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LP ESTIMATES FOR SCHRODINGER OPERATORS
WITH CERTAIN POTENTIALS

by Zhongwei SHEN (*)

0. Introduction.

In this paper we consider the Schrodinger differential operator
(0.1) P=-A+4+V(z) on R",n>3
where V(z) is a nonnegative potential. We will assume that V belongs to
the reverse Holder class B, for some g > n/2. We are interested in the L?

boundedness of the operators (—A+V), V(-A+V)~1/2 V(-A+V)~1V
and V2(—A + V)~ ! where v € R.

Note that a nonnegative locally L? integrable function V(z) on R" is
said to belong to By(1 < g < 00) if there exists C' > 0 such that the reverse
Holder inequality

(0.2) (I-;_I /B qux)l/q < O(I;TI /B de)

holds for every ball B in R™ ([G], [M]).

One remarkable feature about the B, class is that, if V' € B, for some
q > 1, then there exists € > 0, which depends only on n and the constant
C in (0.2), such that V' € By, [G].

(*) Supported in part by the NSF.
Key words: LP estimates — Schrodinger operators — Reverse Holder class.
Math. classification: 42B20 — 35J10.
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We now state our main results in this paper.

THEOREM 0.3. — Suppose V € B, for some g > n/2. Then, for
I1<p<y
IV2(=A+ V)" fllp < Gyl £l

where C,, depends only on p, n and the constant in (0.2).

THEOREM 0.4. — Suppose V € B, 5. Then, fory € R, (-A+V)?
is a Calderén—-Zygmund operator.

It is well known that Calderén-Zygmund operators are bounded on
LP for 1 < p < o0.

THEOREM 0.5. — Suppose V € B, and n/2 < q < n. Then, for
1< p < Do,
IV(=A+ V)2 fll, < Gl fllp

where (1/po) = (1/q) — (1/n).
We remark that the ranges of p in Theorems 0.3 and 0.5 are optimal.

This can be shown by considering the potential V(z) = |z|*® where
—2 < a < 0. See Section 7.

It follows easily from Theorem 0.5 that, if V € By, n/2 < g<m,

(0.6) I(=A+V)"V2V§|l, < Cpllfllp for ph<p<oo
and
(0.7) IV(=A+V)"'V§lp, < Clfll, for po <p<po

where py = po/(po — 1).

THEOREM 0.8. — Suppose V € B,,. Then
V(-A+V) V2 (-A+V)"Y2V and V(-A + V)71V

are Calderon-Zygmund operators.

We also obtain the LP? boundedness of the operators
V(-A+ V)Y, V(A4 V) V2 viI2—Aa4 V)Tl
and
V2y(-A+ V)L

See Theorem 3.1, Theorem 5.10, Theorem 5.11 and Theorem 4.13 respec-
tively. As a direct consequence of our L? estimates, we have
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COROLLARY 0.9. — Suppose V' € B, for some ¢ > n/2. Assume
that —Au+ Vu = f in R™. Then

IV2ullp < Cpllfllp for 1 <p<gq,
[Vull, <ClIfll, for1<p<g,
IV2ul, <Clfll, for1<p<p
where 1/(p1) = (3/2¢) — (1/n) if n/2 < g < n; and p; = 2q if ¢ > n.

COROLLARY 0.10. — Suppose V' € B, for some ¢ > n/2. Assume
that —Au + Vu =divg in R™. Then

[Vull, < Cpllgllp for py < p < po(l <p < oo if ¢ > n),
IV*2ull, < Clgll, forpy <p<2q(1<p<2qifqg>n)
where (1/po) = (1/q) — (1/n).
We now recall that an operator T' taking C°(R™) into Lj (R™) is
called a Calderén-Zygmund operator if
(a) T extends to a bounded linear operator on L?(R™),

(b) there exists a kernel K such that for every f € L°(R™),

7f) = [ K@@y ae.on {swp s}

(c) the kernel K satisfies the Calderén—Zygmund estimates:

K(x, <
K@yl < o
Clh|®
(0.11) | K@+ k) - K@)l < o= o _|y||n+5’
Clh)®
\ |K(z,y +h) — K(z,y)| < Iz _|y||n+6

for z,y € R", |h| < |z — y|/2 and for some é§ > 0. See [St2].

We remark that in his thesis, which inspired the work in this paper,
J. Zhong [Z] studied the Schrédinger operator —A+V(z), assuming that V
is a nonnegative polynomial in R". He showed that, for v € R, (-A+V)¥,
V2(-A 4+ V)™, V(=A 4+ V)72 and V(=A + V)~V are Calderén-
Zygmund operators with bounds depending only on the degree of V' and
the dimension n.

Related results can also be found in [HN] and [T]. In [HN], Helffer
and Nourrigat considered the case of nonnegative polynomials. They proved
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the L? boundedness of V?(—~A +V)~! and V/2V(~A + V)", based on a
subelliptic estimate of Rothschild and Stein [RS]. In [T], the potential V =
|z|? was considered in connection with the Hermite operator. Furthermore,
it was pointed out by the referee that the LP (1 < p < oo) boundedness of
the operator (—A + V)* in Theorem 0.4 follows from a general result of
W. Hebisch [H].

Note that, if V' is a nonnegative polynomial, then

(0.12) max Viz)<C (l%‘ /B V(x)d:c)

for every ball B in R™, where C depends only on the degree of V' and n.
It follows that V satisfies (0.2), i.e., V € B, for all ¢, 1 < ¢ < 0o, with the
same constant as in (0.12). Hence, our Theorems 0.4 and 0.8 extend Zhong’s
results on the operator (—A + V), V(=A+V)~/2? and V(-A + V)~V
to the general B, class. Clearly, Theorem 0.3 implies that V?(—~A+V)~1is
bounded on LP(R") for all p, 1 < p < oo, if V satisfies (0.12). But it seems
that extra conditions are needed to assure that the kernel function for the
operator V2(—A + V)~ satisfies the Calderé6n-Zygmund estimate (0.11).

It is interesting to notice that, if V(z) = |z, — ¢(z")|*, @ > 0, where
z' = (21,...,Zn-1) € R* 1 and ¢ : R®"! — R is a Lipschitz function, then
V satisfies (0.12) with a constant depending only on n,  and ||V¢||oo- Also,
if V(z) = |z|*, ag > —n, then V € B,. In particular, V € By, if a > —2;
and V € B, if a > —1.

The Schrodinger operator —A + V' with nonnegative potentials is
useful in the study of certain subelliptic operators. Indeed, by taking the
partial Fourier transform in the ¢ variable, the operator —A, — V(x)d? is
reduced to —A, + V(z)£2. See [Sm].

We briefly sketch the argument we will use in this paper. First, we
note that, in the case that V = P(z) is a nonnegative polynomial, the
weight function
(0.13) M(z,V) =) |03 P(x)|"/(*+?)

le|<k
plays a key role. In (0.13), k¥ = degree of P(z). See [Sm], [Z]. Here, for
V € By, we define the function m(zx, V') by

1 1
. _— = ) —— < .
R {r >0: = /B o V(y)dy < 1}

The function m(z, V') was introduced in [Sh] for the potential V' satisfying
the condition (0.12) to study the Neumann problem for the operator
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—A+V(z) in the region above a Lipschitz graph. Note that, if r =

m(z,V)’
then

=),
V(y)dy = 1.
rn—2 B(z,r) ( )
In the case that V = P(x) > 0 is a polynomial, it can be shown that
m(z,V) ~ M(z,V).

Next, we use a lemma due to C. Fefferman and D.H. Phong [F] to
show that, if V € B, s,

Ck 1
0.15 I'(z,y)| < .
(0.15) @ S T ymE P o=y
and, if V € B,

Ck 1
0.16 VI(z,y)| < .
018 V@S Ty mE 0 Ty

for any k& > 0, where I'(z,y) denotes the fundamental solution for the
operator —A + V(z) in R™. We remark that similar approaches were used
in [Sm] and [Z]. Also see [Sh].

Estimates (0.15) and (0.16) are essential to deal with the kernels

1
m(z,V)
, the key observation is that, if V € By, ¢ > (n/2),

of operators in the part where |z — y| > . For the part where

m(z,V)

(0.17) ID(z,3) — To(z,y)| < e ¥Im(@ V)}2-(/9)

|z — y|n—2

where T'g(z,y) is the fundamental solution for —A in R™.

Estimates like (0.15), (0.16) and (0.17) will enable us to control the
operator (—A+ V)", V(=A+V)~'/2 and V(—~A+V)~'V by the Hardy-
Littlewood maximal function and the corresponding (maximal) singular
integral operators associated with —A.

Finally, we note that, to study (—A + V)* and V(-A + V)~1/2, by
functional calculus, we actually need to deal with I'(z, y, 7) and VI'(z,y,T)
where I'(x,y,7) is the fundamental solution for —A + V(z) + i7, 7 € R.
Moreover, if V' € By, n/2 < ¢ < n, we do not have pointwise estimates
for VI'(z,y, 7). But, these difficulties are overcome by our basic idea, that,
the operators associated with —A + V' can be viewed as a perturbation

of the corresponding operators associated with —A in the scale less than
{m(z, )}~ '
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The paper is organized as follows. In Section 1 we introduce the
auxiliary function m(z,V) and study its properties. We also state and
prove the Fefferman—Phong Lemma (Lemma 1.9) under the assumption
V € B, /2. In Section 2 we establish the estimate (0.15) on the fundamental
solutions (Theorem 2.7). Section 3 is devoted to the proof of Theorem 0.3.
In Section 4 we give the proof of Theorem 0.4. Theorem 0.5 is proved in
Section 5, while Theorem 0.8 is proved in Section 6. A counterexample is
given in Section 7.

Throughout this paper, unless otherwise indicated, we will use C' and ¢
to denote constants, which are not necessarily the same at each occurrence,
which depend at most on the constant in (0.2) and the dimension n. By
A ~ B, we mean that there exist constants C > 0 and ¢ > 0, such that
c<A/B<C.

Finally, the author would like to thank the referee for pointing out the
relevance of Hebish’s work, and for the valuable comments concerning the
limitations on p in Theorem 0.3 and 0.5, which lead to the counterexample
in Section 7.

1. The auxiliary function m(z, V).

Most of the results in this section were proved in [Sh] under the
assumption (0.12). The extension to the case V € By, ¢ > n/2 is fairly
straightforward. For the sake of completeness we provide the proofs.

Throughout the section we will assume that V' € By for some g > n/2.

It is well known that V' € By, ¢ > 1 implies that V(z)dz is a doubling
measure,

(1.1) / V(y)dy < Cy / V(y)dy.
B(x,2r) B(z,r)

In fact, if V € By, ¢ > 1, then V is a Muckenhoupt A., weight (e.g., see
(St2]).

LEMMA 1.2. — There exists C > 0 such that, for 0 <r < R < o0,

. / V(y)dy<C (E)%—z . —1—/ V(y)dy
2 JB(z,r) VW="\r R™2 JpR) ’
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Proof. — By Holder inequality,

1 1 Ve
—_— Vdy < | —— Vidy
|B(z, )] B(z,r) (lB(CE» )| B(z,r) )

1/q
R)"/q 1
<|-= ———r Vidy
(7' |B(z, R)| JB(z,R)

R n/q 1
<C (;) (TB—(},T)[ B(z,R) de)

The lemma then follows easily.

since V € B,.

By Lemma 1.2 and the assumption ¢ > n/2, we see that, for any

T € R",
1
lim _2/ Vdy=0
r=0 7" JB(z,r)
and )
lim _2/ Vdy = oo.
=00 % JB(a,r)
DEFINITION 1.3. — For z € R™, the function m(z,V') is defined by
1 1
=sup{r: Vdy<1;.
m(x, V) T>g{ T2 /B(z,r) v= }
Clearly, 0 < m(z,V) < oo for every z € R™ and if r = ! then
early, m(z, 00 y e
1_2 / Vdy = 1.
"% JB@n)
Moreover, by Lemma 1.2, if
1 / 1
Vdy~1, thenr ~ ———.
rn=2 B(z,r) m(xv V)
The following lemma is very useful to us.
LEMMA 1.4. — There exist C > 0, ¢ > 0 and ko > 0 such that, for
z,y in R,
C
(a) m(z,V) ~m(y, V) if |z —y| < m@, V)’
(b) m(y,V) < C{1 + |z — ylm(z, V)}rom(z, V),
cm(z, V)
V) > .
© V) 2 T = yim(e, V)Tt
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1
Proof. — = ——. —y| < Cr. Si i
TOO Let r m@ V) Suppose |z — y| < Cr. Since Vdz is a
doubling measure,

1
— / Vdz ~ n1_2 / Vdz =1.
T B(y,r) T B(z,r)

m(y,V) ~ % =m(z, V).

It follows that

To see part (b), suppose |y — z| ~ 29r,5 > 1. Let 0 < r, < r and
2k7 ~ 277, Then, by Lemma 1.2,

/ Vdz < C(2k)(/a)-n / Vdz
B(y)rl) B(y,2"r1)

< ¢(2k)n/a-n / Vdz
B(y,2ir)

< C(2F)n/a-n / Vdz
B(z,2ir)

< c@k)m/o-n.cd. Vdz (by the doubling condition (1.1
* i)

=k . ci .2,

Thus,
1 ) r n—2
L[ vasopoencp(2)
™1 B(y,r1) 1
o\ (D2
<cEra—ney) . (r_>
1

<1/2 if 1 < Cl'jr and C; is large .
Hence, by Definition 1.3,

1 .
— >C{r.
m(y,V) = 7}
It follows that
m(y, V) < Cim(z,V) < C{1 + |z — ylm(z, V)}**m(z, V), ko = log, C1.
Finally, we need to show part (c). We may assume that

1
m(y,V)’

for otherwise it follows easily from part (a).

lz—-yl2
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By part (b),
m(z,V) < C{1+ |z — ylm(y,V)}om(y, V)
< Cla — yl*om(y, V)k+t,
Thus,
cm(z, V)1 (kot1) S cm(z,V)
o — /B0 2 T m(a, V)l — gl o/t
The proof is complete.

m(y,V) >

The following is an easy consequence of Lemma, 1.4:

COROLLARY 1.5. — There exist C > 0, ¢ > 0 and ko > 0 such that,
for any =,y € R",
{1+ |z — ylm(y, V)}/*H) <14 |z — y|m(, V)
< C{l+ |z — ylm(y, V) ot

Using Holder inequality and the B, condition we see that

V(y) C /
1.6 / —=—dy < V(y)dy.
(1.6) B(s,R) 1T — Y| 2 R"2? Jp(z,R) ®)

Similarly, if V € By, hence V € B4,

V(y) c
1.7 / —=—dy < / V(y)dy.
(L.7) B(z,R) [T —y["! R*! Jp(z,R) )

LEMMA 1.8. — There exist C > 0 and kg > 0 such that, if
Rm(z,V) > 1, then

—:_—2 / Vdy < C{Rm(z,V)}*.
R B(z,R)

1 . )
Proof. — Letr = @)’ Suppose 277 < R < 20ty j > 0. Then,
by the doubling condition (1.1),

/ Vdy < Cit! / Vdy = Cit1rm2,
B(z,R) B(z,r)

It follows that

1 . r\n—2 i
77 VBT (7)< oy
z,

< C(Rm(z,V))¥, ko = logy Co + 2 — 1.
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We end this section with a lemma due to C. Fefferman and D.H.
Phong [F], which plays the crucial role in the estimates of the fundamental
solution for the Schrédinger operator —A + V(z).

LEMMA 1.9 (C. Fefferman-D.H. Phong). — Let u € C}(R"). Then
/ lu(z)*m(z,V)3dz < C {/ |Vu(z)2dz +/ |u(m)|2V(m)dm} .
R R R"
. 1
Proof. — Fix g € R™, let r¢ = —————. Then
m(.’lt(),V)
[ 1vu@Pds >~ [ [ jute) - ut) Py
B o~ JBJB
c
[ u@Pv@a> < [ [ pwPvdd
B To JBJB

where B = B(zg,19)-

Adding two inequalities we obtain

/qu|2d$+/ |u|?Vdz > iﬂ/ / mm{ 2,V(y)}|u(:1;)|2dar:d@,/
B B Ty /B /BYEB

where ¢ > 0 is a constant to be determined later.

Recall that V is an Ay, weight. Hence, there exists € > 0 such that,
for every ball B in R",

{x € B:V(z) > i/ deH > l|B|
|Bl /s

Now, let ¢y = ¢|B(0,1)|~}, then

. fco -2
/ngg{;g,V(y)}dyZ%‘ :
It follows that

/ [u(z)*m(z, V)3de < = / [ul?dz < C’{/ |Vu|2dx+/ |u|2Vdm}

where we have used part (a) of Lemma 1.4. Moreover,

/ lu(z)Pm(z, V) dz < C { / V() 2m(z, V) dz
B(xo,70) B(zo,m0)

2 n
+-/B(a:o,'ro) lu(z)|*V (z)m(z, V) dm}.
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To finish the proof, we integrate both sides of the above inequality in
o over R™ to obtain

)2 V) dzg | dz
| m@Pm.v) ( /||<ﬁ o)
S C vu 2 x’V n dw dfl:
{[R"l (1')' m( ) </|=Bo—1’|<m(zt,,V) 0)
z) |2V (z)m(z, V)" Z :
+/R,,'“( )2V (@)m(z, V) </|| 1 dﬂ)}

m(zg,V)

Finally, note that, by part (a) of Lemma 1.4,

/ dz ( ! )"
o~ —F7 =~ .
|:l70—13|<-m—(1t7)- m(.’l;, V)

The lemma then follows easily.

2. Estimates of fundamental solutions.

This section is devoted to the estimates of fundamental solutions for
the operator —A + (V +i7) on R"™ where 7 € R.

We will assume that V' € B, for some ¢ > n/2 throughout this section.

LEMMA 2.1. — Suppose —Au+(V +it)u = 0 in B(zg, 2R) for some
o € R*, R >0 and 7 € R. Then

sup {|u(z)|:z € B(zo, R)}

c 1 2
k 2

< = ul?dy
[+ R + Remlao, V)JF {Rn Lo }

for any integer k > 0, where C}, depends only on k,n and the constant in
the reverse Holder inequality (0.2).

Proof. — Since
A(Ju|?) = 2ReAu - T + 2|Vu|? = 2V |ul? + 2|Vu|? > 0,

|u|? is subharmonic. It follows that

1

1/2
(2.2) sup{|u(z)|:z € B(zo,R)} < C (—5/ |u|2dy> .
R™ JB(z0,3R/2)



524 ZHONGWEI SHEN

By Caccioppoli’s inequality,

(2.3) Vul?dz + / lu2Vdz + |7| luf2de
B(z0,3R/2) B(z0,3R/2) B(z0,3R/2)
c
<= |u|?dz.
R B(a}o,2R)

Now, let n € C§°(B(z0,3R/2)) such that » = 1 on B(zo,R) and
|Vn| < C/R. Applying Lemma 1.9 to the function un, we obtain

/ m(z,V)?|ul’dz < C / |Vu|?dz +/ |u|?Vdz
B(=o,R) B(z0,3R/2) B(z0,3R/2)

lf 2

+—= u|“dx
R? B(xo,m)l | }
C

<= |u|?dzx
R? B(zo,2R)

where we used (2.3) in the last inequality.
Note that, by part (c) of Lemma 1.4, for z € B(zo, R),

Cm(w()a V)
> )
m(z,V) > 1+ Rm(zo, V) }ko/ (ot D)

It follows that
/ lulzdl' <C- {1 + Rm(xo, V)}2ko/(ko+l) / Iul2dx
B(zo,R) - {m(zo, V) R}? B(z0,2R)

Hence,

T |
2 2
ul|“dx < u|“dzx.
/B(mo,R) lu {14+ Rm(zo, V)}*/ (ko+1) Jp 10 am) [
Clearly, by repeating above argument, we have
Cy

2.4 / ul?dz <
@4 B(a:o,3R/2)l | {14+Rm(x0, V) }*J (20 ,2R)
Similarly, by Caccioppoli’s inequality (2.3),

Cy
2.5 / ul?dz < ————————/ ul?dz for any k>0.
25) B(zo,3R/2)| | (1+|7|'/2R)* J (20 ,2R) Fu

The lemma then follows from (2.2), (2.4) and (2.5).

|u|?dz for any k>O0.

Let I'(z,y,7) denote the fundamental solution for the Schrédinger
operator —A + (V(z) +i7),7 € R. Clearly,

I"(m,y, T) = F(y,a:, —T)'
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Since V>0and V € Lﬁf, it is well known that

(2.6) |T(z,y,T) for z,y e R

< - -
S
where C depends only on n.
Since V' € By, implies that V' € B, for some g > n/2, the following
theorem follows easily from Lemma 2.1 and (2.6).
THEOREM 2.7. — Suppose V € By, /3. Then, for any z,y € R",

Ck 1
< .
R N I Vo Py | TS Wit 7 Py | R Py o

where Cy, is a constant depending only on n,k and the constant in (0.2).

IC(z,y,7)

COROLLARY 2.8. — Suppose V € By, /;. Then there exists C > 0
depending on n and the constant in (0.2) such that, for every f € LP(R™),
1<p< oo,

lm(-, V)2(=A + V)7 fllp < Cliflp-

Proof. — It follows from Theorem 2.7 that

dy
I'(z,y)ldy < C
/R" T (z,y)|dy & {1+ |z —y|m(z,V)}3|z — y|n—2
«_ ¢
= m(z,V)?

where I'(z, y) = I'(z, y, 0) is the fundamental solution for —A+V (z). Thus,
if f € LP(R™),

ua) = -+ V)@ = [ @)

we have

w@l<{ [ |r<w,y)|dy}1/pl {[ Ire. y)llf(y)l”dy}l/p

T

< -
=~ m(z,V)2/¥ p—1

It follows that

/Rn Im(e, V)*u(z)Pde < C /R @ { /R _m(z,V)*[L(z, y)ldx} dy.



526 ZHONGWEI SHEN

Finally, note that, by part (b) of Lemma 1.4 and Theorem 2.7,

2 _ (m@V))?
PR e <€ [

< C if we choose k = 2kg + 3.

Corollary 2.8 then follows.

Remark 2.9. — If V satisfies (0.12), then V(z) < Cm(z,V)? a.e. on
R™. It follows from Corollary 2.8 that, for 1 < p < oo,

V(=A+V)" fllp < ClIflp-
Also, for 1 < p < 0o, by the L? boundedness of the Riesz transforms,
IV2(=A+ V) fllp < CIAG-A+ V) fllp
<CIV(=A+ V) fllp + Clfll
< Cllfllp-

3. The proof of Theorem 0.3.

In this section we give the proof of Theorem 0.3.

THEOREM 3.1. — Suppose V € B, for some q > n/2. Then, for
1<p<yq
IV(=A+V)" fllp, < Cllfllp

where C depends only on n and the constant in (0.2).
Proof. — Let f € LP(R™),1 <p < qand

u(e) = [ T f)dy.

We need to show that

1Vl < Clsl
Write
o= [ TEnfwdt [ e e =ne + )
where 7 = ———.

m(z,V)
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By the properties of B, class, V' € By, for some gy > gq. We have

Jus (z)] < /[ Ol
Y

—z|<r Il‘ - yln_Q

. 1/q0
<o ( /. If(y)lq"dy)

where we have used Holder inequality and the fact go > n/2. Thus,

/ IV(2)us(2)|%de < C/ {/ If(y)l""dy} V(z)®m(z, V)29 dz
Rn Rn |y_1|<ﬁi‘;7v—)

= / |f(y)|% {/ V(z)% m(z, V)"‘zqodz} dy.
R~ lz—y|< =L
1

m(z,V)

Now, let R = ————. Then
m(y,V)
/ V(z)®m(z, V)" 2%ds < CR2%~ ™ / V(z)®*dz
le—y|<mravy |z—y|[<CR
1 g0
< CR*® —;/ V(z)dz
R* Jio—y|<cr

<C
where we used the part (a) of Lemma 1.4, (0.2) and Lemma 1.8.

Hence, we have proved that
/ |V (z)uq(z)|%dz < C/ |f(z)|%dx for some qo > q > n/2.
- R"
Next, note that, by (1.6),

V(z)
[Rn [V (z)u1(z)|dr < C/]R" |f ()l {/la:—y|< , l—z—_—yln_—2dz}dy

™z, V)
<c [ 11wl

Therefore, by interpolation,
[Vuill, < Cllfllp for 1 <p < go.
To finish the proof, we note that, by Theorem 2.7 and the Holder
inequality,
luz(z)| < C

|/ (y)|dy
ly—z|>7 {1 + |.’E - ylm(z, V)}klx - yln—2

1/p
2/p' |f (y)[Pdy
scr ’ {~/|‘y—w|2r {1 + '(B - ylm(x, V)}klx - y!n—2
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1
<p< .
where 1 <p < gqp and r m@, V)
Thus,
[ Vou@rasc [ irwp
/ |V (x)[Pdz dy
PRep—— (2 V)2e-1{1 + |& — y|m(z, V) }|z — y|7—2 '
1
Now, fix y € R", let R = —————. By Lemma 1.4,
Y my, V)
/ |V (z)[Pdz
ly—212 5rpy ™UEs V)2e-D{1 + |z — y|m(z, V) }*|z — y|"~2
< |V (@)Pda
= " Jiy—ai>cr R¥ AP (1 + Rz — y|)kr |z — y|n—2’
_k—=2(¢—1)ko
(where k; = %o+ 1 )
21
<cC VPdg - (29) k42 . R%
a2=: (27R)™ Jjo—y|<2iR #)
oo 1 p
<C / V(z)dz | - (2¢)"*+2. R?%
Ez: ((2’R) lo—y|<2I R (=) ) #)
oo 1 p
<C - / V(x)da:) LCY . (2) ka2
,Z: (R 2 Jlo-vi<r

< C if we choose k sufficiently large.
From this we have

[ Wem@prase [ e o 1sp<a
R" R~
The theorem is then proved.

We are now in a position to give

The proof of Theorem 0.3. — Suppose V € B, for some ¢ > n/2. By
Theorem 3.1

IV(=A+ V) fll, <Clifll, for 1<p<yq.
It follows that
lA(-A+ V) fll, <Clifll, for 1<p<gq.
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Then, by the LP boundedness of Riesz transforms, for 1 < p < ¢,
IV (=A + V) fllp < CollA(=A + V) flip < Cpll flp-

4. The proof of Theorem 0.4.

In this section we give the proof of Theorem 0.4 stated in the Intro-
duction. We also prove an LP estimate for the operator V1/2V(—A+V)~1
in the section (Theorem 4.13).

By the functional calculus, we may write, for v € R,
) 1 )
(4.1) (-A+ V)T =—o / (—ir)(-A+V +ir)"ldr.
R
Thus,

(~A+V)7f@) =~ /R (—ir) (A +V + 1)~ f(z)dr

= /R K (z,y)f(y)dy

where
(4.2) K(z,y) = -—1— /(——iT)i”l"(:c, y,T)dT.
2T R
Note that, by Theorem 2.7,

Cie™/2 1
43)  |K(z,y)| < .
43 K@) < T ymE P e

, for any £ > 0.

Let T'o(z,y,7) denote the fundamental solution for the operator
—A +i7 in R™. It is well known that

¢ Ck 1
r < :
Pol@ v < G =g o=y
C 1
(4.4) { IV, T < x :
2r < k .
\ |VzTo(z,y,7)| < A+ |72z —y))* |z —y|"

where Cj, is independent of 7 € R.

LEMMA 4.5. — Suppose V € B, ;. Then there exists Cy > 0 such
that
Cr {lz - yim(z, V)} >~ /)

I'(z,y,7) — To(z,y,7)| < .
|( Y ) 0( Y )l (1+|'r|1/2|x—y|)’° |:c—y|”‘2
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forz,y e R", |z —y| < and for some gy > n/2.

1
m(z,V)
Proof. — Note that

=Bz {T(z,y,7) = To(z,y,7)} + iT{(z,y,7) — To(z,y,7)}
= -V(z)I'(z,y, 7).
We have
I(z,y,7) — Do(z,y,7) = —/R Loz, 2z, 1)V (2)T(2,y,7)dz.

Now, let R = |z — y| and suppose R < . By Theorem 2.7,

|F($,y,7') - FO(mvyaT)I
(L4712 — 2) %1 + |7|Y/2|2 — y|)*V (2) dz
R (2= 2"+ m(y, V)|z — y[}r|z — y|n=2

= Ck/ +Ck/ +Cy
|z—z|<R/2 |z—y|<R/2 |z—z|>R/2

1
m(x,V)

<Gy

l=—yI>R/2
=0+ I+ Is.
Since V € By, /3, V € By, for some g > n/2. We obtain
Ck 1 / V(z)dz
I < . . A o i
(L+|r[*2R)k  R"=2  Jp(g Ry |2 — |2

Ck 1 1
< . . V(z)d
= (1+|r|l/2R)* Rr—2 Rr-2 /B(z,R/2) (2)dz
«__ G {Bm(z,V)}> /o)
= (14 |7[Y/2R)* Rn—2

where we have used (1.6) in the second inequality and Lemma 1.2 in the
third.

Similarly,

I < Ck {Rm(z,V)}?>~(n/%0)
2= W+ |7[2R)* Rn—2 '
Finally, we need to estimate Is.

It is easy to see that

I < Cy / V(2)dz
= (2R Jjamyizrya 12 = yP=4{1+m(y, V) [2—y[}*

< Ck / V(z)dz +rk/ V(2)dz
= THPRF \Jrstomsizg TPt Sy ooyt
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1 1
m(y,V) m(z,V)’
Using Hoélder inequality and the By, condition (0.2), we obtain

/ V(z)dz
r>lz—y|>R/2 |2 — Y|P
1/q0 - 1/q4
<cC / V(z)%dz / (r—1)=2(n—2)a0 gy
B(y,r) R/2
2-(n/40) r/R 140
<c(E R / Hn=1)=2(n-2)g5 g
- T R'n.—2 1/2

- OfRm{y,V))>-t/)
- Rn—2
where we have assumed, without loss of generality, that (1/qo) > (4—n)/n
forn > 3,s0n—2(n—2)g; < 0.

where r =

Also, using the doubling condition and taking k sufficiently large, we
see that

V(2)dz
Tk/l 2 — y2— —F S '“Z (2ir) 2n—4+k/| V(2)dz

amyl>r 12— z—y|<2ir

ri—2n J
2(21)211 % Co /lz—y|§rV(2)dZ

o
S rn— -2
- C{Rm(y, V)~
- Rn—2 :
Thus,
e G {Bm(y,V)p-t/e
*= {1+ |7]'/2R)k Rn—2 '
1
. . . N IS S
The proof is then finished since m(y, V) ~ m(z, V) when |z—y| < @)

We need another lemma before we carry out the proof of Theorem 0.4.
LEMMA 4.6. — Suppose V € By, (n/2) < go < n. Assume that
—Au+ (V +ir)u =0 in B(zo,2R). Then

1/t
/ |Vultdz < CR™90)=2{1 4 Rm(zo,V)}* sup |u
B(wo,R) B($0,2R)
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where (1/t) = (1/q0) — (1/n).

Proof. — Let n € C§°(B(xo,2R)) such that » = 1 on B(zo,3R/2),
|Vn| < C/R and |V?y| < C/R2.

Note that,
w@n(@) = [ Tole,nr){-A-+ir}un) Wiy
@) - /R To(,y, 7){~Vun - 2u- Vn — ulim}dy
- /R To(@,y, ){~Vun + ubm)dy

+ 2/ VyFO(x, y7T) . (VTI)Udy
R"

Thus, for = € B(zo, R),

V (y)|w(y)lInl c /
4.8)|Vu(z)| < C dy + u(y)|d:
48)Vu(@)l B(zo2R) 1T — Y"1 Rnt1 B(zo,2R)| (w)ldy

\%4
<c sp [ LW0lg,
B(x0,2R) B(z0,2R) |z — 1y

=3
—_— u(y)|dy.
= L

It then follows from the well known theorem on fractional integrals that

1/t
( / IVu(m)Itda:)
B(ZO,R)

1/g0
<C sup |y / |V (z)|%dz + CR™M®©)=2 gqup  |u]
B(z0,2R) B(z0,2R) B(x0,2R)

+

1
< CR(™©)=2 gup  |ul e / V(z)dz +1
B(z0,2R) R B(z0,2R)
where (1/t) = (1/q0) — (1/n) and we have used (0.2) in the last inequality.
The desired estimate then follows from Lemma 1.8.
Remark 4.9. — If V € B, and —Au + (V + it)u = 0 in B(zg,2R),
then

sup |Vu| < %{1 + Rm(zo, V)}* - sup |ul.
B(:l:o,R) B(mo,2R)



LP ESTIMATES FOR SCHRODINGER OPERATORS 533

Indeed, by (4.8) and (1.7), we have for z € B(zo, R)

1 C
Vu(z)| < C sup u-——/ V(y)dy+ —— / u(y)|d
[Vu(z)| ity R)I | pa . W)dy+ o e 2R)I (v)ldy

< sup / V(y)dy+1
RB(zo,2R)| l{R" ? JB(@o,2m) Wiy }

< S+ Rm(zo, R} - sup |ul
R B(z0,2R)

1Q

where we used Lemma 1.8 in the last inequality.

Remark 4.10. — IfV € By, for some go > n and —Au+(V+it)u =0
in B(zg,2R), then, by (4.7) and the Calderén-Zygmund estimates,

IV2(un)llgo < ClIVunligo + CR™9~2 sup |u|
B(z0,2R)

1/q0
B(z0,2R) B(z0,2R)

1
< C’R("/"°)“2{ — / V(z)dz + 1} sup |u].
R B(ZQ,2R) B(Io,2R)

Hence, by Lemma 1.8,

1/g0
</ |V2u|"°da:) < CR™)=2{1 4 Rm(zo,V)}* - sup |u].
B(.’to,R) B(mo,2R)

We are now ready to give

The proof of Theorem 0.4. — Suppose V € By, /3. Then V € B, for
some go > n/2. Note that

(~A)"f(z / K(z,y)f(y)dy
where

1 . i
Kep) = —3= [ (<in)"To(e,pr)ar

It follows easily from Lemma 4.5 that

{|z — ylm(z, V)} 2~/

(4.11)  |K(z,y) — K°(z,y)| < Cel"I7/2. Iz — g

for z,y € R™ and |z — y|m(z,V) < 1
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We now claim that
(4.12) [(-A+ V)" f(2)]

< (=8 f(z)] + sup / KOz, ) (4)dy| + Ce/2M f ()
e>0 | Jjy—z|>e

where M f is the Hardy-Littlewood maximum function of f.

Since (—A)* is a Calderén-Zygmund operator, the boundedness of
(=A+ V) on LP(R") for 1 < p < oo follows easily from (4.12). See [St2].

To see (4.12), we note that
(~A+V)7f(z) = (~A)Tf(z) + / (K (z,y)-K%@,v)} )y

1
ly=2|<Zmwy

+ K(zx, d
/Hm (2,9)f (v)dy

+f K%(,9)f(y)dy.
|y—z'>m—(;’,vy
This can be justified by using

(—A+V)7f(z) = lim (~A+ V)" f(x)
and Lemma 4.5. By (4.11) and (4.3) it is not very hard to see that the second

and the third term above are bounded in absolute value by Ce™/2M f(z),
while the last term is bounded by

/|| Ko(xvy)f(y)dy’

sup
e>0

(4.12) is proved.

To finish the proof we need to show that the kernel K(x,y) satisfies
(0.11) for some 6 > 0.

First, by (4.3),

K(z,y)| < ———.
|K (z,y)| Py

Next, we fix zo,yo € R",h € R™ and |h| < |zo — yo|/4. Let R =
|zo — yo|/4 and u(z) = T'(z, yo, 7). It follows from the imbedding theorem
of Morrey (see [GT], p. 163) and Lemma 4.6 that, for (1/t) = (1/g0)—(1/n),

1/¢
lu(zo + h) — w(wo)| < C|h|* /D (/ qultdw>
B(:L‘o,R)
|h| 2—(n/q0)
<c (—) sup ful - {1+ Bm(zo, V)}*
R B(z0,2R)
<c ('hl)z_("/qo) 1 1
B R (1+71*2|z0—yol)®  |zo—1o|"~2’
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where we used Theorem 2.7 in the last inequality.

Thus, we have proved that, for z,y € R™, h € R" and |h| < |z —y|/4,
¢ |Al°
< .
R (e P
where 6 =2 — (n/qo) > 0. Clearly, this estimate also holds for |z — y|/4 <
|h| < |z — y|/2. It then follows from (4.2) that

|IT(xz + h,y,7) = T(z

Clnl°

|K($ + h)y) - K(.’I:,y)l ST s | yln+5

whenever z,y,h € R" and |h| < |z — y|/2.

The estimate of K(z,y + h) — K(z,y) can be carried out in the same
manner.

The proof is complete.
We close this section with an LP estimate for the operator

V29 (-A + V)1

THEOREM 4.13. — Suppose V € By, for some gy > n/2. Then, for
1<p < po,
VY2V (=A+ V) fllp < Clifllp

where (1/po) = (3/(2¢0)) — (1/n) if n/2 < go < n and py = 2qp if go > n.

Proof. — Suppose V € By, for some gy > n/2. Then V € By, for
some q; > qo.

Let
Tf(z) = V(z)'/? / V.I(z,y)f(y)dy.
]Rﬂ

The adjoint of T is given by

Tf@) = [ VDoV ) )y
By duality, it suffices to show that
(4.14) IT* fll, < Cllfllp for py <p < oo.

To this end, we let r = ; and consider the case n/2 <
m(z,V)

go < ¢1 < m. We choose t and p; such that (1/t) = (1/q1) — (1/n),
(1/p1) =1-(3/2q1) + (1/n). Thus,
1 1 1

= =1

t 2 p
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Hence, by Holder inequality,

e S / VD 2)[VY2()| £ ()dy

j=—o00 Y 2T I<|y—x|<29r

< V,L(y,z)|*dy
2 (fzj_quy_zls%i L (2)] )

j=—o0
1/291
( / .V‘hdy) ( / Alf(y)l”‘dy)
ly—z|<29r ly—z|<2ir

It follows from Lemma 4.6 and Theorem 2.7 that

1/p

/ .
2ir)(n/q1)—n
Vv, I(y,z)|'d <C (—-————
<A1‘1r<|y—x|s2jr| Y )l y) k (1+2J)k

Thus,

oo (2jr) . 1/2q;
T* < > : Vqld
T f(z)| < Ck j;oo (14 29)k { (29r)n /;(:c,zir) y}

1 1/m
o { —— P1
{ (297)n /B(z 29r) lf )l dy}

_(Zr)
+ 29)F

<G M@ 3 Ao

j=—o0

) 1/2
. { (2j1.)n n/B(:c,2J"r) V(y)dy} ’

Note that, by Lemma 1.2, if j <0,

1/2
97 / V(y)dy < C(29)1~(n/2q1)
( ){(237‘)" B(z,29r) ( ) ( )
and, by doubling condition (1.1), if j > 0,

1/2
(27r) {@1?7 /( V(y)dy} < C(2%)* for some ko > 0.
B(z,297)
Hence, choosing k sufficiently large, we obtain
IT*f(z)| < C{M(|f[P*) ()} /7.

It follows that
IT*fll, < Cllfllp for pr <p < oo.
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(4.14) then follows since pj > p;.

Finally, we consider the case ¢; > n. Clearly we may then assume
q1 > n because of self improvement of the By class.

It is not difficult to see that Remark 4.9 implies
Ck . 1
yim(z,V)}* |z -yl t

|V I(z,y)| < Ty if Ve€Bg,q1>n.

Thus,
+o0 1 1

TH@ISO 3 g Gy, VOO

+o00

2j 1 1/2111
r

<C E - - Vad

=k (14 29)k {(217')" /B(z,2jr) y}

J=—00
1/p
1 P1
- {(2,,,)” Lo @) dy}
where (1/p1) = 1 - (1/2a:).

Therefore, as in the first case, we have

|T* f ()]
1/ LS (2j7') 1 s
1 p1
S Ce {M(|fP*)(z)} j;oo (1+29)k {(23'7.)1; /B(m,2ir) V(y)dy}

< C{M(IfIP)(2)}/7 .

Note that p1 = (2¢1) < (2q0) = pp. (4.14) follows from the
boundedness of the Hardy-Littlewood maximal function as before.

The proof is complete.

5. The proof of Theorem 0.5.

By functional calculus, we may write
5.1)  (~A+V)V2= —-21;](-if)-1/2(—A+v+ir)-1dr.
R
Thus,

(52) VAV @) = [ Kl )iy
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where

(5.3) Ki(z,y) = —517-1—_ /]R(—iT)_l/zsz(w,y, T)dT.
Let

(54 Tfe) = [ Kalw)f)ds

To show Theorem 0.5, by duality, it is equivalent to prove that
(5.5) ITfllp < Cpllfllp for pp <p<oo
where pj = po/(po — 1) and (1/po) = (1/q) — (1/n). We write

(56) Tf(z)= / Ky (v, 2)f(v)dy

ly—z|>r

+ / (K (9,2) — KO(,2)}f(v)dy
ly—z|<r

+ / K{(y,2)f(y)dy
ly—z|<r

where r = W and K9(z,v) is the kernel for the operator V(—A)~1/2.
LEMMA 5.7. — Suppose V' € By, for some q1, (n/2) < g1 < n. Then

/ly—z|>r Ki(y, w)f(y)dy‘ <C {M(| P (x)}l/l’ll

where 1 = and (1/p1) =1-(1/p1) =1-(1/q) + (1/n).

1
m(z,V)

Proof. — First, we fix zo,y0 € R™. Let u(y) = I'(y,z0,7) and
R = |zo — yo|/4. It follows from (4.8) that

V(y)lu(y)| 9
Vu <C dy + u(y)|dy.
V(o) B(yo,R) 1Y — %o ! VT Rt B(yo,2R)| )l

Hence, by Theorem 2.7,

C
|vyr(y0; Zo, x

T)| < (1 + |7|Y2R)*{1 4+ m(zo, V)R}*

1 / V(y)dy + 1
R"2 Jp(yo,r) ¥ — 30" R
Thus, by (5.3),

Ck 1 / V(y) 1
Ki(yo, zo)| < ——dy + — ».
| 1(?/0 0)' {1 + m(l'o, V)R}k {Rn_l B(yo.R) |y _ y0|n—1 Y R»
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Now, let (1/p1) = (1/q1) — (1/n). For j > 1 integer, we use the
fractional integral theorem to obtain

1/p1
{/ |K1(y,$o)|p‘dy}
27— lr<|y—=zo|<L2ir

C 1 /¢

k i -
<= : vad + (29p)(n/P1)—n
(2J)k (27—t </y_zo|521+1r y) (2'r)

Ck
<
~ (29)k

C

< oY (27r)"™P1 if k is sufficiently large,

{(er)(n/pl)—n i+ (2jr)(n/p1)—n}

where r = and we have used the reverse Holder inequality (0.2)

m(x()’ V)
and the doubling condition (1.1).

Finally, by Hélder inequality,
oo
/ Kl(y,wo)f(y)dyl <>/ 1K 2o)l|F(@)ldy
ly—zo|>r j=1 2

i—lr<|y—xo|<L29r

) 1/p1
< | K1(y, zo)|P* dy
-Z {/Zf—lr<|y—xo|§2jr

Jj=1
1/py
. {/ , If(y)l”ldy}
|ly—zo|<297

/ l/pll ° 1
< c{M(11")(z0)} 5
j=1
/ l/p,l
=c{M(fF) o)}
LEMMA 5.8. — Suppose V € By, for some g1, n/2 < 1 < n. Then
/ 1/17/
[ e ke s < o {masrhe@}
Yy—x|ST
1
where r = W and (1/p})) =1—-(1/p1) =1—(1/q1) + (1/n).
Proof. — First, we fix = € R™ such that |zo — yo| < _1
. ) 0; Yo 0 — Yo m(a:o,V)'
Let r = _1 and R = |zo — yo|/4. We claim that

m(.’L‘g, V)
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(5.9)  |Ki(yo,20) — K (yo, 7o)l

2—(n/q1)
[ ey
R B(yo,R) |2 — Yol T

Assume (5.9) for a moment, we give the proof of the lemma.

Let j < 0 be an integer. It follows from the theorem on fractional
integrals and (5.9) that, for (1/p1) = (1/¢1) — (1/n),

1/p1
{/ 'Kl(ya xO) - K](.)(y’ xO)Ipldy}
2i-1r<|y—xo|<2ir

C 1/q1
< — Vads + (27 2—(n/q1) (9ip)(n/p1)-1
(2dr)n—1 (/B(zo,zr) ) @) @)

c
< © /a2
= @iy "

= C(29)2~ (/@) (i) —n/Py
where we have used (0.2) in the last inequality.

Now, by Holder inequality,

[ K - Kwao)ll w)dy
ly—zo|<r

0 1/p
< Z (/ |K1(y, z0) — K3 (9, 930)|p1dy>
2i-1r<|y—zo|<29r

j=—00
1/pm
(/ ‘ If(y)l”ldy>
ly—zo0|<297
0

Z (29)%~(n/a1)

j=—o00

= oM@} "
since 2 — (n/q1) > 0.

1/py

< C{M(f1P) (o) }

It remains to prove (5.9).

To this end, recall that

F(yvmﬂa 7-) - Po(y,l'o,T) = _/ FO(y, 2 T)V(Z)F(Z,.’l?o,'f)dz
]Rn
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(see the proof of Lemma 4.5). Thus,
|Vyr(y07 Zo, T) - V'yF(yOa Zo, T)l
< [ 19,Tolao, 2 IV I (2,0, 7)ldz
IR'n

(L+ 1712 |yo — 2])~* (1 + |72z — o) *V (2) dz
R Yo — 2" H{1 + m(zo, V)|2z — xo|}*|2 — zo|" 2

=Ck/ +Ck/ +Cy
|z—yol<R |z—zo|<R |z—=z0|2R

lz—yol2R
=i+ J2+J3
where R = |z¢ — yo|/4-

< Cy

Clearly,
Ck 1 / V(Z)
J1 < : ————dz
P A IPRE R e m T2 = w0l
and c ) V()
Jy < k___. / _V)
= (W+172RY R Jp(ag,m) 12— w2
Cr 1 R 2—(n/q1)
< . =
< wrrirmr = (7)
wherer = @ V) and we have used (1.6) and Lemma 1.2 in the estimates
0,
of Jg.
Finally, note that
I < Ck 1 V(2)dz
T QA+ T2R)E R Jjpoyoizr |2 = vl {1+ m(o, V)|z — o[}
Cy 1 R 2—(n/q1)
< . B i )
< o (1)

(See the estimate of I3 in the proof of Lemma 4.5.) Thus, we have proved
that

vyl \Y0,T0,7T) — Vylo\¥Yo,Zo, T
IVyI( ) = VyTo( )|

< Cy 1 / V(2) dz-}—l . <§)2—(n/¢11)
= (1+|r|*2R)k  R"=2 | Jp(yo,r) |2—%0|" ! R \r )

(5.9) now follows easily from (5.3) and above estimate by integration.

The proof is complete.

With Lemmas 5.7 and 5.8, the proof of Theorem 0.5 is easy.
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The proof of Theorem 0.5. — Suppose V € B, for some ¢, n/2 <
g <n. Then V € B;, where ¢ < q; <n.

It follows from (5.6), Lemmas 5.7 and 5.8 that

@) < o {Msry @} " vaspl [ K@@l

>0 Jly—z|>e

where (1/p}) =1—(1/p1) =1 — (1/q1) + (1/n). Hence, by the standard
Calderén—Zygmund theory,

ITfllp < Cpllfllp for py <p < oco.
(5.5) now follows since p} < py. Therefore,

IV(=A+V)"V2fl, < Gyl fllp for 1<p < po.

THEOREM 5.10. — Suppose V € B, for some ¢ > n/2. Then
IVY2(=A+ V)7 2f, < Clifllp for 1< p<2g.

Proof. — Suppose V € B, for some ¢ > n/2. Then V € By, for
some qg > n/2.

Note that, by (5.1) and Theorem 2.7,

1/2
[VY2(—A +V)~"V2f(z)| < Ck /R a+ m(z‘//, (‘J/C;lx l—fzszlj})’lflig —yt

Let
~ V(z)2f(y)dy
Sf(z) = /Rn 1+ my,V)z—yFlz—y"*

It follows from the proof of Theorem 4.13 that
|5 f(2)] < C{M (|| )}/ oo

where S* denotes the adjoint of S. Hence,
15" fllp < ClI£llp for (2g0)" < p < o0.
So |Sfllp £ C|fllp for 1 < p < 2go by duality. The theorem then follows
easily.
THEOREM 5.11. — Suppose V € By for some ¢ and n/2 < g < n.
Then, for py < p < 2g,
(5.12) IVY2(=A+ V)"V, < Clifll
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where py = po/(po — 1) and (1/po) = (1/q) — (1/n). Moreover, if V € B,
for some q > n, then (5.12) holds for 1 < p < 2q.

Proof. — Note that

VY2(—A4+ V)V = V2(—A4+V)V2 (A4 V)20,

The theorem then follows easily from Theorem 5.10 and Theorem 0.5 except -
for the case p =1 and q > n. But, if ¢ > n, we have

VA V)IVI@I< [ VEVIVLIE 0l

<o V@U@
ke {1+ m(y, V)z -y} |z - y[m?
From this it is not hard to see that |[VY/2(—A + V)"V f|, < C||f-

6. The proof of Theorem 0.8.

This section is devoted to the proof of Theorem 0.8. We will assume
that V € B,, throughout the section.

From Remark 4.9 and Theorem 2.7 it is easy to see that
(6.1) |V I(z,y,7)| + |V D(z,y,7)|
< Ck _ 1
{1+ 1Rl -yl {1+ mz, V)lz -yl e —ylmmt
Also, since V,I'(z,y, ) is a solution to the equation —Au+ (V +ir)u =0
in R™\ {y} as a function of z, by the same token,

(6.2)

Ck 1
V.V, I(z,y, < . .
V=Y 0. Dl S A =y mG, e =l o —aF
Recall that

VAV @) = [ Kae @i
where K;(z,y) is given by (5.3).

We may also write

(6.3) V(-A+V)'Vf(z) = - Ka(z,y)f(y)
where

(6'4) Kz(x,y) = _vzvyr(mvy)’ P(xay) = P(x’yv O)
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Clearly, by (6.1) and (6.2)
Ck

1
: K, < : —1.9
(6.5) |Ke(z,y)| < 0t —gm@ P =g for £=1,2

We now are in a positive to give

The proof of Theorem 0.8. — Suppose V € B,,. Then V € By, for
some gop > n.

The boundedness of V(—A + V)2, (=A + V)~1/2V and V(-A +
V)71V on L2(R") is well known for any nonnegative potential V. We
only need to show that the kernel Ky(z,y) satisfies the Calderén-Zygmund
condition (0.11). The result for (—A + V)~1/2V follows by duality.

We will give the details for the estimate

Clh®

(6.6) |K2(z + h,y) — Ka(2,y)| < ———% [z - gy|n+s’

6>0

where z,y € R™, |h| < |z — y|/2. The other estimates follow in a similar
manner or follow from (6.5).

To see (6.6), we fix zg,yo € R™ and h € R™, |h| < |z — yo|/4. Let
u(z) = V,I'(z,y0) and R = |zg —yo|/4. It then follows from the imbedding
theorem of Morrey and Remark 4.10 that

|K2(:E0 + h, ’yo)—K2(9307 yO)I
= |Vu(zo + h) — Vu(zo)|

1/q90
< Clhll_("/q") ] |V2u|q°dz
B(wo,R)

1A 1—(n/qo) 1
<C( ) E'{1+Rm($o,V)}k° sup |ul

B($0,2R)

|h| 1—-(n/q0) 1

< —_
¢ ( R "Rn

___CIrpe
|zo — yo|™+°
where § =1 — (n/qp) > 0 and we have used (6.1) in the last inequality.
(6.6) is then proved for |h| < |zo — yo|/4, hence for |h| < |zo — yo|/2
by (6.5).

The proof is finished.
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7. A counterexample.

We end this paper with a counterexample which shows that the ranges
of p in Theorems 0.3 and 0.5 are optimal.

Consider the case 1

V(z)= S

where 0 < € < 2. Let

I O
vi@) = mz::o mID(2Z fm+ 1)’

A direct computation shows that v satisfies the equation

—-Av + B |1 =0 in R".

Next, let u = ¢v where ¢ € C§°(R™) and ¢ =1 for |z| < 1. Then
—Au+Vu=gin R",
where g = —2Vv - V¢ — vA¢ € C§°(R™).
Now, given any qo > n/2. Let e =2 — (n/qp). Then

Vi) = L 1

22— |$|n/q0 € By, for any p < qo.

We claim that the estimate in Theorem 0.3 does not hold for p = go. For
otherwise it would imply that

< 00.

]xl"/% u
This contradicts the fact that u(z) ~ 1 as z — 0.

Similarly, if n/2 < go < n and the estimate in Theorem 0.5 held for
p = po where (1/po) = (1/g0) — (1/n), it would follow that

IVallpo = IV(=A + V)" gllp, < Cl(=A+V)H2g|lp, < 00,

where we have used the fact that

(casvy @< [ Ly <t

It is easy to see that this is not the case since Vu(z) ~ I:I:IE‘1 =
|z|1~("/90) = |g|~"/Po as z — 0.
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