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BERNSTEIN-SATO IDEALS AND LOCAL SYSTEMS

by Nero BUDUR (*)

ABSTRACT. — The topology of smooth quasi-projective complex varieties is
very restrictive. One aspect of this statement is the fact that natural strata of local
systems, called cohomology support loci, have a rigid structure: they consist of
torsion-translated subtori in a complex torus. We propose and partially confirm a
relation between Bernstein-Sato ideals and local systems. This relation gives yet a
different point of view on the nature of the structure of cohomology support loci of
local systems. The main result is a partial generalization to the case of a collection
of polynomials of the theorem of Malgrange and Kashiwara which states that the
Bernstein-Sato polynomial of a hypersurface recovers the monodromy eigenvalues
of the Milnor fibers of the hypersurface. We also address a multi-variable version
of the Monodromy Conjecture, prove that it follows from the usual single-variable
Monodromy Conjecture, and prove it in the case of hyperplane arrangements.

RESUME. — La topologie des variétés lisses quasi-projectives est trés restric-
tive. Par exemple, les lieux des sauts pour la cohomologie des systémes locaux sont
des translatés par un point de torsion des sous-tores d’un tore complexe. Nous
proposons et confirmons partiallement une relation entre idéaux de Bernstein-Sato
et systemes locaux. Cela donne une nouvelle perspective sur la structure des lieux
des sauts pour la cohomologie. Le résultat principal est une généralisation partielle
pour le cas de plusieurs polynémes du théoréme de Malgrange et Kashiwara qui
affirme que le polynéme de Bernstein-Sato d’une hypersurface donne les valeurs
propres de la monodromie sur les fibres du Milnor de I’hypersurface. Nous abor-
dons aussi une version a plusieurs variables de la Conjecture de Monodromie, nous
prouvons qu’elle résulte de la version & une variable, et nous la prouvons pour les
arrangements d’hyperplanes.
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950 Nero BUDUR
1. Introduction
1.1. Bernstein-Sato ideals and local systems.

We first propose a conjectural picture relating Bernstein-Sato ideals with
local systems. It is known that the topology of smooth quasi-projective
complex varieties is very restrictive. One aspect of this statement is the
fact that natural strata of local systems, called cohomology jump loci, have
a rigid structure: they consist of torsion-translated subtori in a complex
torus, see Budur-Wang [11]. The structure of cohomology jump loci in
various setups is the main theme in previous works such as Green-Lazarsfeld
[19, 20], Arapura [1, 2], Simpson [42], Budur [9], Libgober [27], Dimca-
Papadima-Suciu [17], Popa-Schnell [37], Dimca-Papadima [16]. The union
of the cohomology jump loci forms the cohomology support locus. The
conjectural picture we propose gives yet a different point of view on the
nature of the structure of cohomology support loci of local systems.

To be more precise, let F' = (f1,..., fr) be a collection of non-zero poly-
nomials f; in Clzy,...,x,]. The Bernstein-Sato ideal of F is the ideal Bp
generated by polynomials b € C[sy, ..., s,] such that

r— 1 r
b(sy,-oosp) it frr =P S

for some algebraic differential operator

0 0
aim,...,awg]_,...
The existence of non-zero Bernstein-Sato ideals Br has been proved by
Sabbah [39], see also Bahloul [3] and Gyoja [21]. In the one-variable case
r = 1, the monic generator of the ideal Bp is the classical Bernstein-

PeClxy,...,xp, , S

Sato polynomial. In general, the ideal Br and its radical are not always
principal, for such examples see Bahloul-Oaku [4, §4.1]. The ideal Bp is
generated by polynomials with coefficients in the subfield of C generated
by the coefficients of F' [4, §4].

CONJECTURE 1.1. — The Bernstein-Sato ideal B is generated by prod-
ucts of linear polynomials of the form

@181+ ...+ Q-8 + «
with o; € Qx0, and a € Q.

This would imply the same for the radical ideal of Br. The conjecture
would refine a result of Sabbah [39] and Gyoja [21] which states that Bp
contains at least one element of this type. In the one-variable case r = 1,
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BERNSTEIN-SATO IDEALS AND LOCAL SYSTEMS 551

Conjecture 1.1 is due to Kashiwara [23]. When n = 2, every element of Bp
is divisible by the linear polynomials defining (r — 1)-dimensional faces of
the jumping polytopes of the local mixed multiplier ideals of f1,..., f., by
Cassou-Nogues and Libgober [12, Theorem 4.1].

We have originally arrived to conjecture that Bernstein-Sato ideals have
this particular shape from computing examples with the library dmod.lib
in SINGULAR [13, 25]. This paper evolved out of the effort to understand
this behavior. The interpretation of this behavior in terms of cohomology
support loci of local systems which we give in this paper is new to our
knowledge.

Apart from the positivity statement, Conjecture 1.1 can be seen as the
consequence of the following situation, similar to ones occurring frequently
in arithmetic geometry and model theory. Let

Exp : C" — (C)"

be the map x — exp(2miz). We conjecture that Exp of the zero locus
V(BpF) of the Bernstein-Sato ideal Bp satisfies the conditions of the fol-
lowing result of M. Laurent:

THEOREM 1.2. — [24] Let Z be a Zariski closed subset of (C*)" defined
over Q with a Zariski dense subset of torsion points. Then Z is a finite
union of torsion translates of complex subtori.

Since in all computed examples Exp (V(Bp)) satisfies the assumptions of
Theorem 1.2, the interesting question is then: where do the torsion trans-
lates of subtori come from? Next, we will formulate a conjecture answering
this question. We will then prove this conjecture in one direction and almost
prove it in the other direction as well.

The idea is that one can produce lots of torsion points by restricting
to one-parameter subgroups using the classical result of Malgrange and
Kashiwara for the hypersurfaces fi™* ... f/". Then the torsion-translated
subtori are obtained by interpolating over all one-parameter restrictions
the Milnor monodromies, or equivalently the nearby cycles complexes, of
these hypersurfaces. The interpolation is achieved by Sabbah’s specializa-
tion complex attached to F' = (f1, ..., f»). We show that the support of the
Sabbah’s specialization complex is related with cohomology support loci of
rank one local systems.

Let us give more details now. It is important for the rest of the paper to
work locally at a point x in

X :=C".

TOME 65 (2015), FASCICULE 2



552 Nero BUDUR

In this case, we replace in all the above Bp by the local Bernstein-Sato
ideal Bp, of the germ of F' at  and we also propose the local version of
Conjecture 1.1. It is known that

Br = ﬂ Br,
xeX

see [4, Corollary 6]. Thus, letting V' (I) denote the zero locus of an ideal I,

V(Br) = U V(BFz),
reX
so the local version implies the global version of Conjecture 1.1 for the radi-
cal ideals. Moreover, this is a finite union since there is a constructible strat-
ification of X such that for x running over a given stratum the Bernstein-
Sato ideal at z is constant [7].

The relation with local systems is in two steps. First, we propose a gen-
eralization of the well-known result of Kashiwara [22] and Malgrange [30]
which states that the roots of the classical Bernstein-Sato polynomial of a
polynomial germ f give the monodromy eigenvalues on the Milnor fiber.
In this case, the cohomology of the Milnor fiber is packaged into Deligne’s
nearby cycles complex ¥;Cx. When r > 1, a generalization of Deligne’s
nearby cycles functor is the Sabbah specialization functor

Yr : DY(X,C) — D4(D, A),
where .
D:=J V()
j=1
is the union of the zero loci of the f;,
A:=Clty,t7h . e, tY],

and D%(., R) is the bounded derived category of constructible sheaves in
the analytic topology over a ring R. This functor has been introduced in
[40]. The action of A on ¥ rCx generalizes the monodromy of the Milnor
fiber from the case r = 1.

For a point z in D, denote by

Supp , (¥rCx)

the support of »pCx at x as an A-module, see Definition 3.4. The ambient
space of the support is the torus (C*)” with affine coordinate ring A. For
our purposes, we have to take into account the possibility that some f; do
not vanish at x, and thus we are lead to define the uniform support

Supp “"f (ypCx) < (C*)",
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see Definition 3.15. See [32, 3.8.1] for the next result in the l-adic setting:

THEOREM 1.3. — Supp “"/(4)pCx) is a finite union of torsion trans-
lated subtori of (C*)".

The following would generalize the classical result of Kashiwara and Mal-
grange.

CONJECTURE 1.4.
Exp (V(Braz)) = U Supp ;" (¥rCx).

yED near x
The union is taken over points y € D in a small ball around z. However,
one can take only the general points y of a fine enough stratification of
the singular locus of D. Conjecture 1.4 almost implies Conjecture 1.1 for
codimension part of the radical of the Bernstein-Sato ideal:

PROPOSITION 1.5. — Assume Conjecture 1.4. Let Z be an irreducible
component of V(Bp,). If Z has codimension 1, then Z is the zero locus of
a linear polynomial of the form

181+ ...+ a8+«
with a; € Q30 and a € Q.

The case of hyperplane arrangements, where the support of the Sabbah
specialization complex is a combinatorial invariant, provides a checking
ground and evidence for Conjecture 1.4, see Corollary 1.11 and the Remark
thereafter. We show the following partial confirmation of Conjecture 1.4.

THEOREM 1.6.
Exp(V(Br,) D> |J  Supy™ (vrCx).

y€D near x

We also make a significant step toward proving the converse of Theo-
rem 1.6. Let Dx be the sheaf of holomorphic differential operators on X.

PRrROPOSITION 1.7. — The converse of Theorem 1.6, and so the Conjec-
ture 1.4, holds for any F' if the following holds for any F' such that the f;
with f;(x) = 0 define mutually distinct reduced and irreducible hypersur-
face germs at x: locally at x, for all « € V(Bp),

r

Z(sj —a;)Dx[s1,..., 8 fit - 2 EDx[s1, ..o fit S
j=1

modulo Dx [s1,...,s | fi ... fortl,

TOME 65 (2015), FASCICULE 2



554 Nero BUDUR

The relation of Bernstein-Sato ideals with local systems is achieved by
relating the latter with the Sabbah specialization complex. For a connected
finite CW-complex M, let L(M) denote the space of complex local systems
of rank one on M. Then

L(M) = Hom(H,(M,Z),C").
Define the cohomology support locus (also called the characteristic variety)

of M to be the subset V(M) of L(M) consisting of local systems with non-
trivial cohomology,

(1.1) V(M) :={L € L(M) | H*(M, L) # 0 for some k}.

There are more refined cohomology jump loci of M which can be defined,
but we will not be concerned with them in this article. It is known that
V(M) is a Zariski closed subset of L(M) defined over Q.

For a point z in X, let Ug , be the complement of D in a small open ball
centered at z,

Up, := Ball, \ (Ball, N D).

There is a natural embedding of L(Ur ;) into the torus (C*)" induced by
F.

THEOREM 1.8. — If the polynomials f; with f;(x) = 0 define mutually
distinct reduced and irreducible hypersurface germs at x, then

Supp . (VrCx) = V(Ur,).

There is absolutely no difficulty to understand the relation between
Supp, (¥ FCx) and cohomology support loci if the assumptions are dropped,
cf. 3.9.

We can define the uniform cohomology support locus with respect
to F at x, which we denote by V*"/(Ur,), such that it agrees with
Supp “f (pCx) via Theorem 1.8, see Definition 3.16. Hence:

x

THEOREM 1.9. — If the polynomials f; with f;(xz) = 0 define mutually
distinct reduced and irreducible hypersurface germs at x, then

Exp(V(Brz) D> |J V" (Ury).
y€D near x
Assuming Conjecture 1.4, equality holds.
Again, there is absolutely no difficulty to understand what happens if the
assumptions are dropped.

Let us mention the connection with local Alexander modules. The co-
homologies of the stalks of ¥ pCx are the multi-variable local homology
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Alexander modules, as shown by Sabbah [40], see Proposition 3.9. In the
special case when all the polynomials f; are homogeneous, the cohomologies
of the stalk at the origin of 1) C x are the multi-variable universal homology
Alexander modules introduced by Dimca-Maxim [15], see Proposition 3.17.

1.2. The geometry of Bernstein-Sato ideals.

Next, information about uniform supports and cohomology support loci
leads to better understanding of the question of what do zero loci of
Bernstein-Sato ideals look like. In the case when all f; are homogeneous
polynomials, we give a formula which reduces the computation of uniforms
supports to a lower-dimensional, but possibly non-homogeneous case, see
Proposition 3.20. Hence, conjecturally, the same holds for Exp (V(Bp)). In
particular, we obtain:

COROLLARY 1.10. — Let F = (f1,..., fr) with 0 # f; € Clz1, ..., 2,]
irreducible and homogeneous of degree d; defining mutually distinct hy-
persurfaces with ged(dy,...,d,) = 1. Let V be the complement in P"~! of
the union of the zero loci of f;. If x(V') # 0, then

{d1s1+...+drs. + k =0} C V(Bp)
for some k € Z.

It is tempting to conjecture that k = n in Corollary 1.10. We do so below
for hyperplane arrangements.

In the case of hyperplane arrangements, the homogenous reduction for-
mula can be applied repeatedly to obtain precise combinatorial formulas
for the uniform supports of the Sabbah specialization complex, see Propo-
sition 6.7. Let F' = (fy,..., fr) be such that f; are non-zero linear forms
defining mutually distinct hyperplanes. The following terminology is de-
fined in Section 6. For an edge W of the hyperplane arrangement H§:1 fi
let Fy be the restriction in the sense of hyperplane arrangements of F' to
W. Let

lw )
Fy =[] FY
i=1
be a total splitting of Fyy. If we set Fé:}) = (fl(Z%V, cees fﬁz‘),v), let

dy%,v = deg fJ(Z‘ZV

TOME 65 (2015), FASCICULE 2



556 Nero BUDUR

COROLLARY 1.11. — Let F = (fi1,..., f») with f; € C[z,...,z,] non-
zero linear forms defining mutually distinct hyperplanes. Then

(i) (i)
UV ™ —1]i=1,....lw)) C Exp(V(Br)),
w

where the union is over the edges W of the hyperplane arrangement ngl fi-
Assuming Conjecture 1.4, equality holds.

Remark. — This corollary provides support for Conjecture 1.4 in the
sense that the conjectured equality in Corollary 1.11 can be checked for
many particular examples, see Section 7. Note that the left-hand side is
completely combinatorial. The conditions in the Corollary can be relaxed,
see Remark 6.8, however we opted to keep only an esthetically cleaner
statement.

By specializing F' = (f1,..., fr) to H;Zl fr in the above Corollary we
obtain the following. Let f be a hyperplane arrangement, fy, the restriction
to the edge W, and fy = Hiv:V1 féf,) a total splitting of fu . Let d%},) =
deg f&i,). Denote by b¢ the classical one-variable Bernstein-Sato polynomial
of f, and by M¢ ., the Milnor fiber of f at . With this notation:

COROLLARY 1.12. — Let f € Clxy,...,2z,] be a hyperplane arrange-
ment. Then Exp (V(by)), which equals the set of all eigenvalues of the
monodromy on H®(Mj . ,,C) for x ranging over f~1(0), is a combinatorial
invariant. If f is reduced, this is the set

UV —1]i=1,..0w)),
w
where the union is over the edges W of f.

In contrast, U. Walther has announced that the Bernstein-Sato polyno-
mial by of a hyperplane arrangement is not a combinatorial invariant. A
different proof of Corollary 1.12 involving [26, Theorem 3.1] was noticed
and communicated to us by A. Libgober.

The following is a multi-variable generalization of [10, Conjecture 1.2].
This statement has implications for the Multi-Variable Strong Monodromy
Conjecture, see Theorem 1.18 below.

CONJECTURE 1.13. — Let F' = (f1,..., fr), where f; are central hy-
perplane arrangements in C", not necessarily reduced, of degree d;, and
H;Zl fj is a central essential indecomposable hyperplane arrangement.
Then

{dis1+...+drsr + n=0} C V(Bp).

ANNALES DE L’INSTITUT FOURIER
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1.3. Multi-Variable Monodromy Conjecture.

We discuss the relation between multi-variable topological zeta func-
tions on one hand, and Sabbah specialization complexes and Bernstein-Sato
ideals, on other hand.

Let F' = (f1,..., fr) with 0 # f; € C[z1,...,z,]. We keep the notation
from 1.1. Let 4 : Y — X be a log resolution of ]_[j fj- Let E; fori € S
be the collection of irreducible components of the zero locus of (]| j fi)op.
Let a; ; be the order of vanishing of f; along E;, and let k; be the order of
vanishing of the determinant of the Jacobian of p along E;. For I C S, let
E? = Nier B N\ Ujes< 1 E;. With this notation, the topological zeta function
of F=(f1,...,fr) s

ZEP(s1,. ., 5r) ::ZX(E;)_H 1

Ics el @j151 + ... Qi rSy + kz +1

This rational function is independent of the choice of log resolution. Define
PL(ZL (51, 51)

to be the polar locus in C".
The following is the Topological Multi-Variable Monodromy Conjecture,
slightly different than phrased by Loeser, see [32, 29]:

CONJECTURE 1.14.

Exp (PL(Zy7)) € | Supp 3™ (4rCx).
zeD
When r = 1, this is the Topological Monodromy Conjecture of Igusa-
Denef-Loeser saying that poles of the topological zeta function give eigen-
values of the Milnor monodromy. In fact, in response to a question of V.
Shende, the general case follows from the r = 1 case:

THEOREM 1.15. — Let C be a class of non-zero polynomials stable
under multiplication. If the Monodromy Conjecture holds for polynomi-
als in C, then the Multi-Variable Monodromy Conjecture holds for maps
F=(f1,...,f) with f; in C.

Examples of classes of polynomials stable under multiplication for which
the Monodromy Conjecture is known include plane curves [28] and hyper-
plane arrangements [10]. Thus Theorem 1.15 reproves the Multi-Variable
Monodromy Conjecture for plane curves due to Nicaise [32], and proves it
for hyperplane arrangements.

TOME 65 (2015), FASCICULE 2
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One can ask how natural is to specialize the Monodromy Conjecture. We
define later what it means to specialize F to another collection G of possibly
fewer polynomials, see Definition 3.21. For example, F' = (f1,..., f.) spe-
cializes to G = (f1, ..., fr—1), and it also specializes to H§:1 f;j. In the first
example, the specialization loses in some sense f,., where as in the second
example none of the f; are lost. We call the second type a non-degenerate
specialization, see Definition 3.21. We show the following naturality with
respect to non-degenerate specializations of the Monodromy Conjecture:

THEOREM 1.16. — Assume that Conjecture 1.14 holds for a given F. If
G is a non-degenerate specialization of F'; then Conjecture 1.14 also holds
for G.

Up to now, there has been no multi-variable version of the Strong Mon-
odromy Conjecture since it was not clear which ideal of Bernstein-Sato type
was the right candidate, see 4.1. Since a strong version should imply the
weaker version, the search for the right candidate is related with the search
for the multi-variable generalization of the Malgrange-Kashiwara result.
Thanks to V. Levandovskyy, we were able access and experiment with im-
plemented algorithms for computing various types of Bernstein-Sato ideals.
Based on these computations and based on the other supporting evidence
for Conjecture 1.4 put forth in this paper, we make the following Topolog-
ical Multi-Variable Strong Monodromy Conjecture:

CONJECTURE 1.17.
PL(Z}?) C V(Bp).

Conjecture 1.17 implies Conjecture 1.14 if we believe Conjecture 1.4,
hence the adjective “strong". At the moment we cannot conclude that the
r = 1 case for the Strong Monodromy Conjecture implies the > 1 case, nor
that the Strong Monodromy Conjecture is compatible with non-degenerate
specializations, but see Remark 4.26. For hyperplane arrangements we re-
duce Conjecture 1.17 to Conjecture 1.13, a result which was proved for
r =1 in [10]:

THEOREM 1.18. — If each f; defines a (possibly-nonreduced) hyper-
plane arrangement in C" and if Conjecture 1.13 holds for the restriction

Fy = (fiw | f;(W)=0,7€{1,...,7})

of the hyperplane arrangements to any dense edge W of H;Zl fj, then
Conjecture 1.17 holds for F.

ANNALES DE L’INSTITUT FOURIER
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On a different note, there has been recent interest in zeta functions at-
tached to differential forms and possible connections with monodromy-type
invariants, see Némethi-Veys [31]. Let dz = dz1 A ... Adz, and let w be an
n-form on X. Define

ZLP 9 (51,000, 8,)
in a similar fashion as Z.(s1,...,s,), but with k; replaced by ordg,w.
Note that
Z P Wio, . 8) = ZLP (51,00, 8.).

One can ask what would a Monodromy Conjecture predict for Z
See [31, 1.2] for a discussion. We propose an answer which is very natural
and which says that the Monodromy Conjecture for Forms is a special case
of the Multi-Variable Monodromy Conjecture. Clearly

top, w o
F !

Z(??Zj’f,}ffl)(sh ctt 87‘*1) = ZFtop(817 sy Sr—1, 1)

Hence, the Topological Multi-Variable Monodromy Conjecture for Forms
should be:

op, frdx unif
Exp (PL(Z/7" 7 ) < | Supp i (¥rCx) NV (t, — 1),
zeD
and the Topological Multi-Variable Strong Monodromy Conjecture for
Forms should be:

, frdx
PL(Z5 I ) CV(Br) NV (s, = 1).

The Topological Multi-Variable Monodromy Conjecture for Forms is thus
equivalent with the usual single-variable Topological Monodromy Conjec-
ture, by Theorem 1.15.

It is a standard procedure to adjust statements involving topological zeta
functions to obtain statements involving: local topological zeta functions,
(local) p-adic zeta functions, and, more generally, (local) motivic zeta func-
tions. For brevity, we shall skip this discussion.

1.4. Applications.

One of the main applications of the theory of D-modules is that it leads
to algorithms which can be implemented to compute topological invari-
ants. For example, the classical result of Malgrange and Kashiwara led to
algorithms for computing Milnor monodromy eigenvalues via the classical
Bernstein-Sato polynomial, the first such algorithm being due to Oaku [33].
Similarly, Conjecture 1.4 would provide already-implemented algorithms
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560 Nero BUDUR

to compute cohomology support loci of hypersurface germs complements.
There are no other known algorithms for cohomology support loci applica-
ble in general. Note that Bernstein-Sato ideals are essential for the current
algorithms computing cohomology of local systems on complements of pro-
jective hypersurfaces, see Oaku-Takayama [34].

1.5. Notation.

All algebraic varieties are assumed to be over the complex number field.
A variety is not assumed to be irreducible. The notation (fi, ..., f,-) stands
for a tuple, while (f1,..., f;) will mean the ideal generated by elements f;
of some ring. Loops and monodromy around divisors are meant counter-
clockwise, i.e. going once around {z = 0} in a small loop sends z® to
e2miox® for any a € C.

2. Cohomology support loci
2.1. Local systems and cohomology support loci.

Let M be a connected finite CW-complex of dimension n. Let L(M) be
the group of rank one complex local systems on M. We can identify
L(M) = Hom(my (M), C*) = Hom(H,(M,Z),C*) = H'(M,C*).
Consider the ring
B :=C[H1(M,Z)].
Then L(M) is an affine variety with affine coordinate ring equal to B.

Example 2.1. — 1If U denotes the complement in a small open ball cen-
tered at a point z in C” of r mutually distinct analytically irreducible hy-
persurface germs, then Hy(U,Z) = Z" is generated by the classes of small
loops around the branches, and L(U) = (C*)", see [14, (4.1.5)]. By Lib-
gober [27], the cohomology support locus V(U) is a finite union of torsion
translated subtori of L(U). Subtori are automatically defined over Q.

Example 2.2. — If V denotes the complement in P! of » mutually
distinct reduced and irreducible hypersurfaces of degrees di,...,d,, then

Hl(V7Z): @Z’yj /Z(d1'71+~'+dr'7r)a

Jj=1
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where ; is the class of a small loop centered at a general point on the
j-th hypersurface, see [14, (4.1.3)]. By Budur-Wang [11], the cohomology
support locus V(V') of any smooth complex quasi-projective variety V is a
finite union of torsion translated subtori of L(V).

Let M*® be the universal abelian cover of M. In other words, M is the
cover of M given by the kernel of the natural abelianization map

ab:m(M) %Hl(M,Z)

DEFINITION 2.3. — The homological Alexander support of M is the
subset

V(M) := | Supp (Hy(M*,C))
k

of L(M), where Supp (Hy(M%, C)) is the support of the B-module
Hk(Mab7(C) :

The homological Alexander support is almost the same as the cohomol-
ogy support locus (1.1) from the Introduction, see [36, Theorem 3.6]:

THEOREM 2.4. — lj(M) is the set of local systems of rank one on M
with non-trivial homology.

Since H¥(M,L£~1) = Hy(M, L)V for a rank one local system L, the last
result implies:

COROLLARY 2.5. — V(M) ={L| £~ € V(M)}.

Example 2.6. — V((C*)") is just a point in L((C*)") = (C*)", corre-
sponding to the trivial local system.

3. Sabbah specialization and local systems

In this section we write down some properties of the Sabbah special-
ization complexes. We also prove Theorems 1.3, 1.8, 1.9, as well as the
homogeneous reduction formula mentioned in 1.2 and Corollary 1.10.

For a ring R and a variety X, let D%(X, R) denote the bounded derived
category of R-constructible sheaves on the underlying analytic variety of
X.
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3.1. Sabbah specialization.

Let
F=(fi,...,fr)
be a collection of non-zero polynomials f; € Clz1,...,2,]. Let
X=C", D; =V(f;), D =U;_Dj, U=X-\D.

Let S =C", §* = (C*)", and denote by S* the universal cover of S*. We
denote the affine coordinate ring of S* by

A=Clty,t7t .t Y.

Consider the following diagram of fibered squares of natural maps:

D——s X —U

DEFINITION 3.1. — The Sabbah specialization functor of F' is
vr =ipRiRpi(jop)* : DUX,C) = DY(D, A).

We call Y rCx the Sabbah specialization complex. The constructibility ¥ g
over A follows from the part (a) of the Lemma 3.3 below.

Remark 3.2.

(1) This definition is slightly different than [40, 2.2.7] where it is called
the nearby Alexander complex. To obtain the definition in loc. cit.,
one has to restrict further to N;D;.

(2) This definition is also slightly different than the one in [32], where
Rp, is replaced by Rp..

(3) When r = 1, ¢y F as defined here equals ¢y F[—1] as defined by
Deligne, see [8, p.13].

A different expression for Sabbah specialization is as follows. Let

L = R(ps)Cgz = (ps)Cg..

This is the rank-one local system of free A-modules on S* corresponding
to the isomorphism

m(S*) = Z" = m1(S7).
Define
L= i L.
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This is a local system of A-modules on U. The following is essentially a
particular case of [40, 2.2.8] in light of Remark 3.2 (1):
LEMMA 3.3.
(a) YpF =ip R (j*F ®@c, LT).
(b) In particular, vpCx = it Rj. L.
Proof. — By the projection formula [40, 2.1.3],
Rj.Rpp"j*F = Rj.(j*F ®c, BpCp).
On the other hand, we have
RpCy = RpFiCy = FRpCg = L7

3.2. Multi-variable monodromy zeta function.

We recall Sabbah’s multi-variable generalization of A’Campo’s formula
for the monodromy zeta function.

DEFINITION 3.4. — For an A-module G, we denote by Supp (G) the
support of G in S* = Spec A. For an A-constructible sheaf G on X and a
point x in X, the support of G at x is the support of the stalk:

Supp . (G) := Supp (Gz) C 5”
The support at the point x of a complex G € D%(D, A) is
Supp ,.(G) == | JSupp ,(H"(G)) C S*.
k

DEFINITION 3.5. — The multi-variable monodromy zeta function of G €
D%(D, A) at the point x is defined to be the cycle

¢(9) =Y xa(Gp) - V(P),
P

where the sum is over prime ideals P of A of height one among those such
that their zero locus V(P) C Supp ,(G), Gp is the localization of G at the
prime ideal P, and X, is the stalk FEuler characteristic.

Codimension-one cycles on S* can be viewed as rational functions in
t1,...,t, up to multiplication by a monomial. We will use the rational
function notation for the multi-variable monodromy zeta function of Sab-
bah specialization complex:

C(VrCx)(t1,. .., tr) == G (YrCx).
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Let p : Y — X be a log resolution of Hj fj- Let E; for i € S be the
collection of irreducible components of the zeros locus of ([[; f;) o p. Let
a;,; be the order of vanishing of f; along E;, and let k; be the order of
vanishing of the determinant of the Jacobian of p along E;. For I C S,
let E} = NijerEi \ Ujes—1E;. The following is Sabbah’s generalization of
A’Campo’s formula, see [40, 2.6.2]:

THEOREM 3.6. — If fj(x) =0 for all j, then

Co(rCx)(t1,. .. t,) = 11 (. g% — 1) 7XED),
i€l with p(E;)=x

COROLLARY 3.7. — If f; are non-zero homogeneous polynomials of de-
gree d; for all j, and x(V) # 0, where V = P"~! \ P(D), then

V(.. td — 1) C Supp o (¥rCx).

Proof. — In this case, one can take a log resolution x4 : Y — X which
factors through the blow-up at 0, such that the strict transform E of the
blow-up exceptional divisor E’ is the only exceptional divisor of Y mapping
to 0, and such that y is an isomorphism outside D. In this case, B/ = P*~1,
E° = V. By construction, the log resolution p is the blow-up Y’ of X at 0,
followed by the extension to Y’ of any fixed log resolution of P(D) in E,

see [38, 1.4]. This is possible because Y’ is a line bundle over E’. Then, by
Theorem 3.6,

Co(WrCx)(tr, ... ty) = (t9 ..t — 1)~x(V),
and the conclusion follows. O

For r = 1 one recovers a well-known formula for the monodromy zeta
function of a homogeneous polynomial, see [14, p.108].

3.3. Local Alexander modules.

Let « be a point in D and 4, : {x} — D the natural inclusion. Let Ball,
be a small open ball centered at x in X, and let

Ura. = Ball, \ D.
Let Uj‘,if’m be the universal abelian cover of Up,,, and let
B =C[H(Ufz,Z)).

Let
UF,z = UF,z X gx S*.
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Consider the commutative diagram of fibered squares

p

Ball, Vg Ure
SN
S >G* S*.

DEFINITION 3.8. — The k-th local homology Alexander module of F' at
x is the A-module
Hi(Upy, C).
The k-th local homology Alexander module of U, is the B-module
Hy(Ugy,, C).

The following is essentially a particular case of [40, 2.2.5]:

PROPOSITION 3.9. — The k-th cohomology of the stalk of the Sabbah
specialization complex is isomorphic as an A-module, up to the switch
between of the action of t; with that of tj_l, to the k-th local homology
Alexander module of F' at x:

H*(i%¢rCx) 24 Hy(Up,,C).

Proof. — By Lemma 3.3, H*(i*¢rCx) = (R*j.LF),. The stalk of the
sheaf R¥j, LT at x equals the stalk of the presheaf V ~ H*(U NV, LF).
Hence

(3.1) H*(itypCx) = H* (U, £T).
We have
Hy(Ura, C) = H*(Up,,C) = H"*(Rayp,C;—)
= H" M (Upg, £7) = HQ”*k(RagEF),,

where a is the map to a point. On the other hand, letting (L)Y be the
A-dual local system of £, and D4 be the Verdier duality functor, we have

H*" MRy L") = H* *(RayDA((L")"[n])) = H" " (DaRa.((L")")[n])
= DsH"(Ra. (L)) = DAH"(Up.,, (LF)Y).

The last A-module is non-canonically isomorphic, after the change of ¢;
with ¢!, with H*(Up, LF). O

LEMMA 3.10. — If the polynomials f; with f;(z) = 0 define mutually
distinct reduced and irreducible hypersurface germs at x, then

Upe=Ug, and B=A/{t; — 1| f;(z) #0).
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Proof. — The second assertion follows from Example 2.1. For the first
assertion, it is enough to show that U, corresponds to the kernel of the
abelianization map

T (Upg) = Hi(Upg, Z).

By definition, lj;gc is given by the kernel of the composition
m(Upg) 25 m (S*) = 27 24 H (S*,Z) = 7.

Since the codomain is abelian, it is enough to show that the natural direct
image

Fo=((fu)sr--s (fr)«) s Hi(Upw, Z) — H1(S™,Z)

is injective. By Example 2.1, H1(Up,Z) is free abelian generated by the
classes of loops 7y; centered a general point of Ball, N D; for those j such
that f;(z) = 0. Let d; be a generator for the first homology of the j-th
copy of C* in S§*. Both assertions of the Lemma follow then from the fact
that
0 if fj(z) #0, or j #j,
Jit) ~ { §; if fi(z)=0and j =’
Indeed, if f;(xz) # 0, then 7, can be chosen such that f;(v;/) is a loop
homologically equivalent to 0. If j # j’, then ;s can be chosen such that
fj(vj7) is a point. If f;(z) = 0 and j = j/, then 7; can be chosen to intersect
at most once every fiber of f;, hence f;(7y;) is homologically equivalent to
5j. D

From Proposition 3.9 and Lemma 3.10 we obtain:

COROLLARY 3.11. — If the polynomials f; with f;(z) = 0 define mutu-
ally distinct reduced and irreducible hypersurface germs at x, then the k-th
cohomology of the stalk of Y pCx at x is the k-th local homology Alexander
module of Ur .. More precisely, the action of A on H*(i%rCx) factors
through the action of B, and

H" (i3 rCx) = Hy, (U, C)

7I’

as B-modules after replacing on the right-hand side the t;-action with the

t; L_action.

Remark 3.12. — In the case when one the polynomials f, is nonsingular
outside U;;iDj, or, when f,. is a generic linear polynomial through x, more
information is available about the local Alexander modules from [40, 2.6.3
and 2.6.4].
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Proof of Theorem 1.8. — In this case,
L(Ups) =SpecB= () V(t;—1)cCS*
J:f5 (x)#0
by Example 2.1. Corollary 3.11 implies that Supp . (¢)rCx) equals V(Ur.,)
via taking reciprocals coordinate-wise due to the change in action of ¢;
by tj_l. By Corollary 2.5, V(Up,) equals V(Up,) via taking reciprocals
coordinate-wise. Hence, Supp ,(¢rCx) = V(Up,). O

3.4. Uniform support.

Even if the polynomials f; vanishing at x do not define mutually distinct
reduced and irreducible hypersurface germs at x, the proof of Lemma 3.10
together with Proposition 3.9 show:

LEMMA 3.13. — The action of A on H*(i*rCx) factors through the
action of

A/((t; = 1] fi(z) # 0)).

As a consequence, for a point x € D, the support Supp , (¢)rCx) lies in a
sub-torus of S* of codimension exactly the number of polynomials f; with
fj(z) # 0. More precisely, let

T, :=V({{t; —1] f;(z) #0)) C S*.
Then
Supp . (¥rCx) C T,.

Let r, be the codimension of T, in S*, in other words the number of j’s

DEFINITION 3.14. — The F-natural splitting of S* at x is the splitting

S* =T, x (C*)™
compatible with the splitting
{1 fi(@) =0 u{j| f(z) # 0}
DEFINITION 3.15. — The uniform support at z of YpCyx is
Supp 4"/ (YrCx) := (Supp ,(¥rCx)) x (C*)"™* C 57,

the last inclusion being induced by the F-natural splitting of S*. By def-
inition, the uniform support coincides with the usual support when T, is
empty, or in other words, when all f; vanish at x.
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In other words, the uniform support is defined by the same equations as
the usual support except we discard the equations t; = 1 for those j such
that the hypersurface f; does not pass through z.

Similarly, consider the cohomology support locus V(Ur ). This is a sub-
variety of the space of rank one local systems L(Up, ), and

L(UF@) C Tw,

with T, as above. We have an equality L(Up,,) = Ty if the germs f; which
vanish at z define mutually distinct reduced and irreducible hypersurface
germs.

DEFINITION 3.16. — The uniform cohomology support locus of F' at x
is
V“m'f(UF,x) =V({Upy) x (C*)™= C S*,
the last inclusion being induced by the F-natural splitting of S*. By def-
inition, the uniform cohomology support locus coincides with the usual
cohomology support locus when T, is empty, or in other words, when all
f; vanish at x.

3.5. Proof of Theorem 1.9.

It follows from Theorem 1.8 and Theorem 1.6 which we prove latter. [J

3.6. Homogeneous polynomials.

Assume now that f; are non-zero homogeneous polynomials for all j.
We show first that ijyrCx recovers the universal Alexander modules of
Dimca-Maxim [15, §5]. Let

V=P JP(D;)).
j=1

Let d; be the degree of f;. Let V% be the universal abelian cover of V.
Then Hy (V% C) admits an action of

B :=C[H,(V, Z)].

If f; are mutually distinct irreducible homogeneous polynomials, which is
the situation considered in [15],

B =A% .. .td 1),
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and
L(V) =Vt td —1) c 8%,

see Example 2.2.

PROPOSITION 3.17. — If f; are irreducible homogeneous polynomials of
degree d; defining mutually distinct hypersurfaces with ged(ds, ..., d,) =1,
then the action of A on i}y pCx factorizes through B, and

H"(i5prCx) & H,(V,C)
as B-modules after replacing on the right-hand side the t;-action with the

t;l—action.

Proof. — Consider Upy, the complement in a small open ball at the
origin of D. The natural projectivization map Uro — V has fibers dif-
feomorphic with C* and is a deformation retract of the restriction of the
tautological line bundle of P"~! to V. Since gcd(dy, . ..,d,) = 1, the Picard
group of V is trivial. Hence, topologically,

Upop~C* x V.

Fix a section o : V. — Ufp. First, we show that via this section

VP RV xy,., Ui,
The cover on the right-hand side is given by the kernel of the composition

(V)25 1 (Upo) 22 Hy(Upo, Z).

The cover on the left-hand side is given by the kernel of

(V)2 H\(V,Z).
Hence, it is enough to show that the map

0w Hi(V,Z) — H1(Ur,Z)

is injective. By assumption, both groups are free abelian of rank » — 1 and,
respectively, r. Hence o, is compatible with the Kiinneth decomposition

Hy(Upy,Z) = Hi(V,Z) ® L,

by the naturality of the Kiinneth decomposition via cross products, and
the injectivity follows. This also shows that A acts on Hy(V, C) via the
surjection

A =C[H(Uro,Z)] — B =C[H(V,Z)] = A/{t{ ...t — 1)

induced by o,.
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Now the Proposition follows from Corollary 3.11 and the fact that 1
is a deformation retract of

Ugfao ~ (C*)ab % Vab ~ C % Vab.
O

PROPOSITION 3.18. — If f; are irreducible homogeneous polynomials of
degree d; defining mutually distinct hypersurfaces with ged(dy, ..., d,) =1,
then, in S*:

Supp o (¥rCx) =V(V) C L(V) = V(tfl cetdr 1),
The four sets are equal if, in addition, x(V') # 0.

Proof. — The first equality is new. It follows from Proposition 3.17 and
Corollary 2.5. If x(V) # 0, the equality follows from Corollary 3.7. |

Remark 3.19. — 1In the case when one of the homogeneous polynomials
is a generic linear form, more information is available about V(V), see [15,
Theorem 3.6] and see also Remark 3.12.

For a point y € X = C™ different than the origin, let [y] denote the point
in P*~! with homogeneous coordinates given by y. We denote by

UF’ [y] C pr—t

the complement in a small ball around [y] of P(D). Note that if we consider
an affine space neighborhood of [y],

[y} c Anfl C Epnfl’

then
Ury) = Ur,

There is a homotopy equivalence

|An717[y]'

UF,y ht UF, [y]-

Hence
V(UF,y) = V(UF,[y]) = V(Uprfl’[y]) C Ty,

with T, as in 3.4. Moreover,
Vunif(UF,y) _ Vunif(UF‘An—l,[y]) cS*

because the F-natural splitting S* = T;, x (C*)" is the same as the Fjyn-1-
natural splitting. We define:

Vil (Up ) = V" Upy) = V" (Ur, . )-
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From this discussion together with Proposition 3.18, we obtain the following
computation reduction to a lower-dimensional, possibly non-homogeneous,
case:

PROPOSITION 3.20. — If the polynomials f; are homogeneous of degree
d; and define mutually distinct reduced and irreducible hypersurfaces, and
if ged(dn,...,d;) =1, then

U Supp ™ yrCx = | V" (Ury) =V(V)U | V" (Ury).

yeD yeD l[y]epn—1

If, in addition, x(V) # 0, then V(V) = L(V) = V(t{* - - t% —1).

3.7. Proof of Corollary 1.10.

It follows from Theorem 1.6, which we will prove later, and Proposi-
tion 3.18. g

3.8. Specialization of polynomial maps.

Next, we address the question of what happens with the support of Y pCx
under specialization of the map F' in the following sense:

DEFINITION 3.21.

(a) We say that F' = (fi1,..., fr) specializes to G = (g1,...,9p), I f;
and gy, are non-zero polynomials in Clzy,...,z,],r 2 p>1,and G
is the composition F' o F' where

F'=(f{,....f)):C" —CP

is such that f; are monomial maps and the induced map on tori
(C*)" — (C*)P is surjective. We will also write
G=rM
where the matrix M = (my;) in NP*" is obtained from writing
Tro (71, ooy Tr) = e

(b) We say that FM is a non-degenerate specialization of F' if, in addi-
tion, Y ¥_, my; # 0 for all j such that f; is non-constant.

TOME 65 (2015), FASCICULE 2



572 Nero BUDUR

The condition in (b) guarantees that no non-constant f; is lost during
the specialization.
We will use the notation:
S=C", Sy=CP, S*=(C"", Si =(CHP.

There is a natural identification of S* with L(S*), a tuple of non-zero
complex numbers describing the monodromy of a rank one local system
around the coordinate axes. The pull-back of local systems defines a map
onm 2 Sy = L(Sy) — S* = L(S")
given by (A1,...,Ap) = (AT A0 AT - A0, Denote by
A=Clt, 7Yt 7Y,

Apnr = Clug,ut, ... ,up,uljl}

the coordinate rings of S* and Sj,, respectively. Then ¢,; corresponds to
the ring morphism
o7 A — Ay
mapping ¢; to [T, u, ™’
The following is a consequence of [40, 2.3.8]:

PROPOSITION 3.22. — If G = FM js a non-degenerate specialization of
the polynomial map F, then for all ©

d3 (Supp “" (1hpCx)) = Supp “"/ (Y Cx).

Proof. — Let Dj; be the union of the zero loci of g;. The non-degeneracy
assumption is equivalent to saying that Djy; = D. We can assume z is in
D.

The statement holds for the usual support. Indeed,

62 (Supp (V6 Cx)) = Supp , (VrCx & A,

and by [40, 2.3.8],

L
Supp . (¥rCx % Apr) = Supp , (YaCx).

Recall that the uniform support at x is obtained from the F-natural split-
ting S* = T, x (C*)"=, where T, is the zero locus V({(t; — 1| f;(z) # 0))
in S* and contains Supp ., (¥rCx), by setting

Supp 3"/ (YrCx) = Supp ,(YrCx) x (C*)".

Similarly, S3; = T X (C*)P=, where Ty, is the zero locus V({uy —1 |

gr(x) # 0)) in i, and Supp ;™Y (¥6Cx) = Supp,(¥eCx) x (C*)P=,
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where the coordinates of the last term (C*)P= correspond to ug such that
gr(xz) # 0. Hence it is enough to show that ¢,s, or equivalently qﬁ?@, is
compatible with the splittings.

The splitting on S* is by definition compatible with the splitting

{1,...,ry={y| fi(x) =0}y U{j| fj(x) #0}.
The splitting on S}, is compatible with the splitting
{1,...,p} ={k | gr(x) =0} U{k | gr(z) # 0}.

Hence it is enough to show that these two splittings are compatible under
¢™.. More precisely, let A’ = (C[tji | fi(z) =0] and A" = (C[tj[ | fi(x) # 0],
so that A = A’ ®@c A”. Similarly define A}, = Clug | gx(z) # 0] and
A%, = Clug | gr(z) # 0], so that Ay = A}, ® AY;. We need to show that
the middle horizontal map in the diagram

A=A @A s Ay = A4, @ AY,

| |

A - —— - —— - > AL,

induces the other two horizontal maps making the diagram commute, where
the top vertical maps are id®1 and the bottom vertical maps are the natural
quotient maps given by the F' and F); natural splittings. In other words,
we need to show that the set

{k e{1,...,p} | ur does not appear in qﬁﬁ(tj) for any j with f;(z) =0}
is the same as the set
{ke{1,....p} | gulw) # 0},
This is true since both sets equal the set
{ke{1,...,p} | mg; =0 for all j with f;(z) = 0}.
O

Example 3.23. — F = (f1,..., f») specializes to G = H;Zl f; via the
1 x r matrix M = (1...1). Hence this specialization is non-degenerate.
Here S3; — S* is the diagonal inclusion and ¢ : A — Ay = Clu,u™1] is
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given by t; — wu. In this case, the uniform support of ¥¢Cx at z is the
same as the usual support:

Supp “" (¥¢Cx) = Supp , (¥cCx),

and it consists of the eigenvalues of the monodromy on the Milnor fiber of
G at = by Remark 3.2.

Example 3.24. — F = (f1,..., fr) specializes to G = (f1,..., fr—1).
To see this, in Definition 3.21 let F/ : S — Sy = C"! be defined
by (t1,...,7) — (71,...,Tr—1), that is M is the square identity matrix
with the last row deleted. Hence this specialization is degenerate if f, is
non-constant. Here the inclusion S}, — S* is given by (71,...,7—1)
(T1,...,7r—1,1). The map A — A is the natural one induced by the
quotient Ay = A/(t, — 1).

LEMMA 3.25. — Let x be a point in X. For any collection G= (g1, ..., gp)
of hypersurface germs at x in X, there exists a collection F = (f1,..., fr)
of hypersurface germs at x such that the set of f; with f;(z) = 0 de-
fine mutually distinct reduced and irreducible germs, and such that G is a
non-degenerate specialization of F'.

Proof. — Suppose we find F' and a matrix M = (ms;) such that G =
FM_ Then we need to ensure the surjectivity of the map F’ : S* — S},
defined by

T
(r1esme) = G [ ™).
j=1

This is achieved if the rank of the matrix M is p, since the linear transfor-
mation associated to M is the differential of the map F’ on the associated
Lie algebras of S* and S7;.

Let r by the number of analytically irreducible components of the germ
[Th—; gk- Let f;j for 1 < j < r be those components. Write

.
g =11,
j=1

and let M be the p x r matrix (my;). We can assume by permuting the
germs gy, that the first rank (M) rows of M are linearly independent.

Let FF = (f1,..., fr,1,...,1), where the number of 1’s added after f, is
p — rank(M). Then F satisfies the conditions of the lemma and G is the
specialization of F' via the rank p matrix of size p x (p + r — rank(M))

[
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where O is the zero matrix, and I is the identity square matrix of size
p — rank(M). |

3.9. Proof of Theorem 1.3

By construction of the uniform support, it is enough to prove the state-
ment for Supp ,(¥rCx). By Lemma 3.25, the germ of F at z in X is
the non-degenerate specialization GM of a map germ G = (g1,...,9p)
via some matrix M, where the set of g with gip(x) = 0 define mutu-
ally distinct reduced and irreducible germs. Thus Supp ,(¢¥rCx) equals
qb];[l(Suppm(wg(CX)) by specialization of the support. By Theorem 1.8,
Supp ., (¥aCx) is the cohomology support locus of Ug ., and thus it is
a finite union of torsion translated subtori of L(Ug ), see Example 2.1.
Since ¢ is a torus homomorphism, the same is true for Supp,, (¢¥rCx).O]

3.10. Thom-Sebastiani.

Next, we state a multiplicative Thom-Sebastiani type of result for the
support of the Sabbah specialization complex. First, we have:

LEMMA 3.26. — For ¢ = 1,2, let X; = (Cn’, F;, = (fi17~-~7fim) with
fij 0, D; = Ujfigl(O), x; € D;. Then, in (C*)™ x (C*)™2, we have

unif unif

Supp (asl’mZ)(wFlXFbCXl ><X2) = Supp 1 (’(/}FICXI) X Supp ;gif(wFQCXZ)'

Proof. — Using the notation of Lemma 3.3 adapted to our situation,
there is an equality of local systems of A; ® As-modules

£F1><F2 _ EFl &EFZ,

where X denotes the external direct product on Uy x Us, with U; = X; \ D,
and A; is the coordinate ring of S} = (C*)™. Using then Lemma 3.3 and
standard arguments, one can show that

I
Ve xmCxixx, = ¥ Cx, Kyp,Cx,,

Hence the claim holds for the usual supports. See also [36, Proposition 3.1]
for the same statement for the cohomology support loci. The claim for the
uniform support follows easily from Definition 3.15. ]

The following is the multiplicative Thom-Sebastiani property for the sup-
port of the Sabbah specialization complex:
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PROPOSITION 3.27. — With notation as in Lemma 3.26, let r = r1 = ro.
Let G be the map
G:Fl'FQZXl XXQ—)(C*)T
defined by

(1, 22) = (fri(z1) for(z2), ..., fir(@1) for(x2))
for x; € X;,i=1,2. Then

Supp ?;i,];z)(iﬂacxlxxz) = () Supp i (¥r,Cx,).
i=1,2
Proof. — Let S = C" and let F’ : Sx.S — S be defined by multiplication
coordinate-wise. Then G = F'o(F} X Fy) and thus F} x F; specializes to G,
cf. Definition 3.21. Hence, by Proposition 3.22, Supp “"*/

) (z1,72)
specializes to Supp 7(?1”; 1) (¥cCx, xx,) via intersection with the diagonal in
S* x S*. The claim then follows from Lemma 3.26. ]

(’(/JFI XFQCX1 ><X2>

4. Bernstein-Sato ideals

In this section we develop some properties of Bernstein-Sato ideals. We
use them to prove geometrically a weaker version of Theorem 1.6. With a
similar proof, we then prove Theorems 1.15 and 1.16.

4.1. Ideals of Bernstein-Sato type.

There are ways to define ideals of Bernstein-Sato type different than pre-
sented in the Introduction. These other ideals are useful for understanding
the Bernstein-Sato ideal Bp. So we start with a more general definition.

Let X = C". Let Dx denote the Weyl algebra of algebraic differential
operators on X,

Dx =C xl,...,mn,aixl,...,aixr

with the usual commutation relations.
Let F' = (f1,..., fr) with 0 # f; € C[z1,...,z,]. Let
M={m,eN|k=1,...,p}

be a collection of vectors, which we also view as an p x r matrix M = (my;)
with my; = (myg);, with r,p > 1.
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DEFINITION 4.1. — The Bernstein-Sato ideal associated to F' and M is
the ideal
BM = B™M « Clsy, ..., 5,

of all polynomials b(sy,...,s,) such that

r P r
bors oo [L1 = B L
Jj=1 k=1 j=1

for some algebraic differential operators Py in Dx|[s1,. .., Sy].
Remark 4.2.

(a) B, as defined before, is B2, where 1 = (1,...,1).

(b) For a point z in X, the local Bernstein-Sato ideal B 1{“\4:5 is similarly
defined by replacing Dx with the ring Dx , of germs of holomorphic
differential operators at x. Then

Bp' = () Bi,.
zeX

see [4, Corollary 6].
(c) The ideals B 1% are non-zero by Sabbah [39], see also [3], [21].

Example 4.3. — 1If f; are monomials, write f; =[[;—, ;7. Let [;(s1, ...,
ey 57‘) = Z;:l A jS5. Let a; = Z;:l Q; j- Then

B = ([] () + 1) -+~ (1s(s) + a2)).

i=1
LEMMA 4.4. — [21, Lemma 1.5] By the correspondence s; <+ —0y;t;
and f; <» 0(t; — f;), where §(u) denotes the Dirac delta function, i.e. the
standard generator of Dy /Dgiu with u the affine coordinate on A, there

is an isomorphism of Dx|[s1,. .., s.|-modules
Dx [81, ey ST] H f;’ = Dx[—atlth ey —8tTt7.] H 5(tj — fJ)
=1 j=1

The action of t; on the right-hand side corresponds to replacing s; by s;+1
on left-hand side.

Let Y = X x C" with affine coordinates z1,...,x,,t1,...,t.. Define for
m e N,
V™Dy :=Dx®c » CH'...t70]...9)" C Dy,

B,yeNT
B—vy>m

The following is the D-module theoretic interpretation of Bernstein-Sato
ideals and it is a consequence of Lemma 4.4:
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PROPOSITION 4.5. — Let m € N". The Bernstein-Sato ideal B7' con-
sists of the polynomials b(s1,...,s,) such that
b(=0pt,..., =0 ty) - VODy - [[ 6(t; — ;) C V™Dy - [[ 6t — £)-
j=1 j=1

The next result unveils somewhat the structure of the Bernstein-Sato
ideals. This can be used in practice to compute Br in cases where the
current implementations do not work. It also explains to some extent the
nature of the mysterious shifts which appear in Bernstein-Sato ideals.

THEOREM 4.6. — Let m € N". For j = 1,...,r, let t; be the ring
isomorphism of C[s1,...,s,| defined by t;(s;) = s; + d;;. Then there are
inclusions of ideals in Cls1, ..., S;]

mj—1 m;—1
mi mji—14k 1€ m mi mji—1,k €
IT IJ & B cBRc () () Bt By,
1<j<r k=0 1<<r k=0
m; >0 m;>0

Here 6;; = 0if ¢ # j, and d;; = 1. Also, we denote by e; the r-tuple with
the k-th entry J;,. By convention, t(; is the identity map, the product map
7' ... t% means the obvious composition of maps, and ¢7*...t% I is the
image of the ideal I under this product map.

The first inclusion in Theorem 4.6 can be strict, see Examples 4.12 and
4.19. We do not know examples for which the second inclusion is strict,
raising the obvious question if equality holds in general.

The radical of product of ideals equals the radical of the intersection
of the ideal. Thus, letting V(I) denote the zero locus of an ideal I C
Cl[s1,...,s;] in C", and writing ¢; also for the corresponding linear map of
C™, we obtain:

PropPOSITION 4.7. — With the notation as above,
mj—1
" o
viep) = | U & visy).
1<j<r k=0
m; >0

Theorem 4.6 is a consequence of the following result, in which we will
. _ T m
use the notation t™ = [],_, ¢;”
LEMMA 4.8. — Let m,n € N". Then there are inclusions of ideals
BE - (t™ Bp) C BR™™ C BRn (t™ B}).

Proof. — We will use the notation f$ = H;Zl fjs’ Let by € BR® and
by € BR. Write b1f5 = PifS™™ and bofS = PofS*™ for some P; and P» in
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Dx/[s1,...,5-].- Apply t™ to both sides of bafS = PfS™. We obtain then
that (£™be)fS™™ = (£™ P)fsST™+1 Applying P; on the left on both sides
of the equality, we have

Py(t™Py)fSTmER = Py (™M, ) 5T = (§My) PLEST™ = (£™Dy) b, £,

Thus by (t™bs) is in BR™™, which implies the first inclusion.

Take now b € B, Write bfs = PfS+™+1 for some P in Dx[s1, ..., s;].
Then bfs = Pf*f5™™ so b € B®. Now, multiply by f™ on the left on
both sides of the last equality. We obtain that bfst™ = f™ pfstm+n_Thig
shows that b € t™B%. Hence b € B N (t™BR), which proves the second
inclusion. (|

Proof of Theorem 4.6. — Write m = (my,0,...,0) 4+ (0,ma,...,m,)
and apply Lemma 4.8 to obtain that B3 is squeezed between the product
and the intersection of the ideals B7'®" and tmlelB§97m2""7m"'). Repeat
the procedure with Bl(po’mz"“’mr) and so on. It remains to squeeze the ideals
B7% | for which there is the obvious procedure: write m;e; = (m;—1)e; +

e;, use Lemma 4.8, and repeat. g
Remark 4.9. — Note that one can choose different decompositions of m
than the ones used in the proof of Theorem 4.6. In particular, if 7 is any
permutation of {1,...,r}, there are inclusions
Moy (j)—1
: mw(l) £ G- e (j)
PF’er . H H e 7r(] 1) tﬂ_(]) B C BF
1<<r
M (j)>0
and
M () —1
m7r(1) m«(g 1) 4k er(i) __.
BF C ﬂ ﬂ Tr(l) oo (] l) t (]) B . IF,m,ﬂ"
1<j<r k=0
M (5)>0

Again, we do not know an example where B # Zp m ». The ideals Prm «
could be different for different permutations 7, see Example 4.19. Hence
we the record the following as a strengthening of Theorem 4.6 and Propo-
sition 4.7.

PROPOSITION 4.10. — With the notation as above, there is an inclusion
of ideals

> Pemx CBEC[)Trmnx
s s
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where m ranges over all permutations of {1, ... ,r}. Hence, there is an equal-
ity of zero loci
M) —1
m«(l) £ G- B
= U U GO V(BEY).
1<j<r =
My (5)>0

Example 4.11. — Let F' = (f) for a polynomial f. This is the case
r = 1. Let m = (m) with m € N. Then BR = (bsm(s/m)), where bym (s)
is the classical Bernsteln Sato polynomial of f™. Thus Theorem 4.6 states
in this case that [}, bf(s +j) is divisible by bgm (s/m) which, in turn, is
divisible by the lowest common multiple lem{bs(s+7)|j=0,. -1}

Example 4.12. — In the previous example, let f = z* — yzzz. Then
br(s) = (s+1)*(4s + 3)*(4s +5)*(2s + 3) (45 + 7).
Thus,
br(s)b 1
lem{bs(s),by(s + 1)} = %.

One also computes that the right-hand side equals b2 (s/2). Hence the first
inclusion in Theorem 4.6 is strict in this case.

We write next a few immediate consequences of Theorem 4.6 and Propo-
sition 4.7.

LEMMA 4.13. — Let m € N". Then there is an equality
Exp (V U Exp (V(B5")).
In particular, there is a decomposwwn
Exp (V(Br)) = | Bxp (V(B2

Example 4.14. — The last lemma does not necessarily hold without
exponentiating. For example, let F' = (zy, (1 —x)y). Then one can compute
with dmod.1ib [25] that

Bp = ((s1+1)(s2 + 1)(s1 + 52+ 1)(s1 + 52+ 2)),

but BE = ((s1 4+ 1)(s1 + s2 + 1)) and Bi? = ((s2 + 1)(s1 + s2 + 1)). Hence
the component V(s +s2+2) of V(Bp) does not show up in either V(By).

LEMMA 4.15. — If m € N is nonzero, then
Exp (V(BE*)) = Exp (V(BY))
for1<j<r.
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Example 4.16. — The last lemma does not necessarily hold without
exponentiating. Let r = 1, F = (), and m = 2. Then B! = Br = (s + 1),
but B2 = ((s + 1)(s + 2)).

LEMMA 4.17. — If m = (m;), m’ = (m}) € N" such that m; = 0 if and
only if m’; =0 for all 1 < j <, then

Exp (V(BE)) = Bxp (V(BF) = |J Exp (V(BY)).

The following will not be used, but we state it for clarification purposes
and it follows from the definition.

LEMMA 4.18. — For a matrix M € NP*" with row vectors my, for 1 <
k < p,

p p
BM SN " BRr, V(BM) C () VIBEY).
k=1 k=1

All statements in this subsection are true for local Bernstein-Sato ideals
as well.

Example 4.19. — Let F = (z,2* + y* + 222%y?). This appeared in [4,
Example 3]. One computes with dmod.1ib [25]:
Bp = ((s1+1)(s2 + 1)%(2s2 + 1)(4s2 + 3)(4s2 + 5)(2s2 + 3)),
Bro = {(s1+ 1)(s2 + 1)*(2s2 + 1)(4s2 + 3)(4s2 4+ 5)(s1 + 2),
(514 1) (52 +1)%(289 + 1)(4s2 + 3) (482 + 5)(252 + 3)),
By = (s1+1)N(2s2+1,s1 +2),

6
B = ((s2+1) [] (452 + k),
k=2
BY? = (s1+1,(s2+ 1)) N {s; +2,250 + 1) N (51 + 1,459 + k).

k=2,3,5

Theorem 4.6 and also its strengthening, Proposition 4.10, imply that
B3 - (t1B%?) C Bp C By N (t1BR?),
(t2B%') - B2 C B C (t2By') N By,

which can be checked easily from the above formulas. In this example the
three ideals By - (t1B3?), (t2By') - B3?, and B are mutually distinct, and
the two inclusions in Proposition 4.10 are equalities.
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4.2. Bernstein-Sato ideals and specialization.

With F as above, let F'M be a specialization of F via a p x r matrix
M = (my;) as in 3.8, possibly without the surjectivity assumption of that
definition. With the notation as in 3.8, the pull-back of local systems and
the exponential maps from the tangent spaces at the trivial local systems
define a commutative diagram

(4.1) St = TUL(S3,) ~ € 2o G5 = TyL(5%) ~ C7
Expl Expl
¢M

Sir = L(Sy) ————= 5" = L(57)

The top right-hand side space was denoted S* in 3.1 and we keep the
notation. However, we keep in mind that T3 L(S*) is the natural ambient
space of the Bernstein-Sato ideal Br. The bottom horizontal map is

Oar A1y Ap) = (AT AP AT AT ),

The top map is the linear map given by multiplication on the left by the
matrix M:

$M ag, .o 0p) = (Muar 4+ -+ mp1ag, .o mapar - Mproy).

Let C[s1,...,s,] and Clvy,...,v,] be the coordinate rings on S* and 3’;]\;,
respectively. The induced map on coordinate rings is

P
(;Sf/[ 185 kajvk.
k=1
The following is straight-forward from the definition:

LEMMA 4.20. — For all non-zero M € NP*" and all vectors m € NP,

o7 (BEM) c B,

Hence
O (V(BF™M) S V(BR).
Example 4.21. — The converse does not necessarily hold. Let
F=@u?-2%2), m=1, M=[1 0].
Then

B = By = (s +1) [ (651 + 1082+ k).
k=5,7,9
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The map % sends s; — v and s9 — 0. Hence

ShBEM) =(w+1) [ 6v+k).

k=5,7,9
However, FM = (y* — 2®) and Bf\, = Bpa = ((v + 1)(6v + 5)(6v + 7)).
PrOPOSITION 4.22. — For all non-zero M € NP*" |

¢ (Exp (V(Br))) D Exp (V(Bpw)).

Proof. — We apply the last lemma with m the unit vector in NP to
obtain that ¢y} (V(BEM)) O V(Bpu). Hence ¢y, (Exp (V(BEM))) D
Exp (V(Bpm)). Now we apply Lemma 4.17 to show that

¢nr (Exp (V(BEM))) C ¢35/ (Exp (V(Br)))-
|
CONJECTURE 4.23. — For all non-zero M € NP*" and all vectors m €
NP,
Oar (Exp (V(BEM))) = Exp (V(BFw))-
In particular, for all M with nonzero columns,
o7 (Bxp (V/(Br))) = Exp (V(Bpar)).
Remark 4.24. — For this conjecture to hold it suffices that
¢ (Bxp (V(BR))) € Exp (V(B))
forall 1 < j <r, 1 <k < psuch that my; # 0, according to Lemma 4.17.

Example 4.25. — Consider F = (f, f), with f = 22+, and M = (2 2),
so that F'™ = (f%). Then, one computes using [25] that

Br ={ H (6s1 + 652 + k))
k=5,6,7,11,12,13

and

Bpm = ( 11 (24s + k).
k=5,6,7,11,12,13,17,18,19,23,24,25
The last ideal is generated by the classical Bernstein-Sato polynomial of
f*. Thus

Exp (V(Bp) = V( [] (tita — e 2™5)).
k=1,5,6
Since the map ¢r is A — (A2, \2), we see that

¢3f (Bxp (V(Bp))) = {e~2™3 | k= 1,5,6,7,11,12,13,17,18, 19, 23, 24},

which is the same as Exp (V(Bpam)). Note that 5&1(1/(31:)) # V(Bpwm)
since the inclusion D does not hold.

TOME 65 (2015), FASCICULE 2



584 Nero BUDUR

All statements in this subsection are true for local Bernstein-Sato ideals
as well.

4.3. Geometric proof of a weaker version of Theorem 1.6.

We shall give now a proof of the statement that one gets by replacing in
Theorem 1.6 the set Exp (V(Bp,)) with its analytic Zariski closure, namely
that

(Exp(V(Bra))? > |J  Suppy™ (¢rCx).
y€D near x
The method is to use specialization of polynomial maps to reduce the state-
ment to the case r = 1 for which equality is known by Malgrange and

Kashiwara.
We define a subset of S* by

s°= | m(6m),
meN”
where ¢ : S — S* is the map A — (A, ..., \™") from (4.1). Note
that a torsion point in S* must lie in S°. The Zariski closure, analytic or
algebraic, of S° is S™*.

By Theorem 1.3, the irreducible components of Supp Z"if YrCx are tor-
sion translated subtori of S*. By [6, Proposition 3.3.6], for each compo-
nent the torsion points are Zariski dense. Hence the algebraic and analytic
Zariski closure of S° N Supp Z”iprcx equal Supp Z"iwa(CX.

On the other hand,

S° N Supp " (YrCx) = | J Im(¢m) N Supp ™ (¥rCx)
meNT
Consider the specialization F™ of F' via the vector m. Then F™ :ngl f;nj .

By Proposition 3.22,

Im (¢m) N Supp " (YrCx) = m(Supp " (YpmCx))

if the specialization is non-degenerate, that is, if no coordinate of m is zero.
Therefore, for such m, by the classical result of Malgrange and Kashiwara
we have

U émSupp ™ (¥rmCx)) = m(Exp (V(Bem ),

yE€D near =

ANNALES DE L’INSTITUT FOURIER



BERNSTEIN-SATO IDEALS AND LOCAL SYSTEMS 585

where Bpm is generated by the classical Bernstein-Sato polynomial of F™.
By Proposition 4.22, this set is included in Im (¢m) N Exp (V(Br)). Hence

U S? N Supp Z"if(wF(CX) C S°NExp (V(Bry))

y€D near x

away from the zero locus V(H;Zl(tj —1)). Passing to the analytic Zariski

closures, we obtain the claim since V([];_,(t; — 1)) lies anyway in both
Exp (V(Br) and U, e p near = SUPP unif (4hpCx ), being contributed by the

smooth points y of the germs D; near x. g

4.4. Proof of Theorem 1.15.

We follow the same strategy as in 4.3. We view the multi-variable topo-
logical zeta function Z }Op as a rational function on the same ambient space
as for the Bernstein-Sato ideal Bp, namely on T3 L(S*) = S* ~ Cr. Sim-
ilarly for a matrix M € NP*", Z;ﬁf} is a rational function on T7L(S},) =
fs*ﬂ ~ CP. The induced map @@ on coordinate rings partially extends to
one on the function fields, which we also denote 5}@, and which is defined
for rational functions with polar locus not containing the image vector

subspace Im(qNSM). In particular,

200 = 7, (Z17)

if FM is a non-degenerate specialization of F, see Definition 3.21. In this
case, for polar loci we have

PL(ZEE) € 3} (PL(ZEP)) € PL(ZEE) U W,

where Wy, is the union of the linear codimension-one subvarieties of §}§4
which lie in both ¢} (PL(Z ;7)) and ¢ (ZL(Z 7)), where ZL stands for
the zero locus of a rational function. Hence

(4.2) Exp (PL(Z;5)) C Exp (65 (PL(Zi™))) C 3/ (Exp (PL(Z™))),

with the last inclusion an equality if the map ¢, is injective. Also in this
case,

¢t (Exp (PL(Z))) € Exp (PL(Z%)) U Exp (W)

The map ¢, is injective if for example if M consists of only one row m
with the greatest common divisor of the entries equal to 1. Let us cover
S* discretely by such images. More precisely, let S° be as in 4.3. Note it
is enough to consider the union of Im(¢.y,) over m € N” with the greatest
common divisor of the entries equal to 1. Since we want to consider only
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non-degenerate specializations via m, we shall furthermore restrict in the
definition of S° to vectors m with non-zero entries. Note that the Zariski
algebraic closure of S° is still S* after all these restrictions.

Since Exp (PL(ZF)) is algebraically Zariski closed, it is the algebraic
Zariski closure of S° N Exp (PL(Z47)). Also,

S° N Exp (PL(Z™)) C | m(Exp (PL(Z2)))) U dem (Exp (Wim))-
By assumption, the Monodromy Conjecture holds for F™. Thus there is
an inclusion

U¢m Exp ((PL(Zp%)))) © UU¢>m Supp " (rmCx)),

which is in turn included in

U SN Supp ¢ (1pCx)

by specialization of supports. Taking closure, we obtain that Exp (PL(Z ;f'p )
is included in the union of |, Supp unif () »Cx ) with the algebraic Zariski
closure of |J,, #m (Exp (Wm)). It remains to show that we can ignore this
last term (J,,, ¢m (Exp (Wm)).

Note that Wy, has dimension zero and that |J,, #m(Exp (Wm)) equals
S° N Exp (PL(Z") N ZL(ZE?)). Let T be an irreducible component of
PL(Z}?). Write T 0 ZL(ZE") = Ziin U Znontin, Where Zj;, is the union
of linear irreducible components and Z,,,niin is the union of all the other
components. Since Zy;,, € T and Exp (Z;,) is algebraically Zariski closed,
running the previous argument with S° replaced by S° = UpIm(¢dm)
with Im(¢m) N Exp (Z1;,) = 0, we obtain that Exp(T) is included in
the union of (J, Supp, unif (1hpCx) with the algebraic Zariski closure of
U @m (Exp (W) where the union is over those m in such a way that
dm(Exp (Wm)) € Exp (Znoniin)- So we can assume that Zj;, is empty and
it remains to deal with the non-linear term Z,,on1in-

The problem with Z,oniin is that Exp (Z,oniin) might have the same
algebraic Zariski closure as Exp (T'). However, if Z,oniin # 0, we change
slightly the argument: instead of filling the component Exp (7") discretely
with points of type Im(¢m), we fill it discretely with restrictions of higher
dimensional subtori Exp (T") N Im(¢asr). More precisely, we let now S° be
the union of Im(¢ys) over matrices of natural numbers M of size p x r with
1 < p < r of rank p and such that ¢y, is injective and such that M has no
non-zero columns. This ensures in particular that M gives a non-degenerate
specialization. Note that the non-emptiness of Z,, i, implies that r > 2
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and T N Wy, = 0. Running the previous argument with this S°, namely
using the inductive assumption that the Monodromy Conjecture holds for
FM using the specialization of supports, and taking algebraic Zariski clo-
sure, we obtain that Exp (T) is included in |J, Supp “"*/ (/pCx). O

4.5. Proof of Theorem 1.16.
Let F specialize to G via the matrix M, that is G = F™. The assumption

the Topological Monodromy Conjecture holds for F' implies that

éat (Exp (PL(Z{™))) U¢M (Supp "/ (1 Cx)).

By Proposition 3.22, the right-hand side equals

U Supp 4" (haCx).

Hence, by (4.2), the Topological Monodromy Conjecture holds for G as
well. Note that for (4.2) we need to assume that M gives a non-degenerate
specialization. O

Remark 4.26. — The analogs of Theorems 1.15 and 1.16 for the Strong
Monodromy Conjecture, while expected to hold, do not follow with a similar
proof. The reason is that the inclusion V(Bpm) C 5;41(V(BF)) can fail,
see Example 4.25. Note that compatibility with specializations would place
bounds on PL(Z”), namely it would have to be included in

m¢M BFM ﬂV(BF).

When 7 = 1, this means that PL(Z; Z1°P should be a subset of

() (mV(bgn)) NV (by).

m>0

5. D-modules

In this section we prove Theorem 1.6 and Propositions 1.5 and 1.7.
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5.1. Explicit Riemann-Hilbert correspondence.

Let Dx be the sheaf of holomorphic differential operators on the complex
manifold X = C". Let F' = (fi,..., f;) with 0 # f; € Clz1,..., 2], let

F=11#
j=1

D = f~10),and let j : U = X ~ D — X be the natural inclusion. For «
in C", consider the left Dx-modules

Mo, :OX[fil]Hf;‘xjv
j=1

P, =Dx H £
j=1

On U, M, and P, define the same rank one locally free Oy -module, hence
an integrable connection. Let £, be the associated rank one local system
on U. Let IC(L4[n]) be the intersection complex on X of the perverse sheaf
L[n], and let DR denote the De Rham functor. The following is known to
experts:

THEOREM 5.1.

(a) M, is a regular holonomic Dx-module, and
DR(My) = DR(Po—m-1) = Rj.Lu[n]

for integers m > 0.
(b) For integers m > 0, Pytm.1 Is a regular holonomic simple Dx-
module, and

DR(Posm) = IC(La[n]).

Proof. — That M, =D, f™™ H§=1 f]q" = Po_m.1, for integers m > 0,
it is proved in [34, Proposition 3.5]. In loc. cit., M,, is called a Deligne
module and it is identified with the sheaf of sections of moderate growth of
J«(Ou ®c, La), For this identification, see in [5]: 6.1.10 and remark after
6.3.13. For the fact that the Deligne module M, is a regular holonomic
Dx-module, see [5, 5.3.8]. The unique object of D%, (Dx) such that its
image under DR is Rj.L,[n] is called BL (U, L,) in [5, 5.5.5]. Note that in
loc. cit. the definition of perverse sheaves is shifted by [—n] compared with
the commonly accepted definition of today. The identification of B (U, L)
with M, is in two steps. Firstly, B, (U, L) is the D-module direct image,
under a log resolution Y of (X, D) keeping U intact, of the Deligne module
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attached to U and L, on Y, see [5, 5.5.28]. Secondly, this direct image is
the Deligne module attached to U and £, on X, see the proof of [5, 4.5.2].
This shows (a).

The minimal Deligne extension Mg, g of the Deligne module M, is de-
fined in [5, 4.4.8] and also in [18, 4.4.3]. The fact that it is regular holo-
nomic is proved in [5, Sublemma 2, p. 211] and also in [18, 4.4.5.6]. The
fact that Mn g = Patm.1 for integers m > 0 is proved in [18, 4.4.7].
The fact that DR(Mq,g) = IC(Ly[n]) follows from the functoriality in
the Riemann-Hilbert correspondence, see [5, 5.5.11], or see the proof of the
main properties characterizing the intersection complex in [18, 4.4.4]. This
shows (b). O

For a point = in X, let U, denote a small ball around z in X, and Up,
denote, as before, the complement of D in U,.

5.2. Proof of Theorem 1.6.

By Proposition 3.22, Lemma 3.25, and Proposition 4.22, it is enough to
restrict to the case when the f; with f;(x) = 0 define mutually distinct
reduced and irreducible hypersurface germs at x. By Theorem 1.8, it is
then enough to prove that

Exp(V(Br.)) D | V" (Ury).

y€D near x

Since
V(Brpa) = U V(Bry),
y€ED near x

It is enough to show that
Exp (V(Br)) D V" (Up.a)-

When the f; vanishing at z are mutually distinct reduced and irreducible
hypersurface germs at x, the restriction of the local system defined above,
L, to Up, is the local system with monodromy Exp («;) around f;.

Let o € C" such that Exp () is not in Exp (V(Bp)). It is then enough
to show that L, is not in V(Up). Since H*(Ur 4, Lo)Y = H" *(Up,,, Ls),
it is enough to show L, has trivial cohomology on Up ;. Since ov +m -1 is
not in V(Bp,) for any integer m,

7)04 — Fa+m-1
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on U, for all integers m, see [34, Proposition 3.3]. Thus, by Theorem 5.1,
on U, we have Rj.L, = IC(L,). In particular Rj.L, = j«Lqs, and so
RFj. Lo =0 for k > 0. Since U, is very small, this means that

H*(Up, Lo) =0

for k > 0. When k = 0, H*(Up,4, Lo) # 0 if and only if £, is the trivial
local system on Up,. However, we have excluded this case since V(Bp )
contains the hyperplanes V(s;+1) for all 1 < j < r with f;(z) = 0. Indeed,
(sj +1) = Bp, for y near x such that y is a nonsingular point of D with

fily) =0. O

5.3. Proof of Proposition 1.5.

If Conjecture 1.4 is true, then, by Theorem 1.3, Exp (V(Br,)) is a finite
union of torsion translated subtori of S*. Since a subtorus of S* must be
the Exp image of a linear subvariety defined over Q of S, it follows that
V(Bp,z) is a union of linear subvarieties defined over Q. Suppose

V(Brg) D V(ausy + ...+ apsy + )

for some a;, « in Q. By [21], we know that V(Bpg,) is included in a finite
union

UV (Biasi + ... Birse + 5)

with 3;; € Q0 and 8; € Q. If a; # 0, by restricting to V({sx | k # j)),
we obtain that

U{*ﬂi/ﬂij | Bij # 0} D {—a/a;}.

In particular, o # 0 and has the same sign as «;. Thus we can assume
o € Qo for all j and o € Qs¢. Indeed, the only other case that can occur
is when all nonzero «; and o are negative, in which case we can replace
them with their absolute values. This proves the claim. O

5.4. The converse of Theorem 1.6.

While the converse of Theorem 1.6 can be phrased in terms of D-modules
using Sabbah specialization for D-modules, see [40, §4 and §5], we opt for
a different strategy which has the advantage of being easier to state.
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Let
N = DX[sl,...,sT} 181 fTST
as a Dx-submodule of Ox[f™1,s1,...,8.]f;" ... fir. There is an injective
map

VN—N

which sends (s1,...,8,) to (s +1,...,s, + 1). Restating Proposition 4.5
locally, for a point * € D, one has the following D-module description on
Bernstein-Sato ideals:

LEMMA 5.2.
BF,x = Ann@[sl,.‘.,sr] (NI/V./\/;;)

LEMMA 5.3. — The following are equivalent:
(1) For all « € V(Bpy),

Z(Sj - a])Nl/VNI - NZ/VN17

j=1

(2) For all maximal ideals I of Clsy,...,s,] containing the annihilator
ideal Anngis, ... s,](Ne/VNG),

I(NL/VN,) # No VNG

,,,,,

Remark 5.4. — When r = 1, the equivalent statements in the previ-
ous lemma hold. In this case, N'//VN is a holonomic Dx-module, hence
artinian. Thus the map s — a on N'/VAN is surjective if and only if it is an
isomorphism, or, in other words, if and only if « is not a root of the classi-
cal one-variable Bernstein-Sato polynomial of f. But here is another proof
of this case, without using any D-module theory. Consider the following
statement:

(*) Let M be a module over the localization R of C[s1,...,s,] at the
origin. Let I be the maximal ideal of R. Assume that 0 # AnnrM # R.
Then IM # M.

When M is finitely generated, (*) is true due to Nakayama’s Lemma.
When r =1, (*) is again true. Indeed, in this case AnngM = I%, for some
a>0.1f IM =M, then M = IM = I?M = ... = I*M = 0, contradicting
that AnngM # R. Now, after a linear change of the coordinates s; and
after localization, (*) is equivalent with the statement (2) of the above
lemma. Hence, we have given another, simpler, proof that the statements
in the previous lemma hold in the case r = 1.
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Remark 5.5. — One way to see where lies the difficulty with proving
the equivalent statements in the previous lemma for the case r > 1 is to see
why the statement (*) fails in general for non-finitely generated modules
M. With the notation as in (*), let R be the localization at the origin of
the affine coordinate ring of a generic line through the origin in A”. One
can reduce to the case r = 1 if the assumptions of (*) imply

Annp (M ®r R') = Anng(M) @g R’

The left-hand side always includes the right-hand side, but the other inclu-
sion is not always true.

5.5. Proof of Proposition 1.7.

By Proposition 3.22, Lemma 3.25, and Proposition 4.22, it is enough to
restrict to prove the converse of Theorem 1.6 for the case when the f; with
fij(z) = 0 define mutually distinct reduced and irreducible hypersurface
germs at x. By Theorem 1.8, it is then enough to prove that

Exp(V(Bra)) C | V" (Ury).
y€D near x
We follow the strategy as in the case » = 1 from [5, 6.3.5]. Let o €
V(BFr.). Suppose that Exp («) ¢ V' (Uf,) for all y € D near z. Then
H¥(Ug,,Ly) = 0 for all k and all y € D near x, where L, is as in 5.1.
In particular, R¥j,L, has no sections over a small ball around such y, U,,
included in a small ball around z, U,. Hence

(Rjs«La)v,np = 0,

and so Rj.L, = IC(L,) on U,. Hence M, = P,. In particular, P, =
Pat+m-1 for any integer m. We will show that this contradicts the assump-
tion.

Let

T
No =N/ (55— aj)N.
j=1
Then V induces a map
Pa i Nar1 — Na.
The assumption is equivalent to the statements of Lemma 5.3. Hence locally

at x
r

Z(S-j - O@)N/VN g_ N/VN,

j=1
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and thus the map p,, is not surjective on the stalks at z. There is a natural
commutative diagram of Dy-modules

Po
Na+1 HNa

F

Pa+1 - 7)04

where the vertical maps are surjective. Replace, if necessary, « by a —m -1
for some positive integer m to obtain that oo € V(Bp), but

a—m-1¢V(Bp,), forallmeZs.

It is possible to do so by [34, Proposition 3.2]. Note that M, is unchanged.
Then, by the local version of [34, Proposition 3.6], the right-most map gives
an isomorphism locally at x

Ny =Dy o,
Since p,, is not surjective locally at x, it follows that

1 ” o~
Dx fortl L fertl C Dy fr . fo

cJro

which is what was claimed. O

6. Hyperplane arrangements

In this section we give a combinatorial formula for the support of the
Sabbah specialization complex of a collection of hyperplanes, prove Corol-
laries 1.11 and 1.12, give a different proof of the fact the Multi-Variable
Monodromy Conjecture holds for hyperplane arrangements, and prove The-
orem 1.18.

6.1. Terminology.

Let D = Uj_,D; be a finite collection of hyperplanes in X = C". Let
fj be a linear polynomial defining D;. Let f =[], f;nj with m; > 1 be a
possibly non-reduced polynomial such that the zero locus V(f) is D. We
call both D and f hyperplane arrangements. The hyperplane arrangement
is called central if each D; is a linear subspace of codimension one of X,
that is, if f is homogeneous. A central hyperplane arrangement f is inde-
composable if there is no linear change of coordinates on X such that f can
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be written as the product of two non-constant polynomials in disjoint sets
of variables. Note that indecomposability is a property of the underlying
reduced zero locus D of f. An edge is an intersection of hyperplanes D;.
An arrangement is essential if {0} is an edge. For a linear subset W C X,
the restriction of D to W is the hyperplane arrangement Dy, given by the
image of Up, 5w D; in the vector space quotient X /W, which is defined as
soon as we make a linear change of coordinates such that 0 € W. Similarly,
one defines the restriction fy of f to W as a polynomial map on X/W by
keeping track of the multiplicities along the hyperplanes D; which contain
W. An edge W of D is called dense if the restriction arrangement Dyy is
indecomposable. For example, D; is a dense edge for every j. The canonical
log resolution of D is the map pu : Y — C™ obtained by composition of,
in increasing order for i = 0,1,...,n — 2, the blowups along the (proper
transform of) the union of the dense edges of dimension 4.

THEOREM 6.1 ([41, Theorem 3.1]). — The canonical log resolution p :
Y — X is a log resolution of f.

PROPOSITION 6.2 ([41, Proposition 2.6]). — If f is a central hyperplane
arrangement and V = P"~! — P(D), then f is indecomposable if and only

if x(V') #0.

Remark 6.3. — The Euler characteristic of the complement of a hyper-
plane arrangement can be determined only from the lattice of intersections
of the hyperplanes in the arrangement, see [35]. Hence the previous Propo-
sition also implies that indecomposability and density are combinatorial
conditions.

6.2. Sabbah specialization complex for arrangements

From now on we use the same setup as in 3.1. Assume that f; are central
hyperplane arrangements in X = C”, not necessarily reduced, of degree d;.

The following two lemmas are immediate consequences of Corollary 3.7,
Proposition 3.18, and Proposition 6.2:

LeEMMA 6.4. — If f =[];_, f; is an indecomposable central hyperplane
arrangement, then V(% ---t% — 1) C Supp o(¢¥#Cx).

LEMMA 6.5. — There is an equality in Lemma 6.4, if, in addition, f is
reduced.
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DEFINITION 6.6. — We say that polynomial map F = (f1,..., f.) with
fj € Clzy,...,x,] splits into G - H, and that G - H is a splitting of F, if,
up to a different choice of coordinates, there exists m with 1 < m < n and
there are polynomials g;(x1, ..., %m) and hj(@m+1,...,2,) forj=1,...,r,
such that not all g; are constant, not all h; are constant, and f; = g;h;. If
so, we set G = (g1,...,9r) and H = (hq,..., h,). Otherwise, we say that
F' is does not split. We say that a splitting

F=rW. O
is total if each F" does not split.

Let F = (f1,..., fr) be such that f; are linear forms defining mutually
distinct hyperplanes. Up to multiplication by constants, a total splitting of
F' is unique. For an edge W of the hyperplane arrangement f = H;:I fi
let

Fow=(fiw,.-, frw): X/ W — 5%,
where f;w is the restriction of the hyperplane arrangement f; to W as
defined in 6.1. More precisely, fjw = fj x y if fi(W) =0, and fjw =1
otherwise. Note that W is a dense edge if and only if Fy does not split.
For every edge, let

lw )
Fy = H F
be a total splitting of Fy. If we set F(l = ( 1. W, ce fr(l‘),[,), let

d{ly o= deg ]

s

Note that dglz/v is either O or 1.

PROPOSITION 6.7.

(a) If f; are linear forms defining mutually distinct hyperplanes, then

d(l) d(i)
) | Supp 4™/ (¥rCx) UV (Y ™ 1 i=1,. ),

xzeD
where the union is over the edges W of the hyperplane arrangement

H;:1 fj. In particular, the codimension-one part is the zero locus
in S* of

I1 I t-1/,

W \j: f;(W)=0

where the first product is over dense edges W of f = Hj fi-
(b) Assuming Conjecture 1.4, formula (6.1) also holds for Exp (V(BF)).
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Proof. — First, we assume that f = ]_[;:1 f; is a central hyperplane
arrangement. Then

| Supp 4" (¥rCx) = Supp ™ (¥rCx)U | Supp ™ (¥rCx).
€D 0£yeD
Let us focus on the first term of the right-hand side. Let

Fo=F=F" ... F"

be a total splitting of Fy, with F\” defined on X;, and X = x'° X;. By
Proposition 3.27, we have

Supp "/ (YrCx) = ﬂSupp”m (W0 Cx,).

Since Féi) is does not split, the hyperplane arrangement H;Zl f](lg is in-
decomposable. Hence, by Proposition 6.2, for each Féi) we are in the case
Lemma 6.5. Thus,
d(l) 4to)
Suppo(dJFéi)CXi) = V(tll St = 1)

inside the torus o o
+d +d"9
Spec (C[t; *°,...,t» "°]).
By the definition of the uniform support, Supp o(¢,.» Cx,) has the same
0

equations, but inside the possibly-bigger torus
Spec (C[tE!, ... tF]) = 5*.

Thus,
¢ d(l) 40)
Supp " (WrCx) =V ({t;"° ... 6" —1]i=1,...,lp)).
The rest of the claim follows by replacing W = 0 in the above argument
with other edges W of the hyperplane arrangement H;:1 fi-
If f is not central, fix z € D. The above argument for the central case
gives the equations of the support of »zCx at z inside the torus

T, = Vi({t; 1] () £0)) € 5"
By the definition of the uniform support, Supp & unif (hpCx) has the same

equations in S*, and the claim follows. O

Remark 6.8. — If F = (f1,...,f.) is such that H;:l fj is a possi-
bly non-reduced hyperplane arrangement, then F' is the specialization of
a polynomial map satisfying the conditions of Proposition 6.7 up to the
harmless appearance of additional constant polynomials, as explicited in
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Lemma 3.25. Since we know how the supports behave under specialization,
there is no mystery then what happens in Proposition 6.7 after dropping
the conditions.

6.3. Proof of Corollary 1.11.

This is an immediate consequence of Proposition 6.7 and Theorem 1.6.

6.4. Proof of Corollary 1.12.

We can assume that f is reduced. The general case will follow from this
case in light of Remark 6.8. First, we need to clarify the notation used in
the statement. With the notation as in Proposition 6.7, for an edge W of D
let fy be the restriction of the hyperplane arrangement f to W as in 6.1.
If

T

(4) .__ (%)
=T W

j=1
then

lW .
fw=11r W
i=1
is a total splitting of fyy. Let

diy) == deg fiy) = dih,.
j=1

Let f; for j = 1,...,r, be the irreducible factors of f. Specialize F' =
(fi,-+, fr) to f =TI, fj as in Example 3.23. As in the proof of Theo-
rem 1.16,

U Supp ™ (vrCx)

reD
specializes via the restriction to the diagonal t; = ... = ¢, to the set
* = U U{eigenvalues of monodromy on H*(M; ., C)},

xeD k
where My, is the Milnor fiber of f at x, see Remark 3.2. Since

di = >
j=1
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we have

{t1 =...=t.}nN U Supp "/ (pCx) UV —1]i=1,...,lw)),
zeD

by Proposition 6.7. The conclusion follows from the fact that Exp (V (by)) =

*, by the theorem of Malgrange and Kashiwara. (|

THEOREM 6.9. — If each f; define a (possibly nonreduced) hyperplane
arrangement in C", then Conjecture 1.14 holds.

Proof. — We give another proof of this result, different than the one
given by Theorem 1.15. We deal first with the central case. For j =1,...,r,
let f; be central hyperplane arrangements in X = C". Using the canonical
log resolution, we see that the polar locus PL(Z lff’p ) is a hyperplane sub-
arrangement of Uy Py, with

Py = {(ZW7181 + ...+ aw.,Sr + kw + 1= 0},
where W varies over the dense edges of the hyperplane arrangement D,
aw,; = ordw (f;), and kw = codim (W) — 1.

Fix a dense edge W, and the corresponding hyperplane Py which can-
didates for a component of the polar locus. Let Dw, fw, f;w be the
restrictions of the hyperplane arrangements D, f, f;, respectively, to W as
defined in 6.1. We have fy = Hj fj,w, where the product is over those j
with f;(W) = 0. We can assume {j | f;(W) = 0} = {1,...,p} for some
integer p. Now, take a point x € W not lying on any hyperplane in D which
does not contain W. After choosing a splitting of W C C", we have locally
around z, D = Dy x W Cc C"=C"/W x W and f = fw - u, where u is a
(locally) invertible function. Hence, by Lemma 6.4,

HtaW7 - C Supp (¢fW,ls'~'7fW,pCCn/W) C ((C*)p
On the other hand, by the definition of the uniform support, we have
H £~ 1) € Supp 5" (1 Cx) © (C)7 x (€)= 5.

Let \ € PW. Then
H (627ri)\j)aW~j 1= 6727ri»codim(W) —1=0.
j=1

This shows that

Exp (Pw) C V(™" 2w —1) C Supp 2" (¢y,.....7, Cx),
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which was the claim.
The non-central case follows as in the proof of Proposition 6.7. g

6.5. Proof of Theorem 1.18.

We prove the claim for the case when f = H;Zl f; is central, since this
implies the non-central case as well. As in the proof of Theorem 6.9, the
polar locus PL(ZE) is included in the hyperplane arrangement Uy Py,
with

Py = {aW,151 + .ot awpspy + kw+1= O},

where W varies over the dense edges of the hyperplane arrangement D,
aw,; = ordw (f;), and ky = codim (W) — 1. Hence,

Py = {deg(fr,w)s1 + ...deg(fp,w)sp + dim(C" /W) = 0}.

Note that fyy = H?:l fw,; is indecomposable, and automatically central
and essential. By assumption, Py is in the zero locus of the ideal Bpy,,
where Fy = (fi,w, ..., fp,w) as before.

Now, as in the proof of Theorem 6.9, take a point x € W not lying on
any hyperplane in D which does not contain W. We have Bp, = Bpg,
and the zero locus of Bp is included in the zero locus of Br. The claim
follows. |

7. Examples

Example 7.1. — Let F = (z,y,2 + y, 2, + y + z). Then the product
of all entries of F' forms a central essential indecomposable hyperplane ar-
rangement in C3. The Bernstein-Sato ideal Bp of F is currently intractable
via computer. However, Conjecture 1.4 predicts via Corollary 1.11 that, in

(C*)?,
(7.1)
5
EXp (V(BF)) = V(((tltgtg — 1)(t3t4t5 — 1) t5 — 1 H t — 1
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We can actually check this as follows. One can compute with dmod.lib
[25]:

By = ((s1 +1)(s1 + 82 + 53+ 2)(s1 + 52 + 53 + 54 + 55 + 3)),
B3 = ((s2 +1)(s1 + s2 + 53+ 2)(s1 + s2 + 3 + 54 + s5 + 3)),
B = ((s3+1)(s1+s2 +53+2)(s3+ 54+ 55+2)

X (81 + 82+ s34 s4 + s5 + 3)),
By = ((sa+1)(s3+ 54 + 55+ 2)(s1 + 52 + 53 + 54 + 55+ 3)),
B = ((s5 -+ 1)(sa + 51+ 85 + 2)(s1 + 52+ 53+ 54 + 55 + 3)).

Then (7.1) follows from Lemma 4.13 which says that Exp (V(Bp)) =
U?Zl Exp (V(BY)). Using a different computation, U. Walther has also
checked that (7.1) holds.

The local topological zeta function Z top ¥ of F at the origin has a degree-7

irreducible numerator, and the denomlnator is equal to

5
(51+32—|—33+2)(83+.94+s5+2)(sl+...+s5+3)H(sj+1).
j=1
This illustrates the (local version of the) Multi-Variable Monodromy Con-
jecture which we proved for hyperplane arrangements. This also shows that
Conjecture 1.13 and the (local version of the) Multi-Variable Strong Mon-
odromy Conjecture hold for F'.

Example 7.2. — Conjecture 1.13, which we proved to imply the Multi-
Variable Strong Monodromy Conjecture for hyperplane arrangements, can
fail for decomposable arrangements. Let F' = (z,y,2 + y,z). Then the
product of all entries of F' forms a central essential, but decomposable,
hyperplane arrangement. The hyperplane s; + ...+ s4 + 3 = 0 does not lie
in the zero locus of the Bernstein-Sato ideal

4
Bp = ((s1+1)(s2+ 1)(s3 +1)(s4 +1) H (s1+ 52+ s3+k)).

Example 7.3. — If F is as in Example 4.19, the multi-variable local
topological zeta function at the origin is
231 So + 89 + 1
S1 =+ 1)(82 + 1)(282 + 1) '

Zpy (s) = (

This illustrates the (local version of the) Multi-Variable Strong Monodromy
Conjecture.
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