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ANALYTIC POTENTIAL THEORY OVER THE p-ADICS

by Shai HARAN

In thèse notes we develop thé potential theory of thé p-adic analogue
ofthe symmetric stable distributions. We do this purely analytically and in
an explicit manner. In §1 we recall WeiPs formulation [11] of (thé local part
of) Tate's thesis [3] in terms of a-homogeneous distributions, and relate
thèse in §2 to probability. We prove that thé function |a;|°' is négative
definite over Qp for a ç (0,oo), generating a semi-group of probability
measures /^, explicitly given by

/w = E (-yy14-^)^!-^^ dxè n[ ^-na^
(this formula being an analogue of a formula of Feller [4] for thé a-
symmetric stable distribution over thé reals R). For a € (0,1), ^ is
transient, and its potential is thé Riesz potential

k^x)= r^(x)dt=^-^r..^.^_Cp(i-a),,a-i
Jo CpW

When we approach thé boundary a —> oo (in analogy with thé real
case a —> 2) we obtain thé "normal law", a very simple process which
dégénérâtes and "lives" on Qp/Zp. In §3 we recall thé analytic properties
ofthe Riesz potentials [10], their distributional meromorphic continuation,
and thé Riesz Reproduction formula. In §4 we begin to develop thé potential
theory of R^ a ç. (0,1). In view of §2 we can identify our potentials
with probabilistic potentials and deduce thé various potential theoretic
principles in one blow [l], [2], [7], [9]; we prefer, nevertheless, to develop
thèse principles purely analytically, and to grasp things along thé way in a
most explicit manner. We note, for example, that thé Harnack inequalities

Key words : p-adic numbers — Potential theory.
A.M.S. Classification : 11K41 - 11M06 - 43A05 - 45N05 - 60B15.



906 SHAIHARAN

become in our p-adic situation trivial equalities. We prove thé principles
of Descent, Dichotomy, Maximum, Regularization, and Uniqueness. We
follow mostly thé analogous real case as developed in [8], thé p-adic setting
offering many simplifications. In §5 we consider thé finite energy measures
leading to thé proof that they form a complète positive cône in thé Hilbert
space of finite energy distributions. In §6 we prove thé existence and various
characterizations of thé equilibrium measure, and show that thé a-capacity
satisfies thé usual properties and, moreover, is given explicitly via thé a-
diameter :

capj^) = w lim f min ————y^-x^-1]'1.
Cp(l-a) N^oo \.x^...,xNeK n(n-l) 2-^ ' Jl J

In §7, we approach Balayage and thé Green measure using thé Keldish
transform [8] ; i.e. instead of using Cartan's method of projections in thé
Hilbert space of finite energy distributions (which equally works well), we
use thé more geometrical situation of thé analysis of thé PGL2(Qp)-action
on P^Qp) and on equilibrium measures. We calculate explicitly thé Green
measures of balls and their compléments. Throughout §4 to §7 there are
various strengthenings of thé uniqueness principle which demonstrate thé
increasing grasp we hâve over our potentials. In §8, we develop thé concepts
of Q!-(super)-harmomc functions. Explicitly, a function / : Qp —)• C is a-
harmonic at x e Qp if for ail N sufficiently large :

^^T^n f ^+p^)^.
ÇpW J\y\>l 12/1°'

We give an explicit solution to Dirichlet problems, prove thé Riesz repré-
sentation theorem, and prove our last principles for potentials : Domination
and Harmonie minorant, concluding with a convexity property of thé a-
capacity. We note that with slight modifications one can carry over thé
whole discussion to thé case of an arbitrary finite dimensional vector space
over an arbitrary non-archimedean local field.

1. Thé local zêta function and homogeneous distributions.

We let '0 dénote thé "canonical" character of Qp, given by

^(x) = e-2^ : Qp - Q^/Zp ^ Q/Z '̂ T C*.

Thé self-dual Haar measure with respect to ̂  is given by cte(Zp) = 1.
We let S = {(p : Qp —» C, ^ locally constant and compactiy supported},
and ils dual <?* = thé space of temperate distributions.



ANALYTIC POTENTIAL THEORY OVER THE p-ADICS 907

Q^ acts on Qp, hence on S via TTaip(x) = (p(ax) and hence on <?* via
<^) = ̂ a^P\ e.g.TT^ = 6, 7ï^ dx = \a\-1 dx.

We let <?*[a] = {^ e 5* | TT^ = H-0^, Va € Q;}, thé homogeneous

distributions of order a ç C/—^^-Z, e.g. 6 ç <S^[0], dx ç <S*[1].

We normalize thé Haar measure d*x on Q* by d*a;(Z*) = 1, so
(ÎT

that d*a; = (l-p"1)"1—. By uniqueness of Haar measure, if p, e 5*[<^]
Fl

then JLAJ = cons-la;!0 d*^. Thus, if JLAI,/^ € «5*[Q']î there exist constants|^"p
ci 5^2 € C such that ci/^i + c^ has support {0}. Thé oniy distribution
on Qp with support {0} is 6. For Reo; > 0 we hâve la;!0""1 e L^ hence
M" d^ M0 d*x e <S*[a], and by thé above :

5*[a]=C-A^ , Rea>0.

Thé "additive vacuum" is 0 = characteristic function of Zp ; 0 ç. <?,
and we hâve : A^(0) = (1-p-0)-1 ̂  C(a), Rea > 0.

We dénote thé Fourier transform by F^(y) = / (p{x)^(xy) dx so

that FT = -TT-I, J^TTa = \a\~17Ta-l^F, T(^ = (f). On distributions we hâve
^•*/i((^) = /i(^), *̂̂ * = 7^1, TT^* == laJ-1^'*^., ; in particular,
y : <?*[a] -^ <S*[l-a], and hence

<?*[a]=C•^*^(l-Q, Rea<l .

We let M^ = (l-TT^OAï0 = (l-p-^MQ = —r.^0. For ^ e 5,

.M0^) == y (^(rr)-^^"1^))]^)0 d*x, where thé intégral converges for ail

a, since ^{^-^(p'^x) = 0 for x near 0 (y? locally constant!). Hence,
-^ ^^

A^t0 = Ç(a) • M01 has meromorphic continuation to ail a ç. C/——Z, with
_ logp

a unique simple pôle at a = 0. On thé other hand, M01 is entire, and since
^M^ = cons-A^1-0, A^^) = 1, F(J) = ̂  we get ^M^ = M1-01 and

hence ^M^ = 3(Q) M1-01. An easy check gives M° = ^, and hence

Res M^ = 1- • 6.
Q=0 logj?
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2. Probabilistic interprétation.

Consider thé "Riesz kernel" : kQ(x) = îltl^M^-l. por a e
^W

r^—l d^
(O.oo), /^(rr) = -k-a{x)dx = _ _^^ VnTa is a P0811^ measure
onQp^{0}.

2.1. LEMMA.

(i) / ^(^ri^}^ k-0
J|a;|<pfc 1 0 , À; > 0

. fP^l-P-1), A ; ^ 0
(ii) / ^p(a;) dx = ^ -1, fc = 1

JM=pfc 1 0 , f c > l

/• & f 0 5 12/ I^P-^
(iii) / (1-^(^)) .,î^ = < P-^IÎ/I" = P-^, |î/| = ̂ -^

7M<pfc 1 1 Ip-^l-P-1), |2/|>P l- fc.

Proof. — Straightforward using (i) => (ii) =^ (iii).

Using this lemma we get : ̂  = / (l-Re'l|}(xy))dCct(x), thé
^Qp^{o}

"Levy représentation" (cf. [1], Cor. 18.20, p. 184).

2.2. COROLLARY. — For a € (0,oo), 1^1° is a négative definite
function with associated Levy measure ^(x).

Hence we get a convolution semi-group of probability measures /^,
(thé p-adic analogue of) thé "symmetric stable semi-group of order a",
given by :

^=^-^1°, ^e[0,oo), a € (O.oo),

i.e. ^ is a probability measure on Qp, ^ * ̂  = ^Ï^t^ ^î ^ 6

(where "^>" dénotes vague convergence : ̂  ^ p, iff /^(y?) —> ^((^) for
ail (^ e Cc(Qp)).
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Explicitly, we hâve

^= fe-t^a^{xy)dy

= Y^ e"^ mQ / ^(xy) dy (and using 2.1)
mçZ J^P-^

= (1-p-1) ̂  e-^"7""''"!?-^!-1-^-^^!'"!^!-1

m>0

= E ̂ M"'0"1 [^-p"1) E p-^1)'»-^0]
fc^O ' m^O

-E^f^-"0^)'
n^l n-

i.e. we hâve thé following "FdJer's formula" (cf. [4] XVII, 6, Lemma 1 (6.8)
p. 549):

(2.3) ^=^(^fc-"^).
n>l

roo
For a ç (0,1), {x^^ e L^, hence ̂  is integrable, i.e. / ^ dt

Jo
defines a potential kernel which is nothing but A;0'(a;). Thus,

(2.4) ^(a:) = ^(l^l-^ dx) = /' ^(^) ̂
Jo

(cf. [1] Theorem 13.23, p. 108).

Note that ^{x) is "symmetric", i.e. it is invariant under Z-action.
Thé support of ^ is ail of Qp, i.e. ^(x) > 0 for ail x ç. Qp. We hâve
^(0)=(i-p-1) EP-^-^-^.

m>0

As a —^ oo, e"*!^!" —> e^^Çx) + (l-e"*)^^-^), pointwise, hence,

upon taking Fourier transform, we get ^ ^ AA?o(•r) == e-t0(^) +
(l—e"*)?"1^^), vaguely. /^0 is a convolution semi-group of probability
measures on Qp/Zp, (thep-adic analogue of) "thé normal distribution", i.e.
p^ is a probability measure on Qp/Zp, ̂  * p^ = ̂ ^2^ an^ ^œ ^^ ^
onQp/Zp.

Its infinitésimal generator, (thé p-adic analogue of) "thé Laplacian",
is

- /^) =p-^(px)-^x) = -A(a;).
lo
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Letting ^"(rr) dénote thé characteristic function of Z*, we can rewrite
thé above in thé following form, remembering that ^(x) induces duality
between Zp and Qp/Zp : thé Levy measure is £°° = 1 ^ 6a/p on

" a mod p
Qp/Zp; thé associated négative definite function on Zp is

0*0r) = /l (l-^î/))^0^);
^Qp/Zp

and thé associated "normal law" is given by p,^° = Te'^^, while ils
infinitésimal generator is A = F y .

3. Thé Riesz kernel.

We call thé measure

(3-1) ka= 1^ l^r"1^ ^ > 0 , a^ l , thé M. Riesz kernel.

As a distribution, it has a meromorphic continuation to ail a ^ 1
/ 2m .
^ loffï ^givenby

(3.) .(.)=^(0).^)[^^^^

+/' (y,(a;)-y,(0))-^].
J|a;|<l |a'| -1

In particular, for Re(o:) > 0 :

(33, ^-^/^W'-1^ ^Kn-od^Z)

t-•<y'-^)/(<'<t)-^»^•
For a=0 , k°(^) = (^(0), i.e. A;0 = ^o.

For Rea < 1, ^fe0 = 1^1-" dx\ in particular, for a ç (0,1), both k01

and ^fc0 are measures. Consider next k^ as an operator via convolution,
namely for (p locally constant and such that / \^(x)\——^-—— < oo,

*/|a;|>l W ea

we can form thé convolution fc" * (p :

(3.4, ... ̂ ) - a )̂ ̂  c^ [^^ ̂  ̂  ̂

''ilsi1»''''1''"1^10»!̂ ]
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and again, for Re(a) > 0,

ka^(xo)=a^-a)- L^o+^M0-1^,
(3.5) (sw J

^ * (p(xo) = 7 °̂ /((p(xo + ̂ -^°))|^-

E.g., generalizing Levy's représentation, A;"0 * ̂ y(x) = |2/|°' • ^y(x), i.e.
^y(^) = ^{y ' x) is a A^-eigenvector with eigenvalue {y^. For ^ ç <S,
A;0' * y? is again locally constant (with thé same modulus as that of y?), and
moreover, k^ * y?(a;) = O^x^0'-1), hence we can form k^ * (A;0 * <^) for
Re(a + /?) < 1. For a, /? such that 0 < a, (3, a + f3 < 1, thé équation
k^ * k0 = k^0 is immédiate upon taking Fourier transforms, and since
everything is holomorphic in a, (3 we get

3.6. M. RIESZ REPRODUCTION FORMULA. — For ( / ? € < ? , and
a, f3 ^ 1 mod —^Z with Re(a + f3) < 1,logp v ' /

k^ * (^ * ̂ ) = k^ * ̂ .

3.7. COROLLARY. — For (p e S and a ^ ±1 mod^-Z,
logp

Â;-Q*^(2/)=0(|î/|-(l+Rea)) as|î/| -^o^a.ndwehave.'Â^Â:-^*^) = ̂ .

4. Basic principles for potentials.

We let :
M.^ = {positive measures on Qp},

M. = {signed measures on Qp},
M.^M.c = {(positive) measures with compact support on Qp},

M^~(K),M(K) = {(positive) measures with compact support on K}.

We shall consider next k^ as an operator on M. via convolution,
restricting ourselves to thé case a € (0,1).

For v ç. M^, we hâve

ka^(x)=ç(^f\x-y\a-ld^y)
C(a)
r C(l-a) f•• lim ' , / /

N^oo C(û') J\y\^p-»^""-d-L i^r1^)
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an increasing limit of continuous functions, hence is a lower-semicontinuous
function of rr, i.e. k01 * v(xo) <, lim k0' * y[x)\ moreover k^ * v ç. L[^ as

X——^XQ

follows from Fubini's theorem :

/ k^ * v(x) dx == dv(y) \ ^{x-y) dx < oo.
JI^I^P^ Jsup(u) ^I^I^P^

For 0 ^ y ç M^~, ^ * ^(a;) = c^1"^ [ ^-y^-1 dv(y) is aCw 7
well-defined positive function of a;, although it may assume thé value oo,
0 < k^ * i^(x) < oo.

4.1. DEFINITION. — For v ç. M^, we write y ç. M^ ifit satisfies
one of thé following équivalent conditions :

(i) {a* | A;0 * ̂ (x) = 00} has measure 0 w.r.t. dx.

(ii) / l^/l0"1 dv{y) < oo for some N .
J\y\>p^

(iii) ( \y\ot~l du{y) < oo for ail N.
J|y|>p^

Indeed, if (iii) is not satisfied, then for \x\ < p1^

—^ . ̂  * v(x) == / |^-2/|"-1 dy(y) > f \y\a-l d^y) = oo,
C(l-û0 J J\y\>\x\

and fc0' * i^{x) = oo, showing (i) => (iii) ; while since / ^—y}0''1 dx =
J\x\<pN

O^y^'1) as [î/| ̂  oo, we hâve assuming (ii),

( k^ * ï/(^) da; = /* d^(î/) /' k'^Çx-y) dx
J\x\<pN J J^^p1^

=0( { bl"-1 d^y)) < oo,
|̂>p^ ^

showing (ii) =^ (i).

We say v G Ma if ^ = i^—^" with z/^,^" € -^î- We hâve
^ CM^.Mc^M^

We dénote by ^(p^) = {x | |a;| < j^}, B^v = {a; | |a:| ^ p-^}, thé
bail of radius p1^ and ils exterior.

We note that thé Harnack inequalities (cf. [8] IV, §5, n°20, p. 266)
become in our non-archimedean setting actually equalities. For v €
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MÇBÇp1^)) and any y (JE B^) we hâve k^ * y[y) = ̂ l~a\(l) . jd0-1,
CW

and so for 1/1,1/2 ^ B^) : k0 * i/(î/i) = l^/i/^l0'"1 • fc0 * ̂ (2/2). Similarly,

for y ç M(ÈN) and any y ^ EN, k^ * v(y) = <^—^- / M0"1 <M^), and

so for î/i, 2/2 ^ -SN : A;0 * i/(î/i) = fc0' * ̂ (2/2). For a général v ç .Mo, we hâve
that kot ^ y \s locally constant away from supp ̂ , and

/ ^^(x)\——— = ca-a) /'^(y) / Irc-yr-^l-^") &
^|a;|>l 1^1 <>W */ J|a;|>l

< cons- / M01"1 ^(y) < ex).

4.2. PRINCIPLE OF DESCENT. — Let Vn € A^^, ^n ^ ^oo, ^n ^

a; oo) then
fc0 * ̂ oo(^oo) ^ lim k^ * ̂ n(rCn).

n—^oo

4.3. COROLLARY. — For v ç. M^, k^ * v is lower-semicontinuoiis.

4.4. COROLLARY. — For ̂  e M^, Vn ̂  v, k^ * v = limfc"' * i/n-

4.5. COROLLARY. —— For Vn e A^t^, n̂ ̂  V, ^n < ^n+l, ^Q! * V =

lim A;0 * Vn-

Proof of 4.2. — Assume first supp(^yi) Ç {x \ \x\ < pN} for ail

n. Let k^ * ^n(^) = / ka(x—y) dyn{y)-> it's uniformiy continuous
^|a;-2/|>Ê:

and k^ * ^(a;) = lim k^ * ̂ n(^), hence we hâve k^ * ^(a;oo) = lim k^ *
n—>'oo n—»oo

^n(^n) < limfc^ * ^n(a;n) and taking £ —^ 0 we get thé theorem in this
spécial case. In thé général case, let Vn \ z/oo dénote thé restrictions
of ^n, Y oo to [x \ \x\ < p1^}. Then ^N) ^ ^^ and by thé above

n—>oo

k^ * ̂ oo \Xoo) <, lim fc0 * ̂  (^n). Taking thé limit N —> oo, first on thé
n—^oo

right-hand side and then on thé left we conclude thé theorem.

4.6. DICHOTOMY PRINCIPLE. — Let Vn € M^ such thât k^ * v^ ^
k^ * ̂ n+i. TAen either lim fc0' * ̂ n(a;) = oo for âll x, or lim k0' * ̂ n(^) =

n—>oo n—>oo
k^ * ̂ (a;) + c, for some î/ € M^, 00, and âlmost âll x.

Proof. — Suppose lim k^ * i^nW ^ oo-
n—»oo



914 SHAI HARAN

(i) For any compact K, Vn{K) is bounded. For if ̂ . (K) —> oo then
_ r l z-oo

lim k^ * ̂ (x) ^lim \ {x-y^-1 d^(y) = oo.
Z—>00 î-^00 J^

(ii) For any N , / [y^-1 d^n(y) is bounded. For if / M0-1

J\y\>PN J\y\>pN 1"

^ni (y) —> oo then
Z—400^ fe" * ̂ ) >^ <^ ̂ ^^ lyl-l d^(y), ̂ .

From (i), (ii) we get ̂  ̂  i/, for some v e A^4'.

Let F(a;) = Jm^ ̂  * ̂ (a;). F e L^ since

/ F(x) dx ^ lim / k01 * ̂ (a;) &
</|a:|<p^ n^oo7|a;|<^

< lim / d^(î/) / ^{x-y) dx < oo.
n^00^ ^|a;|<p^

Let ^ ç S, (p(x) dx = 0, then |a;|-°'̂ (a;) ç <?, and A;0 * y? =
^-^^l^e^. Wehave :

[ F(x)(p(x) dx = lim f k^ * ̂ M^) &
J n—^ooj

= lim / A;0 * y?(.z:) dun{x)

= /^ * ̂ ) ^(a;) = /À;0 * ̂ (.r)^) &.

Thus, for any y? e <? orthogonal to 1 : / lim A^ * ^(.rWa;) d.r =
j n—^oo

/ k^ * i/(a;)(^(a;) da; and hence lim k^ * ^(a;)-/.;"^ * i/(a;) = c almost
J n—»-oo v /

everywhere, where c is a constant, by thé principle of descent c > 0.

4.7. 1̂  MAXIMUM PRINCIPLE. — Let v ç M~^ be such that k0' *
y{x} < M, i/-almost everywhere. Then k^ * i/(x) < M for ail x.

Proof. — Assume first x ç supp(i/), then thé inequality follows by
thé lower semi-continuity of k^ * v, hence fc0 * v(x) < M for x ç supp(^).
Let x i supp(^), and let x ' e supp(;/) be such that \x-x'\ is minimal.
Then for y ç supp(^), \y-x'\ < mnx(\y-x\, \x-x'\) < \y-x\, hence
iy-x'^-1 > ̂ -x^-^ and so k^ * v{x) < fc0 * ̂ (a/) < M.



ANALYTIC POTENTIAL THEORY OVER THE p-ADICS 915

4.8. COROLLARY. — If k0 * v is continuons on supp(^), then it's
continuons everywhere.

Proof. — On Qp \ supp(^), k^ * v is locally constant, so it's enough
to check continuity at thé points of supp(^). Let XQ € supp(^), Vç thé
restriction of v to [x \ \X-XQ\ < e}, ^ = v-Ve, so that k^ * v(x) =
k^ * ̂ (a;) -h fc0 * ̂ (rc), hence |̂  * y(x)-k01 * i/(a:o)| < fc° * i/e(^) + k01 *
^(^oî+l^*^^^)-^0*^^^)!. Since A;0*^ is continuous at a;o, it suffices to
show that k01 *i^e{x) —> 0 uniformiy in x. Let r] > 0. Since fc0 *^(.z;o) < oo

we can find fi such that fc0 * u^ (xo) < . 77 ; and since k^ * ̂  is continuous

on supp(î/) we can find e < e\ such that \k01 * ̂ {x)-ka * y^(xo}\ < -rj
for ail x ç supp(i/), |a;-a;o| < e\ hence k01 * ̂ (o-) < fc0 * ̂ i(rc) ^ 77 for
x ç. supp(^). By thé maximum principle, fc0 * ̂ (a;) < r] everywhere.

Let (^^(x) = pN(t)(p~Nx) dénote thé uniform distribution on {x \
\x\ < p'^}. For any measure i/, let ^N^ = v * (/)^ its N^ regularization,
and let z/W) = ^/(N) . (t)(pNx) dénote thé restriction of i/W to {a* | |a;| <
J^}.

4.9. REGULARIZATION PRINCIPLE. — Let î/ e A^f^, then k^w^
is locally constant and k^w^^x) —> k^wtx), ka^N^(x} —>

JV—»-oo N—^oo
k^w^x) for ail x.

Proof.

^ * ̂ (x) = c(r^)pN / dz [ {z-yr1 d^y)
^W J^-x^p-1^ 7supp(i/)

-^"f \.-,\-^wf ^pÇ;^
C(ûî) 7supp(i.) J\z-x\^p-N 1^-î/l1"0

< C ' k01 * v(x)

where G= sup {^ / la:~2/l ^l < oo.
N,y^ 7|.-.|<p-N k-î/11-" J

If fc" * y(x) = oo then fc0 * ̂ (x), k^ * ̂ ^N))(^) —> oo by lower-
AT—»'oo

semicontinuity. So assume fc01 * v(x) < oo. Given T] > 0, we can find e > 0
such that writing v = ̂ +^, where v^ is thé restriction of v to {z [ \z—x\ <
€•}, we hâve k^ * ̂ (rc) < 77. Hence by thé above, fc" * (ye)^ < C - r ] . Now
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k^ * ̂  is continuous at a:, so k^ * (^O^C^) —> k0' * ̂ (.r), and we get :
N—>oo

^^(^-(C+l)^ lim A^*;/^) < lim ^ * ̂ N) (x)
N->oo N->oo

^ k^ * i/(a;) + (C + 1)77.
Letting 77 —> 0 we obtain thé theorem for i/^.

Next, considering î/W\ we hâve :

fc0*^)^)-^*^^)^) = c(3-^) /* ^-2/r-1 ^^(î/)
^(û-) J\y\>pN

^S^L^ [ ^ t |^_^a-l^^

Ç^) J^p1' J\y\>pN

But since ^ € A^, we know that lim / ^—z—y}0''1 d^(y) = 0
N-^OOJ\y\>pN

uniformiy with respect to bounded z^s, which gives thé theorem for z/^).

4.10. UNIQUENESS PRINCIPLE. — Let v G Ma, if^ * y{x) = 0 for
a.a.x's, then v = 0 (ând k^ * ̂  = O/

Proof. — Let (^ G <S, (^(rc) = (^(—^)5 and apply Riesz formula to
write (p =kcï ^ (k-^ * (^). Since IÂ;-" * ̂ |(a-) = Oda;]-^^)) os \x\ -^ oo,
we easily obtain A;0' * \k~a * ̂ \(x) = Oda;]0"1), and since by assumption,

/ l?/!0"1^!^!^) <^ ̂  we see ^na^ ^ne convolution |^| * (A;^ * \k~a * (^|)
^I?/I>P^
is defined, and hence v * {k^ * (fc"0' * (^)) = (k^ * ^) * (fc"0 * (p). Thus,
î/(^) = z/ * (^(0) = i/ * (fc0 * (fc"0 * <^))(0) = (fc0 * v) * (fc"" * ̂ )(0) == 0 since
A;0 * v(x} = 0 for a.a.x's. Since </? e <S was arbitrary, we get ;/ = 0.

5. Measures with finite energy, 0 <o;<l.

We shall consider next signed measures v = v^~ —v~ ç. Ma such that

{ f k^Çx-y) d^(x) dy~(y) < oo.

Thé "mutual a-energy" oftwo such measures v\ and ^2 ^

(^1^2)0 = ^(^ - Y) d^(x) d^(y)

which is well defined under thé condition that / / ka(x-^y)dv^(x)dy^(y)<oQ.
Since ka{x—y) == k^^y—x)^ we get thé
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5.1. SYMMETRY PRINCIPLE. — (^1,^2)0 = {^2^l)a-

5.2. POSITIVE DEFINITENESS. —— (^^)a > 0 âïïd {v,v)a = 0 ^=^
V = 0.

Proof. — Write v = v^—v~, \v\ = v^~ + v~ ; we are assuming
(^+ ,^~)Q < oo, and we may assume (^,^)a < oo, which gives us
(|î/|, II /DQ < oo. Hence we can apply Fubini's theorem and thé M. Riesz
Formula to obtain :

Ma = I f dv{x) d^k^Çx-y)

= f f dv(x) d^y) fka/2(x-y-z)ka/2(z) dz

= f ( dy(x) dv{y) {k^Çx-z^k^Çz-y) dz

= ( dz (k^Çx-z) dv(x) Ik^Çz-y) d^Çy)

= /'lA;0/2*^)!2 dz^O.

Le.^^ll^/2*^.

Moreover, if (^ ^)a = 0 then A;0/2 * v = 0 for a.a.^'s, and by thé l5*
uniqueness principle v = 0.

As a corollary we get,

5.3. 2^ UNIQUENESS PRINCIPLE. — Letv^Ma sâtisfy (v^ v~}a<oo.
Ifk0' * v(x) = 0 for i^—a.a.x's, then v = 0.

We can now define thé "a-energy" of ^, by ||^||a == (^,^)<1/2. We let
fa = {y € Â^a such that {;/+, ̂ -)a < oo and \\^\\a < 00} dénote thé space
of signed measures with finite a-energy, and £^ == Sa n M.^~ :

e.g. supp(i^) compact and k^ * v bounded on supp(^) ==^ v ç. £a ;

e.g. Â^ * ̂  bounded of compact support =^ v ç. Sa.

Sa. with thé inner product { , }a is a pre-Hilbert-space. In particular
we hâve Schwartz inequality : 1(^1,^2)0:1 ^ l l ^ i l l a • I I ^ H û - We write
^n^a^ for strong convergence (i.e. ||̂  — Un\\a —> 0), and Vn—^o.^ for

n—»-oo
weak convergence (i.e. {vn^}a —^ (^^)a, V/^ e Sa). By thé Schwartz

n—>oo
inequality, Vn^oy implies ^n—>Q^.
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We note aiso thé "lower-semi-continuity" of ( , )a, namely : if
Vn, ̂ n ^ £^ ^n ̂  v,^ ̂  vl t^n (^ v'}a <: lim (î/n, v'r^cc- In particular,

N-^oo
IMIo ^ lim ll^nllo-

N-^oo

5.4. REGULARIZATION LEMMA. — If y e Sa then yW^^v ând
v^^y.

Proof. — It's enough to consider v € £^.

\\y - yW\\^ = [ |fc^2 * v(x) - k^2 * y^\x}\2 dx.

But
\ka/2 * ̂ (^) - fc0/2 * ̂ (a;)!2 < 21^/2 * v{x)\2 + 21Â;0/2 * ̂ ^)(rr)|2

^^•Ifc0/2*^)!2 .

Henœ, lim ||^-i/W||^== / lim \koi/2^y(x)-k(ï'2^y^N\x)\dx=Q^
N—^oo J N—^oo

thé regularization principle; similarly for î/W).

5.5. COROLLARY. — S 0} Sa is dense in Sa.

Proof. — Indeed ^N^ € <S.

5.6. COROLLARY. — {i/ € fa such that A;0' * v ç. S} is dense in £a.

Proof. — By thé above it's enough to show that for any v C S D £^1
3<^n Ç- Sa such that k0' * (pn Ç- S^ <^n=^a^- Let fn(x) = A;0 * ̂ (a1) • (^(j^x)
where n ^> 0 so that i/ = i/^^. We hâve /n G S hence /n = À;" * (pn,
^ = A;-0 * /n. Note that ̂  * y?n(^) = ̂  * i/(rr) for |.r| < p", and |[^n||^ =

/ fn(x)<pn(x) dx < 00, SO (̂ n 6 ^a. Recall that ipnW = fc"0' * fn(x)
J^^p"'
is given by

d /̂.M + Î^T [/„>, /"( '̂"^

.̂l,,"-'̂ -̂ '1"̂ ]
which for |a;| > p" reduces to

1-P° /• dy _ 1-p" [ { ( ^__h__
l-p-(l+(l)^l>l•'"v ^lyl1^ - l-p-(l+a)^|<pn•;"w|^-.E|l+°

1 _^Qi /•
— |^|-(l4-a) / k^^utr^dy-l-p-d+a)!^! ^^^fc ^W^-
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But for \z\ > p710, ̂  * v{z) = ^"^^(l)!^-1, hence we get for n > no

^n(x)\=0(\X\-^pnû)^ \X\>pn.

Now,

ll^n-^||^ = / ka * (^n-^X^X^n-^XaO ̂
M>pn sinceA;0*^-^)^, \x\ < p^

= — k^ * i/(:c)y?yi(:r) cb
a; >p since A:0' * ̂ n(a:) = v{x) = 0, |a;| > j/1,

= ûf / (ja;!0-1 . l^l-^1^)?^ dx} = OÇp^-^) —^ 0
^lo^p71 . , / n-^00

smce a < 1.
So (pn^a^ and thé theorem is proved.

5.7. COROLLARY. — Let i/n e ̂ ? ^""^a^? ùhen Vn ̂  ̂ '

Proof. — Let f çS and write / = fc" * y?, </? = fc"01 * /, then y ç £a
and so lim <^,^n)a = <<^)û, i.e. lim / f(x) dvn(x) = / /(^) dv(x),

n—>oo n—>oo J J

hence v^ ̂  y '

5.8. COROLLARY. — Let Vn e f^-, Vn ^ v, \\^n\\a < C. Then
v e £^ and fn-^o^'

Proof. — By lower-semi-continuity ||i/||o; <, lim ||^n||a < C, so
n—^oo

^e^.
Let /^ € Sa, k0' * /^ € <S, then

(^n^)a == / ̂  *^(a;)di/n(.r) —^ / A;0' * ^i{x)dv{x) = {^^)a.
J n-^oo J

Given any ^ e £a, and £ > 0, we can find by Corollary 5.6 such a p.
with ||^— ji\\o, < e, and then for n > no{e) :

\{^n^}a - (^OJ < \{^n^)a - (^^)a| + \(^n^-P')a\ + |(^$-^)a|

^ K^/^-(^)a|+2C-£< (1+2C) -£ .

ThuS (^n,$)a ——> (^Qa and ^n->a^.
77-—^00

5.9. LEMMA. — Let Vn ^ S^ be à Cauchy séquence such thât
Vn ̂  ^ ' Then v ç. £^ and v^^^v.
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Proof. — There exists a bound ||̂ ||̂  < C, so by thé above corollary,
y € ̂  and ^n—^. Hence we get

ll^-^ll^ = ̂ -^^-^n}a = ̂ lim -̂̂ ,̂ -̂

< r^oo ll̂ l̂l0 • IK-^nJla,

so H^-i/nlla < lim H^n-^nlla and
m—^oo

Jim^ IÎ H, < ̂ mjnn̂  11^-^H, = 0,

Or Vn^aV'

5.10. COMPLETENESS 0F THE POSITIVE CONE. — £^ is à Complète
metric space.

Proof. — Let ^ € £^ be a Cauchy séquence. By Lemma 5.9
it suffices to show ^ -> v for some ^. Given any ji e Sa, we hâve
|<^n-^m^)cJ < H^n-^mlla • |H|a hence thé séquence (^n^)a converges.
Smce any </? ç S can be written as ip = ^ * /z with ^ ç ^, and
y y?(a;)dz/n(^) = <^n,^)a converges, we conclude thé theorem.

6. Capacity and equilibrium measure.

K Ç Qp will dénote a compact set.

M^(K), resp. .M^(^), will be thé positive, resp. probability, mea-
sures supported in K.

£^(K) = M^(K) n <?„ ^\K) = M^ÇK) n <?,.

6.1. LEMMA. — M^ÇK) is convex and vaguely compact.

Proof. — That M^ÇK) is convex is immédiate; we prove com-
pactness. Let SQ dénote thé set of locally constant compactiy supported
functions ^ : Qp -̂  Q. <?Q is denumerable; write <?Q = {^prn}^. Let
f^n € M^ÇK) be an arbitrary séquence. Since |^n(^)| ^ sup</?, we can find
a subsequence /^(i) such that {^(i)(<^i)} converges. Proceeding by induc-
tion we find a subsequence ̂  such that {/^w(^i)},..., {^w(^)}
ail converges. Looking at thé diagonal, we hâve1 a subsequence {^ (m)} =
{/^n,} of our original séquence {/^} such that {^n,((^)} converges for
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ail m's. Define ^(^m) = lim/^.((^), and extend fi by linearity to ail of
S = <?Q (8) C, to give a positive distribution, hence a positive measure p,.
Moreover, ̂ . ̂  /i, hence [i e M^ÇK).

Let Wa(K) = inf{|H|â | ^ e À^)^)} ç (0,oo]. We hâve

W^K) ^ c(l—a)diam(^)Q-l > 0, and W^(K) = oo iff S^ÇK) is

empty. We let cap^JQ = H^(JC)-1 e [0,oo), thé a-capacity of K. We
hâve

6.2. THEOREM. — Thé following conditions are équivalent :

(i) cap,(^)=0;

(ii) £^\K) is empty;

(iii) v(K)=0 for all^e £^;

(iv) ^(J0=0forai2i /e^ .

Proof. — Easy.

In particular, if cap^(-ftT) = 0 then K has measure zéro with respect
to Haar measure. For an arbitrary set X Ç Qp we define thé inner and
outer capacity respectively by

cap (X) = sup{cap^(.K') | K Ç X compact}

cap^(X) = inf{cap^(E7) | X C U open}.

We hâve cap {X) <, cap^(X); if equality hoids we say X is capac-
itable and dénote thé common value by cap^(X).

We say that a property hoids for a-almost-all x ' s {a — a.a.x^s) if thé
set of x where it doesn't hold has inner capacity 0.

6.3. THEOREM. — Assume cap^(JC) > 0. There existe a unique
\K € S^ÇK) such that \\\K\\I = Wa(K); moreoyer, if^ e S^ÇK) is
any séquence such that H/^nl lâ —^ Wa{K) then fjLn =>a ^ K '

n—>oo

Proof. — Let ^n be as above; by vague compactness there is a
subsequence ̂  such that /^. ^ À e M^(K), and by thé principle
of descent ||A||â < lim||^,||â = W^(K)^ so \\X\^ = W^K\ Moreover,

Since TVaW172 ^ |l|(^n + ̂ m)||a < |||̂ n||a + |||̂ m||a and \\^\\a -^
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Wa(K)1/2, we get ||-(^ + /^)||^ —> Wa(K); and since we hâve
Z n,m—>oo

11/Xn - ̂ \\1 = 2\\^n\\i + 2[|̂  - 4||j(^ + ̂ )||̂

we see that [|^n - p,m\\a —> 0, i.e. p,n is a Cauchy séquence. By Lemma
n,m—^oo

5.9 lin, =^a A, hence aiso /Xn =i>a À. Suppose next À, À' € E^CK) are such
that ||À||̂  = HÀ'II^ = W,(X), then

^W172 < |lj(A+Y)|L < JI|A||o + JIlÀ'llo = W^KY'2

so

IIJ^+A')!!^^^)
and since ||À - \'\\i = 2 • ||À^ + 2 . ||V||â - 4 . [^(A + Y))!^ = 0 we get
A = V.

6.4. — We let 7^ = cap^(JC) • \K C £^(K) be thé equilibrium
meeusure of K. Thus ||7j<||^ = 7^(1) = cap^(Jf).

6.5. THEOREM. — 7j< is châracterized âmong ail 7 e ^'^(^T) by
any of thé following équivalent conditions :

(i) k^ * ̂ (x) = 1 for a - a.a.x ç K, and k^ * 7(3;) < 1 for ail x ;
(ii) k^ * 7(3;) ^ 1 for ail x, and 7(1) is maximal;

(iii) 7(1) = cap^(Jf), and HA;0' * 7[|^oo is minimal;

(iv) ll^llâ - 27(l) is minimal.

Proof. — We first show 7j< satisfies (i), by showing

(a) k0' * 7j<(a;) > 1 for a - a.a.a; e K,
(b) A;0 * 7^(;c) < 1 for x e supp7j<.

Indeed, by thé maximum principle we get k^ * 7jc(^) <: 1 for ail x,
hence (i). Assume that (a) does not hold, then we find a compact Ko C K,
cap^(^o) > 0, such that fc0 * 7^) < 1 for x e Ko. If v ç £^\Ko} then,
on thé one hand,

(^7K)a = / ̂  *7j<(a:)dt/(a;) < 1 and so {^\K)a < ||Ax||^.

On thé other hand, for any t ç [0, l], t ' v + (l-t)\K C £^\K), so
that
^|M|^ + 2t{l-t){^ \K}c. + (l-^IIA^ = 11̂  ^ + (l-^)Ax||^ > \\XK\\I
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from which we get {^\K}a > \\^K\\^ a contradiction. Assume that
(b) does not hold, say k^ * 7;<(a;o) > 1, XQ ç supp7j<; then by lower
semicontinuity fc0 * 7^(3;) > 1 for x ç U, a neighbourhood of XQ, and
moreover 7j<(î7) > 0. But then we get a contradiction, using (a), namely

capaW = IMI^ = / ^*7x(^7^) + { k^^K^d^KW
^U Jsupp^K^U

> ̂ K(U) + 7^(supp7j< \ U) = 7^(1) == cap^(Jf).

Next, let 7 ç M^{K) satisfy (i). We hâve \\(p\\2, = f k^^^d^x} =

7(1), but 7(1)-1 .7 ç A^^)^), so
cap,(^)-1 < ||7(1)-1 . 7^ = 7(1)-2 . ||7||̂  == 7(1)-!,

or 7(1) < cap^(J<). Hence
ll7-7^ = IHÎ  + h l̂l̂  - 2<7,7^a

= 7(1) + capj^) ~ 2 / > Â ; a * 7(^)rf7^(^)

^2.cap,(^)-277<(l)=0
and we get that 7=7^.

To prove (ii), let 7 e M~^(K) be such that A;0' * 7(2;) ^ 1. Then

hllâ = /^ * 7(^)cÎ7(^) < 7(1), and since 7(1)-1 • 7 e ^(^(j^), we

get 7K(1)-1 = W^K) < ||7(1)-1 . 7llâ = 7(1)-2 • hllâ < 7(1)-1, so
7(1) < 7J<(1). Moreover, ifequality hoids, then ||7(1)-1 •7[|^ = W^(K), so
7(1)-1 . 7 = A^ and 7 = 7j<.

To prove (iii), assume 7 e M~^{K) is such that 7(1) = cap^(J^)
and H^ * 7||^oo < 11^*7^^00 = 1. Then \\^ = /* ̂  * 7(^)^7^) ^

7(1) = cap^(^) = 7j<(l), and again since 7(1)~1 • 7 e M^^A') we
have^W,^) < ||7(1)-1 . ̂ a = 7(l)-2||7llâ ^ 7(1)-1 = ^aW,
7(1) 1 • 7 = \K, 7 = 7K- To prove (iv), we note that for any 7 ç .A/C^^),

ll7-7J<112. = ll7ll^+ll7K||^-2/>Â;Q*7^(^7(^ < ll7ll^+cap,(^)-27(l)

hence ||7||̂  -2-7(1) > ll7-7jdlâ -^RaW and thé minimum is obtained
for 7 = -JK where hjdl2, - 2 • 7j<(l) = - cap^(Jf).

Since thé maximum in (ii) above is equal 7i<(l) == cap^(K) we get

6.6. DE LA VALLÉE-POUSSIN'S DEFINITION OF CAPACITY.

cap^(^) = max{7(l) | 7 e M^~(K), k^ * 7^) < 1 for a2I a;}.
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Let ^(x) = p^p-^a;), thé uniform distribution on BÇp-1^) =
[x | M ^ p~N}. We hâve

k^4>W(y)=^-a)-^ f \y-^dx
^W J\x\^p-N

^ J ̂ ^-P^1-^ îoryeB(p-^

~\^tl^a~l ^\y\>p-N•

Thus, 7B(p-)Cc) = ̂ (l)^v(a-l) • ̂ {x) = ̂ Ç^ -p^(p-^)

is thé equilibrium measure on B(p~N) :

f 1 for y 6 ô(p-^)

^-^'(^•w^i ^i,i>^
and cap.(B(p-")) » ̂ l_pl»(«-l) , ^Çp»(.-l) ̂  p]_ ̂

pendix A.l, A.2 on p. 401).

6.7. THEOREM. — cap^ satisfies thé following properties :

(i) monotoneness : K^ Ç K^ => cap^(^i) ^ cap^(J^2);
00 00

(ii) subadditivity : K = |j K, ̂  cap^(^) ^ ^ cap^(^);
î=l Z=l

(iii) œntinuity : g-iven K, e > 0, we can find an open U D K such that
for ail K ' ,

K Ç K ' C U => cap^(^) ^ capj^) + £ ;

(iv) translation invariance : cap^(a + K) = cap^(J^), cap^(a.JC) =
H^cap^).

Proof.

(i) follows since M^{K^) Ç M^ÇK^), hence lVc,(^i) > W^K^).

(ii) follows since if 7^ = 7^|^ is thé restriction of 7^ to Ki, then
CX3 CO

7z(l) < cap^(^), and so cap^(^) = 7^(1) < ^ 7,(1) < ^ cap^(^).
î=l î=l

Assume (iii) does not hold, so that we hâve K, e > 0, and a
séquence of compact sets K, D K^ D .. • D K, f^ K, = ^, cap^(^) >

1=0
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cap^(K) -}-e. Thé equilibrium measures 7^ are weakiy bounded (7^(1) =
cap^(JQ) < cap^(^o))î hence vaguely compact, so after passage to a
subsequence we may assume 7^ -^ ^ ç .M^^). By thé principle of
descent k^ * ̂  ^ limfc0' * 7^ < 1 so ^(1) < cap^(JC). On thé other hand,
/z(l) = lim7^(l) == limcap^(^) > c8ip^(K) + £, a contradiction.

(iv) follows easily from thé définition.

By Choquées Theorem, we obtain

6.8. COROLLARY. — Every ânalytic set îs câpâdtâble.

For x^ ' ' ' X n ç K, put da(x^ • • •Xn) == f i E 1̂  - ̂ •l0"1- This
\2/ î<j

function obtains ils minimal value on thé compact set K at certain points
Xi = Q , and we define

diam )̂ = ̂ mm^d0^!...^)]-1 = Q [^ l̂  - ̂ l"-1]"1.
\ / ^ •̂

We hâve

[diam^W]- = Q"1 • ̂ f: E l̂  -^l0-1

A;=l .̂ J..i,J^fc

^Q"1-^-^^^111^^-1
= [diam^"-1)^)]-1.

Thus diam^"-1^^) ^ diam^^A-), and we hâve a well defined limit
diama(AT) - lim diam^^AT).

n—^oo

6.9. THEOREM. — cap^(^) = .aa) , diam^(JC).
C(l-a)

(n\
Proof.— Taking thé inequality [diam^^)]-1 < E 1^ -

z/ Î<J

Xj^'1, multiplying by d^{xi)dp,(xj), where /x e Al^^^) and integrating
fn\
( j times with respect to (xi^Xj) ç. K x K^ we get

[diam^(X)]-1 < ( ( \x - y^d^d^) = •^\\^
J JKXK Ç(1 -d)

Letting n —^ oo, then taking thé inf over ail [L e M^(K), we get

[diam^(^)]-1 ^ c(a) [cap^(Jf)]-1. On thé other hand, let
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1 n

IJL^ = — ̂  <^(n) G M.^\K)^ and consider thé truncated kernel
n i=l çt

{ ^a/^\ 1 ) > |-|
^(o;) = K {xh m -; c , where e e Qp is small. We hâve

K (£"), \X\ S M

/7 k^x^d^Wd^Çy)
J J K x K

C(l-a)r l ̂  (,) (,) i H î
- ^) Ln22^ ^ » + n J

'^[^©(—w»-^]-
By vague compactness, after passage to a subsequence, we may

assume /^n^ ^ p, ç A^t^^J^). Since A^ is continuous, we can pass to
thé limit n —> oo, and obtain

/ / k^x - y)d^(x)d^(y) < c(l~Q)[diam«(^)]-l.
^ JA-xA- s(,Q'^

Now letting e ->• 0, we get ||^[[^ ^ " ~ a) [diamc,(JC)]~1, hence

[cap.W]-1 < c^l[diam,(^)]-l.

Note. — By thé uniqueness of thé measure XK-» we aiso get XK = A^.

6.10. COROLLARY. — If f : K -> Qp sâtisfies \f(x)-f(y)\ < \x-y\,
then cap,(/(^)) < cap,(X).

Proof. — This property is immédiate if cap^ is replaced by diama,
hence it follows from thé above theorem.

6.11. LIMIT THEOREM. — Let Un Ç- -^î? ^n ̂  ^-> ^à. assume thât
we hâve

lim / [a;|Q'~ld^n(^) = 0 uniformiy with respect to n.
^oo./|;r|>-R

Then k^ * ï/{x) = lim k^ * ^n(^) for a — a.a.x's. Moreover, if we set
n—^oo

f{x) = lim k01 * i^n(x} and introduce its lower semicontinuous regular-
n—>oo

izâtion f(x) =lim f(y), then k0' * y(x} = f(x) for ail x^s.
y—».x

Proof. — By thé descent principle k^ * v(x) < lim k0' * v-n{x)^ so
n—^oo

assume we hâve strict inequality on a set K of a positive a-capacity, and
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without loss of generality K compact. Then

/ ka^v{x)d^K(x)< ( lim A;0*^)^^)
JK JK n—^oo

< lim / fc0 *^n(^)^7x(^).
n-^oo Jj<

On thé other hand,

/ ^^(Vn-^d^x)
JK

= / ka^^K{x)d(^-y)(x}
J K

< { d{Un-v)(x)^0\ { M0-1^^-^)^)].
J\x\<R ^J^R -1

Since Vn ̂  ^5 thé first intégral approaches zéro n —> oo, while thé second
can be made arbitrary small by our uniformity assumption. This gives thé
desired contradiction and establishes thé first part of our theorem. For thé
second part, note that since k01 * v is lower semicontinuous and everywhere
< /, we hâve

fc0 * v{x} <lim ̂  * y[y) <lnn f{y) = f(x).
y—^x y—^x

On thé other hand, using thé above and thé regularization principle, we
hâve

f(x) = lim min f(y) < Inn f^(x)
N-^oo liy-a^p-^ N->oo

= lim k01 * ̂ (x) =ka^ y{x).

7. Thé Green measure.

Thé group PGI^Qp) acts on P^Qp) by fractional linear transfor-
mations, and we get an induced action on ^(P^Qp)), thé C-valued contin-
uons functions on P^Qp), and an adjoint action on thé (signed) measures
on P^Qp). We write P^Qp) = Qp U {oo}, ^(P^Qp)) = Co(Qp) C C,
^(P^Qp)) = M(Qp) C R^oo. For g e PGL2(Qp) and v e ^(P^Qp)),
we hâve gv e MÇP1^?)) defined by thé formula

fy(x)dg^x) = jy(gx)d^x) for ^ ç (^(P^Qp)).

We shall be concerned oniy with thé action of thé "inversion" 7— =

[ 1 2"|
0 ° \, XQ C Qp, where I^(x) == (x - xo)~1 + XQ for x ^ XQ, oo andi XQ j
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Ix»(xo) = oo, 4o(oo) = a;o. We hâve : 1^ o 1^ = id, \I^(x) - I^(y)\ =
\x-y\

\X-XQ\ • |i/-a;o|'

If K Ç Qp is compact and a;o ^ K, there are positive constants Fi =
p"i, F2 = p"2 such that for ail a;, y 6 K : Fi • |a;-y| ^ |/^(a;) - I^(y}\ <
Fz • |rc-2/|. We obtain F^-" • cap^K) < cap^(K)) ̂  F^ . cap^(A-);
in particular, cap^(Jf) = 0 if and oniy if ca.p^(I^(K)) = 0, from which we
get that Ij;o préserves thé collection of sets of inner capacity zéro.

In thé following, let K Ç P^Qp) be an arbitrary closed set such that
a-o i K. Since XQ i K, oo ^ I^(K), thé set 4o(AT) is compact, so let
'Vixo(K) dénote its equilibrium measure. We hâve a well defined measure
k0 * 6^ e M+ (4o (K)) given by

(fc0 * ̂ o) • ̂ w(y) = ̂ ^^ly-^ol0-1 • ̂ w(y).

We define P^^g = I^k" * ̂  • ̂ (K)) € A^+(AT), explicitly :

fv(y)dP^(y) =ç(^f'p(y)\y-xo\l-ad^K)({y-xorl+^.

Let us estimate thé potential of thé measure P^6y;y. We hâve
k^P^(x)

=^!^x-^a~ld^6^
= (c^)2^ l^l^^-^l'^^oW^o^))

and upon substituting y := Ij;o(y} we get
= (^-a)}2 [ ( \I.^)-y\ Y-I

v C(a) ^ 7^wV|^o(^)-^o|-|2/-a;o|^_
ly-^ol" '^^(^(y)= ̂ î i0-1 • ̂ X^ i7-^) -^i0-1^^)^

=fca*^(a;).fca*^(^^(a.)o).

Since Â;« *^(K) (x*) ̂  1, with equality for a-a.a.a;* 6 Ixo(K), and since
Ixo préserves sets of capacity zéro, we get :

k0' * P'K^(x) <, k01 * (^o(a;), with equality for a - a.a.x e K.
We will say that a measure v on P^Qp) is a-absolutely continuous if for
any set E, capj£') = 0 implies v(E) = 0. Thus every measure of finite
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a-energy is a-absolutely continuous, but not conversely. We summarize thé
above discussion of P^xo in thé following

7.1. THEOREM. — Let K C Pl(Qp) be a closed set, and &x
XQ f. K. Then there exists a (unique) a-absolutely continuous measure
Pg<^o ^ M^(K) such that k0' * Pg^o (x) = fc0 * 6^ (x) for a - a.a.x € K.
Furthermore k^ * Pj^6^(x) < fc0 * ^o(^) for a11 ^ and ^x^W =
^^J^W^o) < 1-

Thé formula for P^^o(l) is immédiate from thé définition. Thé
uniqueness of P^ë^o follows from :

7.2. 3^ UNIQUENESS PRINCIPLE. — Let K be a closed set, v\, v^ e
A4^(K), Vi a-absolute continuous. Ifka*^(x) = ka^^(x) for a—a.a.x ç
K, then v\ == v^.

Proof. — Setting v = v\ — ^25 we daim that [fc0' * Vz{x)\ < oo for
a — a.a.-r's, hence a posteriori for v — a.a.x^s. Indeed, otherwise we could
find a compact K/ C K, cap^(Jf') > 0, with k^ * i^i(x) = oo for ail x ç K ' .
But then we would get a contradiction :

oo = k^ * l/i(x)d^K/(x) = / k0' * ̂ K'{x)dvi(x)
J K ' J

< { dvi(x} + 0 ( 1 {x^d^x)) < oo.
J\x\<R ^J\x\>R /

We hâve, moreover, k^ * v(x) = 0 for a — a.a.x ç. K, hence again for
v — a.a.^'s, so that ||^|[^ = / k0' * f(x)dy{x} = 0, and we conclude that

J K
v=0.

In thé following we will let K C P(Qp) dénote a closed set and
U = P(Qp) '\ K ils open complément, with y ' s denoting points of [/, x ' s
points of K. We hâve thé following

7.3. SYMMETRY PROPERTY. — k^ * P^ëy^Çy^) = k06 * P^ëy^(y-i),
yi,y2 e U.
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Proof.

ka * P^U2/2) = / ka^ - x)dP^6y,(x) = { fc" * P^(x)dPK6y,(x)
J K J K

= / ka^P^(x)dP^(x)

JK

= / ka(y,-x) * P^M^) = fc0 * dP^(y,).
./K

7.4. DEFINITION.

Kreg = { x e K \ k a ^ 6y(x) =ka* P^6y(x) for âll y e U}
K,rr = [x € K \ fc0 * 6y(x) > k a * P^ëy(x) for some y ç U}.

Thé points of Kreg (resp. K[^) are called regular (resp. irregular)
points, and K = Kreg U K^r' By thé regularization principle and since
k0 * 6y{x) =ka ^ Pf^6y(x) for a - a.a.x ç K, it follows that k^ * 6y(x) =

0

k" * Pf^6y(x) for an interior point a; €Jsr= J<r \ 9K, so jfirr S 9K. In
particular, if 9^ = 0, jf = J^reg. If k01 * <^(a:) > k0' * Pf^6y(x), then aiso
fc0' * ̂ '(.r) > fc0 * P^6y'(x) for î/7 near î/. From this we get cap^(Jfirr) = 0.
Regular points of thé boundary 9K are characterized by thé following
property of "concentration" of thé Green measure,

7.5. THEOREM. — Let XQ ç 9K; XQ € Kreg ^==> P^y ^ ^xo as
y -^ XQ, y € U.

Proof. — To prove "<==" we use thé regularization principle and thé
fact that k^ * 6y(x) = k^ * Pj^6y(x) for a — a.a.x ç JC, hence for a.a.x ç K,
to write :

k^SyM-k^P^xo) = lim pN/> ^^^-P^^)^)^
N-^oo J|a;-^|<p-N

= lim p^/1 ^ Â;a*(^-P^^)(2/)^.
N—^oo J\y-xo\<p~N

y^U

Thus if a'o ^ ^reg? we can find yo € U such that thé left hand side is
> 0, hence we can find a séquence of points yn —> XQ, yn Ç. U ^ such that
hm k^ * (^o - Pj^o)(2/n) > °- But assuming P^6y^ ^ 6^, we get using

n—^oo
thé descent principle, and thé symmetry property,

lim fc0 * 6y,(yn) = ̂  * 6y,(xo) = fc0 * 6^{yo)
n—>QO

^ lim fc0 * P^(yo) = lim fc" * P^^o(yn).
n—»cx) n—»oo
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To prove "=^ we take 0 < (p ç <?(Qp), and show Pg6y((p) —> 6^) =
^{xo). We write (p = k^ * <//, where ^ ' = fc"0' * y? is locally constant and
0(|^|-(i-^)) as M -^ oo. We hâve

^xo) - P^y(y) = ̂  * y/(0:0) - t k^ * y/(a;)dP^(^)

= [(ka(xo-x) - ̂  * P^yCr)) • <//(;r)Ar

= f^^y-x) - k- * P^^(^))^(a;)^

+ [(ka(xo-x) - ̂ (y-xW^dx.

Letting y —> XQ, thé second intégral tends to zéro, and thé first intégral
may be rewritten

{ k^ * (6y - P^6y)W(y)dy < max \^(y)\ • / ̂  * (6y - PS6y)(y)dy
Ju Ju
< max |̂ | . [ ( ^ * (6y - P^6y)(y)dy + ( ^ * 6y(y)dy\.

L^|y-a;o|><5 J\y-xo\<6 -1

Taking <$ sufficiently small thé second intégral inside thé brackets can be
made arbitrarily small, while for thé first we hâve by thé symmetry property
and our assumption that XQ ç. Kreg^

lim ( k^^ôy-P^y^dy^ [ ka^6y-PK6y)(xo)dy = 0.
y xo J\y-xo\>6 J\y-xo\>6

We shall next extend thé Green measure Pj^6y to points of K. For
x ç. Kreg we set Pf^ôx = 6x.

Assuming x ç. K^, by thé above theorem we can find some séquence
Vn —^ x, yn € U, such that Pj^ëy^ does not converge to 6x. By thé
vague compactness of {P^ëy^} we may assume that P^Sy^ -^ v ^ Sx-
Set m = v{{x}) ç [0,1) and define

P^ëx = -^—(y-m • 6x) € M^(K).
1—771

Thé independence of this définition from thé choice of {yn} follows from
thé 3^ uniqueness principle and thé following property which completely
characterizes Pj^6x :

7.6. THEOREM. — P^6x is a-âbsolutely continuons and
k" * P^W) = k^ * 6x{x') for a - a.a.x' e K.
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Proof. — Using thé limit theorem, we hâve for a — a.a.x/ G K^
k^ * y { x ' ) = Hm k0' * PK^ ( x ' ) = lim ^ * ̂  (a/) = fc^ * (^(a/)

n—^oo n—^oo

and by thé descent principle k01 *l/(.r/) < A;0 *^(a;') for ail a*'. Since k^ *^ is
bounded away from a;, it follows that Pj^ôx == ———^[ s \ ls o^-absolutely
continuous. Moreover, for a — a.a.x' G JC,

^ * P^^(^) = -T1—^ * (y - m ' ̂ (.r') = -r^—k^ * (^ - m^)(^)
-L T/t' 1 ni

= k a ^ 6 x ( x / ) .

7.7. DEFINITION. — G^(x,y) = k^ * ^(.r) - A;0 * ̂ ^(^) wiii
be caiied thé Gréent function of U. We hâve G^(x,y) >_ 0 for âll x, y ;
G^{x, y) = 0 for âll x ç Kreg, yçU ând âll y e J^reg. Gf&(^, 2/) = G^(y, x)
for âll x,y ^ J<"irr.

We consider next thé problem of reconstructing thé potential k^ * ̂ ,
^ € A/(a(-^)î from its values on K : for ail y ç. U we hâve

/ G^y)d^x) = ( G^x,y)d^x)
JKirr JK

= ( k^ * (îy(a;)dî/(a;) - [ k^ * P^^(a:)^(a;)
^x ^x

= Â^ * v{y) - [ k^ * i/(;z;)dP (̂:r).
^j<

Thus, we obtain

7.8. M. RIESZ RECONSTRUCTION FORMULA. — For V C Ma{K\
y C U = Qp v K,

k- * v{y) = ( ^ * ̂ x)dP^6y(x) + f G^ y)d^x).
JK JKirr

In particular, if i/\ =0 then
j-Kirr

^ * y (y) = /* ^ * î/(a;)dP^^(a;).
*/A:

As a corollary we obtain

7.9. 4^ UNIQUENESS THEOREM. — Leé V\^ € A<(^), ^| = 0
1^-irr

(orjust ^n = ̂ 2| )• ffÂ;Q*^l(a;) = fc0' *^2(^) for a—a.a.x e JC, then
P<irr P<irr

^1 = ^2-
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Proof. — Setting v = 1/1 - v^ v\ = 0, so k^ * v(y) = / A^ *
l™"" JK

i^(x)dP^6y(x) = 0 since Pg^ is a-absointely continuons. Thns k^ *i/(z) =
0 for a — a.a.^s hence for a.a.z's and onr theorem follows from thé P*
nniqneness principle.

Thé family of measnres {Pj^} is Borel, i.e. for any (p e <S(Qp),
Pf^6z((p) is a Borel measnrable fnnction of z. For any measnre v we

define P^v = [ P^6,d^z), i.e. P^(^) = ( P^ô^d^z). P^y is a

positive distribntion, hence a measnre : P^u e M^~(K), and is snch that
PJ^i = 0. Similarly, if v is any signed measnre, P^y is again a signed
measnre. Moreover, P^v solves thé problem of "Balayage" or sweeping ont
v onto K while preserving thé potential.

7.10. BALAYAGE PRINCIPLE. — For any (signed) measure v there
exists a unique (signed) measure Pj^, such that :

(i) SMppP^CK;

(ii) P |̂ =0;
.TVirr

(hi) k0' * P^(x) = ̂  * i/(a:) for a - a.a.x ç K.

Moreover, if v is a measure, then we hâve aiso

(iv) k01 * P^v(x) ̂  k0' * y{x) for ail x.

Proof. — Properties (iii) and (iv) follow immediately from thé cor-
responding properties of PK^Z' Uniqneness follows from thé 4^ nniqneness
theorem.

From thé nniqneness of P^v we get thé following transitivity property
of balayage :

7.11. COROLLARY. — Let K^ D K^ be closed sets, v a signed
measure, then

p<K^=n^p<K^.
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Note aiso that we hâve, for K compact,

P^(l)= / ldP^(x)= f ka^^K(x)dP^(x)
J K J K

= ( k^ * P^(x)d-rK(x) = / ka ^(x)d-TK(x)
J K J K

== / k^ *^K(x)d^(x) < ( dv = ^(1).

7.12. EXAMPLE. — For B^} = {^ | \x\ < p^}, a;o ^ B^), we
hâve

p^)^0 = ̂ '^W'W^'

Indeed, thé potential of this measure is equal to

^^^-p-^x^-1 f ^-x^dx-
C(a) C^)^ l 01 j\^ {y x} dx 5

for y ç B(pN) we can put x := x-\-y and we get " ~ ' ' l . ro l 0 ' " 1 =
C(a)

À;0 * ̂ (î/). For ./ i B(pN) we oblain co——)c^p^l-)|^|-l|^[-l

which is < ka^6^(y), since çu < 1, and since for \y\ > p1^ and |a;o| > p^,

1^1 - y-'i < P-^, hence p^1—)!^!"-1!^!"-1 < \xo - y^-1 (cf. [8],
Appendix, A.6, p. 402).

7.13. EXAMPLE. — Let EN = {x | \x\ > p~N}, and set

%o " ̂ -Na(l-^-l-^))|^ ^ ̂ +(^)•

We hâve for ail XQ i EN, -P|̂ o = ̂ N)- Indeed, for y ç Bjy
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^W-^^L-J-r^

^^f^-1^
-^^'^f i-1'---'1^{a) (,(a) «/H^p^lî/l

^CMCd) p-N^-i f~ ,,^
C(a) <(ar m ./i.i^i^1 M

^Ç(l-a)^ ^ ,C(a) ,,
C(a) C^ w 0(1)^ lyl

'^l^"1-^*^^-

On thé other hand for y ^ Bff,

k" ^ 6? . (V) - C(1•Q) itil.,-^ ( dx - C(1-Q) <(1) ̂ (l-a)*w^- ^ ^)P y^_, ̂  - -ç^-ççaf •
Since for any a;o ^ B^, |y-a;o| < P"^ so [y-a-ol0'"1 > p7^1-"); and

since ̂  < 1'we get ka *Wy) < ̂ (^ly-^l""1 = ka * ^o(y) (cf.
[8], Appendix, A.3, A4, p. 401).

Note ttot «S.,(l) = ^P-»°^^, ̂  - 1, i... ̂ ) ,. .
probability measure. We note aiso that we hâve, as is easily verified,

^N} ̂  ^o as N —>• oo,

^v) ̂  ^fjv) as a -^ /?.

Thé measure 6?^ defines an operator (via convolution), applicable to any
f dxfunction / ç L^ such that / \f{x)\. , , . < oo; in particular, it's

J\x\>l l ^ l 1 1 0

applicable to any potential f(x) = k^ * /^(.r), /^ e A^a.

8. a-super-harmonic-functions.

Thé following lemma establishes a relation between 6?^ and k ' 0 ' that
will motivate much of thé development of this section.
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f dx8.1. LEMMA. — Let f e L^, j \f(x)\ ^ < oo, and assume
J|a;|>l M

/ is locally constant near XQ . Then

k-" * f{xo) = c^0 ̂ m^-^^o - <%v)) * /Cro),
indeed, equality hoids for N ^ Ny.

Proof.
c^)^N)a(^o-^))+^o)

'^"t,^^-^0^^

^L-^^^-^^
since p0 = p0 — 1 = — ———-, and thé lemma is obtained upon letting

C(a) Ç(-a)
N->oo.

8.2. DEFINITION. — A function f : Qp —^ [0,oo], / ^ oo, is caiied
a-superharmonic (a-s.h.) if

(i) / is iower semicontinuous ;

(") / A^)-^<œ;
J|a;|>l l^l

(iii) For any rro € Qp, there exists JVo such that for ail N >, NQ :
/(^o)>^)*/(^o).

8.3. DEFINITION. — A function f : Qp —> C U {oo}, / ^ oo, is
caiied ûi-Aarniojlic fa-A.^ au ^0? ^ :

(i) / is locally constant near XQ ;
f HT

(ii) / l^)l,,î^<o°;
^|a;|>l \x\

(iii) À;-0 * /(o;o) = 0.

By Lemma 8.1 conditions (i) and (iii) are équivalent to f(xo) =
6^^f(xo)îoîol\N^No.

f will be called a-harmonic in an open set U, if it is a-h. at each
XQ G U. Explicitly, f(xo) = (l-p"0) / f(xo + pNx)\x\~otd''x, for ail

^|a;|>l
N > N(xo).



ANALYTIC POTENTIAL THEORY OVER THE R-ADICS 937

8.4. Example. — Thé constant function f(x) = c is everywhere
harmonie, since <%n(l) == 1; for c > 0 it is a-s.h.

8.5. Example. — A potential f(x) = k^ * i/(a:), i/ e .M^, is a-s.h.
Indeed, we hâve

6m * -^o) = / ka * ̂ o - ̂ w^) = / ̂  * ̂ )^o-^(^)

< ( ^{XQ-X^X) = k^ * ̂ o) = /(^o).

Moreover, in thé complément of supp(i/) it's a-h. Indeed, if XQ +
BÇp-^) is disjoint from supp(^), then for x e supp(i/), a:o-^ ^ ^N for ail
N >, NQ, and we obtain

%v) * /(^o) = /'^ * ̂ o - ̂ )^)(^) = /fc0 * <^0ro-^(a;)

=/>Â:a(^o-^^)=/(^o).

We shall establish below a converse to thèse examples.

8.6. LEMMA.

(i) Let f ç Ll{B(pN),dx) be extended to ail ofQp by putting, for

\xo\ > P^, f(xo) = ̂ P-^ f f{x)dx ' W-1; then f is a-h. m
^W J^^

Qp^B^).

(ii) Similarly, let f e ^ ( È N , , x ) be extended to ail of Qp by
\ \x - L I Q i / '

giving it thé constant value ^—^-Na / f(x). x on Qp \ E N ;
(>^J v\x\>p~N 1^1 a

then f is a-h. in Qp \ EN.

Proof. — An easy calculation gives for |.z;o| > PN > P"^ :

^1) f ïx-xn^^ix^^^dr -T/^lrJ0-1 D^^IT \-a-l
C(n/\ \x\>p-M ^ wol \'L\ ax — p \XQ\ —p \xo\
^^ l/l.-.ol>p^
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To prove (i) we calculate for \XQ\>pN, M > -N,

^^(.o^p-^^-.)^

-^u^^^'^
+f^-. ̂ -xr^-^dx.^-p-^f f(y)dy]
•'^\>^ ^a' JW-^P" J

= ̂ p~Na 1 f^v • i^i"'1 • fi^oi-20^-^0
sl"^ "'Is/l^p^ L

+\xo\l-ap-Maçw [ |a;-a;o|°-l|rc|-(l+a)&1
^^S^ J

- f(^)

by thé définition of /(a;o) and thé above daim.

Thé calculation for (ii) is even easier : for |a;o| < p1^, M > N ,

^ •/(..)» ̂ -"-[^A^

4- ( dy C(1) -Na f f, ^ dx -I
Jp-^^\y\<p- lyl^0 ' c^ 41^ •/w |^|i+"J

=c(l).p-^a/' ffa;) ria; fpW-M)a
CM^ /M^-'1 ̂ M^P

+<lllD-Ma /' _riy_1

C(a)" ./p-M^Kp-. |y|i+"J
= /(^o).

We note that if / is Q-s.h., then since 6?^ -^ 60 and / is semicontinuous,
v / JV—^oo

we get ^ïm6W * fW = /(•E)- In particular, if /i, ^ are a-s.h., and
/i(a;) = /2(-E) for a.a.a;'s then /i = /a everywhere.

Let U Ç P^Qy) be an open bounded set and put K = P^Qp) \ U.

Let / be a continuons function in K such that / |/(a:)|—x— < oo.
J\x\>l \X\l+a

Defane :

hf(y) = 1 f(x)dP^6y(x).
JK
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8.7. SOLUTION TO THE DIRICHLET PROBLEM. — hf ÎS a-h. m U

hf^ =/|^ .
[-^reg j-^-reg

Proof. — For x ç Kreg, P^ = 6^ by définition, so indeed hf(x) =
f(x). Fix yo € U. Thé intégral defining hfÇyo) is finite; indeed, take M
such that BM <= K, then a.s is easily seen P^ôy^ i^ < P| 6y^, and by our
assumption on /, we get

/ \f(x)\dP^(x) ̂  f \f(x)\dP^6y^X)

^BM JÈM

-^L-^^-
Next, let A^o be such that yo + B(p-^°) Ç (7, then for any N > NQ,
K Ç yo + BTV, and we hâve

^V)*M2/0)= / , ^(2/)^+B.^o(2/)
JVO+BN

= 1 t f^)dPÏ,6ydP^^6yM (by définition of /y)
JVO-^-BNJK

= ( f(x)df dP^6y{x)dP^6yM

J K ^yo^-BN

== \ f(x)dPj^6yQ (x) (by transitivity of Balayage)
J K

= hf{yo)'
Since for any y^ e yo + BÇp-^), y^ + J3^o = 2/o + ̂ o. we aiso see that
^f{yo) = ̂ f(yo)^ l•e' hf is locally constant in U, concluding thé proofthat it
is a-h. in U. We note that, since for U 3 y —^ XQ ç K^Ç\9K, P^6y ^ 6^,
we hâve hf(y) —> hf{xo), i.e. hf is aiso continuous in K^eg, and its oniy
discontinuities can appear in K^r'

8.8. PRINCIPLE OF THE HARMONIC MINORANT. — Let f be Q-S.h.,

and let g be a-h. in an open set U, continuons in Û, and assnme oo ^ U
(possibly oo e U).

Iff >. 9 onQp\U, then f ̂  g everywhere; iff{xo) = gÇxo) for some
XQ e U, then f = g almost everywhere.

^ Proof. — Let d = f—g ; d is lower semicontinuous on Û. At any point
6e Ù\U,we hâve lim d(x) =lim /(^)- Um g(x) > f(b)-g(b) >0.

U3x-^b x-^b U3x-^b
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Consequently, if d assumes négative values, then there is a point XQ G £/,
where d{xo) achieves ils minimum, and we hâve a contradiction : for N ^> 0,
d(xo) < 6^ * d(xo) = 6^ * f{xo) - 6^ ^g{xo) < f(xo) - g(xo) == d(xo).

If f(xo) = g(xo) for some XQ € ^7, then again 6?^ * c?(a;o) = 0, hence
d(x) = 0 for a.a.x^s.

8.9. COROLLARY. — Let f be a-s.h.. If f(xo) = mff(x) for some
XQ C U, then f{x) = f(xo).

E.g., we hâve 6^(2/1,2/2) > 0 for ail 1/1,2/2 € £/; indeed, 6^(2/1,2/2) is
a-s.h., and a-h. for î/i 7^ î/2-

We hâve thé following converse to thé above principle :

8.10. LEMMA. — Let f : Qp —> [0,oo] (f ^ oo^ be Jower semicon-
r dxtinuous, y f(x) < oo, and assume f satisfies thé principle ofthe

J\x\>l W
harmonie minorant. Then f is a-s.h.

Proof. — Fix XQ ç Q, N ç. Z and let g be thé function constructed
in lemma (ii) with respect to /| . . Since g is a-h. and continuous (even^XQ-\-BN
constant) in thé open (and closed) set {x \ \X—XQ\ < j?"^}, and since on
thé complément we hâve f > g (even / = g), we obtain by applying thé
principle of thé harmonie minorant 6?^ * /(^o) = ^(^o) <: f(xo)-

Noting that in thé above proof N was arbitrary, we get

8.11. COROLLARY. — Iff is a-s.h., then 6?^ * / < / for ail N.

8.12. THEOREM. — TAe class of a-s.h. functions is closed under :

(i) addition and multiplication by a positive constant ;
(ii) passage to thé limit of a séquence converging uniformiy;

(111) passage to thé limit of a monotone increasing séquence (if thé
limit is ̂  oo);

(iv) thé opération inf, applied to a finite number of éléments;

(v) convolution with a measure (if thé resuit is ^ oo).

Proof. — (i), (ii) and (iv) are trivial. To prove (iii), assume fn are a-
s.h., fn < /n+i, f(x) = \ïmfn(x) ̂  oo. Then f{x) > fn(x) > 6^ * fn(x),
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and by monotonicity we can let n —> oo to obtain f(x) > 6?^ * f(x). To
prove (v), let / be a-s.h., fi a positive measure such that ^ * / ^ oo. Then
we hâve ^ * / == lim (^i ) * / a monotone increasing limit, so by (iii)
we are reduced to thé case that /x has compact support, but then we can
use Fubini theorem to obtain

^ * f(xo) > [i * (^ * f)(xo) = (/, * /) * 6^(xo).

8.13. COROLLARY. — If f is a-s.h., then k-^ * / is a positive
measure.

Proof. — Hère k-^ * /((^) ^ A;-^/ * ̂ ) for ^ ç <?(Qp), and we
need to show that, if (p >_ 0, then k~01 * f((p) ^ 0. By (v), / * (p is again
a-s.h., and noting that it satisfies thé conditions of Lemma 8.1, we get

k-^f * V) = CË^0 ^p^^Çôo - 6^) * (/ ̂ ) > 0.

We now arrive at thé following important resuit :

8.14. RIESZ REPRESENTATION THEOREM. — A fllîiction f ÎS 0-S.h.
if and oniy if f = k^ * v + c, v e M^, c > 0. In this représentation, thé
measure v and thé constant c are unique. Moreover, f is a-h. at XQ if and
oniy ifxo ^ supp(^).

Proof. — Thé "if part of thé first statement has been established
above, so let / be a-s.h.. Consider thé function /^ constructed in Lemma
8-6- œ fo r f\B^y Le'

( f { x ) \x\<pN

fN(x) = 1 ̂  . \x\a-l \x\ > pN where ON = ̂ P-^ l f^dx.l Cw J^^
Since /N is a-h. outside B^), and since /7v(^) < f(x) for x e B^) and
x = oo, we get by applying thé principle ofthe harmonie minorant : f^ < f
everywhere. Consequently, for XQ ç B^) : 6^ */7v(^o) < ^M) */(^o) <
/(-^o) = fN(xo), i.e. /TV is again a-s.h.. Moreover, since /^v-i is a-h. outside
B^-1), and since fN-iÇx) < fN^x), for x e B^-1) and x = oo, we
obtain by another application of thé principle of thé harmonie minorant :
/N-I <: /N everywhere.

Since /7v(rr) — 0^ x^"1 has compact support, we easily get

fN(xo) - a^xo^-1 =koi^ (k-0' * (fN(x) - a^x^-1))^) for a.a.xo's.
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But thé right hand side equals fc" * (k~01 * /N)(^o) — o'N^o^'1^ hence
f^(x) = fc" * (A;"0' * /N)(^) for a.a.a^s.

Since /TV is o-s.h., ^^v = ^-Q! */N is a positive measure and k01 *z</v is again
a-s.h., hence

Î N ^ ) = ka ^ VN(x) for ail x.
Since thé fpf monotonically increase to /, we obtain by thé dichotomy
principle (4.6)

f(x) = lim fpf(x) = lim k 0 ' ^ ^^(x) = ka ^ i / ( x ) - { - C Î O T a.a.x's
N—>oo N—KX)

for some v 6 A^^ and c > 0. Again, since both sides are a-s.h., we get
f(x) = k^ * z/(:c) + c for ail a;.

r dxFurthermore, since / À;" * v(x) < oo, we hâve
J\X\>1 Pi1 '0

^ ̂ (^ * ̂  = ̂ - /* ^ * ̂ P"^)^- —— 0
(-^ / C(^)7H>1 '^I^^N-œ

hence : lim 6?^ (/) == c, which proves thé uniqueness of c, and hence of
N—^—oo v /

î/. Thé harmonicity statement is clear.

8.15. COROLLARY. — A function f is à potentiâl of à measure if
and oniy iff is a-s.h. and lim %n(/) == 0.

N—^—oo ' )

8.16. COROLLARY. — Let f be a-s.h. and v e M^. Then
inf{/, ka ^ i^} is a potentiâl of a measure.

Proof. — Since both / and k^ * v are a-s.h. so is inf{/, ka * ̂ }, but
we aiso hâve

lim 6?^ (inf{/, k^ * v}) < lim 6?^ (^ * v) = 0.
N—>—oo ' ' 7V—»—oo v /

As another application we hâve,

8.17. PRINCIPLE OF DOMINATION. — Let f be a-s.h., v e £^ ; then
ifk0^ * î^(x) <^ f(x) for v — a.a.x^s, then ka * y < f everywhere.

Proof. — By thé above corollary inf{/, k^ * v} = k^ * y ' , for some

v ' e M^. But I I ^H^ = 1 k^ * v\x)dv\x) ^ /^ * v{x}dv\x} =

\ koi^î/f{x)d1>'{x) < \ fc0^v(x)àv(x) -==- \\^\\a < œ, i.e. v ' ç £^. Moreover,

||z, - ̂ ||^ = [(k^ * y{x) - ̂  * y'(x)){dy(x) - d^{x))



ANALYTIC POTENTIAL THEORY OVER THE p-ADICS 943

and we can restrict thé intégral to {x \ fc0 * y[x) > k0' * v'{x}} = {x \
k^ * v(x) > f(x)} which by assumption has i/-measure 0, hence we obtain

11^-i/Hâ = - />(À:Q*l/(.r)-Â;Q*^//(^))dl//(a:) ^ 0, hence |^-V||a = 0, and

by thé 2"^ uniqueness principle v = ^', so fc0 * v = k^ * y ' = inf{/, fc0 * ̂ },
i.e. fc0 * y ^ f.

8.18. Remark. — Thé condition 1̂  € £^ can be weakened to :
k^ * ̂ (a;) < oo for v - a.a.x's (cf. [8], Theorem 1.29, p. 115).

Recall that for a compact set K^ we hâve 7j< its equilibrium measure,
and dénote by JK = k^ * ̂ K its potential, so /K(^) ^ 1» Î K ^ ) = 1 for
a — a.a.a: e J^.

8.19. COROLLARY. — If K1 Ç ̂ , then /j</ < /K.

Proof. — f K ' { x ) = 1 = fK^x) for a — a.a.x ç. K^ so in particular
f K ' ( x ) <. fK(x) for ^ K ' ~ a.a.x's^ and by thé principle of domination
Î K ' < ÎK everywhere.

8.20. COROLLARY. — /^uK2 + /Kinj<2 ^ fK, + /J<2-

Proof. — Since /i^nK^ < /K^^ ^^ since for a — a.a.x € J<"i,
fK^uK^W = 1 = /Xi(a0, we obtain fc0 * (r/K^K^ + 7Kin^2)(^) =
ÎK^K^X} + fK^K^{x) <, fK^(x) + ./j^O^) = ^ * (7^1 + 7^2) W for
Q! — a.a.rr ç. K\. By symmetry this inequality hoids aiso for a — a.a.x ç. K^^
hence it hoids for (7j<iUJ<2 + ^K^K^} — d.a.x^s and by thé principle of
domination it hoids everywhere.

This corollary gives us thé following convexity property of cap^.

8.21. COROLLARY.
cap^i U K^) + capj^i n K^) < cap^(^i) + c^(K^).

Proof. — Set v = 7 ,̂ +7^2 -7J<iUJ<2 -^ÏK^K^ so that k^^x) ̂  0
for ail x. We hâve

cap^i) + cap,,^)- cap^(J<:i U ^2) - cap^i H K^)

= 7Xi(l) + ̂ K^W - 7^iUJ<2(1) - ̂ K^K^W

= î/= ^(1) = y ̂  *7J<iUK2(^)^(^)

= j k^ * ̂ (^)d7^uJ<2^) > 0.



944 SHAI HARAN

BIBLIOGRAPHY

[I] C. BERG, G. FORST, Potential theory on locally compact abelian groups, Ergebn.
d. Math., 87, Springer-Verlag (1975).

[2] J. BLIEDTNER, W. HANSEN, Potential theory, Universitext, Springer-Verlag (1986).

[3] J.W.S. CASSELS, A. FRÔHLICH, Algebraic number theory, Thompson, 1967.

[4] W. FELLER, An introduction to probability theory and its applications, Vol. II,
John Wiley & Sons, 1970.

[5] S. HARAN, Riesz potentials and explicit sums in arithmetic, Inventiones Math.,
101 (1990), 697-703.

[6] S. HARAN, Index theory, potential theory and thé Riemann hypothesis, in Proc.
LMS Symp. on L-functions and Arithmetic, Durham, 1989.

[7] G.A. HUNT, Markoff processes and potentials I-III, Illinois J. Math., 1 (1957),
44-93 and 316-369; 2 (1958), 151-213.

[8] N.S. LANDKOF, Foundations of modem potential theory, Grundi. d. math. Wiss.,
180, Springer-Verlag (1972).

[9] S.C. PORT, C.J. STONE, Infinitely divisible processes and their potential theory
I-II, Ann. Inst. Fourier, 21-2 (1971), 157-275; 21-4 (1971), 179-265.

[10] M. TAIBLESON, Fourier analysis over local fieids, Princeton Univ. Press, 1975.

[II] A. WEIL, Fonction zêta et distributions, séminaire Bourbaki (1966), 312.

Manuscrit reçu le 24 août 1992.

Shai HARAN,
Department of Mathematics
Technion Institute of Technology
Technion City
32000 Haifa (Israël).


