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CONVERGENCE OF BERGMAN GEODESICS ON CP!

by Jian SONG & Steve ZELDITCH (*)

ABSTRACT. — The space H of Kéahler metrics in a fixed Kéahler class on a
projective Kéhler manifold X is an infinite dimensional symmetric space whose
geodesics w; are solutions of a homogeneous complex Monge-Ampeére equation in
A x X, where A C C is an annulus. Phong-Sturm have proven that the Monge-
Ampere geodesic of Kéahler potentials ¢(t,z) of wy may be approximated in a
weak C© sense by geodesics ¢y (t,2) of the finite dimensional symmetric space of
Bergman metrics of height N. In this article we prove that ¢y (t,2z) — ¢(t, 2) in
C?([0,1] x X) in the case of toric Kihler metrics on X = CP!.

RESUME. — L’espace H des métriques de Kihler dans une classe donnée sur
une variété projective kdhlérienne X est un espace symétrique de dimension infinie
dont les géodésiques w; sont des solutions d’une équation Monge-Ampeére complexe
homogene sur AxX,ou A= {z € C:e~! < |z| < 1} . Phong-Sturm ont prouvé que
les géodésiques Monge-Ampere des potentiels kéhlériens ¢(t, z) de wi peuvent étre
approximées dans un sens faible C° par géodésiques @ (t, z) de I'espace symétrique
de métriques de Bergman de hauteur N. Le but de cet article est de prouver que
en(t,z) — ¢(t,z) dans C%([0,1] x X) dans le cas des métriques toriques sur
X =CPL

1. Introduction

This article is concerned with geodesics in spaces of Hermitian metrics
of positive curvature on an ample line bundle L — X over a Kéahler man-
ifold. Stimulated by a recent article of Phong-Sturm [19], we study the
convergence as N — oo of geodesics on the finite dimensional symmetric
spaces Hy of Bergman metrics of “height N” to Monge-Ampere geodesics
on the full infinite dimensional symmetric space H of C'>° metrics of posi-
tive curvature. Our main result is C? convergence of Bergman geodesics to

Keywords: Bergman metric, Monge-Ampeére equation, Bergman-Szego kernel, toric met-
ric, K&hler potential, symplectic potential.
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2210 Jian SONG & Steve ZELDITCH

Monge-Ampere geodesics in the case of toric (i.e. S'-invariant) metrics on
CP'. Although such metrics constitute the simplest case of toric Kéhler
metrics, the CP?! case already exhibits much of the complexity of general
toric varieties for the approximation problem studied here. The general
case will be studied in [25].

The convergence problem raised by Phong-Sturm [19] (see also Arezzo-
Tian [2] and Donaldson [10], Corollary 5) belongs to the intensively studied
program initiated by Yau [28] of relating the algebro-geometric issue of sta-
bility to the analytic issue of existence of canonical metrics on holomorphic
line bundles. In this program, metrics in Hy have a simple description in
terms of algebraic geometry, while metrics in H are “transcendental”. The
approximation of transcendental objects in H by “rational” objects in Hy
lies at the heart of this program.

The reasons for studying Monge-Ampeére geodesics were laid out by Don-
aldson in [9] (see also Mabuchi [18] and Semmes [20]). Formally, H = Gc\G
where G is the group of Hamiltonian symplectic diffeomorphisms of (X, w);
here w € 'H is a fixed Kéhler form. The geodesics of ‘H should therefore cor-
respond to orbits of one-parameter subgroups of G¢. Such one parameter
subgroups should be important by analogy to finite dimensional settings,
where the Hilbert-Mumford criterion relates stability of (X, L) to weights
of one-parameter subgroups. Unfortunately, the infinite dimensional group
G does not admit a true complexification. But Monge-Ampere geodesics
are well-defined, and they provide a useful replacement for “one parameter
subgroups of G¢”.

The existence, uniqueness and regularity of such geodesics is connected to
existence and uniqueness of metrics of constant scalar curvature. Donaldson
asked [11] if there exist smooth Monge-Ampere geodesics between any pair
of metrics hg,hy € H. The work of Chen [7] shows the existence of a
unique C1! geodesic h; joining hg to h;. The improved regularity of the
Monge-Ampere geodesics, due to and Chen-Tian [6], is sufficient to prove
uniqueness of extremal metrics. In the case of toric varieties, the much
stronger result is known that the geodesic between any two metrics is C'*°
[15]. In fact, the Monge-Ampeére equation can be linearized by the Legendre
transform and the symmetric space is flat.

But in general, solutions of the Monge-Ampere equation are difficult
to analyze. The remarkable suggestion of Phong-Sturm [19] and Arrezo-
Tian [2] is to study solutions of the homogeneous Monge-Ampere equation
by means of “algebro-geometric approximations”. It has been proved by
Phong-Sturm [19] (see also [3]) that Bergman geodesics, which are orbits of
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CONVERGENCE OF BERGMAN GEODESICS ON CP! 2211

one-parameter subgroups of GL(dy + 1, C) between two Bergman metrics,
converge uniformly to a given Monge-Ampere geodesic for a general ample
line bundle over a Kahler manifold.

The question we take up in this article and in [25] is whether Bergman
geodesics converge to Monge-Ampere geodesics in a stronger sense. Con-
vergence in C? is especially interesting since it implies that the curvatures
and moments maps for the metrics along the Bergman geodesic converge
to those along the Monge-Ampeére geodesics. In this article and in the sub-
sequent article [25], we study this problem for toric hermitian line bundles
over toric K&hler manifolds. In this setting, the Kahler potentials ¢y (¢, z)
of the Bergman metrics along the geodesic have relatively explicit formu-
lae (see 1.8) resembling the free energy of a discrete quantum statistical
mechanical model. Convergence in C° of the Kihler potential as N — oo
is analogous to uniform convergence of the free energy in the thermody-
namic limit, while convergence of derivatives is related to absence of phase
transitions (cf. [13], 11.6).

To state our results, we will need some notation. Let L — X be an
ample holomorphic line bundle and denote by H°(X, LY) the holomorphic
sections of the N*" power LY — X of L. Given a basis Sy = {S0, ..., Say }
we define the associated holomorphic embedding

(1.1) sy X — CPW | ®g(2) =[So(2),...,Say(2)].

We define the space of Bergman metrics by

1

= {5

where wpg is the Fubini-Study metric on CP . Since U(dy + 1) is the

isometry group of wrg, Hy is the symmetric space GL(dy +1,C)/U(dy +
1,C).

Metrics in Hp are defined by an essentially algebro-geometric construc-

®5, wrs | S is a basis of H(X, LN)}7

tion and are somewhat analogous to rational numbers. A basic fact is that
the union
oo

UHy c ™

N=1
of Bergman metrics is dense in the C*° topology in the space H of all C'*®
Kaéhler metrics in a fixed Kéhler class [w] (see [26, 30]) of positive curvature.
Indeed, for each N we have a map

Sy:H—Hy, h— hy= ((I)ZNhFS)l/N»

1.2
(12) Sn(h) = an orthonormal basis for h.

TOME 57 (2007), FASCICULE 7



2212 Jian SONG & Steve ZELDITCH

The metric hy is independent of the choice of orthonormal basis, and hy —
h in C°.

Now let us compare Monge-Ampeére geodesics and Bergman geodesics.
We let hg, h; be any two hermitian metrics on L in the class H and write
hy, = e~ ¥?h relative to a fixed metric h with curvature form w = Ric(h).
Thus, we have an isomorphism

(1.3) H={peC®X)|w, =w+V—190p > 0}.

We may then identify the tangent space T,H at ¢ € H with C*>(X). We
define a Riemannian metric on ‘H as follows: let ¢ € H and let ¢ € T,H ~
C*(X) and define

(1.4) HwﬁleMQw

With this Riemannian metric, H is an infinite dimensional negatively
curved symmetric space. By [18, 21, 20, 9], the geodesics of H in this
metric are the paths p; which satisfy the equation

(L5) - 10413, =o.

This may be interpreted as a Monge-Ampere equation [21, 9].
Geodesics in ‘Hy with respect to the symmetric space metric are given by
one-parameter subgroups ¢4 of GL(dy +1,C). That is, let hg, b1 € H and

o€ GL(dN +1,C) be the change of basis matrix defined by o - S(O) S(l),

where S = Sn(ho) and S = Sn(h1). Without loss of generality, we
may assume that 0 is diagonal with entries e*°, ..., e~ for some A; €R

Let S S Where ot is diagonal with entries e*i*. We fix a smooth
hermltlan metric h € H and define

oo (2) = ——

hw(t,z >f§<> B(z)eon (E2),

Then hy(t,-) is the smooth geodesic in GL(dy +1,C)/U(dx +1,C) joining
hn(0,-) to hn(1,-). Explicitly, we have

dn
1 PPN
(1.6) o (t2) = 57 log <Z eSO, (z)).

J=0

Thus, the problem is the convergence of hy (t,-) — h(t,-) or equivalently
of on(t,+) — ¢(t,-). The following general result is proved in [19].

ANNALES DE L’INSTITUT FOURIER
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THEOREM 1.1. — The Bergman geodesics uniformly converge to the
Monge-Ampére geodesic in the sense that
(1.7) ¢ot(z) = lim {sup wN(t,-)] (2),
k—o0 N>k

where, for any bounded function f : [0,1] x X — R, the upper envelope of
[ is defined by f*(x0) = lime—0 Sup|,_y,|<c £ (7).

As mentioned above, our goal here and in [25] is to study the degree of
convergence of these geodesics in the case of toric hermitian metrics on a
toric line bundle L — X. We define the space Hp to be the subspace of
‘H of hermitian metrics for which ¢ is invariant under the underlying real
torus T' = (S')" action.

In the case of CP!, we may assume L = O(1) and an orthogonal basis
{SN1 of holomorphic sections of LY = O(N) is given in an affine chart by
the monomials 2N Na =0, ..., N. A toric hermitian metric is entirely en-
coded in the set of L? squared norms Qp () = ||zV%||2
with respect to powers h'¥ of the Hermitian metric h (cf. Definition 2.2).
Then (1.6) takes the form

~ of the monomials

No|2
|z a|h0

(Qh (@) H( QR (@)

(1.8) on(t, z) = %log Z

a€x7ZN[0,1]

If we write |2|? = e, we see the resemblance to the free energy of a quantum
statistical model with states parameterized by lattice points in [0, N] [13]
(§7). The main result of this article is:

THEOREM 1.2. — On CP', the Bergman geodesics converge to the toric
Monge-Ampére geodesic,

(1.9 Jim_on(t.2) = pi(2),
uniformly in the C? topology on [0,1] x CP*.

A natural question is whether the convergence is uniform in higher C*
spaces. We have no reason to doubt this, but our proofs are based on
explicit calculation of two derivatives and analysis of the asymptotics of the
resulting expressions. The expressions become rather complicated when one
takes three or higher derivatives, and it becomes quite messy to check if they
converge uniformly. As will be seen in the proof, most of the complications
concern the joint asymptotics in the (N, «) parameters of the norming
constants QN («) near the boundary of the “moment polytope” [0,1]. The
essential simplification in CP! over higher dimensional toric varieties is

TOME 57 (2007), FASCICULE 7
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that the approach to the boundary is much simpler for an interval than for
the possible convex Delzant polytopes in higher dimensions. Otherwise, the
case of CP! already exhibits much of the complexity of the general case.
In [25], we study the C? convergence problem in all dimensions.

Our analysis of the norming constants builds on the work of [23], and
may have an independent interest, since the norming constants determine
a toric metric. For instance, in [8] and elsewhere, numerical methods for
approximating extremal Kahler metrics on toric varieties are also based on
the study of norming constants. It would be interesting to generalize the
results on norming constants to higher dimensions. The subsequent arti-
cle [25] involves quantities which are in a sense dual to norming constants
and does not directly provide information on norming constants.

Finally, we thank the referee for some corrections and improvements.
As the referee points out, there are interesting connections between the
calculations of this article and those of [3]. Our methods can be adapted
to the slightly different situation of that article in the toric case, and we
hope to present the details elsewhere.

2. Preliminaries

Although we primarily study CP" in this article, we set the scene for
toric varieties in arbitrary dimensions. Let (X,w,7) be a compact toric
manifold of complex dimension n and

7:T" — Diff (X,w)

an effective Hamilton action of the standard real n-torus T' = (S1)". Let 7
be the moment map associated to the toric Kahler metric w

(2.1) m: X - R"

The image P of 7 is a Delzant polytope, defined by a set of linear inequal-
ities given by
(o) Z A, T=1,...,d,

where v, is an inward-pointing normal to the r-th (n — 1)-dimensional face
of P. Define the affine functions /. : R™ — R by

Ir(x) = (@, 0) — Ap.

Fix a toric polarization L on X with [L] = [w]. Let

ANNALES DE L’INSTITUT FOURIER
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H = {h | h is a smooth T-invariant hermitian metric on L
such that Ric(h) > 0}.

Fix h € H and let w = Ric(h), then
H = {p e C®(X)| ¢ is T-invariant and w, = w + v/ —189¢ > 0}.

Hence the hermitian metric h, € H and the w-plurisubharmonic potential
¢ € 'H are related by

he = hoe™%.
The L2-metric on H is given by

i, = [ 1w
X
for any ¢ € C®°(X).

For any ¢¢ and ¢1 € H, the geodesic ¢; joining ¢y and 1 in H is defined
by

azsﬁt .2
ot? - |8wt|w¢t ’

(2.2)

>From a complex geometric viewpoint, the complex torus (C*)™ acts on
X with an open orbit, and X may be viewed as a compactification of (C*)".
On the open orbit, we denote the standard holomorphic coordinates by
(21,--.,2n). We also define the real coordinates p; = log|z;|%, j =1,...,n
Then a toric Kahler form has a T-invariant Kéahler potential u on the orbit
defined by w = Zi7j=17~--77b ﬁ%{%jdzi Adz; > 0. Since u is T-invariant,
it can be considered as a function in p = (p1,. .., pn) on R™ and it is convex
on R™. We then define U(p) = u(z) on R™.

The Legendre transform of U defines the symplectic potential G of w, a
convex function on P°. That is,

G(z) = (z,p) = Ulp)
with © = VU(p) € P C R"™ given by the moment map. It has the same
singularities at the boundary 0P as the symplectic reference potential

(2.3) Zz Ylog I, (x

Gp induces a smooth hermitian metric hp on L — X (smooth over all
of X) with Ric(hp) = +/—190up on (C*)" and up being the Legendre
transform of G p. For background, we refer to [1, 8, 16].

The following theorem is proved by Guan [15].

TOME 57 (2007), FASCICULE 7



2216 Jian SONG & Steve ZELDITCH

THEOREM 2.1. — Let h; be the smooth geodesic joining hy and hy € H
for t € [0,1]. The corresponding symplectic potential Gy is given by

(2.4) Gi(z) = Gp(z) + filz)
where f, is a smooth function on R™ with V2G, > 0 on P°. Furthermore,
(2.5) fe(x) = (1 =) fo(z) +tf1(x).

Hence the geodesic of the symplectic potentials is linear. A very simple
proof (cf. [25]) is simply to push forward the energy functional defining the
Monge-Ampere geodesics to the polytope and observe that it becomes the
Fuclidean energy functional there.

DEFINITION 2.2. — For any lattice point Noo € NP NZ", we let SY €
H°(X, LY) denote the section which equals the monomial z¥® on (C*)"
in the standard affine frame. We define the L? norm of SY € HO(X, L")
with respect to hy by

(2.6) Q¥ (a) = [ 1Yy

where w; = Ric(hy) and hYY the N*"-power of h,. We also define Q¥ («)
with respect to hp by

(27) o¥() = [ 1s¥itye

where wp is the toric Kédhler form given by the symplectic potential Gp.
The formula for QY () and Q¥ (o) can be extended by real analyticity to
all € P.

Phong and Sturm [19] introduce the GL(dy +1, C) geodesics in the space
of Bergman metrics to approximate the Monge-Ampere geodesic ;.

DEFINITION 2.3. — We define Ex(t,z) by

SV
(Qf" (@) ~(Q ()
and the Szego kernel Il with respect to hy by

(2.8) Ent,z)= >

NaeNPNZ"

2.9 M (t,2) S 1Sa Iy
= B )
DEFINITION 2.4. — We also define for o € P
1. the norming constants
(2.10) QY (@) = QY ()e™ V(™) QF(a) = QF (a)e™ NP,

ANNALES DE L’INSTITUT FOURIER
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2. the norming constants
QY (@)
2.11 N(a) = ,
RN( )7 QtN(a) _ in(a)
t - _ - _ )
(a0 (@) (g (@)t (QF (@) ~H(Q7 ()"
3. the norm squares of the normalized monomial sections

_ |S<iv ’21{\’ (2)

2.12 N(t,z) =
(212 PY(2) = —gr e
LEMMA 2.5.
(2.13) En(t,z) = Z RN ()P (t, 2).
NaeNPNZ™

Proof. — Straightforward calculation shows that

g () _ )
(g (@) =Ha (@)t (R () ~H(Q7 (a))*
— N((1=1)Go(@)+tG1 (@) =G (a)) in(a)
(Q4 (@)= Q7 (a))"
QY (a)

(Qf () =*(Qf ()

The last equality follows from the geodesic equation

Gi(z) = (1 — t)Go(z) + tG1 ().

3. Joint (N, «) asymptotics of the norming constants for
metrics on CP!

We first give a useful formula for the norming constants QY (a) (2.10)
which is valid on any toric variety, and then we use it in the case of CP!
to determine joint (N, ) asymptotics.

LEMMA 3.1. — The norming constants QY (o) and Q¥ («) in Defini-
tion 2.4 for a € P are given on any toric variety by

Q;ﬁN(a) = (27'(')" fP e_NFt,a(w)dx
(3.1)
Qg(a) = (27’()” fP B*NFP,a(x)dI,

TOME 57 (2007), FASCICULE 7



2218 Jian SONG & Steve ZELDITCH

where the phase functions Fy o(z) and Fp ,(z) are defined by

{thw%=@%ﬂLVGP@»—%GP@)—GPWD

(3.2)
Fio(z) = (x —a,VGi(x)) — (Gi(z) — Gi(w)).

Proof. — Let z = (21,...,2,) € (C*)" and p = (p1,...,pn) € R" with
pj = log|zj|? for j = 1,...,n. We suppose that the Kihler form for g;
is given by >,y _162339% dz; N\ dZj, where u;(z) is the Kéhler po-
tential for the toric Kahler metric g; on (C*)". Let Ui(p) = w(z) and
m = VU; : R — P be the moment map associated to g;. Then the
symplectic potential Gy on P for g; is given by the following Legendre

transform

Gilw) = (z,p) — Us(p)
with x = VUy(p) € P C R™. Also Ui(p) can be recovered from Gi(x) by
the following inverse Legendre transform

Ui(p) = (2,9} — Gi(a)
with p = VGy(z). Also 7} (dzy - dzy) = det ( o°U; ) dpy - - dpn.

9pi0p;
QN (a) = (VI /

Na ,—Nui(2)—NG¢(a) a2ut
|z|" e det dzy A dzi A

n 82’1'8?]‘
< ANdzy N\ dZy,
= (Qﬂ-)n/ eN{e.p)=Us(p)) =NGi(a) fet < O, > dpy---dpy
n dpiOp;

n

- (QW)"/ N (@Y1 (@)=(2,9G (@) =G (@) =G (@) gy, .. . dy
P

= (27r)”/ e NFua(@) gy,
P

The same argument gives the integral formula for Q™ (). a

We now specialize to the case of CP!, where:

e P = [0,1] and the canonical symplectic potential equals Gp(z) =
zlogz+ (1 —x)log(l—x) (it is the symplectic potential dual to the Fubini-
Study Kéhler potential);

e For a € %Z NP,

QP (o) = ( ]]VVO) h

N(O[) — 97 N _167N(aloga+(1fa)log(lfa)).
P Na

and

ANNALES DE L’INSTITUT FOURIER
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e The geodesic of the symplectic potentials G¢(z) is
Gi(z) = Gp(z) + fi(x)
where fi(z) = (1 —t)fo(z) + tf1(x) is a smooth function on R such that

d2
In fact, because G (z) has poles of order 1 at 0 and 1, we have:
LEMMA 3.2. — There exists a constant A > 0 such that for any ¢ € [0, 1]
and z € (0,1)
(3.4) (1 —2)GY(x) > A, z(1 —2)Gh(z) > A.

We also evaluate:

(3.5) {Fp’a(x) = —alogz — (1~ a)log(1-z) + aloga + (1-a)log(1-a),
Fra(2) = Gp(a)-alogr—(1-a)log(1-2) + (1-a)*fra(a),

where fi(x) = —f”(x)_f‘g(;l;@(x)(x_a) with fio(e) = 1f/ (). It is easy
to check by Taylor expansion that f; o(z) is smooth in z and t.

We now consider the joint asymptotics in (N, «a) of the norming con-
stants. Our main result, Theorem 3.4, is a comparison of the joint asymp-
totics of a metric norming constant (2.10) to the canonical norming con-
stants Q¥ (a). The joint asymptotics of the latter can be derived from
known (elementary) results on binomial coefficients, and we begin by re-
calling the relevant background.

The joint asymptotics of binomial coefficients () in (NV,m) and the
closely related canonical norming constants Q% (a) have several regimes
accordingly as « belongs to an “interior region” or a “boundary region”.
ﬁ, lfﬁ]. The standard
Sterling asymptotics for factorial and binomials applies in the region and

First let us consider the “interior”, where v € |

gives

(3.6) <N> ~ ; e—N(aloga+(1—a)10g(1_a)’
Na 2rNa(l — a)

and more precisely the asymptotics

-1
(3.7) Qp (o) =2m (]\]]\;> e~ NGp(a)

— 2r/@n)Na(l = a) exp (o <N1a + N_lNa» |

We observe that the asymptotics are highly non-uniform as @« — 0 or @ — 1.

TOME 57 (2007), FASCICULE 7



2220 Jian SONG & Steve ZELDITCH

In the left “boundary region” «a € [0, ﬁ], we cannot use Stirling’s
formula up to the boundary and rather use that

N Nm™o m— J
(m) = A(N, m)ﬁ, with A = szll(]. — N)

Using that In A = Z;”:_ll In(1 — £), and In(1 — z) ~ — one has
Na

-1 . )2

= o(1)

Na

if Na = o(VN). It follows that if (Na) = o(V'N), then (y a) ~ %, and
further that

(3.8)
R (@) = () e - S
a)Ne « «
= 1= )= 5= - Ty
B (Na) y (Na)Ne) 1 2
=(1-=5 ! (Na)! I-3i-5)

We record the following;:

LEMMA 3.3. — There exists a constant C' > 0 such that for all a €
0,1]N%Z
(3.9) Qp(a)=C

Proof. — In the interior region, (3.7) implies the lower bound Q¥ (o) >
CN'/8. In the boundary region, we can continue to use Stirling’s formula
as long as Na — oo to obtain

AR

N Na\ ™ Na N Na ~1/2
= <Na) <N> (1= )77~ @rNa) =%,

so Q¥ (a) — oo there as well. If N < K then the exact formula (3.8)
gives positive upper bound independent of N. We note that it equals 1
when o = 0. ]

ANNALES DE L’INSTITUT FOURIER
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We now turn to general metrics. The following comparison inequality is
the principal technical tool in the proof of C? convergence of the geodesics
(see Definition 2.4).

THEOREM 3.4. — There exists a constant C > 0 such that for all integer

N>0,a€Pandte|0,1]
1
(3.10) Leqm<c

Furthermore, if we let m; and mp be the moment maps associated to the
toric Kahler metrics g; and gp and define

Q(a) = (detWGP(a)>1/2,

det V2G, ()
then Q:(«) extends to a continuous function on P and
(3.11) Nlim ¥ (a) = Q(a)

uniformly for o € P.

det V2U, (77 Y«
Indeed, () = (Wm

of Kiihler metrics g; and gp on (C*)", although 7; *(a) and 75" () do not

1/2
) is the ratio of the volume forms

necessarily coincide.
The following corollaries play an important role in the proof of the main

result.

COROLLARY 3.5. — There exists a constant C' > 0 such that for all
integer N > 0, « € [0,1] and t € [0, 1], the ratios R of Definition 2.4 satisfy
(3.12) é <R () < C.

Furthermore,
Qi (a
(3:49) Jm R @) = e

uniformly for « € [0,1].

The next corollary follows immediately from Theorem 3.4 and Lem-

ma 3.3.
COROLLARY 3.6. — There exist C' > 0 such that for all « € [0,1] N +Z

(3.14) QM) > C.

L1
N

We divide the proof of Theorem 3.4 into an analysis of norming constants
in an interior region of [0, 1] and in a boundary region.
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3.1. Interior estimates

We begin by studying Q¥ (o) where « lies in the (left) “interior interval”
a € [N3/4, 3] It is then possible to obtain joint (N, «) asymptotics by a
complex stationary phase method. The discussion is essentially the same
for the right interior interval [, 1 — 557] and is omitted.

PROPOSITION 3.7. — Let a € w77, 2] and M = N Then there exist
uniformly bounded functions Ay () on the interior region, such that

N N 213/ 2y — Ay k(@)
(3.15) @; (a) (ﬁ—&—aft”(oz))l/z( )1/2 —~ MFE
273/2 > At,k(@)

(G () RNV ME
in the sense that for any R € Z™T there exists Cr > 0 such that

271_3/2

Ny Atk
(3.16) |Q; (@) (ﬁ + afl(a) 1/2 1/2 Z

C’Ra

S ey et

In particular, Ay = 1.

COROLLARY 3.8. — Leta € [N3/4’ 3
asymptotic expansion for large M

2] and M = Na. There is a complete

. o 1 > Bt,k(a)
(317) q: ( ) (M(1+a(1_a)fg/(a)))1/2 pors MFE
_ (G;sm))”? o~ Bual(@)
G{ () ; MF

in the sense that for any R € Z7T there exists Cr > 0 such that

R
1 Bt7k(0¢)

(M(L+ a(l—a) f (@) /2 2=~ M

(3.18) g (a) — < CrM~ B+,

In particular, By o = 1 and there exists C > 0 such that

1
(3.19) 0<5< ¥ (a) < C.

The proof of Proposition 3.7 proceeds by a sequence of lemmas. The first
concerns the phase Fy o (3.5).
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LEMMA 3.9. — « is the only critical point of F} ,(x) and we have
(320) Fl(a) = GY(@) > 0, (5 - )Fla(2) > 0.

Proof. — Differentiating (3.2) shows that Fy ,(z) = (v — )G} (x). The
second derivative is readily obtained and it is positive by Lemma 3.2. O

Now we make a substitution of variables. Let y = =%, M = Na. We

then have

1

(3.21) QN (a) :gm/“ e~ MFialv) gy
-1

with new phase function

Fral) =~ Fualo(1+)), Fraly) =~ Frala(l +3))

(3.22)
+ay?fialo(l+y))).

-« l-a—ay
Fia(y) =—(10g(1+y)+ —log ——

LEMMA 3.10. — The phase has the following properties:

(1) Fraly) is strictly decreasing on (—1,0) and strictly increasing on
(O,é — 1) with a unique critical (minimum) point at y = 0 with
Fi,a(0) = 0.

(2) If yo > 0, then infy>, F; ,(y) = C(yo) > 0 where C(yo) is inde-
pendent of a,t.

(3) If yo < 0, then inf,c;_q o) |F/ o(¥)| = C(yo) > 0 where C(yo) is
independent of a,t.

(4) The Hessian of F; ., at y = 0 is non-degenerate and

Flo(0) = aGl(0) = T2 +af!(a) > 0

(5) Ft,a(y) and all of its derivatives are uniformly bounded for a € [0, 2]

and for y in any compact set of (—1, é —1).
Proof. — Comparing with (3.5) and Lemma 3.9 shows that

_ 1dF; o (x) dx ,

FloW) = 3 gn gy = Fra@ = (@ = )G{(2) = ayG(a(1 +y))
= LG @) = - i L @G (@)
e LT (e ) + 0P (a(l + 1)

_1—|—y l-a—-—ay
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Fraly) = aF,(z) = aG(x) + a(z — )G/ (x)
= aG{(a(1+y)) + o*yG/" (a(l +y))
=1 —:y)Q + a i(;_aa)y)Q +2afi o(a(l +y))
+ 20y +20%y) fl o (@1 +9)) + @*y* frala(1 +y)).
By Lemma 3.2, zGY ( ) has a uniform positive lower bound, hence by
the formula 7/, (y) = ¢ (G (2)), F{ o (y) = 0 if and only if y = 0. Also
1a(y) <0on (—1,0) and F/ ,(y) > 0 on (0,1 — 1). The same formula
implies (2)-(3) since the factor || then has a uniform lower bound.
Again by Lemma 3.2, G/ («) has poles at 0 and 1, hence aGY(«a) is
uniformly bounded below from 0 for o € [0, 2]. In particular, at the critical
point, we have (cf. Lemma 3.9),

FLal0) = 0F!,(0) = = +aff (o) = aGY(a) > .

LEMMA 3.11. — There exist 6 and C > 0 such that
2ra f_ll e~ MFPt.a(v) dy Ce—M

(3.23) 1— - <
Q; (@) M

Proof. — By Lemma 3.10 (2), there exists A > 0 independent of (¢, «)
such that

(3'24) }—t,a(y) > ft,a(l) +

| >

(y—1), fory>1.

), we have

NI

Using also that F; , increases on (0,

1 1
/ e MFra(®) gy < / e~ AMu=D-MF,a() g,
1 1

2€_M-7'—t,a(1)
g -
AM
—M(Fi.a(1)=Ft.a( 1/2
< de~M(Ft,a()=F (2))/ e_Mf‘=“(y)dy
C —O6M
Qt( ), where §:=2 inf F (y).

y€[3,1]
In the last line we again used Lemma 3.10 (2).
By the same argument, there exists 6 > 0 (independent of (¢, «) so that

1

~1 —5M
P o MFuay) gy < Ce N
/,1 ‘ VS hrq @ (@)
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Indeed, by Lemma 3.2 (3), F;, is decreasing on (—1,0) and there exists
—A < 0 independent of (¢, «) so that

1 A 1
(325) ft,a(y) 2 ft,a(*i) - a(y + 5)
As above,
_1 1
P e MFiaW) gy < w
/,1 ‘ YSTTAM
< SefM(]:t,a(Afj)*]:t,a(*Z)) /_Ze*M}-t,a(y)dy
M _1
2
Ce_(sM N . /
< WQt (), where §:=2 1r}f ) |F7 o ()]

yel—5,— 1

The lemma is proved by combining the above inequalities and
ora [1, e MFralw)dy
2
i (a)
. f:lé e~ MFiaW) dy 1 21a flifl e~ MFea(®) gy
Q1 (a)

1—

3.2. Proof of Proposition 3.7

We introduce a smooth cut-off function 7 such that n = 1 on [—%—i—e, 1—¢€]
for some fixed € > 0 (independent of (¢, N,«)) and with n = 0 outside
(—%, 1) and write

1
QN (a) = IV () + 1IN (o), with IY(a) = 20 / e MFa®yp(y)dy.

%
—5M —5M
By Lemma 3.11, II}¥ < €5 —Q¥ (a), hence Q) () (1 + O(Sra )) =
IN (), and therefore
N N e M
3.26 =1 1+0 .
(3.26) Q¥ (@ =1 (1+ 0550

We now evaluate I} («) asymptotically with respect to the parameter M
by the method of complex stationary phase with non-degenerate complex
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phase functions (Theorem 7.7.5 in [17]), with «, ¢ as parameters. Using the
evaluation of the Hessian in Lemma 3.10, we obtain

2773/2

Atk

+afl'(a) 1/2 1/2 Z
< CRO‘ M (R+D)
((lia) —|—0¢ft”(0¢))1/2(M)1/2 )

where the A; («) are obtained by applying powers of the inverse Hessian
operator

(3.27) |IN(a)—

1
(=

1 d?
2
(e + st (@) W
@) and Rs is the cubic remainder in the Taylor expansion
of Fio(y) at y = 0. The inverse Hessian is uniformly bounded above in
the interior region, so R3 is uniformly bounded with uniformly bounded

derivatives when a € [0,2] and y € [-3 + €,1 — ¢] (cf. Lemma 3.10 (5).
Therefore the stationary phase coefficients and remainder are uniformly

to e~ MRBs(yst,

bounded in the interior region.
The proposition follows by combining the complex stationary phase
asymptotics with (3.26). O

3.3. Boundary estimates

We now give joint asymptotic estimates of norming constants in the
boundary zone where 0 < o < ﬁ The exclusion of o = 0 is not impor-
tant since the norming constants also equal 1 there. The main result of this
section is:

PROPOSITION 3.12. — Assume 0 < a < Then we have

1
N3/4-
(3.28) gV (a) =1+ O(N"3).

The proof of Proposition 3.12 consists of a number of lemmas.

First we will localize the integral Q,{V and Qg

LEMMA 3.13. — Suppose 0 < a < ﬁ Then there exists constants
6,C > 0 such that

EaY
afa L e*ath,a(y)dy

@ < Ce )
a1 —aNFpa®
o a . P,a dy s
aNz/SQN(a) < Ce—dNY?,
P
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Proof. — We now localize the integral (3.21) into the subinterval
-1, a5 T A
negligible. In the boundary region, —L > N1/12,

As in Lemma 3.11, there exists a uniform positive constant A > 0 such
that ;o (y) = Fra(oxs7s) + Ay — —x75) on [—x=73, = — 1] and we obtain

by showing that the integral over [ — 1] is relatively

a1 C 1
/ e—aN]:t,a(y)dy < e*OéN]:t,a(m)

1 alN
aN2/3
C 676N1/3
~ aN b

using the fact (cf. Lemma 3.10) that F; o(y) = €(y—1)+Fi.o(1) as y — oo;
here, € > 0 is a positive and uniform constant.

To prove that the integral over [—L75, - — 1] is relatively negligible, we
give a lower bound for the integral on the whole interval [-1, L —1]. In fact
a very crude lower bound suffices, so we choose a convenient subinterval.
By Lemma 3.10, F; ,(y) is uniformly bounded on any compact subset of
[0,2 — 1] when « is the boundary region. Using that F; o(y) < Fr.a(1) +
Co(y — 1) on [1,2] for some Cy > 0, we have

1
o

1_q 2
/ e—ath,a<y>dy>/ e~ ONFea (W) gy
—1 1

2
26—011\7-7‘},@(1)/ e—CUQN(y—l)dy
1

C
—aN o (1) —CoaN
> e~ ONTta(1)=Coa

alN
> £67C0N1/4.
alN
Therefore
L1
afa L efaN]-'t,a(y)dy
an2/3 —eNY34CoN/4 —6NY/3
QN( ] < Ce < Ce
(o
for some 6 > 0. O

3.4. Proof of Proposition 3.12

By definition and the previous lemma, we have
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Ma
QP («
1
anN2/3 704N]-'t,u(y)d 1
e
I TENCICARD)
[T e Ty

O

g (a) =

~—

[T = aNFr o)+ NiP o (a(149) gy

_1
T (1+0(™™ %)
f—alNz/S €7aN]:P’“‘(y)dy

= (1+O0(N"%)),
where in the last line, we Taylor expand the exponential e~ Ny* fr.a(a(14y)
and recall that in the boundary layer, a®? Ny f; o(a(1 + 1)) = O(N~3).

This completes the proof of Proposition 3.12.
When a =0,

[ N o102 0y

fOl eN log(lfx)dz

g (0) =

Notice that the phase is strictly decreasing on [0, 1], one can apply the
similar argument as before with the substitution y = N?/3z. We leave it
as an exercise to show ¢V (0) ~ 1 as N — 0. O

3.5. Completion of proof of Theorem 3.4

It is easy to see in the boundary layer 0 < o < N§/4,

detVzGt(a) e a)+f "(a)

=1+4+0(a).
Therefore gggag continuously extends to P.

Consider the interior of P with N3/4 <a< % By Corollary 3.8, we have

Ny _ Q@) (1 N 1
i@ = Gxier = (rrpw) o)
_ det V2Gy(a) 1 det VZGy(w) 1
= qtvice) OGN T @veap) O Nia):
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Consider the boundary layer of P with 0 < o < 1377 By Lemma 3.12,
we have
N 2
N Q) (o) 1 det V°Gy(a) 1
= = 1 O = O .
@ (@) =08 = 1T OGA) = Geveap(a) T OV
Therefore for any « € P, we have
det V2Gt (O[) 1
3.29 Na) = 0] :
( ) qy (O{) det VQGP(Q) + (N1/4 )
This proves Theorem 3.4. ]

4. Proof of the main theorem 1.2

4.1. The C°-convergence

PROPOSITION 4.1. — There exists a constant C' > 0 such that for any
z € CP!
1 Clog N
(4.1) ’NlogEN(Lz) < %.

Proof. — By Corollary 3.5, there exists a constant C' > 0 such that
& <RY(a) < C for any o € P. Then

1 En(t, z)

— < ——L < (.
¢ STinz ¢

The proposition is proved by applying the Tian-Yau-Zelditch expansion [30],
which asserts that there exists a C°° asymptotic expansion,

t
(4.2) HN(t,z):N(H%jL...),
which may be differentiated any number of times. It obviously implies that
1 log N
gt )| « TN

O

We note that the convergence rate is best possible. The C° convergence
with this rate was proved for a different but related sequence of metrics
in [3]; a simple proof along the above lines for general toric Kahler manifolds
will appear in [25].
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4.2. A localization lemma

To obtain C2 convergence, we have to estimate weighted sums of PY (¢, 2)
forae PN %Z. The following localization lemma enables to replace the
sum of P (¢,2) by its partial sum for a in small neighborhoods of 7;(p),
where p = log|z|?. Fix z = e#/>*"% ¢ X with 2 = m,(p).

LEMMA 4.2. — For any § > 0, there exist 0 < 61 <9, 0< s <, e >0
and C' > 0 such that for any a and 3 € [0,1] N & Z with |a — 2| < & and
|8 — x| = 202, we have

Pa(t,2)

(4.3) —a L L Cem Y,
PY(t, )

Proof. — First let’s assume z € (0, 1).
PY(t,z) e N(@E-AG@~(Gi(®)-C()

_ QN (o)
PN (t,z) o N((a—a)G(2)~(Gi(z)~Gi(a) Q

(

)

— ¢ N(Ge(B)~Gi(a)~G(2)(B~a)) Qf (o
QY (B)

N
— N(G1 ()G (@) Gl (@) (B—a))+ N (Gl (2)~ Gl (a)) (B—a) @t (@)
QN (B)

N
t
N

~—

=€

_ NG () (B-al 4 N(G () -G (e (5-a) O (@)
QY (P)
for some 7 between « and .

Notice that G} is uniformly bounded below from 0 and G} is equicon-
tinuous on [0,1]. Therefore we can choose d; < d2 so that there exits € > 0
and

e~ NG/ (M (B=a)*+N(G (@) =G () (B—a) ¢ 2N
Also
PN (t,2)
Y

When x = 0 or 1, the same estimate can be proved by similar argument

< Ce N,

as above making use of the monotonicity of G;. g

4.3. The C?-convergence
We now prove the main results giving bounds on two space-time deriva-

tives of ¢n(t,2). The main ingredients are the bounds of Ry in Corol-
lary 3.5 and a comparison to derivatives of the Szego kernel Ty (¢, z) for

ANNALES DE L’INSTITUT FOURIER



CONVERGENCE OF BERGMAN GEODESICS ON CP! 2231

the metric ¢; deriving from Lemma 2.5. By (4.2) it is straightforward to
determine the derivatives of Iy (¢, 2).

The following lemma is the consequence of the family version of the
Tian-Yau-Zelditch expansion.

LEMMA 4.3. — We have the following uniform convergence in the C'*°
topology on [0,1] x CP*

. 1
(4.4) A}gnoo i log (¢, z) = 0.

COROLLARY 4.4. — All derivatives of 3; logIIn(t,2) + us(z), of order
great than zero, are uniformly bounded on X.

Proof. — Although u(z) is not a well-defined function on X, e~ %(*)
extends to a hermitian metric on the line bundle so that, by applying
global vector fields, any derivatives of u(z) are well defined functions on
X and are uniformly bounded. O

PROPOSITION 4.5.

=0.

(4.5) hm H log En(t, 2)
C2([0,1]x X)

Proof. — Fix z € CP', and put z = m(z). To prove the C? conver-
gence of %logEN(t,z) it suffices by (4.2) to prove C? convergence for
+(logEn(t,z) — logIly(t,z)). We use Lemma 2.5 to simplify the formula
for En(t, 2).

Second order convergence in pure space derivatives.
We first consider pure space derivatives. By >, and >~ 5, we mean
o “. . —
ZaePﬁ%Z and Za,ﬁePﬁ%Z' If  is in the “interior region” of [0,1], we

may use the coordinates z = e?/2t% and

a 9.2
‘Za sl = B2 RY ()RY (BYPY (t,2)PY (t, 2)

2 (2, RN (@)PN(t,2))”
S apla—BPPN(t2)PY (¢, 2)

2(3, PN (t.2))

‘ 5 logEn(t, 2) — log Iy (¢, 2)
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- N (Za,ﬁ(a - B)*PY(t, 2Py (t, 2)
2 (3, PN (t,2))?

Yapla = BPRY ()R (B)P (t.2)PY (¢, 2)
(XL RN ()P (t, Z)z)
. (XoPY(t,2)) 1
Za,,ﬁ(a - ﬁ)2pcjyv(t7 Z)Pév(t7 Z)

P
‘ Yo ple = BPRY ()R (B)PA (+, 2) PF (¢ 2)
(S0 RY (@)P (1,2))"
. (S P (t2) o
Yoo gl = BP*PY(t 2)PF (t, 2)
Yo sl = BPRY (R (B)PS (¢, 2)P5 (¢ 2)
Za,ﬂ(a - ﬁ)2'pC]¥V(t7 z)PéV(tv Z)

N
Q

 (SuPM@2)” 1|
(3a RY ()P (t,2))°
Dasen. )@= BPRY(RY (B)PY (t, 2)PJ (¢, 2)
>apen. s (@ — B)FPY(L, z)PéV(t, 23
(ZQGBI((S) stN(%Z))

(S RN @PY(1.2)

N
Q

—1+O(e_EN)

<C ( sup RN(a) — inf R;N(a)> +0 (e M)
a€B,(5) @€B,(9)
for some fixed € > 0, where B, (8) = {a € [0,1]N +Z | |a — 2| < §}.
R (a) = limy_o RY () is continuous on [0, 1] and the convergence is
uniform. Therefore for any ¢’ > 0, there exists § > 0 and sufficiently large
N’ such that for all N > N’

sup RN(a)— inf RN €.
aEBf)(é) e () a€By(0) (o) <

In other words, for any € > 0, there exists a sufficiently large N’ such
that for all N > N/,
2 2

110
~ 87p210ggN(t72) a7 log Iy (t,2)| < €.
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If 2 is close to the boundary of [0, 1], without loss of generality we fix a

holomorphic coordinate system {z} for CP! near the north pole zy such
that z =0 at zn. Let = |z|. Then

1| o 2
N‘Wlog&v(t,z) 82

‘Za,g>o<aﬁ>27€t (RN (BYP 4 (1, 2P 1 (+2)

(3 RN ()P (1, z))
P gsola = BPPL 4 (8, 2)P5L oy (t:2)

(Za PI(t, 2 )

log N (¢, 2)

‘(Zawbo(a—5)2R{V(a)R§V(ﬁ)’Pa]\i i(t,z)P;i L (09) (2, PN (1 2)°
<C
‘ (Za,lbo( 5)273N (t Z)PB )(Z RN ()PY (t, z))

-1}

By localizing the summand and similar argument for the interior, we can
show that for any ¢ > 0, there exists a sufficiently large N’ such that for
all N > N/

2

2 0
— =1 7 gl
N ’67“2 ogEn(t, z) 5,2 108 Nt 2)| <€

Second order convergence in pure time derivatives.

We now consider time derivatives. Let G;(x) = Gp(x)+ fi(x), for i = 0, 1.
Let fix) = (1— ) fol) + t1(x) and £ fi(x) = v(x) = fi(2) — fo(x). Also
Ui(p) = ui(z). By Legendre transform, U;(p) = xp — Gi(x) with p = Gi(z)
and z = U/(p). Calculate

P . a L a

L Up) = 0~ 2Cula) ~ Cla)i = — 2 Gu(a) = —o()
and

O 2Up) =~/ (@)i = (/@)U ) = (v’(w))?a%gut(z).

Straightforward calculation shows that

L . log 2 “”Rt( )P (t, 2)

atlog&v(t z) + 4 —u(z) =

N9 at Ny RN PY(t,2)
1 X (~Vule) +log N(zi)w(a)w(m)
N Za RY ()P (t,2)
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and

2 2
Noe s (b T 5

T (0@ 00 + 108 TG RY@RYGPY 027 (5.

2 (X, RN (a)PH(t, z))
=1V (t,2) + I (t,2) + I3 (¢, 2).

—ut(z)

va(t7 z)
:Nza,g(v(a)*v(/@’))2 H (@RY (BYPX (8, 2)P (8, 2)
2 (>, RN (a)PX (t,z))
Ly Zaseno(@— B (M= LN RY (@)RY (BYPY (1, 2)PL (8, 2)
2 (3, RN ()P (1, ))
N o et = BPRY @R (BYPY (1 P (5.2
2 (3, RN ()P (t,2))°

S @B ((2=52) "~ (' (@))?) RY ()R (BYPE (1, 2P (5, 2)
2 (3, RN (@)PN(t,2!)°

~<<v’(a:>>2+ up (( ) ))
a#BEB4(5)
1
N

. ( 57 log En (¢, z)—&—put(z))

9 07 o2

~ (UI(J")) 87p2Ut(Z) = wut(z)

as d — 0.
Therefore imy .o I (t,2) = gtg ug(2).
Iév(t, z)
¥ (0(@) = v(8) log BBLLSRY (@)RY ()P (1, 2)PL (6, 2)
(Z RY ()P (¢, z))
5 e (0(0) = v(8)) log ADELLRY ()RY (HPY (12PN (5, 2)
(X, RN ()P (t,2))”

~

~ 0

as 6 — 0.

Therefore limy o, IV (t,2) = 0.
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N Ny 2
| s (10 BOLD) RN ()R ()P (1, 2P (5.2)
N 2
N (S0 RY ()P (L, 2))
~ 0.

IY(t,z) =

Therefore limy o I (¢, 2) = 0.
We conclude from the above calculation that

2

.0
ngnoo 72 log€n(t,z) =0.

By a similar argument, which we leave to the reader, the mixed space-
time derivatives of logEn (¢, z) also uniformly converges to 0. Therefore
+ log Ex (¢, z) has bounded second derivatives and + log En (¢, z) converges
in C? to 0. O

We now conclude the proof of the main result:

Proof of Theorem 1.2. — Notice that pn(t,") — ¢i(-) = + logEnl(t,").
Therefore Theorem 1.2 is proved. O

4.4. Final remarks and questions

We conclude with some questions:

e Limits on the degree of convergence of ¢ (t, z) — (¢, 2) are related
to the distribution of complex zeros of the holomorphic extension
of &N In the toric case, in the coordinates x = e, &V is a positive
real polynomial of a real variable. As observed by Lee-Yang in the
context of partition functions of statistical mechanical models, the
degree of convergence of % log &N to its limit is related to the limit
distribution of the complex zeros of £ along the real domain. For
a modern study of complex zeros of partition functions with refer-
ences to the literature, see [4]. It would be interesting to study the
complex zeros in the case of toric varieties.

e The formula for £V (z) in Lemma 2.5 exhibits this function as
the value on the diagonal of a Toeplitz type operator with mul-
tiplier R («). More precisely, it is the Berezin lower symbol of
the Toeplitz type operator. For background we refer to [22]. The
question whether it is a Toeplitz operator in any standard sense is
essentially the same question as to the existence of asymptotics of
EN(z) and joint asymptotics of RN (a). When this multiplier is a
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symbol, the sum has the general form of a Bernstein polynomial in
the sense of [29] and admits a complete asymptotic expansion. It
would be very helpful if there exists a more “abstract” approach to
this Toeplitz operator by constructing its Toeplitz symbol instead of
its Berezin symbol. The leading order Toeplitz symbol is calculated
in Corollary 3.5.
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