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RESTRICTION TO LEVI SUBALGEBRAS AND
GENERALIZATION OF THE CATEGORY O

by Guillaume TOMA SINI

ABSTRACT. — The category of all modules over a reductive complex Lie algebra
is wild, and therefore it is useful to study full subcategories. For instance, Bernstein,
Gelfand and Gelfand introduced a category of modules which provides a natural
setting for highest weight modules. In this paper, we define a family of categories
which generalizes the BGG category, and we classify the simple modules for a
subfamily. As a consequence, we show that some of the obtained categories are
semisimple.

RESUME. L’étude de la catégorie de tous les modules sur une algebre de Lie
complexe semi-simple est un probleme réputé tres difficile. Il est donc utile pour
approcher ce probléme de se restreindre & des sous-catégories pleines. Ainsi, Bern-
stein, Gelfand et Gelfand ont introduit une catégorie de modules qui fournit un
cadre naturel pour étudier les modules de plus haut poids. Dans cet article, nous
définissons une famille de catégories qui généralise la catégorie BGG et nous étu-
dions les modules irréductibles pour une certaine sous-famille. Comme corollaire,
nous montrons que certaines de ces catégories sont semi-simples.

1. Introduction

The problem of understanding the restriction of a module over an algebra
or a group to a given subalgebra or subgroup is referred to as a branching
problem. Branching rules play an important part in representation theory
and in physics (e.g. Clebsch-Gordon coefficients). Of great importance to
us is the special case of dual pairs. Here one considers a Lie algebra g and
a pair of Lie subalgebras (a,b) which are mutual commutants. Then the
natural question is to understand the restriction of a (simple) g-module to
the Lie algebra a® b. Such branching rules where obtained first by R. Howe
in the case of the metaplectic group and the so-called Weil representation

Keywords: weight modules, cuspidal modules, branching rules.
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38 Guillaume TOMASINI

[14, 15]. Since then, many mathematicians have continued Howe’s study of
the Weil representation and extended it to other Lie groups or Lie algebras
(e.g. [29, 28, 19, 20]).

Even if we now know many examples, the problem of finding branching
rules is highly non trivial. It is even harder if one wants to study non highest
weight modules (Note that the Weil representation is from the infinitesi-
mal point of view a highest weight module). To prove some branching rules
for a general (simple) weight module, we need to impose some extra
conditions. In [19], Jian-Shu Li studies the restriction of the minimal rep-
resentation of E7 to the dual pair (Aj, Fy). To give a formula in this case,
his first step was to use a branching rule from E; to Eg which is a Levi
subalgebra of E7 containing the subalgebra Fj appearing in the dual pair.

Motivated by this example, we would like to study the following problem.
Let g be a reductive finite dimensional Lie algebra over C. Let [ be a Levi
subalgebra of g.

Problem P([): Can we find all the simple weight g-modules M such that
the restriction of M to [ splits into a direct sum of simple highest weight
l-modules?

In this article we give a partial answer to this question (and explain why
it is only a partial answer). Our strategy is to add more conditions on
the modules M having the above property. More specifically we introduce
a family of categories taking into account the above property and some
cuspidality condition (see Definition 3.3). We then study these categories
and their simple modules. In some cases we give a complete description of
the simple modules and show that the category is semisimple.

The article is organized as follows. In Section 2, we recall some facts
about weight modules and their classification. In the third section, we give
the definition of our family of categories and give some non trivial examples.
In the fourth section, we state and prove a classification result (Theorem
4.23). Finally in the last section we prove that (some of) our categories are
semisimple (Corollaries 5.6, 5.10 and 5.11).

Conventions: All the Lie algebras considered in this paper are finite
dimensional and defined over C. We shall denote by N = {0, 1,2,...} the
set of non negative integers and by Z the set of all integers. We denote by
d;,; the Kronecker §-symbol.

Acknowledgments: This article is a part of the author’s thesis [32],
and it is a pleasure to thank my supervisor, Professor Hubert Rubenthaler,
for many useful discussions and comments on this work. We would like also
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to acknowledge the very helpful comments of the referee. The main results
of this paper were announced in [33].

2. Weight modules

The study of the modules over a given Lie algebra lead the mathemati-
cians to explore various categories. The category of all finite dimensional
modules was studied first and then it was enlarged to obtain the so-called
BGG category O which later on gave rise to the notion of weight modules.
Before we state some definitions and review the main results about these
modules, some notations are introduced.

Let g denote a reductive Lie algebra and U(g) its universal enveloping
algebra. Let h be a fixed Cartan subalgebra and denote by R the corre-
sponding set of roots. For a € R, we denote by g, the root space for the
root a. More generally for S C R we denote by gg the direct sum of the
root spaces for the various a € S. For S C R we denote by (S) the set
of all roots which are linear combination of elements of S. As a particular
case, given a basis ® of R, we consider # C ® and the set of roots (6). We
then consider R* the set of positive (resp. negative) roots with respect to
® and (0)* = (§) NR*. We define the following subalgebras of g :

lo=b@ g, Ny =0rt—_(9)*-

The subalgebra pg = l[p ® ng' is called the standard parabolic subalgebra
associated to 6 and [y is the standard Levi subalgebra associated to 6. The
latter is a reductive algebra. Its semisimple part is denoted by [},. If 6 = 0,
then [y = b and we simply write n* instead of n.

2.1. The category of weight modules

We denote by Mod(g) the category of all g—modules. This category is
quite complicated and therefore we will investigate some full subcategories
of Mod(g) for which we can describe the simple modules. The first well
known subcategory of Mod(g) is the full subcategory of finite dimensional
modules Fin(g). It was studied by E. Cartan, H. Weyl, W. Killing and
many others. This category turns out to be semisimple: every finite dimen-
sional module splits into a direct sum of simple modules. Moreover, we can
completely describe the simple objects of this category: they are all the
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40 Guillaume TOMASINI

simple highest weight modules with integral dominant highest weight (see

e.g. [16]).
We now turn to a bigger category. The category of weight modules.

DEFINITION 2.1. — A g-module M is a weight module if it is finitely
generated, and h—diagonalizable with finite dimensional weight spaces, i.e.

M = ®rep My, where My ={m e M : H-m = \H)m, VH € b},

and dim(M)) < oco. We will denote by M(g,b) the full subcategory of
Mod(g) consisting of all weight modules.

Remark 2.2. —

e Despite the notation, the category M(g,h) does not depend on the
particular choice of a Cartan subalgebra b.

e Note that we require finite dimensional weight spaces in our defini-
tion, which is not always the case in the literature. This category
also appears as a particular case of several other categories (e.g.
[26, 27, 8, 11]).

This category has several “good” properties, for instance we have the
following:

ProPOSITION 2.3 (Fernando [9, Theorem 4.21]). — The category
M(g, ) is abelian, noetherian and artinian.

Before trying to get a better understanding of this category, we will need
more concepts that we shall review now.

DEFINITION 2.4. — Let a be any subalgebra of g. A module M is locally
a-finite if
Vm e M, dim(U(a)m) < co.

In the 70's, Bernstein, Gelfand and Gelfand enlarged the category Fiin(g)
to include all highest weight modules. More precisely, they introduced the
following category:

DEFINITION 2.5. — [2, 3] The category O is the full subcategory of
M(g, ) whose objects are locally n*-finite.

This category is quite well understood now. The complete list of simple
modules in O is known and there are also important results about projective
objects, resolutions. .. We refer the reader to [3, 31, 17] and the references
therein.

In the 80's, several subcategories of category O were defined and inves-
tigated by Rocha-Caridi, the so-called parabolic versions of 0. We recall
here a definition.

ANNALES DE L’INSTITUT FOURIER



RESTRICTION AND CATEGORY O 41

DEFINITION 2.6. — Let p be a parabolic subalgebra of g and write p =
[®n for a Levi decomposition of p. The category OF is the full subcategory
of O whose objects M satisfy the following condition:

As an l[-module, M splits into a direct sum of simple finite dimensional
modules.

The classification of simple modules in O and results about projective
objects were obtained by Rocha-Caridi in [30]. See also [17]. Note that this
is a category in which a restriction condition to some Levi subalgebra is
required. Hence, it provides a partial answer to our problem P(I).

The next step to understand simple weight modules is the notion of
generalised Verma modules. We recall here some well known facts about
these modules.

Let p be a parabolic subalgebra of g. Choose a Levi decomposition p =
[@n of p. Given an [F-module M, one can construct a p— module structure on
M by letting n act trivially. For such a module M we define the generalised
Verma module V (p, M) := U(g) ®ypy M. Conversely, given any g-module
V we define the [~ module V" := {v € V |n-v = 0}. We then have the
following:

ProrosIiTION 2.7. —

(1) Let M be a weight l-module. Then V (p, M) is a weight g-module

(2) If M is a simple [-module, the module V (p, M) is indecomposable
and admits a unique maximal submodule K (p, M) and a unique
simple quotient L(p, M).

(3) Assume M is a simple [-module. Then the image of 1@ M in L(p, M)
is isomorphic to M as [-modules.

(4) If V is a simple g—module such that V" # {0}, then V' = L(p, L").

(5) Assume M is a simple [-module. Let pr be the projection from
V(p, M) onto 1 ® M given by the decomposition of V(p, M) into
weight spaces. Then the module K(p, M) can be characterized as
follows:

Kp,M)={veV :Vueld(n), pr(u-v) =0}

Proof. — We refer to [9, Proposition 3.8] for a proof. |

The module L(p, M) will be called the simple g— module induced from
(p, M). We refer to [7, 22] for a more detailed discussion about generalised
Verma modules.

To give the classification of simple weight modules, we need one more
ingredient: the so—called cuspidal modules.

TOME 63 (2013), FASCICULE 1



42 Guillaume TOMASINI

DEFINITION 2.8. — Let M be a weight module. A root « € R is said
to be locally nilpotent with respect to M if any non zero X € g, acts by a
locally nilpotent operator on the whole module M. It is said to be cuspidal
if any non zero X € g, acts injectively (and hence bijectively) on the whole
module M.

We denote by R (M) the set of locally nilpotent roots and by R (M)
the set of cuspidal roots. We shall simply denote them by RY and R! when
the module M is clear from the context. Then we have the following:

LEMMA 2.9 (Fernando, [9, Lemma 2.3]). — For a simple weight module
M, we have R = RN UR!.

DEFINITION 2.10. — Let S C R. A weight module is called S-cuspidal
if S C RY. When S = R, it is simply called cuspidal.

Remark 2.11. — If M is a simple cuspidal weight module, then all its
weight spaces have the same dimension and for all @ € R and any non zero
X € go, X acts bijectively on M.

Set RY = {a e RY : —a € RN}, and RY = RN \ RY. We define RI
and R! the same way. Recall the following theorem:

THEOREM 2.12 (Fernando [9, Theorem 4.18], Futorny [10]). — Let M
be a simple weight module. Then there is a pair (p,C) of a parabolic sub-
algebra p of g with a Levi decomposition p = [ & n, and a simple cuspidal
[-module C such that M = L(p,C).

Remark 2.13. — More precisely there are a basis ® of R and a subset
6 C ® such that (9) = Rl and Rt \ (#)* C RY. Then M" is a simple
cuspidal lp-module and M = L(py, M“g).

The theorem of Fernando reduces the classification of simple weight mod-
ules for reductive Lie algebra to the classification of simple cuspidal weight
modules for reductive Lie algebras. By standard arguments this reduces to
the classification of simple cuspidal modules for simple Lie algebras. A first
step towards this classification is given by the following theorem:

THEOREM 2.14 (Fernando [9, Theorem 5.2]). — Let g be a simple Lie
algebra. If M is a simple cuspidal g—module, then g is of type A or C.

The classification of simple cuspidal modules was then completed in two
steps. In the first step Britten and Lemire classified all simple cuspidal
modules of degree 1 (see [6]), where deg(M) = supy ¢y« {dim(M)}. We will
come back to these modules later on as they will play an important role
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in our study. Then Mathieu gave the full classification of simple cuspidal
modules of finite degree by introducing the notion of a coherent family (see
[21]).

2.2. The case of sly

In this section, we review the classification of weight modules for g = sls.
We shall fix an slo-triple (X, H, XT). We therefore have the following
relations:

[H, X*] =4+2X* [XT,X7|=H.

Recall that the degree of a weight module M is

deg(M) = sup{dim(M,), A € h™}.

ProOPOSITION 2.15. — Let M be a simple weight sly-module. Then
deg(M) = 1.

Proof. — Recall that Q) = %HQ + H +2X~ X7 is in the center of the
universal enveloping algebra of sls. Therefore, M being simple, 2 acts as
a scalar operator. On the other hand, as M is a weight module, H acts on
each weight space by some constant (the weight). Therefore, on each weight
space, X~ X acts by some constant as well. From this, we conclude that
U(g)o, the commutant of CH, acts by some constant on each weight space.
But, since M is simple, given two non zero vectors v and w in the same
weight space, there should exist some element u € U(g) sending v to w. The
fact that v and w have the same weight forces u to be in the commutant
of CH. From the above we know that u acts by some constant. This forces
v and w to be proportional and therefore the corresponding weight space
is 1-dimensional. This completes the proof. O

Now we recall the construction of simple cuspidal g-modules. Let a =
(a1,a2) € C2. Assume that a; and ay are not integers. We construct then
a vector space as follows. For each k € Z, we define a vector z(k). The
vector space generated by these (formal) elements is denoted by N(a). We
put the following action of g on N(a):

H-xz(k) = (a1 — a2+ 2k)x(k),
Xteak) = (az—ka(k+1),
X7 -x(k) = (e +k)z(k—-1).

It is now easy to see that N(a) is a simple cuspidal g-module. It turns out
that any simple cuspidal sl;-module is of this form (see [6] or [23, section

3]).

TOME 63 (2013), FASCICULE 1
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2.3. The category of cuspidal modules

The category of all cuspidal modules has been intensively studied since
Mathieu’s classification result (see [21]). We will not try to recall all the
known results here. We refer the reader to [12, 13, 25, 24] for details.

In the last part of this article we will be interested in extensions be-
tween modules. We review now some facts about that. Given two weight
g-modules M and N, one wants to find all the weight modules V' such that
the sequence 0 - N — V — M — 0 is exact. This problem can be solved
using cocycles. We recall its definition:

DEFINITION 2.16. — Let M and N be two weight modules. A cocycle
from M to N is a linear map ¢ : ¢ — Homg¢ (M, N) such that: For every
m € M, we have

([X, Y])(m) = [e(X), Y](m) + [X, e(Y)](m),

the bracket on the right hand side being the commutator in Homc (M, N).
For instance [¢(X),Y](m) = c¢(X)(Y -m) =Y - (e¢(X)(m)).

Given a cocyle ¢ from M to N, one can construct a g-module structure
onV := N @ M as follows: For any X € g, define X - (n,m) = (X -n +
¢(X)(m),X - m). Then it is easy to see that endowed with this structure
V' fits into an exact sequence 0 - N — V — M — 0. Moreover, for every
exact sequence 0 - N — V — M — 0 there is a cocycle ¢ from M to N
such that V' is isomorphic (as a vector space) to N @& M with the g-module
structure given as above. Besides, such an exact sequence splits exactly
when there is a linear map ¢ : M — N such that ¢(X) = [X, ¢] for all
X € g. Such a cocycle is called a coboundary.

The case when g = sls is particularly simple. It is given by the following;:

PROPOSITION 2.17 (Grantcharov, Serganova [13, Example 3.3]). — Let
M and N be simple cuspidal slo—modules. If M 2 N, then every cocycle
from M to N is a coboundary. If M = N, then up to a coboundary, every
cocycle ¢ from M to N has the following form: ¢(H) = 0 = ¢(X ™) and
o«(X*)=b(X")"" wherebe C.

Remark 2.18. — Note that as M is a simple cuspidal module, X~ acts
bijectively on M. Thus the inverse (X ~)~! is defined.

The general case for sl,, is more complicated. As we will not need it, we
do not mention it here (see [13, 24]). On the other hand we will need the
case of sp,,,. We recall the following:
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THEOREM 2.19 (Britten, Khomenko, Lemire, Mazorchuk [5, Theorem
1]). — The category of cuspidal sp,,-modules is semisimple.

This theorem means that every cocycle between two simple cuspidal
5p,,-modules is a coboundary.

Remark 2.20. — 1In [24], Mazorchuk and Stroppel generalized this study
to the category of cuspidal generalized weight modules for sp,,,, which is
no longer semisimple.

3. The category Ogy

Throughout this section, g denotes a reductive Lie algebra and b a fixed
Cartan subalgebra. We still denote by R the set of roots of (g, ).

3.1. General definitions

We first recall some basic definitions. Given a subset S of R we denote S,
its symmetric part: Sy = SN—S and S, its antisymmetric part: S, = S\ Ss.

DEFINITION 3.1 (see [4]). — A subset S of R is symmetric if S = —S ;
it is closed if the conditions « € S, B € S, a+ S € R implya+ € 5. A
parabolic subset of R is a closed subset P such that PU—P = R. A Levi
subset of R is a closed and symmetric subset of R.

Remark 3.2. — Note that if P is a parabolic subset, P; is a Levi subset.
In this case we call P the Levi part of P. The antisymmetric part P, of P
should also be referred to as the unipotent part of P.

Given a Levi subset S, we denote [g := b @ gg. Given a parabolic subset
P, we denote n}t, :=gp, and pp = [p, & nJIS. For any subset S of R, we
denote Qg the lattice generated by S.

DEFINITION 3.3. — Let S and T be two Levi subsets of R such that
QRsNQr =0. Let P be a parabolic subset containing SUT and let B be a
basis of T'. We denote by Op s r,p the full subcategory of the category of
weight g-modules M such that

(1) The module M is S-cuspidal,
(2) As an lp-module, M splits into a direct sum of simple B-highest

weight modules,
(3) The module M is locally P,-finite.

TOME 63 (2013), FASCICULE 1



46 Guillaume TOMASINI

Remark 3.4. — The condition Qs N Q7 = 0 may seem strange. In fact,
if this condition is not fulfilled then the corresponding category (defined
the same way) would only consist of the zero module.

Let T be some Levi subset of R. Obviously, any simple weight g-module
having the restriction property P(I7) would be in such a category. It suffices
to choose S = RE(M), B to be the basis corresponding to the restriction
property of M and P = R. Of course, it could happen that some smaller
choice for P is also possible. But this situation is in some sense the basic
one, as asserted in the following

PROPOSITION 3.5. — Let (P, S, T, B) be as in definition 3.3. Assume
P, # 0. Then every simple g-module M in Op g1 p is of the form L(p, N)
where p = Ip, @ gp, and N is a simple module in Op, s1.5(Ip,).

Proof. — Apply Proposition 2.7 to the module M and to the parabolic
algebra p = [p, ® gp,. Here the third condition in Definition 3.3 ensures
that M%7« =£ {0}. O

3.2. Particular case

Unfortunately, the general case of category Op s 1,5 does not seem easy
to study. Thus, in the sequel we would be interested in a particular case of
this general definition. Let us fix a basis ® of R.

DEFINITION 3.6. — Let § C S C ®. We denote by Og ¢(g) or simply by
Og,p the full subcategory of the category of weight g-modules M such that
(1) The module M is (S \ 6)-cuspidal,
(2) Asan ly-module, M splits into a direct sum of simple highest weight
modules,
(3) The module M is locally n&-finite.

In other terms, we have Og g = O(syur+,(5\0),(6),0- Of course, not every
category Op g1 p is of this latter form. In what follows we shall refer to
the first property in Definition 3.6 as the cuspidality condition and to
the second one as the restriction condition.

Example 3.7. — (1) If S = 6 = 0, then we recover the usual cate-
gory O of Bernstein-Gelfand-Gelfand.

(2) More generally, when S = 0 we get a generalisation of the category

OPs of Rocha-Caridi. Indeed, remember that category OPs also re-

quires that the [g-highest weight modules have finite dimension. We
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shall see later on that we could not impose such a strong condition
on our category (see Proposition 3.8).

(3) If 8 = ) and S = @ then we recover the category of all cuspidal
modules.

3.3. First properties

Let us now examine the first easy properties that carry the categories
Og,9. We have the following:

PROPOSITION 3.8. — Let 8 C S C ®. Then:

(1) The category Og g is abelian, noetherian and artinian.

(2) The multiplicities of the ly—modules appearing in the decomposition
of a module M € Og ¢ are finite.

(3) Assume there exists « € S\ 6 and 5 € 0 such that a+ € R. Then
the simple lg—modules in the decomposition of any simple module
in Og ¢ are of infinite dimension.

(4) The simple modules in Ogg(g) are of the form L(ps, N) where N
is a simple module in Ogg(lg).

Proof. —

(1) Thanks to Proposition 2.3, we only need to check that the cat-
egory Ogsg is stable under taking finite direct sums, submodules
and quotients. Everything here is obvious except the cuspidality
condition for a quotient. Therefore, let M be in Ogg and N be a
proper submodule of M. We prove that M/N satisfies the cuspi-
dality condition. First note that @y (M) + N)/N is a weight space
decomposition of M/N. Note also that (M) + N)/N & Ny = M,.
Let a € (S'\ 0) and let X be a non zero vector in g,. By the cuspi-
dality condition for M and N, we have dim(Ny) = dim(X - N)) and
dim(My) = dim(X - M)). Therefore, we have dim((My+ N)/N) =
dim(X - ((Mx + N)/N). For this to hold for any A it is necessary
that X acts injectively on (M) + N)/N.

(2) This is an immediate consequence of the fact that the weight spaces
are finite dimensional.

(3) By the cuspidality condition we have o € RL. If there were in the
decomposition of M a finite dimensional l[p-module then any root in
() should be locally nilpotent. Thus we would have 3 € RY. This
together with the hypothesis a4+ 3 € R contradicts [1, Lemma 4.7].

TOME 63 (2013), FASCICULE 1



48 Guillaume TOMASINI

(4) This is a particular case of Proposition 3.5.

O

Remark 3.9. — From (4) in the above proposition, we see that one
should first study the category Og 9. However note that (4) does not imply
that any simple module induced from a simple module in some Og g(ls) is
in the category Ogo(g).

3.4. The modules of degree 1

So far, we have not shown that at least some new category Og g is non
trivial. We will do this now by exhibiting very special modules. These are
the infinite dimensional modules of degree 1. They were introduced and
classified by Benkart, Britten and Lemire in [1]. In particular such modules
only exist for Lie algebras of type A or C. Let us review their construction.

3.4.1. Modules over the Weyl algebra

Let N be a positive integer. Recall that the Weyl algebra Wy is the
associative algebra generated by the 2N generators {¢;, p;, 1 < ¢ < N}
subject to the following relations:

[9i,9;] =0 = [pi,pj], [piq5] = dij - 1,

where the bracket is the usual commutator for associative algebras.
Define a vector space as follows. Fix some a € CV. Let

K={keZ" :ifa; €Z, then a; + k; <0 <= a; < 0}.

Let W(a) be the C-vector space with basis indexed by K. For each k € K,
we fix a vector basis x(k). Define an action of Wy by the following recipe:

(et R+ Da(k+e) ifa; €Zo
g -v(k) = { x(k + ) otherwise
‘ B x(k —€) ifa; € Z<o

pi-x(k) = { (a; + k;)x(k —€;) otherwise
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Then we have:

THEOREM 3.10 (Benkart, Britten, Lemire [1, thm 2.9]). — Let a € CV.
Then W (a) is a simple W-module.

3.4.2. Type A case

In this section only, g = sly. We shall construct weight g-modules of
degree 1 by using the previous construction. We realize the Lie algebra
g inside Wi as follows: to an elementary matrix F;; we associate the
element g;p; of Wy . This is easily seen to define an embedding of g into
Wy. In this embedding, the standard Cartan subalgebra of g is identified
with {gpi — ¢;jpj, ¢ # j}. Let Ko = {k € K : Zf\il k; = 0}. Let N(a)
be the subspace of W (a) whose basis is indexed by Ky. Then we have the
following:

THEOREM 3.11 (Benkart, Britten, Lemire [1, Theorem 5.8]). —

(1) The vector subspace N(a) of W(a) is a simple weight g— module
of degree 1. Moreover, N(a) is cuspidal if and only if a; & Z for all

ie{l,...,N}.
(2) Conversely if M is an infinite dimensional simple weight g—module
of degree 1, then there exist a = (ay,...,ax) € CV, and two inte-

gers j and | such that
e q;=—1fori=1,...,5—1,
e a, € C\Zfori=j,...1,
e a;=0fori=10+1,...,N,
e and the module M is isomorphic to N(a).

Denote be ® the standard basis for the root system of g with respect to
the standard Cartan subalgebra b. Let a € CV such that
a=(-1,...,—1,a;41,...,am,0,...,0),
—_———— ——
J l
where [ +m = N and m > j + 1. Let 6, C ® be given by the non-circled
simple roots of the following Dynkin diagram:

€j €i+1 €m—1 €m
N—— N———— N—_——
A;j Am—1-j A
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For the commodity of the reader, we explicit the action of h and of X,
on N(a):

=
—

=
=

(ki —kip1)x(k),i=1,...,5—1

(1= aj11 +kj — kj)z(k)

(az—al_H—i—k: —/{21+1) (k‘), t=54+1,....m—1
(am + km — kmy1)z (k)

(k; — 1+1) (k),i=m+1

kiz(k —eip1+¢),i=1,...,5—1

kjaji1 + kjr1)z(k — €41 + €;)

8
8
===
=~ T
~—
I

FEE
S,

8

= =
T EZZE
I ([

&y

o
]

sBeNelie
3
A/—\/?_;AA

e; " T (ai+1—|—ki+1)x(/€—ei+1—|—ei),i:j—|—1,...,m—1
e; * L k = kH_l.T(k — €41 + Ei), 7 =>m

X_ei'l‘( ) = ki+1z(k7€i+€i+1)7 ’L:Lj*l

X ¢o;-zk) = z(k—e€+e€11)

X_ e -x(k) = (ai+ki)r(k—e+e€41),i=7+1,....m

X—e; fZ?(k) klilf(k —€; + €i+1)’ 7 >m+ 1

Now we will prove the following:

THEOREM 3.12. — The module N(a) is a simple object of the category
Os0,. Moreover, the highest weight vectors for the action of lg, are the
linear combinations of the (0, ...,0,k1,...,kny,0,...,0) where k; € Z are
such that ), k; = 0.

Proof. — From the explicit action of g, we easily derive that N(a) is a
weight g-module which is (® \ 6,)-cuspidal. Using once again the action
of g, one checks that the vectors x(0,...,0,k1,...,km,0,...,0) are [y, -
highest weight vectors and that every Iy, -highest weight vector is a linear
combination of these vectors.

Then we show that each of these vectors generates a simple [y, -module.
Indeed, we already know that it generates an indecomposable module (since
it is a highest weight module). To show it is simple we only have to show
that it does not contain any other highest weight vector (since a submodule
of a highest weight module is again a highest weight module). As we already
know the complete list of highest weight vectors in N(a) we just have
to check that the [y -module generated by z(0,...,0,k1,...,kmn,0,...,0)
cannot contain the lg_-module generated by x(0,...,0,k},...,k.,,0,. ,0)

for (k1,...,km) # (Kj,..., k). Assume it is not the case. Then the action
of the center of s, should be the same on these two vectors and the [ -
weight of x(0,...,0,k],...,k},,0,...,0) should be smaller than that of
2(0,...,0,k1,...,km,0,...,0). These two conditions can only be fulfilled
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in case (k1,...,km) = (K}, ..., k.,). This contradiction completes the proof.
O

Remark 3.13. — Note that in general the module N(a) might be an
object of Og g for several pairs (.5, 6).

3.4.3. Type C case

In this section only, g = sp,. We shall construct weight g-modules of
degree 1 in the same way as above. So we need to realize the Lie algebra
g inside Wy. It turns out that spanc{¢:p;,pipj,¢:¢;, 1 < 4,7 < N} isa
subalgebra of Wy isomorphic to g. Here, the standard Cartan subalgebra is
given by span ({¢ipi — ¢ix1pit1, i =1,...,n — 1} U{gupn + 3}), then—1
weight vectors corresponding to the short simple roots are given by g;pit1
with¢ =1,...,n—1, and the weight vector corresponding to the long simple
root is given by %qg Note that this is not the same kind of embedding as
for Lie algebras of type A.

Let K ={ke K : Zfil k; € 2Z}. Let M (a) be the subspace of W (a)
whose basis is indexed by K. Then we have the following:

THEOREM 3.14 (Benkart, Britten, Lemire [1, Theorem 5.21]). —

(1) The vector subspace M (a) of W (a) is a simple weight g-module of
degree 1. Moreover, M(a) is cuspidal if and only if a; ¢ Z for all
ie{l,...,N}.

(2) Conversely if M is an infinite dimensional simple weight g-module
of degree 1, then there exist two integers | and m with [ +m = N
and a = (—1,...,—1,a1,...,a,) such that M = M(a). Moreover,

———
l
if m > 1 then aq,...,a,, are non integer complex numbers, and if

m = 1 then a; is either a non integer complex number or equal to
—1 or —2.

Denote by ® the standard basis for the root system of g with respect to
the standard Cartan subalgebra b. Let a € CV such that

a=(-1,....,—1,a141,---,an),
—_———
l

where 0 < I < n. Let 6, C ® be given by the non-circled simple roots of
one of the following Dynkin diagrams (according tol=n—1orl<n—1
respectively):
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—eo — ———-0o—0<10
~—~
An,1 Al
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N—_——
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For the commodity of the reader, we explicit the action of h and of X,
a) for both cases:

x(k‘) = (ki—ki+1).’13(k), iZl,...,l—l

(=1 = a1 + ki — kip1)x (k)
(ai—ai+1—|—ki—ki+1)x(k), i=0l4+1,....,n—1
(an + kn + 3)x(k)

kiv(k — €1 +e€),i=1,...,01—1

ki(aiyr + kip1)z(k — 1 +€)

(ClH_l + kl+1)a:(k —€i41 + 6i), i=1l4+1,...,n—1

8
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8
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1
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1
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Xe
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Xe
Xe
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n

z(k) = La(k+2e,)
X_ei'x(k?) = ki+1l‘(k—€i+ei+1), Zzl,l—l
X_ ¢ -xk) = zlk—e+e41)
X ¢, - x(k) = (ai+ki)r(k—e+e€41),i=14+1,...,n—1

X ., -x(k) = f%(an + kn)(an + kn — Dk — 2¢,)
Now we claim the following:

THEOREM 3.15. — The module M (a) is a simple object of the category
Os9,. Moreover, the highest weight vectors for the action of lg, are the
linear combinations of the x(0,...,0,kq,..., k) where k; € Z are such
that Zl k; € 27.

Proof. — The proof goes along the same line as the proof of Theorem
3.12. 0O

Remark 3.16. — Here again, the module M(a) is in general an object
of the category Og g for several pairs (.5, 6).

3.4.4. Degree 1 modules and cuspidality

We shall now give one more property for the modules N(a) and M (a).
We continue with the notations above. Note first that the action of [g\g,
stabilizes the vector space consisting of all the [y, -highest weight vectors.
Thus this vector space has a structure of an [\, -module, which is cuspidal
and one can also show it is simple by using the explicit action of [3\g,. More
generally, we prove the following:

ANNALES DE L’INSTITUT FOURIER



RESTRICTION AND CATEGORY O 53

PROPOSITION 3.17. — The modules N(a) and M (a) split into a direct
sum of simple cuspidal lg\p,-modules.

Proof. — From Theorem 3.12 we already know that the action of Ig\g,
on N(a) is cuspidal. Let x(k) € N(a). Consider the [y, module V' (k)
generated by z(k). Let X € [g\9, be a weight vector of weight a. Then
X - z(k) is again a weight vector in V' (k) which is non zero since the action
of X is cuspidal. On the other hand, if Y € Ig\g, is a vector of weight —a,
then Y - (X - z(k)) is a non zero vector (since the action of Y is injective)
having the same weight as (k). As N(a) is a degree 1 module, Y- (X -x(k))
should then be a non zero scalar multiple of x(k). This proves that V (k) is
simple. But N(a) is generated as a vector space by the various x(k). Thus
the proposition is proved for N(a). The proof is the same for M(a). O

4. Classification of the simple modules in Og g

In this part, we assume that g is a simple Lie algebra. We fix a
Cartan subalgebra h and denote by R the corresponding root system. We
also fix a basis ® of simple roots of R. The aim of this section is the study
of the various categories Og ¢ where § C ®. Note that if § = ®, then this
category reduces to the semi-simple category whose objects are the direct
sums of simple highest weight g-modules. On the other hand, if § = (), then
we get the category of cuspidal modules. Therefore, in what follows we
shall always assume that () # 0 # ®.

Let L be a simple module in Og g. Then using Fernando’s theorem 2.12,
we see that L = L(pg\g, C) where C is a simple cuspidal [g\g-module. Thus
to understand the simple modules in Og g it suffices to know which of the
above modules L(pg\g, C) satisfy the restriction condition of the category
Og . In the sequel, we shall write p instead of pg\p, [ instead of [g\p, n
instead of ng\e, and L(C) instead of L(pg\g,C). Recall also that I" denotes
the semisimple part of [. We shall also need to consider the generalized
Verma module V(C) := V(pg\g, C). We shall denote by p: V(C) — L(C)
the natural projection and by K(C) the kernel of this projection.

Before going further, let us state the main results we are going to prove.
As we already mention, we want to find the conditions that the [-module
C must fulfill in order that L(C) be in category Og g, that is in order that
L(C) satisfies the restriction condition. We shall prove the following results:

THEOREM (A). — Let L(C) be a simple module in Og . Then C is a
simple cuspidal [-module of degree 1.
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THEOREM (B). — Let g be a simple Lie algebra not of type C. Assume
L(C) is a simple module in Og 9. Then the semisimple part of the algebra
[ is a sum of ideals of type A.

THEOREM (C). — Let g be a simple Lie algebra. Let L(C) be a simple
module in Og g. Then the semisimple part of the algebra [ is simple of
type A or C.

THEOREM (D). — Let g be a simple Lie algebra. Let § C ® with 0 # ®
and 6 # (). Assume the pair (g, ® \ 6) does not belong to Table 4.2. Then

we have:

(1) There exists a non trivial module in Og ¢ if and only if
(a) Either g is isomorphic to sl,, and [:1>\0 to sl,, with m < n,
(b) Or g is isomorphic to sp,,, and [:b\o is isomorphic to the sub-
algebra sly generated by the unique long simple root,
(¢) Or g is isomorphic to sp,,, and [:1>\9 is isomorphic to sp,;, with
k<n.

(2) When Og gy is non trivial, the simple modules in Og g are modules
of degree 1 except when g is isomorphic to sl,, forn > 3 and [ﬁb\@ is
isomorphic to the sly-subalgebra generated by one of the extreme
simple roots.

4.1. Proof of Theorems (A), (B), and (C)
4.1.1. Proof of Theorem (A)

We now proceed to the proof of Theorem (A). This will require several
lemmas, with the actual proof then given at the end of the section. First
of all, recall some facts about the action of g on V(C). If X € [, then
X - (1®v)=1® (X -v) forany ve C. If X € nt then X - (1®v) =0 for
any v € C. More generally, for X € n™, we have X -(w®v) = (ad(X)(w))®v
for any v € C' and any w € U(g). Finally remark that [;’ C nt. We will use
these facts throughout this part without any further comments.

LeEMMA 4.1. — Let L(C) be a simple module in Og g. Let v € C be a
weight vector. Then the vector p(1 ® v) € L(C) is a non zero weight vector
and generates a simple highest weight [y—module.

Proof. — According to Proposition 2.7, p is an isomorphism from 1 ®@ C'
onto its image. Thus, p(1®wv) # 0. This vector is obviously a weight vector.

Moreover, we have [g C n™. Therefore, the l[p— module generated by p(1®wv)
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in L(C) is a highest weight module. As such, it is indecomposable. On the
other hand, the [yp—module L(C) is semisimple by the restriction condition
of the category Og . So the lp— module generated by p(1 ® v) should be
semisimple too. But we have seen that it is indecomposable. Hence it must
be simple, as asserted. O

LEMMA 4.2. — Let L(C) be a simple module in Og g. Let a € (®\ ) T.
Let B = (B1,...,B:) € ({(6)T)" such that o + By + - + B € R for any
k <i. Let v € C be a weight vector. Then p(X_(a44,+-..48,) ®v) # 0 and
we have:

P(X_(atprt4p) O V) €Ul ) (8145 - P(L® X_qv).
In particular, if i = 1 and B; is a simple root, then there exists n(v) € C
non zero such that

p(X—Oé—B1 ®v) = W(U)X—ﬂl p(1®X_qv).
Proof. — Set w := Xg, --- Xg,

i

€ U(If). The adjoint action of w on
X _(a+B1+-+8:) gives a non zero multiple of X, (we can of course express
explicitly this multiple by means of structure constants). Thus the action
of won X_ (448 4..48)®v € V(C) gives a non zero multiple of 1® X_,v.

Now the cuspidality condition for —a € (® \ ) ensures that X_,v # 0.
Using Proposition 2.7, this implies that p(X_(a18,+...45,) ® v) # 0. On
the other hand, we have seen that w - p(X_ (448, +...4+5,) ® v) is a non zero
multiple of p(1 ® X_,v). According to Lemma 4.1, p(1 ® X_,v) generates
a simple highest weight lp-module. Now the restriction condition for L(C)
implies that U(lg) - p(X_(a+48,+---+8,) @ v) is semisimple. As it is generated
by one element and should contain the simple module U(ly)p(l @ X_,v),
then it has to be simple and equal to the latter. By comparing the weights
we deduce from this fact that

P(X_(atprt4p) O V) €Ul ) (g1 145 - P(L® X_qv).
If i = 1 and $3; is a simple root, then U(l,)_3, = CX_g,. This completes
the proof of the lemma. O

LEMMA 4.3. — Let L(C') be a simple module in Og 9. Let o € (P \ )T
be such that there exists f € § with a + € R. Let v € C' be a weight
vector. Then X, X_,v € Cu.

Proof. — Consider u:= X_,_g®v € V(C). From the previous Lemma
applied to « and B = 3, there is a non zero complex number 7 such that

(4.1) p(u) =np(X_p ® X_qv).
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Apply then X,45 € nt to Equation (4.1). We get:
P(Hatp ® ) =np([Xatp, X—g] ® X_qv).

Let A € b* denote the weight of v. Let ¢’ denote the non zero structure
constant such that [X,15,X_g] = ¢ X, € [. Then the above equation
becomes:
A Ha+p)p(1 @ v) =nc'p(l ® XoX_qv).
Since 1 and ¢’ are non zero, we get
p(1® (kv) —1® (XoX_ov)) =0,

with kK = W. As p is an isomorphism from 1 ® C onto C, we deduce

that
1® (k) = 1@ (XoX_qv) =0
and therefore that
kv — X X_qv=0.
Hence X, X_,v = kv € Cv as asserted. O
LEMMA 4.4. — Let N be a weight g—module. Let .,y € R be such that

(1) a+vyeRanda—~ ¢R.
aX_qU € Lv an _~v € Co, for any weight vector v € N.
2) XoX Cv and X, X_,v € Cv, f h N

Then Xoq4yX_a—yv € Cv, for any weight vector v € N.

Proof. — There are two non zero structure constants ¢ and d such that
Xaty = [Xa, Xy] and dX_o—y = [X_o,X_,]. Thus, in the universal
enveloping algebra we get:

cdX gir Xy = (X Xy — X, X0 )(X_oX_y — X_X_g).

Let us expand this expression. Since @ — v € R by our hypothesis, the
vectors X, and X_, commute as well as X_, and X,. Thus, we obtain

cdXopy Xoaoy =X X o X/ Xy — Xo X/ X, X o
- X X X X+ X, X_ X, X_,.
Let us apply this expression to the weight vector v. We find:
cdX oy X _a—ry v =(XaX_o)(Xy Xy -v) = Xo (X, X_)(X_q -v)
Xy (XaX o) (X - 0) + (X, X ) (XaX_q - ).
Thanks to our second hypothesis we must have
XoX_o(X_yv) € CX_yvand X, X_(X_,v) € CX_,v.

From this, we deduce the lemma. O
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LEMMA 4.5. — Let N be a weight g—module. Let o,y € R be such that

(1) a+yeR,2a+y€eRanda—v ¢ R.
(2) XoX_qv e Cvand X, X_v € Cuv, for any weight vector v € N.

Then Xoq4yX_20—4v € Cv, for any weight vector v € N.

Proof. — There is a non zero structure constant ¢ such that cXony, =
[Xa, [Xa, X,]]. The proof is now analogous to the previous one. O

LEMMA 4.6. — Let N be a weight g—module. Let o,y € R be such that

(1) a+vyeR,2a0+7€eR, 3a+y€eRanda—v ¢ R.
(2) XoaX_qv e Cuvand X, X_.v € Cuv, for any weight vector v € N.

Then X3a4yX_30—4v € Cv, for any weight vector v € N.

Proof. — There is a non zero structure constant ¢ such that cXsqq, =
[Xa, [Xa, [Xa, X5]]]. The proof is now analogous to the previous one. [

LEMMA 4.7. — Let N be a simple weight g—module. Assume that for
any « € R and any weight vector v € N, we have X, X_,v € Cv. Then N
is a module of degree 1.

Proof. — Let v € N be a weight vector. We shall prove that U(g)ov C Cv
(where U(g)o is the commutant of h in U(g)). Since v is a weight vector
we have by definition U(h)v C Cv. But we know that the algebra U(g)o
is generated by U(h) and some monomials of the form v = X7 --- X}, with
k € Nand X; € gig for some simple root 5 € R. Such a monomial belongs
to U(g)o if and only if the multiplicity of each simple root 8 in u is equal
to that of —f3. Note in particular that the integer k& should then be even.

Let us show that v -v € Cv by induction on k. For £k = 0, we have u =1
and so u-v = v. For k = 2, we have either u = XgX_g or u = X_gXg for
some simple root . In the first case, we have u-v € Cv by our hypothesis.
In the second case, we notice that u = X3 X_3 — Hg. Thus we also get here
that u - v € Cu.

Assume then that v - v € Cv for any monomial u’ of degree less than
k and any weight vector v. Let u = X7 --- X3 be a monomial of degree k.
Note that for any i, X;--- Xy - v is again a weight vector. Therefore, if u
contains a submonomial X - -- X;_; belonging to U(g)o then our induction
hypothesis implies that

Xi X (X X ) (X Xp-v) €CXy - X1 (X - X, - 0).

Since u € U(g)o then X --- X;_1X;--- Xt € U(g)o and we can apply once
again our induction hypothesis to deduce that u - v € Co.
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Thus it suffices to show that u does contain a submonomial belonging to
U(g)o- Assume it is not the case. Without lack of generality we can suppose
that X; € g1 for some simple root 3. Let i; be the first integer greater
than 1 such that X;, belongs to a root space associated to a simple root.
For any integer 1 < j < iy, the vector X; commutes with X;, except if
the weight of X; is the opposite of that of X;, . But if such a vector occurs
then we would have a submonomial (of degree 2) of u belonging to U(g)o
contrary to our assumption. Thus we can suppose that i; = 2.

We then look at is, the first integer greater than 2 such that X;, belongs
to a root space associated to a simple root. The same reasoning shows that
we can suppose that io = 3. From this kind of reasoning we deduce that
we can suppose that the first k/2 vectors belong to root spaces associated
to simple roots. Let 3 be the simple root such that Xj, /5 € gg. Necessarily,
the last k/2 vectors belong to root spaces associated with negative roots.
Moreover, among these vectors there is at least one belonging to g_g. Let ¢
be the smallest integer such that X; € g_g. Then for any k/2 < j < i, X
commutes with X} /5. Therefore we can find in u a submonomial, X}, /5 X,
belonging to U(g)o, contrary to our assumption. This proves that u always
contain a submonomial belonging to U(g)o. Hence we have shown that
u-v € Cuo.

So we have U(g)ov C Cuv. Lemire’s correspondence [18] gives then the
lemma. 0

Proof. — (Theorem (A)) Thanks to Lemma 4.7, it suffices to prove that
for any a € (® \ 6) and any weight vector v € C, we haveX,X_,v € Cuv.
Since X X_o—X_o X4 € b for any a, it suffices to prove it only for positive
a.

Let us fix some weight vector v € C. Let o € (® \ 6)*. If there is
B € 0 such that o + f € R, then Lemma 4.3 applied to g and a gives
XoX_ov € Cu. Otherwise, let o/ € (®\ )" be such that

ea+a eRanda—a ¢R,
e J3€b,f+d’eRand B+ +aeR.

Such a root o does exist since the sets @ \ 6 and 6 form a partition of the
Dynkin diagram of (g, h) which is connected. Lemma 4.3 applied to 5 and
o’ on one hand and to 8 and o'+« on the other hand gives X X_ v € Cv
and Xota/ X_aq-ov € Co.

Now if 2a’+a ¢ R, Lemma 4.4 applied to —a’ and o/ +-a gives X X_,v €
Cv. If 20/ + @ € R and 3a/ + o € R, then notice that 5+ 2a’ + « € R. So
we can apply Lemma 4.3 to 3 and 20 + a to get Xoa/1aX_(20740)v € Cv
and then Lemma 4.5 to the roots —o’ and 2¢/ 4+ o to obtain X, X_,v € C.
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If2o/ +a€Rand 30/ +a € R, then B+20¢' +ac€Rand 8+ 3a’ +a €
R. Therefore we apply Lemma 4.3 to § and 2’ + a € R and to 8 and
3o/ +a € R to get XoarraX_(20/40)v € Cv and X344 0 X_(3a74a)v € Cu.
Now 4o’ + a ¢ R (see for instance [16, Table 1 p.45]). Thus Lemma 4.6
applied to —a’ and 3o’ + « implies X, X_,v € Cv. Hence we have shown
that we always have X, X_ov € Cv. The theorem is thus proved. O

4.1.2. Proof of Theorem (B)

Proof. — Thanks to Theorem 2.14, it suffices to show that I’ cannot have
an ideal of type C. If I' does contain an ideal of type C then g is of type
B,, (for n > 3) or Fy and the Dynkin diagram of g contains the following
piece:

B as o

> —&—®

Let then v € C be a weight vector. Consider u := p(X_q,_5 ® v) €
L(C). As B is a simple root, Lemma 4.2 implies that there is a non zero
complex number 1(v) such that u = n(v)p(X_s®X_qa,v). Apply the vector
XBtas+2a, to this equality. We get:

p([X,3+C¥2+2041 ) X—Oéz—,B] ®v) =n(v) X p([X,3+Cv2+2041 ) X—ﬂ] ® X—Oézv)'
But [Xg1as42a;, X—as—a] = 0. Moreover, there exists a non zero structure
constant ¢ such that [Xg1a,+2q,, X—g] = ¢Xa,+424, € [. Therefore:
0 :’I](’U)Cp(l ® Xd2+20¢1X*0t2U)'

Now the cuspidality condition for L(C) implies that Xga,42q0, X—a,v # 0
and thus p(1 ® Xa,420; X—a,v) # 0. This contradicts n # 0 and the proof
is completed. O

4.1.3. Proof of Theorem (C)

Proof. — Assume on the contrary that the semisimple part [ of [ is not
simple. For simplicity, we suppose then that ' is a sum of two simple ideals
of type A or C. We shall denote these ideals by [; and [5. Set S; for the
root basis of (I;,h N1;) deduced from &\ 6.

Let v € C be a weight vector. Let o € S, o/ € Sy and f81,...,8, € 0
such that a+ 31 + -+ -+ fr +a’ € R. We will suppose that the simple roots
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fB; are all distinct. Consider v := X_(q44,4...5,) ® v € V(C). Lemma 4.2
implies that p(u) # 0 and that
p(u) € U([e_),(51+...+5k)p(1 ® X_qv).
But the adjoint action of Xoyg, 4. 4p,+ar 00 U(ly)_(8,4...4.5,) I8 trivial
(since it is trivial on every vector of the form X_(ﬁ'i'f'""'l‘ﬁj) for1<i<j<
k). Thus the action of Xy, +...48,+a o0 p(u) must be trivial too. This
action is given by:
Xotprtpetar - P() =p([Xas g+ 48i+a's X (atp1 1)) © V).

There is a non zero structure constant ¢ such that

[Xatsit+pitas X-(atpit-p)] = Xar €L
We get then

Xotprtotprtar - P(u) =cp(1 ® Xov).

The cuspidality condition for L(C') ensures that X, v # 0 and so p(1 ®
Xqv) # 0. This is a contradiction with Xo48,+-..48,+a’ - P(w) = 0. O

4.1.4. Vanishing of O(g g)

We end this section by showing that for some (@, ) the simple module
L(C) cannot be in Og g, and hence the category is trivial. This will use
Lemma 4.2 and the possibility of considering large positive roots.

THEOREM 4.8. — Let (®,0) be as in Table 4.1. Let L(C') be a simple
module. Then L(C') is not in the category Og 9. Consequently the category
Og ¢ is trivial.

Proof. — Assume on the contrary that L(C) is in Og .

e Suppose we can find in the Dynkin diagram of g the following piece:

B1 «
o—

Let v be a weight vector in C. Apply Lemma 4.2 to o and 8 =
(B1). Since B; is a simple root, there is a non zero complex number
n(v) such that v = n(v)p(X_5, ® X_,v). Apply now the vector
X3, 420 € 0T to this equality. We get:

p([X51+20¢’ X—a—ﬁl] ® U) :n(v)p([XQCH-ﬂl ) X—ﬂl] ® X—Otv)'
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Type P\ 0
B, (n > 3) {e;},i#1

B, {€iy..seirk}, i+k<n, i=1 k>1
Cp {ei}, i<n
C, {ei,...,ei+k},i+k<n,k>1
F4 {eL}
Fy {e1,ea} or {es,e4}
D, Ag, k>1
D, {e;}, i€ {l,n—1,n}
E Ay, except {e1} or {eg} for Eg, and {e;} for E;
Go {e1} or {e2}

Table 4.1. A first reduction

But [Xaa+8,, X—5,] = 0. So we have p([Xg,+20, X—a—5,] @ v) = 0.
Moreover there is a non zero structure constant ¢ such that the
following holds: [Xg,+20, X—a—p,] = ¢X4. Thus we have cp(l ®
Xov) = 0. As C is cuspidal, the action of X, on v is non zero.
Therefore p(1 ® X,v) # 0. This is a contradiction. Hence the the-
orem is proved for the following cases in Table 4.1: (B,,{en}),
(Cni{en—1,-..,6}) with i <n—1, (Fy,{es}), (Fu,{es,eq}).

e Suppose we can find in the Dynkin diagram of g the following piece
(with k > 1):

We use the same method as above, applying Lemma 4.2 to o and
B=Bi+ . +Bk, 1+ +Bk). Setu:=p(X_ a 28 ..25®
v). Lemma 4.2 gives then u # 0 and u € p(U(ly ) —y—2(8,+-+8,) @
X_ov). Let us apply to u the vector X, 420128, +.428, € n't.

First note that the adjoint action of X, {20428, +...428, o0
ULy )=y —2(8,+---+8,) is trivial. Therefore we must have:

P([Xyt20+4281 442810 X (y+a+28,+--+280)] ® V) = 0.

But now there is a non zero structure constant ¢ such that

[Xo+2a+281++281s X (v+a+281+-+260)] = Xa.

Thus we should have ep(1® X ,v) = 0. The cuspidality of the module
C' implies that X,v # 0 and so we have p(1 ® X,v) # 0. This is a
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contradiction. Hence the theorem is proved for the following cases
in Table 4.1:

(Bn,{ei}) with i <n, (Fy,{e2}), (Fi, {e1}).
Suppose we can find in the Dynkin diagram of g the following piece

(with k& > 1):

We apply Lemma 4.2 to the vector u = p(X_q, —28,—...—28, ®x(b))
witha=aj and 8= (B1+...+ 8%, B1+-..+5%). We get u # 0 and
u € U(g)—28,—..—25,- Apply the vector Xo,+20,428,+--+28 € 0
to this. We then obtain the same contradiction as above. Hence the
theorem is proved for the following cases in Table 4.1:

(Bn:{ei, . eipr}) (i +k <n) and (Fy, {e1,e2}).

All the remaining cases are proved with the same method, by ap-
plying Lemma 4.2 to a well chosen vector. We omit the details.

O

4.2. Type A case

4.2.1. Case ' =sly (I)

We consider here the following case: g = sl,,11 and ®\ 60 = {e1} (or {e,})

which corresponds to the Dynkin diagram:

a B Bn-1
®—e —— — -0

Let L(C) be a simple module in the category Og ¢. In this case, [ = sls.

Therefore the module C is of the form C = N(ay,a2) with a; and as two
non integral complex numbers, and the center of [ acts as scalar operators
on C. Set A = a1 +ay. Recall that C' is generated by vectors x(k) for k € Z,
with the action of I on z(k) given by:

Hy-2(b) = (a1 —ag+2k)x(k)
Xa . x(b) = (CLQ — ) (k + 1)
X_o-x(b) = (a1+kazbd-1)

The aim of this section is to prove the following:
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COROLLARY 4.9. — Assume g = sl3. Let § C ® be such that ®\ 0 =
{e1}. Then M is a simple module in Og ¢ if and only if M is isomorphic
to some N (a},ah,0) with a},a} € C\ Z.

The proof will use Theorem 3.12 and the following lemma that we shall
use again in the next sections:

LEMMA 4.10. — We havep(X 5, _o®u(k)) = S4EEp(X 5 @ (k—1)),

wherec=0orc=—-1—-A.

Proof. — Set v = p(X_pg,—a @ x(k)). As X_, - 2(b) = (a1 + k)z(k — 1)
and a; # 0, Lemma 4.2 applied to a and 8 = (f1)) ensures that there is a
non zero complex number 7(k) such that

(4.2) u=n(k)p(X—p, @k —1)).

On the other hand, 2Hg, + H, is in the center of [. Therefore it acts on
C' by some constant. Let ¢(k) denotes the action of Hg, on x(k). Then we
must have 2¢(k) + (a1 — ag + 2k) = cte. Thus we have ¢(k) = ¢+ as + k for
some constant ¢. Apply Xg, and Xg, 1 to Equation (4.2). We obtain the
following equations:

{ p([Xp, Xp—al®@z(k) = n(k)p([Xs,, X_p,] @ z(k —1))
p([XﬂlJravX*ﬁl*a} ® x(k)) = ﬂ(k)P([Xﬁﬁmeﬁl] ® .’E(k - 1))

Now we have the following structure constants:
[XBNX*&*OC] =X_a, [Xﬂ1+0w X*ﬂJ = Xa.

Hence we get:

{ (a1 + k)p(1®@x(k — 1)) = n(k)e(k—1)p(l@x(k —1))
(c(k) + a1 —az +2k)p(1 @ x(k)) = n(k)(a2 —k+1)p(1 @ z(k))
Since p(1 ® z(k — 1)) # 0 and p(1 ® z(k)) # 0, we deduce that:
{ a; +k = nlk)e(k—1)

(c(k)+a1 —as+2k) = nlk)(az—k+1)

The solution of this system is:
ct+a+k
c:Oorc:—l—Aandn(k):r;m.

O

Proof. — (of Corollary 4.9) Let M be a simple module in Og 9. As we
already mentioned we have M = L(C) for some cuspidal module C' =
N(ay,az). Now, using Lemma 4.10 we see that the action of U(g)o on the
vector z(0) is the same as the action of U(g)o on the vector z(0,0,0) €
N(a1,a2,0) if ¢ = 0 or on the vector z(0) € N(—1 — az,—1 — a1,0) if
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¢ = —1 — A. Therefore we conclude from Lemire’s correspondence [18] that
these modules are isomorphic. Conversely Theorem 3.12 ensures that these
modules are objects in the category Og g. g

Unfortunately, our method is not efficient enough to treat the general
case as one can see already for the sl4-case treated in Appendix A.

4.2.2. Case ' = sly (II)

Here we consider the case ®\ 6 = {e;}, with 1 < < n. Hence the Dynkin
diagram of g = sl,,11 contains the following piece:

We will prove the following corollary, whose proof is analogous to the
proof of Corollary 4.9, using several lemmas to be proved hereafter:

COROLLARY 4.11. — Let g = sl,,11. Let 6 C ® such that ® \ § = {e;}
for some 1 < | < n. Then the simple module M is in the category Og g
if and only if M is isomorphic to some N(—1,...,—1,a},a},0,...,0) with
ay, ab € C\ Z.

Let L(C) be a simple module in the category Og ¢. In this case, [ = sl,.
Therefore the module C is of the form C' = N(ay,as) with a; and as two
non integer complex numbers, and the center of [ acts as scalar operators on
C. Set A = a1+as. Remark that H,+2Hg, and H,+2H,,, are in the center
of [g\9. Denote by c(k) and ¢’(k) the respective actions of Hg, and H,, on
x(k). As in Lemma 4.10, we get ¢(k) = c+az+k and (b)) = +azs + k
where ¢ and ¢ are equal either to 0 or to —1 — A.

LEMMA 4.12. — With the notations as above we havec+c +A+1 =0
and cc’ = 0.

Proof. — Consider v := p(X_+, _q—p, ® z(k)). Lemma 4.2 applied to «
and B = (f1,71) implies that there is a non zero complex number 7(k) such
that

(43) v =n(p(X 5, Xy @ (ks — 1))
Apply X, +a+p, to Equation (4.3). We get:

p([X'Yl +a+pB1 X—’Yl—a—ﬂl] ® .Z‘(k‘)) = U(’f)P( ([X'Yl +a+pB1 X—ﬂl]X—’h

+X 5, [Xrstatprs Xy ]) @ 2(k — 1)).
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On the other hand we have the following:

[X’V1+a+,31aX—"/1—Oé—ﬁ1] :Hﬁ1+a+’y1 - H[h + Ho + Hg,
[X“/1+a+ﬂ1 ) X—ﬁ1] =Xy +a
[X71+04+517X*’>'1] = Xﬁ1+a~

Thus we obtain:
P((Hg, + Ho + Hy,) @ 2(k)) =n(k)p(Xasr X,
— X_p, Xaps ®x(k— 1)).
But now [Xq4+,, X_+,] = =X, and X414, € nt. Hence:

(44) (c+d +az+a)p(l @ x(k)) = —n(k)(az — k + 1)p(1 @ z(k)).
Applying now X, s, to Equation (4.3), we get:
(X, ®@ (k) = n(k)(az — k + 1)p(X—r, @ z(b)).

Since p(X_,, ®z(b)) # 0 by Lemma 4.1, we deduce that n(k)(as—k+1) = 1.
Then Equation (4.4) gives c4+¢ + A+1 = 0. Since ¢ and ¢’ are equal either
to 0 or to —1 — A, we conclude that c¢¢’ = 0 except if c = ¢ = -1 — A. But
in this case the equation c+c¢ + A+ 1 =0 gives —1 — A = 0 and therefore
c=c =0. O

From now on, we will assume that ¢ = 0 and ¢/ = —1 — A. First we have
the following corollary, whose proof is analogous to the proof of Corollary
4.9 (and is thus omitted).

COROLLARY 4.13. — Assume g = sly. Consider § C ® such that ®\0 =
{e2}. Then M is a simple module in the category Og g if and only if M is
isomorphic to some N(—1,a;,as,0) with a1,as € C\ Z.

From now on we assume that n > 3. Hence we have the following Dynkin
diagram:

The vectors Hg, and H,, for i and j greater than 1 are in the center of [.
Denote by d; and d; their action on C. We show:

LEMMA 4.14. — With notations as above, we have d; =0 = d; for any
1>1andj>1.
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Proof. — We prove the lemma for the d;’s. Assume the lemma does
not hold. Let ¢ be the first integer such that d; # 0. Consider v :=
P(X_(yi+atBi4-+p) @ 2(k)). Lemma 4.2 applied to o and B = (71, 1 +
<o+ ;) gives v # 0 and

GRS p(u([(;)*%*ﬁl*m*ﬂi ® m(k - 1))
Since X_,, commutes with the X_g,’s, we have
u([;)*“ﬂ*lﬁ*m*ﬁi = X*%u([;)*&*m*ﬁi'

Thus we get:

(4.5) v="Y" op(X 0 X o(s) X o(p) @ x(k — 1)),
ced;

Apply the vectors Xo48,+...+8;, and Xy, a1, +-..44; to equation (4.5). Re-
mark that

X0t+,31+"'+/3¢ ~p(X_,le,U(,31) o 'X*U(,@i) ® 1‘(](3 - 1)) =0

except if 0 = o9 = (i,i — 1,...,1). Indeed [Xoyp,4...48,X-p5,] = 0
except if j = ¢ and in this latter case we have [Xotg, 448, X—5;] =
Xa+py+-+8;_,- Therefore we obtain:

(46) Xa+ﬁ1+---+ﬁ.; ’ p(X*’YlX—Uo(ﬁl) e X—Jo(ﬁi) ® (E(k - 1)) =
p(Xy Xo ®@a(k—1)) = (a2 — k + 1)p(X—,, @ 2(k)).
Remark also that
X’Yl+a+51+"'+/@i ’ p(X—71X7<7(51) T X*U(Bi) ® 'T(k - 1)) =0

except if 0 = 0, and in this latter case we have

X’Yl+a+,31+"‘+ﬁi 'p(X*’YlX—Uo(Bl) e X—ao(ﬂi) ® .’t(k - 1))
= —p(1 ® Xpz(k —1)).

So we get:

(47) X’)’l+04+51+---+ﬁ7; 'p(X—’nX—U(Bﬂ T X—U(ﬂi) ® x(k - 1))
= —(az =k + )p(1 @ x(k)).

On the other hand we have the following:

[Xatgitt80 X (ritatBitt80)] = Xy

and

(X +atpit+8o X (nratprttp)] = Hy + Ha + Hp, + -+ + Hp,.
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Therefore we are left with the following equations:
Xy, @ (k) = N6y (a2 — k + 1)p(X s, @ 2(k)),
and
(¢ +a1+c+ax+d)p(1 @ x(k)) = =05y (a2 — k + 1)p(1 @ z(k)).

Since p(X_,, ® z(b)) # 0 according to Lemma 4.1, we deduce from that
Moo (b2 + 1) =1 and d; = 0. This contradicts our assumption. O

We deduce the proof of Corollary 4.11 from Lemmas 4.12 and 4.14, to-
gether with Theorem 3.12.

4.2.3. Case I' = sl 1, with [l > 1

We show the following:

THEOREM 4.15. — Let g = sl,41. Let 1 < I < n. Let 8 C ® such
that ® \ 0 is a connected subset of ® with cardinality I. A simple mod-
ule M is in the category Og g if and only if it is isomorphic to some
N(-1,...,—1,a1,...,a141,0,...,0) with a,...,a;41 € C\ Z.

Proof. — Let L(C') be a simple module in Og g. We know then that C
is a simple cuspidal Fmodule of degree 1. Here I’ = sl;1. Therefore C is
of the form C = N(ay,...,a;+1) with a; € C\ Z. Assume first that the
Dynkin diagram of g contains the following piece:

Qg Qq B
®----©—o--
M
Then the vector Hy, +2Hq, + -+ 1Hq, + (I +1)Hp, is in the center of

[. Its action on C must be constant. Denote by c¢(k) the action of Hg, on
SL‘(]C) e C. We get that (a1—|—k1 — ao —k2)+2(a2—|—k2 — as —k3)+"'+
l(a; + ki — aj41 — kiv1) + (L + 1)e(k) is constant. Since ky + -+ + k41 =0
we obtain ¢(k) = ¢+ aj41 + ki1 for some complex number ¢. Consider now
u = p(X_q,—8, ®x(k)). Note that X_,,xz(k) = (a1 + k)z(k — e + €41)
and Xg,4aq,_,2(k) = (a141 + kir1)x(k — €141 + €—1). Apply now Lemma
4.2 to u. There is a non zero complex number 7(k) such that

(48) w=n(k)p(X_g, ®a(k - e + 1))
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Apply the vectors Xg, and Xo, ,+a,+8 to Equation (4.8). We get
(ar+k)p(l@a(k — e +e41)) =nk)e(k — e+ ar)p(l@a(k — e+ €41)),
and
(ar+k)p(loz(k—er1+ea-1)) = n(k) (a1 +kia+1)p(1@x(k—€q1+€-1)).

Since (k) # 0, p(1@x(k—e+€41)) 0 and p(1@x(k—€41+€-1)) # 0,
we deduce from the above equations that ¢ = 0.
Assume now the Dynkin diagram of g contains the following piece:

! aq o
@ --®
[ ——
[/
Denote by ¢/(k) the action of H,, on z(k) € C. A reasoning as above
shows that ¢/(k) = ¢ — (a1 + k1) with ¢/ = —1.
In general, we have the following Dynkin diagram:

" o a B Brm
> - —— -0 @ ——-@©—e — —— -0
(S ——
M

Note then that Hg, and H,, with ¢ > 1 belong to the center of [. Thus they
act as constants on C. Denote by d; and d; these constants. We show that
d; = 0 = d}. Let us prove this for the d;’s. Assume it does not hold. Let p
be the first integer such that d, # 0. We apply Lemma 4.2 to the vector
vi=p(X_ o, —..—p, ®x(k)) with a = oy and B = (81 + --- + (p). We
have v # 0 and v € U(ly ) (g, 4.+, P(1 @ z(k — €, +€111)). More precisely
we can write down the following expression:

v= Z nf’p(X*ﬁnu) X, ® r(k—e +€q1))-
€S,

Apply then the vectors Xo, 1, +...48, € Xa,_ ,ta;+8,++p, to this equa-
tion. Note that both of these vectors act trivially on p(X_g,, -+ X_p,, ®
x(k—e+€41)) except if 0 = 09 = (p,p—1,...,1). Computations analogous
to those in Lemma 4.14 give the following two equations:

((ar+ki—ai1—kiy1)+e(k)+dp) p(1@0x(k)) = 10, (@141 +hip 1 +1)p(1@z(k)),
and
(a+k)p(1@x(k—€rp1t+€-1)) = Nog (a1 +hip+1)p(1@z(k—ep1+€-1)).

We deduce then that 1y, (aj+1 + ki+1 + 1) = a; + k; and thus that d, = 0.
This contradicts our assumption.
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Now we conclude as in Corollary 4.11. We compare the action of U(g)o
on the weight vector x(0) with its action on the weight vector z(0) €
N(a) with a = (-1,...,-1,a1,...,a;41,0,...,0) and then use Lemire’s
correspondence [18]. O

4.3. Type C case

In this section we assume that g = sp,,,.

4.3.1. Case [ of type A

According to Theorem 4.8, we need only to consider the following situa-
tion:

We shall show the following:

THEOREM 4.16. — Assume g = sp,,, withn > 2 and ®\ 0 = {e,}. A
simple module M is in the category Os ¢ if and only if it is isomorphic to
M(-1,...,—1,a) for some a € C — Z.

Once again, we start with a lemma. Let L(C') be a simple module in
the corresponding category Og 9. We know that C' is a simple cuspidal [-
module of degree 1. Since I = sly we must have C' = N(aq,a3) for some
a1, ag € C\Z. Set A = a1 + az. The vector Hg, + H,, is in the center of .
Therefore it acts on C' by some constant. Denote by ¢(k) the action of Hg,
on z(b). Then we find that ¢(k) = ¢+ 2ay — 2k.

LEMMA 4.17. — With the notations as above, we have either ¢ = 0 or
c=—2—2A. We also have 2c+2A+1=0.

Proof. — The proof is analogous to that of Lemma 4.10. Set
u:=p(X_o—p Q@x(k)) and v := p(X_a_28, @ z(k)).

Lemma 4.2 implies that v = n(k)p(X_g, ®x(k—1)) for some non zero com-
plex number n(k). Apply Xg, and X, to the equation u = n(k)p(X_g, ®
x(k —1)). Using the structure constants of Cy we get:

—2(a1 + k)p(l @ x(k — 1)) = n(k)c(k — 1)p(l @ z(k — 1)),
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and
(2(a1 — as + 2k) + c(k))p(1 @ x(k)) = —2n(k)(as — k + Dp(1 ® z(k)).

Since p(1 ® z(k — 1)) # 0 and p(1 ® z(k)) # 0, these two equations give
c=0o0rc=-2—2Aand nk) = —%;%5:?_’;

Now Lemma 4.2 applied to o and 8 = (51, 1) gives v = 77’(I</‘)p(XEﬁ1 ®
xz(k — 1)) for a non zero complex number 7'(k). Apply Xg,, Xo+p, and

Xa+42p, to this equation to obtain the following equations:
p(X_ams, © (k) = 20/ (k) (el — 1) = Dp(X_s, ® (k- 1),
P(X_p, ® x(k)) = —4n'(k)(az — k + 1)p(X_p, ® 2(k)),

and
(c(k) + a1 — az + 2k)p(1 @ 2(k)) = 20" (k)(az — k + 1)p(1 @ z(k)).

We solve this system of equations using the value of ¢ and of (k) found
above. We get 2¢+ 24+ 1= 0. 0

COROLLARY 4.18. — Assume g = sp, and 0 = {e1}. A simple module

M belongs to the category Og g if and only if it is isomorphic to M (—1,a; —
1

ag — 5)
Proof. — Once more, it suffices to check that the action of U(g)y on
p(1 ® 2(0)) € L(N(a1,az)) is identical as its action on x(0) € M(—1,a; —

az — ). We then conclude with Lemire’s correspondence [18]. O

Remark 4.19. — Note that if ¢ = 0 then Lemma 4.17 implies that
a; —ag — % = 2a7 and if ¢ = —2 —2A, it implies that a; —as — % = 2a; + 1.
In both cases we see that a3 — ag — % is a non integer complex number.
Conversely if z € C\ Z, there is a pair (a1,as) of non integer complex
numbers such that z = a; — as — % and z = 2a; or z = 2a; + 1.

We also note that N(a1,a2) 2 N(—1—ag,—1—ay). But if a1 +as = —%
then (—1 —a1) + (=1 —a2) = —2 and if a1 + a2 = —3 then (-1 —a1) +
(=1 — as) = —3. Therefore with the notations as above, we can always

1

assume that ¢ =0 and A = —3.

Proof. — (of Theorem 4.16) Let L(C) be a simple module in Og 9. We
keep the notations from above. As mentioned, we may assume that ¢ = 0
and A = —1. Now the vectors Hpg,, ..., Hpg, , are in the center of [. Thus
they act on C' by some constants. Denote ds, ..., d,_1 these constants. We
show by induction that d; = 0.

First step: We begin with d := dy. Assume that d # 0. Then we have
Xp, - (X_p, ®x(k)) = Hp, @ (k) = d x 1 ® z(k) # 0. Hence, Proposition
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2.7 implies that p(X_g, ® (b)) # 0. Consider u := p(X_o_p,—8, ® z(k)).
We apply Lemma 4.2 to a et 8 = (81, 82). We get u € p(U(ly)—p,—p, ®
x(k—1)). But U(l, )—p,—p, is generated by the two vectors X_3 X _g, and
X_pg,X_p,. Therefore there are two non zero complex numbers 7, (k) and
12(k) such that

(4.9) w=m(k)p(X_p, X p, @ x(k — 1)) + 12 (F)p(X—p, X, @ 2(k — 1)).

Apply to Equation (4.9) the vectors Xg,, Xo+p, and Xo4s,+8,. Using the
structure constants of sp,,,, we have the following equations:

0= (m(k)e(k —1) +na2(k)(c(k = 1) +1))p(X—p, @ z(k — 1)),

P(X_p, ® 2(k)) = =2(n1(k) + n2(k)) (a2 — k + p(X_p, ® x(k)),

and
(2(a1 — az + 2k) + (k) + d)p(1 ® 2(k)) = 1 (k)(az — k + p(1 & a(k)).

Since p(X_p, ® z(V')) # 0, p(X_p, @ (b)) # 0 and p(1 ® z(b)) # 0 the
solution of this system gives in particular d = 1 —3a; — 3k. This contradicts
the fact that d is a constant. Therefore d = 0.

Second step: By induction assume that d; = 0 for 2 < ¢ <[ —1. We
prove then that d := d; is also zero. On the contrary, assume d # 0.

We begin with a lemma.

LEMMA 4.20. — Let 1 < i < j < l. Then for all v € Z/l(n;f\e) and all
u € U(ly ) —(,+--+8,), we have v - (u ® z(k)) = 0.

Proof. — We prove the lemma by inductionon j—i. If 1 <i=j <, we
have Xg, - X_p, @ x(k) = Hg, @ z(k) = 0 since d; = 0. Now for X € "g\a of
weight 3 # (;, either 8§ — 5; € R or  — [3; is a positive root, belonging to
(®\ 0)*. In both cases the action of X on X_g, ® (k) is trivial. In other
words the action of U(n;f\e) on X_g, ® x(k) is trivial.

Assume the lemma holds if j —i < m. Let 1 < i < j < [ be such that
Jj—i=m. Let u € U(ly)_(g,+...45,)- Without loss of generality we can
assume that v is a monomial. Let v € U (ng\e) be a weight vector of weight
5. Then we have the following possibilities.

(1) If ad(v)(u) =0, then v - u @ z(k) = 0.

(2) If ad(v)(u) is a weight vector with a negative weight, then we must
have ad(v)(u) € U(l, ) since the weight of v is positive. Note that
this case can only happen if v € U(ly) ™. Then the weight of ad(v)(u)
is of smaller length that the weight of u (by length, we mean the
number of simple roots involved in the writing of the weight). Thus
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we can apply the induction hypothesis to conclude that v-u®x (k) =
0.

(3) If ad(v)(u) has zero weight, then ad(v)(u) must be proportional to
Hp, + -+ + Hpg,. Then the hypothesis d, = 0 for 1 < p < implies
that v - u ® x(k) = 0.

(4) If ad(v)(u) is a weight vector of positive weight, then ad(v)(u) €
L{(ng\e). Therefore we have v - u ® z(k) = 0.

Thus in every case the action of v on v ® x(k) is trivial. O

The lemma together with Proposition 2.7 now imply that p(u®x(k)) =0
for all w € U(ly)_(g,4...4.;)- Consider now

v = p(X_(av28,+p0++8) @ T(K)).

Lemma 4.2 with « and 8 = (1 + -+ + (i, 81) implies that v # 0 and
that v € pU(ly ) (28, +82++p,) @ (k —1)). We shall order the elements
in U(Iy )~ (28,+82++5,) putting on the left the weight vectors in [; whose
weight has the form g8; + - - - + 8; and then we order the remaining vectors
according to the length of their weight. Using the above lemma giving the
non zero contributions in p(U () (25, +8o+--+p,) @ x(k—1)), we finally get
complex numbers y; such that

(4.10)
v = mp(X_ (5,4t ) Xy @2 (k=1)) Fp2p(X (3, 4y s X2 g, @ (k1))
+ p“3p(X—(53+'”+»3l)X—51—52X—51 ® 93(]43 - 1)) +
+up(X—p X (g 4ip ) X—p @ x(k—1)).

Applying Xo48,+...45, to Equation (4.10) yields
p(X_p, ®@x(k)) = 2(—p1 +2p2 + pz + -+ ) (a2 —k + 1)p(X_p, ® 2(k)).
Note that the above lemma implies now
PX (ot Xy © 2k = 1)) = pX (i @ (k= 1)), i <L.
Indeed, we have
p(X7(52+"'+ﬁi)X7ﬁl @ x(k; - 1)) = p(X*ﬂlX*(Ber---Jrﬁi) ® $(k‘ - 1))
+ P([X— (gt 480, X—pa] @ x(k — 1))
=X 5 p(X_(gy448) @ x(k — 1))

+ (X (g, 4-rp) ®a(k — 1))
=0+ p(X_(g,+-+5,) ®x(k — 1))
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Apply now the vectors X3 , X, Xg,, ..., Xpg, Xp,_, to equation (4.10). Us-
ing the above lemma and the structure constants in sp,,, we get:

0=2c(k = 1) (=p1 + (c(k = 1) = Dpa2) p(X_ (8,445 @ 2(k — 1))
0=2(c(k—1) = 1) (—p2 + p3) P(X (s -5 X5, ®z(k —1))
0= (clk — 1) = 1) (—pt3 + 10) DX (3,4 ) Xy, ® 2k — 1))

0= (c(k— 1) -1) (_:U’lfl + :U’l)p(X*ﬁLX*(ﬁlﬁf“%*ﬁsz) ® .’L‘(k‘ - 1))
On the other hand since d # 0, we have for ¢ > 1:
X61+"‘+5'i—2X5i+'“+ﬂl 'X*(ﬁH"--+ﬂz)X*(51+-~+31‘72) ® l‘(k‘ - 1) =
dxclk—1)x1®ax(k—1)#0.
Proposition 2.7 thus implies that

PX (84 48) X (Bt Bia) ®T(k— 1)) # 0.

Finally we apply the vector X3, X3, 1...13, to Equation (4.10) to obtain:

(411) 2(a1 + k)p(l @ x(k — 1)) = e(k — 1)((d Fe(k—1) - 1)m
(el = 1) = 1)(2pt2 + pg + -+ + ) )p(1 @ 2k = 1)),

We solve this system in the indeterminates (u1,...,u;,d) obtained from
the k + 1 equations above, using ¢(k) = ¢+ 2(az — k), c=0and A = —1.
In particular we get d =1 — 2as + 2k — [ X 33;:7?;1‘;’ This contradicts the
fact that d is a constant. Therefore we proved that d = 0.

Third step: We conclude as in Corollary 4.11 that L(C) is isomorphic

to some M(—1,...,—1,a) with a € C\ Z.
Last step: Conversely, Theorem 3.15 ensures that, for ¢ € C\ Z, the
module M(—1,...,—1,a) is in the category Og g. a

4.3.2. Case [ of type C

We show the following:

THEOREM 4.21. — Let § C ® be such that ® \ 6 is of type C. The
simple module M is in the category Og ¢ if and only if M is isomorphic to
M(-1,...,-1,a1,...,a;) witha; € C\Z and | > 1.
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Proof. —
(1) Let us begin with the following case:

B aq [6%)

> —©&—<9

Let L(C) be a simple module in Og 9. We already know that C is
a simple cuspidal l-module of degree 1. Thus it is of the form M (a)
where a € (C\ Z)?. Denote by c(k) the action of Hg on z(k). Since
Hg+H,, +H,, is in the center of [, we deduce that c¢(k) = c—a; —k;
for some complex number c. In fact:

LEMMA 4.22. — We have ¢ = —1, hence c¢(k) = =1 — a; — k;.

Proof. — Consider u := p(X_q,—5 ® 2(k)). Lemma 4.2 implies
that there is a non zero complex number 7(k) such that

u=n(k)p(X_p @ x(k — €1 + €2)).
Apply now the vector Xgiq,1q, to this equation. We get:

p([Xﬁ+Oé1+012 ) X*B*al] ® x(k)) =

n(k)p([Xs+as+ar, X—p] @ z(k — €1 + €2).

Using the structure constants in spg we finally obtain 1 = n(k).
We apply then the vectors Xz and Xgi,, to the equation u =
n(k)p(X_p@z(k—e1+e€2)). We get two equations whose resolution
gives ¢ = —1. |
We can now check as in Corollary 4.11 that the spg-module L(C')
is isomorphic to some M (—1,a,b) for well chosen non integer com-
plex numbers a and b.
More generally if ' = C5, we show that the action of Hg, is trivial
for ¢ > 1. This can be done by induction as in Theorem 4.15. Here
we need to consider the vector v = p(X_(q,44,+...4+4,) ® z(k)) and
apply to v the vectors Xo, faq+81+-+8i> Xa1+Bi+-+8;» - - - We leave
the details to the reader.
Assume now that [ = sp,; for [ > 2. Then the Dynkin diagram con-
tains the Dynkin diagram of (A4;_1, A,—1) of section 4.2.3. Therefore
Theorem 4.15 gives us the action of the center of I on the module
C. It only remains to check that L(C') is then isomorphic to some

M(-1,...,-1,a,...a;) using the argument of Corollary 4.11.
Conversely, the Theorem 3.12 ensures that the simple modules
M(-1,...,—1,a1,...,a;) belong to some category Og g.
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4.4. Classification theorem

Let us gather the results obtained in this part:

THEOREM 4.23. — Let g be a simple Lie algebra. Let 0 C ® with 6 # ®
and 0 # (). Assume that the pair (g, ® \ 0) does not belong to Table 4.2.
Then we have:

(1) The category Og g is non trivial if and only if
(a) Either g is isomorphic to sl, and Iy, 4 to sby, with m <n,
(b) Or g is isomorphic to sp,,, and [:b\e is isomorphic to the sub-
algebra sly generated by the unique long simple root,
(¢) Or g is isomorphic to spy, and (3, o is isomorphic to spy;, with
k < n.
(2) When Og gy is non trivial, the simple modules in Og g are modules
of degree 1 except when g is isomorphic to sl, for n > 3 and [:I>\0
is isomorphic to the sls-subalgebra generated by the simple root ey

or én_1.
(3) Conversely every simple module of degree 1 belongs to some cate-
gory Og g.
Type ®\6
B, fei}
D, |{e1}or{e,_1}or {e,}
Es {e1} or {es}
Er fer}

Table 4.2. Excluded Cases

Remark 4.24. — If g = sl, with n > 3 and [£I>\0 is the sly-subalgebra
generated by the simple root e; or e, _1, then there exists in Og ¢ simple
modules which are not of degree 1 (see Appendix A).

5. Semisimplicity of the category Ogs g

In this part we show that the non empty category Og g is semisimple
except if ®\ 0 = {e1} or {e,} when g is isomorphic to sl,;+1. As in the
previous part, we denote [ := [g\4.
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5.1. Type A case

In this section we assume that g = sl, 1 for n > 1. Let § C ® be such
that I’ (the semisimple part of [) is of type A. Moreover, if n > 2 we will
assume that ® \ 0 # {e;} and @\ 0 # {e, }.

5.1.1. Case l' = sl,

Suppose here that ® \ § = {a} = {e;41}. According to the classification
Theorem 4.23, the simple modules in Og ¢ are the modules

Na:N(—L...,—1,(11,(12,0...,0), l+2—|—m:n
——— ——
l m

where a; € C\ Z.
THEOREM 5.1. — For a and b in (C\ Z)?, we have Ext'(Ny, N,) = {0}.

Remark 5.2. — We shall prove the following equivalent statement:
Any exact sequence

(Sap):0—= Ny =M — N, —0

with M € Og g splits.
To this aim, we shall use the cocycle condition of Section 2.3.

Proof. — Let us denote by c¢ the cocyle corresponding to the exact se-
quence (Sq.p). Note first that the sequence splits as a sequence of lp-modules
since the restriction condition of category Og ¢ says that N,, N, and M
are semisimple [p-modules. In other words, the cocyle ¢ vanishes on ly. To
prove the theorem we have to show ¢ vanishes on the whole Lie algebra g.
Thanks to the cocyle relation, we only need to show that ¢(X+,) = 0.

(1) Suppose that N, % N,. From Theorem 3.12, we know that the
l[p-highest weight vectors in N, or N, are the x(k) with k; = 0 for
i & {l+ 1,1+ 2}. To avoid any confusion we shall write z(k) the
basis vectors for Ny and y(j) for N,. Using the explicit action of b,
we show:

LEMMA 5.3. — Assume x(k) and y(j) have the same weight un-
der the action of ). Then there is an integer K such that

y(j):y(kl+K7"',kl+K7b1_a1+kl+1 +K,
by —ag +kiyo + K kiys + K, ... ky + K)
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and
K+k <0,....K+k <0,ks+K>0,... k +K3>0.

In particular, if z(k) is a lp-highest weight vector and if y(j) has
the same weight as x(k), then we have K = 0 and N, = N,

Recall from Proposition 3.17 that as [Fmodules N, and N, are
semisimple. From Proposition 2.17, we get ¢(X_,) = 0 on every
simple ['-submodule of Ny and therefore on the whole of N;. Let
x = z(k) € Ny be a ly-highest weight vector, of weight A. Then we
see that ¢(X,)(x), if non zero, is a weight vector of N, of weight
A + «. Indeed, since ¢(h) = 0, we have

c([Ha, Xa])(7) = [c(Ha), Xal(2) +[Ha, c(Xo)](2)
2¢(Xa)(2) 0
= Hy - o(Xa)(z) — MHa)e(Xa) ().

Since the module N, is {—a}—cuspidal, we deduce from the above
equation that N, should have a weight vector of weight A, that is
with the same weight as x(k). This contradicts the above lemma.
Hence we must have ¢(X,)(z) = 0.

Consider now 3 € (0)*. Let y = X_p - x. Since [X,, X_g] =
the cocyle relation together with the fact that ¢(X_g) = 0 (for
X_p € lp), show that

0= ¢([Xa, Xp])(2) = c(Xa)(y) = X - c(Xa)(2).

Since we proved that ¢(X,)(z) = 0, we must have ¢(X,)(y) = 0
as well. The very same computation implies that if for some vector
x’ € Ny we have ¢(X,)(2") = 0 then we must also have ¢(X4)(X_3-
2') = 0. Since Nj, is a direct sum of simple [p— modules, reasoning by
induction shows that ¢(X,) = 0 on N, which proves the theorem
in this case.

(2) Suppose that N, = N;. Recall the action of X~ = X_, and
Xt =X,on N, :

{ Xtox(k) = (a2 +kipo)z(k — 2 + 1)
X7 rxz(k) = (a1 +kip)z(k — €41 +eq2)
From that we deduce that

(X)) =

—xax(k—¢ + € .
ar + ke + 1 ( 1+2 + €141)
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Proposition 3.17 implies that N, is a direct sum of simple cuspidal
[-modules. Using the above equations, we see that the [module
U1z (k) does not depend upon k11 and k2. Proposition 2.17 gives
the expression of the cocycle ¢ on each module U(l)x(k), namely
e(X~)=0and ¢(X*) = b(k)(X~)~" with b(k) € C. The previous
remark implies that b(k) does not depend upon k;y; and kjyo.

Let us come back to the notations of Section 4.2.2. Let f =
B1+---+B; € (). Then we have a+8 € R, [XT, Xg] = Xo45 and
[Xo+p, X_5] = X . Using the cocyle relation we thus get ¢(X 1) =
[[e(XT1), Xp], X_p] (since ¢(Y) =0 for Y € ly). This is an equality
in Endc(N,). Let us see how it acts on a vector z(k) € N,. Recall
we have

{ Xpr(k) = kiporiv(k+ et — €p244)
X_pz(k) = (az+kito)ov(k+ €pati — €142)
Thus we get
b(k)
XH)ak) = — 2 2k — erpa + €141)-
o(XT)x(k) a1+ ke + 133( €142 + €41)

We deduce then

[e(XT), Xpla(k) =

(5.2)

(5.3)

kiyoti

PR (b(k — €142445) — b(k)) x(k — €1424i + €141)

and
[e(XT), X5, X_pla(k) =

az + kiyo
a1 +kip1+1

— brpasi (k= erars) = b(K)) )2k = o + 1),
The equality of (5.1) and (5.2) implies

((kiszss + DR = blk + e1124:)

b(k) = (kiy2+i + 1) (a2 + kiy2)(b(k) — b(k + €14244))
— kiyoyi(ag + ko) (b(k — €1421:) — b(K)).
Let k be such that k;421; = 0. Then we have [¢(X 1), Xg]z(k) =0

and therefore we must have ¢(X)x(k) = 0 which implies that
b(k) = 0. Now if k is such that k;124; = 1, Equation (5.3) gives

2b(k + €142+i) = b(k) (3 + +> This is a contradiction since

az+ki42

b(k) does not depend upon k4o, unless b(k) = 0 = b(k + €1244).
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Now a simple induction using Equation (5.3) shows that b(k +
jé€iroyi) = 0 for any non negative integer j. The same reasoning
with the roots v = 1 + - - - +; finally implies that b(k) = 0. Hence
the cocyle c is zero, as asserted.

O

Remark 5.4. — By going through the above proof, we see that the
theorem holds also in case [ = 0, that is ®\ § = {«;}. We will use this case
of the theorem to prove our next result.

5.1.2. Case l' = sl,,, with m > 2

Let 8 C ® be such that card(® \ ) > 1. Recall from Theorem 4.23 that
®\ 0 is a connected part of the Dynkin diagram, which thus looks as follows:

Moo am—1 S
R '—@ — —
—_—
A1
The simple modules in Og ¢ are the
N,=N(-1,...,-1,a1,...,amm,0,...,0),
———— ——
J l
with a = (a1, ..., an) € (C\Z)™. Without lack of generality we can assume

that [ is positive. We prove the analogue of Theorem 5.1:
THEOREM 5.5. — Fora and b in (C\Z)™), we have Ext'(Ny, N,) = {0}.
Proof. — Denote by ¢ the cocycle associated with the exact sequence
0— N, - M — N, — 0.

We have to prove that ¢ = 0. From the restriction condition of Og ¢ we
already know that c is zero on [y. The cocyle relation implies then that it
suffices to prove ¢(X1,,) =0 for i € {1,...,m}. Our strategy is to use the
previous theorem.

Let 6 = {B1,..., 5} Consider the set 6, = 60U {am—1}. Denote by [
the corresponding Levi subalgebra, whose semisimple part is of type A;y1.
An explicit computation analogous to that in Proposition 3.17 shows that
N, splits into a direct sum of simple I'-modules. More precisely, these
modules are isomorphic to N(ci,¢2,0,...,0) for some ¢1,co € C\ Z. In
other words N, and N, are direct sum of simple modules in the category
Oy, 4- Obviously M belongs to this category by restriction. Theorem 5.1
implies now that ¢(X,,,_,) =0and ¢(X_,,_,) =0.
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We can reason the same way using 6y = ouU {@m—2 + amm—1}. Hence we
get ¢(Xa,, stam_,) = 0and c¢(X_(a,,_y+am_,)) = 0. Applying the cocycle
relation to [Xa,, 1 +am_2s X—am_1] = Xa,,_», We obtain ¢(X,,,_,) =0 and
c(X_a,,_,) = 0. Using the sets 0, = 0 U {ay_p + -+ + am_1} we deduce
that the cocyle c is zero, as asserted. |

Theorem 5.1 together with Theorem 5.5 leads to the following

COROLLARY 5.6. — Let g = sl,,;1. Let 6 be a proper subset of ® such
that ® \ 0 is different from {e;} and {e,}. Then the category Og g is
semisimple (or trivial).

Proof. — Proposition 2.3 implies that every module in the category Og g
admits a Jordan-Holder series of finite length. We show the corollary by
induction on the length ¢(M) of M. If (M) = 1 then M is a simple module.
If (M) = 2 then there is an exact sequence

0— N, — M — N, — 0.

By Theorem 5.1 or Theorem 5.5 this sequence splits and thus M = N, ® N,
Assume now that the corollary holds for the modules in category Og ¢ of
length at most m. Let M be a module in Og ¢ of length m + 1. Then there
is a submodule M’ of M of length m. This submodule is semisimple by
induction. Now we have an exact sequence

0—-M —-M-— N, —0.

This must splits, which proves that M = M’ & N,. This completes the
proof. O

Remark 5.7. — 1If § = @, the category Og ¢ (sl,,) is semisimple by def-
inition. If = (), the category Og g(sl,) is no longer semisimple. The in-
decomposable modules of this category have been studied by Grantcharov
and Serganova [13] and by Mazorchuk and Stroppel [25].

5.2. Type C case

In this section g = sp,,,. Let 6 be a proper subset of ®. We keep the
notations of part 4.3.
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5.2.1. Case ®\ 0 = {a}

In this case we have the following Dynkin diagram:

From Theorem 4.23 we know that the simple modules in the category
Og ¢ are the
M,=M(-1,...,—1,a),
with @ € C\ Z. We prove:

THEOREM 5.8. — For a and b in C \ Z, we have Ext'(M,, M,) = {0}.

Remark 5.9. — We shall prove the following equivalent statement:
Any exact sequence

(Sap): 0> M, - M— M, —0
with M € Og g splits.

Proof. — Let us denote by c¢ the cocyle corresponding to the exact se-
quence (Sg.p). Note first that the sequence splits as a sequence of [p-modules
since the restriction condition of category Og ¢ expresses that M,, M, and
M are semisimple [yp-modules. In other words, the cocyle ¢ vanishes on ly.
To prove the theorem we have to show ¢ vanishes on the whole Lie algebra
g. Thanks to the cocyle relation, we only need to show that ¢(X1,) = 0.

(1) First suppose that M, 2 M,. From the explicit action of § on M,
and My, we obtain Supp(M,)NSupp(My) = (. Indeed, if z(k) € M,
has the same weight as y(k') € M, we would have

k1 — ko = ki — Kb
kpn—o —kn_1 = k;L—2 - k':L—l
kn1—a—k,—1 = k,_,—-b—k, -1
1 _ 1
a + kn + bl = b + k;l + bl
The unique solution of this system is given by k; = k for any

i<n—1andb=a+k,—k/,. But we must have k1 +---+k,, € 2Z
and k] + -+ + k], € 2Z. Since k; = kj for i < n — 1, we must have
k., — ki, € 27. Hence we have b € a+27Z. This means that the vector
y(k') € M, also appears in M,. Then Lemire’s correspondence [18]
would imply that M, = M}, which contradicts our assumption.
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Now let © € M, be a weight vector. From the cocycle relation
and the fact that ¢(H) =0 for H € ) C Iy, we get that ¢(X+q)x is
a weight vector of M,, having the same weight as X,z which is
non zero since the action of Xy, on My is cuspidal. As Supp(M,)N
Supp(M,) = 0, this is impossible unless ¢(Xiq)z = 0. Thus we
proved that ¢(Xi,) = 0, as asserted.

Suppose now that M, = M,. Recall the action of X~ = X_,
and Xt =X, on M, :

{ Xt.x(k) = sz(k + 2€p)
X~ ak) = —ia+ky)(a+k, —Da(k—2e,)

Proposition 3.17 implies that M, splits into a direct sum of simple
cuspidal l-modules. Using the action of X~ and X we remark that
the vectors z(k’) belonging to the module U (l)x(k) satisty k] = k;
for i # n. Thus the module U(l)x(k) does not depend upon k,.
Proposition 2.17 now gives the cocycle on each U(Nz(k): ¢(X ) =0
and ¢(XT) = b(k) x (X_)_1 for some b(k) € C. We should remem-
ber from the previous remark that (k) does not depend upon k.

Let 8 € () be such that a+ 3 € R. We write 8 = 31+ -+ ;.
Then we have (X1, X35 = —Xo4p and [—Xaip8, X_p5] = 2XT.
Using the cocycle relation we get:

2¢(XT) = o([[XF, X5, X_g]) = [[e(Y), Xp], X_g],

since ¢(X13) = 0 as X4 € lyp. This is an identity in Endc(M,).
Let us apply it to the vector (k) € M,. Recall that:

Xg-z(k) = kp_ila+kn)z(k+ e —€n)
X g-z(k) = x(k—e€ni+en)
Using the above action of X~ we get
2

_\—1
(xX7) ) = T Dkt )

Therefore we have

B 4b(k)
2c(XNx(k) = — CE T Ty 1)1‘(k + 2¢,).
Hence:
(5.5) [c(XT), Xplz(k) = %(b(m —b(k+en_i))x(k+en_i+e€n)
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and thus
(5.6)
([e(XT), Xg], X_gla(k) = %(bw —en—i) — b(k))z(k + 2¢,)
an—i
- m(b(’ﬂ) — bk + en_i))z(k + 2€).

Equating (5.4) and (5.6), we finally get:

(65.7)  2b(k) = kn—i(a+kn +2)(b(k) — b(k + €1—))
— (kn—i = )(a+kn +1)(b(k — €,) — b(K)).

Let k be such that k,_; = 0. Then Equation (5.5) implies that
[c(XT), Xs]z(k) = 0. Therefore ¢(X )z (k) should be zero. Thus
we have b(k) = 0. If k,_; = —1, then Equation (5.7) gives 3(a +
kn+2)b(k) = 2(a+k,+1)b(k—ey,). Since b(k) does not depend upon
kp, we must have b(k) =0 = b(k — €,,). Now we show by induction
on ky,_; < 0 using equation (5.7) that b(k — pe,,—;) = 0 for any non
negative integer p. Thus the cocycle ¢ is zero, as asserted.

0

COROLLARY 5.10. — Let § C ® be such that ® \ § = {«}. Then the
category Og ¢ is semisimple.

5.2.2. Case l' = sp,,

Theorem 4.23 implies that the simple modules of the category Og ¢ are
modules of degree 1. Then Proposition 3.17 asserts that these modules
split into a direct sum of simple cuspidal [Fmodules. Moreover any M in
the category Og ¢ can be seen as a cuspidal l-module by restriction (this
is the cuspidality condition). Applying Theorem 2.19, we get that as an
I-module M is semisimple.

On the other hand, the restriction condition of category Og g implies
that M is a semisimple [yp-module. Hence M is semisimple as a g-module.
Therefore we proved

COROLLARY 5.11. — Let 6 C ® be such that [g,, = spy;. Then the
category Og g is semisimple.

If 6 = @, the category Og o is semisimple by definition. On the other
hand, if § = ), the category Og g is also semisimple according to Theorem
2.19. Therefore, we can state the following;:
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THEOREM 5.12. — Let g = sp,,,. Then the category Os ¢ is semisimple
(or trivial) for any subset 6 of ®.

Appendix A. Case g =sly

Let g = sl4(C). We described the category Og ¢(g) in all cases except
when 6 = {ez, es}. We handle this case here. It corresponds to the following
Dynkin diagram:

We shall use the notations introduced in Section 4.2.1. Recall we set [ :=
[3\p- For simplicity, we set X~ := X_, and XT = X,. Since the semisimple
Lie algebra [’ is isomorphic to sly(C) we know that the simple modules
in Og ¢ are the L(C) where C is a simple cuspidal [-module, isomorphic
to some N(aj,az) as a I'-module, with a; and as non integer complex
numbers. Recall that we denoted by V(C') the corresponding generalised
Verma module and by p the natural projection p : V/(C) — L(C).

The center of [ is two dimensional and generated by H; := H, + 2Hg,
and Hy := Hpg,. We denote by c(k) the action of Hg, on (k) € C. We have
seen in Lemma 4.10 that ¢(k) = c+as — k withc=0o0r c= -1 —a; — as.
As Hs is in the center of [, it acts on C by some constant that we shall
denote by d. As in Corollary 4.9, we prove that if d = 0 then the module
L(C) is isomorphic to N(ay,as,0,0) if ¢ = 0 or to N(—1—ag,—1—a1,0,0)
ife=-1-A.

In what follows we assume that d # 0. This condition implies that
p(X_p, ® (b)) # 0. Indeed, we have Xg, - X_5, @ (k) = Hy @ (k) =
dx1®x(k) # 0. Then we apply Proposition 2.7 to conclude. We shall find
the possible values for d in order that the module L(C') be in category Og o
in the spirit of Section 4.2.1.

From Lemma 4.2, there are two complex numbers 7; (k) and 72 (k) such
that

(Al) p(X—a—ﬂl—,@2 ® Jf(k‘) = nl(b)p(X—BzX—ﬂl ® x(k - 1))
+ "72(b)p(X*ﬁ1X*ﬁ2 ® x(k - 1))
We apply the vector Xo44,+, to Equation (A.1). We get:

P(Hayp, 45, @ 2(k)) = m(k)p(XT @ z(k — 1)),
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which gives us the following equation:
(A.2) c+d+a+k=(az—k+1)m k).
We apply then the vector Xg, to Equation (A.1). We have
DX o @2(k)) = m (R)p(HaX 5, ©a(k—1))+na(R)p(X 5, Ha®w(k—1),
which gives together with Lemma 4.10:
(A.3) n(k) =(d + 1)n1(k) + dnz (k).
Finally we apply Xz, 13, to Equation (A.1). We get
p(X™ ®@x(k)) = m(k)p(Hp, ® z(k — 1)) + 2 (k)p(—Ha @ 2(k — 1)),

from which we obtain

(A4) a1 +k =(c+az — k+ 1)ni(k) — dna (k).
From Equations (A.2), (A.3) and (A.4) we find the following values:
mib) = sk,
m(k) = SCEEE,
d= —2—-A—-2c

Note in particular that d is entirely determined by A = a1 + a2 and c.

Conversely, we have to show that given ¢ € {0,—1 — A} and d =
—2 — A — 2c the corresponding module L. 4(a1,a2) belongs to the cate-
gory Og 9. We prove it for the case (¢,d) = (0,—2 — A), the other ones
being analogous. Of course we only need to show that the module L(C)
satisfies the restriction condition. First PBW Theorem implies that L(C)
is generated by the following weight vectors:

p(XTﬁll—BzXngXTgl XT;—,31—52XT0¢5—51 ® :C(k))
Thanks to Lemma 4.10 and Equation (A.1), this reduces to the following
vectors only:
p(XTélmeTEQXT& ® x(k»
This proves that L(C) splits into a direct sum of lp-modules, namely the
modules My, := p(U(lp) ® x(k)).

Thus it remains to prove that M} is a simple highest weight module.
From Lemma 4.1 we already know that M} is a highest weight module,
generated by the highest weight vector p(1 ® x(k)). Its [j-highest weight is
A = (a2 — k)wy + (—2 — A)wz where w; are the fundamental weights of [.
Let Vi be the [j-Verma module with highest weight A. Using a theorem of
Bernstein-Gelfand-Gelfand (see for instance [17, Theorem 5.1]), we remark
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that Vj is simple (and therefore isomorphic to My, by the universal property
of Verma modules) if and only if A &€ Z._;.

So it only remains to work out the case A € Z_1. In this case, Bernstein-
Gelfand-Gelfand’s theorem [17, Theorem 5.1] together with the Kazhdan-
Lusztig conjecture for rank two Lie algebras (see for instance [17, chapter
8]) show that V' admits a unique simple submodule L(x) with p=s, - A.
We shall see Vj, as a [j-submodule of V(C). Then it is easy to check that
the submodule L(u) is generated by X:;;‘z_l ®x(k). On the other hand, one

shows by straightforward computations that X :g‘;l ® x(k) is annihilated
by the action of X1, and X,43,+s,. Using Proposition 2.7, we conclude
that p(X:/‘;;l ®x(b)) = 0. But now by the universal property of the Verma
module Vi there is a surjective map from Vi onto Mj. As we just shown
that p(L(u)) = 0, we get a surjective map from Vi, /L(u) onto M. As L(u)
is the unique submodule of V}, the quotient Vi /L(p) is simple and so is
M. This completes the proof of the following

PROPOSITION A.1. — (1) The simple modules in Og g are the mod-
ules L. 4(a1,a2) with aj,a2 € C\Z, ¢ € {0,—-1 — a1 — a2} and
de {0,—2—@1—&2—26}.

(2) If d =0, the module L. 4(a1,az) is of degree 1, isomorphic to some
module N (a},a%,0,0), with a) and o}, non integer complex numbers.

Remark A.2. — 1If d ¢ Z, the module L, 4(a1,a2) is not of finite de-
gree. Indeed, in this case A & Z. Therefore the previous proof implies that
the simple lg-modules M}, are isomorphic to Verma modules, which are
obviously not of finite degree.
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