
AN

N
A
L
E
S
D
E

L’INSTI
T

U
T
F
O
U
R

IE
R

ANNALES
DE

L’INSTITUT FOURIER

Nigel P. BYOTT & Bouchaïb SODAÏGUI

Realizable Galois module classes over the group ring for non abelian
extensions
Tome 63, no 1 (2013), p. 303-371.

<http://aif.cedram.org/item?id=AIF_2013__63_1_303_0>

© Association des Annales de l’institut Fourier, 2013, tous droits
réservés.

L’accès aux articles de la revue « Annales de l’institut Fourier »
(http://aif.cedram.org/), implique l’accord avec les conditions
générales d’utilisation (http://aif.cedram.org/legal/). Toute re-
production en tout ou partie de cet article sous quelque forme que
ce soit pour tout usage autre que l’utilisation à fin strictement per-
sonnelle du copiste est constitutive d’une infraction pénale. Toute
copie ou impression de ce fichier doit contenir la présente mention
de copyright.

cedram
Article mis en ligne dans le cadre du

Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/

http://aif.cedram.org/item?id=AIF_2013__63_1_303_0
http://aif.cedram.org/
http://aif.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/


Ann. Inst. Fourier, Grenoble
63, 1 (2013) 303-371

REALIZABLE GALOIS MODULE CLASSES OVER THE
GROUP RING FOR NON ABELIAN EXTENSIONS

by Nigel P. BYOTT & Bouchaïb SODAÏGUI

Abstract. — Given an algebraic number field k and a finite group Γ, we write
R(Ok[Γ]) for the subset of the locally free classgroup Cl(Ok[Γ]) consisting of the
classes of rings of integers ON in tame Galois extensions N/k with Gal(N/k) ∼= Γ.
We determine R(Ok[Γ]), and show it is a subgroup of Cl(Ok[Γ]) by means of a
description using a Stickelberger ideal and properties of some cyclic codes, when k
contains a root of unity of prime order p and Γ = V oC, where V is an elementary
abelian group of order pr and C is a cyclic group of order m > 1 acting faithfully
on V and making V into an irreducible Fp[C]-module. This extends and refines
results of Byott, Greither and Sodaïgui for p = 2 in Crelle, respectively of Bruche
and Sodaïgui for p > 2 in J. Number Theory, which cover only the case m = pr−1
and determine only the image R(M) of R(Ok[Γ]) under extension of scalars from
Ok[Γ] to a maximal orderM⊃ Ok[Γ] in k[Γ]. The main result here thus generalizes
the calculation of R(Ok[A4]) for the alternating group A4 of degree 4 (the case
p = r = 2) given by Byott and Sodaïgui in Compositio.
Résumé. — Étant donné un corps de nombres k et un groupe fini Γ, on note

R(Ok[Γ]) le sous-ensemble du groupe de classes localement libre Cl(Ok[Γ]) formé
par les classes d’anneaux d’entiers ON d’extensions galoisiennes modérées N/k avec
Gal(N/k) ∼= Γ. Nous déterminons R(Ok[Γ]), et montrons que c’est un sous-groupe
de Cl(Ok[Γ]), au moyen d’une description utilisant un idéal de Stickelberger et
des propriétés de certains codes cycliques, lorsque k contient une racine de l’unité
d’ordre premier p et Γ = V o C, où V est un groupe élémentaire abélien d’ordre
pr et C est un groupe cyclique d’ordre m > 1 agissant fidèlement sur V et rendant
V un Fp[C]-module irréductible. Ceci généralise et raffine des résultats de Byott,
Greither et Sodaïgui pour p = 2 dans Crelle, respectivement de Bruche et Sodaïgui
pour p > 2 dans J. Number Theory, lesquels couvrent seulement le cas m = pr−1 et
déterminent seulement l’image R(M) de R(Ok[Γ]) sous l’extension des scalaires de
Ok[Γ] à un ordre maximalM⊃ Ok[Γ] dans k[Γ]. Le résultat principal ici généralise
donc le calcul de R(Ok[A4]) pour le groupe alterné A4 de degré 4 (le cas p = r = 2)
donné par Byott et Sodaïgui dans Compositio.

Keywords: Galois module structure; Rings of algebraic integers; Locally free classgroup;
Fröhlich-Lagrange resolvent; Realizable classes; Embedding problem; Stickelberger ideal;
Cyclic codes.
Math. classification: 11R33.
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1. Introduction

For any number field k, we write Ok for the ring of algebraic integers of
k, kc for an algebraic closure of k, and Ωk = Gal(kc/k) for the absolute
Galois group of k. We say that an extension of number fields is tame if
it is at most tamely ramified. Given a finite group Γ, we will say N is
a Γ-extension of k if N/k is a Galois extension of fields equipped with an
isomorphism Gal(N/k) −→ Γ. We write ξn for a primitive nth root of unity
in kc.
If N is a tame Γ-extension of k then ON is a locally free module of rank

1 over the group ring Ok[Γ], and its structure as such is determined up to
stable isomorphism by its class (ON )Ok[Γ] in the locally free class group
Cl(Ok[Γ]). We define the set R(Ok[Γ]) of realizable classes in Cl(Ok[Γ]) to
be the subset of Cl(Ok[Γ]) consisting of the classes (ON )Ok[Γ] as N runs
through all tame Γ-extensions of k. It is expected that R(Ok[Γ]) is always
a subgroup of Cl(Ok[Γ]), but this is not known in general; indeed, a proof
even that R(Ok[Γ]) is nonempty would solve the inverse Galois problem
for Γ over k.

In this paper we will determine R(Ok[Γ]) for certain metabelian groups
Γ under a mild restriction on k. In particular, our results will show that
R(Ok[Γ]) is indeed a subgroup of Cl(Ok[Γ]) in the cases we consider.

We first explain the background to this work. For tame extensions N of
Q, the situation is well understood. The theorem of Taylor [27], previously
conjectured by Fröhlich, shows how the Galois module class in Cl(Z[Γ])
of the ring of integers ON of a tame Γ-extension of a number field k is
related to the symplectic root numbers of the extension. In particular,
taking k = Q, it follows that any class in R(Z[Γ]) has order at most 2, and
if Γ has no irreducible symplectic characters (e.g., if Γ is abelian or of odd
order) then R(Z[Γ]) is the trivial subgroup of Cl(Z[Γ]), provided only that
tame Γ-extensions of Q exist at all.

For abelian groups Γ, realizable classes over more general base fields
have been thoroughly investigated by McCulloh [17, 18, 19]. A homomor-
phism φ : G −→ H of finite groups induces a homomorphism of classgroups
φ∗ : Cl(Ok[G]) −→ Cl(Ok[H]) (see [13, §II.3] or §2.1 below). The subset
R(Ok[Γ]) is stable under the automorphisms δ∗ of Cl(Ok[Γ]) induced by
δ ∈ Aut(Γ) since we may “twist” a Γ-extension N by composing the given
isomorphism Gal(N/k) ∼= Γ with δ. In [17], McCulloh gave an explicit de-
scription of R(Ok[Cp]) for the cyclic group Cp of prime order p, under the
assumption ξp ∈ k, in terms of the action on Cl(Ok[Cp]) of the Stickelberger
ideal in Z[Aut(Cp)]. This was generalized in [18] to describe R(Ok[V ]) for
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an elementary abelian group V of order pr (and without the hypothesis
ξp ∈ k). In this case, V can be identified with the additive group of the
finite field Fpr of order pr. Let C0 be the cyclic subgroup of Aut(V ) of
order pr − 1 given by multiplication by elements of F×pr . Then there is
a Stickelberger ideal J ⊆ Z[C0]. (We recall its definition in §3.4 below.)
The trivial group homomorphism ε : V −→ {1} induces a homomorphism
ε∗ : Cl(Ok[V ]) −→ Cl(Ok), where Cl(Ok) is the ideal classgroup of Ok. The
main result of [18] can then be stated in the following form:

R(Ok[V ]) = J · ker(ε∗), (1)

where the right-hand side denotes the subgroup of ker(ε∗) generated by
all elements j · a with j ∈ J and a ∈ ker(ε∗). McCulloh further treated
the case of an arbitrary finite abelian group Γ in [19], where he character-
ized R(Ok[Γ]) in terms of Fröhlich’s idèlic Hom-Description of Cl(Ok[Γ])
(cf. [13]). In this case, the Stickelberger ideal is replaced by a Stickelberger
map, and the resulting description of R(Ok[Γ]) is less explicit than (1) but
again shows that R(Ok[Γ]) is a subgroup of Cl(Ok[Γ]). We shall therefore
regard R(Ok[Γ]) as being in principle known for any finite abelian group Γ
and any number field k. Much of McCulloh’s approach can be extended to
certain wildly ramified extensions (and even to certain non-Galois exten-
sions) by replacing the group ring Ok[Γ] with a commutative Hopf order:
see [2, 3].
For nonabelian groups, much less is known. A fruitful approach is to

extend scalars from Ok[Γ] to a maximal order M ⊃ Ok[Γ] in k[Γ], and
then to investigate the image R(M) of R(Ok[Γ]) in Cl(M). This has been
done in a number of cases [1, 4, 15, 22, 23, 24, 25, 26]. In particular,
nonabelian groups Γ of order lq, with l > q both prime, were considered
in [23] under the assumption that k ∩ Q(ξlq) = Q. This was generalized
in [22] to groups Γ of order lm, with m an arbitrary divisor of l − 1,
under the weaker assumption k ∩ Q(ξl) = Q. In both these papers, what
is actually characterized is the subset R1(M) of R(M) consisting of the
classes realized by tame Γ-extensions N of k with N ∩ k(ξl) = k. (See [22,
p. 1820] for a correction to [23]). A different family of metabelian groups
was treated in [4], where R(M) was determined when Γ = V o C is a
group of order 2r(2r − 1) for r > 2, constructed as the semidirect product
of an elementary abelian group V of order 2r by a cyclic group C of order
2r − 1 acting faithfully on V . When r = 2, Γ is the alternating group
A4 and the result in this case was previously given in [15] under some
assumptions on the base field. An analogous result to that of [4] for the
corresponding metabelian groups of order pr(pr − 1) (where p is an odd
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prime) was given in [1] under the hypothesis ξp ∈ k. In both [1] and [4] we
drew on the language of coding theory: the construction of Γ-extensions
can be conveniently described in terms of a certain cyclic code of length
pr − 1 (for p = 2 and p > 2 respectively) over the field Fp.

Our goal in this paper is to improve on the results in [1] and [4] in two
directions, treating the cases p = 2 and p > 2 simultaneously. We again
assume that ξp ∈ k. The first improvement is that we will work over the
group ring Ok[Γ] rather than over a maximal orderM, so that we obtain a
description ofR(Ok[Γ]) itself and not just of its imageR(M). To do this we
extend the techniques of [5] and [6], where we considered realizable classes
over the group ring for, respectively, the dihedral group of order 8 and the
alternating group A4. (The main result of [6] is therefore covered here as
a special case; see after Corollary 7.3.2 below.) The second improvement is
that we allow a somewhat more general family of metabelian groups Γ: we
now take Γ to be the semidirect product V o C of an elementary abelian
group V of order pr by any cyclic group C of order m > 1 which acts
faithfully on V and makes V into an irreducible Fp[C]-module. We will
show in Proposition 4.1.1 that this can occur if and only if m is a divisor
of pr − 1 which does not divide ps − 1 for any s < r. Moreover, Γ is then a
normal subgroup in a group Γ0 = V oC0, where C0 is cyclic of order pr−1;
in the case m = pr − 1 we have Γ = Γ0, and Γ is the group considered in
[1] (for p > 2) or [4] (for p = 2). For our groups Γ, therefore, Cl(Ok[Γ]) is a
Z[C0]-module, where the action of C0 on Cl(Ok[Γ]) is induced by its action
on Γ via conjugation inside Γ0. In fact C0 is related to V in the same way
as in McCulloh’s result (1). If D is any C0-stable subgroup of Cl(Ok[Γ]),
we can therefore form its image J · D ⊆ D under the Stickelberger ideal
J ⊆ Z[C0].
To state our main results, we require some further notation. Viewing C

and V as subgroups of Γ, we have the inclusion homomorphisms

ιC : C −→ Γ, ιV : V −→ Γ.

Viewing C as a quotient of Γ, we also have the canonical surjection

π : Γ −→ C = Γ/V.

These induce homomorphisms of classgroups

ιC∗ : Cl(Ok[C]) −→ Cl(Ok[Γ]), ιV∗ : Cl(Ok[V ]) −→ Cl(Ok[Γ]),

π∗ : Cl(Ok[Γ]) −→ Cl(Ok[C]).
Using McCulloh’s result that the realizable classes form a group in the
abelian case, we therefore have subgroups ιC∗ R(Ok[C]) and ιV∗ R(Ok[V ]) of
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R(Ok[Γ]). Also, ker(π∗) is stable under C0 because V is normal in Γ0, so
we can form the subgroup J · ker(π∗) of Cl(Ok[Γ]).
The first of our main results gives two characterizations of the set

R(Ok[Γ]) of realizable classes in Cl(Ok[Γ]).

Theorem 1. — Let p be a prime number, and let Γ = V o C be a
metabelian group of order prm as above. Let k be any number field con-
taining a primitive pth root of unity ξp. Then

R(Ok[Γ]) = (ιC∗ R(Ok[C])) (ιV∗ R(Ok[V ])) = (ιC∗ R(Ok[C]))(J · ker(π∗)).

Moreover, given any finite set S of finite places of k and any class A ∈
R(Ok[Γ]), there are infinitely many tame Γ-extensions N of k with
(ON )Ok[Γ] = A, and N can be chosen to satisfy the following properties:
N/k is unramified at all places in S, and every intermediate field F 6= k of
N/k is ramified at some finite place of k.

It is immediate from Theorem 1 thatR(Ok[Γ]) is a subgroup of Cl(Ok[Γ])
under our hypotheses on Γ and k.
We reformulate this result in a more concrete form, allowing easier com-

parison with [1] and [4], at the end of this paper (see Theorem 7.3.1).
The proof of Theorem 1 proceeds via a relative version (see Theorem 2

below). Given a tame C-extension E of k, we say that N is a Γ-extension of
k relative to E if E ⊂ N and the isomorphism Gal(N/k) −→ Γ associated
to N induces the given isomorphism Gal(E/k) −→ C = Γ/V . We write
R(Ok[Γ], E) ⊆ Cl(Ok[Γ]) for the set of classes (ON )Ok[Γ] where N runs
through all tame Γ-extensions of k relative to E. For each finite group G,
there is a Fröhlich norm homomorphism (see §2.1 below)

NE/k : Cl(OE [G]) −→ Cl(Ok[G]).

Theorem 2. — Under the hypotheses of Theorem 1, for each tame C-
extension E of k we have

R(Ok[Γ], E) = (ιC∗ (OE)Ok[C])(ιV∗ NE/k(R(OE [V ]))).

Moreover, given any finite set SE of finite places of E and any class A ∈
R(Ok[Γ], E), there are infinitely many tame Γ-extensions N of k relative
to E with (ON )Ok[Γ] = A, and N can be chosen to satisfy the following
properties: N/E is unramified at all places in SE , and every intermediate
field F 6= E of N/E is ramified at some finite place of E.

We are not able to resolve completely the question of how the class
(ON )Ok[Γ] is related to the classes (OE)Ok[C] and (ON )OE [V ] associated to
the intermediate extensions E/k and N/E of N/k. The following result

TOME 63 (2013), FASCICULE 1
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provides a partial answer in terms of the extension-of-scalars homomor-
phism iE/k : Cl(Ok[G]) −→ Cl(OE [G]) induced by the inclusion k ↪→ E

(again, see §2.1 below).

Theorem 3. — Let N be a tame Γ-extension of k relative to E, and
suppose that either r = 1 or that all the places of E above p split completely
in N . Then the class (ON )Ok[Γ] in Cl(Ok[Γ]) factorizes as

(ON )Ok[Γ] = (ιC∗ (OE)Ok[C])X ,

where the class X ∈ Cl(Ok[Γ]) satisfies

iE/k(X ) = ιV∗ ((ON )OE [V ]) in Cl(OE [Γ]).

(We do not know whether Theorem 3 holds for r > 2 without the hy-
pothesis on places above p, but the analogous result does always hold over
a maximal orderM⊃ Ok[Γ] in k[Γ]; see Theorem 7.1.3.)
In the excluded case m = 1, the assertions of Theorems 2 and 3 and

the first equality of Theorem 1 are trivially true and the second equality of
Theorem 1 reduces to McCulloh’s result (1).
The proof of the above results will occupy most of the paper (§§2–6),

and draws quite heavily on the methods of [1] and [4]. In particular, we
shall again use the language of cyclic codes. After developing some gen-
eral tools for working with locally free classgroups in §2, we give various
results on cyclic codes in §3. We will in fact need to consider codes both
of length m and of length pr − 1, corresponding to the two groups C and
C0. We will also explain how McCulloh’s Stickelberger ideal is related to
these codes. In §4, we consider the group Γ = V o C occurring in our
main results, and describe various subgroups of Cl(Ok[Γ]). The key steps
in the proofs of our main results occur in §5, where we explicitly construct
all tame Γ-extensions of k relative to a given C-extension E, obtain fac-
torisations for the corresponding Galois module classes, and determine a
number of properties of the factors. Our strategy here is somewhat dif-
ferent to that in [1, 4], where we were working over a maximal order M
in k[Γ]. The class (ON )M ∈ Cl(M) corresponding to N is determined by
the Steinitz classes associated to N/k and its various subextensions, and
we characterised the realizable Galois module classes overM by first find-
ing the realizable Steinitz classes. Over the group ring Ok[Γ], however, the
Steinitz classes no longer suffice to describe (ON )Ok[Γ], so we are forced to
work directly with local normal integral bases of our extensions. Thus in §5
we need to specify suitable local normal integral bases and obtain precise
information on their resolvents. We put all the pieces together to complete
the proof of Theorems 1–3 in §6.
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In the final section of the paper (§7), we relate our main results to earlier
work. Functorial properties of the classgroups will allow us to read off both
the realizable Galois module classes in Cl(M), and the realizable Steinitz
classes in Cl(Ok). Thus the main results of [1] and [4] will turn out to be
corollaries (in the case m = pr − 1) of Theorems 1 and 2 (see Theorem
7.2.3 and Corollary 7.3.2).
We do not attempt here to remove the hypothesis ξp ∈ k, but we hope

to return to this problem in a future publication. There are several possi-
ble approaches to this. The most direct would be to use Kummer descent
arguments, adapting the methods used in the unpublished thesis of Endo
[10]. (A summary of Endo’s results is given in the Appendix of [7].) Al-
ternatively, one could try to use the resolvend machinery developed by
McCulloh in [18, 19]; this essentially gives a version of Kummer theory in
which the pth roots of unity are replaced by the nontrivial elements of V .
A third possibility would be to use the techniques recently introduced by
Cobbe [8] to study realizable Steinitz classes, where the relevant extensions
are constructed directly from class field theory without recourse to Kum-
mer theory. It would be interesting to see whether Cobbe’s methods can
be adapted to give information on realizable Galois module classes.

2. Preliminaries on locally free classgroups

In this section we recall Fröhlich’s Hom-Description of the locally free
classgroup and set out, in a form convenient for our purposes, some tools
for working with it. We also briefly describe the formalism of Galois alge-
bras, which enables us to understand the behaviour of rings of algebraic
integers as Galois modules on passing to completions of number fields. The
techniques described in this section were applied in a somewhat ad-hoc
fashion in our earlier papers [5, 6], but we present them here in a more
general context.

2.1. The Hom-Description

We briefly recall some standard facts about Fröhlich’s idèlic Hom-
Description of the locally free classgroup Cl(Ok[G]) for an arbitrary finite
group G and an arbitrary number field k (see [13]). In contrast to [13], we
take Galois groups to act on the left (although for notational convenience
we shall often write the action exponentially on the right).

TOME 63 (2013), FASCICULE 1
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The Fröhlich Hom-Description consists of an isomorphism

Cl(Ok[G]) ∼=
HomΩk(RG, J(kc))

HomΩk(RG, kc×)Det(U(Ok[G])) , (2)

where the notation is as follows: kc is an algebraic closure of k, Ωk =
Gal(kc/k) is the absolute Galois group of k, RG is the group of virtual
characters of G, J(kc) is the idèle group of kc (that is, the limit of the idèle
groups J(L) as L runs over all finite extensions of k), U(Ok[G]) is the group
of unit idèles of Ok[G], and Det: U(Ok[G]) −→ HomΩk(RG, J(kc)) is the
determinant map given by Det(α)(χ) = det(Tχ(α)) for any representation
Tχ affording the character χ.
For later use, we give a generalization of this Det map. For an invertible

matrix α = (αij) ∈ GLm(A(k[G])) over the adèle ring A(k[G]) of k[G], we
define Detχ(α) = Det(α)(χ) to be the determinant over A(k) of the block
matrix whose entry in row i and column j is the matrix Tχ(αij).
Now let N be a tame G-extension of k. Then ON is a locally free Ok[G]-

module of rank 1. We recall how to construct a character homomorphism
h ∈ HomΩk(RG, J(kc)) representing the class (ON )Ok[G] under (2).

Let p be any place of k. We write Ok,p for the completion of Ok at p, with
the usual convention that Ok,p = R (respectively C) for a real (respectively
complex) place p. If p is a finite place, we also write p for the corresponding
prime ideal of Ok.
By the Normal Basis Theorem, N is a free k[G]-module of rank 1, with

generator α, say. We will refer to α as a normal basis for N/k. For each
place p, let αp be a generator of the free rank 1 Ok,p[G]-module ON,p =
ON ⊗Ok Ok,p. We will refer to αp as a local normal integral basis for N/K
at p. By the Weak Approximation Theorem, we can choose α so that it
is also a local normal integral basis at any given finite set of places. It is
convenient to consider α and the αp as a single entity, so we define

α = (α, (αp)p) ∈ N ×
∏
p

ON,p

(where the product is over all places p of k) to be a normal basis system
for N/k if α is a normal basis for N/k and αp is a local normal integral
basis for N/k at each p. Given a normal basis system α for N/k and an
intermediate field E of N/k, we define

TrN/E(α) = (TrN/E(α), (TrNp/Ep
(αp))p).

If E/k is Galois then TrN/E(α) is a normal basis system for E/k.
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For each character χ of G we form the Fröhlich-Lagrange resolvent

〈α, χ〉N/k = det

∑
g∈G

g(α)Tχ(g−1)

 ∈ kc,
and similarly we form the local resolvents 〈αp, χ〉N/k ∈ Ock,p for each p.
From [13, Theorem 4, p. 30] we then have

Lemma 2.1.1. — Let α = (α, (αp)p) be a normal basis system for N/k
and let hα ∈ Hom(RG, J(kc)) be the character homomorphism defined by

hα(χ) =
( 〈αp, χ〉N/k
〈α, χ〉N/k

)
p

for each character χ of G.

Then hα ∈ HomΩk(RG, J(kc)), and its class under (2) represents (ON )Ok[G].

We next consider the functorial behaviour of locally free classgroups un-
der change of group and change of base field: see [13, §II.3]. A homomor-
phism φ : G −→ H of finite groups induces a homomorphism of classgroups
φ∗ : Cl(Ok[G]) −→ Cl(Ok[H]), given at the level of character homomor-
phisms by φ∗ : HomΩk(RG, J(kc)) −→ HomΩk(RH , J(kc)) with

(φ∗h)(χ) = h(χ ◦ φ) for h ∈ HomΩk(RG, J(kc)) and χ ∈ RH .

In particular, if ι : F −→ G is the inclusion of a subgroup F in G then
(ι∗h)(χ) = h(ResGFχ) for χ ∈ RG, where Res denotes restriction of char-
acters. Similarly, if Q is a quotient of G and π : G −→ Q is the canonical
surjection, then (π∗h)(χ) = h(InfGQχ) for χ ∈ RQ, where Inf denotes infla-
tion of characters. (Thus, in the notation of [13], we have ι∗ = IndGF and
π∗ = CoinfGQ.)
Finally there are two homomorphisms of classgroups associated to each

extension F/k of number fields. Firstly, the Fröhlich norm

NF/k : Cl(OF [G]) −→ Cl(Ok[G]),

(see [13, §II.3, Theorem 13]) is induced by the map of character homomor-
phisms

NF/k : HomΩF (RG, J(kc)) −→ HomΩk(RG, J(kc))

defined as follows: let X be a fixed left transversal of ΩF in Ωk, and for
h ∈ HomΩF (RG, J(kc)) set

(NF/kh)(χ) =
∏
ω∈X

h(χω
−1

)ω.

TOME 63 (2013), FASCICULE 1
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Secondly, the extension-of-scalars homomorphism iF/k : Cl(Ok[G]) −→
Cl(OF [G]) is induced by the inclusion

HomΩk(RG, J(kc)) ↪→ HomΩF (RG, J(kc)).

For a locally free Ok[G]-module M we have iF/k((M)Ok[G]) = (M ⊗Ok
OF )OF [G] (see [12, p. 186]).

2.2. Congruences on character homomorphisms

Given a finite group G and a number field k, let us fix once and for all
a system of orbit representatives χ1, . . . , χt of the absolutely irreducible
characters of G under the action of Ωk. Then a character homomorphism
h ∈ HomΩk(RG, J(kc)) is determined by its values on the χi, and each
h(χi) can be chosen arbitrarily in the idèle group J(ki) of the field ki =
k(χi) obtained by adjoining the values of χi to k. Our choice of orbit
representatives therefore allows us to make the identification

HomΩk(RG, J(kc)) =
t∏
i=1

J(ki), (3)

where h corresponds to its t-tuple of values (h(χ1), . . . , h(χt)). Similarly,

HomΩk(RG, kc×) =
t∏
i=1

k×i . (4)

The factors in these decompositions correspond to the Wedderburn com-
ponents of the group algebra k[G]: we have

k[G] =
t∏
i=1

Ai,

where Ai is a simple algebra with center ki, and χi is an absolutely irre-
ducible constituent of the character of G afforded by Ai. The dimension of
Ai over ki is a square, say

dimki(Ai) = n2
i , (5)

where χi(1)/ni is the Schur index of χi relative to k. The map

Det: k[G]× =
t∏
i=1

A×i −→
t∏
i=1

k×i

coincides with
∏t
i=1 nri, where nri = nrAi/ki is the reduced norm in the

ith component.
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We shall use the identifications (3) and (4) to bound the denominator in
the Hom-Description (2). We first introduce some more notation.

For 1 6 i 6 t, let fi be an integral ideal of Oki , and let Ufi(ki, χi)+ be
the subgroup of U(Oki) consisting of unit idèles (uP)P such that:

(i) if P is a finite place of ki, then uP ≡ 1 (mod fiOki,P);
(ii) if P is a real place of ki and χi is symplectic, then uP > 0.

Then let
Clfi(ki, χi)+ = J(ki)

k×i Ufi(ki, χi)+ .

Thus if the irreducible character χi is not symplectic, then Clfi(ki, χi) is the
ray classgroup Clfi(Oki) of Oki with conductor fi, while if χ is symplectic
then Clf(ki, χi) is the ray classgroup Clfi·∞(Oki) whose conductor is the
formal product of fi and all real places of ki.

Lemma 2.2.1. — For each i, let fi be an Oki-ideal divisible by |G|/ni.
Let h ∈ HomΩk(RG, J(kc)) and suppose that

h(χi) ∈ k×i Ufi(ki, χi)+ for 1 6 i 6 t.

Then h represents the trivial class in Cl(Ok[G]).
Equivalently, the canonical surjection HomΩk(RG, J(kc)) −→ Cl(Ok[G])

factors through
t∏
i=1

Clfi(ki, χi)+.

Proof. — With the identification (3), it is clear from (2) that both as-
sertions are equivalent to

t∏
i=1

Ufi(k, χi)+ ⊆ Det(U(Ok[G])). (6)

We will verify the corresponding inclusion at each place p of k.
LetM be a maximal order in k[G] such thatM⊇ Ok[G]. Then

M =
t∏
i=1
Mi,

whereMi is a maximal Oki-order in Ai. By Jacobinski’s formula [20, (41.3)]
for the conductor of Ok[G] intoM, we have

t∏
i=1

fiMi ⊂ Ok[G]. (7)

If p is an infinite place then, by [9, p. 337], Det(Ok,p[G]×) = Det(M×p )
consists of the character homomorphisms h with h(χi)P real and positive

TOME 63 (2013), FASCICULE 1



314 Nigel P. BYOTT & Bouchaïb SODAÏGUI

whenever χi is symplectic and P is a place of kc above a real place of
k. Since the values of a symplectic character χi are real, the places of
k(χi) above real places of k are precisely the real places of k(χi). Thus the
components at an infinite place p on the two sides of (6) agree.

Now let p be a finite place of k. Given (a1, . . . , at) ∈
∏
iO
×
ki,p

with ai ≡ 1
(mod fiOki,p) for each i, we claim that there exist αi for 1 6 i 6 t with αi ∈
M×i,p and αi ≡ 1 (mod fiMi,p) and nri(αi) = ai. This will give the required
inclusion for the components at p in (6), since (α1, . . . , αt) ∈ Ok,p[G]× by
(7) and Det((α1, . . . , αt)) = (nr1(α1), . . . ,nrt(αt)) = (a1, . . . , at). More-
over, we have

Mi,p =
∏
P|p

Mi,P, (8)

where the product is over the places P of ki above p. It will therefore suffice
to find for each i an element βi ∈ (1 + fiMi,P) ∩M×i,P with nri(βi) = ai
for one place P of ki above p, since we can then take αi = (βi, 1, . . . , 1)
in the product (8), where the first entry corresponds to the place P. But
Ai,P = Ms(D) for some s > 1 and some division algebra D with center
ki,P. Replacing Mi by a conjugate, we may assume that Mi,P = Ms(Λ)
where Λ is the unique maximal order in D. We can also assume that s = 1,
since if βi ∈ Λ has reduced norm ai in ki,P, then so does the diagonal
matrix with diagonal entries βi, 1, . . . , 1. But when s = 1 we have the
explicit description of D, and hence of Λ, given in the proof of [20, (14.6)]
(see in particular equation (14.7)). A simple induction then shows that the
reduced norm (determinant) induces surjections

Λ×

1 + PΛ �
O×ki,P
1 + P

,
1 + PjΛ

1 + Pj+1Λ �
1 + Pj

1 + Pj+1 for j > 1.

By completeness, we then have

nr(Λ×) = Oki,P
×, nr(1 + PjΛ) = 1 + Pj for j > 1,

so that ai = nr(βi) for some βi ∈ (1 + fiΛ) ∩ Λ× as required. �

2.3. Quotient groups

Let N be a normal subgroup of the finite group G, with quotient Q =
G/N . In this subsection we examine the homomorphism π∗ : Cl(Ok[G])→
Cl(Ok[Q]) induced by the canonical surjection π : G→ Q.

Any character χ of G which is trivial on N induces a character χ on Q
such that χ ◦π = χ. Thus χ = InfGQχ. All characters of Q arise in this way,
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and χ is irreducible if and only if χ is. Thus if A ∈ Cl(Ok[G]) is represented
by h ∈ HomΩk(RG, J(kc)) then π∗(A) is represented by the character ho-
momorphism π∗h ∈ HomΩk(RQ, J(kc)) determined by (π∗h)(χ) = h(χ) for
each character χ of G trivial on N .

Lemma 2.3.1. — Suppose that the surjection π : G → Q splits. Then,
for a class A ∈ Cl(Ok[G]), the following are equivalent:

(i) A ∈ kerπ∗;
(ii) A is represented by some h′ ∈ HomΩk(RG, J(kc)) with h′(χ) = 1

for all characters χ of G trivial on N .

Proof. — The implication (ii)⇒(i) is immediate from the above discus-
sion. For the converse, suppose that h ∈ HomΩk(RG, J(kc)) represents A.
Then, by (2) for Q, we have π∗h = κDet(u) for some κ ∈ HomΩk(RQ, kc×)
and u ∈ U(Ok[Q])). Define κ̃ ∈ HomΩk(RG, kc×) by

κ̃(χ) =
{
κ(χ) if χ is trivial on N ;
1 if χ is nontrivial on N .

Since π splits, there is an injective group homomorphism Q ↪→ G. This
induces an inclusion U(Ok[Q])) ↪→ U(Ok[G])). We write ũ ∈ U(Ok[G]))
for the image of u under this inclusion. Then h′ = (κ̃Det(ũ))−1h has the
required properties. �

2.4. Fröhlich’s Induction Formula

We next give a result, due to Fröhlich ([11, Theorem 7] or [12, Theorem
12]) on resolvents for induced characters. As we will require more precise
information on the local units than is given in these references, we include
a more detailed proof than the sketch provided in [11].

Lemma 2.4.1. — LetN be a tameG-extension of k, letH be a subgroup
of G (not necessarily normal) of indexm, and fix an ordered left transversal
X ofH in G. Let F = NH . Let α = (α, (αp)p) and η = (η, (ηp)p) be normal
basis systems for N/k and N/F respectively. Let (βi)16i6m be a k-basis for
F , and for each place p of k let (βp,i)16i6m be an Ok,p-basis for OF,p. Let
ψ be a character of H and let χ = IndGHψ be the character of G induced
from ψ. Define a matrix λ = (λig) ∈ GLm(k[H]) by

βiη =
∑
g∈X

λigg
−1(α). (9)
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LetRη be the map taking each character ψ′ ofH to the resolvent 〈η, ψ′〉N/F .
Then

〈α, χ〉N/kDetψ(λ) = e(F/k)deg(ψ)(NF/kRη)(ψ), (10)

where

e(F/k) = det(g(βi))g∈X,16i6m. (11)

For each place p of k we likewise have

〈αp, χ〉N/kDetψ(λp) = ep(F/k)deg(ψ)(NF/kRηp)(ψ), (12)

with analogous definitions of Rηp , λp and ep(F/k).

Proof. — We fix a representation Tψ : H −→Ms(kc) affording the char-
acter ψ. We will prove the identity (10), the proof of (12) being similar.
For any k[H]-basis A = {a1, . . . , am} of N we define Rψ(A) = (Rψ(A)ig)

to be the block matrix, with rows indexed by i ∈ {1, . . . ,m} and columns
indexed by g ∈ X, whose entry in row i and column g is the matrix

Rψ(A)ig =
∑
h∈H

gh(ai)Tψ(h−1) ∈Ms(kc).

We then define Detψ(A) to be the determinant of Rψ(A), regarded as an
ms×msmatrix over kc. (One can check that Detψ(A) is in fact independent
of the choice of Tψ).
Now suppose that B = {b1, . . . , bm} is another k[H]-basis for N , satisfy-

ing

bi =
m∑
j=1

λijaj (13)

with λ = (λij) ∈ GLm(k[H]). For each pair i, j, we write

λij =
∑
h1∈H

λijh1h1, λijh1 ∈ k.
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Then we calculate

Rψ(B)ig =
∑
h∈H

gh

∑
j

λijaj

Tψ(h−1)

=
∑
j

∑
h1

λijh1

∑
h

ghh1(aj)Tψ(h−1)

=
∑
j

∑
h1

λijh1

∑
h2

gh2(aj)Tψ(h1h
−1
2 )

=
∑
j

(∑
h1

λijh1Tψ(h1)
)(∑

h2

gh2(aj)Tψ(h−1
2 )
)

=
∑
j

ΛijRψ(A)jg,

where Λ = (Λij) is the block matrix whose determinant defines Detψ(λ).
Thus we have the equation

Rψ(B) = ΛRψ(A)

in Mms(kc), and taking determinants yields

Detψ(B) = Detψ(λ)Detψ(A). (14)

The induced character χ = IndGHψ is afforded by the representation
Tχ constructed as follows: Tχ(g) for g ∈ G is the block matrix, with
rows and columns indexed by X, whose entry in row g1 and column g2
is Tψ(g−1

2 gg1), where we adopt the convention Tψ(g′) = 0 if g′ 6∈ H.
The resolvent 〈α, χ〉N/k is therefore the determinant of the block matrix∑
z∈G z

−1(α)Tχ(z) whose entry in row g1 and column g2 (for g1, g2 ∈ X)
is the matrix∑

z∈G
z−1(α)Tψ(g−1

2 zg1) =
∑

g∈X,h∈H

h−1g−1(α)Tψ(g−1
2 ghg1).

We consider this entry for fixed g1, g2 ∈ X. For each ĥ ∈ H, there are
unique elements g ∈ X and h ∈ H with g−1

2 ghg1 = ĥ, and it is readily
checked that the function ĥ 7→ h is a permutation of H. We may therefore
write the above sum as∑

ĥ∈H

g1ĥ
−1g−1

2 (α)Tψ(ĥ) =
∑
h∈H

g1h(g−1
2 (α))Tψ(h−1).

TOME 63 (2013), FASCICULE 1



318 Nigel P. BYOTT & Bouchaïb SODAÏGUI

But this is just the entry in row g1 and column g2 in the block matrix
Rψ(A), where A is the k[H]-basis {g−1

2 (α)}g2∈X of N . Taking determi-
nants, we then have

〈α, χ〉N/k = Detψ(A).

Now let B be the basis {βiη}16i6m. Then (13) holds for the matrix
λ ∈ GLm(k[H]) of (9), and Detψ(B) is the determinant of the block matrix
Rψ(B) whose entry in row i and column g is

Rψ(B)ig =
∑
h∈H

gh(βiη)Tψ(h−1)

= g(βi)
(∑

h

h(η)T g
−1

ψ (h−1)
)g

.

Thus Rψ(B) is the product of two block matrices, the first of which has in
row i and column g the matrix g(βi)Is (where Is is the identity matrix of
size s = deg(ψ)), while the second is block diagonal and has as its diagonal
entries the matrices whose determinants define 〈η, ψg−1〉gN/F for g ∈ X.
These two block matrices have determinants e(F/k)deg(ψ) and (NF/kRη)(ψ)
respectively, where NF/k is evaluated using the transversal X. Thus

Detψ(B) = e(F/k)deg(ψ)(NF/kRη)(ψ),

and (10) follows from (14). �

Remark 2.4.2. — The element e(F/k)2 is the discriminant of the basis
βi of F/k, and e(F/k)2

pOk,p = ∆(F/k)Ok,p, where ∆(F/k) is the relative
discriminant of F/k. Equivalently, e(F/k)2

pOk,p is the discriminant of the
semilocal Ok,p-algebra OF,p.

Corollary 2.4.3. — Suppose that N/k is tame. Let hα ∈
HomΩk(RG, J(kc)) and hη ∈ HomΩF (RH , J(kc)) be the character homo-
morphisms constructed from α and η as in Lemma 2.1.1. Then

hα(χ) =
(

Detψ(λp)
Detψ(λ)

)−1

p

(
ep(F/k)
e(F/k)

)degψ

p

(NF/khη)(ψ).

We now see how Lemma 2.4.1 can be simplified in special cases.

Proposition 2.4.4. — Suppose that H is normal in G, and that F =
NH is tame over k. Let Q = G/H, and pick a normal basis system β =
(β, (βp)p) for F/k over k[Q]. Fix an ordered right transversal σ1, . . . , σm
of H in G. Then in Lemma 2.4.1 we may take λ to be the matrix (λij)
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defined by

σi(β)η =
m∑
j=1

λijσj(α), (15)

and e(F/k) to be defined by

e(F/k) = det(σ−1
i σj(β))16i,j6m, (16)

with similar statements for the λp and ep(F/k).
Moreover, suppose that Q is abelian and that we choose β = TrN/F (α).

Then (
ep(F/k)
e(F/k)

)
p

= hα(InfGQrQ),

where rQ is the regular representation of Q.

Proof. — Take the left transversal X to be σ−1
1 , . . . , σ−1

m , and take βi =
σi(β) and βp,i = σi(βp) for each p. Then (9), (11) and their analogues at p
reduce to (15), (16) and their analogues at p.
Now suppose that Q is abelian and β = TrN/F (α). The characters φ of

G which are trivial on H are in bijection with the characters φ of Q via
φ = InfGQφ. We have

〈α, φ〉N/k = 〈β, φ〉F/k

and similarly at each place p.
Since rQ =

∑
φ∈Q† φ, where Q

† is the group of 1-dimensional characters
of Q, we therefore have

hα(InfGQrQ) =
∏
φ∈Q†

( 〈αp, φ〉N/k
〈α, φ〉N/k

)
p

=
∏
φ∈Q†

(
〈βp, φ〉F/k
〈β, φ〉F/k

)
p

.

Now ∏
φ∈Q†

〈β, φ〉F/k = det(σ−1
i σj(β))06i,j6m−1 = e(F/k)

by a well-known determinantal formula (see [14, (A14)]), and similarly∏
φ∈Q†

〈βp, φ〉F/k = ep(F/k)

for each place p. The result follows. �
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2.5. Galois algebras and completions

It will be convenient to formulate part of our argument (see §§5.5, 5.6)
in the language of Galois algebras, as developed in [19, §1]. In this section,
we briefly review that language.

Let K be an arbitrary field, with absolute Galois group ΩK , and let G be
a finite group. Any homomorphism $ : ΩK −→ G determines a G-Galois
algebra

K$ = MapΩK ($G,Kc)

whose elements are the functions h : G −→ Kc with h($(τ)g) = τ(h(g))
for all τ ∈ ΩK and g ∈ G. The action of G (from the left) on K$ is given
by

(g′ · h)(g) = h(gg′) for g, g′ ∈ G.

The values of the functions h ∈ K$ lie in the field N = (Kc)ker($).
Choosing a system of coset representatives for $(ΩK)\G, we obtain an
isomorphism of K-algebras between K$ and a product of [G : $(ΩK)]
copies of N . In particular, if $ is surjective, we can identify K$ with
N by choosing the identity element as our representative of the single
coset. We write [n] : G −→ Kc for n ∈ N considered as element of K$.
Thus [n](g) = g(n) for all g ∈ G. In this case, $ induces an isomorphism
Gal(N/K) = ΩK/ ker($) −→ G, so that N becomes a G-extension of K.
Conversely, any G-extension N of K is a Galois algebra MapΩK ($G,Kc)
for some surjective homomorphism $ : ΩK −→ G. Abusing notation, we
write MapG(G,N) for N regarded as a Galois algebra in this fashion.
We next consider the behaviour of Galois algebras under completion.

Let now k be a number field, and let N be a G-Galois algebra over k. The
semilocal completion Np = N ⊗k kp is then identified with the G-Galois
algebra MapΩk(G, kc⊗k kp) over kp. If N is a field, Np need not be a field.
Indeed, as kp-algebras, we have the well-known decomposition

Np
∼=
∏
P|p

NP,

where the product is over all places P of ON above p. The Galois algebra
formalism enables us to keep track of the action of G on this product. Fix
one placeP of ON above p, let i : N −→ NP be the corresponding inclusion,
and let D ⊆ G be the decomposition group of P. Then the identification
N = MapG(G,N) induces an isomorphism

Np
∼= MapD(G,NP),
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where, explicitly, n⊗ x corresponds to the map g 7→ i(g(n))x. The semilo-
cal completion ON,p = ON ⊗Ok Ok,p of ON at p then corresponds to the
maximal Ok,p-order MapD(G,ON,P) in MapD(G,NP).

3. Codes and Stickelberger Ideals

For the rest of the paper, we fix the prime number p. As in [1, 4], it is
convenient to work in terms of certain cyclic codes over Fp. Whereas in
these earlier papers we only required codes of length pr − 1, here we will
need codes both of length m and of length pr−1. In this section, we explain
how these two codes are related, and we interpret McCulloh’s Stickelberger
ideal in terms of these codes.

3.1. Generalities on cyclic codes

In this subsection, we set out the terminology and notation needed in
our discussion of cyclic codes, and we recall some elementary results. A
more detailed account of most of this material can be found, for example,
in [21].

A linear code C of length m and dimension d over Fp is simply a d-
dimensional subspace of the Fp-vector space Fmp . The reverse code Ĉ of C
is obtained by reversing the order of the components in Fmp :

Ĉ = {(am−1, am−2, . . . , a0) | (a0, a1, . . . , am−1) ∈ C}.

The code C is cyclic if it is stable under the shift operator

(a0, a1, . . . , am−1) 7→ (am−1, a0, . . . , am−2). (17)

Thus a cyclic code C is a module over the group algebra Fp[C], where
C = 〈σ〉 is a cyclic group of order m whose generator σ acts as the shift
operator (17). Indeed, if we identify Fmp with Fp[C] by making the vector
(a0, a1, . . . , am−1) ∈ Fmp correspond to

∑m−1
i=0 aiσ

i, then a linear code C ⊆
Fp[C] is cyclic if and only if it is an ideal of Fp[C]. We shall always regard
cyclic codes as ideals of group algebras in this way.
Now Fp[C] is the image of the polynomial algebra Fp[X] under the ring

homomophism taking the indeterminate X to σ: we have

Fp[C] ∼= Fp[X]/(Xm − 1).

For any polynomial h 6= 0 in Fp[X], we write ĥ for its reciprocal polynomial:

ĥ(X) = Xdeg gh(X−1).
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As Fp[X] is a principal ideal domain, every cyclic code C in Fp[C] has the
form (g(σ)) = g(σ)Fp[C] for a unique monic divisor g(X) of Xm − 1 in
Fp[X]. We call g(X) the generator of C. The reverse code Ĉ of C is then the
ideal (ĝ(σ)), and Ĉ has generator g(0)−1ĝ(X).
Let f ∈ Fp[X] be the polynomial such that

f(X)g(X) = Xm − 1 in Fp[X]. (18)

Then the dimension of the code (g(σ)) is deg f , and the following result is
immediate.

Proposition 3.1.1. — Let g(X) be a monic divisor of Xm−1 in Fp[X].
Let C = (g(σ)) ⊆ Fp[C] be the corresponding cyclic code of length m, and
let f be as in (18). Let f̂ be the reciprocal polynomial of f . Then, for any
h(σ) ∈ Fp[C] we have

h(σ) ∈ C ⇔ h(σ)f(σ) = 0 in Fp[C]

and
h(σ) ∈ Ĉ ⇔ h(σ)f̂(σ) = 0 in Fp[C].

�

This says that we may interpret f as a parity check polynomial for C.
Then (f̂(σ)) is the dual code of C (cf. [21, Theorem 7.4.4, p. 325]).

3.2. Lifting and integral weights

We shall often need to consider preimages in Z[C] of elements of Fp[C].
We shall always choose the preimage for which each coefficient lies in
{0, . . . , p− 1}. For an element

α =
m−1∑
i=0

aiσ
i ∈ Fp[C],

we will frequently abuse notation by also writing α for the corresponding
element of Z[C]:

α =
m−1∑
i=0

Aiσ
i ∈ Z[C]

where Ai ∈ {0, . . . , p − 1} has image ai in Fp = Z/pZ. We will then refer∑m−1
i=0 Aiσ

i as α considered as an element of Z[C]. Where there is any
possibility of confusion, we will indicate explicitly whether equations are
to be understood as holding in Fp[C] or in Z[C].
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We define the integral weight of α ∈ Fp[C] to be the sum of the coeffi-
cients in α, considered as an element of Z[C]:

wint(α) =
∑
i

Ai ∈ Z.

Note that this is not the same as the Hamming weight (i.e., the number
of coefficients 6= 0 in Fp) except in the case p = 2.
In a similar fashion, we will consider polynomials in Fp[X] as ele-

ments of Z[X] by lifting each coefficient in Fp to its preimage in
{0, . . . , p− 1} ⊂ Z.

3.3. The codes C and C0

We now introduce the cyclic codes needed to prove our main result.
We fix an integer r > 1, and a monic irreducible polynomial f(X) 6= X−1

or X of degree r in Fp[X]. (Thus r > 2 if p = 2.) Let ω be a root of f
in Fpr , and let m > 1 be the order of ω in F×pr . Then Fp(ω) = Fpr , so m
divides pr − 1 but does not divide ps − 1 for s < r.

We set d = (pr − 1)/m. Then ω = ωd0 for some generator ω0 of F×pr .
Let f0 be the minimal polynomial of ω0. Since ωm = ωp

r−1
0 = 1, there are

polynomials g, g0 ∈ Fp[X] with

f(X)g(X) = Xm − 1; f0(X)g0(X) = Xpr−1 − 1 in Fp[X]. (19)

Then

deg f = deg f0 = r; deg g = m− r; deg g0 = pr − 1− r.

The polynomials Xpr−1 − 1 and Xm − 1 are separable over Fp, so f0 and
g0 are coprime, as are f and g. In particular, we have

g0(ω0) 6= 0 in Fpr . (20)

Moreover, since pr − 1 > m > 1, we have

f(1) 6= 0, f0(1) 6= 0, g(1) = g0(1) = 0 in Fp, (21)

and as f(ωd0) = f(ω) = 0, we have

f0(X) divides f(Xd) in Fp[X]. (22)

Now let C = 〈σ〉 ⊆ C0 = 〈σ0〉 be cyclic groups of order m, pr − 1
respectively, with generators related by σ = σd0 . The codes we shall consider
are C = (g(σ)) ⊆ Fp[C] of length m and dimension r, and C0 = (g0(σ0)) ⊆
Fp[C0] of length pr − 1 and dimension r, together with their reverse codes
Ĉ = (ĝ(σ)) and Ĉ0 = (ĝ0(σ0)).
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Definition 3.3.1. — Let P denote the set of polynomials over Fp of
degree at most r − 1:

P = {a0 + a1X + . . .+ ar−1X
r−1 | a0, . . . , ar−1 ∈ Fp}.

Then each element of C (respectively C0, respectively Fpr ) can be written
a(σ)g(σ) (respectively a(σ0)g0(σ0), respectively a(ω)) for a unique a ∈ P .

Definition 3.3.2. — For all j ∈ Z, let c(j) be the unique element of P
with

c(j)(ω) = ωj0 in Fpr .
We then set

g(j)(σ) = c(j)(σ)g(σ) ∈ Fp[C],
C(j) = {σhg(j)(σ) | 0 6 h 6 m− 1},

and
wj = wint(g(j)(σ)).

Lemma 3.3.3. — The code C is the disjoint union of {0}, C(0), . . . , C(d−1).
For all i, j ∈ Z we have

σC(j) = C(j) = C(j+d) and c(i)(σ)C(j) = C(i+j) (23)

Moreover, for each j, the codewords in C(j) all have integral weight wj , and
wj is divisible by p.

Proof. — We have an isomorphism of Fp[C]-modules

C −→ Fp[C]/(f(σ))

induced by a(σ)g(σ) 7→ a(σ) for any a ∈ Fp[X]. On the other hand, we
have isomorphisms of finite fields

Fp[C]/(f(σ)) ∼= Fpr

induced by σ 7→ ω. Composing these, we obtain an Fp-linear bijection be-
tween C and Fpr , in which a(σ)g(σ) corresponds to a(ω), and each element
of C (respectively Fpr ) occurs exactly once as a runs through P .
Each element of F×pr can be written in the form ωhd+j

0 = ωhc(j)(ω) (with
h ∈ Z) for a unique j ∈ {0, . . . , d−1}. It follows that each nonzero codeword
in C can be written in the form σhc(j)(σ)g(σ) = σhg(j)(σ) ∈ C(j) for a
unique j ∈ {0, . . . , d − 1}. As C(j) clearly consists of nonzero codewords,
C is the disjoint union of {0} and the C(j). Then (23) follows immediately
from the definitions.
Since all the codewords in C(j) are obtained by repeatedly shifting g(j)(σ),

they all have the same integral weight: this is just wj = g(j)(1) where
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g(j)(X) is now considered as an element of Z[X]. But in Fp we have
g(j)(1) = c(j)(1)g(1) = 0 by (21), so wj is divisible by p. �

Remark 3.3.4. — In the case m = pr − 1 we have C0 = C, and Lemma
3.3.3 says that all the nonzero codewords have the same integral weight.
In fact, they all have integral weight pr(p − 1)/2 and Hamming weight
pr−1(p−1) (see [1, Proposition 2.6] and [4, Lemme 3.6] for the corresponding
statements for Ĉ; the argument is the same for C). For m < pr − 1, neither
the integral weights nor the Hamming weights need be the same for all
nonzero codewords.

Lemma 3.3.5. — In Fp[C0], we can write g0(σ0) uniquely in the form

g0(σ0) =
d−1∑
j=0

rj(σ)σj0 (24)

where rj(σ) ∈ C for each j. Moreover, there exists n ∈ {0, . . . , d− 1} such
that

ri(σ) ∈ C(n−i)

for each i.

Proof. — Since σ = σd0 , it is clear that we can write g0(σ0) uniquely in
the form (24) for some rj(σ) ∈ Fp[C]. We must show that the rj(σ) lie in
C.

By (22) we have f(Xd) = h(X)f0(X) for some h ∈ Fp[X], so

f(σ)g0(σ0) = f(σd0)g0(σ0) = h(σ0)f0(σ0)g0(σ0) = 0 in Fp[C0],

since f0(σ0)g0(σ0) = σp
r−1

0 − 1 = 0. But

f(σ)g0(σ0) =
d−1∑
j=0

(
f(σ)rj(σ)

)
σj0,

so f(σ)rj(σ) = 0 for each j. By Proposition 3.1.1, we conclude that rj(σ) ∈
C for each j.
Since c(i)(ωd0) = c(i)(ω) = ωi0, the minimal polynomial f0 of ω0 di-

vides c(i)(Xd)−Xi, so by Proposition 3.1.1 again we have c(i)(σ)g0(σ0) =
σi0g0(σ0). Hence

d−1∑
j=0

(c(i)(σ)rj(σ))σj0 = c(i)(σ)g0(σ0) = σi0g0(σ0) =
d−1∑
h=0

rh(σ)σi+h0 .
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It follows from the uniqueness in (24) that, for 0 6 i, j 6 d− 1,

c(i)(σ)rj(σ) =
{
rj−i(σ) if j − i > 0;
σrd−i+j(σ) if j − i < 0.

(25)

Since g0(σ0) 6= 0, we see from (24) that rj(σ) 6= 0 for all j. But r0(σ) ∈ C,
so r0(σ) ∈ C(n) for some n. By (25) we then have c(d−i)(σ)r0(σ) = σri(σ)
for 1 6 i 6 d− 1, so that ri(σ) ∈ C(n−i) for all i, by (23). �

We now consider the reverse code Ĉ = (ĝ(σ)) ⊆ Fp[C]. For any polyno-
mial q(X) ∈ Fp[X] we have

q̂(σ) ∈ Ĉ ⇔ q(σ) ∈ C.

We define

Ĉ(j) = {q̂(σ) | q(σ) ∈ C(j)} = {σiĝ(j)(σ) | i ∈ Z}.

The next result is then immediate from Lemma 3.3.3.

Lemma 3.3.6. — The code Ĉ is the disjoint union of {0} and the Ĉ(j)

for 0 6 j 6 d− 1. Also,

σĈ(j) = Ĉ(j) = Ĉ(j+d) and ĉ(i)(σ)Ĉ(j) = Ĉ(i+j).

for all i, j. Each codeword in Ĉ(j) has integral weight wj . �

The last two results of this subsection relate to the code Ĉ. The first
requires some more notation.

Definition 3.3.7. — For 0 6 j < d, let

P (j) = {a ∈ P | a(σ)ĝ(σ) ∈ Ĉ(j)},

and, regarding the elements of P (j) as elements of Z[X], we set

Π(j)(X) =
∑

a∈P (j)

a(X) ∈ Z[X].

(Thus Π(j)(X) is a polynomial of degree at most r − 1.)

Lemma 3.3.8. — There are integers t(0), . . . , t(r − 1) such that

Π(j)(X) =
r−1∑
v=0

wt(v)+jX
v for all j.

Proof. — For 0 6 j < d and for all i ∈ Z, write

c(i,j)(X) =
r−1∑
v=0

c(i,j)v Xv
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for the unique element of P (j) with c(i,j)(σ)ĝ(σ) = σiĝ(j)(σ) in Fp[C]. Also,
let

C(j)
v (X) =

m−1∑
i=0

c(i,j)v Xm−1−i ∈ Z[X]. (26)

Then

Π(j)(X) =
m−1∑
i=0

c(i,j)(X) =
r−1∑
v=0

m−1∑
i=0

c(i,j)v Xv =
r−1∑
v=0

C(j)
v (1)Xv. (27)

We write

ĝ(j)(σ) =
m−1∑
u=0

ĝ(j)
u σu,

and define ĝ(j)
u for all u ∈ Z by reading the subscripts modulo m. Recall

that g(0) = g is monic of degreem−r with g(0) 6= 0. It follows that ĝ(0) = ĝ

has degree m− r, so that in particular ĝ(0)
m−r 6= 0 in Fp. Now

σiĝ(j)(σ) = c(i,j)(σ)ĝ(σ) =
r−1∑
v=0

m−r∑
u=0

c(i,j)v ĝ(0)
u σv+u

in Fp[C]. Thus, for 0 6 h 6 r− 1, we may equate coefficients of σm−1−h to
obtain

ĝ
(j)
m−1−h−i =

h∑
k=0

c
(i,j)
r−1−h+kĝ

(0)
m−r−k.

Multiplying by σm−1−i and summing over 0 6 i 6 m− 1 yields

σhĝ(j)(σ) =
h∑
k=0

ĝ
(0)
m−r−k

m−1∑
i=0

c
(i,j)
r−1−h+kσ

m−1−i.

Using (26), we may rewrite this as

σhĝ(j)(σ) = ĝ
(0)
m−rC

(j)
r−1−h(σ) +

h∑
k=1

ĝ
(0)
m−r−kC

(j)
r−1−h+k(σ). (28)

We now claim that for 0 6 v 6 r− 1 there exist τv(σ) ∈ Fp[C] (indepen-
dent of j) such that

ĝ
(0)
m−rC

(j)
v (σ) = τv(σ)ĝ(j)(σ) for all j. (29)

We show this by decreasing induction on v. By (28) for h = 0 we have

ĝ
(0)
m−rC

(j)
r−1(σ) = ĝ(j)(σ),
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so we may take τr−1(σ) = 1. Assuming now that τr−1(σ), τr−2(σ), . . . , τv+1(σ)
have already been found, we set h = r − 1− v in (28) to obtain

ĝ
(0)
m−rC

(j)
v (σ) = σr−1−v ĝ(j)(σ)−

r−1−v∑
k=1

ĝ
(0)
m−r−kC

(j)
v+k(σ).

Letting a ∈ Fp satisfy ĝ(0)
m−ra = 1, we may therefore take

τv(σ) = σr−1−v −
r−1−v∑
k=1

aĝ
(0)
m−r−kτv+k(σ).

This completes the proof of (29).
Now let t(v) be such that aτv(σ)ĝ(σ) ∈ Ĉ(t(v)). Then by (29) and Lemma

3.3.6 we have C(j)
v (σ) ∈ Ĉ(j+t(v)), so that C(j)

v (1) = wj+t(v), and the result
follows from (27). �

Lemma 3.3.9. — There exist ν(σ), ν′(σ) ∈ Fp[C] satisfying the proper-
ties:

(i) ν(σ)ĝ(σ) = ν′(σ)ĝ(σ) 6= 0 in Fp[C];
(ii) given any Z[C]-module M (written multiplicatively) and any ele-

ments y, z ∈M , there exist a, b ∈M such that

aν(σ)bν
′(σ) = y, abσ = z, (30)

where ν(σ), ν′(σ) are now considered as elements of Z[C].

Proof. — By (21) we have f̂(1) 6= 0 in Fp. Thus there exist s, t ∈ Fp[X]
such that

f̂(X)s(X) + (X − 1)t(X) = 1 in Fp[X].

Substituting X = σ, multiplying by ĝ(σ), and observing that f̂(σ)ĝ(σ) = 0,
we obtain

(σ − 1)t(σ)ĝ(σ) = ĝ(σ) in Fp[C].

In particular, t(σ)ĝ(σ) 6= 0 in Fp[C]. We now consider t(σ) as an element
of Z[C], and in Z[C] we define

ν(σ) = t(σ) + 1, ν′(σ) = σt(σ).

Then in Fp[C] we have ν(σ)ĝ(σ) = ν′(σ)ĝ(σ) 6= 0 and given y, z ∈M , the
equations (30) are satisfied by

a = yz−t(σ), b = (za−1)σ
−1
.

�
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3.4. Stickelberger ideals

As in the proof of Lemma 3.3.3, we may identify the group C0 with F×pr
so that σi0 corresponds to ωi0 for all i. Writing V for the additive group of
Fpr , we now have the situation in McCulloh’s result (1). The Stickelberger
ideal J ⊆ Z[C0] occurring in that result is defined using the trace TrFpr/Fp
from Fpr to Fp. We now recall this definition, and relate J to our codes.

We first set

θ =
pr−2∑
i=0

TrFpr/Fp(ωi0)σ−i0 ∈ Fp[C0],

and then consider θ as an element of Z[C0], as explained in §3.2. The
Stickelberger ideal itself is then defined as

J = Z[C0] ∩ Z[C0](p−1θ).

The connection with our codes is given by the following result.

Lemma 3.4.1. — As an element of Fp[C0], the Stickelberger element θ
is a nonzero codeword of C0 = (g0(σ0)) ⊆ Fp[C0]. Thus θ = σh0 g0(σ0) for
some h. The Stickelberger ideal J ⊆ Z[C0] is generated over Z[C0] by the
two elements

p−1f0(σ0)g0(σ0), g0(σ0).

Proof. — By the nondegeneracy of the trace map, θ 6= 0 in Fp[C0]. In the
action of C0 on V , the minimal polynomial of σ0 is f0. Thus the annihilator
in Z[C0] of V contains f0(σ0) (considered as an element of Z[C0]). By [18,
Prop. 3.10(b)] we therefore have

f0(σ0)(p−1θ) ∈ Z[C0].

Thus in Fp[C0] we have f0(σ0)θ = 0. It follows from Proposition 3.1.1
(applied to the code C0) that θ ∈ C0, so θ = σh0 g0(σ0) for some h by Lemma
3.3.3 (applied to C0). Now

J = Z[C0] ∩
(
Z[C0] ·

(
p−1θ

))
= Z[C0] ∩

(
Z[C0] ·

(
p−1g0(σ0)

))
=
{
p−1a(σ0)g0(σ0) | a(σ0) ∈ Z[C0], a(σ0)g0(σ0) ∈ pZ[C0]

}
But

a(σ0)g0(σ0) ∈ pZ[C0]⇔ a(σ0)g0(σ0) = 0 in Fp[C0]
⇔ a(σ0) ∈ (f0(σ0)) in Fp[C0]
⇔ a(σ0) ∈ f0(σ0)Z[C0] + pZ[C0],
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where the second equivalence comes from Proposition 3.1.1 applied to
(f0(σ0)). Hence J is generated by the two elements stated. �

Now let C denote the quotient group C0/C, so that C is cyclic of order d,
generated by the image σ0 of σ0. Recall from Lemma 3.3.3 that the weights
wj of nonzero codewords in C are divisible by p. We now define a reduced
Stickelberger element T in Z[C].

Definition 3.4.2. — Let bj = wj/p for all j ∈ Z, and set

T =
d−1∑
j=0

bj (σ0)−j ∈ Z[C].

Lemma 3.4.3. — The image J in Z[C] of the Stickelberger ideal J ⊆
Z[C0] is Z[C] · T .

Proof. — By Lemma 3.4.1, J is generated by the images of
p−1f0(σ0)g0(σ0) and g0(σ0). By Lemma 3.3.5 (and using the notation of
that Lemma), the image of g0(σ0) in Z[C] can be calculated as

d−1∑
i=0

ri(1)σi0 =
d−1∑
i=0

wn−iσ
i
0 =

d−1∑
j=0

wjσ
n−j
0 = σn0pT.

Hence J is generated by f0(σ0)T and pT . It therefore remains to show that

Z[C] · f0(σ0) + pZ[C] = Z[C],

or equivalently, that f0(σ0) is invertible as an element of Fp[C] ∼=
Fp[X]/(Xd − 1). But this follows from the fact that the roots of f0 all
have order pr − 1 > d, so that f0(X) and Xd − 1 are relatively prime in
Fp[X]. �

4. The group Γ

We now fix, once and for all, a number field k containing ξp, a primitive
pth root of unity. In this section, we examine the group Γ which occurs
in our main results and we determine its absolutely irreducible characters.
We then investigate the locally free classgroup Cl(Ok[Γ]), and describe the
effect of the Stickelberger ideal on this classgroup.
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4.1. Construction of Γ and Γ0

Let V be an elementary abelian group of order pr, where r > 1. Let C
be a cyclic group of order m, acting on V . Viewing V as an Fp-vector space
of dimension r, we then have an Fp-linear representation

ρ : C −→ Aut(V ) = AutFp(V ). (31)

We form the semidirect product

Γ = V oρ C.

To simplify notation, we identify V and C with subgroups of Γ; the multi-
plication in Γ is then determined by

σvσ−1 = ρ(σ)(v) for σ ∈ C, v ∈ V.

Proposition 4.1.1. — If the representation ρ is irreducible and faith-
ful, thenm divides pr−1 but does not divide ps−1 for any s with 1 6 s < r.
Conversely, if m satisfies these conditions, then there is a faithful action of
C on V for which the corresponding representation ρ is irreducible.

Proof. — First suppose that ρ is irreducible. Let σ be a generator of C,
and let f ∈ Fp[X] be the minimal polynomial of ρ(σ) on V . Then f is
an irreducible factor of Xm − 1 in Fp[X] and deg f = dimFp V = r. We
therefore have isomorphisms of Fp-algebras

Fp[X]
(f(X))

∼=
Fp[C]
(f(σ))

∼= Fpr ,

where the first isomorphism is induced by X 7→ σ, and the second by
σ 7→ ω with ω ∈ F×pr of order m. Then ρ induces on V the structure of a 1-
dimensional Fpr -vector space, with σ acting as multiplication by ω. Hence
m divides |F×pr | = pr−1. For any v 6= 0 in V , we have V = Fp[C]·v = Fp(ω)·v
since V is irreducible. Hence Fp(ω) = Fpr . For s < r, we therefore have
ω 6∈ Fps , so m does not divide ps − 1.
Conversely, suppose that m divides pr − 1 but does not divide ps− 1 for

any 1 6 s < r. Then there is some ω ∈ F×pr of order m, and Fp(ω) = Fpr .
Identify V with the additive subgroup of Fpr , and let the cyclic group C
of order m act on V so that the generator σ corresponds to multiplication
by ω. This makes V into a faithful, irreducible Fp[C]-module. �

Remark 4.1.2. — It is not hard to see that if the action of C on V is
faithful and irreducible, then the resulting group Γ is determined up to
isomorphism by pr and m.
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Remark 4.1.3. — If m satisfies the conditions in Proposition 4.1.1, then
there may be other actions of C on V which are faithful but not irreducible.
For example, if p = 2, r = 6 and m = 21, then we have shown that C can
have a faithful and irreducible action on V which arises by identifying V
with a 1-dimensional F26 -vector space. However, C has another faithful
action on V , inducing a decomposition V ∼= F23 × F22 × F2 where the
generator σ of C acts on the three factors as multiplication by elements of
order 7, 3, 1 respectively. In the case m = pr−1, any faithful action of C on
V will necessarily be irreducible [1, Proposition 2.3], [4, Proposition 2.3].
The same is true if m divides pr − 1 and has a prime factor not dividing
ps − 1 for any s < r.

For the rest of the paper, we take Γ = V oρ C where C acts on
V via a faithful, irreducible representation ρ. Thus m will always
satisfy the conditions in Proposition 4.1.1. Moreover we assume
m > 1 (so the metabelian group Γ is not abelian.) We fix a gen-
erator σ of C, and let f be the minimal polynomial of ρ(σ) on V .
We set

d = pr − 1
m

.

We fix a root ω of f in F×pr . Then ω has minimal polynomial f . Now fix an
element ω0 ∈ Fpr with ωd0 = ω. Let f0 be the minimal polynomial of ω0.

We embed C in a cyclic group C0 = 〈σ0〉 of order pr − 1, with σd0 = σ.
We fix an element v 6= 0 in V . This determines an isomorphism between

V and the additive group of Fpr , in which 1 corresponds to v and σ acts
as multiplication by ω. We may extend the given representation

ρ : C −→ Aut(V )

to a faithful irreducible representation

ρ0 : C0 −→ Aut(V ),

where σ0 acts as multiplication by ω0. Then ρ0 is independent of the choice
of v. We form the semidirect product

Γ0 = V oρ0 C0.

Then Γ is a normal subgroup of index d in Γ0.
We are now in the situation of §3.3, and associated to the groups Γ, Γ0

we have cyclic codes C, C0 and their dual codes Ĉ, Ĉ0 as constructed there.
Our chosen element v ∈ V generates V as an Fp[C]-module:

V = {va(σ) | a ∈ P}.
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4.2. The characters of V , C and Γ

In this subsection we describe the absolutely irreducible characters of Γ
and of its subgroups V and C.
We first consider the group V † of irreducible characters of the elementary

abelian group V . These characters take values in k since ξp ∈ k. There is a
natural action of C0 on V †, contragredient to its action on V , so that

(σj0 · ψ)(u) = ψ(σ−j0 · u) for all u ∈ V, ψ ∈ V †.

This restricts to an action of C. The minimal polynomial over Fp of σ0
(respectively σ) on V † is therefore f0(0)−1f̂0 (respectively f(0)−1f̂).

We define an Fp-bilinear pairing

[ · , · ] : Fp[C]× Fp[C] −→ Fp
by

[a(σ), b(σ)] = TrFpr/Fp(a(ω)b(ω−1)). (32)
We therefore have

[c(σ)a(σ), b(σ)] = [a(σ), c(σ)−1b(σ)] (33)

for any a(σ), b(σ), c(σ) ∈ Fp[C]. This pairing induces a perfect C-invariant
Fp-bilinear pairing (for which we use the same notation)

[ · , · ] : Fp[C]
(f(σ)) ×

Fp[C]
(f̂(σ))

−→ Fp.

We now fix a character ψ ∈ V † by specifying (with a slight abuse of nota-
tion)

ψ(va(σ)) = ξ[a(σ),1]
p . (34)

For arbitrary a(σ), b(σ) ∈ Fp[C] we have

ψb(σ)(va(σ)) = ψ(vb(σ
−1)a(σ)) = ξ[a(σ),b(σ)]

p . (35)

Thus ψ generates V † as an Fp[C]-module.
For later use, we record that to each character ψb(σ) is associated the

primitive idempotent

eb(σ) = 1
pr

∑
a∈P

ψb(σ)(va(σ))v−a(σ) ∈ k[V ]. (36)

We then have
eσb(σ) = σeb(σ)σ

−1, (37)
where the multiplication takes place in k[Γ].

The irreducible characters of C are φi for 0 6 i 6 m− 1, where φi(σ) =
ξim. (Recall that ξm denotes a primitive mth root of unity.)
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We now turn to the characters of Γ. We view the characters φi of C also
as irreducible characters of Γ by inflation from C = Γ/V . We will show
that the remaining irreducible characters of Γ are induced from V . Now C0
acts transitively on the nontrivial characters on V , and C has d orbits on
these characters. The characters ψj = σj0 · ψ for 0 6 j 6 d − 1 therefore
form a system of orbit representatives. We set

χj = IndΓ
V ψj .

Explicitly, the values of these characters are as follows:

χj(1) = m;

χj(u) =
m−1∑
h=0

ψj((σh)−1 · u) =
m−1∑
h=0

ψ((σj0σh)−1 · u) for u ∈ V ;

χj(σku) = 0 for u ∈ V and 1 6 k 6 m− 1.

Lemma 4.2.1. — The absolutely irreducible characters of the group Γ
are precisely the φi for 0 6 i 6 m− 1 and the χj for 0 6 j 6 d− 1.

Proof. — Since
m−1∑
i=0

φi(1)2 +
d−1∑
j=0

χj(1)2 = m+ dm2 = |Γ|,

it suffices to show that the characters χj , 0 6 j 6 d− 1 are irreducible and
distinct. This will follow if the character X =

∑d−1
j=0 χj satisfies 〈X,X〉 = d,

where 〈 . , . 〉 denotes the usual inner product of class functions on Γ. Now
for 1 6= u ∈ V we have

X(u) =
d−1∑
j=0

m−1∑
h=0

ψ((σj0σh)−1 · u) =
∑

1 6=u′∈V
ψ(u′) = −1,

while X(σhu) = 0 for 1 6 h 6 m− 1. Thus we have

|Γ|〈X,X〉 =
∑
γ∈Γ
|X(γ)|2

= X(1)2 +
∑

1 6=w∈V
(−1)2 +

∑
γ∈Γ\V

02

= (dm)2 + (pr − 1) + 0
= pr(pr − 1)
= d|Γ|,

so that 〈X,X〉 = d, as required. �
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Lemma 4.2.2. — None of the irreducible characters of Γ are symplectic.

Proof. — The φh are not symplectic, since they factor through the
abelian group C. For the χj , we use the fact that an irreducible char-
acter χ is symplectic if and only if its Frobenius-Schur indicator c(χ) is −1
([9, (73.13)]). Indeed, a simple calculation yields

c(χj) = 1
|Γ|
∑
γ∈Γ

χj(γ2) =
{

1 if p = 2, or p > 3 and m is even;
0 if p > 3 and m is odd.

�

Definition 4.2.3. — For all j ∈ Z we define c(j) to be the unique
element of P with

ψj = ψc
(j)(σ).

Lemma 4.2.4. — For all j ∈ Z we have c(j)(σ) = c(−j)(σ−1). Thus
c(j)(σ)ĝ(σ) ∈ Ĉ(−j) and σc(j)(σ)ĝ(σ) = c(j+d)(σ)ĝ(σ).

Proof. — For any a ∈ P we have

ξ[a(σ),c(j)(σ)]
p = ψj(va(σ))

= ψ(σ−j0 · va(σ))
= ψ(c(−j)(σ) · va(σ))

= ξ[c(−j)(σ)a(σ),1]
p

= ξ[a(σ),c(−j)(σ−1)]
p .

Hence c(j)(σ) = c(−j)(σ−1). Writing D for the degree of the polynomial
c(−j), we then have

c(j)(σ)ĝ(σ) = σ−D ĉ(−j)(σ)ĝ(σ) ∈ Ĉ(−j)

by Lemma 3.3.6. Finally, since σ−1c(−j)(σ)g(σ) = c(−j−d)(σ)g(σ), we have

σc(−j)(σ−1)ĝ(σ) = c(−j−d)(σ−1)ĝ(σ),

which is equivalent to the final assertion. �

4.3. Locally free classgroups

In this subsection, we apply Lemma 2.2.1 to the group Γ of §4.1 and
its quotient C, taking k to be a number field containing ξp. We also give
explicit descriptions of the various homomorphisms between classgroups
that occur in our main results.
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Let (Φi)16i6s be a system of orbit representatives under Gal(k(ξm)/k)
of the 1-dimensional characters φq, 0 6 q 6 m − 1, of Γ. For each i,
set ki = k(Φi). The values of the m-dimensional irreducible characters χj
already lie in k. Thus h ∈ HomΩk(RΓ, J(kc)) is determined by its values
h(Φi) ∈ J(ki) for 1 6 i 6 s and h(χj) ∈ J(k) for 0 6 j 6 d− 1.
The next result is immediate from Lemmas 2.2.1 and 4.2.2:

Lemma 4.3.1. — A character homomorphism h ∈ HomΩk(RΓ, J(kc))
represents the trivial class in Cl(Ok[Γ]) if

h(Φi) ∈ k×i Umpr (ki) for 1 6 i 6 s; h(χj) ∈ k×Upr (k) for 0 6 j 6 d−1.

Thus the canonical surjection HomΩk(RΓ, J(kc)) −→ Cl(Ok[Γ]) factors
through

s∏
i=1

Clmpr (ki)×
d−1∏
j=0

Clpr (k).

We of course have a similar result for Cl(Ok[C]): a character homomor-
phism h′ ∈ HomΩk(RC , J(kc)) represents the trivial class in Cl(Ok[C]) if

h′(Φi) ∈ k×i Um(ki) for 1 6 i 6 s.

We now consider the homomorphism of classgroups induced by the in-
clusion ιC : C −→ Γ.

Lemma 4.3.2. — If a class A ∈ Cl(Ok[C]) is represented by h′ ∈
HomΩk(RC , J(kc)), then the character homomorphism h = ιC∗ h

′ ∈
HomΩk(RΓ, J(kc)) representing the class ιC∗ (A) ∈ Cl(Ok[Γ]) is given by

h(Φi) = h′(Φi) for 1 6 i 6 s; h(χj) = h′(rC) for 1 6 j 6 d,

where rC is the regular character of C. Moreover, writing xi = h′(Φi) for
1 6 i 6 s, we have

h′(rC) =
s∏
i=1

Nki/k(xi).

Proof. — We have h(α) = h′(α ◦ ιC) = h′(ResΓ
Cα) for each character

α of Γ. Thus h(Φi) = h′(ResΓ
CΦi) = h′(Φi) for 1 6 i 6 s and h(χj) =

h′(ResΓ
Cχj) for 1 6 j 6 d. Now χj(1) = m, and χj(σt) = 0 for 1 6 t 6

m − 1, so ResΓ
Cχj is the regular character rC =

∑m−1
q=0 φq of C, whence

h(χj) = h′(rC). But the characters φq for 0 6 q 6 m− 1 are precisely the
Φτi as i runs through {1, . . . , s} and τ runs through Gal(ki/k) for each i.
Thus

h′(rC) =
m−1∏
q=0

h′(φq) =
s∏
i=1

 ∏
τ∈Gal(ki/k)

xτi

 =
s∏
i=1

Nki/k(xi). �
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We now turn to the map ιV∗ : Cl(Ok[V ]) −→ Cl(Ok[Γ]). As ξp ∈ k we
have

HomΩk(RV , J(kc)) = Hom(RV , J(k)) ∼=
∏

ψ′∈V †
J(k).

Lemma 4.3.3. — Let h ∈ HomΩk(RV , J(kc)) represent the class A ∈
Cl(Ok[V ]). Then the character homomorphism ιV∗ h ∈ HomΩk(RΓ, J(kc))
representing ιV∗ (A) ∈ Cl(Ok[Γ]) is given by

ιV∗ h(Φi) = h(ε) for 1 6 i 6 s;

ιV∗ h(χj) =
m−1∏
λ=0

h(ψj+dλ) for 0 6 j 6 d− 1;

where ε is the trivial character of V .

Proof. — By definition ιV∗ h(α) = h(ResΓ
V (α)) for any character α of Γ,

and we have ResΓ
V (Φi) = ε and ResΓ

V (χj) =
∑m−1
λ=0 ψj+dλ. �

Recall that ε∗ : Cl(Ok[V ]) −→ Cl(Ok) is induced by the trivial homomor-
phism on V . From Lemma 4.3.3 and Lemma 2.3.1, we immediately deduce
the next result:

Corollary 4.3.4. — The subgroup ιV∗ (ker ε∗) of Cl(Ok[Γ]) consists of
all classes represented by character homomorphisms h ∈ HomΩk(RΓ, J(kc))
with h(Φi) = 1 for 1 6 i 6 s (and h(χj) ∈ J(k) arbitrary for 0 6 j 6 d−1).
Thus ιV∗ (ker ε∗) = kerπ∗.

We next describe the effect of the Stickelberger ideal J on ker(π∗).

Lemma 4.3.5. — Let bi = wi/p, as in Definition 3.4.2. Then J ·ker(π∗)
consists of those classes in Cl(Ok[Γ]) represented by character homomor-
phisms h ∈ HomΩk(RΓ, J(kc)) with

h(Φi) = 1 for 1 6 i 6 s;

h(χj) =
d−1∏
λ=0

ω
bλ−j
λ for 0 6 j 6 d− 1

for some ω0, . . . , ωd−1 ∈ J(k), the subscripts on the bλ being read modulo
d.

Proof. — Recall that Γ is a normal subgroup of Γ0, and we have an
action of C0 on HomΩk(RΓ, J(kc)) induced by the action of C0 on Γ given
by conjugation inside Γ0. Writing σ̂0 : Γ −→ Γ for the map γ 7→ σ0γσ

−1
0 ,

we have for h ∈ HomΩk(RΓ, J(kc)) that (σ0 · h)(Φi) = h(Φi ◦ σ̂0) = h(Φi)
and

(σ0 · h)(χj) = h(χj ◦ σ̂0) = h(σ−1
0 · χj) = h(χj−1),

TOME 63 (2013), FASCICULE 1



338 Nigel P. BYOTT & Bouchaïb SODAÏGUI

since σt0 · χj = χt+j (with the subscripts on the χj read modulo d). Thus
the action of C0 on Cl(Ok[Γ]) factors through C = C0/C, and by Lemma
3.4.3 we have

J · ker(π∗) = J · ker(π∗) = T · ker(π∗).

By Lemma 2.3.1, ker(π∗) consists of the classes represented by character
homomorphisms h′ ∈ HomΩk(RΓ, J(kc)) with h′(Φi) = 1 for 1 6 i 6 s. Let

ωj = h′(χj) ∈ J(k) for 0 6 j 6 d− 1.

Then

(T · h′)(χj) =
(
d−1∑
λ=0

bλ(σ0)−λ · h′
)

(χj)

=
d−1∏
λ=0

h′(χλ+j)bλ

=
d−1∏
λ=0

ωbλλ+j

=
d−1∏
λ=0

ω
bλ−j
λ .

�

Now let F be any finite extension of k. Since ξp ∈ k, the Fröhlich
norm NF/k : Cl(OF [V ]) −→ Cl(Ok[V ]) is induced by the usual idèle norm
NF/k : J(F ) −→ J(k).

Lemma 4.3.6. — The group ιV∗ NF/k(R(OF [V ])) consists of those classes
in Cl(Ok[Γ]) represented by character homomorphisms h∈HomΩk(RΓ, J(kc))
with

h(Φi) = 1 for 1 6 i 6 s;

h(χj) =
d−1∏
λ=0

NF/k(ωλ)bλ−j for 0 6 j 6 d− 1

for some ω0, . . . , ωd−1 ∈ J(F ). Also ιV∗ (R(Ok[V ])) = J · ker(π∗), and

ιV∗ NF/k(R(OF [V ])) ⊆ ιV∗ (R(Ok[V ])),

with equality if every intermediate field L 6= k of F/k is ramified over k at
some place not above p.
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Proof. — First note that R(OF [V ])) = J ·ker(ε∗F ) by McCulloh’s result
(1) for elementary abelian groups, where the homomorphism
ε∗F : Cl(OF [V ]) −→ Cl(OF ) is induced by ε : V −→ {1}. Now ιV∗ com-
mutes with the Fröhlich norm and with the elements of J . Thus, using
Corollary 4.3.4 (with F in place of k), we have

ιV∗ NF/k(R(OF [V ])) = ιV∗ (NF/k(J · ker ε∗F ))

= NF/k(J · ιV∗ ker ε∗F )
= NF/k(J · kerπ∗F ),

where π∗F : Cl(OF [Γ]) −→ Cl(OF [C]) is the homomorphism induced by π.
By Lemma 4.3.5 (with F in place of k), J ·kerπ∗F consists of those classes

in Cl(OF [Γ]) represented by character homomorphisms h′ ∈
HomΩF (RΓ, J(kc)) with h′(φ) = 1 for each character φ of Γ which factors
through C and

h′(χj) =
d−1∏
λ=0

ω
bλ−j
λ for 0 6 j 6 d− 1

for arbitrary ω0, . . . , ωd−1 ∈ J(F ). Thus NF/k(J · kerπ∗F ) is represented
by the character homomorphisms h = NF/k(h′) ∈ HomΩk(RΓ, J(kc)) with
h(Φi) = 1 for 1 6 i 6 s and

h(χj) = NF/k(h′(χj)) =
d−1∏
λ=0

NF/k(ωλ)bλ−j for 0 6 j 6 d− 1.

This proves the first assertion.
Taking F = k shows that ιV∗ (R(Ok[V ])) consists of classes represented by

character homomorphisms h as in Lemma 4.3.5, whence ιV∗ (R(Ok[V ])) =
J ·ker(π∗) and ιV∗ NF/k(R(OF [V ])) ⊆ ιV∗ (R(Ok[V ])). By Lemma 4.3.1, the
last inclusion will be an equality if the norm NF/k : Clpr (OF ) −→ Clpr (Ok)
on ray classgroups is surjective. A slight generalization of [28, Theorem 10.1]
shows that this condition is satisfied if F/k has no intermediate extension
L 6= k which is unramified outside p. �

5. Γ-extensions

Recall that k is a number field containing ξp. Let E be a tame C-extension
of k; we identify Gal(E/k) with C via the associated isomorphism. In this
section we describe all tame Γ-extensions N of k, and we show how to find
the class (ON )Ok[Γ] of ON in Cl(Ok[Γ]).

TOME 63 (2013), FASCICULE 1



340 Nigel P. BYOTT & Bouchaïb SODAÏGUI

5.1. An Embedding Problem

By Kummer theory, finite elementary abelian p-extensions of E corre-
spond to finite-dimensional subspaces of the Fp-vector space E×/E×p. We
will determine when such extensions are Galois over k. The content of this
subsection recalls and extends part of [1, §2] and [4, §2].
For w ∈ E× we write [w] for the class of w in E×/E×p, and denote

by p
√
w a fixed choice of pth root of w. For notational convenience, we

will often write the Fp[C]-module E×/E×p and the Z[C]-module E× ad-
ditively, so that for instance the notations ĝ(σ) · y and yĝ(σ) will be used
interchangeably.

Lemma 5.1.1. — Let L = E( p
√
w) be a cyclic extension of E of degree

p. Let N be its Galois closure over k, and let V = Gal(N/E). Let W =
Fp[C] · [w] be the cyclic Fp[C]-submodule of E×/E×p generated by [w],
let r = dimFp(W ), and let ρ1 : C → AutFp(W ) be the representation of
C afforded by W . Then N = E( p

√
σi(w) | 0 6 i 6 r − 1), |V | = pr,

and Gal(N/k) = V oρ2 C, where the representation ρ2 : C → AutFp(V ) is
contragredient to ρ1.

Proof. — The conjugates of L over k are E( p
√
σi(w)) for 0 6 i 6 m −

1, and clearly N is the compositum of these. Hence V = Gal(N/E) is
elementary abelian, and N corresponds by Kummer theory to the subspace
W = Fp[C] · [w] of E×/E×p. But W is spanned by [w], . . . , [σr−1(w)], so it
suffices to take 0 6 i 6 r − 1.

We have the Kummer pairing

〈 , 〉 : V ×W −→ Fp

defined by
ξ〈v,[w]〉
p = v( p

√
w)/ p
√
w.

(This is independent of the choice of representative w of [w], and of the
pth root p

√
w.) The Kummer pairing is perfect, so that in particular |V | =

|W | = pr.
Now Gal(N/k) fits into an exact sequence

1 −→ V −→ Gal(N/k) −→ C −→ 1.

This extension splits since V , C have coprime orders, so we may lift the gen-
erator σ of C = Gal(E/k) to an automorphism of N of order m. Denoting
this automorphism again by σ, we have Γ = V oρ2 C where ρ2 is the repre-
sentation of C on V given by conjugation inside Γ, i.e., ρ2(σ)(v) = σvσ−1.
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A simple calculation (analogous to that in [4, Proposition 2.1]) shows that

〈ρ2(σ)v, ρ1(σ)[w]〉 = 〈v, [w]〉 for all v ∈ V, [w] ∈W,

so ρ2 is the contragredient representation to ρ1. �

Now let ρ and Γ = V oρ C be as in §4.1. Recall that f is the minimal
polynomial of ρ(σ), and that g is defined by fg = Xm − 1.

Lemma 5.1.2. — Let y ∈ E×, with [ĝ(σ) · y] 6= 0 in E×/E×p. Let N be
the Galois closure over k of the field

L = E( p
√
ĝ(σ) · y).

Then N is a Γ-extension of k relative to E.
Conversely, if N is a Γ-extension of k relative to E then N is the Galois

closure of E( p
√
ĝ(σ) · y) for some y ∈ E× with [ĝ(σ) · y] 6= 0 in E×/E×p.

Proof. — Apply Lemma 5.1.1 to w = ĝ(σ) · y. Then W = Fp[C] · [w] 6= 0
but f̂(σ)·W = 0 in E×/E×p, since f̂(σ)ĝ(σ) = σm−1 = 0 in Fp[C]. ThusW
is a cyclic Fp[C]-module of dimension r over Fp annihilated by f̂(σ). Hence
V∗ = Gal(N/E) is elementary abelian of order pr, and Gal(N/k) = V∗oρ∗C
where ρ∗ is a representation of degree r in which σ has minimal polynomial
f . Thus we may identify V∗ with V and ρ∗ with the given representation
ρ, making N into a Γ-extension of k relative to E.

Conversely, let N be a Γ-extension of k relative to E. Let L = E( p
√
w) be

a subfield ofN of degree p over E. Let U = Gal(N/L). Then ∩m−1
i=0 σiUσ−i =

{1}, so N is the Galois closure of L over k, and by Lemma 5.1.1, ρ is the
contragredient of the representation ρ1 of C on W = Fp[C] · w. Hence
dimFp(W ) = r and W is annihilated by f̂(σ). Since f̂(X) and ĝ(X) are
relatively prime in Fp[X] with f̂(σ)ĝ(σ) = 0 in Fp[C], it follows that
[w] = [ĝ(σ) · y] for some y ∈ E×. Clearly [y] 6= 0 in E×/E×p. �

We now restrict our attention to tame extensions N/k. We begin by
examining the behaviour of primes above p in N/k.

Lemma 5.1.3. — Let N be a tame Γ-extension of k relative to E. Let
p be a prime of k above p. Then either

(i) every prime of E above p splits completely in N/E, or
(ii) p splits completely in E/k, and every prime of N above p has inertia

degree p in N/E (and hence also in N/k).

Proof. — Let P̃ be a prime ofN above p, let ∆ ⊆ Γ be the decomposition
group of P̃ in N/k, and let I ⊆ ∆ be its inertia group. As N/k is tame, I
is a cyclic normal subgroup of ∆ of order prime to p, and ∆/I is cyclic, its
order being the inertia degree of P̃ in N/k.
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Now ∆ is a semidirect product V ′ o C ′, where V ′ = ∆ ∩ V is a normal
subgroup of ∆ of order pr′ with 0 6 r′ 6 r, and C ′ = ∆/V ′ is cyclic of
order m′ for some divisor m′ of m. If V ′ = {1}, then ∆ has order prime to
|V |, and the prime P of E below P̃ splits completely in N/E. Since E/k is
Galois, this means that (i) holds. If on the other hand V ′ 6= {1}, the only
cyclic normal subgroups of ∆ are subgroups of V ′, so I = {1}. Then ∆/I
cannot be cyclic unless C ′ = {1}. So ∆ = V ′ and this group is cyclic of
order p. Thus the inertia degree of P̃ in N/k is p, giving (ii). �

Definition 5.1.4. — Let Spsplit (respectively Spnonsplit) be the set of
places of k above p satisfying condition (i) (respectively (ii)) in Lemma
5.1.3.

We now show how we can choose y in Lemma 5.1.2 to have a convenient
form. We write mod∗ for the usual generalized congruence relation of class
field theory.

Lemma 5.1.5. — Let E/k be as above. If N/k is a tame Γ-extension
of k relative to E then N is the Galois closure over k of the field L =
E( p
√
ĝ(σ) · y) for some y ∈ E× satisfying the following conditions:

(i) ĝ(σ) · y 6∈ E×p;
(ii) y ≡ 1 (mod∗ (ξp − 1)pOE);
(iii) y ≡ 1 (mod p2r+1OE,p) for each p ∈ Spsplit;
(iv) the fractional ideal yOE factorizes as

yOE =
n∏
i=1

Q
ei(σ)
i (38)

for some n > 0, some ei(σ) ∈ Z[C], and some prime ideals Qi of OE
which lie above distinct prime ideals qi of Ok which split completely
in E/k and do not contain p.

Conversely, given y satisfying these conditions, the Galois closure over k
of E( p

√
ĝ(σ) · y) is a tame Γ-extension of k relative to E.

Proof. — Since E/k is tame, any Γ-extension N of k relative to E will
be tame if and only if N/E is tame, and this holds if and only if any (and
hence all) of the subextensions L/E of degree p are tame. But it is well-
known from Kummer theory that L = E( p

√
w) is tame over E if and only

if there is some x ∈ E× with

xpw ≡ 1 (mod∗ (ξp − 1)pOE) (39)

(see for instance [16, §39]). Thus, if y satisfies (i) and (ii), it follows from
Lemma 5.1.2 that the Galois closure N over k of L = E( p

√
ĝ(σ) · y) is a
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tame Γ-extension of k relative to E. This proves the “converse” part of the
Lemma.
Now let N be any tame Γ-extension of k relative to E. By Lemma 5.1.2,

N is the Galois closure over k of L = E( p
√
w), where w = ĝ(σ) · y for some

y ∈ E× satisfying (i). Since L/E is tame, (39) holds for some x ∈ E. We
need to show that we can adjust y (without changing N) so that (ii), (iii)
and (iv) hold.
If P is a place of E above a place of k in Spsplit, then w = apP for some

aP ∈ E×P. By the Weak Approximation Theorem, we may choose x1 ∈ E
satisfying the following conditions:

x1 ≡ a−1
P (mod p2rOE,P) for all P above places in Spsplit.

x1 ≡ x (mod (ξp − 1)OE,P) for all P above places in Spnonsplit.

Then we have

xp1w ≡ 1 (mod p2r+1OE,P) for all P above places in Spsplit.
xp1w ≡ 1 (mod (ξp − 1)pOE,P) for all P above places in Spnonsplit.

In particular, xp1w ≡ 1 (mod∗ (ξp − 1)pOE).
Since f̂ and ĝ are coprime in Fp[X], there exist l(X), l′(X) ∈ Z[X] so

that 1 = ĝ(X)l(X) + f̂(X)l′(X) in Fp[X]. Let y1 = l(σ) · (xp1w), so y1
satisfies (ii) and (iii). Then in E×/E×p we have

[y] = [ĝ(σ)l(σ) · y] + [f̂(σ)l′(σ) · y]

= [l(σ) · w] + [f̂(σ)l′(σ) · y]

= [y1] + [f̂(σ)l′(σ) · y],

so that

[w] = [ĝ(σ) · y] = [ĝ(σ) · y1] + [ĝ(σ)f̂(σ)l′(σ) · y] = [ĝ(σ) · y1].

We can therefore replace y by y1 without changing N . Hence we may choose
y to satisfy (ii) and (iii).

We now turn to condition (iv). We can certainly factorize yOE in the
form

yOE =
n∏
i=1

Q
ei(σ)
i ,

where the Qi lie above distinct prime ideals qi of k. By (ii) and (iii), none of
the qi can contain p. To obtain (iv) it remains to show that y can be further
adjusted so that the Qi all have degree 1 over k (whence NE/k(Qi) = qi).
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We may write

yĝ(σ)OE =
n∏
i=1

Q
ei(σ)ĝ(σ)
i =

n∏
i=1

Q
pqi(σ)+ri(σ)
i ,

where the qi(σ), ri(σ) ∈ Z[C] and the Qri(σ)
i are integral p-power-free ideals

of OE (so
∏n
i=1 Q

qi(σ)
i is the “p-part” of yĝ(σ)OE). Renumbering the Qi,

we can suppose that Qri(σ)
i 6= OE if and only if i 6 t, say. Then

yĝ(σ)OE =
t∏
i=1

Q
pqi(σ)+ri(σ)
i

(
n∏

i=t+1
Q
qi(σ)
i

)p
.

Now suppose some qi does not split completely in E/k. Then Qi is fixed
by σh for some divisor h < m of m. But σh − 1 divides ĝ(σ) in Fp[C], so
Q
ei(σ)ĝ(σ)
i is a pth power, and hence i > t. This shows that Q1, . . . , Qt

split completely in E/k, and therefore have degree 1 over k.
By the Tchebotarev density theorem, we may choose a prime Q of OE ,

of degree 1 over k, not above p or any of the qi, and with the same
class in Clp2r+1(OE) as

∏n
i=t+1 Q

qi(σ)
i . Thus, for some u ∈ E with u ≡

1 (mod∗ p2r+1OE), we have

upyĝ(σ)OE =
(

t∏
i=1

Q
pqi(σ)+ri(σ)
i

)
Qp.

We have just seen that the Qi for i 6 t have degree 1 over k. Arguing as
above, we may replace y by l(σ) · (upyĝ(σ)). Then condition (iv) is satisfied;
(ii) and (iii) still hold by the congruence condition on u. �

Remark 5.1.6. — By Kummer theory, the ramified primes in N/E are
precisely the conjugates of the Qi with Q

ri(σ)
i 6= OE . The proof of Lemma

5.1.5 therefore shows that if some (and hence every) prime Q of E above a
prime q of k ramifies in N/E, then q splits completely in E/k. Moreover,
the ramification groups in N/E must be cyclic as N/E is tame, so each Qi

has ramification index p in N/k.

5.2. Local Normal Integral Bases for N/E

Let N be as in Lemma 5.1.5. In this subsection we describe the action
of Γ on N somewhat more explicitly, and construct a normal basis system
η = (η, (ηP)P) for N/E. We shall in fact choose the ηP so that ηP = ηP′

whenever the places P, P′ of E lie over the same place p of k, and we
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denote this common value by ηp. Thus we shall write η = (η, (ηp)p), with
components ηp indexed by places p of k.
We know that N is the Galois closure over k of L = E( p

√
ĝ(σ) · y) for

some y ∈ E× satisfying conditions (i)–(iv) of Lemma 5.1.5. Fix z ∈ N

satisfying
zp = ĝ(σ) · y.

Then N = E(z, σ̃(z), . . . , σ̃r−1(z)), where σ̃ ∈ Gal(N/k) = Γ is any preim-
age of the generator σ of C = Gal(E/k). There are pr possible choices for
σ̃, all of order m, corresponding to the p choices for each σ̃i(z), 1 6 i 6 r,
subject to the conditions

(σ̃i(z))p = σiĝ(σ) · y for 1 6 i 6 r− 1; (f̂(σ̃) · z)p = f̂(σ)ĝ(σ) · y. (40)

We make a convenient choice of σ̃ as follows. In Z[C] we have

f̂(X)ĝ(X) = (1−Xm) + pc(X) (41)

for some c(X) ∈ Z[X]. Thus the last equation of (40) becomes

(f̂(σ̃) · z)p = (c(σ) · y)p.

We then choose one of the pr−1 possibilities for σ̃ such that

f̂(σ̃) · z = c(σ) · y.

To ease notation, we from now on write σ in place of σ̃.
We note a consequence of our choice of σ.

Proposition 5.2.1. — For σ ∈ Gal(N/k) as above, we have

(1 + σ + · · ·+ σm−1) · z = NE/k(y)b0

where b0 is as in Definition 3.4.2.

Proof. — First observe that(
(1 + σ + · · ·+ σm−1) · z

)p = NE/k(zp)

= NE/k(yĝ(σ))

= NE/k(y)ĝ(1)

= NE/k(y)pb0 ,

so that
(1 + σ + · · ·+ σm−1) · z = ξepNE/k(y)b0

for some e. Now in Fp[X] we have

(1 +X + · · ·+Xm−1)(1−X) = 1−Xm = f̂(X)ĝ(X)
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with f̂(1) 6= 0, so f̂(X) divides 1 +X + · · ·+Xm−1. Thus in Z[X] we have

1 +X + · · ·+Xm−1 = f̂(X)h(X) + pd(X)

for some h(X) and d(X). Since f̂(σ) · z ∈ Z[C] · y by choice of σ, and
zp = ĝ(σ) · y ∈ Z[C] · y, it follows that (1 + σ + · · ·+ σm−1) · z ∈ Z[C] · y.
Since clearly also NE/k(y) ∈ Z[C] · y, we must have ξep ∈ Z[C] · y, so ξep = 1
by condition (ii) of Lemma 5.1.5. �

We next consider the Galois group V = Gal(N/E). This is an Fp[C]-
module dual to the submodule of E×/E×p generated by ĝ(σ) · y. Now N

has a basis over E consisting of the pr elements za(σ) as a runs through
the set P (see Definition 3.3.1), and we fix a nontrivial element v ∈ V by
setting

v(za(σ)) = ξ[1,a(σ)]
p za(σ) for all a ∈ P,

where [ · , · ] is the pairing (32). Then V = Fp[C] · v, and we have

vc(σ)(za(σ)) = ξ[c(σ),a(σ)]
p za(σ) for all a, c ∈ P.

For the idempotents eb(σ) of (36) we have

eb(σ) · za(σ) = 1
pr

∑
c∈P

ψb(σ)(vc(σ)) v−c(σ)(za(σ))

= 1
pr

∑
c∈P

ξ[c(σ),b(σ)]
p ξ−[c(σ),a(σ)]

p za(σ)

= 1
pr

(∑
c∈P

ξ[c(σ),b(σ)−a(σ)]
p

)
za(σ)

= 1
pr

(∑
c∈P

ψb(σ)−a(σ)(vc(σ))
)
za(σ)

=
{
za(σ) if b(σ) = a(σ)
0 otherwise,

since
∑
u∈V ψ

′(u) = 0 for any nontrivial ψ′ ∈ V †.
Now define

η = 1
pr

∑
a∈P

za(σ). (42)

For each a ∈ P we have

ea(σ) · η = 1
pr
za(σ) 6= 0, (43)

so η is a normal basis for N/E.
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Lemma 5.2.2. — For each place p 6= q1, . . . , qn of k (see Lemma 5.1.5),
we have

ON,p = OE,p[V ] · η.

Proof. — This is clear for the infinite places p. We next deal with the
places above p. Since zp ≡ 1 (mod∗ (ξp − 1)p), it is well-known that the
element

ηL = 1
p

p−1∑
h=0

zh

is a local normal integral basis at p for L/E (see e.g. [17, proof of Theorem
(3.2.2)]). Hence σi(ηL) is a local normal integral basis at p for σi(L)/E.
Since N = ⊗r−1

i=0σ
i(L) (tensor product over E) and the σi(L)/E are all

unramified over p, it follows that η =
∏
σi(ηL) is a local normal integral

basis for N/E at p.
Finally, let p be a finite place of E distinct from q1, . . . , qn and not above

p. Then p is invertible in OE,p, and the idempotents ea(σ) form an OE,p-
basis of OE,p[V ]. Since the prime factorizations of the ideals (za(σ))pOE =
ya(σ)ĝ(σ)OE do not involve primes above p, it follows that the za(σ) form
an OE,p-basis of ON,p. Hence, by (43), η is a local normal integral basis
generator at p. �

For each place p 6= q1, . . . , qn of k, we set

ηp = η.

We now construct local normal integral basis generators ηqi at the places
qi for 1 6 i 6 n. For each i, choose µi ∈ E so that µi has valuation 1 at Qi

and valuation 0 at σj(Qi) for 1 6 j 6 m−1, and also µi has valuation 0 at
σj(Qh) for all h 6= i and all j. Let πi = NE/k(µi). Then πi has valuation 1
at qi and valuation 0 at qh for h 6= i.
For each i and each a ∈ P , set

ri(σ; a) = a(σ)ei(σ)ĝ(σ) ∈ Fp[C].

Viewing ri(σ; a) as an element of Z[C], we then have

a(σ)ei(σ)ĝ(σ) = pqi(σ; a) + ri(σ; a) (44)

for some qi(σ; a) ∈ Z[C]. Since the qi split completely in E/k,(
µ
−qi(σ;a)
i za(σ)

)p
OE,qi = Q

ri(σ;a)
i OE,qi

is then a p-power-free integral ideal in the semilocal ring OE,qi . Define

ηqi = 1
pr

∑
a∈P

µ
−qi(σ;a)
i za(σ).
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Then ηqi is a local normal integral basis generator for N/E at all places of
E above qi.
Taking a(σ) = c(j)(σ) in (44), and noting that σc(j)(σ)ĝ(σ) =

c(j+d)(σ)ĝ(σ) by Lemma 4.2.4, we have

pqi(σ; c(j+d)) + ri(σ; c(j+d)) = σpqi(σ; c(j)) + σri(σ; c(j)),

and hence
qi(σ; c(j+d)) = σqi(σ; c(j)). (45)

5.3. Resolvents for N/E

We now have a normal basis system η = (η, (ηp)p) for N/E. An easy
calculation gives the corresponding Fröhlich-Lagrange resolvents: for each
a ∈ P we find

〈η, ψa(σ)〉N/E = za(σ);

〈ηp, ψa(σ)〉N/E = za(σ) if p 6= q1, . . . , qn;

〈ηqi , ψa(σ)〉N/E = µ
−qi(σ;a)
i za(σ) for 1 6 i 6 n.

In the next subsection, we will apply Fröhlich’s induction formula in the
form of Corollary 2.4.3 to the induced characters χj = IndΓ

V ψj of Γ. With
this in mind, we make the following definition:

Definition 5.3.1. — The element X of Cl(Ok[Γ]) is the class repre-
sented by the character homomorphism hX ∈ HomΩk(RΓ, J(kc)) with

hX (Φi) = 1 for 1 6 i 6 s; hX (χj) = (NE/khη)(ψj) for 0 6 j 6 d− 1,

where hη is as in Lemma 2.1.1:

hη(ψ′) =
( 〈ηp, ψ′〉N/E
〈η, ψ′〉N/E

)
p

for all ψ′ ∈ RV .

Since ξp ∈ k, the Fröhlich norm NE/k is induced by the usual idèle norm
NE/k. In particular, for 1 6 i 6 n, the component at the place qi of hX (χj)
is given by

hX (χj)qi = NE/k(µ−qi(σ;c(j))
i ) = π

−qi(1;c(j))
i ,

with hX (χj)p = 1 at all other places p.

Lemma 5.3.2. — In Cl(OE [Γ]) we have iE/k(X ) = ιV∗ ((ON )OE [V ]).
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Proof. — The class (ON )OE [V ] is represented by

hη ∈ HomΩE (RV , J(kc)).

We have hη(ε) = 1 and

hη(ψj) =
(
〈ηp, ψc

(j)(σ)〉N/E
〈η, ψc(j)(σ)〉N/E

)
p

for 0 6 j 6 pr − 2,

so that

hη(ψj)p =
{
µ
−qi(σ;c(j))
i if p = qi with 1 6 i 6 n;

1 otherwise.

By Lemma 4.3.3 (applied to E in place of k), the class ιV∗ ((ON )OE [V ]) ∈
Cl(OE [Γ]) is represented by ιV∗ hη ∈ HomΩE (RΓ, J(kc)) where

ιV∗ hη(φ) = 1 for all characters φ of Γ trivial on V ;

ιV∗ hη(χj) =
m−1∏
λ=0

hη(ψj+λd) for 0 6 j 6 d− 1.

Thus ιV∗ hη(χj)p = 1 unless p ∈ {q1, . . . , qn}, while

ιV∗ hη(χj)qi = µ
−Qi,j
i ,

where

Qi,j =
m−1∑
λ=0

qi(σ; c(j+λd)).

Using (45), we then have

Qi,j =
(
m−1∑
λ=0

σλ

)
qi(σ; c(j)).

Hence ιV∗ hη(χj) ∈ J(E) has components

ιV∗ hη(χj)qi = NE/k(µ−qi(σ;c(j))
i ) = hX (χj)qi for 1 6 i 6 n,

and ιV∗ hη(χj)p = 1 if p 6∈ {q1, . . . , qt}. Thus ιV∗ hη = iE/khX , and the result
follows. �

For each i ∈ {1, . . . , n}, either ei(σ)ĝ(σ) ∈ Ĉ(t) for some t ∈ {1, . . . , d}
or ei(σ)ĝ(σ) = 0 in Fp[C]. For each t, let St ⊆ {q1, . . . , qn} consist of
those places qi with ei(σ)ĝ(σ) ∈ Ĉ(t), and let S′ be the set of places qi
with ei(σ)ĝ(σ) = 0. If qi ∈ St, it follows from (44) and Lemma 4.2.4 that
ri(σ; c(j)) ∈ Ĉ(t−j) and hence

pqi(1; c(j)) + wt−j = c(j)(1)ei(1)w0.
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Since wt−j = pbt−j and w0 = pt0, we then have

qi(1; c(j)) = c(j)(1)ei(1)b0 − bt−j .

If qi ∈ S′ then ri(σ; c(j)) = 0 for all j, so

qi(1; c(j)) = c(j)(1)ei(1)b0.

Hence the idèle hX (χj) ∈ J(k) has components

hX (χj)p =


π
−c(j)(1)ei(1)b0+bt−j
i if p ∈ St for some t;
π
−c(j)(1)ei(1)b0
i if p ∈ S′;

1 otherwise.

(46)

We now define character homomorphisms g1 ∈ HomΩk(RΓ, J(kc)) and
g2 ∈ HomΩk(RΓ, k

c×) by

g1(Φi) = g2(Φi) = 1 for 1 6 i 6 m;

g1(χj)p =


1 if p ∈ Spnonsplit;(
NE/k(y)−1π

ei(1)
i

)c(j)(1)b0
if p = qi with 1 6 i 6 n;

NE/k(y)−c(j)(1)b0 otherwise;

g2(χj) = NE/k(y)c
(j)(1)b0 .

Now

NE/k(y)Ok = NE/k

(
n∏
i=1

Q
ei(σ)
i

)
=

n∏
i=1

q
ei(1)
i .

Thus g1(χj)p ∈ O×k,p for all places p of k not dividing p. Also, g1(χj)p ≡ 1
(mod prOk,p) for all p ∈ Spsplit by condition (iii) of Lemma 5.1.5, and the
same congruence certainly holds for p ∈ Spnonsplit. Hence g1(χj) ∈ Upr (k). It
follows from Lemma 4.3.1 that g1 and g2 both represent the trivial class in
Cl(Ok[Γ]), so that X is represented by g1g2hX . Separating the parts of this
character homomorphism supported above the qi and above p, we therefore
obtain the following result.

Lemma 5.3.3. — The class X factorizes as X = X ′X ′′, where X ′, X ′′ are
represented by the character homomorphisms hX ′ , hX ′′ defined as follows:

hX ′(Φi) = hX ′′(Φi) = 1 for 1 6 i 6 m;

hX ′(χj)p =
{
π
bt−j
i if p = qi with qi ∈ St for some t;

1 otherwise.
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hX ′′(χj)p =
{
NE/k(y)c(j)(1)b0 if p ∈ Spnonsplit;
1 otherwise.

Proposition 5.3.4. — The class X ′ satisfies X ′ ∈ ιV∗ NE/k(R(OE [V ])).

Proof. — This follows from Lemma 4.3.6 on taking the ωλ ∈ J(E) to be
the idèles with components

ωλ,P =
{
µi if P = Qi with qi ∈ Sλ;
1 otherwise.

�

5.4. The class of ON

We now apply the general machinery described in §2 to determine
(ON )Ok[Γ].

Let α = (α, (αp)p) be a normal basis system for N/k. The normal basis
α and local normal integral bases αp for p not above p may be chosen arbi-
trarily. We will specify the choice of αp for p above p later, distinguishing
the cases p ∈ Spsplit and p ∈ Spnonsplit.
The class (ON )Ok[Γ] is represented by the character homomorphism hα

constructed as in Lemma 2.1.1. We set

xi = hα(Φi) =
( 〈αp,Φi〉N/k
〈α,Φi〉N/k

)
p

∈ J(ki) for 1 6 i 6 s;

and
yj = hα(χj) =

( 〈αp, χj〉N/k
〈α, χj〉N/k

)
p

∈ J(k) for 0 6 j 6 d− 1.

Let β = (β, (βp)p) = TrN/E(α) so that β is a normal basis system for
E/k. For 1 6 i 6 s we have

〈α,Φi〉N/k = 〈β,Φi〉E/k, 〈αp,Φi〉N/k = 〈βp,Φi〉E/k for each p,

where Φi is the character of C = Γ/V induced by Φi. Thus (OE)Ok[C] is
represented by h ∈ HomΩk(RC , J(kc)) where h(Φi) = xi for 1 6 i 6 s.
We now evaluate the yj using Corollary 2.4.3 and Proposition 2.4.4 with

σi = σi. (Thus the σi form both a left and right transversal.). We then
obtain

yj =
(Detψj (λp)

Detψj (λ)

)−1

p

hα(InfΓ
CrC)NE/khη(ψj), (47)
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where λ = (λij) is the matrix over k[V ] given by

σi(β)η =
m−1∑
j=0

λijσ
j(α), (48)

and λp is defined analogously.
The character ψj has degree 1, so it extends to a k-algebra homomor-

phism k[V ] −→ k, and to an Ok,p-algebra homomorphism Ok,p[V ] −→ Ok,p
for each place p of k. Denoting all these homomorphisms again by ψj , we
have Detψj (λ) = ψj(det(λ)) and Detψj (λp) = ψj(det(λp)) for each p.

Lemma 5.4.1. — The class (ON )Ok[Γ] factorizes as (ιC∗ (OE)Ok[C])XY
where X is given by Definition 5.3.1, and where Y is represented by the
character homomorphism hY with

hY(Φi) = 1 for 1 6 i 6 m;

hY(χj)p =
{
ψj(det(λp))−1 if p is above p;
1 otherwise.

Proof. — We may write hα = h1h2hX , where hX is defined in Definition
5.3.1 and represents the class X , and where h1, h2 are determined by

h1(Φi) = 1, h2(Φi) = xi for 1 6 i 6 s;

h1(χj) =
(
ψj(det(λp))
ψj(det(λ))

)−1

p

, h2(χj) = hα(InfΓ
CrC) for 0 6 j 6 d− 1.

Using Lemma 4.3.1, we may replace h1 by hY since, on the one hand, the
factors ψj(det(λ)) lie in k×, and, on the other hand, the idèle uj = (uj,p) ∈
J(k) with components

up =
{

1 if p is above p,
ψj(det(λp)) otherwise,

lies in Upr (k) because ψj(det(λp)) ∈ O×k,p for all places p. Finally, h2 rep-
resents the class (ιC∗ (OE)Ok[C]) by Lemma 4.3.2. �

Remark 5.4.2. — The classes X and ιC∗ (OE)Ok[C] do not depend on
the choice of α. Hence neither does Y, although its representing character
homomorphism hY may depend on α.
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5.5. Local units at places in Spsplit

It remains to specify a convenient choice of local normal integral basis
αp for each place p of k above p, allowing us to determine the local units
ψj(det(λp)) and hence investigate the class Y. We treat the easier case
p ∈ Spsplit in this subsection, and the harder case p ∈ Spnonsplit in the next.
Let p ∈ Spsplit and fix a place P of E above p. Let D ⊆ C be the

decomposition group of P in E/k.
Now N = E(z0, . . . , zr−1), where zi = σi(z) satisfies

zpi = yσ
iĝ(σ) ≡ 1 (mod p2r+1OE,p)

by Lemma 5.1.5. (This congruence takes place in the ring OE,p, which is
in general a product of copies of the integral domain OE,P.) Thus zpi is a
pth power in OE,P. Let zi∗ be the unique element of OE,P satisfying

zpi∗ = yσ
iĝ(σ), zi∗ ≡ 1 (mod p2rOE,p). (49)

The pr places of ON above P correspond to the assignments zi 7→ ξeip zi∗ ∈
EP for all possible e0, . . . , er−1 ∈ {0, . . . , p − 1}. Let P̃ be the place of N
determined by zi 7→ zi∗ for all i, and let iP̃ : N −→ EP be the corresponding
inclusion. It follows that, for all γ ∈ Γ, we have

iP̃(γ(zi)) ≡ 1 (mod p2rOE,p) for all i⇔ γ ∈ C,

so the decomposition group of P̃ in Γ is contained in the subgroup C of
Γ. This decomposition group is therefore D (now viewed as a subgroup
of Γ). We identify Np with the Galois algebra MapD(Γ, NP̃), and ON,p
with MapD(Γ, ON,P̃), as explained in §2.5. Recall that we then write [x]
for the function on Γ corresponding to x ∈ N . We similarly identify Ep

(respectively OE,p) with MapD(C,EP) (respectively MapD(C,OE,P)).
Now fix a local normal integral basis generator νp of E/ED, and define

αp ∈ ON,p so that the corresponding function [αp] ∈ MapD(Γ, ON,P̃) is
given by

[αp](γ) =
{
γ(νp) if γ ∈ D,
0 otherwise.
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To determine its translate γ′ · [αp] = [γ′ · αp] by an arbitrary element
γ′ = va(σ)σj of Γ, we evaluate this function at an arbitrary γ = σtvb(σ) ∈ Γ:

[γ′ · αp](γ) = [αp](γγ′)

= [αp](σtvb(σ)+a(σ)σj)

=
{
σt+i(νp) if b(σ) + a(σ) = 0 in Fp[C] and σt+i ∈ D;
0 otherwise.

(50)

Thus [γ′ ·αp] vanishes on all right cosets of D in Γ except for Dσ−jv−a(σ).
By varying γ′, we can arrange for any chosen coset to be the one on which
[γ′ · αp] does not vanish. Moreover, we can select γ′ so that [γ′ · αp] takes
a fixed element of this coset to any of the basis elements δ(νp), δ ∈ D of
ON,P̃ over Ok,p. Hence Ok,p[Γ] · [αp] = MapD(Γ, ON,P̃) = ON,p, so that αp

is a local normal integral basis for N/k at p.

Lemma 5.5.1. — For p ∈ Spsplit and αp as above, we have hY(χj)p ≡ 1
(mod prOk,p).

Proof. — It will suffice to show that

det(λp) ≡ 1 (mod prOk,p). (51)

Now η ∈ N corresponds to the map [η] taking an arbitrary element
σtvb(σ) of Γ (where 0 6 t 6 m− 1 and b ∈ P ) to

[η](σtvb(σ)) = 1
pr

∑
a∈P

iP̃(σtvb(σ)(za(σ)))

= 1
pr

∑
a∈P

ξ[b(σ),a(σ)]
p z

σta(σ)
∗

≡ 1
pr

∑
a∈P

ξ[b(σ),a(σ)]
p (mod prON,P̃)

=
{

1 if b = 0
0 otherwise,

where the congruence comes from (49).
Recall that βp = TrN/E(αp) is a local normal integral basis for E/k at

p. The corresponding function [βp] ∈ MapD(Γ, ON,P̃) is determined by

[βp](σtvb(σ)) =
{
σt(νp) if σt ∈ D,
0 otherwise.

(52)

We compare the two bases (σi · αp)06i6m−1 and (σi(βp)η )06i6m−1 for
the Ok,p[V ]-module ON,p. Viewing these basis elements as elements in
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MapD(Γ, ON,P̃), we have, on the one hand

[σi · αp](σtvb(σ)) =
{
σt+i(νp) if b(σ) = 0 and σt+i ∈ D;
0 otherwise;

by (50). On the other hand,

[σi(βp)η](σtvb(σ)) = [βp](σtvb(σ)σi)[η](σtvb(σ)).

If b(σ) 6= 0 then [η](σtvb(σ)) ≡ 0 (mod prON,P̃). If b(σ) = 0 then
[η](σtvb(σ)) ≡ 1 (mod prON,P̃). Hence, using (52), we have the congru-
ence mod prON,P:

[σi(βp)η](σtvb(σ)) ≡
{
σt+i(νp) if b(σ) = 0 and σt+i ∈ D;
0 otherwise.

We have therefore shown that, for each i,

σi · αp ≡ σi(βp)η (mod prON,p).

It follows that if λp = (λp,i,j) is the matrix over Ok,p[V ] such that

σi(βp)η =
m−1∑
j=0

λp,i,jσ
j · αp for 0 6 i 6 m− 1,

then λp is congruent to the identity matrix mod prOk,p[V ], so certainly λp
satisfies (51). �

5.6. Local units at places in Spnonsplit

Now let p ∈ Spnonsplit, so by Lemma 5.1.3, p splits completely in E/k. Let
P be a place of E above p, and let P̃ be a place of N above P. Then the
decomposition group D of P̃ in Γ has order p, so that in particular D ⊆ V ,
and we have EP

∼= kp. Let iP̃ : N −→ NP̃ be the embedding determined
by P̃.

Recall that η is a local normal integral basis for N/E at all places above
p. We view Np as the kp-Galois algebra MapD(Γ, NP̃). Let αp ∈ Np corre-
spond to the function [αp] : Γ −→ NP̃ defined by

[αp](σtvb(σ)) =
{
iP̃(vb(σ)(η)) if t ≡ 0 (mod m),
0 otherwise.

(53)

We verify that [αp] satisfies the required equivariance property

[αp](δγ) = [αp](γ)δ for all δ ∈ D, γ ∈ Γ :
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if γ 6∈ V then δγ 6∈ V so both sides are 0, while if γ ∈ V we have

[αp](δγ) = iP̃(δγ(η)) = iP̃(γ(η))δ = [αp](γ)δ.

As η is a local normal integral basis for N/E atP, it follows that Ok,p[V ]·
αp = ON,P = MapD(V,ON,P̃). We may decompose the Ok,p[V ]-module
MapD(Γ, ON,P̃) ∼= ON,p as

MapD(Γ, ON,P̃) =
m−1⊕
i=0

MapD(V σ−i, ON,P̃),

and σi ·[αp] is an Ok,p[V ]-basis for the ith summand. Thus αp is a generator
for the free Ok,p[Γ]-module ON,p. We choose αp as our local normal integral
basis for N/k at p. Explicitly, we have

(σi · [αp])γ =
{
iP̃(γσi(η)) if γ ∈ V σ−i;
0 otherwise.

(54)

We now identify ON,p with MapD(Γ, ON,P) as before. Recall that βp =
TrN/E(αp). For γ ∈ Γ we have

[βp](γ) =
∑
a∈P

[αp](γva(σ)) =
{

1 if γ ∈ V ,
0 otherwise;

and therefore

[σi(βp)](γ) =
{

1 if γ ∈ V σ−i,
0 otherwise.

For each i, the product [σi(βp)][η] is then the map taking γ to{
iP̃(γ(η)) if γ ∈ V σ−i;
0 otherwise.

We want to determine

Λi =
∑
s∈P

λi,sv
s(σ) ∈ Ok,p[V ]×

such that
σi(βp)η = Λiσi(αp).

Evaluating at vb(σ)σ−i (and suppressing iP̃) this means that, for each b ∈ P ,
we have

[η](vb(σ)σ−i) =
∑
s∈P

λi,s[η](vb(σ)σ−ivs(σ)σi) =
∑
s∈P

λi,s[η](vb(σ)+σ−is(σ))

(55)
in NP̃.

ANNALES DE L’INSTITUT FOURIER



REALIZABLE GALOIS MODULE CLASSES 357

For each h(σ) ∈ Fp[C], let 〈h(σ)〉 denote e(σ) ∈ Fp[C], where e(X) is the
unique element of P with h(σ)ĝ(σ) = e(σ)ĝ(σ). Thus, for each i ∈ Z and
each a ∈ P , we have

σ−i(za(σ)) = κi,az
〈σ−ia(σ)〉

for some κi,a ∈ E×; in additive notation,

κi,a = (σ−ia(σ)− 〈σ−ia(σ)〉) · z. (56)

We now evaluate the coefficients λi,s in terms of the κi,a.

Lemma 5.6.1. —

λi,s = 1
pr

∑
a∈P

κi,aξ
[−s(σ),a(σ)]
p .

(These coefficients lie in EP
∼= kp.)

Proof. — We expand both sides of (55). Firstly,

[η](vb(σ)σ−i) = 1
pr

∑
a∈P

vb(σ)σ−i
(
za(σ)

)
= 1
pr

∑
a

vb(σ)
(
κi,az

〈σ−ia(σ)〉
)

= 1
pr

∑
a

ξ[b(σ),σ−ia(σ)]
p κi,az

〈σ−ia(σ)〉

= 1
pr

∑
a

ξ[b(σ),a(σ)]
p κi,〈σia〉z

a(σ).

On the other hand,∑
s∈P

λi,s[η](vb(σ)+σ−is(σ)) =
∑
s∈P

λi,s

(
1
pr

∑
a∈P

ξ[b(σ)+σ−is(σ),a(σ)]
p za(σ)

)

= 1
pr

∑
a

ξ[b(σ),a(σ)]
p za(σ)

∑
s

λi,sξ
[σ−is(σ),a(σ)]
p

= 1
pr

∑
a

ξ[b(σ),a(σ)]
p za(σ)

∑
s

λi,sξ
[s(σ),σia(σ)]
p .

As this holds for all b, it follows that

κi,〈σia〉 =
∑
s

λi,sξ
[s(σ),σia(σ)]
p
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for each a, so that
κi,a =

∑
s

λi,sξ
[s(σ),a(σ)]
p ,

from which we obtain the formula stated. �

The matrix λp whose determinant occurs in the Fröhlich induction for-
mula is the diagonal matrix over Ok,p[V ] whose diagonal entries are the Λi.
Thus for 0 6 j 6 d− 1 we have

ψj(det(λp)) = ψc
(j)(σ)

(
m−1∏
i=0

Λi

)

= ψc
(j)(σ)

(
m−1∏
i=0

∑
s∈P

λi,sv
s(σ)

)

=
m−1∏
i=0

∑
s∈P

λi,sξ
[s(σ),c(j)(σ)]
p

=
m−1∏
i=0

∑
s∈P

ξ[s(σ),c(j)(σ)]
p

(
1
pr

∑
a

κi,aξ
[−s(σ),a(σ)]
p

)

=
m−1∏
i=0

κi,c(j) .

From (56) we then have

ψj(det(λp)) =
(∑

i

(
σ−ic(j)(σ)− 〈σ−ic(j)(σ)〉

))
· z. (57)

We evaluate this in two pieces. Firstly,∑
i

σ−ic(j)(σ) = c(j)(1)
∑
i

σ−i,

so by Proposition 5.2.1(∑
i

σ−ic(j)(σ)
)
· z = NE/k(y)b0c

(j)(1).

Secondly, we have c(j)(σ)ĝ(σ) ∈ Ĉ(−j) by Lemma 4.2.4. Thus we have

Π(−j)(σ) =
∑
i

〈σ−ic(j)(σ)〉 =
∑

a∈P (−j)

a(σ),

where Π(−j)(X) and P (−j) are as in Definition 3.3.7. By Lemma 3.3.8 we
then have

Π(−j)(σ) =
r−1∑
v=0

wt(v)−jσ
v =

r−1∑
v=0

pbt(v)−jσ
v
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for some integers t(v). Hence(∑
i

〈σ−ic(j)(σ)〉
)
· z =

r−1∏
v=0

(σv · zp)bt(v)−j

=
r−1∏
v=0

(σv ĝ(σ) · y)bt(v)−j .

Thus (57) becomes

ψj(det(λp)) = NE/k(y)c
(j)(1)b0

r−1∏
v=0

(σv ĝ(σ) · y)−bt(v)−j . (58)

Lemma 5.6.2. — Let the local normal integral bases αp for all p ∈
Spnonsplit be chosen as in (53). Then there exist elements Uλ ∈ E for 0 6
λ 6 d− 1, satisfying Uλ ≡ 1 (mod∗ (ξp − 1)pOE) such that

hY(χj)p = NE/k(y)−c
(j)(1)b0

d−1∏
λ=0

U
bλ−j
λ for 0 6 j 6 d− 1.

Proof. — Define

Uλ =
∏

t(v)=λ

(σv ĝ(σ) · y) ∈ E,

where the product is over those v ∈ {0, . . . , r − 1} with t(v) = λ. Then
Uλ ≡ 1 (mod∗ (ξp−1)pOE) by the choice of y in Lemma 5.1.5. The formula
for hY(χj)p then follows from (58) and the definition of hY in Lemma
5.4.1. �

Corollary 5.6.3. — hY(χj) ∈ Up(k).

Proof. — Recall that pOk = (ξp−1)p−1Ok. We therefore haveNE/k(y) ≡
1 (mod∗ pOk) by condition (ii) of Lemma 5.1.5. Thus, from Lemma 5.5.1
and Lemma 5.6.2 we have

hY(χj)p ≡ 1 (mod pOk,p)

for all places p of k above p. Since by definition hY(χj)p = 1 at places not
above p, the result follows. �

TOME 63 (2013), FASCICULE 1



360 Nigel P. BYOTT & Bouchaïb SODAÏGUI

6. Conclusion of the proofs

In this section, we complete the proofs of Theorems 1–3 in reverse order.

6.1. Proof of Theorem 3

By Lemma 5.3.2 and Lemma 5.4.1, it suffices to show that Y is trivial.
If r = 1 this is clear from Corollary 5.6.3 and Lemma 4.3.1. If all places
of E above p split completely in N , then Spnonsplit is empty and the result
follows from Lemma 5.5.1 together with Lemma 4.3.1.

6.2. Proof of Theorem 2

Let E be a tame C-extension of k. We first show the inclusion

R(Ok[Γ], E) ⊆ (ιC∗ (OE)Ok[C])(ιV∗ NE/k(R(OE [V ]))). (59)

After Lemma 5.4.1, Lemma 5.3.3 and Proposition 5.3.4, this amounts to
showing that the class X ′′Y, represented by hX ′′hY , belongs to
ιV∗ NE/k(R(OE [V ])). Now hX ′′hY(Φi) = 1 for 1 6 i 6 s and, by Lemma
5.5.1 and Lemma 5.6.2,

hX ′′hY(χj)p


≡ 1 (mod prOk,p) if p ∈ Spsplit,

=
d−1∏
λ=0

U
bλ−j
λ if p ∈ Spnonsplit,

= 1 otherwise,

for 0 6 j 6 d − 1. Here the Uλ ∈ E are as in Lemma 5.6.2. Now if
p ∈ Spnonsplit then p splits completely in E/k. Thus for any place P of E
above p we have EP = kp and hence Uλ ∈ kp = NEp/kp(Ep). We can
therefore define idèles wλ ∈ J(k) by

wλ,p =
{
Uλ if p ∈ Spnonsplit;
1 otherwise,

and we have wλ = NE/k(ωλ) for some ωλ ∈ J(E). It then follows from
Lemma 4.3.1 and Lemma 4.3.6 that X ′′Y ∈ ιV∗ NE/k(R(OE [V ])). Thus
(59) holds.
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It remains to show that, given a finite set SE of places of E and a class
Z ∈ ιV∗ NE/k(R(OE [V ])), there exists a tame Γ-extension N of k relative to
E with (ON )Ok[Γ] = (ιC∗ ((OE)Ok[C]))Z such that N satisfies the additional
conditions in the statement of Theorem 2. This will show that there are
infinitely many such N , since we may enlarge SE to include the places
of E ramified in N and then repeat the construction. We shall construct
N so that the class X ′ in Lemma 5.3.3 coincides with Z and Spnonsplit is
empty. The latter condition ensures that the class X ′′ in Lemma 5.3.3 and
(by Lemma 5.5.1 and Lemma 4.3.1) the class Y in Lemma 5.4.1 are both
trivial, so that (ON )Ok[Γ] will be as required.
By Lemma 4.3.6, Z is represented by some hZ ∈ HomΩk(RΓ, J(kc)) with

hZ(Φi) = 1 for 1 6 i 6 s,

hZ(χj) =
d−1∏
λ=0

NE/k(ωλ)bλ−j for 0 6 j 6 d− 1,

where ω0, . . . , ωd−1 ∈ J(E). To construct N , we will find an element y ∈ E
so that yOE has a factorisation as in Lemma 5.1.5(iv) in which n = d+ 1,
and the classes of the Qi in Clp2r+1(OE), together with the exponents ei(σ),
are as prescribed below. We stipulate in addition that the Qi must lie above
distinct prime ideals qi of Ok, none of which lies above p or below a place in
SE , and that the Qi must split completely in E/k. This means in particular
that NE/k(Qi) = qi. Such a choice is possible by the Tchebotarev density
theorem.
Let ν(σ), ν′(σ) be as in Lemma 3.3.9. Then there is some κ ∈ {0, . . . , d−

1} such that ν(σ)ĝ(σ) = ν′(σ)ĝ(σ) ∈ Ĉ(d−κ). For 0 6 j 6 d− 1 with j 6= κ,
take Qd−j to have the class in Clp2r+1(OE) determined by ωd−j , and set
ed−j(σ) = c(j)(σ). Applying Lemma 3.3.9 to the Z[C]-module Clp2r+1(OE),
we can find classes A, B in Clp2r+1(OE) so that Aν(σ)Bν

′(σ) is the class of(∏
j 6=κQ

c(j)(σ)
d−j

)−1
(where the product is over {0, . . . , d−1}\{κ}), and ABσ

is the class determined by ωd−κ. Let Qd−κ, Qd+1 be prime ideals of E in
the classes A, B respectively, and let ed−κ(σ) = ν(σ), ed+1(σ) = ν′(σ). By
construction, we then have

d+1∏
i=1

Q
ei(σ)
i = yOE
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for some y ∈ E with y ≡ 1 (mod∗ p2r+1OE). We then take N to be the field
constructed from y in Lemma 5.1.5. The congruence on y ensures that each
prime p of E above p splits completely in each of the fields E( p

√
σj(y)) for

0 6 j 6 d− 1 (see e.g. [16, Theorem 119]), and therefore splits completely
in the compositum N of these fields. Thus Spnonsplit is indeed empty.

For i 6= d− κ, d+ 1 we have

ei(σ)ĝ(σ) = c(d−i)(σ)ĝ(σ) ∈ Ĉ(i)

by Lemma 4.2.4. For i = d− κ we have

ei(σ)ĝ(σ) = ν(σ)ĝ(σ) ∈ Ĉ(d−κ),

and similarly for i = d + 1 we have ei(σ)ĝ(σ) ∈ Ĉ(d−κ). Thus the sets
S1, . . . , Sd occurring in Lemma 5.3.3 are as follows:

St =
{
{t} if t 6= d− κ;
{d− κ, d+ 1} if t = d− κ.

From the definition of hX ′ in Lemma 5.3.3, we then see that, for each j,
the content of the idèle hX ′(χj) is the Ok-ideal

d∏
t=1

∏
qi∈St

q
bt−j
i =

 ∏
t 6=d−κ

q
bt−j
t

 (qd−κqd+1)bd−κ−j .

Now the ideal qd−κqd+1 = NE/k(Qd−κQ
σ
d+1) lies in the class of Clp2r+1(Ok)

determined by NE/k(ωd−κ), and for t 6= d− κ the ideal qt lies in the class
determined by NE/k(ωt). Thus hX ′(χj)hZ(χj)−1 ∈ k×Upr (Ok). By Lemma
4.3.1, we then have X ′ = Z as required.

The places of E ramified in N are precisely the conjugates of the Qi.
The choice of the Qi ensures that none of these belongs to SE . Moreover,
for each i, we have ei(σ)ĝ(σ) 6= 0 in Fp[C], so that at least one of the
conjugates over k of Qi ramifies in the extension L = E( p

√
ĝ(σ) · y) of E.

Any field F with E ( F ⊆ N contains some conjugate of L, and is therefore
ramified in at least one place of E above qi. Hence we have constructed a
Γ-extension N relative to E with all the properties stated.
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6.3. Proof of Theorem 1

The second equality follows from Lemma 4.3.6. Clearly

R(Ok[Γ]) =
⋃
E

R(Ok[Γ], E),

where the union is over all tame C-extensions E of k. Theorem 2 and
Lemma 4.3.6 then give one inclusion of the first equality of Theorem 1:

R(Ok[Γ]) =
⋃
E

(ιC∗ (OE)Ok[C])(ιV∗ NE/k(R(OE [V ])))

⊆ (ιC∗ R(Ok[C])) (ιV∗ R(Ok[V ])).

We now show the reverse inclusion. For each class B ∈ R(Ok[C]), it follows
from [19, Theorem (6.17)], that there is a tame C-extension E of k, un-
ramified at any given finite set S of places of k and above p, and with the
property that no intermediate field of E/k (except k itself) is unramified.
Then NE/k(R(OE [V ]))) = R(Ok[V ]) by Lemma 4.3.6, and it follows from
Theorem 2 that ιC∗ (B) (ιV∗ R(Ok[V ])) ⊆ R(Ok[Γ]). Moreover, each class in
this subset is realized by infinitely many Γ-extensions N relative to E with
the following properties: N/E is unramified at all places of E above those
in S and those ramified in E/k, but every intermediate extension of N/E
(except E itself) is ramified at some finite place. It then follows that N/k
is unramified at all places in S, but every intermediate extension F 6= k

of N/k is ramified at some finite place. To see the last condition, suppose
that F/k is unramified. Then F ∩ E = k by the choice of E. The exten-
sion FE/E is unramified because E/k and F/k are arithmetically disjoint.
Therefore FE = E by the choice of N , whence F = k. This completes the
proof of Theorem 1.

7. Consequences and special cases

7.1. Realizable classes over the maximal order

For any finite groupG, letMG denote a maximal order in k[G] containing
Ok[G]. Then the classgroup Cl(MG) of locally freeMG-modules admits a
Hom-Description analogous to (2):

Cl(MG) ∼=
HomΩK (RG, J(kc))

HomΩK (RG, kc×)Det(U(MG)) . (60)
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This is independent of the choice of maximal order MG. Since
Det(U(Ok[G])) ⊆ Det(U(MG)), there is a natural surjection

Ex: Cl(Ok[G])� Cl(MG).

This corresponds to extension of scalars:

Ex((M)Ok[G]) = (MG ⊗Ok[G] M)MG

for a locally free Ok[G]-module M . Also, each group homomorphism
α : G→ H induces a homomorphism α∗ : Cl(MG) −→ Cl(MH). Explicitly,
if h ∈ HomΩK (RG, J(kc)) represents a class A ∈ Cl(MG), then the class
α∗(A) ∈ Cl(MH) is represented by the character homomorphism taking
each character χ of H to h(χ ◦ α). Thus the diagram

Cl(Ok[G]) −→ Cl(Ok[H])
↓ ↓

Cl(MG) −→ Cl(MH)

commutes. We write R(MG) for the image in Cl(MG) of the realizable
classes R(Ok[G]).

Taking G = Γ, and writing R(MΓ, E) for the image in Cl(MΓ) of
R(Ok[Γ], E), we can now read off from Theorems 1 and 2 analogous re-
sults overMΓ.

Theorem 7.1.1. — Under the hypotheses of Theorem 1, R(MΓ) is the
following subgroup of Cl(MΓ):

R(MΓ) = (ιC∗ R(MC)) (ιV∗ R(MV )) = (ιC∗ R(MC))(J · ker(π∗)),

where π∗ now denotes the natural map Cl(MΓ) −→ Cl(MC).
Moreover, given any finite set S of places of k and any class A ∈ R(MΓ),

there are infinitely many tame Γ-extensions N of k with (ON )MΓ = A, and
N can be chosen to satisfy the following properties: N/k is unramified at
all places in S, and every intermediate field F 6= k of N/k is ramified at
some finite place of k.

Theorem 7.1.2. — Under the hypotheses of Theorem 1, for each tame
C-extension E of k we have

R(MΓ, E) = (ιC∗ (OE)MC
)(ιV∗ NE/k(R(MV ))).

Moreover, given any finite set SE of places of E and any class
A ∈ R(MΓ, E), there are infinitely many tame Γ-extensions N of k rela-
tive to E with (ON )MΓ = A, and N can be chosen to satisfy the following
properties: N/E is unramified at all places in SE , and every intermediate
field F 6= E of N/E is ramified at some finite place of E.
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Over a maximal order, we have a more satisfactory version of Theorem 3:

Theorem 7.1.3. — Let N be any tame Γ-extension of k relative to E.
Then the class (ON )MΓ in Cl(MΓ) factorizes as

(ON )MΓ = (ιC∗ (OE)MC
)X

where the class X ∈ Cl(MΓ) satisfies iE/k(X ) = ιV∗ ((ON )M(E)V ) in
Cl(M(E)Γ), whereM(E)V (respectivelyM(E)Γ) denotes a maximal order
in E[V ] (respectively E[Γ]) containing OE [V ] (respectively OE [Γ]).

Proof. — From the proof of Theorem 3 (§6.1), it suffices to show that
the class in Cl(MΓ) represented by hY in Lemma 5.4.1 is trivial in all cases.
But this is clear since

hY ∈ HomΩK (RΓ,U(kc)),

and HomΩK (RΓ,U(kc)) = Det(U(MΓ)) by [13, p. 23], since Γ has no irre-
ducible symplectic characters by Lemma 4.2.2. �

7.2. Steinitz classes

Let ι : H −→ G be the inclusion of a subgroup H into a finite group
G, and let K be any number field. In addition to the homomorphism
ι∗ : Cl(OK [H]) −→ Cl(OK [G]) mentioned in the Introduction, there is a
homomorphism ι∗ : Cl(OK [G]) −→ Cl(OK [H]) taking the class (X)OK [G]
of a locally free OK [G]-module X to its class (X)OK [H] when considered
as a locally free OK [H]-module. If h ∈ HomΩK (RG, J(Kc)) represents
(X)OK [G] in the Hom-Description, then the function χ 7→ h(IndGHχ) on
RH represents (X)OK [H] (see [13, p. 62]). In particular, if H = {1} is
the trivial subgroup of G, then ι∗((X)OK [G]) ∈ Cl(OK [H]) = Cl(OK) is
the Steinitz class cl(X) of the locally free OK-module X. In this case,
RH is generated by the trivial character 1H , and we may identify a ho-
momorphism f ∈ HomΩK (RH , J(Kc)) with its value f(1H) ∈ J(K) at
1H . Since IndGH1H = rG, the regular representation of G, it follows that
cl(X) is the class in Cl(OK) of the content of the idèle h(rG), where
h ∈ HomΩK (RG, J(Kc)) represents (X)OK [G]. In the special case that
X = OF is the ring of integers of a tame G-extension of K, the class
cl(X) is the Steinitz class of the extension F/K.
We now apply this to determine the Steinitz classes realized by the tame

Γ-extensions N of k in Theorem 1. By Lemma 4.2.1, we have

rΓ =
m−1∑
i=0

φi +m

d−1∑
j=0

χj . (61)
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Following [1, 4], we denote by Σ the exact sequence of groups

Σ : {1} −→ V −→ Γ −→ C −→ {1}.

For a given tame C-extension E of k, we write Rt(E/k,Σ) (where the
t stands for “tame”) to denote the set of classes c ∈ Cl(Ok) for which
there exists a tame Γ-extension N of k containing E, such that cl(ON ) =
c, and such that the isomorphism π : Gal(N/k) −→ Γ induces the given
isomorphism Gal(E/k) −→ C. We also write Rt(k,Γ) for the set of all
classes cl(ON ) as N runs through tame Γ-extensions of k.
To determine Rt(E/k,Σ) and Rt(k,Γ) from Theorem 1, we require two

preliminary results. Let α : {1} −→ Γ be the inclusion of the trivial sub-
group in Γ.

Lemma 7.2.1. — For any tame C-extension E of k we have

α∗(ιC∗ (OE)Ok[C]) = cl(OE)p
r

.

Proof. — Let the class (OE)Ok[C] ∈ Cl(Ok[C]) be represented by h′ ∈
HomΩk(RC , J(kc)) as in Lemma 4.3.2, and let xi = h′(Φi) for 1 6 i 6 s.
Applying the discussion above to the extension E/k, we find that cl(OE)
is represented by h′(rC) with

h′(rC) =
s∏
i=1

Nki/k(xi),

Lemma 4.3.2 also tells us that ιC∗ (OE)Ok[C] is represented by h ∈
HomΩk(RΓ, J(kc)), where h(φi) = h′(φi) for all i and h(χj) = h′(rC) for
each j. Using (61), it follows that α∗(ιC∗ (OE)Ok[C]) is represented by

h(rΓ) =
(
m−1∏
i=0

h′(φi)
)(

h′(rC))d
)m = h′(rC)1+dm = h′(rC)p

r

,

as required. �

Lemma 7.2.2. — Let F be any finite extension of k. Then

α∗(ιV∗ NF/k(R(OF [V ]))) = NF/k(Cl(OF )) 1
2mp

r−1(p−1).

Proof. — By Lemma 4.3.6, ιV∗ NF/k(R(OF [V ])) consists of the classes in
Cl(Ok[Γ]) represented by character homomorphisms h with h(φi) = 1 and
h(χj) =

∏d−1
l=0 z

bl−j
l , where the zi are arbitrary elements of NF/k(J(F )).

But if A ∈ Cl(Ok[Γ]) is the class represented by h, then, by (61), α∗(A) is
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represented by

h(rΓ) =
m−1∏
i=0

h(φi)
d−1∏
j=0

(
d−1∏
l=0

z
bl−j
l

)m

=
(
d−1∏
l=0

(
d−1∏
t=0

zbtl

))m

=
(
d−1∏
l=0

zl

)mb
,

where b =
∑d−1
t=0 bt. It follows that α∗(ιV∗ NF/k(R(OF [V ]))) is the subset of

Cl(Ok) represented by idèles belonging to NF/k(Cl(OF ))mb, so that

α∗(ιV∗ NF/k(R(OF [V ]))) = NF/k(Cl(OF ))mb.

But, by Definitions 3.4.2 and 3.3.2 and Lemma 3.3.3, we have

pb =
d−1∑
j=0

wj = g0(1) = ĝ0(1),

and we know from [1, Proposition 2.6] that ĝ0 has integral weight ĝ0(1) =
pr(p− 1)/2. Hence b = pr−1(p− 1)/2, and the result follows. �

Theorem 7.2.3. — Let Γ and k be as in Theorem 1. Then
(i) Rt(k,Γ) = Rt(k,C)prCl(Ok) 1

2mp
r−1(p−1). In particular, Rt(k,Γ) is

a subgroup of Cl(Ok).
(ii) for each tame C-extension E of k we have

Rt(E/k,Σ) = cl(OE)p
r

NE/k(Cl(OE)) 1
2mp

r−1(p−1).

Proof. — The two equalities follow from Theorems 1 and 2, together with
Lemmas 7.2.1 and 7.2.2. To see that Rt(k,Γ) is a subgroup of Cl(Ok), it
suffices to observe thatRt(k,C) is a subgroup of Cl(Ok) since it is the image
of R(Ok[C]) under the homomorphism Cl(Ok[C]) −→ Cl(Ok) induced by
{1} −→ C, and R(Ok[C]) is a subgroup of Cl(Ok[C]) by [19, (6.20)]. �

In the case m = pr−1, Γ is the group considered in [4] for p = 2 (respec-
tively [1] for p > 2), and Theorem 7.2.3 reduces to [1, Theorem 1.3] (re-
spectively [4, Théorème 1.4]), except that the description of Rt(E/k,Σ) for
p > 2 in [1] is obtained under the slightly weaker hypothesis ξp ∈ E (rather
than ξp ∈ k). As noted in [4, Théorème 1.4], the group Rt(k,C) when C is
cyclic of odd order has a more explicit description due to Endo [10].
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7.3. Reformulation in terms of ideal classes

In this final subsection, we restate Thereoms 1 and 2 in more concrete
terms in order to deduce the Galois module class results in [1] and [4].

Recall from Lemma 4.3.1 that we have a surjection
s∏
i=1

Clmpr (ki)×
d−1∏
j=0

Clpr (k)� Cl(Ok[Γ]). (62)

Explicitly, the class in Cl(Ok[Γ]) represented by h ∈ HomΩk(RΓ, J(kc)) is
the image of the (s+ d)-tuple ([h(Φ1)], . . . , [h(Φs)], [h(χ0)], . . . , [h(χd−1)]),
where for an idèle x we write [x] for the class of the content of x in the
appropriate ray classgroup.
We have a similar description of Cl(MΓ), whereMΓ ⊃ Ok[Γ] is a max-

imal order in k[Γ]. As above, we have Det(U(MΓ)) = HomΩk(RΓ,U(kc)).
Arguing as in Lemma 4.3.1, we therefore obtain an isomorphism

s∏
i=1

Cl(ki)×
d−1∏
j=0

Cl(k) ∼= Cl(MΓ). (63)

Analogous statements hold for Cl(Ok[C]) and Cl(MC), with the factors
for 0 6 j 6 d− 1 omitted.

Using Lemmas 4.3.2 and 4.3.6, we can therefore restate Theorems 1 and
2 as follows:

Theorem 7.3.1. — Let Γ and k be as in Theorem 1. Then
(i) R(Ok[Γ]) (respectively R(MΓ)) is represented under (62) (respec-

tively (63)) by all (s+ d)-tuples of the form

(x1, . . . , xs, x
′y0, . . . , x

′yd−1),

where (x1, . . . , xs) represents a class in R(Ok[C]) (respectively
R(MC)),

x′ =
s∏
i=1

Nki/k(xi),

and the yj are given by

yj =
d−1∏
λ=0

z
bλ−j
λ
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for some z0, . . . zd−1 ∈ Clpr (Ok) (respectively Cl(Ok)), the integers
b0, . . . , bd−1 being those associated to the code attached to Γ as in
Definition 3.4.2.

(ii) for each tame C-extension E of k, the group R(Ok[Γ], E) (respec-
tively R(MΓ, E)) is represented by all (s+d)-tuples as in (i), where
also (x1, . . . , xs) represents (OE)Ok[C] (respectively (OE)MC

) and
the zj lie in NE/k(Clpr (Ok)) (respectively NE/k(Cl(Ok))).

In the case m = pr − 1 (so d = 1), we have b0 = ĝ(1)/p = pr−1(p− 1)/2
(see Remark 3.3.4). Thus Theorem 7.3.1(i) simplifies to give the following
result:

Corollary 7.3.2. — Let Γ and k be as in Theorem 1, with m = pr−1.
Then R(Ok[Γ]) (respectively R(MΓ)) is represented under (62) (respec-
tively (63)) by all (s+ 1)-tuples of the form

(x1, . . . , xs, x
′zp

r−1(p−1)/2)

where (x1, . . . , xs) represents a class in R(Ok[C]) (respectively R(MC)),
x′ is as in Theorem 7.3.1, and z ∈ Clpr (Ok) (respectively Cl(Ok)).

This description of R(MΓ) is precisely that given in [1, Theorem 1.1]
(for p > 2) and [4, Théorème 1.1] (for p = 2), so we have shown how these
results over the maximal orderMΓ lift to the group ring Ok[Γ].

In particular, if p = r = 2 and m = pr − 1 = 3, then Γ is the alternating
group A4 of degree 4. In this case C is cyclic of order 3, and R(Ok[C3])
is precisely the kernel Cl0(Ok[C]) of the homomorphism Cl(Ok[C]) −→
Cl(Ok) induced by the augmentation. It follows that R(Ok[A4]) is the aug-
mentation kernel Cl0(Ok[A4]) for any number field k. This is precisely the
main result of [6].
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