k) = lim (¢, Pf) = Lim (¢P*, P'f) = (¢P*, h) = (9, P'h).

Consequently h = P'h a.e.
We may now establish Theorem 23.1.

Proof of Theorem 23.1. — By Lemma 23.1 and 23.3 it suffices
to prove the theorem for f > 0 a.e. Suppose this is the case.
Now for n=1, 2, ...

(23.1)  Pf(z) = Qbf(e) + E,[f(X,); T
= f(2) + E[f(X,); Ts

n]
] a.e.

N w
S A
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By Lemma 23.4 P"f}h a.e. and thus the limit
lim E,[f(X,); Ts < 1] = Iu(a)

exists a.e. Observing that hy(z) < [f|P.(Ts < ©) we see
that Qbhy(2) < |fIPL(t < Ts < ) so Qbhy(z){0. Thus

a.e. z,
(23.2) f(2) = lim Q3h(a).

Now since f is bounded so is A (because Pf < [f]) and
thus by Lemmas 23.4 and 23.2 h(z) =« a.e. z for some
constant «. Let ¢ e ®+. Then from (23.2) and (3.10) we
see that

(6, f) = lim (¢, Q8h) = lim (1, Qo) = = lim (1, o)

n>ow

= o lim (9, Qb1) =« [, Po(Tp = w0)o(a) da,

and thus f(z) = aP,(Ts = ) a.e. Suppose that f > 0
is Q% invariant. Then Pf}h everywhere and h is a bounded
invariant function. If the process is non-singular h(z) = «
for all 2. Using (23.1), which holds for all x if f is Qf
invariant, we see that

h={f-+ Hgh
and as h = « it follows that f(z) = aP,(Ts = o) for all =.

If B’ is relatively compact and f is a bounded Q} invariant
function then for all ¢ > 0 and all ze@®,

If ()l < [fIP(Ts > ).

Now P, (Ts > t) {0 so f = 0. Also if the process is recurrent
and P,(Ts = o) =0 forall # then f = 0.
This establishes the theorem.

Prorosition 23.1. — Let B be relatively compact set. For a
type 1 transient process the functions oP (Ts =) are the only
bounded Q% invariant functions having a limit at . For a
type 11 transient process oP,(Ty = o) are the only bounded
Q% invariant function having a limit as either z— 4 o if
m>0 oras z—>— o0 if m< 0.
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Proof. — By (3.19) there is a compact set K such that
P.(Ts < o) < 2G(z, K). By the renewal theorem, in the
type I case, lim P,(Ts < o) = 0, while in the type II case

with m > 0, Lim P,(Ts < o) =0. Thus P,(Ts = ) has
ZT> 400

the desired limit properties. Let f be a bounded Q} inva-
riant function having the stated limit properties. Suppose
the process 1s type I. Then as

f(@) = [ Qbl=, dy)[f(y) — ()] + f(0)Pu(Ts > 1)

it follows that f(z) = f(©)P,(Ts = ). Now suppose that
the process s type II with m > 0. Then

fla) = [ Qbla, dy)fly) + [, Qbls, dy)[fly) — F(+ )] dy
+ f(+ ) Qbla, GF).

Since P, (X,—>-+4 ) =1 and f is bounded it follows that
the first two terms on the right converge to 0 as t— co.
Moreover

P.Ts > t, X,e ®F) = P,(Ts > t) — Po(Ts > ¢, X, e ©)

and thus
lim P(Ty > ¢, X, e &t) = P,(Ts = ).

t>0
The proof in the type II case with m < 0 is similar. This
establishes the proposition.

For recurrent processes P (Ts = o) =0 a.e. for all sets
Be®, and so to get non-trivial Qf invariant functions we
must drop the requirement that the desired function is boun-
ded. We therefore now turn our attention to finding all Q}
invariant and essentially Qf 1invariant functions that are
locally bounded and bounded from below. Our first task will
be to show that there are such functions. Now for an arbi-
trary Borel set there may not be any functions bounded from
below and Q} invariant that are not also bounded. This
happens for example whenever B’ 1s relatively compact.
Hence to obtain non-trivial results we will restrict our atten-
tion to relatively compact sets.

An essential tool used in our investigation will be to show
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that Green’s function of B for the i.d. process are dominated
by a corresponding quantity for a random walk.

Prorosition 23.2. — Let B be relatively compact set such

that B # ¢. Let Ul(w, A) be defined by
Ub(z, A) = 3 P(Xn<cA; Th > nt)

where Ts = 1inf{nt > 0: X,, e B}. Then given A, relatively
compact there exists A > A;, A compact and B < © such
that

(23.3) Ga(w, Ay) < £ Ul(z, A).

t
Proof. — Set
rOOf ¢ (n—+1)¢t
£ — f 15(X,) ds

nt

and let I, =1 if T =nt and let I, =0 otherwise. Then

E, [ 1,(X) ds = 3 E, [ [“10(X,) ds; Th = ni]

=§Ew—2£kl]
= E, zzak] E.3& 3 I,
- n—oko I;:o n=k+1
= 3 E. |5 }k‘,ll = 3 Eufe; Th > kel

Thus

E, [*1,(X,) ds = J E, [f("ﬂ)tlA(X) ds; T4 > nt]

J— 2 f(n+1)t TB > nt] d S.

Let nt < s < (n+ 1)t. Then for any set A,
(23.5) P (Xpiye<A; Th > ni)
= [ PuXyedy, Ty > nt)P,(X, e A)
= [(PeXuedy; Th > nt) [ P(X, € d2)P(Xquny-s < A)
> JyPelXuedys To > n) [, P(X, € da)P.(Xpunys < A).
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Now since A, is compact we can choose A compact, A > A&,,
such that P,(X;eA, all s<t)>p >0 for all zeA,.
So choosen we see from (23.5) that for nt < s < (n 4 1),

P(Xery€A, Th > nt) > Py(X,e Ay, T > nt)p

and thus

© (n+1)t

D P (X,eA;; Ts > nt) ds
n=0 v nt

<5 3 PXaun < A5 T > ni)

=% 3 Po(XpyeA; Th > (n+ 1)1) <

From (23.4) we then see that

% 4z, A).

Th
E, [ 1.(X,) ds < % Us(z, A).
(1]
Since T4 > Ty it follows that

Ty T4
E, [ 1a(X)) ds < E, [*1,(X,) ds.

This establishes the proposition.

Tueorem 23.2. — (Recurrent process). Let Be®R;. Then
Lz s Qb invariant and in the type 11 case Li and Ly are
Q4 ingariant.

Let Be®,. Then Ly is essentially Qb invariant and in
the type 11 case L}y and Ly are essentially Qb invariant.

We begin the proof of this theorem with some results
for discrete time recurrent random walks on G. The notation
for such random walks 1s that of [7].

Lemma 23.5. — (Recurrent random walks on ). Let
Be® have a non-empty interior. Then Py = L.

Proof. — Let A be defined by A =D — I. Observe
that PHy = IIy and Uy = PGy + IIz. and recall from
Theorem 10.1 of [7] that PA = A + I. Choose feJ with
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J(f) = 1. By letting P act on the basic identity 10.1 of [7]
we get that

Af + f — IIsAf = P4 — PGsf.
The identity (5.15) of [7] can be rewritten as
Af + f — HAf = Ly — PGsf.
By subtraction it follows that P43 = Lg, as desired.
Lemma 23.6. — (Recurrent random walk on &) Let

Be®% have a non-empty interior. Then for any ze®, AeB
and ¢ > 0 there is a compact set K such that

j;, P(z, dz)Gs(z, y + A) < &, ye®.

Proof. — We can assume that |dA] =0. Now
UB = PGB ‘I“ HB
and hence

Us(z,y + A) = [ P(x, dz)Gs(z, y + A) + Ig(z, y + A).

If y is sufficiently large IIy(z, y + A) = 0, so that for any
compact set K,

Us(z, y + A) = [ Pz, dz)Galz, y + A)
_f (z, dz)Ga(z, y + A)
—l-—f (z, dz)Gs(z, y + A).

Consider first the type I case. Choose ¢ > 0 and let K,
be a compact set such that

| A|(Ls(z) f P(z, d2)ds(z)) < ¢/2.

This can be done by Lemma 23.5 since 4y 1s non-negative.
Now

lim Ug(w, y + A) = Ly(z)[ Al

Y>

and

lim fK P(w, dz)Ga(z, y + A) = [ P(a, dz)ta(3) Al
10
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Thus there 1s a compact set D such that
j;; P(z, dz2)Gs(z, y + A) < ¢, yeD.
There is a compact set K2K; such that
S P(a, d2)Ga(z, y + A) < e,  yeD.
The set K is the desired set. The proof in the type II case
1s similar.

Lemma 23.7. — Let Be® have non-empty interior and let
t be such that S, generates &. Then for any 2@, AeB
and ¢ > 0 there is a compact set K such that

) Pz, d2)Ga(z, y + A) <5,  ye®.

Proof. — This result follows by applying Lemma 23.6 to
the random walk obtained by looking at the process at integer
multiples of ¢ and using Proposition 23.2.

Lemma 23.8. — The conclusion of Lemma 23.7 holds if B

is merely assumed to be in Ry.

Proof. — Let B; be a compact set containing B and
having a non-empty interior. Then

Go(,y + A) — Ga (@, y + A) = [ Hy(w, d2)Gu(z, y + A)
< sup sup Gg(z, y + A) < o
G

z€B, ye

and the desired result now follows from Lemma 23.7.

Lemma 23.9. — Let Be®; and let t be such that S, gene-
rates &. Then for any AeB, CeB and ¢ > 0 there is a
compact set K such that

Jodz [ PYa, d2)Gulz, y + A) <5, ye®.

Proof. — This follows by essentially the same arguments
as led to Lemma 23.8 except that in the proof of the proper
analog of Lemma 23.6 (where we integrate on zeC) we use



INFINITELY DIVISIBLE PROCESSES 243

the fact that

Ji Lafa) do = [ da [ P(z, d2)ta(2).

Lemma 23.10. — Let Be®R, and let t be such that S, gene-
rates ®&. Then for any Ae®, CeB, and > 0 there is a
compact set K such that

Jodw [ PHa, d2)Calz,y + A) <¢,  ye®.

Proof. — Let B, be a compact set such that BeB,.
There is a compact set D having positive measure and such
that B — DcB,. It follows easily from Lemma 23.9 that
there 1s a compact set K; such that

[iv] f duf dz » Pz, dz)Gyyp,(2, y + A) <

Let K, be a compact set such that K; — C2K;. Then

1
]

By Pr0p0s1t10n 19.3

O<£+deB(x,y—|—A lDIfdu[ dz G, n(z, y + A)

=T171fdufz+ dfoHB, @, d0)Ga(o, y + A)

< € — D de Gg(v, y + A),
IDI By+D

which by Theorem 18.5, is bounded uniformly in y and z.
Consequently there is a compact set K, such that

[ PY0, da) fﬁc do Gylz, y + A) < ¢, ye®.
Let K be a compact set such that K’ — Cc K;. Then

./(;dx/;, PY(z, dz)GB(z, y—+ A)
< [, PO, dz) f Gp(z, y + A) < ¢, ye@,

ue@®.

MI

P02 [du du G,y +A) < <. ye®.

as desired.
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Proof of Theorem 23.2. — Let Be®; and suppose the
process 1s type 1. Then

S Qi(z, d2)Ga(z, y + A) = Gu(z,y + A) — [ Qb y + A) ds.
Let Ae® with |A] >0 and |[d2A] =0. It follows that

lim [ Qb(z, dz)Ga(z y + A) =lim Go(z, y + A) = Laa)] Al.
If K 1s compact then

lim [, Qb(z, d2)Ga(z, y + A) =1A] [, Qh(a> da)La(a)

Y>w

Since Q&(z, dz) < PY=, dz) it follows from Lemma 23.8
that if S, generates @, then

La(z) = J Qb(z, dz)Ln(2).

Now S, generates & except for countably many values
of t. Since Qf* = QsQ% it follows that Ly is Q% invariant
for all ¢ > 0.

The proof in the type II case is similar. The proof for
B e B, is also similar except that Lemma 23.10 is used instead
of Lemma 23.8. We get directly that if S, generates @,
then

fc dz (La(z) — QsLy(z)) dz =0, Ce 3.
It follows that Lp(z) = QiLls(z) a.e. ze@®. Again the

extension to all ¢ > 0 follows from the semi-group property
of Q.

Now that we know that there are locally bounded Qf
invariant functions that are bounded from below we shall
investigate the uniqueness of such functions. In general the
best we can hope to do is show that in say the type I case
multiples of Ly are the essentially unique such functions.
Since

f+M>0 forsome 0<M< o0, Q(f +M)=Ff+ QM |f

a.e. and thus every Qf invariant function that is bounded
from below must in fact be > 0 a.e. Thus with no loss in
generality we can assume that f is such a function.
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Tueorem 23.3. — Let Be®B, andlet h > 0 a.e. be locally
integrable and such that Qkh = h a.e. for t > 0. Then in
the type 1 case h = CLy a.e. and in the type 11 case

h = C,L} + C,Ls a.e.

Proof. — Consider a type I recurrent process. Let
K, < K, <K, < --- be compacts, UK,,=(S. Define h,
by h, = min (h, nG(., K,)) and set '

(23.6) 8, = (h, — Qkh,).

Then
QBsn = Q%hn - Qg'-lhn

SO
t 1 t+1
(23.7) fo Qs3, ds = fo Qsh, ds — f, Qsh, ds.
But
Qsh, < nQiGplx, = n f " Qbl, d.
Hence if ¢t < s < t+ 1,
Qsh, < nfthigixndwO, t — o0.
Thus
(23.8) lim [ Qsh, ds = 0.

Hence from (23.7) we see that
(23.9) Gad, = [ Qbh, ds.
Since h,}h and Qjh = h a.e. we see that
(23.10) Ged,} [ Qihds=h, ae.
Let K be compact. Then from (24.12)

S 8u@) do = [ (h(2) — Qbhy(a) da.
Thus

(2341) lim [ 8,(@)do= [ h— [ Qhh=0.

n>x
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Now let ¢ € C+ be such that (Lg, ¢) > 0. Since Gap — (Ls, o)

there 1s a compact A such that Geo(z) > 8 >0, zeA.
Define measures vy, (dy) by

v, (dy) = Gso(y)3,(y) dy.

(@) = (Goo, 3,) = (o, Gud,) < (o, h) < o,
Thus for any feC,

(f, Gudy) = (3, Guf) = J Gof (@)8,(0) do + [ GBf L (d2)

Then

By (23.10), (23.11) and the fact that Gsf is bounded on A

we see that

(f, k) = lim M Y. (dz). (23.13)

n>o J A GB‘P(x)

By (23.11) for any compact set K, y,(K)—0. Also
Y.(®) = (o, Gs3,) — (h, ) so we that for any compact K,
va(K’) = (¢, h). Let ¢ > 0 be given. Then there i1s a compact
set K > A such that

(:}B<P(x) _ (:}B<P(°O)
Gof(z)  Gof(0)
Thus from (23.13) we see that

< e, z e K.

(f; b) “cﬁ%@’ B < <@, b).
Thus as ¢ 1is arbitrary
93.14 Ly, f)-7)
( ) (f, h) = (B’f)(L,cp)

Since (23.14) is true for all fe C} it follows that

_ (9, 1)
h = (LB, py Ly a.e.

Consider now a type II recurrent process. We know that
L > 0. Suppose L{ =0 a.e. Then

Lo(a) = o= | Hy(z, d2)d(z — 2) a.e.
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and thus
Lo(z) + Ly(— 2) = o2 fB [Hy(z, dz) + Hp(— =, d2)]b(z) a.e.

However, the left hand side tends to o as z — oo while
the right hand side is bounded. Thus L§ = 0 a.e. 1s impossible
so L¥ > 0 on a set of positive measure. A similar argument
shows that Ly > 0 on a set of positive measure. Using
Urysohn’s lemma we may find ¢ € Cf such that (Lg, ¢) > 0.

Since lim Ggpo(z) = (L&, ¢) we see that there is a compact
set A such that Gpo(x) > 8 >0 for zeA. Let vy, be
as before. From (23.18) we see that there is a subsequence
n;— o such that v,(®")—>a«t, v, (&) —>a" where
at 4+ a==(h, ). Then as v, (K n&*) < v,(K) >0 for

any compact K we see that

(23.15) lim v,(®* N K') = a*.

nj->oo

We can choose K compact such that for z¢ K n G+

~

{:}Bf( z) _ Gef(+ )l <
Gep(z)  Geo(+ )
and for z¢ K n &~

(23.16)

(23.17) Goflw) _ Gof (= )|
|Gro(2)  Gap(— )
It now follows from (23.13) and (23.15)-(23.17) that
_ . Gof(4 o) Gf (— o)
h, ) = o, = ®y —
(hy ) Cool L OO)—I- R
LS L (5 f)

(LB7 CP) (LB’ (P)

Since this is true for all feC! and «, and «, are indepen-
dent of f we see that

h=-—2 14 Lz a.e.
i te @ e

We can extend these uniqueness results to sets in $; as
follows.
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Tueorem 23.4. — Let B e$B;. Then in the type 1 recurrent
case the only Qb invariant functions that are locally bounded
and bounded from below coincide with CLp a.e. In the type 11
recurrent case the only such functions coincide a.e. with

G, L% + G,Ls.

Proof. — Since Be®,;, P, (Ts = ) = 0. Now for some M

Mf+M >0 andso Qb(f + M) =f+ QM | f, t > . Thus

f=Qs(f+ M) > 0. Choose Ae®B,, A > B. Then

flz) = Quf(a) = Quf(a) + [, [; PulTo < ds, Xr, < dy) Qi f(y)
2 Quf(e) + Bu[f(Xa); Ts < 1.

It follows that lim Qif = Q3f exists and is a Q4 invariant

function (by dominated convergence since Q4if|) and that

f= Qif + Hif.

Hence by Theorem 23.3 in the type I case Qif =Cl, a.e.
and in the type II case QFf = C,L}{ + C,Lz a.e. It is easily
checked that

LB = LA + HALB

and in the type II case that
5 = Li + HiLs.
Consequently in the type I case
f— CLy = Hy(f — CLg) a.e.

Thus f— CLp 1s essentially bounded and Q% invariant.
Since B e ®; the only such function is essentially 0. Thus
f=CLs a.e. A similar argument shows that in the type II
case f= C,L§ + CLs a.e. This establishes the theorem.

24, Poisson Type Equations.

Let B be a closed set. The process X,B)= X,,r, 1s
process X, stopped when it hits B. Its transition operator
sP! is given by

sPf(@) = Qbf(2) + Eo[f(Xx,); Ts < .
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An easy computation shows that for any measurable function
f bounded from below gPf= gP{(zP’f) so P' has the
semi-group property.

Prorosition 24.1. — The function f=h + Hgp where ¢
s bounded from below and h is bounded from below and Qb
inpariant is bounded from below and sP* invariant. Conversely
every such P! invariant function is of this form.

Proof. — Suppose h is Qb invariant. Since
P, (Xr,eB|Tg < ©)=1 and hA=0
on B we see that & is gP! invariant. Also

sP'Hzo(z) = QbHpe(z) + E,[Hpp(Xr,); Te < ]
= E;[9(Xr,); ¢t < Ts < ] + E;[¢(Xy,); Ts < 1]
= HB?(x).

Suppose now that f> M > — o0 and P’ invariant.
Then as f— M > 0 and

sP(f— M) = gPf —MP_(Tg > t) —MP,(Ts < t) =f—M
it suffices to consider f > 0. But then

f(z )= bf (z) + Eo[f(Xr,); T < ¢]
and E,[f(Xr,); Ts < t]} Hef(z) Consequently Qif { Q8f and

dominated convergence shows that Qef 1s Qb invariant.
This establishes the proposition.

Functions invariant for P’ play the role of functions
harmonic on B’ as we shall now explain.

Define the operator Ap on the measurable functions as
follows. The domain D(Ag) of Ap consists in all measurable
functions f such that

@60) qup g [FERETE b < o
and )
L wPf(e) — fla)
tvo t
exists. For fe D(Ajg)
(24.2) Af(@) = lim B_Pﬂ“’)T—M.
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When restricted to the bounded Borel functions Ap is just
the weak infinitesimal generator of the semi-group P! on
the space of bounded Borel Functions. For our purposes
however we will need to apply Ay to measurable functions
that are just bounded from below. Henceforth in this section
all measurable functions f will be assumed to be bounded
from below. It follows from (24.1) and the semi-group pro-
perty of yP!f that

(24.3) [sPf(2) — f(a)] < Mt

SO

[Pl < If] + M
Thus the Laplace transform gR* of P/ is well defined.
ProrositioN 24.2. — If [ is bounded from below and

feD(Ag) then pP'f is continuous in t for t > 0 and right
continuous at 0. Also

(24.4) lim &hfh_ip—' — PAS,

(24.5) WP —f= [ Pof ds,
and

(24.6) SRA — Ap)f =T,

Proof. — It follows from (24.1) that for ¢ >0 and
0<hx1
[sPHf — sPf| < MR

so pP!f is right continuous for ¢ > 0. Moreover for ¢ > 0
and 0 <h<1 and t—h > 0,

5P — 5P| < [ P, dy)lfy) — Pyl < Mh

so pPYf is left continuous for ¢ > 0. Equation (24.4) follows
at once by dominated convergence from (24.1) and (24.2).
Now

T [ PR — f) ds
0 1 t+h 1 h
= f oPfds — — [ oPfds. (24.7)
t

0
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By dominated convergence the left hand side converges to
‘/0‘ t PsAyf ds as h|0. Using the continuity properties of

sP*f we see that the right hand side of (24.7) converges to
sP'f —f as h{0. This establishes (24.5). Equation (24.6)

follows by taking Laplace transforms.

CororLrarY 24.1. — A function [ bounded from below is
sPt invariant if and only if Agf(z) =0 for all ze@®.

Proof. — Immediate from (24.5).
If, in particular, we apply Proposition 24.2 to the closed
set B = @ we obtain the following.

Cororrary 24.2. — Let A, =A. If f is bounded from
below and feD(A) then P'f is continuous for t > 0 and
right continuous at t=0. Also

(24.8) lim ?'—”'fT—Ef — Pt A,

(24.9) Pf—f= [ P:Afds
and

(24.10) G*n — A)f = f.

In general a function feD(As) need not be in D(A).
However if fe D(A) then we have the following.

Prorosition 24.3. — Let fe D(A) and let B be a closed
set. I Afix) =0 for xeB’' then feD(Ap) and Agf=0.

Proof. — Set ¢ = Af. Thenas ¢ =0 on B’ we see that

G*¢ = H)G*p
and as feD(A) we see by (24.10) that
(24.11) f= G}x — A)f = AG — GPo.
Also
G = Gif + H)GH
Hence

f+ Glo =A[GYf + HIGM]
= AGif + Hf + Gl¢) = AGif + H)f + Glo.



252 S. C. PORT AND C. J. STONE

Thus
f=2G}f + H)f = ;R

Hence a.e. ¢,
124.12) = sPY.
Since pP*f = gP!sP°f (24.12) must hold for all ¢ > 0.

Indeed given any ¢t > C we can find ¢, & such that
t=1t + t, and pP"f = f1, sP%f = f, so the conclusion follows
by the semi-group property.

Let ¢ be a measurable function. A function feD(A)
solves Poisson’s equation for ¢ if Af = ¢. We shall investi-
gate the solutions of Poisson’s equation for ¢ € C, that are
bounded from below and continuous.

Proposition 24.4. — Suppose the process X, is transient
and let ¢ €C, The function Go¢ 1is a bounded continuous
solution of Af = — ¢. The only bounded continuous solutions
of Af =— ¢ are f=Go 4+ a« for « a constant. Moreover

every continuous solution bounded from below is given by

f=h-+ Go where h s continuous, bounded from below
and Ah = 0.

Proof. — Since
P'Ge = Go ——fotP‘q) ds

and P% — ¢ uniformly as s — 0 it follows that G¢ e D(A)
‘and AGe = — ¢. Suppose f is continuous, bounded from
below, and Af = — ¢. Then f— Ge¢ 1s bounded from below,
continuous and satisfies the equation A(f — G¢) = 0. Hence
by Corollary 24.1 (with B = @) f— Ge 1s P' invariant.
If f is assumed to be bounded then f— Ge¢ 1is a continuous,
bounded, P! invariant function so f— G¢ = « for some
constant «.

We now turn to consider Poissons equation for recurrent
processes. The main difference with the transient case is
that now there need be no solution in the general case and
even in the non-singular case there is no solution bounded
from below if J(e) < O.

Let us first show that potentials A¢ provide solutions
in the non-singular case.
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Prorosition 24.5. — Let X, be a non-singular recurrent
processes and let ¢ € C. Then AAg = .

Proof. — By replacing ¢ with — ¢ 1f necessary we can
assume that J(¢) > 0. Then by Theorem 17.7 there is a
constant M such that A¢ > — M. Now an easy compu-
tation shows that

P'A% = Alg + [ eM[Ptp — Ptg] ds.
Since Pl¢ — 0 as t-— oo we see that

(24.13) lim P'A% = Ag + [ "Peo ds.

AYO

By Fatou’s lemma

g(x) = lim P!A*gp(z) — P‘Ao(z) = 0
AVO
But then

glr) = glx —y) = 13513 PiAYo(z — y) — P'Ag(z — )
= lim P*A%g (2) — P'Ag,(z),
AYO

SO

8/(x) — gla) = lim P'AXo, — 9)(x) — P'Alp, — o))

By Theorem 17.5, for fixed y, sup sup |[AM9, — ¢)(z)| < o
0<AL1 z€P
and thus by bounded convergence g,(z) — g(z) = 0. Hence

g(z) = go = 0 for some constant g,. From (24.13) we then
see that

(24.14) P'Ag = Ag + [ ‘Pip ds — g,.
Thus
(24.15) PO-Ag = PrAg + P [“ Py ds — g,.

Using (24.14) and (24.15) we easily get that

PC+¥Ag = Ap — (n+ 1)g, + 3 P* [ Prg ds.
Jj=0
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Since Ap +M > 0
PO+ Agp + M]

(2616) 0 < ——"F
Ap + M
=22+ ¥ _ P P‘ d
n+1 _,;o ¢ as

Since P%9 -0 as s-—> o

2 Pﬂfpsq;ds:o
0

1})1’2 n —I—
and so the right hand side of (24.16) converges to — g, as
n — oo. Since the left hand side > 0 for all n we see that
— g =0 so g <0. Thus g, =0. Thus by (24.14)

P‘Ap — A¢ =/:P‘<;> ds
and as ¢eC, it follows that Ap eD(A) and AA¢ =o.

Tueorem 24.1. — Suppose X, is a recurrent non-singular
process and let ¢ eC, In order that the equation Af= ¢
have a continuous solution that is bounded from below it is
necessary that J(¢) = 0. In that case for a type 1 process the
only such solutions are f= Ao + B for B a constani. For a
type 11 process the only such solutions are

f=Ae + («J(e)/o®)d + 8
for « a constant such that |a| < 1

Proof. — Suppose [ 1s a continuous solution bounded
from below. Let B e B, be a compact set containing the sup-
port of ¢. Then Af(z) =0 for zeB’ so by Proposition
24.3 f is a P' invariant function. Consequently by Propo-
sition 24.1 and Theorem 24.4 for a type I process
f= aLy + Hpf a.e. while for a type II process

f=ali + bLs + Hyf

a.e. Using essentially the same argument used to establish
Lemmas 10.8 and 10.9 in [7] it follows that J(¢) must be
>0 and f=A¢ — B ae in the type I case and
f=A¢ + (aJ(¢)/6?)y — B ae. for |a] <1 in the type I
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case. Since f, Ap and ¢ are continuous the theorem is
established.

We will next investigate the Poisson equation for the
stopped process Xg(t). Let C,(B’) denote the continuous
functions having compact support contained in B’.

Prorosition 24.6. — Suppose X, is a transient process.
Let B be a closed set and let ¢ be a measurable function that
ts bounded on B and let heC(B’). Then for any constant «,
the function {(z) = aP,(Tp = ) 4+ Hye + Ggph ts a bounded
solution of the equation system Apf = — h, f(z) = ¢(x), x € B.
In the non-singular case these are the only bounded solutions
and in the general case every bounded solution coincides with
one of these functions a.e. If B’ 1s relatively compact the unique
solutien 1s { = Hyp + Ggh. If B is compact then ¢ 1s
the unique solution having a limit at o in the type 1 case and
a limit at 4 oo in the type II case with m > 0.

Proof. — Observe that Ggh = fm Q&h dt. An easy compu-
tation shows that °

4Goh = Goh — [ Qb ds
and since for z¢B,

lim Q4h(z) = lim E,[A(X,); Ty > s] = h(z)P,(Ts > 0) = h(x)
sVv0

sYyo0
we see that

1imw= L

tvo

But then as E,[Gph(Xy,); Ts < t] =0, GgheD(Ap) and
AgGpgh = — h. The function ¢ = o«P,(Ts = ) + Hzp 1is
sP! 1nvariant and so Agy = — h. It is clear that ¢ = ¢
on B. Let f be any bounded solution. Then f— Ggh is
a bounded solution of Ayg =0, g = ¢ on B. By Proposition
24.1 only bounded solutions of

Apg=0  are g=g'+ Hpg =g + Hso;

where g’ is a bounded Q} invariant function. The remaining
assertions now follow from Theorem 23.1 and Proposition 23.1.
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Turning our attention to the recurrent case we have the
following,

ProposiTion 24.7. — Suppose X, ts a recurrent process
and let B e®; be compact. Then if ¢ is a bounded measurable
function on B and heC, the function ¢ = Hgp + Ggh is
the unique bounded solution of Agf= — h, f=1¢ on B. The
function ¢ is also the unique solution of this system if B s
a closed set with such that B’ is relatively compact.

Proof. — The proof 1s similar to the previous proposition.
We omit the details.

In general the functions Hge, Ggh and P (Tz = o) do
not possess any continuity properties so our solutions to the
Poisson equation Agf= — h, h=¢ on B do not have
continuity properties in the ordinary sense. [In § 25 we will
show that for strong Feller processes the above functions,
for ¢ a continuous function, do have desirable continuity
properties.] However we will now show that our solutions
possess a certain stochastic continuity.

Prorosition 24.8. — Let B be a closed set and let ¢ be a
Borel function that s bounded on B. Then for any sequence
T, of stopping times such that <,1 Ts a.s. P,

lim Hpp(X;) = ¢(Xy,) as. P, on [Tp < o]

and
(Tg= 0)=1 as. P, on [Tz= o0].

Proof. — By quasi-left continuity X. — Xp, as. P, on
[Ts < ©]. Let J; be the o field associated with the time

v, [see [2], Chapter I for details], and let & = G<Ug>

Since
Hpp(X:,) = Ex_[9(X1,); Ts < ©] = Eu[e(Xy,); Ts < o|F:,]

it follows by a well known result on conditional expectation
that a.s. P

&z

lim Hpo(Xs) = E.[¢(Xz,); Ts < oo|F].

n»wo
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Since X — X, as. P, on [Ty < ©] and X; is F
measurable we see that ¢(Xp,) 1s F measurable and
[Ts < wed. Hence as. P,

El¢(Xe); Ta < ©|3] = ¢(Xs) on  [Ta < al.

The proof in the second assertion in the proposition 1s similar.

Prorosition 24.9. — Let B be a closed set such that
sup Gp(z, K) = M(K) < o for each compact set K. Then

for any sequence =<, of stopping times such that ~,4 Ty a.s.
P and for any he ®

lim Gph(X;,) =0 a.s. P..
Proof. — Let =, and & be as in Proposition 24.8. Let
e > 0 be given. Then a.s. P,
lim P(Ty < 7, + el%s) > lim Pu(Ty < 7, + %) = Ly opia

n>w n>wo

and thus a.s. P,
lim P,(Ts < 7, + ¢|%;,) = 1.

n>»x

Let K be compact and contain the support of k. Then

Ex, [ ["IW(X)ldt] < 1Al + M(K)[A[Px, (T5 > )
= |h|[e + M(K)P,(Ts > =, + €|F.).
Hence a.s. P,

Im |Gsh(X,)| < [R]e

n>o0
as desired.

So far we have extended to notion of a harmonic function
on B’ from the point of view that such a function is one
whose Laplacian i1s zero on B’. Classically such functions
also can be characterized by means of an averaging property.
The extension of this idea 1s as follows.

DeriniTion 24.1. — Let B be a closed set. A universally
measurable function f on & s said to be harmunic on B’
if for any open set U having compact closure contained in

B, f(z) = E,[f(Xr,)], e U. A harmonic function on B’
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is said to be stochastically regular if for every sequence =, of
stopping times such that ©,% Ty a.s. P, f(X;) = f(Xr,) a.s.
P, on [Ty < o] and for some constant « f(X;)—>a a.s.
P, on [Ty = ©]. A harmonic function on B’ s said to be
regular if lim f(z) = ¢(r) for reB" and in the case of tran-

sient processes lim f(z) = f(0) exzists if the process is type 1
transient and hm f(z) = f(+ o) exists if the process is type 11
>+

transient with m > 0, or lim f(z) = f(— ©) exists if the

Zz>—0

process is type 11 transient with m < 0.

Prorosition 24.10. Let B be a closed set and let ¢ be a
Borel function that ts bounded on B. Then every function f
of the form [f(z) = Hyp(z) + «P,(Tsg = ©) s a bounded
stochastically regular harmonic function on B’ and conversely
every bounded stochastically regular harmonic function on B’
is of this form.

Proof. — Let U be an open set having compact closure
contained in B’. Then Hy = HyHy and thus Hge s a
harmonic function on B’. In particular, for ¢ =1 we see
that P,(Ts < o) and thus also P,(Ts = o) are harmonic
functions on B’. The regularity of these functions is the
contents of Proposition 24.8. Now suppose [ is a stochasti-
cally regular bounded harmonic function on B’. Let U,
be open U, compact, U,<B’ and U,1B’. Then
Ty, 4T < Ty and by quasi-left continuity XTU;.—> Xt a.s.
P, on [T < ]. Since B 1is closed XreB and thus
T=Ts as. P, on [T < w]. If T= o then Tg=
so P(T="Ts) =1 Now

f(@) = Eo[f(Xry,)] = Ea[f(Xny);
Ty < o] + E,[f(Xry); Ts = o]

and using the stochastic regularity of f and letting n — ©
we see that f 1is of the desired form.

The stochastic Dirichlet problem for a closed set B with
boundary function ¢ 1is as follows. Given a Borel function ¢
that is bounded on B find a bounded stochastically regular
harmonic function f such that f=¢ on B. It follows
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at once from Proposition 24.10 that the functions
f= HB@ + “Px(TB = OO)

are the only solutions of this problem. From Proposition 24.6
we see that if X, 1s a transient process that is non-singular
the Dirichlet problem is equivalent to finding a bounded f
suchb that Apf=0, f=1¢ on B. This is also true for a sin-
gular transient process if B is compact or B’ is relatively
compact. For recurrent processes the two problems are equi-
valent whenever B 1is such that P (Ts = o) = 0. In parti-
cular, for any 1.d. process, if f is bounded, then Agf =0,
f=1¢ on B if and only if f is a solution of the stochastic
Dirichlet problem for B with boundary function ¢ whenever
B is compact or B’ is compact.

The Dirichlet problem for a closed set B with boundary
function ¢ 1is as follows. Given a Borel function that is conti-
nuous on B find a bounded regular harmonic function f
such that f = ¢ on B. In general this problem has no solu-
tion. For strong Feller i.d. process there are solutions for closed
sets having the property that P (X, BTy < w0) =1 for
all zeB’ and are such that P, (Ts = o) has the correct
limiting behavior at . The next result is typical of what
can be proved. The proof uses continuity properties of Hyo(x)
that will be established in the next section.

Prorosition 24.11. — Suppose X, s a strong Feller pro-
cess. Let B be a compact set such that P, (Xg, € B"|Ty < ) =1
for all xeB’. Let ¢ be a bounded function that vs continuous
at each point of B". Then every function of the form
f(z) = Hpp(z) + «P,(Ts = ©) is a solution to the Dirichlet
problem with beundary function ¢ and conversely every solu-
tton of this problem s of this form.

Proof. — If [ is of the stated form then f is harmonic
and the needed continuity properties follow from Theorem
25.1 and Proposition 3.6. Conversely if f is a solution of the
Dirichlet problem, then using the continuity properties of f
and the fact that P, (X, eB"|Ts < ) =1 for all zeB"
it easily follows that f 1s a stochastically regular harmonic
function on B’, and thus by Proposition 24.10 f must be
of the stated form.
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25. Continuity Properties of Strong Feller Processes.

If an 1.d. process has the strong Feller property 1.e. Plo(z)
is continuous in x whenever ¢ 1s bounded and measurable,
then the various functions associated with the process have
desirable continuity properties. These details will be spelled
out in the following propositions. The strong Feller property
holds whenever X, has a density p, for all ¢ Indeed, in
this situation Ple(z) 1s uniformly continuous because

|Plo(z + 25) — Plo(ao)] < lol [ 1p(t, @ + 2) + plt, 2)| da

and the desired continuity follows from the continuity of
translation in the L; norm. Throughout this section we will
assume that X, 1s a strong Feller 1.d. process.

Prorosition 25.1. — Let B be a Borel set and let ¢ be a
bounded measurable function. Then for t > 0 the functions
Qbo(2), Eslo(X); Ts < 1], E;fo(Xy,); Ts < t], and Hye(z)

are continuous for ze(B)'.
Proof. — Let se(0, t). Then

(256.1) Qbe(z) = QsQke(2) = P*Qi~¢(x)
— E.[QF%e(X,); Ts < s].

The first term on the right is continuous by the strong Feller
property. As to the second term we see that

[E.[Q5°9(X,); T < s]| = [9l.Ps (Ts < s).

If z,e(B)’ then there is a neighborhood U of 0 such that
U+ z, = (B)’. Let N be a neighborhood of 0 such that
N+ Nc<U. Given £ >0 we can choose s such that
Po(X,eN for all u<s)>1—e and thus for zeN,
P,(X,eU for all u <s)>1-—ce Consequently, for all
zeN + 2,P,(Ts < s) < e. The continuity of Qie(z) for

z e (B)" now follows from these facts. Since
E,[e(Xy); Ts < t] = Plp(z) — Qbe(2)
it follows that Ej(o(X,); Ts < t) is continuous on (B)".
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The continuity of Hpp on (B)' follows from the fact that
P*Hgpp 1is continuous and the estimate

|P*Hpe(2) — Hae(2)] < [o].Po(Ts < s)
Since

Ez[<P(XTn); Ts < t] = Hpe — QpHge

we see that it too is continuous on (B)'.

Cororrary 25.1. — If the process is transient then Gyo(x)

is continuous on (B)’ whenever o is bounded with compact
support.

Proof. — This follows at once from Proposition 25.1, the
fact that
Gpp = Go — HyGeo,

and the fact that Go¢ 1is continuous.
Recall that a point r is regular for B if P (V= 0) = 1.

Prorosition 25.2. — If r s a regular point of B and
X, is a strong Feller process then P, (Vy < t) and P Ty < t)
are continuous at r.

Proof. — Observe that
P,(X,eB for some se(r, t]) = f@ P*(z, dy)P,(Ts < t — 1)
1s continuous in 2 and thus as

P (X;eB forsome se(r,t])}P,(Vs<t) as |0

we see that P,(Vy < ¢) is a lower-semi-continuous function.
Thus
Iim P, (Vs < ¢t) > P (Ve < t) =1.

z>r
Since P,(Vp < t) <1 we see that

lim P,(Vs < &) = 1.

Now P,(Ts <t) > P(Vs < t) and thus
lim Py(Ts < #) = 1.

T»r

Also, P,(Tp < t) =1 because for reB this is obviously
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true while for re B, P (Ts < t) = P(Vs < ¢). Thus P,(Ts < ¢)

1s continuous at r.

Cororrary 25.2. — If r is a regular point of B then for
any t > 0 and any bounded measurable o,

bo(r) = E.[o(X,)); Vs > t] =0
and  Qbo(2),
E.[e(X); Vs < t] = E,[o(X); Ts < t] = Plo(r)

and E.[o(X); Vs < t], E.[¢(X); Ty < t] are continuous at
r.

E.[¢(X,); Vs > t] are continuous at r. Also

Proof. — These follow at once from the facts that
P(Ts =0) =P, (Vg =0) =1, Proposition 25.2, and the
relations

Plo(z) = E,[o(X)); Ts < t] + Qbe(),
Plo(z) = E.[e(X)); Vs < t] + E[e(X)); Vs > ¢].

Prorosition 25.3. — Let r be a regular point of B. Then
(25.2) Iim Hpe(z) = him gp(z) = ¢(r)

whenever r is also a point of continuity of ¢. In addition for
such a point r for any t > 0,

(25.3)  lim E,[0(Xz,); Ts < ¢] = lim E,[¢(X);

Z>r

Vi <] = o(r)

Proof. — We will prove the Proposition for Hze and
E.(e(Xr,); Ts < t]. The same argument also yields the
desired result for the other functions. Let U be any neigh-
borhood of 0, and let ¢ > 0 be given. Then there is a neigh-
borhood N of 0 and a time t such that P X,eU for
t<t)>1 —¢ for zeN. Hence for all zeN 4 r,
P(Ts < v, Xp,¢U 4 r) < e. By Proposition 252 we
can find a neighborhood N; = N such that for zeN; + r,
P(Tg <t)>1—=e. Thus for z2zeN;,+r, P, Ty <,
Xr,eU+r) > 1 — 2e. Hence

lim P,(Ts < 7, Xo,e U + ) = 1.

T>r
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Now suppose ¢ 1is continuous at r. Then for some neigh-

borhood U +r of r, |¢(z) — ¢(r) < &, zer. Thus

| Hp(2) — o(r)| < [ Ha(z, dz)[e(z) — o(r)]

— ¢(r)P,(Ts = ®) < & Hy(z, U + 1)

+ 2|9|Py(Xr, e U 4 r; Ts < )

+ o(r)P(Ts = ©) < & + 4lofec + o(r)e.
Thus

lim Hpp(z) = ¢(r).

T>r

Since

E.[¢(Xr,); Ts < t] = Hpe(z) — Qbo(z)

1t now follows from what has just geen proved and Corollary
25.2 that
lim E_[¢(Xr,); Ts < t] = ¢(r).

T>r

This establishes the theorem.

CoroLrary 25.3. — If ¢ 1is bounded and with compact
support and the process is transient then for r a regular point
of B,

lim Ggp(z) = Gap(r) = 0.

Proof. — This follows at once from the fact that Ge¢ 1s
continuous, the first passage relation and Proposition 25.3.

The preceding results can be summed up as follows.

Tueorem 25.1. — Let ¢ be a bounded measurable function
and let B be a Borel set. Then the functions Qbe(z), and
E.[¢(X); Ts < t] are continuous on B" U (B)'. If ¢ has
compact support then Gge 1s continuous on this set. Denote
the continuity points of ¢ by C,. Then Hye and
E.[¢(Xr,); Ts < t) are continuous on (B" n C;) U (B)".

For recurrent processes we have the following

Taeorem 25.2. — Let Be®R, and let ¢e®. Then Ae

is continuous and Gpp and Ly are continuous on BruU (B)'.
In the type 11 case Li are continuous on this set.
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Proof. — 1Tt is clear that Ap is continuous and since
A’ — Ae uniformly on compacts so is Ag. Likewise by
Theorem 25.1, Gjp is continuous on BrU (B)’ and as
Glp — Gge uniformly on compacts Ggp 1is continuous on
this set. By Proposition HpA¢ is continuous on B" U (B)’
and thus as

J(e)Ls = A¢ — HpAo + Gso

we see that Ly 1is also continuous on B" U (B)’. Finally
the fact that in the type II case Lj are continuous on

B" U (B)' follows from Theorem 25.1 and the fact that Ljg
1s continuous on the set. This establishes the proposition.
From Theorems 24.1 and 24.2 we obtain the following

CoroLrary 25.4. — Let B be a closed set, let heC/B’)
and let ¢ be a measurable function that is bounded on B.
Then the only bounded solutions of Agf = — h, f=9¢ on B
are [f(z) = Ggh(z) + Hpo(z) + aP,(Tpg = ®©) for « a cons-
tant. These solutions are continuous on B’ L (B") n C;) (G
is the set of continuity points of o).

Using our results on Q} invariant functions from § 24
plus Theorem 25.2 we obtain the following.

CororLLary 25.5. — Let X, be a recurrent process and let
B e ®,. Then in the type 1 case the only Qb invariant functions

f = 0 that are continuous on (B)’ coincide with «Lg on (B)'.
In the type 11 case every such function coincides with

a, Ly + e,y on (B).
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