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GAUSS-MANIN SYSTEMS, BRIESKORN LATTICES
AND FROBENIUS STRUCTURES (I)

by A. DOUAI and C. SABBAH

A Frédéric Pham, avec amitié

Introduction.

It is now well-known that it is possible to associate with any germ of
isolated hypersurface singularity a canonical Frobenius-Saito structure(!)
(also called a flat structure by K. Saito) on the (germ of the) base space
of its miniversal unfolding. The theory of primitive forms [56] allows such
a construction, together with Hodge theory of the Brieskorn lattice, as
developed by M. Saito [58], [60] (see also [22] for a presentation of the
theory). Such a construction is local, but also canonical.

In [50], the second author has indicated how to extend such a
construction to polynomials on C™ which are convenient and nondegenerate
with respect to their Newton polyhedron, a notion defined by A.G. Kouch-
nirenko in [28]. The reason for extending the previous work of K. Saito and
M. Saito is that, in some aspect of mirror symmetry theory, the Landau-
Ginzburg potential often takes the form of the universal unfolding of a
function on a smooth complex affine variety and is not necessarily reducible
to the unfolding of a germ of complex isolated singularity.

Keywords : Gauss-Manin system — Brieskorn lattice — Frobenius manifold.
Math. classification : 32540 — 32530 — 32G34 — 32G20 - 34Mxx.

(1) Throughout of this article, we use the words “Frobenius structure” or “Saito
structure” in an equivalent way; some authors also call such a structure a “conformal
Frobenius structure”, as we always assume the existence of an Euler vector field.
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A motivation to extend furthermore the construction to convenient
and nondegenerate Laurent polynomials, which is the main result of this
article, comes from the computation of S. Barannikov [3] for the particular
case of the Laurent polynomial f(uy,...,un) =us + -+ up +1/uy - up:
he associates to such a Laurent polynomial a Frobenius structure on the
germ (C"*1 0), which is shown to be equivalent to that coming from the
quantum cohomology of P™(C) (defined e.g., in [39]). One finds in [24]
other such polynomials®. In the second part [17] of this article, we will
extend the computation of S.Barannikov to the case of the linear form
wouo + - - - + Wy, restricted to the torus [], u;"* = 1, where (wo, ..., w,)
is any sequence of positive integers such that ged(wy, ..., wy,) = 1; in such
a case, the canonical Frobenius structure is completely determined by its
initial data, that we compute explicitly.

In this article, we give a detailed presentation of the construction
of the Frobenius structure attached to a regular tame function on an
affine manifold (when a primitive homogeneous form exists, see below).
We first give the main properties of the Gauss-Manin system and the
Brieskorn lattice of any unfolding of such a function. Essentially, we
show that all expected results (if we refer to the local situation) hold:
holonomicity, regularity, duality, ... Such results were only sketched in [50].
In Appendix A, we recall with some details basic results written by
B. Abdel-Gadir in [1], [2], as these papers are hardly available.

Once these basic results are obtained, the main tools that one has to
develop in order to mimic K.+ M. Saito’s construction of the Frobenius
structure are:

« the Hodge theory for the Brieskorn lattice of the tame function f on
a smooth complex affine variety,

« the existence of a primitive and homogeneous section of the Brieskorn
lattice.

The first one was achieved in [51], [52]. In Appendix B, we recall
the analogue, in the affine situation, of the method of M. Saito to obtain
a solution of Birkhoff’s problem for the Brieskorn lattice. This slightly
simplifies the approach in [52]. Moreover, we make the link with the
construction of good bases given in [15].

We are then mainly interested in finding a primitive homogeneous
section corresponding to the minimal exponent. Natural candidates are

(2) The second author is grateful to R. Kauffman for pointing him this article.
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A. DOUAI & C. SABBAH 1057

volume forms. In the singularity case, the minimal exponent has multiplicity
one [60], so such a primitive homogeneous section is essentially unique, if it
exists. In fact, any volume form gives rise to such a primitive homogeneous
section. We show that a similar result holds for convenient nondegenerate
Laurent polynomials on (C*)". It was asserted in [52] that the same
result holds for convenient nondegenerate polynomials on C™. However, let
us emphasize that a supplementary assumption is understated there: the
linear forms defining the Newton boundary have nonnegative coefficients.
Without this assumption, the volume form may not be homogeneous, the
minimal exponent may not have multiplicity one, and we cannot assert
the existence of any primitive homogeneous section.

A basic tool in the convenient nondegenerate case, which goes back
to [27], [57], consists in the identification between the Hodge exponents at
infinity (i.e., the Hodge spectrum) and the Newton exponents. A simple
proof of this result is given in §4. It also applies to the case of convenient
nondegenerate polynomials on C™ which was treated in [52].

1. Partial Fourier transform of regular
holonomic P-modules with lattices.

1.a. Equivalences of categories.

Let D C A'*" = P! \ {00} be a nonempty open disc with coordinate ¢
and let X be a complex manifold. Let ¥ C D x X be a closed analytic
hypersurface. We assume throughout this article that the restriction to £
of the projection p : D x X — X is finite (i.e., proper with finite fibres).
On the other hand, we simply denote by oo the divisor {0} x X C P! x X.

We denote by Dpxx (resp. Dpixx) the sheaf of holomorphic
differential operators on D x X (resp.on P! x X). Given a holonomic
Dpxx-module M, we say that the singular locus of M is contained in ¥
if M|pxx\z is O-locally free of finite rank.

Let ¢ : X’ — X be a holomorphic map of complex manifolds. Then
oM := Opxx' ®p-10p, x ¢~ 'M is naturally equipped with a Dpx x/-
module structure, relative to which it is holonomic and with singular locus
contained in ¥’ = X’ x x X.

ProrosiTiON 1.1 (Malgrange). — Let M be a holonomic Dpx x-
module with singular locus contained in Y. There exists a unique (up to
isomorphism) Dp: « x-module M satisfying the following properties:

TOME 53 (2003), FASCICULE 4
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o« M is holonomic, with singular locus contained in ¥ U oo,

« M has regular singularities along oo,

« M is localized along oo, i.e., M= Op1x x (*00) Q0 M,

Pl x X
e Mipxx = M.
Any morphism My — M3 can be lifted in a unique way to a morphism
M1 — M2 IfD denotes the duality functor on the category left holonomic

D-modules, we have DM = (ID)M)(*oo) Last, the 7 functor commutes
with base change ¢° with respect to ¢: X' — X.

Proof. — See Appendix, § A.b.1. O

We consider the following categories:

e Holregs:(Dpx x): the objects are regular holonomic Dp x x-modules
with singular locus contained in ¥, and the morphisms are morphisms of D-
modules; the full subcategory of modules which satisfy the supplementary
condition (NC) (see below) will be denoted by Holregs, nc)(Ppx x)-

o Holregs,(Dpanyx x): the objects are regular holonomic Dpiany x-
modules with singular locus contained in ¥, and the morphisms are
morphisms of D-modules;

o Holregs, oo (Dpix x (*00)): the objects are regular holonomic
Dp1 x (¥00)-modules, with singular locus contained in ¥ U oo (recall,
cf. § A.a, that these are holonomic Dpiy x-modules), and the morphisms
are morphisms of D-modules;

o Holregs.(Dx[t](0;)): the objects are Dx[t](d;)-modules which are
holonomic and regular even at infinity, with singular locus contained in %
(cf. Def. A.7), and the morphisms are morphisms of Dx [t](9;)-modules.

We have natural functors between these categories, described in the
diagram below, where

o ‘restr.’ is the usual restriction,
o ‘an’ is the “analytization functor” Dpianx x @D [1](8,)»

« p denotes the natural projection to X.

COROLLARY 1.2 (see [1]).

1) Any loop in this diagram is a functor isomorphic to the identity of
the category which is the origin of the loop.

ANNALES DE L’INSTITUT FOURIER
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Holregs; ;o0 (Dp1 x x (¥00))

reStT/ N
X an X

Holregy, (Dpran x x) +———————— Holregs(Dx[t](0:))

I
restr.

S
Holregs, (Dpx x)

Analytization diagram

2) This diagram commutes with base change, i.e., if f: X' — X is
any holomorphic map, and if H* f* denotes the k-th inverse image functor
between the corresponding categories on X and X', the diagrams on X
and X' correspond each other through H* f+.

3) This diagram commutes with proper direct image with respect
to X, i.e., with the functors H*f, is f: X — X’ is a proper holomorphic
map (e.g., a closed embedding).

4) This diagram commutes with the natural duality functor of each
category.

Proof. — See Appendix, §§ A.a and A.b. O

Remarks 1.3.

1) In the appendix, the previous statements are proved without the
regularity assumption along ¥. That regularity along ¥ is preserved by the
functors H* f+, H* f, or duality is now a well-known result (see, e.g., [41]).

2) Let M be as in Proposiﬁgn 1.1 and let Mg be a Opx x-coherent
submodule of M. Let us define My as a coherent Op:  x (*00)-submodule
of M: let M/ = Dpxx - Mp; then M’ satisfies the same properties as M
does, and moreover M’ and Mj coincide out of ¥ (“out of” means
“after tensoring with meromorphic functions having poles along ¥”); then
glue My with Miﬂ“ «x\5 to get Mo. By Remark A.3, Cor. 1.2, 1) holds for
such pairs (M, My).

COROLLARY 1.4. — Let M be as in Proposition 1.1. Assume moreover
that there exists a Opx x-submodule My C M which is free of finite rank
and such that M = Opxx(*X) ®op, x Mo. Then My : = p*ﬂo is locally
free of finite rank as a Ox[t]-module and M = p, M is locally free of finite
rank as a Ox[t](xX)-module.

TOME 53 (2003), FASCICULE 4
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Proof. — See Appendix, § A.b.2. O

The noncharacteristic assumption. — We say that p is noncharacte-
ristic with respect to M or M if the following condition (NC) is satisfied:

(NC)  The fibres of p are noncharacteristic with respect to Char M.

The characteristic variety Char M is equal to a union of the zero section
T}y x (D x X)) and of conormal spaces Ty (D x X ), where Z; is a irreducible
closed analytic subset of D x X contained in ¥. Among the Z; are the
irreducible components of ¥.

In geometrical terms, Condition (NC) means that, for any Z;, any
limit at (¢, ) of tangent hyperplanes to Z; is transversal to p~!(x). In other
words, for any x € X, the conormal space T (D x X) cuts D x T; X at
most along D x {0}. This implies that the restriction to T (D x X) of the
natural projection T*(D x X) — (T*D) x X is finite. This also implies that
the restriction of p to Z; is finite. In other words, the only components of the
characteristic variety of M other than the zero section are the Ty, (D x X),
where ¥; are the irreducible components of X.

Figure 1

We write (T* D) x X = D x X xC". The following is classical (noticing
that the fibres of p are noncharacteristic with respect to M along o).

LemMA 1.5. — If M is holonomic on D x X with singular locus
contained in ¥ and satisfies (NC), then M is Dpyx,x-coherent with
relative characteristic variety contained in the union of the zero section of
(T*D) x X and & x C. Moreover, M = p, M is Ox[t](;)-coherent. =~ O

Equivalence of categories with lattices. — When working with lattices,
we will always assume that the noncharacteristic assumption (NC) is
satisfied.

ANNALES DE L’INSTITUT FOURIER
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DEerINITION 1.6 (Lattices). — Let M, M, M be as above and satisfying
the noncharacteristic assumption (NC). A lattice Mg in M is a Opxx-
coherent submodule of M which generates M as a Dpxx,x-module.
We similarly have the notion of a lattice in a Dpiany x-module and
in a Dx[t](8;)-module. In a Dp:1 « x (*00)-module, a lattice M, is a coherent
Op1  x (*00)-module which generates Masa Dp1 x x/x (¥00)-module.

We say that the lattice Mg (resp. Mvo, Mpy) has Poincaré rank 1 if,
for any vector field £ on X, one has EMo C Mo + 0: My (resp. ... ).

Notice that, if My is a lattice in M (resp. M, is a lattice in M), then
Mo = M (resp. Mg = M) out of & (“out of” is as in Remark 1.3, 2).

COROLLARY 1.7. — Same statement as that of Corollary 1.2,1) for
the categories of pairs (M, M) of a D-module with a lattice.

Proof. — See Appendix, Remark A.3. O

1.b. Partial Fourier transform.

Consider the isomorphism of algebras
Dx|t)(8:) — Dx[r)(0r)

which is the identity on Dx and such that ¢t — —8; and 0; — 7. Any
Dx [t](d¢)-module M becomes a Dx|[7](d,)-module via this isomorphism,
that we denote M and that we call the partial Fourier-Laplace transform
of M in the t-direction.

Clearly, if M is Dx [t]{0;)-coherent, then M is Dx [r](8,)-coherent and
“conversely. Using the homological characterization of holonomic modules
(cf. Appendix, § A.a), one gets:

PROPOSITION 1.8. — M is holonomic iff M is so. O

Denote by DM the left Dx|[t](0;)-module associated to the right
Dx[t](0¢)-module €xth‘;"[i]{<’5t1>(M ,Dx[t](d;)). It is also holonomic. Notice
that we clearly have

Exetm St (M, Dx[100) " = ExehnSid (7, Dxlr10,).

In local coordinates, the left-right transformation is expressed using the
transposition of operators P — tP.

TOME 53 (2003), FASCICULE 4
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Denote by P +— P the involution of the algebra Dx[r]{(d;) which is

the identity on Dx and such that 7 = —7 and 9, = —8,. One has tp—tp.
One deduces that

(1.9) DM = DM.
It follows from [25] that

G:=Dx[r,r08;) ® M=0x[rr" ® M
Dx[r](8-) Ox|r]

is Dx[7]{d;)-holonomic if M is so. Put 6 = 7! and identify the action
of t = —0; on G with that of §20,. It also follows from [25] that G is
holonomic as a Dx [0]{Jg)-module.

Remark 1.10 (Inverting 8;). — Consider the Dx[t](9;)-module

M[87Y := Dx[t](0:,07)) ® M.
Dx [t](e)

This is a holonomic Dx[t](d;)-module, being the inverse partial Fou-
rier transform of G. The kernel and the cokernel of the natural mor-
phism M — M[9;!] are thus holonomic. Moreover, they take the form
ptN’,pt N” for some holonomic Dx-modules N, N” (this follows from
Kashiwara’s equivalence applied to holonomic Dx [7](8;)-modules suppor-
ted on 7 = 0, after partial Fourier transform).

If M is an object of Holregs,(Dx|[t](d:)), then so is pT™ N’, and this
implies that N’ is Ox-locally free of finite rank (i.e., a vector bundle with
a flat connection).

If moreover p satisfies Condition (NC) with respect to M, it follows
from Corollary 1.12 below that N” is Ox-locally free of finite rank, from
what we also deduce that M is Ox-flat and that M[9; ] also belongs to
Holregs,(Dx [t](0:)). Let us sketch a proof of the local Ox-freeness of N”:
choose any local coordinate x on X, and consider, as in § A.b.3, the vanishing
cycles functor; then ¢, M =0 (cf. Appendix § A.c.1, last part of the proof
of Theorem 1.11) and, by Corollary 1.12, we also have %]T/I\['r_l]an = 0;
as the functor ¢, is exact on holonomic Dy, ,-modules (see, e.g., [43]),
we conclude that ¢,N” = 0; as this vanishing result holds for any local
coordinate on X, this implies that N” is a vector bundle with a flat

connection.

ANNALES DE L’INSTITUT FOURIER
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1.c. Regularity of the partial Fourier transform.

THEOREM 1.11. — Let M be a holonomic Dx [t]{d;)-module with
singular locus contained in ¥. Assume that M is regular, including along co.
Then

1) the partial Fourier transform Men s regular on Alen » X (but
usually not at 3),

2) under the noncharacteristic assumption (NC), M= js smooth out
of {0} x X C Al*" x X.

Proof. — See Appendix, §A.c.1. O

CoroLLARY 1.12. — Under the same conditions and with the
noncharacteristic assumption (NC), the Ox [r,7~!]-module G is coherent.

Proof. — Denote by p : P! x X — X the projection. Under
the noncharacteristic assumption, p*G is Og, , (*0 U 00)-coherent, as a

consequence of 1.11, 2) and [25]. Therefore, G is Ox|[r, 7~ !]-coherent. O

Starting from a regular holonomic Dpy x-module M with singular
locus contained in ¥ and satisfying (NC), we have considered the following
objects:

o its extension M as a holonomic Dp:  x (*00)-module,

o the algebraization M = p*ﬂ, which is a regular holonomic
Dx [t](0;)-module,

« the Fourier transform M of M, which is a holonomic Dx [T](Or)-
module,

« the localization G = M [771] of M along 7 = 0, which is a holonomic
Dx|[7](8,)-module and also a coherent Ox|[r,7~!]-module with a flat
connection, regular along 7 = 0. We denote by rkG the generic rank

an
of G*" as a Oy, x-module.

DEFINITION 1.13. — Denote by F the composite functor M — G from
Holregs, (nc)(DPpxx) to the category of coherent Ox [7,7!]-modules with
a flat connection, regular along 7 = 0.

Remark 1.14. — Under the condition (NC), G is not far from
being locally Ox[r, 7~ 1]-free. More precisely, locally on X, there exists N

TOME 53 (2003), FASCICULE 4



1064 GAUSS-MANIN SYSTEMS AND FROBENIUS STRUCTURES (I)

such that G @ Ox[r, 771V is Ox[r,77]-locally free. Indeed, let D’ be a
neighbourhood of 7 = oo in P! with coordinate # = 7! and let G = G®"
on D' x X. As G is regular along § = oo and has pole along 6 = 0 only, we
have G = ﬁ*g. On the other hand, since G is a Op/x x[0~!]-module with
flat connection, it is locally stably free (cf. [37]), so that, locally on X, there
exists N such that G @ Oprx x[07]V is free. Equip Op/x x[01]" with the
trivial connection d. We clearly have

[G& (Opxx[07']V,d)]” =G &5 (Ox[0,67")N, d).
Apply then Corollary 1.4.

Examples 1.15.

(a) The condition that p : ¥ — X is finite insures that M®" has
regular singularities. If p is only quasi-finite, this may not hold. If for
instance X is a disc with coordinate z, consider the Fourier transform M of
the regular holonomic Dx [t](8;)-module of which (zt — 1)!/2 is a solution;
then M contains the line z = 0 in its singular locus and is irregular along
this line: indeed, define M as the quotient of Dx[t](0;) by the left ideal
generated by the operators

1
(ot =10 — 51, (ot =1)3 - %x 20, — t0y;

the Fourier transform M is the quotient of Dx[7](8,) by the left ideal
generated by

1 1
(x0; + 1)0, — 58,, (z0r + 1) + 51‘, 20y + 0,7,
which contains the operator —z20, +7 + %z responsible for the irregularity

along £ = 0 when 7 # 0.

A more precise relationship between the characteristic variety of M
and the irregularity of M along z = 0 is given in [53], Chapter 3,
Proposition 4.5.7.

(b) Consider the system satisfied by the function (t2 — 2%)/2, i.e., the
quotient M of Dx[t](d:) by the left ideal generated by the operators

2
Pl =—t8t— §x(9m+1, P2=—t6z— gx26t.

The singular locus ¥ is defined by t? = z3, so p : ¥ — X is finite, but
{z = 0} is characteristic with respect to ¥, hence it is characteristic with
respect to M (as Ty (A!®™ x X) is a component of the characteristic variety
of M).

ANNALES DE L’INSTITUT FOURIER
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The Fourier transform is the quotient of Dx[7](d,) by the left ideal
generated by

~ 2 ~ 3
P =710, — gazaz +2, P,=0;0,— §T:E2,
which also contains
5 p_ 2.0, 4y 322 55 2 5 22
Oy P — 7Py = 3x8x+38z+2'rm,3TP1+333P2—78T+38T TiLe.

One checks that, near a point where 7 # 0, the characteristic variety
contains the component z = 0,7 = 0, where (7,2, 7, &) are the symplectic
coordinates on T*(A!? x X). Therefore, the singular locus of M contains
{r =0} and G = Ox[7, 77| ®o 7] M is not Ox[r, 7~]-coherent.

1.d. Partial microlocalization.

Assume that we are given M as in Corollary 1.7, with M in
Holregs,(Dpx x). In general, we cannot recover M or G in an “algebraic”
way from M. Put (abusing notation)

Ox[6] = lim Ox[6]/6".

We will show in this paragraph that it is possible to recover G :=
Ox[6] ®o[6) G from the partially microlocalized object M*.

Throughout the remaining of this section, we assume that the
noncharacteristic assumption (NC) is satisfied for M.

We work with the sheaf of formal relative microdifferential operators
on D x X, that we denote by Ep, x,x (see, e.g., [47], [61]). Denote by 6 the
variable corresponding to 9; Vin Epex /x- We implicitly restrict this sheaf
to the image of the section dt of (T*D) x X, that we identify with D x X,
so that we view £pyx x/x as a sheaf on D x X. Local sections of £py x/x
are formal series Y-, a;(t, )67, where the a; are holomorphic functions
defined on a common open set of D x X. The commutation rule is given by

o0

0-alt,z) = Z(—l)k<

k=0

)k(a) ' Las

®lo

One identifies Dpyx/x with the subring of €p.x,;x consisting of
polynomials Y., a;(t, )07 in 6 via 9, — 67"

TOME 53 (2003), FASCICULE 4



1066 GAUSS-MANIN SYSTEMS AND FROBENIUS STRUCTURES (I)
If M is a coherent Dp, x, x-module, we denote by

(1.16) M =Epuxx @ M

DxX/X
the corresponding (formal) partial microlocal module. Notice that MH*
comes equipped with a natural action of differential operators on X.
In order to take this action into account, consider the sheaf

(1.17) Dpxx/p{ON(0") :=Dpxx _ ® Epxx/x

Dpxx/x
of formal series Y >0 PjOj where P; are sections of Dpy x/p defined on
a fixed open set and of degree bounded independently of j. It contains
Epxx/x as a subsheaf, and we have M# = Dp, x,p(0)(07") ®pp,x M.

ProposiTION 1.18. — Let M be an object of Holregs,(Dpxx), let
M = p.M and G = M[;"]. Under the noncharacteristic assumption (NC),

1) p.M* is Ox[0][0~1]-coherent; the natural action of t and of the
vector fields on X defines on it a flat connection, such that t acts as 020y

2) the natural morphism

G =0x[0]67"] ® G— pM*
Ox[6,6—1]
is an isomorphism of Ox [0][6~!]-modules, which is compatible with the
Dx [0][0~1)(9s)-module structure.

We have denoted by Dx[0][07](9s) = Dx[0][67}](6%0p) the sheaf
Ox [9]] [0_1] Rox[o-1] Dx [0_1]<t>, with the identification t = 0289.

Proof. — For the first point, use that M* is supported on ¥ and
apply the standard preparation theorem.

For the second point, denote by 1 x/x the sheaf on X having formal
series 5. a; (t,x)6? as sections, where the a; are sections of Ox|[t] on
a common open set. It contains Ox[t](d;) as a subsheaf. We then have a
morphism

G =0x[0]l67"] ® M—-Euxx/x ® M,
Ox[6-1] Ox [t)(0¢)

hence a well-defined analytization map G* — p,M#*. Both objects are
equipped with a flat connection and the previous morphism is obviously

ANNALES DE L’INSTITUT FOURIER
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compatible with the connections. The kernel and cokernel of it are therefore
of the same kind. It follows from [37] that all these objects are locally stably
Ox[6][6~1]-free. Hence, after adding a suitable power of (Ox[0][0~],d) to
both objects, we may assume that, locally on X, they are Ox [0][0~!]-free,
as well as the kernel and the cokernel of the analytization map. As a
consequence, in order to show that the kernel and cokernel are zero, it is
enough to show this fact after restriction to any z° € X.

Choose z° € X. By flatness of Epyx/x over Dpyx/x, and as p is
finite, the restriction to x° of p,M* is p, of the microlocalized module
associated to M°. An analogous result also holds for G, hence for G*. Last,
we know that the morphism G* — p,M*" is an isomorphism when X is
reduced to a point (see, e.g., [52], Prop. 2.3). Hence, G* — p, M* is an
isomorphism after restriction to x°. O

Relation with microlocalization. — We still assume that M satisfies
condition (NC). Let (¢,z°) € ¥ C D x X and let {ny,...,n,} be the inverse
image of (c,z%1) € T¢D x {z°} in Char M N T, .\ (D x X). Denote by
Epxx,n the germ at (c,x%n) € T, ,o)(D x X) of the sheaf of (formal)
microdifferential operators on D x X. Then by (NC) and the Preparation
Theorem for microdifferential operators,

M(c z°;m,) ngX,(c,z";m) D ® M(c,zo)
DxX,(c,x?)
has finite type over Ox 5 [0][6~]. Notice that, denoting on the right by M#*
the partial microlocalized module, we also have

ME =€ o ® M oy
(eaeim) = EDXILTT) e p Oy O )

The natural morphism of Ox ;- [0][0~!]-modules

(1.19) M, gor1) — @ ) Mezosm)

is compatible with the connections. It is moreover known that both
Ox zo[0][0~!]-modules have the same rank. Arguing as in Proposi-
tion 1.18,2), we conclude that this morphism is an isomorphism. This
justifies the ambiguous notation M*.

1.e. Partial microlocalization and partial Fourier transform
with a lattice.

Recall that we assume (NC). Let My be a lattice in M. Denote by
Epxx/x(0) the subsheaf of £py x/x having sections ijo a;(t,z)¢?, and
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put
M?b = image [5D><X/X(0) ®0pyx Mo — M“].

Then M} is Epx x/x(0)-coherent and supported on X, therefore peMb
is Ox[0]-coherent, by the Preparation Theorem for microdifferential
operators. Notice that, by definition, p. M#* = Ox[0][07!] ®o [o] P+ M -

ProOPOSITION 1.20. — Assume that p, My is Ox[0]-locally free of
rank equal to rk G. Then,

1) G is Ox[0,671]-locally free (of rank rk G);

2) there exists a unique Ox [0]-locally free submodule Gy C G of rank
rk G such that G = Ox[0,07'] ®co 9] Go and, under the isomorphism of
Proposition 1.18, 2), we have Ox[0] ®o (9] Go 5 paMy.

Moreover, the construction of (G,Gg) is compatible with base change.

Proof. — We know, by Corollary 1.12, that G is Ox[6, §~!]-coherent.
Denote by C the chart of P! with coordinate 6, and consider G*® on C x X,
which is Ocx x [0~!]-coherent, and Oc«x x-locally free of rank rk G when
restricted to 6 # 0, as it has a flat connection (see also Theorem 1.11, 2).

It follows from [37], Prop. 1.2, that there is a bijective correspondence
between lattices of G*" and lattices of G”, where a lattice means
here a coherent Ocyx x-module (resp. a coherent Ox [#]-module) which
generates G*" or G* when inverting 6. Moreover, in the analytic case, such
a lattice coincides with G*" out of § = 0.

As we have seen above, p,.M} is a lattice of p,M#. Hence, from
Proposition 1.18,2), we obtain a lattice Gj of G*, and consequently a
lattice G§™ of G®, such that Ox[0] ®oc, x G§* = G§.

As G has regular sig\glllarities along § = oo, we have G = ﬁ*é;;‘. We
therefore define Go as p.G3". In particular, Go[0~!] = G.

Assume now that p, M} is Ox[f]-locally free of rank rkG. Then
G3" is also Ocx x-locally free of rank rkG. Cover X by open sets U for
which there exists a disc D’ centered at § = 0 such that G§" is Op/xy
when restricted to D’ x U. Apply then Corollary 1.4 to obtain that Gy
is Ox[f]-locally free and that G is Ox [, 0~ !]-locally on any such U.

Let us now consider the base change. We will assume that i : X’ — X
is a closed inclusion. The case of a projection is easy. Notice first that, even
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without any assumption of local freeness, the functor F (cf. Definition 1.13)
is compatible with base change i* (also denoted by i*° in order to take
account of the 9, or 8, action). Consider now the composite mapping

Epxx/x(0) ® Mo—> Ml —Epux/x ® M.
Opxx Dpxx/x
As Epxx/x(0) is Opyx-flat and i* is right exact, we have a surjective
morphism *(Mf) — (i*Mp)* and, as p is finite on ¥, a surjective
morphism i*(p,Mp) = pii*(ME) — p.(i*Mo)*. This morphism becomes
an isomorphism after inverting 6 and, by assumption, the left-hand term is
locally free of rank rk G over Ox[#]. It is therefore an isomorphism. O

Remarks 1.21.

1) If X is reduced to a point, then one may also construct Go from M,
in the following way. Denote by M the image of My in M[d;!] by the
natural morphism M — M[9; '] = G. Then Gy is the C[f]-submodule of G
generated by M| (indeed, this submodule satisfies the required properties
for Gy, see [52], [Prop. 2.1 and 2.3]).

m

2) If My is a lattice in M, one defines microlocal lattices M} (e,z03m.)?

and (1.19) induces an isomorphism of the corresponding lattices.

3) By the very definition of G, we have Go/0Go = p.ME /0p. M.

1.f. Behaviour with respect to duality.

ProprosITION 1.22. — The functor F (cf. Definition 1.13) commutes
with the duality functor of each category, up to conjugation, i.e.,

F(DM) = FM)*.

Proof. — One considers each individual functor entering in F. For
MM , the commutation with duality has been seen in Proposition 1.1.
For the algebraization p., this is stated in Corollary 1.2, 4). For the Fourier
transform, this is (1.9). For the localization and the equivalence “localized
D-modules < meromorphic connections”, apply first Lemma A.11 to G
defined in Remark 1.14, and then use that G = ﬁ*é . O

Recall that, if G is any coherent Ox [, 77 !]-module, we denote by G
the Ox-module G with an action - of C[r, 77!] defined by 7-g = —7g. If we
denote by g the element g when viewed in G, we will write 7§ = —7g = —7g.
If G is equipped with a connection V, then G is equipped with the
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connection V such that Vs g = —Vjs,g and Veg = Vg if £ is a vector
field on X (this is compatible with the notation used in (1.9)). Notice
that TvaTg =17Vo,g.

A sesquilinear pairing S on G is a Ox[r, 7~ !]-linear morphism

$:G ® G— Ox[r,7

Ox[r,7—1]

compatible with the connections. We say that S is nondegenerate if it
induces an isomorphism (compatible with the connections) G* = G, with
G* := Homo[r,r-1)(G, Ox|[r,77']). Wesay that S is w-Hermitian (w € Z)

if 5(¢”,9) = (-1)"S(¢",7").

CoroLLARY 1.23. — Let M be an object of Holregs, ncy(DPpxx)-
If P:DM — M is a morphism, then the morphism F (73):6* - G
induces a sesquilinear pairing S on G = F(M). If Ker P and Coker P
are Opyx x-locally free of finite rank, then S is nondegenerate. If the adjoint
DP:DM — DDM = M is equal to (—1)*P, then S is w-Hermitian. |

Similarly, for any (c,z°) € ¥, P induces a morphism

Plee) - DM oy = Mic g0y

where the duality is taken as Dpy x/p{(6))(07') (c,z0)-modules (see (1.17)):
indeed, by flatness of DDxx/D((O»(O‘l}(cyzo) over Dpy x,(c,z°), and using
that left-right transformations commute only up to conjugation, we have
a canonical isomorphism DM, ., = (DM){, Using Remark A.13, 1),

(CYZO).
we get a sesquilinear pairing

7 . M MR
S(c’zo) ' M(nyo) OX 10%]”9_1] M(C»zo)

— Oxoo[0]677].
The analogue of Corollary 1.23 holds for S*.

Let G be a coherent Ox [r~!]-submodule of G such that

G=0x[r7" ® G
Ox[T_ll

Consider similarly Gy := Gy C G and G§ C G* (we identify G§ with the
sheaf of homomorphisms A : G — Ox|[r,7~!] such that A(Go) C Ox[r™!]).

ANNALES DE L’INSTITUT FOURIER



A. DOUAI & C. SABBAH 1071

DEFINITION 1.24. — The nondegenerate sesquilinear pairing S is said
to be Hermitian of weight w on (G,Go) if S is w-Hermitian and if the
isomorphism G* — G induced by S sends G} onto TGy, in other words
if S induces a perfect pairing

Gy ® 50 —_— T_wOX[T_ll.
Ox[r—1]

ProposITION 1.25 (A microdifferential criterion). — Let M be an
object of Holregs, (ncy(Dpxx) with a lattice Mo. Let P:DM — M.
Assume that

1) My has Poincaré rank one (cf. Definition 1.6),

2) P satisfies all assumptions of Corollary 1.23,

3) for some z° € X, p. My 4o is Ox go[0]-free of rank rk G,
) p

4) puSho(pMf %) = 0~"pM§ 4o (i€, p.Sho is Hermitian of
weight w on (Mbo, Mg 0)).

Then S is Hermitian of weight w on (G,Gy) in some neighbourhood of z°.

Proof. — It will have three steps.

1) Consider the filtration F, by the order of differential operators
on Dpxx and extend it on Dpyx/p{@)(6~*), so that F_; = 0 and
Fo = Epxx/x(0) (this is the filtration considered in Remark A.13, 1). The
lattice My induces a good filtration FxM = FyDpxx - My. Similarly,
p«M} induces a good filtration of p,M* as a Dpy x,p{(6))(6~")-module.
At the level of Rees modules (cf. § A.d), we have

(1.26) Rpp M = RFDDxx/D«e»(O‘l)R © RpM.

As M, has Poincaré rank one, we have Fyp,M* = §~kp M} for
any k > 0. By Assumption 1.25, 3), Rrpp.M* is free as a RpOx 50 [0][07}]-
module. Therefore, we may apply the analogue of Lemma A.12 to conclude
that the dual complex of Rpp. M/, has cohomology in degree dim X + 1
only, and that the filtered module Dp, M%, is identified with (p.M%.)* with
the filtration dual to F,p.M%.. In particular, FoDp. M¥bo = (p.Mg 0)*.

Assumption 1.25, 4) is therefore equivalent to the fact that PL. strictly
shifts the filtrations by w (up to conjugation).
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Using flatness of RpDpyx/p{(@)(0~") over ReDpxx and (1.26),
identify the filtered module Dp, M# with the filtered module

Dpxx/p{ON (07" ®ppyx DM.

Then, Assumption 1.25, 4) is also equivalent to the fact that Id @P.
strictly shifts the filtrations by w.

2) By Assumption 1.25, 2), S is Hermitian of weight w on (G, Gy) if
and only if S* is so on (G, G}).

Denote by D the sheaf Dx[0,0](t), with 6= = §;, and by D" its
tensor product by Ox[0][6~!]. We therefore have G = D ®p [1)(a,) M and
G" = D" ®pyry(a,) M. Let F,Dx[t](0;) be the filtration by the degree of
differential operators, denote by F,D, F,D" the similar filtrations.

We may argue as in the first step, starting from (M, Mp): indeed,
My also has Poincaré rank one and, by Assumption 1.25, 3) and
Proposition 1.20, Ga’zo is also free. One also uses Remark A.13, 2).

Hence, S is Hermitian of weight w on (G, Gp) near z° if and only if
Id®P : D" @py(t(8,) DM — D" ®py[1(8,) M strictly shifts the filtrations
by w.

3) Last, we conclude by noticing that the analytization morphism

D" @px[t)(a,) » — p*(DDxX/D«e» (6= @D x [1](8:) .) is strict with respect
to the filtrations. O

2. Gauss-Manin system and Brieskorn lattice.

2.a. The setting.

Let AV be the affine space with coordinates u;,...,uy. Let X be a
complex manifold and let «f C AN x X be the closed subset defined by an
ideal in Ox|[uy,...,un]. We assume that the projection g : U*"* — X is
smooth of relative dimension n, with n > 0.

Let F be a section of Ox[u1, ..., uy]. It defines a function F' : Y — C.
Weput ® =(F,q) : U** - C x X.

Let 8, denote the distance function to some point a € AV. For z € X,
put U, = ¢ H(z) C AV. If 2° € X is fixed, put U° = ¢~*(z°) C AV and
f = Fyo : U° — C. We will assume that f has only isolated critical points.
We will denote by p = p(f) the sum of the Milnor numbers u(f,u) of f at
its critical points u.
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Following [45], we say that f is M-tame if, for some choice of a € AV,
for any n > 0 there exists R(n) > 0 such that, for any » > R(n), the spheres
da(x) = r are transversal to f~1(¢) for any t with [t| < 7.

Denote by D(0,n) the open disc centered at 0 in C and B(a, R) the
open ball centered at a in AV.

If f is M-tame, there exist n > 0, R > 0, € > 0 and a neighbourhood
of z° in X, that we still denote by X, such that

1) all critical points of f are contained in U° N B(a,R — &) N
f=HD(0,n)),

2) the fibers ®~1(t,z) C AV are transversal to the spheres d(z) = r
forany z € X,t € D(0,n) andr € |JR—¢e, R+ ¢|,

3) moreover, the fibers f~1(t) = ®~1(¢,z°) are transversal to spheres
d(xz) =rforany r > R—¢eand t € D(0,7n).

a singular

Figure 2

In the following, we fix a,n, R, and X as above. We denote by B the
open set Y N B(a, R) N F~1(D(0,n)) and we put D = D(0, ). We therefore
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have the following diagram:
B '——) DxB

/DxX\\

D X

Let C denote the critical set of ®|5 (see Fig. 2). Then ®c : C — A'x X
is finite onto its image and g : C — X is finite and onto (at least if C' is not
empty). We also denote by C’ the other components of the critical set of ®
in U, on which ® may not be finite. Notice that C U C" is locally a complete
intersection, being defined by the vanishing of the partial derivatives of F’
with respect to “vertical” local coordinates on U®". As q|c is finite, we get:

LeEMMA 2.1. — The sheaf q,O¢ is Ox-locally free of rank p. O

Remark 2.2. — Denote by 5 /X the sheaves of holomorphic
differential forms relative to the smooth morphism ¢ : B — X. Then
the complex (g /X dp/x F'A\) has cohomology in degree n only. Moreover,

944 /X /(dg/xF N\ Q’é;}{) is supported on C and, locally on X, is isomorphic
to O¢ (by choosing a local generator of 2}, 5, x near each point of C' N ¢ —1(x)).
Hence, g, [ B/X/ dg/x F A Qg/;,)] is g, Oc-locally free of rank one. Notice
also that the complex (®.(Qy / x)»dB/x F'A) has cohomology in degree n
only, as ® is Stein.

Let & be a local section of the tangent sheaf ©x, ie., a local
holomorphic vector field on X. Choose a local lifting &’ of £ as a vector field
on U*" and consider the class of L¢/(F') in O¢. By definition of C, this class
does not depend on the choice of the lifting, because £, (F') belongs to the
ideal of C if 1) is “vertical”. We therefore denote this class by [L¢(F)].

DeFiniTION 2.3. — The Kodaira-Spencer map ¢ attached to ® is
the Ox-linear morphism

Ox — 4.0c, & [Le(F)].

Remarks 2.4.

1) Usually, the critical locus of ® on U contains components other
than C, on which ® may not be finite. In other words, the function F(-, )
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on the smooth affine variety U, may have critical points which disappear
at infinity when z — z°. By the choice of B, we do not care about these
critical points. On the other hand, B is big enough so that restricting to B
looses no information concerning f on U°.

For the same reason, we do not assert that, for |t| < 7, the fibres
{F(-,z) =t} C U, and {F(-,z) = t} N B(a, R) have the same topological
type. This only holds a priori for the fibres f =t on U°.

2) We may replace the affine manifold & with a Stein closed
submanifold U?" of B(a,R + ¢) x X. In such a way, one recovers for
instance the classical “local” situation of an isolated critical point of a
holomorphic function.

Examples 2.5.

In the examples below, we consider a regular function f : U — C on
an affine manifold on which global coordinates exist (U = C" or U = (C*)")
and we consider a one-parameter family F(-,z) = f+zgon U = U x X,
where the class of g in the Jacobian quotient O(U)/(9f) is nonzero.

1) Consider the following situation (cf. [50], §3.3.7): U = A% x X,
X is a disc with coordinate z and F(ug,u1,z) = ud + u} + zudu3. Then,
for any z, F(-,z) has a critical point at ug = u; = 0 with Milnor number
equal to (5 — 1) = 16. For any x # 0, F(-,z) has five other critical points
2 (¢,1/¢) with ¢* = —1. These points disappear at infinity when z — 0.
The first Betti number of the smooth fiber of f = F(-,0) is 16, but that of
the smooth fiber of F(-,z) for x # 0 is 21.

2) Let U = (C*)? and U = U x X. Consider the function
fur,u2) = ug +ug+1/(uyuz) (cf. [3]) and the perturbation F'(uq,ug,z) =
f(u1,u2)+x/(u1uz)?. Then f has three critical points and, for z # 0, F(-, )
has five critical points, two of them approaching u; = uy = 0 when x — 0.
The corresponding critical values go to infinity. A simple Euler characteristic
computation shows that the Betti number of the smooth fibre of F(-,z) is
strictly bigger than that of f if x # 0.

3) In both previous examples, the critical locus of ® contains
components other than C, but ® remains finite on all the components.
One may vary a little bit the previous example to obtain an example
where ® is not finite on these other components: take F' = f + zf2.
Notice that, up to a constant, f2 and 1/(ujuz)? have the same class
in the Jacobian quotient (C[ul,ul_l,uz,ugl]/(ulaf/aul,ugaf/auz). The
conclusion concerning the Betti numbers remains the same.
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2.b. The Gauss-Manin system.

We collect here various known results concerning the Gauss-Manin
system (cf. [9], [47], [48], [49], [63], [46], [58]). These usually apply to a local
situation around each critical point of f. We will show how to adapt them
to the global situation considered here. The results of [62] will be useful.
The presentation follows that of [58].

The Gauss-Manin complex is the direct image complex ®,0p

in D®(Dpyx). Choosing local coordinates (x,...,Z,) on X, so that
q=(qi,--.,qm), with associated vector fields 0,,, ..., 0, , we may express
it as

®,05 = RO, (Qg+m+-[at, TSR N ) \7),
with V defined as
Vin®P)=dn® P - dg An® 0y P — dt An® 0,P.

J
The Dp« x-structure on the complex is defined by

0t(n®P) = n®(0¢P), 0z,(n®P) =n®(0x, P), g(t,x)-(n®1) = g(t,z)n®1.

1

The Gauss-Manin system is the Dp x-module M = H°(®,Op). As
we will see below, when the conditions of §2.a are satisfied, the other
cohomologies of & Op are Op« x-locally free of finite rank, the rank being
computed in terms of the Betti numbers of B.

Consider the filtered complex Fi(QET""*[8;, 041, ..., 0z,,), V), with

(2.6) Pyt ™0y, 0, .., 00, ) = >, QpTHO”
|| <k+£

and 0% = 0;°0g} ---Ogm.

Recall (see [58], Lemma 2.2) that, taking the realization of R®, using
the Godement canonical flabby resolution, we have

®,0p = lim R®,.Fy(Qz"""*[8;, 0z, - ,0s,], V).
k
As ® is Stein and as each term in F} is Og-coherent, it follows that
®,0p = ((D*Q§+m+'[8t,6xl, e ,&vm],V).

If we forget the Dx-structure on &, Op, we may compute this complex
as a relative de Rham complex, i.e., as the direct image of i1 Op viewed
as a Dpyp/x-module, if i : B — D x B denotes the graph inclusion of F’
(see [58], Lemma 2.4):
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PROPOSITION 2.7. — For any j € Z, H/®,Opg is isomorphic (as a
Dpy x/x-module) to the j-th cohomology of the complex

(Q*Qg_}} [8t],d3/x — atdg/xF A ),

where the Opy x (0;)-action is defined by the usual formulas:

8y - [n9F] = o™, g(t,z) - ds) = [9(F,x)nd:] — [g;(F,a)n].
In particular, HY®,Op = 0 for j > 0. O

Remark 2.8. — One may filter the previous complex using a formula
analogous to (2.6). Then the previous proposition holds true with filtration
(cf. loc. cit.).

The main finiteness result for the Gauss-Manin system of M-tame

functions is a direct application of general results for “elliptic pairs” proved
in [62].

TrEOREM 2.9. — The Gauss-Manin complex satisfies the following
properties:

1) The cohomology modules H?(®,Opg) are coherent, holonomic and
regular Dpx x-modules.

2) H3(®,.0p) =0 for j > 1 and H¥(®4Op) is a locally free Opx x-
module of rank dim H7+"~1(U4°) if j < 0.

3) The direct image M° : = H°f,Opo is equal to the restriction to
D x {.To} of M3 : = (H0f+0uo)an.

4) The fibres of the projection p: D x X — X are noncharacteristic
with respect to the Gauss-Manin complex ®,Op and we have ifo M =
HO(f1Opo).

5) The Poincaré duality morphism induces a Dpyx x-linear morphism
DM — M, the kernel and cokernel of which are Opx x-locally free of finite
rank.

6) The filtration of M induced by (2.6) is good.

Proof. — We apply [62], Corollary 8.1 to

o the morphism ® : ®~1(D(0,7) x X) — D(0,n) x X, that we restrict
to the family of open sets B(a,7) x X withr € |JR — ¢, R + ¢,
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« the constant sheaf restricted to U N (B(a, R + ¢) x X) and
e the D-module Oy restricted to this open set.

We conclude that ®,Op has coherent Dpyx x-cohomology and that
we have a morphism

]D)(I>+OB AN @103 — (I>+OB

in D(Dpx x ), where ®; denotes the direct image of D-modules with proper
support (we have used that Op is selfdual). Using [62], [Th. 7.5], we get the
usual Kashiwara’s estimate for the characteristic variety of the direct images
&, or ®4, showing that their cohomologies are holonomic Dpyx x-modules.
Moreover, the same argument as in [62], Cor. 7.6, shows the Opx x-local
freeness of H7(®,Op) for j # 0 (recall that H/(®,Op) = 0 for j > 0,
cf. Proposition 2.7). That the cohomology of the cone of &0 — ®,05
is Opx x-locally free may be seen in the same way.

Let us show the regularity of ®,Op (by the previous arguments, we
would only need to show the regularity of M). Let Z be a hypersurface in
D x X. Notice that we also may apply the results of [62] to the localized
module Op(*®~1(Z)), as it also satisfies the ellipticity condition. We may
work with ®;Op instead of ®,Opg. Therefore, we may apply the same
argument as in [41] for the direct image of the irregularity sheaf: we have
®10p(x®~1(Z)) 5 (®10p)(*Z); the irregularity sheaf of ®;Op along Z is
thus equal to R®, of that of Op, i.e., is equal to 0.

For the noncharacteristic property in 2.9, 4), see [47], p.281. The
“base change” assertion is proved as in [5], VI, 8.4 (cf. also [13], Prop. 1.6).

For 2.9, 3), let us recall the proof given in [44], § 1. Remark first that
the previous results also apply (with the same arguments) to f+(9?‘11( Dy
for any disc D,, hence to fO2%. They also show that the restriction
morphism

(f+O4e)ip = f+0?11(1:>) — f+O0g.

is a quasi-isomorphism. Using a projectivization f : Z — Al of f and
denoting by j : U° < Z the inclusion, one finds fyOyo = f4(j+Ouo),
(f+Oue)* = fi(jsOyo)®™ and (f+O) = f+(Rj.O). The natural
morphism f (j+Ouo)® — fi(Rj.OB) is a quasi-isomorphism: indeed,
as both Dyan-complexes have regular holonomic cohomology, it is
enough to prove this after applying the de Rham functor; this functor
commutes with f, and Rf. (see, e.g., [42], IL5.5); last, the natural
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morphism DR(j1Oy0)?* — DR(Rj.O3) is a quasi-isomorphism, by the
Grothendieck comparison theorem.

Let us end with the proof of 2.9, 6). It is enough to prove the
Opx x-coherence of the Brieskorn lattice My defined as FgM. Indeed,
we have

(2.10) Mo = image [®.Q3 — M| = image [®.QF, x — M|

= ®.(/x)/dB/x F N ®.(ds x5 %),
as the complex (2 e dp/x F'\) has cohomology in degree at most n. Now,
it is known that the Opyx-coherence of Mg is reduced to the Opyxx-
coherence of the relative cohomology Q*Q{; /Dx X which can be proved as

in [11] for instance. O

Remarks 2.11.

1) We may argue as in [47], p. 281, to conclude that M satisfies the
noncharacteristic property (NC).

2) If R’ is a radius > R, then it also follows from [62], Cor. 8.1, that
the restriction morphism ®,0p — ®,B (maybe defined after restriction
of X to a smaller neighbourhood X’ of z°) is a quasi-isomorphism, which
is compatible with the filtrations. In particular, (M’', Mg) — (M, Mp) is
an isomorphism on D x X’. Similarly, if one chooses another system of
balls on U, then for sufficiently large radii R, the corresponding filtered
Gauss-Manin systems are isomorphic to (M, M) on D x X", if X" is
a sufficiently small neighbourhood of xz°. Moreover, the Poincaré duality
morphisms are compatible with these isomorphisms.

2.c. The Brieskorn lattice (case without parameters).

In this paragraph, we put U = U° and we omit the exponent °, as we
do not use parameters (i.e., we assume that X is reduce to a point). We
assume as above that U is affine. Let f : U — Al be a regular function
on U. Recall (cf. [52]) that the algebraic Gauss-Manin system and the
algebraic Brieskorn lattice are given by the following formulas, where we
use algebraic differential forms on the affine manifold U:

M =Q™(U)[B]/(d — edf N)Q™1(U)[8y],
My = image[Q™(U) — M]
G =Q"(U)[r,77']/(d — Tdf )2 L),
=Q"(U)[0,67")/(6d — df NQ™H(U)[6,67]
Go = image [Q™(U)[¢] — G].
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That we get such a formula for Gy starting from the definition given in
Proposition 1.20, 2) when X = pt. follows from Remark 1.21, 1).

Denote by fy the algebraic direct image of Dy-modules, so that

M = H°f,Oy. Remark that the cone of f, Oy L, f+Ou is the direct
image of Oy by the constant map. We thus have an exact sequence

— HfL0u 25 W L Oy — HITM(U,C) —
s M2 M — HMU,C) — 0

as H/ f Oy = 0for j & [-n+1,0]. If f is M-tame, or cohomologically tame
(cf. [52]), then HY f1 Oy is isomorphic to O} (for some integer r;) with its
usual d;-action, if j < 0. Hence the maps 9; : H/ f, Oy — HI f Oy are
onto for j < 0. Therefore, we get an exact sequence

0— H"Y(U,C) — M %5 M — H"(U,C) — 0.

In particular, dim H*(U,C) — dim H"~!}(U,C) is nothing but the Euler
characteristics of the algebraic de Rham complex of M. As M is regular
(included at infinity), this is also the global Euler characteristics of
the analytic de Rham complex of M?2". This Euler characteristics may
be computed as the difference between the generic dimension of the
horizontal sections of M®" (which is equal to the generic dimension
dime(s) (C(t) ®cpyy M) of M) and the sum of dimensions of vanishing
cycles of the complex DR M® (which is equal to dime(,) (C(7) ®c(r G),
see, e.g., [35], p. 78). One deduces that

dimg(y) ((C(t) ®cyy M)
= dimg(r) (C(7) ®c(r) G) + dim H™(U,C) — dim H* (U, C).

Using that, for any ¢ € C, the vector space ¢;—. DR M?" is equal to
RT¢s_.Cyan (cf. [52], Cor. 8.4 and proof of Prop. 9.2, for cohomologically
tame functions, and [44], §1, for M-tame functions), we also deduce that
dimg(r) C(7) ®cfr) G = p.

That f has only isolated singularities (and assuming n > 2) implies
that the complex (2°(U), df A) has cohomology in degree n only, hence

My = Q™(U)/df AdQ"*(U) and Go = Q™(U)[0]/(6d — df N)Q" 1 (U)[6]
(see also [16] where this is stated for cohomologically tame polynomials).
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Consider M := HOf,Opan with its lattice My. M-tameness of f
implies, as in Theorem 2.9, the regular holonomicity of M and the
Opan-coherence of My. We also have M = M (see [44], §1), and
My C T(A¥® Mo)NM, so Mg™ C M and therefore My = p, Mg® C p, M.
As p*./i/lvo is finitely generated over C|t], this implies the finiteness of M as
a C[t]-module (see [52] and [44], see also [14]), hence, by [52], that of Go
(and its freeness) as a C[#]-module, according to the regularity of M.

If f is M-tame, one may also consider the direct image fOpg, where
B is defined in §2.a (taking X = pt.), that we now denote by Mp, and
therefore define the analytic Brieskorn lattice Mg o as the image of Q"(B)
in Q"(B)[0:]/ds Q"1 (B) = H° f+ Op. Arguing as in Theorem 2.9, one shows
that the natural restriction morphism M|p — Mp (which sends Mgp
into Mp ) is an isomorphism.

LeEmMA 2.12. — The algebraization of (Mp,Mp o) is (M ,Mj).

Sketch of proof. — The proof will have three steps:

1) We will show that MZ™ can be computed analytically. Let Z be
a smooth partial compactification of U so that f extends as a projective
morphism f : Z — A' and that A := Z \ U is a divisor (it is not
necessary to assume that Z is smooth, it is assumed here to simplify the
notation). We will show that Mg" is equal to the image of T'(Z, Q%..[*A])
in HOf 4 Ozu[+A] = HO(D(Z, Q50 [+A))[8:],df). In order to do that,
consider a smooth projective compactification Z of Z on which f extends
as f : Z — P!. Denote by i : Z < Z x P! the graph inclusion of f and put

N =i10z(* (AU f7H(c0))),

equipped with a natural lattice Ny. If ¢ denotes the projection Z x P* — P!,
then the Op: (x00)-module MO associated with My is obtained as the image
of ¢.(Q% ®o, No) in H%(¢. (% ®o, N)). By compactness of Z, ME™ s
computed using the corresponding analytic objects. Restrict then to Ala".

2) We show that the natural morphism M§"* — My is an isomorphism
by a Mayer-Vietoris computation. Fix some big disc D C Al*" and
cover f~1(D) by open sets B, U \ B’ for some sets B, B’ as in §2.a,
with B’ C B. One can compute M§" and M, using this covering. One then
has to show that the filtered direct image of Opan on f~1(D) \ B’ and
that of Oxan[*A] (viewed as a filtered Dxan[*A]-module) on f~1(D) \ B
coincide, as the filtered direct images computed on the other open sets
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clearly coincide. This follows from the regularity along A of Oxan[*A] and
from the comparison Theorem (as in the proof of 2.9, 3): the direct image
is Op-locally free of finite rank and its filtration is the trivial one.

3) Last, we show that Mqp — Mpgo is an isomorphism by
showing that the corresponding microlocal lattices are isomorphic. By
the computation above, this follows from the Op-local freeness of the direct
images computed on U?" \ B’ and on BN (U™ \ B'). a

2.d. The Brieskorn lattice.

We now come back to the original situation, where X is not necessarily
reduced to a point. Recall that, by Proposition 2.7, we have

M = @.(Q/x)10:]/(d/x — Brdp/x FA) @ (7% )[0e],
and that M, is defined as the image of ®.Q% /X in M, which can be
computed by (2.10). We know, by 2.9, 6), that the sheaf My is Opxx-
coherent and is a lattice of M. It follows from Remark 2.8 that Mg has
Poincaré rank one (cf. Definition 1.6).

We may associate to (M, My) a pair (G, Gp) as in §1.e. We call Gy
the Brieskorn lattice associated with F.

ProposITION 2.13. — The Brieskorn lattice is Ox[0]-locally free of
rank p and we have Go/0Gy ~ q. [Qg/x/dB/XF A QZJ}(] Moreover, the
restriction G§ of G at x° is equal to the Brieskorn lattice of f|go, which is
nothing but the algebraic Brieskorn lattice of f:U° — Al as defined in §2.c.

Therefore, by Lemma 2.1, Go/0Gy is O x-locally free of rank .

Proof of Proposition 2.13. — For the first part, according to
Proposition 1.20, it is enough to prove that p, MY is Ox[6]-locally free.
One then may argue as in [47], p. 276-284, using the sheaves of relative
microdifferential operators £pxp/x and Epxp/x—pxx/x instead of the
absolute ones, as we do not care here about the Dx-structure.

For the second part, remark that, as the tensor product is right exact,
Formula (2.10) shows that the restriction of M at z° coincides with M§.
Therefore, the same property holds for the algebraization My, and then
for Go. O

THEOREM 2.14. — The Poincaré duality morphism 2.9,5) induces
a nondegenerate Hermitian pairing S of weight n = dimB/X on the
Gauss-Manin system (G,Gy).
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Proof. — By Proposition 1.25, we are reduced to a local statement
on D x X. Let (c,z°) € X. Choose a very small neighbourhood D, x V/
of (¢, z°) such that ®~1(D, x V) intersects small balls around each critical
point above (c, z°) in a transversal way. This gives a covering of ® (D, x V)
by these small balls and the complement in ®~1(D.x V') of smaller balls. The
theorem applies to ® restricted to each of these open sets: for the small balls,
this is the local situation at a critical point, cf. [58]; for the complement
of the smaller balls, ® is then smooth and the corresponding M, is zero.

Therefore, it applies to ® itself. O

Remark 2.15. — The microlocal sesquilinear pairing attached to S is
equal to the direct sum of the microlocal sesquilinear pairings attached to
each critical point of f. It is known (cf. [58]) that these pairings are equal,
up to a constant, to the microlocal pairing obtained from the higher residue
pairings of K. Saito [55].

2.e. The Malgrange-Kashiwara filtration and the spectrum.

We keep notation of §2.c and we assume that X is reduced to a point.
For the convenience of the reader, we briefly recall the basic definitions
(see §A.b.3 and e.g., [52], §1, for more details). Let V,C[r](d;) be the
increasing filtration of C[7](0,) defined by

V_xC[7)(8;) = T*C[r](r0;) for k > 0,
ViC[T){0;) = Vi1 C[7)(0;) + 8; Vk—1C[7}{D;) for k > 1.
There exists a unique increasing exhaustive filtration V,G of G, indexed by

the union of a finite number of subsets o + Z C Q, satisfying the following
properties:

1) for every a, the filtration V,1zG is good relatively to V,C[T](9;);
2) for every 8 € Q, 70, + (3 is nilpotent on gr},/G = V3G /V5G.

By assumption, each V3G is a finite type module over C[r](T0;).
Because 7 is invertible on G the map induced by 7

7: VG — Vp_1G

is bijective. Consequently, for every 3 € Q we have C[r, 77! ®cpr) VG = G.

Consider also the filtration G, of G by free C[f]-modules of rank u
defined by Gy = 075Gy = 7%G for k € Z.
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For g € Q, set
VsG N Go/(Vg NG_1 + Ve N Go) = gl‘g(Go/G_l)

and let vg = dimgrg(Go/G_l). Notice that, for any p, we have an
isomorphism

0P =717P ng(GO/G_l) = grg_p(Gp/Gp_l).

The set of pairs {3, v3} for which vg # 0 is called the spectrum of (G, Gp).
The spectral polynomial of (G, Gyp) is

SPs(8) := [[ (5 +8)".
BeQ
Its degree is equal to p.

3. The Frobenius structure.

We keep notation of §2.a. We say that the family ® is a
universal unfolding of f if the Kodaira-Spencer map ¢ attached to ®
(cf. Definition 2.3) is an isomorphism in a neighbourhood of z°. We therefore
restrict X to such a neighbourhood. We then have dim X = u. Throughout
this section we assume that X is a universal unfolding of f. We will
recall how one may construct on the germ at z° of X a natural Frobenius
structure on X, following the method of K. Saito [56] and M. Saito [58],
[60], as adapted to this situation in [50].

3.a. F-manifold structure.

The Kodaira-Spencer isomorphism ¢ : ©x = ¢,O¢ pulls back the
algebra structure of ¢, O¢ to © x. This defines a product x with unit on ©x.
By definition, the Euler vector field € of the structure is p~!([F]), where [F]
is the class of F' in ¢,O¢.

Notice that the algebra q,O¢ is the direct sum of the corresponding
algebras attached to each critical point of f. At this point, the structure is
nothing but the direct sum of the local structures, so that we may apply
the known results in this case: we have the structure of a F-manifold on X
(see [23], [22]).

3.b. Frobenius structure.

We recall in Appendix B the method of M. Saito (cf. [58]) to find a
solution to Birkhofl’s problem for the algebraic Brieskorn lattice G§ C G°
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attached to f : U° — Al, starting from any filtration of EBaE[O,l[ngGO
opposite to the filtration induced by G¢ and satisfying nice properties. Any
nice solution (called V *-solution in Appendix B) gives a C[f]-basis £° of G}
in which the 0g-action takes the form

(3.1) 6%0pe® = €° - (A§ + 0A),

where A§, Ay, are two constant g X p matrices, and A is semisimple.
The characteristic polynomial of A is equal to the spectral polynomial
SP¢(S) of the Brieskorn lattice of f (cf. §2.e), which is also equal to the
polynomial associated with the “Hodge spectrum of f at infinity”, that is,
the spectrum (as defined by Steenbrink) of the limit mixed Hodge structure
attached (as in [19], [64], [59]) to H™(U°, f~1(t),Q) when t — oo (cf. [52]).

We denote by R, the endomorphism of G§/0G§ having —A. as
matrix in the basis induced by €°.

On the other hand, recall that G§/0G§ = Q™(U°)/df AQ"~1(U°) is a
free rank-one module on the Artin algebra q.Oc¢o.

DEFINITION 3.2. — Let w® be a element of Q™(U°)/df A Q" ~1(U°).
We say that

1) we is primitive if it generates Q™(U°)/df A Q"1 (U°) as a ¢.Oco-
module;

2) w® is homogeneous if it is an eigenvector of R.

Assume that a primitive homogeneous element w? exists and consider
the locally free Ox[f]-module Gy: it is equipped with an integrable
connection V with a pole of type 1 at § = 0 and a regular singularity
at infinity (and no other pole). It is also equipped with a Hermitian
form S of weight w. The solution of Birkhoff’s problem given by the
basis €° extends, according to theorems of B.Malgrange [32], [33], to
a solution in a neighbourhood of z°. This implies (see also [50]) the
existence of a flat connection 7 on the locally free Ox-module Go/0Gy in
some open neighbourhood of z°. The pairing S induces a symmetric /-flat
nondegenerate pairing g on Go/0Gy and w® extends by /-parallel transport
to a s7-horizontal local section w of Go/0Gy, called a primitive section.

The infinitesimal period mapping ©x = G¢/0Go defined by
K. Saito [56] (see also [50]) that w induces, is an isomorphism near z° and,
transporting the structures existing on Go/0Go, gives rise to a Frobenius
structure on X, compatible with the weak Frobenius structure of §3.a.
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In conclusion, according to the previous results, in order to ex-
hibit a Frobenius structure on X compatible with the natural weak
Frobenius structure, it is enough to find a V*-solution to Birkhoff’s

problem and to construct such a primitive homogeneous element
w® € Q™U°)/df A Q"L U°).

It follows from Remark 2.11, 2) that the germ of this Frobenius
structure at (X, z°) does not depend on the choice of the sufficiently big
ball B defining the filtered Gauss-Manin system (G, Gy).

Notice that there may exist many different Frobenius structures,
attached to different choices of solutions of the Birkhoff problem or to the
choice of a primitive homogeneous element w®. We will be mainly interested
to the most canonical one.

3.c. Canonical Frobenius structure.

We wish to fix a natural choice of the Frobenius structure. This has
to be done at two levels:

« A natural (or canonical) choice of the solution to Birkhoff’s problem,
responsible for a canonical choice of a flat connection and metric on the
vector bundle Go/0Gy. Hodge Theory furnishes such a choice, according
to M. Saito [58], Lemme 2.8, through a natural filtration opposite to the
Hodge filtration (the necessary Hodge Theory in the affine case is done
in [51], [52]).

« We will say that a primitive homogeneous element is canonical if

1) it is an eigenvector of R, corresponding to the minimal element
Qmin Of the spectrum of f (i.e., the minimal exponent),

2) up to a constant, it is the only such eigenvector, i.e., ami, has
multiplicity one in the spectrum.

That a canonical primitive homogeneous element does exist is proved
by M. Saito in [60], Remark 3.11, in the singularity case. We prove
this below (cf. §4.d) for convenient nondegenerate Laurent polynomials
on (C*)™. As we remarked at the end of the introduction, this also holds for
convenient nondegenerate polynomials on C" satisfying the supplementary
assumption that the coefficients of the linear forms defining the Newton
boundary are nonnegative. In all these cases, the class of a volume form gives
such a canonical primitive homogeneous element. The following examples
illustrate phenomena which can occur when this supplementary assumption
is not satisfied.
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Examples 3.3.

1) f(z,y) = = + zy? + y on C2. There is only one spectral number
Q@ = Quin = 1, which therefore has multiplicity u = 2. However, the class
of volume form dx A dy is homogeneous, and furnishes a (noncanonical)
primitive homogeneous element.

2) f(z,y) = =+ y + z%y* on C2. The class of the volume form
dx A dy is mot canonical. Its order with respect to the V-filtration is
% € |@min, @min + 1| With amin = % However, amin has multiplicity one in
the spectrum and the corresponding eigenvector (class of ydz A dy) is in
fact primitive, hence is a canonical primitive homogeneous element.

Remark 3.4. — Assume that we found a canonical primitive
homogeneous element w® as above. Given a universal unfolding of f
parametrized by (X, z°), we can then construct on the base space (X, z°) a
canonical Frobenius structure. When f is the germ of an analytic function,
two universal unfoldings are analytically isomorphic, hence the Gauss-
Manin systems, with their Brieskorn lattice and sesquilinear pairings, are
isomorphic, giving rise to isomorphic Frobenius structures. For functions f
as in §2.a, we cannot assert that two universal unfoldings are isomorphic.
Therefore, it lacks here a proof of the independence up to isomorphism
of the Frobenius structure with respect to the particular choice of the
unfolding.

For the example treated in the second part of this paper [17], and
more generally if all the critical points of f are simple and all the critical
values are distinct, the Frobenius structure is semi-simple, hence completely
characterized by its initial value at z° (cf. [18], Main Theorem p. 188, see
also [39], §11.3, [50], Th. 5.1.2). We therefore get the independence (up to
isomorphism) with respect to the choice of the unfolding in such a case.

In general, one can expect that the Gauss-Manin system with its
Brieskorn lattice is completely determined by the Gauss-Manin systems
with Brieskorn lattices'of the universal unfolding of each critical point plus
the Stokes structure at £°. Would this happen to be true, we would get the
desired independence, as in the previous case.

3.d. Basic recipe.

It is possible to recover some information on the Frobenius structure
on X by an algebraic computation on the Gauss-Manin system of f. Let us
indicate the recipe to get it.
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(

a) Compute the Gauss-Manin system G° and its Brieskorn lattice G§.
(b) Compute the “good basis” €° of G§ as a C[f]-module.

(c¢) Find a primitive homogeneous element w®, which should be part
of the basis €°, and denote by a the corresponding eigenvalue of A.
Denote w® = ¢§, and let a(k) be the eigenvalue of A, corresponding to €9,
k=0,...,u4—1 (so that a(0) = a).

Then we get (cf. for instance [50] or [54], Chap. VII):

1) there exist flat coordinates (to,...,tu—1) on X centered at z° such
that

> the basis 0 € TyoX corresponds, under the Kodaira-Spencer
map ¢ and identification ¢.Oco. = G§/0GY induced by the
multiplication by w?, to the basis £%;

> the Euler vector field is given by

ki
L

¢ = [(l—i—a—a(k))tk-i—ck]atm
0

>
Il

where the c’s are the coefficient of [fw?] € G§/0G§ in the basis
induced by €°;

2) the homogeneity constant D of the structure (i.e., such that
Le(g) = Dg, where g is the “metric”) is given by

D =2a + 2 — dimU°.

4. The case of Laurent polynomials.

Let f € Cluy,u;!,. .., un,u;] := Clu,u"'] be a Laurent polynomial
in n variables. Write f(u) = Y, czn axu” and put

Supp f = {k € Z" | a 760}

Denote by I'(f) the convex hull in R™ of the set Supp(f) \ {0}. We will
assume from now on that f is nondegenerate with respect to its Newton
polyhedron and convenient (cf. [28]). In particular, 0 belongs to the interior
of T'(f). It is known that such an f is M-tame, by applying the same
reasoning as in [10].
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4.a. The Newton filtration.

For any face o of dimension n — 1 of the boundary OT'(f), denote
by L, the linear form with coefficients in Q such that L, = 1 on o. For
g € Clu,u™1], put ¢,(g) = max, L,(a), where the max is taken on the
exponents of monomials appearing in g, and set ¢(g) = max, ¢, (g).

Remarks 4.1.

1) Of course, if L, has integral coefficients, then ¢,(g) is an integer
for any g € Clu,u™].

2) For g, h € Clu,u™!], we have

d(gh) < é(g) + ¢(h)
with equality if and only if there exists a face o such that ¢(g) = ¢,(9)
and ¢(h) = ¢o(h).
3) As 0 belongs to the interior of I'(f), we have ¢(g) > 0 for any

g € Clu,u~!] and ¢(g) = 0 if and only if g € C. This would not remain true
without this convenient assumption.

4) Put du/u = duy/uy A ... A dup/u, and let U denote the torus
(C*)™ with coordinates uy,...,u,. If w € Q*(U), write w = gdu/u and

define ¢(w) := ¢(g).

Consider the Newton increasing filtration AM,Q"(U) indexed by Q,
defined by

No QO (U) 2= {% € Q" (U) | ¢(g) < a}.

The previous remark shows that N,Q"(U) = 0 for @ < 0 and
NoQY™(U) = C - du/u.

Extend this filtration to Q" (U)[f] by putting
N QMU [0] := NaQ(U) + ON@ 1 Q(U) + - + 0° N Q™ (U) + - - -

and induce this filtration on Gy:

DerINITION 4.2 (Newton filtration of the Brieskorn lattice). — The
Newton filtration of the Brieskorn lattice is defined by

NGy : = image [No,Q"(U)[0] — Q" (U)[6] — Go]
= N Q™(U)[0]/ (02"~ (U)[0] N N2 (U)[6]),

where we have put 0dy = 0d — df A.
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LeMMA 4.3. — The Newton filtration on G satisfies the following
properties:

1) oNaGo C Na+1G0,
2) UQNOLGO = GO’
3) NoGo =0 if a < 0 and dim NpGy = 1.

Proof. — 1) is clear, 2) follows from |J, N,Q"(U) = Q*(U), and 3)
follows from the similar statement for Q™(U). |

DeriNITION 4.4 (Newton filtration on the Gauss-Manin system). —
For any a € Q, we put

NoG 1 = NoGo + TNag1Go+ - + T* Nk Go + -+ -

For instance, we have
NoG = image [(NoQ™(U) + TN1Q*(U) + -+ + T*NQ*(U) + -+ -) — G].

From the definition, we clearly get TAN,G C N,_1G, which implies that
N,G is a C[r]-module, and the Newton filtration on G is exhaustive.
Notice however that we do not have N,G = 0 for o < 0. Nevertheless, it
follows from the regularity of G at 7 = 0 and from' the identification of the
Newton filtration with the Malgrange-Kashiwara filtration (cf. §2.e) given
by Lemma 4.11 below, that we have NeNoG|r=¢ = 0 and NG = G out
of =0, ie,

Clr,77'] ® NoG =G.
Clr]

THEOREM 4.5. — Assume that f is convenient and nondegenerate
with respect to its Newton polyhedron. Then the Newton filtration N,Gg
on the Brieskorn lattice coincides with the filtration Go N V,G induced
on Gg by the Malgrange-Kashiwara filtration V,G.

The case of convenient nondegenerate polynomials on the affine
space A" has been treated in [52], and we will follow the proof given
there. The case of germs of analytic functions which are convenient and
nondegenerate goes back to [27], [57]. However, the proof that we give here
is somewhat simpler than that of loc. cit., as it does not make reference to
duality. One can easily adapt the simpler proof below to the case of loc. cit.
The proof of this theorem will be given in §4.c.
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4.b. Division.

Denote by J(f) the ideal (u10f/0uy, ..., undf/0uy) of Clu,u™1].

LeEMMA 4.6. — Let g € J(f). Then there exist gy, ... ,gn € Clu,u™!]
such that g =Y, g;u;0f /Ou; with, for anyi=1,... n,

1) ¢(g:) < d(g) — 1,

2) ¢(giui0f/0u;) < ¢(9),
3) ¢(d(uigi)/Ous) < p(g) — 1, and
4) ¢(uigi) < #(g) — 1 + d(wi).

Proof. — Consider with Kouchnirenko (cf. [28], Th. 4.1) the surjective
map

0
O : Clu,u™ ' I" — T(f), (91,---,9n) — Zgﬂh@{f

Put NMo(Clu,u™t") = (NaClu,u™t])™. As ¢(giuidf/0u;) < ¢(gi) + 1
(cf. Remark 4.1, 2), we have 61 Ny—1(Clu,u™1]") € NoClu,u™] N J(f).
According to loc. cit., this inclusion is an equality, i.e., 8; is strict for N,.
This gives 4.6, 1) and 2). Now, 4.6, 3) follows from 4.6, 1), as ¢(u;09;/0u;) <

#(gi), and 4.6, 4) follows from 4.6, 2), as ¢(u;9:) < ¢(u;) + ¢(gi)- O

Put E, = grl (Q*(U)/df AQ*~1(U)).

PROPOSITION 4.7. — Assume that wy, ... ,w, € Q*(U) are such that
their principal parts project onto a basis of ®, E,. Then, any element
w € NoQ2"(U) may be written as

w:Zaiwi+den
i

with a; € C such that a; = 0 if ¢(w;) > «, and with ¢(df A7) < a,
¢(dn) <a-1.

ceey

such that w — ", a;w; := gdu/u belongs to NoQ™(U) N (df A Q*~1(U));
then g belongs to J(f) and satisfies ¢(g9) < «. This family (a;) clearly
satisfies a; = 0 if ¢(w;) > . Write g = ), g;u;0f/0u; as in Lemma 4.6,
so that ¢(u;09;/0u;) < a — 1. Put then n = 3", eigidu/i/\ui, where &;

is a suitable sign +1, so that w — ), a,w; = df A 7. Remark now that
dn = (32, eiuidg;/Oui) du/u. 5
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Remark 4.8. — It follows from this proposition that Go is C[6]-
free (a property that we know to hold in a more general situation,
cf. Proposition 2.13) and, more precisely, that the classes in Gg of wy, ..., w,
form a C[6]-basis of Gy adapted to the Newton filtration. Indeed, this
proposition implies that any [w] € N,Go may be written as a finite sum

[a] M a—¢(w,

)
(4.9) [w] = Z Z agk)f)k[wi] = Z ( al(.k)ﬂk)[wi].

k=0 i|¢p(w,)<a—k i=1 k=0

Therefore, we have found p generators of Go over C[f], giving rise to a
surjective morphism w : C[8]* — Go. This family also generates G as
a C[f,0']-module and, as G is C[0,0 !]-free of rank u, this family
is a C[f,0']-basis of G. The kernel of w is thus a torsion submodule,
hence is 0. In particular, the previous decomposition (4.9) is unique.

Notice also that each N,Gy is a finite dimensional vector space.

Last, observe that if [w] € G is written as ), a;(#)[ws], then the order
of [w] with respect to the Newton filtration N, Gy is given by the formula

ordyfw] = m?x(deg ai + d(w;)).

We immediately deduce from this remark:

COROLLARY 4.10. — We have N,Go N 0Gy = ON,_1Go. a

4.c. Proof of Theorem 4.5.

LEMMA 4.11. — The filtration N,G is equal to the Malgrange-
Kashiwara filtration V,G.

Proof. — By uniqueness of the Malgrange-Kashiwara filtration, it is
enough to prove the following properties for the Newton filtration on G: for
any o € Q,

1) N4 G has finite type over C[7],
2) TNLG C N,_1G, with equality if « < 1, and 9, N, G C Noy1G,
3) on gr¥ G, 70, + a is nilpotent.
(Notice that the “goodness” property Nyt1G = 0, NoG + Negi1G
for a > 0 follows from 2) and 3.)
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1) As each N3Gy is a finite dimensional vector space, it is enough to
show that, for a given «, there exists kg such that, for any k > ko, we have

¥ NoatkGo C Clr](NaGo + - -+ + TFONG 41, Go).

Choose ko such that Nytk,Go + 0Go = Go and let k > ko. We have,
according to Corollary 4.10,

NatkGo = Nayko,Go + (0Go N NatkGo)
= NotkoGo + ONatk-1Go

= a+koG0 + -+ 0k_k0Na+koG07
which gives the desired inclusion.

2) We have yet seen that TN,G C N,_1G, and the inclusion
0:-NoG C Nayy1G follows from ¢(f) = 1, by definition of the action
of 8;. In particular we get 7O, NG C N,G. As N Gy = 0 for a < 0,
we get NG = TN,41G for a < 0.

3) Let o be a face of dimension n — 1 of dI'(f). Denote by &, the
vector field L, (ud,). Let g € C[u,u™!]. Then we have in G the relation
(€5 (g)du/u] = T[€,(f)gdu/u], and therefore

(4.12) (70; + ¢ (9))lgdu/u]
= —(r[(f — & (H))gdu/u] + [(€+(9) — bo(g)g)du/u]).

(In the local case, a formula of this kind can be found in [8].) Now, for any g,
the support of &,(g) — ¢ (g)g is contained in that of g (it is obtained from
that of g by taking out the points corresponding to monomials u® such that
o (u®) = ¢, (g), because, if g is a monomial, we have £,(g) — ¢-(g)g = 0).
Hence, for any face o', we have ¢, (£, (9) — ¢5(9)g) < ¢o+(g) and, similarly,
Do ((F —Eo(1))9) < bor(g)+1 (it follows that 6(£, (9) — 60 (9)g) < b(g) and
d((f—&-(f))g) < ¢(g)+1); moreover, these inequalities are strict if o’ = o.
Denote by N(g) the number of faces o of OI'(f) such that ¢,(g9) = #(g)-
Applying the previous relation to any such face successively and to any
initial monomial of g (i.e., a monomial u such that ¢(u®) = ¢(g)), we
eventually get

(187 + ¢(9))N @ [gdu/u] € Ncy(g)G- O

End of the proof of Theorem 4.5. — According to Lemma 4.11,
we are reduced to proving that N,Go = N,G N Gy for any a € Q.
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Let [w] = vq + TVUat1 + *** + T Vatr be in NG N Gy, with each vay;
in Noy;Go. Multiplying by 67, we find that vayr € NoyrGo NOGy =
ONy1r—1Gy, after Corollary 4.10. By decreasing induction on r, we find
that w belongs to N, Go. |

CoRrOLLARY 4.13 (The spectrum). — The spectrum (or the spectral
polynomial) of the Newton filtration on Gy is equal to the spectrum (or
the spectral polynomial) of the Malgrange-Kashiwara filtration (which is
also the spectrum at infinity in the sense of Steenbrink of the Laurent
polynomial f). O

From [52], we conclude:

COROLLARY 4.14. — The spectrum of the Newton filtration is
contained in [0,n] and is symmetric with respect to n/2. O

Remark 4.15. — For a cohomologically tame or M-tame function on a
smooth affine complex manifold, it can be conjectured, after C. Hertling (for
analytic germs) and A. Dimca (for tame polynomials) that the spectrum
of (G, Gyp), written as oy < -+ < ay, satisfies the following inequality:

> (a-g) 2 g

i=1

Tl

(if it is true, this inequality is the best possible). See also [7] for the case
of two-variable polynomials. Notice that, for convenient and nondegenerate
Laurent polynomials, one has a; = 0 and «,, = n, so that the inequality is
written as

n\?2 n
(w-3) 25

=1

==

Recall that, for a € R, one denotes by [a| the smallest integer larger
than or equal to a. We also obtain:

COROLLARY 4.15 (A C[r]-basis of VoG). — Let wy, ...,w, € Q*(U)
be as in Proposition 4.7. For eachi =1, ...pu, put k; = [¢(w;)]. Then the
classes of T%:w; in G form a C[r]-basis of V,G.
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Proof. — We know that the classes of wp,...,w,, hence of
™wy, ..., TRew,, form a C[r,77!]-basis of G = C[r,77] ®cfr) VoG. By
Nakayama, it is therefore enough to prove that the classes of 7%:w; in gr§ G
form a C-basis. This is even true in the graded space

® o gvalG= © ogV(Gr/Gr1)
k a€]-1,0] a€]-1,0] k

= @ @®gr¥(Gr/Gr_1) (after Th.4.5)
a€]-1,0] k

~ %grﬁ/(Go/G_l). ]

Example 4.17 (The case of two variables). — We assume that n = 2. It
is then easy to compute the spectrum, according to the symmetry property.

First, remark that « € QN [0, 1] belongs to the spectrum if and only if
there exists a monomial g € C[u, u™!] with ¢(g) = «: indeed, assume that

of of
g —h+a1u18—u1 +(l2U28_uz»
with ¢(h) < a and ¢(a1u10f/0u1) < a (i = 1,2). According to Lemma 4.6,
one may assume that ¢(a;) < ¢(g) — 1, hence ¢(a;) < 0 as &(g) < 1.
Therefore, a; = 0 and g = h, a contradiction.

Now, we have determined the part of the spectrum contained
in QN [0,1[: it is enough to compute ¢ of every monomial corresponding
to a point in the interior of the polyhedron I'(f). By symmetry, we get
the part in Q N]1,2]. The total multiplicity being equal to u, we also get
the multiplicity of 1 in the spectrum. Notice that this is the analogue of
Arnold’s “butterfly”.

4.d. The Frobenius structure.

By Lemma 4.3, 3), the smallest index of the Newton filtration is 0,
and it has multiplicity one, an eigenvector being the class of du/u. By
Theorem 4.5, this also holds for the V-filtration, and therefore w® := du/u
is the canonical homogeneous primitive element in Gy, as defined in §3.c.

Saito’s method (cf. §3 and Appendix B) gives the existence of a
canonical Frobenius structure on any germ of universal unfolding of the
convenient nondegenerate Laurent polynomial f. The homogeneity constant
isD=2-—n.
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Appendix A.

In this appendix we give the missing proofs of the results in Section 1.
These are due to B. Abdel-Gadir and B. Malgrange and are adapted from [1]
and [2]. We give them for the convenience of the reader, as these references
are not published and hardly accessible (however, see also [38]). We keep
notation of Section 1.

A.a. Algebraization of D-modules.

Let us begin with a preliminary remark. Let Z be a complex manifold
and let ¥ be a divisor in Z. The sheaf Oz(xX) of meromorphic functions
on Z with poles on ¥ at most is a coherent sheaf of rings. The order of the
pole defines a filtration by Oz-coherent submodules. Coherent Oz (*X)-
modules have locally good filtrations. As a consequence, Cartan-Oka
Theorem applies to sufficiently small compact polycylinders and a Oz (xX)-
module F is coherent iff, for any sufficiently small compact polycylinder K
in Z, F(K) has finite type over I'(K,Oz(xX)) and, for any z € K,
Oz ®0, (k) F(K) — F; is an isomorphism.

Let now P be a projective space of arbitrary dimension (in the next
subsection, we specialize to P = P!). We fix a hyperplane at infinity H,, and
still denote by oo the divisor Hy, X X C P x X. We also fix coordinates ¢
on the affine space A = P \ H,. We still denote by p the projection
Px X — X.

We review here the relationship between coherent Dx [t](0;)-modules
(on X) and good Dpxx(x0o0)-modules (on P x X). Recall that the
sheaves Ox[t], Ox[t](0;) and Dx [t]{d:) are coherent. Similarly, the sheaves
Opx x (x00) and Dpx x (*00) are coherent. (See [31], [21], [26].)

Consider the following categories:

e Modeon(Dx[t](0:)) is the category of coherent left Dx|[t](d;)-
modules. Let M be a Dx|[t](0;)-module. It is coherent if and only if
for any sufficiently small compact polycylinder K C X,

> ['(K, M) is finitely generated as a I'(K, Dx)[t](8;)-module,

> for any x € K, the natural morphism Ox , ®o k) I'(K, M) —
M, is an isomorphism.

o Modcon (Dpxx (*00)) is the category of coherent left Dpy x (*00)-
modules and Modp-good (Ppx x (¥00)) is the full subcategory of objects M
such that, locally on X, there exist a coherent Opyx-module F and a
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surjective morphism

Dpxx(*0) ® F— M — 0.

Opx x

Given a p-good Dpx x (*00)-module M, there exists, locally on X, a coherent
Dpy x-module N which admits a good filtration such that M is isomorphic
to 'D]pxx(*oo) RDpy x N.

We have p. (Dpx x (¥00)) = Dx[t](8;), making Dpx x (x00) a (left and
right) p~1Dx [t](0;)-module. If M is a Dx [t](d;)-module, we put

p*M = Dpy x (*00) ® p~1M.
p~1Dx [t](0:)

We also denote by M?®" the restriction of p* M to the open set Ala" x X.

THEOREM A.1 (cf. [1]). — The direct image p. (partial algebraization)
induces an equivalence of categories

Modp-go0d (Dpxx(*oo)) = Modcon(Dx [t] (6t>)
A quasi-inverse functor is given by p* (partial analytization).

Sketch of proof. — One shows that p, takes values in Mod¢cn and
that the two natural transformations Id — p.p* and p*p., — Id are
isomorphisms. These assertions are local on X, so that we may assume that
the p-good objects are generated by a Opy x-coherent submodule.

1) One first defines analogous categories Modp_go0d ((’)]p>< X(*oo)) and
Modcon(Ox[t]), and proves the analogous statement for these categories.
The p-good objects we consider take, locally on X, the form F(*xoo0) where
F is Opy x-coherent. The theorem is a consequence of Grauert-Remmert
Theorems A and B which say the following:

A2. — Let F be a coherent Opy x-module. Then R¥p,F are Ox-
coherent for any k and for any relatively compact open subset W of X,
there exists qo € N such that, for any ¢ > qo and restricting to P x W,

« the natural morphism p*p.F(q) — F(q) is onto,
e RFp,F(q) =0 fork > 1.
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(As usual, we denote by Opxx(q) the inverse image of Op(g), which is
the rank one bundle on P with first Chern number equal to g, and we

put f(‘]) = OIPXX(q) ®Opx x ]:)

Notice that, by taking inductive limits, we have, as p is proper,
RFp, F(x00) = 0 for k > 1 and any such F.

Fix a compact polycylinder K in X and take qg as in A.2 associated
to F and some neighbourhood of K. As p,F(qo) is generated on K by its
sections (Cartan Theorem A), we get a surjective morphism, composition
of two surjective morphisms:

ipx ik Obxx — Gpx P PsF(90) — g F(a0)5
the kernel G of which is coherent in some neighbourhood of P x K. We
therefore have an exact sequence on such a neighbourhood:

0 — G(*00) — Opx x (¥00)* — F(x00) — 0.

For g big enough, we also have an exact sequence in some neighbourhood
of K:

0 — p.G(q) — p«Opxx(q — QO)Z — p.F(q) =0
and by taking direct limits, we get an exact sequence

0 — p.G(x00) — OX[t]e — poF(x00) — 0.

Arguing similarly for G, we find that, in some neighbourhood of K, F(*00)
has a free presentation

Opx x (¥00)81 — Opy x (¥00)% — F(x00) — 0
so that p. of it is a presentation of p.F(x00) by free Ox[t]-modules. We
conclude that p,F(x00) is Ox [t]-coherent and that the natural morphism
P*p.F(x00) — F(x00) is an isomorphism, as this is true for F = Opx x.
That the natural morphism N — p,p*N is an isomorphism for a coherent

Ox|[t]-module follows from the projection formula and the fact that
RFp, Opy x (¥00) = 0 for k > 1.

2) The proof for D-modules is very similar. Having fixed an object M
of Modp-good (Dpx x (¥00)), we work locally on X so that we may assume
that M = N (xo00) where N is Dpyx x-coherent and has a Opx x-coherent
submodule F with a surjective morphism Dpxx Q0. x F — N. We
therefore have a surjective morphism Dpx x ®0p, x Opx X(—qo)é — N =0,
the kernel N’ of which is a coherent Dpy x-module having a good filtration,
by Artin-Rees lemma, hence having a Opy x-coherent submodule G with a
surjective morphism Dpx x @0y, x G — N’. One may end the argument as
above. O
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Remark A.3. — Consider the categories for which objects are pairs
made of a p-good Dpx x (*00)-module and a p-good Opx x (*00)-submodule
(resp. a coherent D [t](d;)-module with a coherent Ox [t]-submodule). The
morphisms are morphisms of D-modules which send the O-submodule of
the source into the O-submodule of the target. It follows from the proof
that (p.,p*) also give an equivalence between these categories.

A similar argument applies to the category of p-good Dpy x/x (*00)-
modules and coherent Ox|t](0;)-modules, or the same category with a
p-good O(xX)-submodule.

Behaviour with respect to direct images, inverse images or duality.
Let f : X — Y be a holomorphic mapping and put f = (Idp xf) :
Px X — P x Y. There are direct image functors with proper support
ft from Dt (Dx[t](8;)) to D (Dy[t](d,)), and f; from D+ (Dpy x(*00))
to DF(Dpxy (x00)). Then, standard arguments show that they correspond
each other through p.,p*. A similar result holds for inverse images of
D-modules.

Let M be in Modcon (D]pxx(*OO)) (resp. in Modp-good (Prx x (*00))),
that we write locally on P x X (resp. locally on X) as M = N (x00),
where A is an object of Modcon (Dpxx) (resp. Modp-good (Ppxx)). As
Opx x (x00) is Opx x-flat, we have locally

gXt%wxx(*OO) (M,D]pxx(*oo)) = gXt%PxX (N, D]pxx) ® O]pxx(*oo)

Opx x

- Sxt%pxx (N, D]PxX) D® D]P’XX(*OO):

Px X

therefore Sxt%ﬂ,xx(*w) (M, Dpy x (x00)) vanishes for k < dim(P x X)
and otherwise belongs (after a right — left transformation) to
Modoh (DPpx x (¥00)) (resp. Modp-good (Dpx x (¥00))). Moreover, if M is
p-good, by considering a resolution of p,M by flat Dx[t](8;)-modules,
we have isomorphisms:

D gxtlzc),,xx(*oo) (M, Dpyx (¥00)) — SXt%X[t](ag (p«M, Dx [t](8r)).

A.b. Holonomic modules.
Say that M (resp. M) is holonomic if, for any k # dim(P x X), one
has
SXt%pxx(*oo) (Mv D]PXX(*OO)) =0
(resp. Sxt%x [ﬂ(at)(M, DX [t]<8t>) =0

).
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Remark A.4. — If N is a holonomic Dpy x-module, it has a good
filtration (cf. [36]), hence is p-good. Then M := N (x00) is p-good and
holonomic as a Dpx x (x00)-module. Moreover, by [25], M itself is Dpx x-
holonomic (hence coherent as a Dpy x-module and p-good as a Dpyxx or
Dpy x (*00)-module).

Notice also that, if P = P!, it is easy to show, without using [36],
that A is p-good: locally on X, one gets a good filtration of A by gluing
local good filtrations.

Applying [25], one also gets:

PROPOSITION A.5. — Let M be an object of Modcon (Dpx x (#00)).
The following conditions are equivalent:

1) M is holonomic;

2) considered as a Dpx x-module, M is holonomic (hence coherent
and p-good);

3) M is p-good and M = p,M is a holonomic Dx [t](0;)-module;
4) Mpany x is a holonomic Dpanx x -module.

Moreover, when these conditions are satisfied, one has

SXthpxX(*OO) (M,'D]]»XX(*OO)) = SXthPxX (M’DPXX)(*OO)

with d = dim(P x X), i.e., the dual of M as a Dpy x (*00)-module is the
localization at infinity of the dual of M as a Dpx x-module. ]

Remark A.6. — As an immediate corollary of this proposition, one
obtains that local analytic properties of holonomic D-modules hold for
holonomic Dx [t]{d;)-modules. In particular, if M is a holonomic D [t](d;)-
module,

« if Y is a analytic hypersurface of X, then M (+Y") is holonomic,

o there exist Bernstein functional equations with respect to any
holomorphic function on X,

o for any x € X, the germ M, has a finite Jordan-Holder filtration.

DEFINITION A.7. — Let M be a holonomic Dx [t](9;)-module.

1) Let ¥ be a closed analytic hypersurface in P x X and put
¥ =Y N (A x X). We say that the singular locus of M is contained in ¥ if
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p* M is Openy x-locally free of finite rank near any point of (A x X) \ ¥.. We
denote by Hols,(Dx|[t](d;)) the category of holonomic Dx [t](d;)-modules
with singular locus contained in ¥.

2) We say that M is regular included at infinity if the holonomic
Dpx x-module p* M is regular.

Given a holonomic Dx[t](d;)-module M, there exists, locally on X, a
closed hypersurface ¥ containing the singular locus of M: indeed, locally
on X, there exists a finite number of closed analytic subsets Z; of P x X such
that p* M is O-locally free of finite rank near any point of (P x X) \ U;Z;
(take the family Z; so that the characteristic variety of p*M as a Dpx x-
module is equal to Tp, x(P x X) UJ; T (P x X)); now, each Z;, being
locally (on X) defined by homogeneous polynomials with X-holomorphic

coefficients, is contained in a hypersurface ¥ as soon as it is not equal
toP x X.

A.b.1. Proof of Proposition 1.1. — First, remark that the restriction
functor, from the category Holx(Datany x ) to the category Hols,(Dpxx) is
an equivalence: indeed, on D x X \ ¥, M is a locally free O-module of finite
rank with a flat connection, hence determined by a linear representation of
71 (D x X\ ¥), and 7 (Al2" x X \ £) — m (D x X \ ¥) is an isomorphism.
This functor also induces an equivalence between the regular holonomic
objects. In what follows, we implicitly replace D with Al2",

We first work on a relatively compact open set U of X. Then there
exists a disc D’ C P! centered at oo such that D’ x UNY = (. On
D™ x U, M is a holomorphic bundle with a flat connection. Recall that the
restriction from D’ x U to D" x U induces an equivalence from the category
of meromorphic bundles with a flat connection on D’ x U with poles along
{0’} x U to that of bundles with a flat connection on D™* x U: an inverse
functor is given by Deligne’s canonical extension (cf. [12], see also [34]);
any morphism of bundles with flat connection extends in a unique way to a
morphism of the corresponding Deligne’s extensions, as horizontal sections
of a flat bundle extend as meromorphic sections of the Deligne extension.
Using Deligne’s extension, one may extend M aian 7 to some /\7]1»1 <U- Now
we may glue various extensions existing on various relatively compact sets,
according to the unique lifting of morphisms.

The compatibility with duality or with base change is a direct
consequence of the unique lifting of morphisms. m|
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A.b.2. Proof of Corollary 1.4. — Keep notation of § A.b.1. Consider
the free Opx x-submodule Mg of M. For z° € X, fix a free Opryzo-
submodule My C M D/ in such a way that the restriction M$ and My
glue together as a tr1v1al bundle on P* (it is possible to choose such a M
according to the classification of bundles on P!). By construction, in some
neighbourhood U of z°, M D'xv is the inverse image by the projection
D' xU — D' of ﬂf .- Denote by M the inverse image of Mg’ by this
projection. This is a locally free Op/ xy-submodule of Mp/«y.

Restrict the situation to P! x U. Now, Mg and M{ glue together
as a vector bundle Ny on P! x U, the restriction of which to P! x {z°}
is trivial. Therefore, by rigidity of trivial bundles on P!, Aj is a free
Op1 xy-module, if V' is some (maybe) smaller neighbourhood of z°. We
have Mo = Op1 v (¥00) ®0,, , , No, resp. M= wav(*EUoo)@oﬂ,lva'o,
which is therefore free as a Op xv (x00) (resp. Op1 xy (*XUo0)) module, and
peMo = My (resp. p,M = M) is a free Oy [t] (resp. Oy [t](*%))-module. O

A.b.3. Behaviour with respect to moderate nearby/vanishing cycles.
Let Y C X be a smooth hypersurface. Consider the V-filtration (increasing,
indexed by Z) of Dx[t](d;) relative to Y (a section P € I'(U, Dx [t](d:)) is
a section of VyDx[t](8;) on U iff for any j > 0, P - T'(U,ZJ) C T(U, ),
where Zy denotes the ideal sheaf of Y in X). There is a natural notion of a
good V-filtration on a coherent Dx [t](d;)-module. This notion also exists
for coherent Dpy x or Dpx x (¥00)-modules.

Any holonomic Dpy x-module has a canonical good filtration
(increasing, indexed by Z), called Malgrange-Kashiwara filtration with
respect to Y (see, e.g., [43] for more details on the V-filtration): it is the
unique good V-filtration (a priori only locally defined, but globally defined
by uniqueness) such that, on each graded piece gry, the operator zd, + k
has a minimal polynomial with roots in | — 1, 0], if z is a local equation of Y.
We then say that any holonomic Dpx X—module is specializable along Y.
We define two functors ¢y = gr(‘)/ and ¢y = gr} from holonomic Dpy x-
modules to holonomic Dpyxy-modules (Bernstein-Kashiwara, see, e.g., [43],
Cor. 4.6.3). The functor 9y is called the (moderate) nearby cycles functor
and ¢y is called the (moderate) vanishing cycles functor.

If the roots of the minimal polynomial of 0, + k on gr,‘cf are real or
rational, it is natural to extend the definition of the V-filtration so that
it is indexed by R or Q with a (locally) finite set of jumps modulo Z.
For a € R, each VoM is Vo(Dxxp1)-coherent and z0, + « is nilpotent
on gr¥ M := VaM/V<aM
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One may similarly define the notion of specializable Dpy x (*00) or
Dx[t]{(0;)-module, and similarly define the nearby or vanishing cycles
functors. Using Proposition A.5 and the previous results on holonomic
Dpx x-modules, as well as the uniqueness of the Malgrange-Kashiwara
filtration, one gets:

CoRroLLARY A.8. — Holonomic Dpy x(*00) or Dx|[t](d;)-modules
are specializable along Y. The Malgrange-Kashiwara filtrations and the
nearby/vanishing cycles functors correspond each other under p, and p*.0

A.c. Partial Fourier transform.

We now fix P = P!, we denote by t the coordinate on Al and by 7 the
Fourier coordinate on the affine line Al. Proposition 1.8 clearly follows from
the characterization of holonomic Dx [t](0;)-modules via the vanishing of
Ext® for k # dim X + 1, as this condition is invariant by Fourier transform.

Let M be Dx [t](8;)-holonomic. Notice that M is supported in {0} x X
if and only if M = p™ N for some holonomic Dx-module N (this follows
from Kashiwara’s equivalence applied to holonomic Dx[7](8;)-modules
supported on 7 = 0, after partial Fourier transform), and then M is the
direct image of N by the inclusion {0} x X < A! x X. In such a case,

—.

(M)? is regular iff M is so.

A.c.1. Proof of Theorem 1.11. — Let us begin with the regularity
statement. The assertion is local with respect to X, so we will work in
some neighbourhood of a point z° € X. We will argue by induction on the
dimension of X, the case dim X = 0 being treated for instance in [35].

By induction on the dimension, we may reduce to the case
where M . has no Dx|[t](0;)-submodule supported in a strict analytic
germ (Z,z°) C (X,z°) (if M is supported on such a set, we may assume
that this set is smooth by considering a finite map f : (Z,2°) — (C¥,0)
and by replacing M with f, M).

Denote by ¥; (i € I) the irreducible components of ¥ and by m;
the multiplicity of the conormal space Tx, (Al®® x X) in the characteristic
variety of M?®. Then it is known (see, e.g., [35], Prop. 1.5) that Misa
holonomic Dx[r](d;)-module having generic rank (as a O-module) equal
to (M) =), m;degpx,.

There exists an analytic hypersurface Y C X such that, for any
z ¢ Y, the fibre p~!(x) is noncharacteristic with respect to p*M, and
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similarly there exists YcXx corresponding to M.Ifz ¢Y, it M has only
one cohomology module, hence so has z+M an " where i, corresponds to tl the
inclusion {z} — X. If moreover z ¢ Y, then the singular locus of z"’M an
is the intersection of the singular locus of Mon with Alen x {z}. Asif M
is regular at infinity, the singular locus of z+M an ig reduced to {(0,z)},
hence the singular locus of MI X\yUP 18 reduced to {0} X (X \Y'U Y). The
singular locus of M®" is thus contained in [Ala“ x (YUY)]U[{0} x X]. In
order to prove the regularlty of M’ an_ it is enough to prove the regularity
of the meromorphic bundle Ml‘":t_,‘; of rank 7 with connection obtained by
localizing Man along its smgular locus. Indeed, M®" has no submodule
supported in Al2? x (Yu Y), and any submodule supported in {0} x X is

regular, as we noticed above.

We assume first that dim X = 1. Denote by x a local coordinate on X
centered at z°. Denote by V,J/\/I\ an the Malgrange-Kashiwara filtration of
M®n with respect to the hypersurface x = 0. Denote simply by ¢ and ¢ the
corresponding nearby and vanishing cycles functors. By uniqueness of such
a filtration, we have V.(M\a“) = (V.]\//.T)a", where the right-hand filtration is
taken in the category of Dx [7](0,)-modules.

LeEMMA A.9. — The module M®" is regular in a neighbourhood of
Alan x {30} if and only if M®® (which is holonomic on A'*® x {z = 0}) is
generically O-locally free of rank T.

Sketch of proof. — The “nearby cycles” module 1/11T4\ an only
depends on the formal module Opian[z] ®0, 00, « Me® | where we denote
(somevs//\hat inaccurately) Opanfz] = lim Opanxx/(z"). Generically
along Al*" x {z°} one may decompose this formal module as the direct
sum of a regular one and of a purely irregular one. Then 1 of the purely
irregular one vanishes identically. Therefore, the equality of ranks (as in the
lemma) is equivalent to the vanishing of the purely irregular component, or
equivalently to the fact that the formal module is regular. This, in turn, is
equivalent to the regularity of M itself. O

Remark then that
Y(M™) = (YM)™ = (M)
Now, the finiteness of p on ¥ insures that M has no “vanishing cycles
at t = 0o” with respect to the function z, hence 7(M) = (¢ M) (the

characteristic cycle of 1) M?" is easily computed from that of M?", as M?"
is regular).
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Let us now consider the case dim X > 1. It is a matter of verifying
that the restriction of the meromorphic connection Ml‘;‘é considered above
to any disc of a holomorphic family of discs transverse to the generic part
of the singular locus is regular. For the component {0} x X, this follows
from the regularity at the origin of z"'M an forany ¢ € YUY, as it M is
regular at infinity (see, e.g., [35]). Fix a germ of disc A C X transverse to
(Yu Y) at a generic smooth point. Then Alan x A is noncharacteristic with
respect to Man, We apply the first part of the proof to the restriction of M

to Al x A.

Now to the second part of the theorem (the noncharacteristic case).
We reduce to the case where dim X = 1 as above. Then, knowing that Mpan
is regular, to show that Alen {2°} is not contained in the singular locus of
M®" amounts to showing that the “vanishing cycles module” qu a1 vanishes
identically out of 7 = 0. Going back to M, this is equivalent to showing
that ¢(M) is isomorphic to C[t]? for some d. By the noncharacteristic
assumption, we even have ¢(M) = 0, hence the result. i

Remark A.10. — In [2], the proof of Theorem 1.11 is given in the
noncharacteristic case only. The proof proceeds differently: the partial
Fourier transform is realized by taking the direct image of C[7] ®c M ® e'”
with respect to the projection (¢,7) +— 7. The second point of the theorem
is obtained by applying Kashiwara’s estimate for the characteristic variety.

A.d. A remark on duality of meromorphic connections.

Let Z be a complex manifold and let ¥ be a divisor in Z. A
meromorphic connection M on Z with poles on ¥ will mean a coherent
Oz (xX)-module equipped with a flat connection. By [37], we know that
such a sheaf is locally stably free on Z. On the other hand, viewed as a
Dz-module, we know from [25] that M is Dz-holonomic. Denote by M*
the dual meromorphic connection Home, (x57) (M, Oz (*X)) with its natural
connection, and by DM the dual left holonomic Dz-module (may be not
localized along Z). Then, after [25], the localized module (DM)(xX) is still
‘Dz-holonomic, and is a meromorphic connection. In the following, we put

O0=0z(x%), ©=0z(%), X =05(%) and D =Dz(X).

Notice that (DM)(xX) is the dual of M in the category of left D-modules,
that we denote Dp M.

LEMMA A.11. — There is a canonical and functorial isomorphism of
meromorphic connections DpM ~ M*.
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~ Notice that the lemma also gives another proof of the vanishing of
Ext) (M, D) for j # dim Z.

Proof. — Put n = dim Z. The Spencer complex Sp*(D) is a left
D-resolution of O by D-locally free modules and the de Rham complex
Q™te(D) is a right D-resolution of w := Q"(xX). Consider the complex
K* :=Q*(D)®0 M, where each term is equipped with its natural structure
of right D-module. It is a complex of right D-modules. As M is locally
O-stably free, this complex is (up to a shift by n) a right D-resolution
of w®p M = M" by locally stably free D-modules. Hence, the complex
L* =Homp(K~*,D) can be used to compute Dp: we have Dp = HOLe.

Notice that the right D-module (2% ®» D) ®o M is isomorphic to
(2% ®0 M) ®0 D, where now the right structure is the trivial one.

Recall now that, if F is any coherent O-module, then the natural
morphism

Do F* — Home(F, D) = Homp(F Qo D,D)

of left D-modules is an isomorphism (there may be an ambiguity in the
middle term: let us specify that the O-module structure of D is the
right one).

Therefore, we have £F ~ D ®0 (A0 @ M*). Use now the left D
structure on M* to identify £F to M* ®¢o Sp*(D) as left D-modules.
Computing the differentials gives £°* ~ M* ®o Sp*(D). As M* is locally
O-stably free, this is a resolution of M* as a left D-module. a

There is a filtered variant of this lemma. We now assume that
Z = D' x X, where D' is a disc with coordinate § and ¥ = {6 = 0}.

On D, consider the increasing filtration F,D such that Oz has
degree 0, each vector field on X and the logarithmic vector field 639y have
degree one, and 6~! has degree one. Hence the vector field t := 620,
has degree zero and FyD = Oz(t). Consider the sheaf of graded rings
RrD = @& FyD - 2* on Z, where z is a new (commuting) variable. We
consider the category of graded RpD-modules, the morphisms being graded.
The sheaf RpD is coherent, and D-modules with good filtrations correspond
to coherent graded RrpD-modules without z-torsion. The shift of filtrations
corresponds to the multiplication by the corresponding power of z.

A 0-graded Hom-acyclic resolution of a RpD-module is a resolution by
‘Hom-acyclic graded RpD-modules for which the differentials have degree 0.
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Any coherent RrpD-module has locally such resolutions, which are used to
define the dual RpD-complex, that we denote by R’Hom% o RFD),
where the exponent 0 indicates that the differentials have degree 0.

Denote by ©’ the sheaf of linear combinations over RpO = Oz[267!]
of fields 2¢£ (€ a vector field on X) and ¢. This is a locally free RrO-module.
Denote also by ! its RpO-dual. We have a connection

V:RyD — Q' ® RpD,
RrO

which is z-graded of degree 0.

We may therefore define the de Rham complex and the Spencer
complex of RpD, which are respectively 0-graded Hom-acyclic resolutions
of ' := A™Q¥! and RrO. Moreover, the rules for going from left to right
are similar to those for Dz or D.

LemMMma A.12. — Let RM be a coherent graded left RpD-module
which is RpO-locally free. Then,

1) there exists a coherent D-module M with a good filtration F, M
such that RM = RpM; moreover, M is O-locally free;

2) the dual complex RHom%FD(RM,RFD) has cohomology in
degree n only and Dgr,.pRM is strict, of the form RpDpM for some
good filtration F,DM;

3) there is a canonical isomorphism Dg,p RM ~ Homp,o(RM,RrO)
which induces, by restriction to z = 1, the isomorphism of Lemma A.11.

Proof. — To get A.12, 3), we use the same proof as in Lemma A.11
with Q'*(RrD) and Sp*(RpD) introduced above. By restricting to z = 1,
we get the isomorphism of Lemma A.11. Then A.12, 1) is clear, as a
locally free RpO-module has no z-torsion, and A.12, 2) follows similarly
from A.12,3). |

Remark A.13. — We mainly use formal variants of these lemmas.

1) Let D be a disc in C and consider the sheaf Dpy x,p{(#)(07")
introduced in (1.17). For any (c,z°) € D x X, we consider the germ
Dpxx/p{0)(071) (c,ze). Introduce the sheaf © of vector fields, generated
over Ox .0 [0][0~!] by t — ¢ and © x ;.. We have

Ox 20 [0]107"] = Dpxx/p{ONO ") c.e0)/Poxx/p (O (0" ) (c.z0) - ©-
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Introduce the corresponding Spencer complex and de Rham com-
plex, to get the analogue of Lemma A.11 for a finitely generated
Dpxx/p{0) (07" (c,z0)-module which is Ox 4o [0][07] free.

Filter Dpy x/p{(0)(07")(c,ze) as in Lemma A.12. Then, the analogue
of this lemma holds for filtered Dpy x;p {(0))(6") (¢ z)-modules.

2) We may take for D the sheaf Dx[0,071](t), with =1 = 9;, or also
its tensor product D* by Ox[0][671].

Appendix B.

We quickly review M. Saito’s solution to Birkhoff’s problem for the
Brieskorn lattice [58]. We keep notation of §2.e, which applies to any
free C[r,7!]-module G of rank p equipped with a connection having
singularities at 0 and oo only, 7 = 0 being regular, and with a lattice Gy,
which is a free C[f]-submodule of rank u stable by ¢t = #28,. The only
supplementary assumption made here is that the indices of the Malgrange-
Kashiwara filtration are rational numbers (the same reasoning would
apply with real numbers). We denote by N the nilpotent endomorphism
of Hy := gr¥ G induced by 70, + a.

B.a. — The following assertions are equivalent (cf. e.g., [54], §IV.5):

1) there exists a basis € of Gy satisfying (3.1),

2) there exists a C[r]-lattice G’° C G which is logarithmic (i.e., stable
by 70, ) such that Gy = Go N G @ 0G,.

On the other hand, according to the existence of a Levelt normal
form (see e.g., [54], lemme IL.1.2), there is a bijective correspondence
between logarithmic lattices G'® and exhaustive decreasing filtrations H* =
@Baefo,1{ H of H = ®aeo,1{ Ha, which are stable by N. Put G’* := 7*G"°.
To G0 is associated the filtration HX = (G’* N V,G)/(G"* N V.oG).

DEFINITION B.1. — A solution G™ to Birkhoff’s problem for Gy is
compatible with V,G (or is a V-solution) if, for any o € Q, we have

(B.1)(*) GoNVaG = (Go NGO NV,aG) ® (0G0 N VaG).

B.b. — Recall that, for any «, the space GoNV,G is finite dimensional
(see e.g., [52]). We will repeatedly use that for 3 < 0, we have GoNV3 = {0}
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and Vg C G’°. Then, by induction, (B.1)(*) is equivalent to
(B.1)(**) GoNV,G = ffo(ekGO Ne*FG° NV,G).
Denote by oy, the minimal spectral number:
Omin = min{a | Go NV,G # 0}.
Then, if a V-solution G’° exists, we have, for any a € [amin, ¥min + 1],
(GoN G NV,G) = Go N VoG — Go/6G,

as (0GoNV,G) = 0(GoNV,_1G) = 0. Hence, for such an o, GoN GO NV,G
is independent of the choice of the V-solution.

Given a V-solution G’°, we then have
(10, +@)(Go NG NV,G) C (GoNGPNV,G) @ 7(Go NG NVoy1G),
which is equivalent to
(809 — @)(Go NG NV,G) C (GoNGPNV,G) @ 1(GoNG® NV G).

We then say that G’° is a V*t-solution to Birkhoff’s problem for Gy if, for
any a, we moreover have

(809 — )(Go NG NV,G) C (GoNG° NV oG)®T(GoNG®NV,oi1G).

B.c. — Assume that G’° is a V*-solution. Then, the corresponding
matrix Ae,, which is the first component of 69y in the previous
decomposition, is semisimple, and its spectrum is equal to the spectrum
of (G,Gy). Moreover, Go N G N V,G is nothing but the sum of the
eigenspaces of Ao, acting on GoNG'° corresponding to the eigenvalues < a.
In particular, any element of Go N V,,,,G = Go NG NV, G is an
eigenvector (with eigenvalue aumin) of Aoo.

B.d. — Let S be a Hermitian nondegenerate sesquilinear pairing of
weight w on (G, Gy) (cf. Definition 1.24). It induces nondegenerate linear
pairings

(B.2) H,®cHi_« —C (CVE]O,].[), Hy ®c Hy — C.

On the other hand, we say that a solution G° to Birkhoff’s problem for G
is compatible with S (or a S-solution) if the induced pairing

(GoNG"™) ®&¢c (Go NG — Clr, 771

takes values in C - 77%.

TOME 53 (2003), FASCICULE 4



1110 GAUSS-MANIN SYSTEMS AND FROBENIUS STRUCTURES (I)

ProprosITION B.3. — Let G be a logarithmic C[r]-lattice of G.

1) G" is a V-solution to Birkhoff’s problem for Gy iff for any o € [0,1],
its associated filtration G’*gr¥ G is opposite to G,grY G.

2) G0 is a V*-solution iff moreover both filtrations are (B)-opposed
in the sense of [58], i.e., for any « € [0,1] and any k,

N(G™*gr¥G) c G*grl G.
3) A V-solution G is a S-solution iff

(lengG)_L — le—kgr‘l/—aG if a€ ]071[7
« G—ktlgrl¥ G if a =0,

where orthogonality is taken with respect to the pairing (B.2).

Remarks B.4.

1) A proof in the microlocal situation was given by M. Saito in [58],
[Th. 3.6]. An adaptation to the affine situation was given in [52]. We sketch
here a simpler proof of 1). The proof of 2) and 3) is then easy, see loc. cit.
or [54], Rem.IV.5.13. Notice also that another proof of 2) can be obtained
from Theorem 3.2.1 in [15].

2) According to [58], Lemma 2.8, there is a natural choice of an
opposite filtration to G, (®acpo,1{Ha) which gives rise to a V', S-solution
to Birkhoff’s problem in case G, H is the Hodge filtration of a mixed Hodge
structure for which the weight filtration is obtained from the monodromy
filtration of N and such that the pairing (B.2) is a morphism of mixed
Hodge structures. That these properties are satisfied for the Gauss-Manin
system, its Brieskorn lattice and the duality pairing S of Theorem 2.14,
follows from [58] in the singularity case, and from [51], [52] in the affine
case.

Proof. — Let H be any finite dimensional C-vector space equipped
with an exhaustive increasing filtration H, (indexed by Z, say) and with
two exhaustive filtrations F,H (increasing) and F'*H (decreasing). We
denote by grH the graded space associated to H,. Then F,H and F'*H
naturally induce filtrations F,grH and F'*grH.

Let u be a new variable. The C-vector space F = @yu* F}, H is naturally
equipped with the structure of a C[u]-module, as F,H is increasing,
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and similarly F' = @yu*F'*H is a Clu~!]-module. They glue together
along Clu,u~!]®c H as a vector bundle F(F,H, F’*H) on P!. The following
properties are equivalent:

1) there is a decomposition H = & (F,H N F'*H),
2) for all k # ¢, one has

FyHNF"H C (Fy_1H N F*H) + (FH N F“H),

3) for any k one has

F,_tHNF*H ={0} and Fj = (FyHNF*H)+ F,_,1H,

4) the bundle F(F,H, F'*H) is isomorphic to the trivial bundle (of
rank dim H).

When any of these properties is satisfied, we say that F,H and F'*H
are opposite.

LEMMA B.5. — Assume that F,grH et F'*grH are opposite. Then so
are F,H et F'*H and, for any k, one hasgr(F, HNF'* H) = FygrHNF'*grH.

Sketch of proof. — By induction, one reduces to a filtration H, of
length two, and one uses that an extension of trivial bundles on P! is trivial.
This gives the first part. The second part reduces to a dimension count. [

Let us sketch the proof of B.3,1). Assume that the filtrations G, H,
and G’* H,, are opposite for any a € [0, 1[. Then, G,gr¥ G and G’*grY G are
opposite for any a. According to Lemma B.5, for any 8 < «, the filtrations
G.(VaG/V<pQG) and G'*(V,G/V.p@G) remain opposite and, for all k,

dim [Gk (VoG /VgG)NG™* (VaG/VepG)] = Y dim(Gyery GNG*grl G).

B<y<a

For k and « fixed, let 3 < 0 such that Gx NV 3G = {0} and V3G C G'*.
The left-hand term above is the dimension of

[(Gk N VoG + VepG) NG* + VepG] [VepG <~ G N G* N V,G.

Therefore, dim(Gx NG*NV,G) =Y dim(Gkgr,‘y/G n G’kgr,‘Y/G). Hence

v<a
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Zdim(Gk_j NG* I NV,G) = Z Z dim(Gk_jngG N G'k_jgrfY/G)

320 Jj20y<a
= Z Zdim(Gk_jngG NG* gty G)
Y<aj20
= Z dim Gkgrfy/G = dim(Gx N V,G),
y<a

because G,gry G and G'*gr¥ G are opposite for any 7. So, (B.1)(**) is true
at the level of dimensions. It remains to show the vanishing of the two by
two intersections of the terms in (B.1)(**), and it is enough to show that,
for any k and any a, Gx_; N G'"* N V,G = 0. But the image of this term
in gr¥ G vanishes, by oppositeness. Hence

Gr1NG*NV,G C G 1NG*NVG C - C Gr_1NGFNV 3G = {0},

if 8 < 0 is chosen so that G,_1 N V3G = {0}.

Conversely, assume that G’° is a V-solution. We have to show that,
for any o and k,

(B.6) (Gro1 NVoG + Voo GYNG* C VoG,
(B.7) GpNVoG C (GrN VoG 4 Vo G)NG*
+ (Gr_1 NVaG) 4 VoG,

Clearly, (B.7) is a consequence of (B.1)(*). Fix a and k and choose
B < 0 such that VgG C G’*, then choose ¢ > 0 such that V.G =
(Ge N V<QG) + V<ﬂG Then

(Groyt NVaG + Vo G)NG™* = (Gt NVaG 4+ Gy N VoG + VegG) N G*
= (Gr_1NVaG + G NV G) NG,
On the other hand, (B.1)(**) implies

Tk—j =k thi
Gk_lﬁVa+V<amGg = [ €>B Gk_jﬂG JﬂVa]+[ @O Gk.HﬂG ﬂV<a].
i>1 i=

In the sum, the right-hand term is contained in G’*, and the left-hand term,
contained in Gy_1 N VoG, meets G’* at 0 only. Therefore,

-k )
(Gio1 NVaG + GeNVeaG) NG = [ & GryuNGHin V<(,G] C VeuG,
hence (B.6). : a
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