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ON THE EXISTENCE
OF WEIGHTED BOUNDARY LIMITS

OF HARMONIC FUNCTIONS

by Yoshihiro MIZUTA

1. Introduction.

In this paper we are concerned with the existence of boundary limits
of functions u which are harmonic in a bounded open set G c= R" and
satisfy a condition of the form :

^P(|grad M(x)|)co(x) dx < oo ,
JG

where ^(r) is a nonnegative nondecreasing function on the interval
[0,oo) and o is a nonnegative measurable function onG. In case G is
a Lipschitz domain, ^(r) ==r 1 3 and o)(x) = pQc)13, many authors studied
the existence of (non) tangential boundary limits; see, for example,
Carieson[2], Wallin[10], Murai [7], Cruzeiro [3] and Mizuta[5], [6]. Here
p(x) denotes the distance of x from the boundary 8G. In this paper,
we assume that ^F is of the form ^^(r), where v|/ is a nonnegative
nondecreasing function on the interval [0,oo) such that v|/(2r) ^ Ai\|/(r)
for any r > 0, with a positive constant A i . In case G is a Lipschitz
domain and G)(x) is of the form ?i(p(x)), where ^ is a positive and
nondecreasing function on the interval (0,oo) such that ^(2r) ^ Ag^r)
for any r > 0 with a positive constant Ag, our first aim is to find a
positive function K(r) such that ^(p^))]"1!^) tends to zero as x tends
to the boundary QG; when K is bounded, M is shown to be extended
to a continuous function on Gu8G.

Key-words : Harmonic functions - Tangential boundary limits - Bessel capacity Hausdorff
measure.
A.M.S. Classification: 31B25.
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It is known (see [5]) that if u is a harmonic function on the unit
ball B satisfying

| IgradMMI^l-lxl2)^ < oo, P ^ p - n,
JB

then u(x) has a finite limit as x -> ^ along
7a(^,a) = { x e ^ ; |x-^r<ap(;c)} for any a > 0 and any ^e 36' except
those in a suitable exceptional set, where a ^ 1. Further it is known
that this fact is best possible as to the size of the exceptional sets. We
shall show in Theorem 1 that if u is a harmonic function on B satisfying
the stronger condition:

[ ^,(\gmdu(x)\)(l-\x\2)p-ndx < oo
JB

and if \|/ is of logarithmic type (see condition (\|/i) below) and

[vK^"1)]"1^"1^"1^ < °°» ^en u is extended to a function which
Jo
is continuous on B u QB.

Next let us consider the case where

G= G^{x=(x\x^eRn-l x R1; |xT<^<!}.

In case a < 1, 6'a is not a Lipschitz domain. However, we will also
find a positive function K(r) such that [Kdx])]"^^) tends to zero as
x -> 0, x e Ga; when K is bounded, u is shown to have a finite limit
at the origin.

Further, we study the existence of (tangential) boundary limits

lim u{x)
x^,xeT^,a,b)

Sit ^ e 8G except those in a suitable exceptional set, where
T^,a,b) = {^^x\Xn>a\x' +fc|xT} with a ^ 0, b ^ 0 and an
orthogonal transformation 5^. We note here that if G is a Lipschitz
domain, then for any ^ 6 SG, there exist a^, fc^ 0, r^ > 0 and an
orthogonal transformation 5^ such that 7a(^,^,fc^) n 2?(i;,r^) c 6',
where B(x,r) denotes the open ball with center at x and radius r. If
a == 1, then our results will imply the usual angular limit theorem.
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2. Weighted boundary limits.

Throughout this paper, let \|/ be a nonnegative nondecreasing function
on the interval (0,oo) satisfying the following condition:

(\|/i) There exists A > 1 such that A~^(r) ^ \|/(r2) ^ A^(r) whenever
r > 0.

By condition (\(/i), we see that v|/ satisfies the so-called (Ag) condition,
that is, we can find A^ > 1 such that

(A^) A^^r) ^ \|/(2r) ^ A^(r) for any r > 0.

For p > 1, set ^(r) = r^^). Since ^p(r)-^ 0 as r -^ 0, we may
assume that ^p(O) = 0.

If T| is a positive measurable function on the interval (0,oo), then
we define

Qi \i/p'
K,(r)= 5p/< l-7^/p)r|(s)-p//p5- lrf5) ,

where 1/p + 1/p' = 1.

In this paper, let Afi, M^, . . . denote various constants independent
of the variables in question. Further, we denote by B(x,r) the open
ball with radius r and center at x .

Our first aim is to establish the following result, which gives a
generalization of Theorem 1 in [6].

THEOREM 1. — Let \ be a nonnegative monotone function on the
interval (0,oo) satisfying the (Ag) condition, and let v|/ be a nonnegative
nondecreasing function on the interval (0,oo) satisfying condition (\)/i).
Set r}(r) = vl/O-"'1)^). Suppose u is a function harmonic in a bounded
Lipschitz domain G in R"^ and satisfying

(1) f ^(Igrad u(x)|)?i(p(x)) dx < oo .
JG

IfK^(0) = oo, then lim [K^(p(x))] ~'u(x) == 0; if K^(O) < oo, then u has
x-^9G

a finite limit at each boundary point of G.
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Remark. - If ^(r) = r^" and ^ satisfies the additional condition:

(v|/2) fl[l|/(r-l)]-l/<p-l)r-lrfr< oo,
Jo

then K^(O) < oo.

For a proof of Theorem 1, we need the following lemma (see[6],
Lemma 1).

LEMMA 1. — Let G be a bounded Lipschitz domain in jR". Then for
each ^e8G, there exist r^ > 0 and c^ > 0 with the following properties :

i) if 0 < r < r^, ^n t/i^r^ ^xist x^ e G n 2?(^, r) and <7r > 0 suc/i
tnar

£(x,x,)= U ^WO^^pWO^crGn^^r)
O ^ f ^ l

w^n^u^r x e G n 5(^, CT^) , where X{t) = (1 — t)x + tx^;
ii) p(x) + | x — ^ | < Mip(^) whenever y e E(x,Xr);

ni) if u is a function harmonic in G, then

\u(x)-u(Xr)\ ^ M, j IgradMOO^)1-"^
J^(X,Xy.)

/or an}/ x e G n 5(^, Or). Here Mi and Mz are positive constants
independent of x, r and u.

Proof of Theorem 1. — Let u be as in the theorem, and let ^e8G.
For a sufficiently small r > 0, by Lemma 1, we find that

\u(x)-u(xr)\ ^ M,\ \gmdu(y)\p(y)l-ndy
jE(x.Xr)

for any x e G n 2?(i;,<7,.). LetO < 8 < 1. By condition (v|/i), we can
find a constant A^ > 1 such that

(2) ^vl^O") ^ ^0'5) ^ ^s^W whenever r > 0.

Hence, from Holder's inequality we derive

\u(x)-u(x,)\ ̂  M,( f P^^1""^^^))"^^
\ J { y e E(x,Xr);f(y)>p(y) ~8}

M/P' F
x Mp(^))-p//p^) )̂ + Mi piyY-^dy

/ JE(X,X..)
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< M,( ("(pW + t)t''(l-n"')-^((f)(x)+t)-l)}-p''p

\HP' /•
x ^p(x)+t))~'>'lI'dt^ F(r) + Ma \x-y\l~s~''dy

) Jflte.Zr)

< M,K^p(x))F(r) + M^-^,

a yip
where f(y) = |grad«OQ| and F(r) = 'WOO^PO')) dy\ .

5nJ3(^,2r) /

Consequently, if K^(O) = oo, then we obtain

Q V^
lim sup ̂ (p^))-1!^)! ^ Ms ^(/^))^(P(^)) ̂  .

x^ 3nB(^,2r) /

Condition (1) implies that the right hand side tends to zero as r -> 0,
so that the left hand side is equal to zero.

On the other hand, if K^(O) < oo, then we see that
sup \u(x)—u(Xr)\ tends to zero as r - > 0 , which implies that u(x)

xe GnB(^,Oy)

has a finite limit at ^. Thus Theorem 1 is established.

3. The case G == G^ with a < 1.

If a < 1, then Ga is not a Lipschitz domain. However, we study
the existence of boundary limits for u satisfying condition (1).

For simplicity, set

Ui yip'
K^= s^-^^s)]-^-2 d s )

/
and

Ux) == K^p(x))+K^(x^) for x = (x7, x,).

THEOREM 2. — Let X, \|/ and r\ be as in Theorem 1. Let u be a
function harmonic in Ga and satisfying condition (1). If 0 < a < 1 and
^.aOO -> oo as x -> 0, then

lim [^(x)]-1^)^;
X-»0,JC6 C?Q(

anrf if K^(x) is bounded, then u(x) has a finite limit as x -> 0, x e Gy,.
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Proof. - For r > 0, let X(r) = (0, . . . . 0, r) and B, = ^(JT(r),
p^r))). If ^'(x.A^r)) c: B^ then, in view of Lemma 1, we have

\u(x) - u(X(r))\ ^ M, f |gradu(3;)[ pW^dy.
JB,

As in the proof of Theorem 1, by use of Holder's inequality we
establish

(3) |u(x) - u(X(r))\ ^ M^(p(x), 2p(Z(r))) U(r) + M^m^)]0-5^,

a r y i p '
where 0 < 8 < a < 1 , K^(t, r) = s^0-"^ ^(s)-^^-1 d5 and

U M/P

^)= ^(|gradM(^)|)?i(p(^))^ .
^ ^

For a large integer 7(^70), set ^ = Ms 7 -a / ( l~a), where j'o and
Ms > 0 are chosen so that rj — r,+i < p(X(rj)). Now we define

F,= {x= (x\xj6C7,;|x,- r,| < pWr,))}.

We shall show the existence of N > 0 such that the number of F^
with F^ r\ Fj ^ 0 is at most N for any j. Letting a and b be positive
numbers, we assume that rj - ar]^ ^ r^ + frO^)^". Then

7[1 - 07(/ + fc))^1-^] < M<31-a)/a[a + b(//0- + fe))1^-^].

Since M4 = info<«i(l - (a/(l-a))/(l - t) > 0, we derive
jk/(j + k) ̂  M, with Ms = [MF^^ + fc)]^,

so that
k ^ MS '̂AJ - Ms) when J > Mg.

From this fact we can readily find N > 0 with the required property.
Thus {F^} is shown to satisfy the above condition.

By (3) we have

\u(X{r,)) - u(X{r^))\ ̂  \u(X(r,)) - u(X(r^))\

+ \u(X(r^,))-u(X(r^,))\ + ... + \u(X(r^,,,))-u(X(r^,))\
/ j +k - l \llp / j +k - l y/p7

<Me 1: U(r,Y] S PWr/))p'<l-"/p)[^^(pWr,)))]^
\ i-i / \ /- j /

+M^[m„(^)]<l-a)"•.
/-7
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We note here that

i: [m^r-^ ^ M, f; r^^ < oo
s-i £=s

since § < a, and, by setting a(/) =^- l /< l - a > for simplicity,

J ^ pWr^^^-^hCpWr,)))]-^
^=; 7+fc - l

^MS ^ y-W-.Ya-nlp^^-lKl-^-p'lp

e=]r j + k
^ M, ^-i/d-oOp/d-H/p) ^^-i/d-a^-^/p ̂

J^
fCTC/)

= Mio s^0-"^ [TKS)]-^^^"-2 d5
Ja(j+k)

< Mio [K,,«(CTO- + k))r' ^ MntK^^pWr,^)))^'.

First suppose K^^(x) -> oo as x -^ 0. Then, since {F/} meets mutually
at most N times, we obtain

lim sup [K^(X(r^,W-1 \u(X(r^,))\
k -.00 / r \1^

< Me[Mn]1^ ^(Igrad u^)|) ^(p(^)) ̂
VJU^jF/ /

for any j. Thus it follows that the left hand side is equal to zero. We
also see from (3) that

lim [ sup [K^x)]-1 \u(x)-u{X(r))\} = 0.
r-»0 xeB^Gy

Since By contains some A^r,), it follows that

lim [K^x)]-lu(x)=0.
x-^0,xe Gy

If K^^(x) is bounded, then we see that

l imsupjuWr,))- u(X(r,))\ = 0
j-^w k^j

and
lim sup \u(x) - u(X(r))\ == 0.
r[0 x e B y .

These facts imply that u has a finite limit at the origin.

Here we give a result, which is a generalization of Theorem 2.
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PROPOSITION 1. — Let ^ and ^2 be nonnegative monotone functions
on the interval (0, oo) satisfying the (Ag) condition, and let v|/ be a
nonnegative nondecr'easing function on the interval (0, oo) satisfying
condition (v|/i). Suppose u is a function harmonic in G^ and satisfying

f ^(IgradM^DX^pM^dxl^)^ < oo.
JG^

Set Th(r) = vl/O-"1)^), Ti(r) = ̂ (r-1)^)^) and

K(x) = K^pM)^^]-^ + K,.,(xn

If K(Q)(= lim K(x)) = oo, then [^(x)]-1^) -^ 0 as x -^ 0, x e G,;
x-»0

if A:(x) is bounded, then u(x) has a finite limit as x -> 0, x e G^.

Proof. — As in the proof of Theorem 2, for x e B^ we see that

a \i/p
\u(x) - u(X(r))\ ^ M,r1-8 + MiK^(p(x)) XPp(/((^))?ll(p(^))^

^ . ^
^ Mir1-6 + M^(p(x))WT1111

a \np
^(/'(^)^l(p(^))^(l^ll/a)^

?r /and

|MWr,)) - ̂ (̂r,̂ ))! ^ M^^1-5^1-^ + MsK^Jp r̂,̂ )))a \i/^
x ^(/'(^^(p^))^!^!1^^ ,

Af+*J) /
A

where f(y) = |gradu(^)| and A^, == |j Bri. Thus the remaining part of
^j

the proof is similar to the proof of Theorem 2.

Next, for 0 < a < 1, let G^a) = {x = (x\ x^) e R^1 x R1;
0 < Xn < 1, \xf\a<axn}. Then the following result can be proved
similarly.

PROPOSITION 2. — Let K, \|/ and r| fc^ 05 in Theorem 1. L^ u be a
function harmonic in Gy, and satisfying

(4) | ^(Igrad u(x)\)^\x\^)dx < oo.
J<^



WEIGHTED BOUNDARY LIMITS OF HARMONIC FUNCTIONS 819

If 0 < a < 1 and K^(O) = oo, then

lim [K,,,(p(x))]-1 u(x) = 0
x-*0,xeG^(a)

for any a such that 0 < a < 1 ; and if K^ (r) LS bounded, then u(x) has
a finite limit as x -> 0, x e G^ (a), /or any a such that 0 < a < 1.

Remark. — Proposition 2 is best possible as to the order of infinity
in the following sense : if e > 0, |3 > ap - a - 1 and D is the half
plane {(x, y ) ; x > 0}, then we can find a harmonic function u on D
which satisfies condition (4) with K (r) = r^ and

(5) lim x-^Jx^r^O) = oo.
x->0

For this purpose, consider u(x, y) = r~° cosa9, where r ̂  (x2 + y2)112

and 9 = tan"1^/^). Then u is harmonic in D. Since ^.(r) = r^, we see
that

MiV^r-1)-1^ r"00 ^ K,.Jr) ^ M^"1)"1^"00

with flo = (2 - p + (3)/o^ + (1 - a)/a;/. If 0 < a < Oo, then

f ^(Igrad n(z)|)^(p(z))& < oo.
JG^

If a is taken so large that - e + OQ < a <a^ then we see that u also
satisfies (5).

4. Removability of the origin.

In this section we are concerned with the removability of the origin
for harmonic functions satisfying condition (1) with G = B(0, a) - {0},
a > 0.

THEOREMS. — Let X-, \[/ and T| be as in Theorem 1, and let u be a
function which is harmonic in 2?(0, y-o) - {0} and satisfies

f
^(|gradM(x)|)5i(|x|)dx < oo.

j5(0,ro) - !0}
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If limsup ^(r)"1^^) < oo, then u can be extended to a function
ri0

harmonic in B(0, ro), where N(r) = log (1/r) in case n = 2 and N(r) = r2""
in case n > 3.

Proo/. — For £ > 0 and x € ^(0,ro/2) - {0}, letXe = £x/|x . Then
Lemma 1 gives a \i/p
\u(x) - u(x,)\ ^ MK^\X\) ^p(\grsidu(y)\)n\x\)dx)

H0,2e) /

+M | \y\l-6-ndy,
j5(0,2e)

where 0 < 8 < 1. Consequently, it follows that limN(\x\)~1 u(x) = 0.
X-»0

Now our result is a consequence of a result in [I], p. 204.

5. Limits at infinity.

In this section, we discuss the existence of limits at infinity for
harmonic functions on a tube domain T^={x = ( x ' ^ x " ) e R^ x R^^;
\x"\ < 1}. This T{ is not generally obtained, by inversion, from G^.

THEOREM 4. — Let u be a harmonic function on T{ satisfying

f ^,(\gT3idu(x)\)p(x)p-n^\x\)dx< oo,
JT^

where ^ is a positive monotone function on (0, oo) satisfying the (Ag)
condition. Set

^)=f^?o-l)]-^^ lAy/p/
\Jo /

and

K(r)=f^[vi/(0)l(0-l/T/^
i/p-

r > 1. If K(r) -> oo as r -> oo, then [K(|x|)]~1 u(x) -> 0 as \x\ -^ oo,
x e T( ; and if K(r) is bounded, then u(x) has a finite limit at infinity.

For the study of the behavior at infinity, we do not think it
necessary to replace p^"" by a more general function ^i(p(x)). The
proof of this theorem is similar to the proofs of Theorem 2 and
Proposition 1 ; but we give a proof for the sake of completeness.
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Proof of Theorem 4. - For x e T^ take Xy e 7^ such that
E(x,Xo) c= B(XQ, 1). Then, by Lemma 1, we have

\u(x) - u(x,)\ ^ M, \ f(y) p ( y ) l - n d y ,
JE(X,XQ)

where f(y) == | gradu(y)|. Hence Holder's inequality implies that

U MIP

u(x) - u(x,)\ ^ M, ^(/(y)) PW^dy
yeE{x,XQ);f(y)^^{y)~^'\ J

x ( | p(^/(l-n) hH/GO) ̂ -T^^dy
1/P'

\J{yeE(x,XQ) ;/^) ̂ apW6} ^

+ a] pGO1-"-5^
j£(x,xo)

a \l/^

^Mi ^(/(^))pW^
?(^o-1) ^a \l/^

[vKocp^)-6)]-^^)-71^ + M,a,
?(^,^o) /

x
\JE(X,XQ)

where a > 0 and 0 < 8 < 1. If we note that

a MAP'

^(ocp^)-8)]-^^?^)-^^
':(X,XQ) /

/ /•2 \ l/^'a2 \W

^ Ms [^(ar-^l-^r-^r ^ M,v|/(a-1),
> /then a M/^

\u(x) - u(x,)\ ^ M, ^p(/(^)pW^) v|/(a-1) + M^a.
3(^o'1)

^M/f ^p(/(^))pW^)
\JB(XO,I) /

Taking a = I x l " 2 , we have

a y IP
\u(x) - u(x,)\ ^ Me ^p(/(^)p^)p-7lm^l)^^

3(XQ, 1) /

x v[,(|x|)^(|x|)- l /p+ M^lxl-2.

For x == ( x ' , x " ) , let fe be the nonnegative integer such that
k ^ \ x ' < k + l . Put x , = j ( x ' , 0 ) / \ x ' \ for 7 = 0 , l , . . . , f c and
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x^, = (^,0). Then

\u(x) - u(x^)\ ^ \u(x) - u(x^,)\ + \u(x^,) - u(x,)\ + .. •
+ ^(^o+i) - ̂ o)!

1/p

^ M,(! XFp(/(^))pW^(l^l)^)
\JA(X,^) /

/A+l \^IP' /k+1 \

x E M^M/r^Ti +M, Er2
\y=Jo ^ ^-JQ /

U M/P
^M, ^(/(}7))PW^(1^1)^ K(|x|)+M^1 ,

^x.x^ ) /JA(x.x^)

where A(x,x^) = (J ^(x^,l). If K(r) is not bounded, then it
r 1 1 i J 'o^J^A+1follows that

^ ^1?
limsup [KdxDl-^M^)! <M, ^(/(^)P(^-^(1^1)^

|x'|^co,^er^ r^-B(ojo-i) /

for any jo, which implies that the left hand side equals zero.

If K(r) is bounded, then u{x) is shown to have a finite limit at
infinity.

6. Global boundary behavior.

In this section we are concerned with the global existence of
tangential boundary limits of harmonic functions u on G satisfying (1).
Our aim is to give generalizations of the author's results [5], [6]. We
consider the sets

E, =\^e8G ; f ^-y\l-n\gradu{y)\dy=oo\
I jGnB(^,l) )

and

f r 1
E, = ^ea(r;limsup/i(r)-1 ^,(\gmdu(y)\)Up(y))dy > (H,

I ^° jGnB(^,r) J
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where h is a positive nondecreasing function on the interval (0,oo).
From condition (1) it follows that H^E^) = 0 ; moreover, in case
^(r) = ^, Bi_p^p(£o) = 0. Here H^ denotes the Hausdorff measure
with the measure function h and B^p denotes the Bessel capacity of
index (a,j?) (see Meyers [4]). As to the size of E^ we shall give a
precise evaluation in Proposition 3 below, after discussing the ^Fp norm
inequality of singular integrals.

Further, let (p be a positive nondecreasing function on the interval
(0,oo) such that lim cp(r) = 0, (p(r)/r is nondecreasing on (0,oo) and

(p(2r) ^ Af(p(r) for any r > 0 with a positive constant M. For a > 0
and ^e8G, set

S^(a) = {x=(x',x^(==Rn~l x ,Ri;(p(|;c-^[)<^}

and \T^a) = {^ + ^x,xeS(a)}
with an orthogonal transformation S^.

THEOREM 5. - Let G be a Lipschitz domain in 7?", and let u be a
harmonic function on G satisfying condition (1). If ^ e 8G - Eo u E^,
7^,a)c= G and ^(x)) ̂  M(a)h(\^-x\Yllp on T^,a), with a
positive constant M(a), then u(x) has a finite limit as x -> ^, x e T^,a).

Proof. - In view of Lemma 1, we can find {r;}, {xj} and c > 0 (in
Lemma 1) with the following properties:

i) 0 < r,^ < r, < I//.
ii) XjeGr^B^^).

iii) If xeGn^.r^i) , then E(x,x,) c= G H ̂ ,r,.), p(x)+
|x-3;| ^ Mip(^) for any y e E(x,Xj) and

|^(x) - u(x,)\ ^ Mi] /(};) p^)1-"^,
J E ( X , X J )

where /(^) = gradM(^)|. Hence, as in the proof of Theorem 1, we
obtain

\u(x) - u(x,)\ ̂  M, f(y) pW^y
JE(X,XJ)- B^,2|x-^|)

+M, ( PO)1-5-"^
J{>'eGnB(^,2|x-^|) ;/(^) < pOO-5}

+ M,K,(p(x)) (' f WOO) ̂ (p(^)<i^)
\jGnB(^,2|^-x|) /\jGnB(^,2|^-x|)

^M3(A+/,+/3),
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where 0 < 8 < 1 . If yeE{x,Xj) and \y-^\ ̂  2|x-^|, then p(y) ̂
M,l\x-y\ ̂  M,\\y-^ - \x-^\) ̂  (2M,)-1 \y-^\, so that

i i ^ M , ! nym-y^^dy.
jE(x,Xj)-B(^,2\x-^\)

Moreover, ^ ^ Mslx-^l1-5 and K^p(x)) ^ M(a) ^(Ix-^l ) - 1^ for
xeT(p(^,a) by our assumption. Consequently, if K,e 8G - (EoU E^),
then {u(x/)}^^i is bounded, so that we can find a subsequence
{u(Xj^)} which converges to a number MQ as fe -^ oo. Hence, since

lim [ lim sup \u(x) - u(Xj)\] = 0,
j'-»oo x-»^, x e T(p(^,a)

it follows that u(x) -> UQ as x -> S, along r<p(^,a).

For a, fc ^ 0 and a > 1, set

^(a,fc) == {x=(x / ,xJ;x^>a|x / | +fc|xT}.

If G is a Lipschitz domain, then, for each ^e 9G we can find a^,
^ ^ 0, r^ > 0 and an orthogonal tranformation S^ such that

{^+5^;xe5^,^)}n5(^) c= G.

For b > b^, put

T^.fc) = T^.S^fc) = {^+S^;xe^(^,b)}n5(^^).

COROLLARY - Let G be a Lipschitz domain. For a > 1 , let {T^,b) ;
^ e 8G, fc > fcj be given as above. If u is a function "which is harmonic
in G and satisfies

| ^(IgradMOODpOc)^^ oo
JG

for P > p — n , then there exists a set E c QG such that
i) H^E) == 0 for h(r) = inft^71-^^"1);

t^-r

ii) M(x) l̂as a finite limit as x -^ ^ along T^b) whenever ^ e 8G - E
and b > b^.

Proof. - First note that for 8 > 0, r^(r~1) ^ M^'v^s"1) whenever
0 < s < r , on account of condition (v|/i). Hence, since p(x) ^ Mi|x-^r
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for xeT^b),

Ql \ l lP '

K,(PW) ^ [^-^PVKS"1)]"^-1^ •
^r" /ai N l / P 7

^ Mz^'-^P-^vKr"1)]"1^ s"5^"1^
l^r01 /

^Ms^r)-^,

where 0 < 5 < n - p + p and r = x-^|. Let E = EoU E^ in the
notation given in Theorem 5. Since J?i-p^(£o) === 0 implies that Eo has
Hausdorff dimension at most n - p + P, on account of [4], Theorem 22.
Since a > 1 and n - p + p > 0, lim /lO-)/^"^ = 0, so that we see

r->0

that Hf,(Eo) = 0. Hence T^C£') = 0 , and the Corollary follows from
Theorem 5.

Remark 1. - In case v|/(r) = 1, ^(r) = rP with p - n ^ ( 3 < p - l
and (p(r) = r" with a > 1, we can take h so that h(r) = r^"^^ if
n - p + P > 0 and fc(r) = [log (2 + r-1)]1-^ if n - p + p = 0. Hence,
Theorem 5 and its Corollary give the usual T^-limit theorem (see [5]).

Remark 2. — Nagel, Rudin and Shapiro [8] proved the existence of
T^-limits of harmonic functions represented as Poisson integrals in a
half space.

7. Singular integrals.

Here we establish the following result.

THEOREM 6. - Let f be a function on R" such that

\(^^\y\Y~n\f(y)\dy< oo

and ^(l/OOl \yn ^) dy < oo , where - 1 < P < p - 1. If

u(x)= fx-^-VOO^, then

we set

j^dgradu^HxJ^)^ ^ M f^,(\f(y)\\yn p/p) dy

with a positive constant M independent off.
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Proof. - Without loss of generality, we may assume that / ^ 0 on
jR". First we consider the case P = 0. We note, by the well-known
fact from the theory of singular integral operators, that

?i(a) =^({x; |gradM(x)|>^})

^ M,a~1 I U(y) dy + M^-9 ( UW dy
J{y;f(y)^al2} J{y;f(y)<ai2}

= M^(a) + Mipz^),

where Hn denotes the n-dimensional Lebesgue measure, q > p and
U(y) = |gradM(j)|. Hence we have

f^dgrad^x)!)^^ f^( | grad u(x) |) rfx = ^d) d^,(a)
Jo

^M, !'^(a)d^,(a)+M, f00 ^(a) d^,{d)
Jo Jo

f / r2^ \ r / r^ \^MiK/O) a-^^(a) ^+M,k/W ^-^^(a) )dy
J \Jo / J \J2/CV) /

^M,S^,(U(y))dy.

In case P ^ 0, set g(^) == \yn^lpU(y) and

y(x) = l^c-}7!1""^)^.

For j = 1 , 2 , . . . , n, we see that

x^ (8/8x,)u(x)-(S/Sx,)v(x)\ < M, f^p(x,,^) (P|.,-^|^) (x,xj dy,,

where ^p(x^,^) == [ l - j x^ /^ l^ l / l x^ -^^ l and P denotes the Poisson
kernel in the upper half space D = {x=(x',x^)e R"'^ R1; x^>0}. By
[9], Theorem 1, (a) in Chap. Ill and Theorem 1, (c) in Chap. I, we have
for q ^ 1

([Ptg(x\x^Y dx ^ M, [g^^nf d y ' .
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Hence, by using Minkowski's inequality (cf. [9], Appendix A.I), we
establish

JY f^(x,,^) (P^-y^g) (x-,xj dy^ dx

^ M, (Y f^(x^)( S g ^ ^ d y ' } Q dyV dx,.

Let ^i and q^ be positive numbers such that P < q^ — 1 and
1 < ^i < p < q^. Applying Appendix A.3 in Stein's book [9], we see
that

^a) EE 7^({x; \\x^lp(S/Sx,)u(x)-(8/Sx,)v(x)\>a})

^MsOi^+H^)),

where

Hi(a) = a~^ gW^dy
J{y;g(y)^ai2}

and

^(a)= a-^ gW^y.
J{y;g(y)<al2]

Consequently, by the above considerations, we see that

^^\\x^lp(8/8x,)u(x)-(8/8x,)v(x)\) ̂  M, f^GO)^.

Thus it follows that

^,(\x^lp(8/8x,)u(x)\)dx ^ M, (^My))dy,
or v 'J

[^(l^nl^l grad u(x)\) dx ^ M, f^teM) dy < oo .

Remark. — Consider the functions

u,(x)== ^x,-y,)\x-y\-nf(y)dy.

Then the same inequality as in Theorem 6 still holds for each Uj.
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For P > 0 and E <= R " , we define

C^(£)=inf [^(/OO)^,

where the infimum is taken over all nonnegative measurable functions

/ on R" such that \x-y\^~n f(y) dy ^ 1 for every x e E .
JB(X,I)

PROPOSITION 3. — Let f be a nonnegative measurable function on

a Lipschitz domain G such that ^(/GOpCy)13 dy < oo, and set
JG

E = { ^ e 9 G ; | \^-y\l~nf(y)dy=oQ}. If- 1 < P < p - 1, then
JGOB^, 1)

C,-^(20=0.

Proof. — By a change of variables, we may assume that G is
the half space D and / vanishes outside some ball B(0,N). Let

u(x) = \x~y\l~n f(.y) dy for a nonnegative measurable function /
JD

on D such that >¥p(f(y))y^ dy < oo. Here note that
Jo

[WOO^) dy < f WOO}^) ̂
J J^e^/OO^yS^}

+ f ^p(f(y)y^)dy
J{yeD•,f(y)e^yVlf}

^ f y^nfWWW^dy
JD

+ f ^Ml+e~lwp)dy< oo,
J{.veD;/W>0}

if e > 0 and p( l+8~ 1 ) > - 1. Hence, from Theorem 6, it follows that

^^(| grad u (x) \ | xjp/p) rfx < oo . Since | grad u(x) [ = 0 ( 1 x 1 - " ) as

| x | -^oo , we see that ^Fpdgrad u(x)\)\x^ dx < oo for a
JRn-B(0,a)
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sufficiently large a. Moreover, we have, by letting U(x) = |gradu(x)|,

f ^p(U(x)) \x^dx^ f ^WOc)) \x^dx
jB(0,a) J{xeB(0,a);U(x)^\x^\ -(1+8 ^P/P}

+ f , ^V.WxWx^dx
J{xeB(0,a);U(x)<\x^\ -( l+8 ^P/P}

< (^([^Ixj^r8) U(xY\x^dx

+ f <Pp(|x„|-(l+8-lw;p)|xJ')dx< oo,
jB(0,a)

if 8 > 0 and 8 > P. Thus \^p(U(x))\x^ dx < oo.

Consider the set

£* = { x e 8 D ; | |x-^|l-P/p-/I[^)/^]^=oo}.
JD

Then, by definition, Ci-p^^(^*) = O.If ^ e SD - E* and a > 0, then

^-^-"IgraduGQI^ < oo,
Jr(^,a)

where r(^,a) = {x e D ; |x-^|<ax^}. It follow that

fro
|gradu(^+r9)|rfr < oo for almost every 9 e 3^(0,1),

Jo

which implies that u(S, + r6) has a finite limit for almost every 9 e 3j8(0,1).
If !,eE, then lim infi^+rx) ^ M(y = oo for any x e D by the lower

r-»0

semicontinuity of potentials. Thus ^ e 8 D - E . Hence E <= E * , or
^i-p/p,^^) == 0-

8. Best possibility.

Here we deal with the best possibility of Theorem 1 as to the order
of infinity. Let D be the upper half space, that is,
D= {x=(x\x,)eRn-lxRl,x,>0}.
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PROPOSITION 4. - Let X, \|/ and T| be as in Theorem 1. 5'Mp/?^
K^(O) == oo and r^O-)"1 is bounded above on (0,1]/or some 8 > 1 - n.
If a(r) is a nonincreasing positive function on the interval (0,oo) such
that lim a(r) = oo, then there exists a nonnegative measurable function f

such that f = 0 outside 5(0,1),

f 'yp(f(ym\yn\)dy< oo
. J R "

and
lim sup a(r)K^(r)~ ̂ (rQ = 0 0 for any £ e 2),

ri0

wAm? M(x) = (x, - ̂ ) [ x - y | - ̂ (y) dy .
JRn-D

Remark. - By the Remark after Theorem 6, if ^(r) = r13 with
- 1 < P < p - 1, then

pVlgradMOODIxJ^x < oo .

Proof of Proposition 4. - Let {r;} be a sequence of positive numbers
such that rj < r,-i/2 and

U ^-i v^
K^.)^2 [S"-^)]-^-1,^ .

j )

Further take a sequence {bj} of positive numbers such that
oo

lim bja(r,) = oo and ^ ̂  < oo. Let F(c) be the cone \(c) with
^00 j=i
(p(r) = r, and set r(c) = {xe^; -xer(c)}. Now we define

f(y) = ̂ (^-^[l^l'-^d^j)]-^

if y 6 r, = r(l) n 5(0,r,-i) - 5(0,r,) and/= 0 otherwise, and consider
the function u defined as in Proposition 4. If

xer(c)n5(0,2r,)- 5(0,r,),
then

u{x) ̂  M,fc,K,(r,)-^ f \y\l~n[\y\n-lr^(\y\)]-P'^dy

^M^bjK^rj),



WEIGHTED BOUNDARY LIMITS OF HARMONIC FUNCTIONS 831

so that
lim a(\x\)K^\x\)~lu(x) = ao

x->0,xeA(c)

00

with A(c) = (J {x 6 r(c); r j< | x | < 2r,}. On the other hand, since r8^ (r)~1

j'=i
is bounded above by our assumption, f(y) ^ M ^ y } ' ^ ^ ' ^ ^ , so that
WOO) ^ M4\|/(l^r1) by (2). Hence we establish

f x¥p(f(y))^\y\)dy^M^b?K^)-pf f l^-^ r|(|j;|)1-^ ̂
J^ j=i Jtj

00

^ Mg ̂  fcf < 00 .

Thus / satisfies all the required assertions.

The Corollary to Theorem 5 is best possible as to the size of the
exceptional sets, in the following sense.

PROPOSITION 5. - Let \|/, X and r| be as in Theorem 1. Let (p be a
nonnegative nondecreasing function on (0,oo) such that (p(r) ^ Mr for
any r > 0, with a positive constant M, and set

[*2Mr

(p*(r) = [t^rKO]-^-1^.
J(p(r)

Suppose further that the following assertions hold :
i) r51^)"1 is nondecreasing on (0,oo) for some §1 > 1/p - n.

ii) r52 ^(r) is nondecreasing on (0,co) for some 82 < 1.
iii) (p*(r) -> oo as r -> 0.
iv) (p*(r) ^ M*(p*(s) whenever 0 < s < r , with a positive constant

M*.
P^ now define h(r) = inf [cp*(5)]~JP/p/. Then, for a compact set K c= SD

s^r

such that Hn(K) = 0, there exists a nonnegative measurable function f
on R" such that

f^(/00)MI^I)^< oo

f
and Uf(x) E= (^n-Yn) \Y~y\ nf(y)dy does not have a finite limit

J^-D

as xe7^,l)-^ at any !,eK, where 7^,1) = { x + ^ ; xe^(l)}.
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Proof. - For the construction of such /, we take, for each positive
integrer m, a finite family {^(x^,r,J} of balls such that x.^eSD,
rj.m < l/w,Z^,m) < 2-^ and 1J B(x^,r^) =D K. Setting

J j

B^ == ^(x,,,2Mr^.) - 5(x,,,(p(^.)),
we define

fmM = ̂ [A^jr^i^-^i-^dx,,,-^!)]-^
for y e ^m,j and fmAy) == 0 elsewhere. Consider the function
f(y) = sup/^(^). Since f^(y) ^ MJx^-^l-7, where

m,]

y = l /p4-p / (n - l+8 l ) /p> 0,

we see that ^(fmj(y))^M^(\Xj^-y\~1) on account of (2). Since
r^r) is nondecreasing and (p*(r) ^ Ms^^)]"^^, we establish

f ^p{f(y))^\yn\)dy ^ M^m(^[h(r^)Y f \x^-y\^-^
J^-D m \ j j B j ^

x hCI^-yl^^lx^-^i-^cix^-^i^Hix,.,-^!)]!^!-^^

<M5^mfr[/i(r,,J]^(p*(r,,j)
m \ j /

^ MeEmfr^j) ^M^2-m<ao.
m \ j / m

Further,

Uf(x) ̂  \(x,-y^\x-y\- -f^y) d y
J pMr, j

^ M.m^h^r'^ ' r^-^ [^(r)]-^ r-1 dr
J(p(r^- j )

^ M,m^

for any x n D Q ^(x^,(p(^^)). If ^e7C, then for each m there exists
j(m) such that ^ e B(x^^r^^). Since

^(^W,m,(P(^(m),m)) ^ ^(^,1) + 0,

if follows that
lim sup Uf(x) = oo .

x^,xe T^,l)
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