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WEYL LAW FOR SEMI-CLASSICAL
RESONANCES WITH RANDOMLY
PERTURBED POTENTIALS

Johannes Sjostrand

Abstract. — We consider semi-classical Schrodinger operators with potentials
supported in a bounded strictly convex subset O of R with smooth boundary.
Letting h denote the semi-classical parameter, we consider classes of small
random perturbations and show that with probability very close to 1, the
number of resonances in rectangles [a, b] — [0, ch’ [, is equal to the number of
eigenvalues in [a,b] of the Dirichlet realization of the unperturbed operator
in O up to a small remainder.

Résumé (Loi de Weyl pour des résonances semi-classiques associées aux poten-
tiels avec perturbations aléatoires)

On considére des opérateurs de Schrodinger dont les potentiels ont leur sup-
ports dans un ensemble strictement convexe a bord lisse O € R". En désignant
par h le paramétre semi-classique, nous considérons des classes de petites per-
turbations aléatoires et montrons qu’avec une probabilité trés proche de 1,
le nombre de résonances dans des rectangles [a,b] — i[O,ch%[ est égal (& un
petit reste prés) au nombre de valeurs propres dans [a, b] de la réalisation de
Dirichlet de 'opérateur dans O.

(© Mémoires de la Société Mathématique de France 136, SMF 2014
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CHAPTER 1

INTRODUCTION

There is now a very large literature about the distribution of scattering
poles (resonances) often using methods from non-self-adjoint spectral theory
and microlocal analysis, including many results about upper and lower bounds
on the density of resonances. See for instance [34], [6] and the references given
there. Less is known about actual asymptotics for the number of resonances in
various domains. In this paper we shall give such a result for the semi-classical
Schrodinger operator

(1.1) P =—h*A+V(z),

on R™ where V' € L*°(R™;R) has compact support.
Recall that the resonances or scattering poles of the operator (1.1) can be
defined as the poles of the meromorphic extension of the resolvent

(P—2)7": CF°(R") — Hio(R")

across the positive real axis, to the logarithmic covering space of C \ {0}
when n is even and to the double covering when n is odd. Alternatively we
can continue (P — k?)~! from the upper half-plane across R \ {0} which gives
a meromorphic function on C when n is odd. Using the second definition,
we can introduce the number N(r) of resonances in the disc D(0,7) when n
is odd.

In one dimension and for h = 1, M. Zworski [38] showed that if [a, b] is the
convex hull of the support of V', then
2(b—a)

(1.2) N(r) = ==

r+o(r), r— oo,

which is 2 times the asymptotic number of eigenvalues < 72 of the Dirichlet
realization of —A + V on [a, b], the factor 2 being explained by the fact that
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the resonances are symmetric around the imaginary axis. He also showed
that most of these concentrate to narrow sectors around the real axis. This
extended an earlier result of T. Regge [20]. Subsequently, B. Simon [21] gave
a different proof, inspired by the work of R. Froese [12], who got similar results
for potentials that do not necessarily have compact support but are very small
near infinity. See also the recent works [8], [7], [10] about Weyl and non-Weyl
asymptotics for graphs.

In higher odd dimensions, M. Zworski [40] considered the case of radial
potentials of the form

Vi(w) = f(|=[)
with support in B(0,a) where f € C?([0,a]), a > 0, f(a) # 0 and obtained a
Weyl type asympotics (still with h = 1),

(1.3) N(r) = Kpa"r" +o(r"), r— +o0,

where K,, > 0. Recall also that Zworski [39] gave an upper bound in the non-
radial case with the correct power of r and using his analysis, P. Stefanov [34],
gave an explicit formula for the constant K,a” in the radial case and showed
that the right hand side of (1.3) is up to o(r™) the sum of 2 times the number of
eigenvalues < r? for the interior Dirichlet problem in the ball B(0,a) and the
number of scattering poles for the exterior Dirichlet Laplacian in R™\ B(0, a).
(See also G.Vodev [35].) He also showed (as a corollary of a more general
result for operators with black box) that if we drop the radiality assumption
and only assume that V' € L*°(R"; R) has its support in B(0,a), then we have
the upper bound

(1.4) N(r) < Kpa"r"™ +o(r"), r — +oo.

T. Christiansen [6] introduced the set 9, of L> potentials V' with support
in B(0,a) for which we have (1.3) and gave the leading asymptotics, of the
form Cr™, for the number of resonances in sectors in the lower half-plane inter-
sected with the disc D(0,7). These formulas were implicit in [40], [34] in the
case of the radial potentials considered there. In particular, when considering

smaller and smaller sectors adjacent to R or R_ we can see, using Lemma 3.3
of [6] and some wellknown formulas for the I' function and the volume of the
unit ball, that the constant C converges to the one we get in the leading
Weyl asymptotics for the number of Dirichlet eigenvalues for the Laplacian
in B(0,a). In the theorems 1.2, 1.3 of the same paper the author gives in-
teresting extensions “for most values of z” to the case of potentials V(z, z)
depending holomorphically on a parameter z with supp V(. , z) C B(0, a) such

MEMOIRES DE LA SMF 136
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that V (., zo) belongs to M, for at least one value of zy. Such results remain
significant also after restriction to real-valued potentials. (See also earlier re-
sults of the same author, cited in [6].) In the recent work [9] (which appeared
after the submission of the present work), T.-C.Dinh and D.-V. Vu obtain
sharper results, namely that for holomorphic families of potentials, if one ele-
ment is in a sharpened version of the class 9M,, then so do all elements away
from a pluri-polar set.

The main result of this paper has some relations to the above mentioned
ones. We work in the semi-classical limit (h — 0) and the ball B(0,a) is
replaced by a more general strictly convex set. Our is result does not make
use of any class of the type 91, and the conclusion concerns the number of
resonances in a thin rectangle. Nevertheless it is very interesting to note the
similarities of the results, and there are also similarities in the proofs at least
on some ideological level.

We next proceed with a rough description of our result and leave the precise
statements to the next section. Let O &€ R™ be open strictly convex with
smooth boundary and let Vy € C°°(O;R) vanish to the order vg > 0 on the
boundary. By Vj we also denote the extension to all of R™ which vanishes
outside O and we consider the potential

Vi(z) = Vo(x) + 04, (x)

where § > 0 is a small parameter > 0 and ¢, a random perturbation whose
properties will be specified in the next section. A possible choice of § is a high
power of A. Our main result, Theorem 2.2 then states that if 0 < a < b <
and if C' > 0 is large enough so that the exterior Dirichlet problem for —h2A
has no resonances in the rectangle [a, b] + ih3 [~C~1,0], then with probability
very close to 1, the number of resonances of

P=-m’A+V

in the rectangle [a,b] + z'h%[—C’_l,O] is equal to the number Ny([a,b]) of
eigenvalues in [a,b] of the Dirichlet realization of h2A + V; in O plus two
“errors”. The first error is a term that can be bounded by a positive power
of h times h~"™. The second error is bounded by a constant times

No([a — p,a+ p]) + No([b— p, b+ p])

where p = h5=9 for any fixed § > 0. As will be stated more explicitly in
the theorems 2.1 and 2.5, we can choose our random perturbations to be
concentrated to a ball of radius A"V in the Sobolev space H® for arbitrarily
large N and s.

SOCIETE MATHEMATIQUE DE FRANCE 2014
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In the case of a deterministic potential with a potential well in an island,
one can count resonances in rectangles closer to the real axis. Such results can
be found in the appendix of [19] and in Section 9 of [16]. The phenomen is
now a little different however, due to the potential barrier, and the reference
asymptotics of eigenvalues now depends on the behaviour of the operator near
the potential well.

The motivation for this work was to apply recent results and techniques for
proving Weyl asymptotics for non-self-adjoint differential operators with small
random perturbations either in the semi-classical limit or in the limit of large
eigenvalues [25], [27], [4], to the problem of resonances.

Indeed, using some version of complex scaling or its microlocal versions, this
can be viewed as an eigenvalue problem for a non-self-adjoint operator.

The new difficulty here is however that if we want to keep a realistic problem
we should apply the random perturbation first and use complex scaling only
outside the support of the perturbation. If we let p(z,&) denote the leading
semi-classical symbol of the scaled operator, and we let z vary in a complex
domain like a thin recatngle along the real axis, then as soon as z is not real,
the set p~!(2) must belong to the part of phase space which corresponds to
the scaled region (since the original unscaled symbol is real valued) and hence
the support of the random perturbation is away from the x-space projection of
this set. This leads to a difficulty since the method in [25], [27] is based on the
study of the random matrix (g e; | é), where eq,...,en is an orthonormal
family of eigenfunctions of (P — z)*(P — z) corresponding to the small eigen-
values and where we let P denote the scaled operator. Now, the e; will be
concentrated to the projection of p~!(z) which sits outside the obstacle, hence
away from the support of the random perturbation. Our random matrix will
therefore tend to be small which is a serious problem in the approach of [25]
and [27]. In order to make the distance smaller, one could try to make the dis-
torsion very important already very close to the support of the perturbation,
but that leads to the use of very exotic symbols and after some attempts in
that direction we decided to follow a different less intuitive approach. In the
next section we formulate the result and in Chapter 3 we give an outline of
the proof.

It would be interesting to have related statements about almost sure Weyl
asymptotics of large resonances in certain parabolic neighborhoods of the real
axis in the non-semi-classical case (h = 1). It is quite possible that such a
result can be obtained from the present paper along the same lines as the
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CHAPTER 2

THE RESULT

We start with a concrete case of our main result (Theorem 2.1). After that
we give the full formulation (Theorem 2.2) which includes a description of the
probability measures that are involved. After that we give a simplified and
partially generalized version of the main result (Theorem 2.5) which combined
with a result of V. Ivrii [17] gives Theorem 2.1.

Let O € R" be open, strictly convex with smooth boundary. Let x > 0 be
the geometric constant in (2.14) below and let ¢; > 0 be the smallest zero of
the Airy function Ai(—t). The concrete version of the main result is then

THEOREM 2.1. — Let s > %n, 8 >0 and
N =min (]3(n—1),400[NZ), §>max(3n+3,2N + in).
Then there exists a probability measure p on H*(O) with support in the ball
{W e H*(O); |Wllus <h’}

such that the following holds. Let 0 < ¢; < ¢g < 2 (%)gmg‘l There exists a
constant C > 0 such that if% <a<b<2 ¢ <c<ey €>Ch(Inl/h)? and
Vo € H*(O), then for

P=-RA+Vo+W, WeHO),

we have with probability (with respect to the random term W)

h(In1/h)* _z/cnni/myp)
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that for the set o(P) of resonances of P, counted with their algebraic multi-
plicity,

2 1
(2.2) ‘#(J(P)ﬁ([a,b]—l—zh c[-1,0))) _(27rh)”//a<52+vo(z><b dade
<O(1)h™3 e

Here we also assume that n > 3 or that neither a nor b is a critical value
of V.

The constant N7 is independent of the other parameters, while the con-
stants O(1) in (2.1), (2.2) depend on ci1,¢2,8,8,s and on an upper bound

on [Voll gz @)

We now start to formulate the more complete result. Our unperturbed
operator will be

(2.3) Py = —h?A +Vy : L*(R") — L*(R"™),

where Vy € C*°(0O) and we identify Vj with its zero extension. We also assume
(2.4) On 00 we have Vy(z) = 0 and 0,V <0,

where v denotes the exterior unit normal.

The result concerns the distribution of resonances of

(2.5) P = Ps = Py + 60(x)qu (),

where ©(z) € C*°(O) satisfies
(2.6) 0< ©O(z) <dist(z,00)”, z€0O\dO, wvy€]|z(n—1),+o0[NN.

As in (2.3), © also denotes the O-extension to all of R”. It belongs to C§(R™)
if vg > k. It would be interesting to be able to work with a profile in C§°.

As in [25], [27], we choose the random function g, of the form

(2.7) (@)= Y apwler(r), lalgp <R,
O<pr<L

where €, is an orthonormal basis of real eigenfunctions of hzﬁ, where R is
an h-independent real positive elliptic 2nd order operator on X with smooth
coefficients. Here X is a smooth compact manifold of dimension n contain-
ing O (in the sense that we have some diffeomorphism from a neighborhood
of O onto an open set in X and we identify O with its image). For instance,
we can let X be an n-dimensional torus and choose —R to be the Laplacian.

MEMOIRES DE LA SMF 136
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Moreover, h2Rey = pae, i > 0. We choose L = L(h), R = R(h) in the
following intervals where s € Hn, v + %[, €€ }0, s — %n[, VRS ]O, %[ are fixed:
1 1-20
hiMmin<<L§Ch7M, MZMmin — 'U()+(3 +1'I’L)/( )7
(2.8) §—anh—¢€

— F o = 1 3
hMuin < R < BM0 M > My, i= (57 + € Munin + 14 51+ o,

and we shall denote by Lui, and Ry, the lower bounds for L and R in
these estimates. By Weyl’s law for the large eigenvalues of elliptic self-adjoint
operators, the dimension D is of the order of magnitude (L/h)"™. We introduce
the small parameter

(2.9) § = 1h®/C, T()E]O,hg], aZa(n,vo,s,e,G,M,M),

where an explicit (and not very nice) expression for a(n,vo, s, €, 0, M, M ) can
be deduced from the proof.

The random variables a;(w) will have a joint probability distribution
(2.10) P(da) = C(h)e® @M L(da),
where for some Ny > 0,
(2.11) IVo®| = O(h™N4),

and L(da) is the Lebesgue measure on RP. (C(h) is the norming constant.)
We need the parameter
(2.12) co(h) = h((1n l)2 +1In i)
h 70
and assume that 79 = 79(h) is not too small, so that €y(h) is small.
It was shown by T. Hargé and G. Lebeau [15], see also [30], that the exterior
Dirichlet problem for —h?A on R™\ O has no resonances in the set

(2.13) Sz > —2(hR2)ikCi + Ch, 5 <Rz <2,
if C is large enough, where
1 T2
(2.14) K =2 3 cos ¢ gnal(rngS,
Q@ is the second fundamental form on 9O and (; > 0 is the smallest zero

of Ai(—t) with Ai denoting the Airy function which spans the space of solutions
to (—0?+t)u = 0 that are exponentially subdominant on the positive real axis.

For technical reasons, we shall restrict the attention to rectangles of the form
2
R = [a,b] +ih3c[—1,0], 3 <a < b <2, ¢> 0 with ¢ small enough so that R is

SOCIETE MATHEMATIQUE DE FRANCE 2014
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contained in the domain (2.13). Thus we will assume that ¢ < 2(%)§/€§1. (We
could replace the bounds % and 2 by any other positive bounds 0 < b; < by.)

Let PY denote the Dirichlet realization of Py in O and let No()\) denote
the number of eigenvalues of P2 in the interval | — co, A], counted with their
multiplicity. Similarly, if I C R we let Nyo(I) denote the number of such
eigenvalues in I. The main result of this work is:

THEOREM 2.2. — Let o(Fj) denote the set of resonances of Ps. Let 0 < ¢1 <
co < 2(%)%f€§1, p= h7‘50+%, where 8y > 0 is arbitrarily small but fized. Then
there exists a constant C' > 0 such that for % <a<b<2 ¢ <c<c and
€ > Ceg(h), we have with probability

(2.15) >1-0(1 _olh) _ —zcam
- prtNe+3

)

where the constant O(1) is independent of a, b, c, €, h, that

1)
(2.16) )#(U(Pg) A ([a,b] + ihic[-1,0])) — NO([a,b]))
<

o)( X No(lw—p,w+p))) +h iz

w=a,b
Here Ng = max(Ns3, N5), where N3 =n(M + 1), N5 = Ny + M.

REMARK 2.3. — As in [25], [27] and in an earlier work with M. Hager cited
there, with probability

(2.17) >1-001 L}%e—?/oeo(m
prtNets

)

we have (2.16) simultaneously for % <a<b<2and ¢ <c<eco.

As we point out in Remark 15.1, for a general perturbation W = §0@gq,, as
in Theorem 2.2, we have

IW iz ey < OG)L°R,

provided that %n <5 < v+ % Here H,f is the standard Sobolev space
equipped with its natural semi-classical norm (see Chapter 6). By playing
with the parameters, the perturbations in Theorem 2.2 can be chosen to be
bounded by arbitrarily high powers of h in Sobolev spaces with arbitrarily
high regularity exponents.

We also have:

MEMOIRES DE LA SMF 136
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PROPOSITION 2.4. — The conclusion in Theorem 2.2 remains valid if we
change Vo by adding an h-independent potential Wy € L*(QO) such that

Wo = O(dist(x, 00)3), 0°Wy € L™ for |a| < 2N and Wy € H*(O). Here N

is the smallest integer in |3(n — 1),+00[ and s > in is the parameter in

Theorem 2.2.

Recall that H*(O) = {v € H*(R"); suppv C O}. Combining the remark
and Theorem 2.2, we get the following less detailed but perhaps more trans-
parent version of our main result, where our unperturbed potential is Vi = W.

THEOREM 2.5. — Let s > %n, B >0 and let

N =min (]4(n - 1),400[NZ), §>max (In+3,2N + }n).

Then there exists a probability measure p on H*(O) with support in the ball
{W e H(O); |W|us <h’}

such that the following holds. Let 0 < ¢1 < ¢o < 2(%)%/@@, p= h_50+§, where
b0 > 0 is arbitrarily small but fized. There exists a constant C > 0 such that
ifi<a<b<2 e <c<eye>Ch(lnl/h)? and Vy € H¥(O), then for

P=-MA+Vo+W, WeHO),

we have with probability (with respect to the random term W)
h(In1/h)?% o /onin1/m?

(2.18) >1— O(I)Te /Ch(n1/h)?

that for the set o(P) of resonances of P,

(2.19) ‘#(O'(P) N ([a.b] + ik c[~1,0])) — No([a, b])‘

<o) 3 Nolfw—pw+p))) +h i
w=a,b
Here Ny (equal to n+ Ng —i—% as in Theorem 2.2, with M = Muin, M = Mmin)
is independent of the other parameters, while the constants O(1) in (2.18),
(2.19) depend on c1,c2,3,38,s and on an upper bound on HV0||H-S~(5).

Indeed, it suffices to apply Proposition 2.4 with Vj = Wy and to observe:

> Vo is of class C® with support in O and therefore Vy = O(dist(z, 00)3),

> It suffices to choose the perturbation W = §O¢q, as in (2.5)—(2.9) with
M = Mpin, M = Mmin, O = h3/3 and the parameters vg and « sufficiently
large.

SOCIETE MATHEMATIQUE DE FRANCE 2014



12 CHAPTER 2. THE RESULT

> We can choose the probability x4 to be “P” in (2.10), with & = 0 (so that
N4 = 0), but any other choice as in (2.10), (2.11) is OK.

We end the section by explaining how Theorem 2.1 follows from Theo-
rem 2.5. It suffices to apply the following result of V. Ivrii [17], Theorem 2.1.
(See also related results by L. Zieliniski [37] in the case without boundary.)

Consider the semi-classical Schrodinger operator P = —h2A + V(z) on
the open set X € R"™ with smooth (C*°) boundary. We assume that VV
is continuous with modulus of continuity v(t) = O(|Int|~!). We equip P
with Dirichlet boundary conditions. When n = 1,2 we assume the micro-
hyperbolicity property that |[VV| # 0 when V' = E, uniformly for E in some
compact interval J in ]0,+oo[. Then, uniformly for £ in J, 0 < h < 1,
the number of eigenvalues in | — oo, E] is equal to the standard Weyl term
(2mh)~tvol ({(z,€) € T*X; €24V (x) < E}) plus a remainder which is O(h'~")
for n > 2 and O(In1/h) for n = 1.

MEMOIRES DE LA SMF 136



CHAPTER 3

SOME ELEMENTS OF THE PROOF

We will introduce a distorsion I' C C" of R™ which concides with R™ along O
and with an exterior dilation of R™ outside O as in [29], [30], [31] and [15].
Let P = Pr be the corresponding dilation of —h?A+V, V = Vi +60(1)q, ().
Then (see for instance [28]) P = Pr has discrete spectrum in an angle
—0y < arg z < 0 and the eigenvalues there coincide with the resonances.

Let P.x be the Dirichlet realization of P on I' \ O, so that the spectrum
of Pext in the above angle coincides with the set of resonances for the exterior
Dirichlet problem for —h2A (recalling that suppV C O). As we recalled in
Chapter 2, there are no such resonances in [%, 2] + z‘h%co[—l, 0] if we fix

2
(3.1) 0<co<2(3)%kG.
Restricting z to the domain
1
(3.2) 3 <Rz<2, Sz> —coh%,
we can therefore introduce the
> Green operator Gex(z) : HO(I'\ O) — H?(T'\ O) and
> the Poisson operator Keyt : H%(8(’)) — H*(T'\ 0)
so that the exterior Dirichlet operator
P—z

(3.3) Pest(2) = ( hy ) = H(T\ 0) — HO(T) x Hi(I'\ 90)

has the bounded inverse
(84) Eext(2) = (Gewt h™2Kexi(2)) : HT'\ 0) x H2(90) — H(T'\ O).
Here 7 is the operator of restriction to 0O. Let

Next = YhDy Kexs
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denote the exterior Dirichlet to Neumann operator, where D, = %a% and v

denotes the exterior unit normal. Introduce

(3.5) B = vhD, — Nuxy : H2(0) — Hz(90),
(3.6) Pout(2) = (]; ;BZ) L H2(0) — HY(O) x H3(90).

For z in the domain (3.2) we shall see, by considering the continuity conditions
at 00, that z is a resonance (i.e. belongs to the spectrum of Pr) if and only
if Pout(z) is non-bijective, or equivalently if 0 € o(Poyi(2)) where Poy(z) =
P —z: H°(O) — HY(0) is the closed unbounded operator whose domain is
the “outgoing” space: D(Pou(2)) = {u € H*(O); B(z)u = 0}.
Let
P—= 2 0 3

(3.7) Pun(z) = ( hhy ) . H2(0) — HY(O) x H3(90),

which is bijective precisely when z is not a (real) eigenvalue of the Dirichlet
realization of P in O. Away from the Dirichlet spectrum we introduce the

inverse
En(2) = (Gin(2). h™ 2 Kin(2)) - H'(0) x H2(20) — H*(0)
and notice (cf. (7.18), (7.19)) that
1 0
h BGiy Nin — Next
Here Nin = vhD, Ky, is the interior Dirichlet to Neumann map. Thus for z

(3.8) Pout(2) = ( )Punl2).

away from the Dirichlet spectrum, z is a resonance precisely when 0 belongs
to the spectrum of N, — Nyt : H%(a(’)) — H%(a(’)).

In Chapter 4 we show how to define — up to some non-vanishing factor —
det A(z) for certain holomorphic or meromorphic families of operators that
are not necessarily Schatten class perturbations of the identity. With this
extended notion of the determinant we get from (3.8) that

(3.9) det Pout(2) = det Py det(Nin — Next)-

A rather substantial part of the paper is devoted to the study of /\fm, Nexts
in the regions [Jz| > h / C and Sz > —cohs respectively, where C is an
arbitrarily large constant. Many such studies have already been done (see for
instance [31]), but as is often the case, we found it necessary to make a new
one for the needs of this paper. From this study we get somewhat roughly,

(3.10) In |det(NVin — Next)| < O(R'™™).
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for

(3.11) Rze]l,2], |92/ =hi, Sz>—hic.

The exponent in (3.10) reflects the fact that we have made a reduction to
the n — 1 dimensional manifold 00.

In view of (3.9) this gives a precise upper bound on In|det Poyt(2)| for z
in the region (3.11). Combined with a rough polynomial upper bound on
In | det Pout(z)| in the full region |Jz| < h%/ C' and the maximum principle,
we get the upper bound

(3.12) In | det Pout(2)| < ®in(2) + O(R' ™)

in the rectangle (3.11), where ®;,(z) coincides with In |det Pi,(2)] for |Sz| >
h3 /C and is extended (suitably) as a harmonic function inside |Sz| < h3 /C.

A last and quite substantial part of the paper is to show (in the spirit
of [25], [27]) that for every z with h%/é < ¥z < cohs, T <Rz <2, we
also have a lower bound on In | det(Ni, — Next)| almost as sharp as the upper
bound (3.10) with probability very close to 1.

With these upper and lower bounds at our disposal, the main result follows
by applying Theorem 1.2 of [26] to the holomorphic function det Py (2), whose
zeros are the resonances.
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CHAPTER 4

GRUSHIN PROBLEMS AND DETERMINANTS

The results in the first three sections below are not new, see [3], [13], but
we thought that a short and self-contained presentation can be useful.

4.1. Gaussian elimination

We review some standard material, see for instance [32]. Let H;, G;, j =
1,2, be complex Hilbert spaces(!). Consider a bounded linear operator

P11 Pro

4.1 = ( ) : .
(4.1) P Py, Py Hi X Ho —> G1 X Go
When P is bijective (with bounded inverse) we denote the inverse by

- E1 Eng
4.2 Pt ( ).
(4.2) E2 Eg
PROPOSITION 4.1. — 1) Assume that Pyy is bijective. Then by Gaussian

elimination we have the standard factorization into lower and upper triangular
matrices:

~1
(4.3) P= <J;; (1)> <(1) Py —P};Qlil)f_llpl?).

The first factor is bijective since Piy is, so the bijectivity of P is equivalent to
that of the second factor, which in turn is equivalent to that 0fP22—P21P1_11P12.
When P is bijective, we have the formula,

-1
(4 P= ((1) (Pay — Pgliﬂﬁlplz)—lxp})l (1)> = (g; %Q =&

() All Hilbert spaces in this work are assumed to be separable.
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where a = —Pl_llPlg(ng — P21P1_11P12)*1, b= —P21P1_11 and in particular,

(4.5) Eay = (Pyo — Py Py Pia) ™"

2) Now assume that P is bijective. Then Pjy is bijective precisely when
FEos is, and when that bijectivity holds we have

(4.6) Ey' = Pyy — PuPj{' Py, P;' = En — BBy By

The first statement is clear. The second statement is more standard and
also quite simple to verify.

4.2. Generalized determinants for holomorphic Fredholm families

Let @ C C be open connected, let Hi, Ho be two complex Hilbert spaces
and let

P:Q— [,(Hl,?‘[g)
be a holomorphic family of Fredholm operators of index 0, such that P(z) is
bijective for at least one z € . Then by analytic Fredholm theory (see for
instance the appendix in [16]) we know that the set o(P) C  where P(z)
is not bijective, is discrete. Let zp € o(P). Then we can find N € N and
operators Ry : H; — CV, R_ : CN — H, such that

(4.7) P(z) == (];fi) }E*) tHy x CN — Hy x CV

is bijective for z € neigh(zp,2) (i.e. for z in some neighborhood of zy in Q).
Let
E(z) Ey(z) N N
4. = :
(4.8) £(2) (E_(Z) E_+(z)) Ho x C¥ — Hy x C

denote the inverse, depending holomorphically on z.

Working in a small neighborhood of zy disjoint from o(P) \ {20}, we apply
the following standard computations and arguments (see [18], [32]) where the
first formula is already in (4.6):

P(2)"! = E(2) = B4(2)E-+(2) ' E-(2),
P719.P = E(2)0,P — Ey(2)E_,(2)"*E_(2)0.P,

writing 0 = 9, = 0/0z. Here the first term to the right is holomorphic and the
second term is of finite rank with a finite pole at z = 2y. Let v be the oriented
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boundary of the open disc D(zp, €) with center zp and with radius € > 0 small
enough. Integrating along v, we get

1 1
A/P—lazpdz: —,/E+E‘}FE8Zsz.
27 ) 2mi ),

The integrand to the right is of trace class, so the left hand side is of trace

class and we get

1 1
(4.9) tro— / P1oPdz = 5 / tr ELE"LE_0Pdz.
v v

™ T

The relation £P = 1 implies

(4.10) E_P+F (R =0, E_R_=1,

and differentiating the relation PE = 1 gives

(4.11) (OP)E; + POEy + R_OE_, =

Combining this with the cyclicity of the trace, we have

~tr B, E"\E_OP = —tr EZ{E_(0P)E,
=tr E-\E_POE, +trE_\E_R_0E_,
=—trE_1F_ R, 0F; +tr EZL0E_,
= —trRy0F; +tr EZ10E_y.
The first term in the last expression vanishes since Ry0F; = (R4 E}) =

(1) =0, so (4.9) becomes

(4.12) tri‘ P(2)"'oP(z)dz = ;,/trE:}raE_erz
g

™ v ™

1
= g -var arg, (Indet E_) = m(z0,det E_ ),

where m(zp,det E_y) denotes the multiplicity of zy as a zero of det E_(z).

REMARK 4.2. — From the cyclicity of the trace in the beginning of the cal-
culations we see that f,y(azP)P_ldz is of trace class and has the same trace
as f,y P~ 19,Pdz.

A more elegant presentation of the above discussion could be based on (4.3):

P= ("N gn) = 4m
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20 CHAPTER 4. GRUSHIN PROBLEMS AND DETERMINANTS

which at least formally leads to

(4.13) 0= tr/ P loPdz = tr/ AlaAdz+tr/ B~'oBdz
v ol ol
= tr/ P loPdz — tr/ E:i@E_+dz.
v Y

DEFINITION 4.3. — By det P = detq P we denote any holomorphic func-
tion f on Q with f~1(0) = o(P) for which
1
(4.14) m(zo, f) = tr — P(2)"'0P(2)dz, for all zy € o(P).
2mi 9D(zo,r)

Here r > 0 is small enough so that o(P) N D(zo,7) = {z0}.

By Mittag-Leffler’s theorem such a holomorphic function exists and it is
unique up to a non-vanishing holomorphic factor.

PROPOSITION 4.4. — Let Q : Q — L(Ha, Hs) have the same general proper-
ties as P(z). Then the determinants of P, Q, QP can be defined as above so
that

(4.15) det (Q(2)P(2)) = (det Q(2)) (det P(2)).
Proof. — We clearly have
o(QP) =0(Q)Ua(P)
as sets, and we have to prove that
(4.16) m(zo, det(QP)) = m(z0,det P) + m(zo,det Q),

for every zp € 2, where m(zg, det P) is defined to be zero when z ¢ o(P) and
otherwise as in (4.14).

Let zp € 0(P)Uo(Q) and let zp # 2z € neigh(zp). We have at z,
(4.17) (QP)'o(QP) = P'Q 1 (0Q)P + P~1OP.

Here the first term to the right needs to be transformed. For each of the
operators A = P~1, B = Q71(0Q)P we make a decomposition

A= Ahol + Asing

where Ay, is holomorphic in a full neighborhood of zy and Agne has a pole
at zp but is of finite rank and hence of trace class. Now write

(4.18) AB — BA = (Ano1Buol — BuolAnol) + (Anol Bsing — Bsing Anol)
+(AsingBhol - BholAsing) + (Asinnging - BsingAsing)-
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The first term to the right is holomorphic near zy, while the other three are
of trace class with vanishing trace. Thus if v = 0D(zp,r) with 0 < r small
enough, fW(AB — BA)dz is of trace class and with trace 0.

Applying this to the first term to the right in (4.17), we see that

/ (PTIQ Y (0Q)P - Q~10Q)dz
Y

is of trace class and has trace 0. It follows that (27i)~* f,y P71Q71(0Q)Pdz
is of trace class and has the same trace as (27i) ! fv Q'0Qdz and we get

try/(QP)_la(QP)dz:tr1,/Q_18de+tr1,/P_18sz,
2mi J, 27 )y 2mi Jy

which amounts to (4.16). O

4.3. Extension to meromorphic families

In this section we essentially follow [13], see also [3]. Let © be open and
connected. Let P : Q — L(H1,Hz2) be meromorphic with the poles 21, 2o, . . ..
Here H; are complex Hilbert spaces.

DEFINITION 4.5. — We say that P(z) is a meromorphic Fredholm function
(or Fredholm family) if the following hold:

> P(z) is Fredholm of index 0 on Q\ {z1, 22,...} and bijective for at least
one z in that set.

> Let zg be any pole and write the Laurent series at zg as

No
P(z2) = Z(z —20) 7/ P; + B(2), =z € neigh(z),
1
with B(z) holomorphic. Then P; are of finite rank (implying that B(z) is
Fredholm of index zero for z # zy). Moreover, B(zy) is a Fredholm operator
of index 0.

The motivation for introducing this class is that if Q(z) is a holomorphic
family of Fredholm operators on €2, bijective for at least one z € , then
P(2) = Q(z)~! is a meromorphic Fredholm function.

If P/(2), j = 1,2 are meromorphic Fredholm families on €2, then P1(2)P?(2)
is also such a family. In fact, the first property in the definition is easy to verify
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22 CHAPTER 4. GRUSHIN PROBLEMS AND DETERMINANTS

and if zg is a pole for one or both factors, we write

Nj

Pl(z) = Z(z —20) P} + BI(2)

1

and check that
Ni1+N2
PH2)P2(z) = ) (2—20) "Pi+ B(z)
1

where Py, are of finite rank and B(z9) = B'(z0)B?*(20) + K, where K is of
finite rank.

We shall show that the class of meromorphic Fredholm functions on €2 is
closed under inversion and introduce the notion of meromorphic determinant
for such families. The key will be a well chosen Grushin problem.

We pause to recollect the condition for the well-posedness of a Grushin
problem

(4.19) Pu+ R u_=wv, Riu=uvy,

when P : H; — Ha is a fixed Fredholm operator of index 0 and R : Hi — cN
and R_ : CN — H; are of rank N. Since (4.19) defines an operator

P R_

P=( ) Hax TV — Hy x Y
Ry O

of index 0, it is bijective precisely when it is injective, so it suffices to review

when (4.19) is injective. The necessary and sufficent condition for that is

(4.20) ueN(Ry) and Pue R(R-) = u =0,

where N indicates the null space and R the range. Now let P(z) be a mero-
morphic Fredholm function with a pole at zg. We look for Ry as above (inde-
pendent of z) such that the problem

No
(4.21) (Z(z — 20) /P + B(z))u +R u_=v, Riu=vyq
1
is well-posed for all z in a pointed neighborhood of zj.
Since the P; are finitely many operators of finite rank, we can choose R
with N large enough, so that

Pijyiny =0 N(RL) SN (B(0)
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Then B(z9)(N(R4+)) is a closed subspace of Ha of codimension N, and we
choose R_ of rank N such that B(zo)(N(R4+)) NR(R-) =0, i.e.

(4.22) Ho = B(Zo)(N(R+)) D 'R,(R,)
Then the problem
B(zo)u+ R_u_ =v, Ryu=uv4

is well-posed and we check that (4.21) has the same property. Indeed, P(z) =
B(z) on N(Ry) and hence this restriction is injective for z close to zp, and
P(2)(N(R+)) ® R(R-) = Ha.

Let us also analyze the structure of the solution operator to the prob-
lem (4.21). Let E4 be a right inverse of Ry so that a general u € #H; has
the direct sum decomposition
(423) u = u/ + EJ,_F’IL,_, u’ S N<R+), 64. S CN
Then the second equation of (4.21) holds precisely when v; = vy. Let IT',
IT” be the projections on the first and second summands in the direct sum
decomposition (4.22) and write Hg > v = T'v + II"v =" + 0.

Since Pju’ = 0, the first equation in (4.21) becomes

B(z)u'+ R_u_ =v — Z(z —20) ' PjE vy — B(z)Eqvy
1
and we determine v’ and u_ by applying II' and II” respectively, using
that I'B(2) y(r,) = W'B(20)\n(r,) + Oz — 20) is bijective: N(Ry) —
B(z0)(N(Ry)), that II"R_ = R_ and that R_ : CV — R_(CV) is bijective.
If E_ is a left inverse of R_, we get
I'B(z)u =" — Z(z — 20) 'II'PjE vy — II'B(2)Eqvy,
1
No
u' = (HIB(Z')IN(F@)) <“I - le(z — 20) VI PjE vy — H’B(z)E+v+),

and
No

u_ = E_I1" (v - Z(z - zo)_ijE+v+ - B(z)E'+v+)
1 ~
—E_I"(B(2) — B(z))u'.
As usual, we write the solution of (4.21) in the form

(4.24) u=Fv+FEyvy, u-=E v+ E_jvy,
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where “explicit” expressions for E, E, can be obtained from the above compu-
tations. We see that

(4.25) B(z) = (WB(2) yp,) I

is a holomorphic family of Fredholm operators of index 0, while F, (z), E_(z),
E_(z) are meromorphic operator valued functions with singular terms of
finite rank. In particular, E_(z) is a meromorphic function with values in
the N x N matrices which is invertible for z # zg, so that det F_ is meromor-
phic with a possible pole at zp, non-vanishing and holomorphic in a pointed
neighborhood of that point. Thus E:_lF is also meromorphic and we conclude
that

P(z)"" = B(z) — B+ (2) E—+(2) ' B_(2)

is a meromorphic family of Fredholm operators near zg. Thus we get

PROPOSITION 4.6. — If P(z) is a meromorphic Fredholm function, then
P(2)7! has the same property.

We shall next extend the discussion of determinants in Section 4.2. When
R+ are independent of z and P = (};(f) Pb*) = H1 xCN — Hy x CV is bijective

E E_

Ey E_ +), we notice that

with inverse € = (

EOP 0>.

PP = (4 p o

In the case of our special problem (4.21), E(z) is given in (4.25) and the
non-holomorphic part of EOP is

No

(B pn,y) 00 (Do = 20) )

which is of finite rank and with the same trace as
No

oY (2= 20) 7 F) (VB r,) -
1
This operator vanishes, since PjW(R ) = 0. Thus f7 P~-1oPdz and f7 EOPdz
+
are of trace class and have the trace 0 if v = D(zp,r) for 0 < r < 1.

As in and around (4.9) we now get

1 1 1
tr— [ P7'oPdz = —tr,/EJrE;lLE_@sz = tr,/E:iaE_+dz,
27 )y 27 ), 27 )
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leading to
1
(4.26) tr 5 / P71oPdz = m(zy,det E_,),
v

where the integer m(zg,det E_.) is the order of zy as a zero of det F_, when
the latter function is holomorphic near zy and when det E__ has a pole at zg,
then —m(zg, det F_ ) is the order of that pole.

Note for future reference that
(4.27) P7'OP =a+b,
where a is holomorphic near zg and b is of finite rank and
(4.28) trb=tr(E-L0E_,).

We emphasize that in view of (4.26), (27i) " ltr f7 P~'9Pdz is an integer,
and we can then give the following extension to meromorphic families of the
notion of determinant:

DEFINITION 4.7. — Let P : Q — L(H1,Hza) be a meromorphic Fredholm func-
tion with the poles z1, z2,... By det P = detq P we denote any meromorphic
function f(z) whose restriction to Q \ {z1, 22,...} is a determinant for P in
the sense of Definition 4.3, and such that for every pole z; of P, we have

1

tr —
27Ti 8D(

P(2)7'oP(z)dz = m(z;, f)

err)

when r > 0 is small enough.

Observe that Proposition 4.4 and its proof extend to the case of meromor-
phic Fredholm functions.

4.4. Determinants via traces

If H is a complex Hilbert space and P = P(z) € L(H,H) is a trace class
perturbation of the identity, depending holomorphically on the complex pa-
rameter z, we can define D(z) = Indet P(z) and we have

(4.29) %D(z) =trP(z)"! ((ii];
at the points where P is bijective. Now even when P is not a trace class per-
turbation of the identity, it may happen that P~'dP/dz is of trace class, and
we can now consider the case when P(z) € L(H1,Hs) for different complex
Hilbert spaces Hi, Ho. By integration of (4.29), we may then say that D(z)

is well-defined up to a constant as a possibly multivalued function on every
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connected component of the open set where P(2) is invertible. If P~1dP/dz is
not of trace class we may differentiate further and hope to reach an expression
which is of trace class. Then we would be able to define D(z) up to a polyno-
mial. In this section we carry out such a scheme. The idea of reaching trace
class operators by means of differentiation in connection with determinants
has been used by G. Carron [5].

Let © C C be open and connected, let H;, j = 1,2,3, be complex Hilbert
spaces. Let ¥ = 3(P) C Q be discrete and let P : Q\ ¥ — L(H1,H2)
be holomorphic and pointwise bijective. Let C, = Cp,(#H1,H2) denote the
Schatten class of index p € [1,+00] (see for instance [14]). Assume that for
some p € [1, +o0],

(4.30) O5P(2) € Crax(ipr)s 1<k €N,

locally uniformly on €. By the Cauchy inequalities, it suffices to check this
for k < N, where N = N(p) is the smallest integer > p.

Recall that C), increases with p and that if C' € C,(Hi,H2) and D €
Cy(H2,H3), then DC € C,(H1,H3) with 1/r = min(1,1/p + 1/q). (See [14],
Prop.7.2.) In the following, we shall think of bounded operators as being
of order = 0 and of elements in C}, as being of order = —1/p. In all cases
we restrict here the order to the interval [—1,0] and then orders are additive
under composition: ord(DC) = max(—1,ord(D) + ord(C)). (We adopt the
convention that the order is not unique; if C' is of order o and @ < § < 0,
then C' is also of order £3.)

We also notice that P(z)~! satisfies (4.30).

On the set '\ X(P), we check that

(4.31) 0171 (P(2)710.P(2)) € Conax(ipri)s  J 21,

i.e. of order = max(—1,—j/p). Thus, for p < j € N, we can define
(4.32) Dpj(z) = tr(8271(P(2)710.P(2))), z€Q\X(P).
Clearly,

We can now define the determinant of P(z). At the end of the section we
show that this new notion coincides with the one for meromorphic families of
Fredholm operators of the preceding subsection.

DEFINITION 4.8. — Let N = N(p) be the smallest integer > p. We define
Dp(z) = Indet P(z) to be any multivalued holomorphic function on Q\ X(P)
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which solves the equation
(4.33) ONDp(z) = tr(0) 1 (P(2) 10, P(2))).

Thus Dp(z) is well defined (on the universal covering space of @\ X(P)) up
to a polynomial of degree N — 1.

Let @Q : Q — L(Hz,Hs) be a second family with the same general proper-
ties as P(z) and for simplicity with the same p in (the analogue of) (4.30).
Then Q(z)P(z) fulfills the same assumptions and we next check the additivity

property

(4.34) Indet PQ = Indet P +Indet @, on Q\ (X(P) + 2(Q)),
i.e.

d\N d\N d\N
(4.35) (@) Indet PQ = (E) Indet P + (&) In det Q,

when N is the smallest integer > p.
When p=1= N, this is Straightforward'

(4.36) % Indet PQ = tr(PQ)! ( Q)

=trQ P 1d Q+t Q'r 1PC(11Q

= trQ—lp— Q+t Q—ldQ

Here we use the cyclicity of the trace to see that the ﬁrst term in the last
expression is equal to trP~1dP/dz and we thus get (4.35) when N = 1.

Recall that the cyclicity of the trace says that tr(Py P — PoP;) = 0, when
P e Cpl(Hl,Hg), Py e Cm(Hz,Hl) and 1 = 1/p1 -+ 1/])2.

LEMMA 4.9. — Let Pi(z) € L(H1,Hz2) and Py(z) € L(Hz2,H1) depend holo-
morphically on z € Q. Then d(Py Py — P,Py)/dz is a sum of terms of the form
Q1Q2 — Q2Q1. More precisely,

(Plpg — PQPl)/ = [P{PQ — ngll] + [P1P2/ — Pépl],

where we indicate derivatives with a prime.

Iterating the lemma we see that (d/dz)" (PP, — P,Py) is a linear combi-
nation of terms of the form Q1Q2 — Q2Q1, with Q; = 8,£Vij, Ni+ Ny = N.
Now return to (4.36), or rather the last two equations there that are valid
without traces, and write
0! P_l dP 1 dP

Q P~ dz + (P1P2 — PQPl),
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with P, = Q7 'P~1dP/dz, P, = Q. The lemma shows that
d\N-1, | _,dP d\N-1,_ _,dP
pE P - () (E)
( dz) (Q dz dz dz
+ a linear combination of terms of the form Q1Q2 — Q201
with ord(Q;) < max(—1,—N;/p), N1 + No = N.
The cyclicity of the trace then implies that

w(@) (@) =u(z) (7))

and we obtain (4.35) for a general N.
As in the case of meromorphic families of Fredholm operators, if zg € ¥(P)

and v = 9D(zp,r) with r > 0 small enough, f7 P~19Pdz is of trace class:

PROPOSITION 4.10. — With P, p, N = N(p) as in Definition 4.8, let zy
in3(P), v = 0D(z0,7) withr > 0 small enough, so that D(zy,r) N X(P) = {z0}.
Then f7 P~19Pdz is of trace class and we have

_ _\N-1
@31 e [ Plopds = w [ AT gv-uprigpyas

2mi J, 2mi J, (N —1)!
1 (—z)N-1
= — [ ———D d
2i |, (N —1)! pv(z)dz,

where zN71/(N — 1)! can be replaced by any other polynomial p(z) such that
MNIp(z) =1

Proof. — The second equality follows by moving the trace inside the integral
and recalling the definition of Dp . The first equality and the fact that
f,y P~10Pdz is of trace class, follows from the corresponding stronger equality
without “tr” in front which can be obtained by integration by parts. O

Now, assume in addition that €2 is simply connected and that P is a mero-
morphic Fredholm function on €2 in the sense of Definition 4.5. Then we know
that

1
(4.38) tr — / P7oPdz = m(x, f) € Z,
27 ),
where f denotes the meromorphic Fredholm determinant of Definition 4.7. On

the other hand, we can do integrations by parts in the last expression in (4.37)
and obtain

1 1
(4.39) tr,/Planz: ,/8ZDp(z)dz,
~ 2m1 ~

21
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which, combined with (4.38), says that
(4.40) varyDp = 2mim(zo, f) € 2miZ

and hence e”? and its logarithmic derivative dDp are single-valued holomor-
phic functions on Q \ 3.
So far, this only shows that

o0

Dp = Z(Z — 20) Ya; + m(zo, f) In(z — 20) + g(2),
1

where g is holomorphic, so eP?P = e9+2ai(z=20)77 (5 »ym(=0.f) may have a bad
singularity at zg. We therefore return to the Grushin problem in Section 4.3.
The remark (4.27), (4.28) shows that
tr N 1P7OP = tr(0N ta) + 0N M (EZLO0E_L),
where E_ is a meromorphic finite matrix and tr(9™ ~'a) is holomorphic in a
full neighborhood of zy. Consequently,
ODp = tr(EZ}0E_ ) + holomorphic = d(In E_. ) + holomorphic,

which rules out the bad singularity and we see that eP? = e9(z — z)™0:f)
near zg. Globally eP?(?) is indeed a determinant in the sense of Definition 4.7.

PROPOSITION 4.11. — Let P(z) be a holomorphic family on Q\ ¥ as in the
beginning of this section and assume in addition that € is simply connected
and that P is a meromorphic Fredholm function on ). Then the determi-
nants det P(z) in the sense of Definition 4.8 and in the sense of Definition 4.7
coincide up to a non-vanishing holomorphic factor.

The following complement will be used in Chapter 13.

4.5. Addendum

Consider a Schatten class perturbation of the identity, Q(z) = 1 — K(2),
where K (z) € C), is holomorphic in some domain in C and as in (4.30):

(4.41) 05K (2) € Crax(1p/r): 1<k €N

This assumption remains valid if we replace p by N = [p], the smallest in-
teger > p and then (in view of the mean value property for holomorphic
functions) takes the simpler form

(4.42) 05K(z) € Cypyy, 1< k<N,

(4.43) K(z) € Cy.
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Considering the Taylor expansions (and mimicking the definition of modified
determinants for Schatten class perturbations of the identity), we get

Q(z) = A(2)B(2),
(4.44) A(z)=expF(z), F(z)=K(z)+ -+ ———>
B(z) = (14 Rn(K)KY),
where ||Ry(K)| < C(||K]). Thus
[Bn(K)EN| o, < CUKINIENE,
so det B(z) can be defined as in Section 4.4. The definition coincides with that
of determinants of trace class perturbations of the identity and we get
(4.45) | det B(2)| < exp (C(IKDIEIE,)-
As for A(z) = exp F(z), we see that F'(z) satisfies (4.42), (4.43). Moreover

from applying 0, to the differential equation 0; exp(tF'(z)) = F'(2) exp(tF'(z)),
we have

1
d.(el") = /0 eI=OF () (0.F(2)) @ at e Oy

and from similar expressions for 9%(ef’) we see that A = el satisfies (4.42)
and (4.43). Now,

1 1
e Fo,ef = / e (o, F)etfdt = 0.F + / [e7t (8, F)ettdt,
0 0

so trN~1(e 9, el") = tr 9N F, which is bounded in modulus by

(4.46) o) Y oMK 0" K|,

Ni4-+N,=N
Ng>0,q<N-1

<0(1) Z HaNlKvHCN/N1 T HaNqKHCN/Nq'
Nyt Ng=N
Ng20,q<N-1

Combining this with (4.44), (4.45), we get:
PROPOSITION 4.12. — Under the above assumptions,
det Q(z) =1(2)II(2), I(z2) =det A(z), II(2) = det B(z),

where |11(z)| is bounded by the right hand side of (4.45) and |0 In1(z)| is
bounded by the expression (4.46).
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CHAPTER 5

COMPLEX DILATIONS

5.1. Complex dilations and symmetry

We start by reviewing some easy facts for complex distortions (see [28],
[29], [30], [31], [33]) and we shall pay a special attention to symmetry with
respect to the natural bilinear form. Let I' C C™ be a mazimally totally real
(m.t.r.) simply connected smooth sub-manifold and let P = Z| a<m GaD,
where a, € C®(T). If u € C*°(T"), we put

Pu = (ﬁa)u‘v

where P = > aoD® and ay, u are almost holomorphic extensions of a,, u to a
neighborhood of T'.
If P =>"(—D)%o a, is the formal transpose of P, we can define as above
Pty e C=(T) for u € C°(I') and if we define
(5.1) (u|v)r = / u(z)v(z)dzy A ... Adey, = / u(z)v(z)dr, wu,ve CF(D),
r r
we get from Stokes’ formula that

(Pu|v)r = (u| P*v)r.
Now, let L' c C" be a second maximally totally real smooth manifold and

let ~ : [ — T be a smooth diffeomorphism. (For instance, [ can be an open
subset of R” and 7 a “parametrization” of I'.) We can then define

Oy _ (97
2 ZL (22
(5 ) ay (8yk)’
where Y(y) = (71(y),...,¥n(y)) is an almost holomorphic _extension of v =
(V1,1 ). Let f € C=(T) and define U : C=(T) — C=(T) by

(5:3) Uu(y) = f(u(r(y), ue CG(D).



32 CHAPTER 5. COMPLEX DILATIONS

If u,v € C§°(I), we get
WulTo)e = [ ula0)e () £
oy = [ utw)ds = [a()o(0) det (51

r
1

Choose f = (det 9v/9dy)2 for some fixed continuous branch of the square
root (assuming for simplicity that I' is simply connected). Then

(5.4) (Uu|Uv)p = (u|v)r,
so U is orthogonal,
(5.5) Ut=v-1.

As usual, this imples that the operations of conjugation with U and trans-
position commute: If P is as above and we define the pull-back

P=UoPoU '=UoPolU",
then
(5.6) P' = UP'U".
Let now I' € R™. We can use U to define an L?-inner product on c5e(I)
by putting
(5.7) (u|v) = (u|v)r = (Uu|Uv)L2(l:),
which is the inner product that makes U formally unitary. More explicitly,

68 (o= [ulm)ehm) et 5y = [ u@i@se)de.

where

_|det 0 /0y| B
is the unique unimodular factor for which 0(x)dx is a positive density on I'
(and in particular independent of the parametrization 7).
We have
(5.9) (u|v) = (u|Cv)r, wu,ve CF(I),

where C' is the antilinear involution defined by C'v = #v. The formal adjoint
of P for our scalar product on I' is given by

(5.10) P*=C 'PC = CP'C.
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5.2. Dilations and convex sets
Let
(5.11) P=-hWA+V(z), VeL

comp

(R™; R).

Let first f : R® — R be smooth, equal to 0 near suppV and equal to

(tan®)1dy(z)? for large @, where do(z) = |z| and 0 < § < 3m. Then we

consider the m.t.r. manifold I' = I'y of C", given by
(5.12) r=y+if'(y), yeR"

(See [24] for a quick review in the semi-classical case.) The bijectivity of
the complex Jacobian map 0x/0y = 1+ if”(y) implies indeed that I’ is
maximally totally real. Pr can be computed in the parametrization (5.12)
using the formal chain rule:

) w00 e -1 0
8—y:(1+2f (y))a—x7 %:(l—i-zf (v)) 187/7

and hence away from the support of V we get

(5.13) Pr = —h>det (144 f/’(y))_l(aay>tdet (1+if"(y)) (14 f”(y))_2(§y>

which has the semi-classical principal symbol
. -1 . -2
(5.14) (L+if" ()" m? = (L +if"(v) "n.m)-

Here (.,.) denotes the bilinear scalar product on R™ and also its bilinear ex-
tension to C". Since 7 is real in (5.14), we can write this symbol as

(L +if"(y) 0 ln),

where (.|.) is the usual sesquilinear scalar product on C".

For large y, we have f”(y) = (tan6)1l and here it is convenient to use
the equivalent parametrization z = €%y, where 7,y € R"™ are related by
y = (cos )y, and get
(5.15) Pr = eiZie(—h2Ag).

In general we assume

(5.16) fy) =0,
and we shall study the inverse of (1 +if”(y))? =1— f"(y)? +2if"(y). If C is

a complex n X n matrix, define as usual

RC = S(C+C), SC=

%
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PROPOSITION 5.1. — If C = (1+if"(y))? for some fived y € R", then under
the assumption (5.16), we have :
1) sCt<o.
2) We have SC! < 0 (i.e. C~1 is negative definite) iff f"(y) > 0.
3) The symbol (C~'n|n), n € R™ is elliptic: |(C~ n|n)| < |n|> and takes its
values in a sector —m + € < arg (Cn|n) < 0 for some € > 0.
4) When f"(y) > 0 it take its values in a sector —m + ¢ < arg(Cn|n) < —e.

Proof. — We already know that C': C* — C" is bijective and a direct calcu-
lation shows that

(5.17) SCt = —c* N S0)CT = 20 (y) O,

(5.18) RO~ = Y(RO)CTL =1 - f(y)H) L
Assertions 1) and 2) follow from (5.17). Now look at

(5.19) (CMnln) = (RC)Cn|C™ ) —i((SC)C~'n|C'n).

If the imaginary part of this expression (i.e. the last term) is zero, then since
IC > 0, we conclude that (IC)(C~1n) = 0, i.e. f"(y)C~'n = 0. For such
ann the real part of (5.19) becomes

(RCYC™|C™n) = (1~ f"(y)")C 0| C ™) = O™ 2.
Assertions 3) and 4) follow. O

The proposition shows that Pr is elliptic in the classical sense. Defin-
ing the Sobolev spaces H*(I') in the usual way and equipping Pr with
the domain H?(T'), we see that the essential spectrum of Pr is the half-
line e=2?[0, +-00[. As explained for instance in [28], [29], [30], [31], [33],
Pr has no spectrum in the open upper half-plane and the eigenvalues in the
sector e~[0900, 4-00[ are precisely the resonances of P there. (For a more
complete discussion and further references, see [28], [29], [30], [31], [33].)

Let O € R™ be open with smooth boundary and strictly convex. Then
d(x) := dist(x, Q) is smooth on R™ \ O and we have

(5.20) 9%(d — do) = O({z)~1oN.

Now assume that

(5.21) suppV C O.
Outside O we look for f of the form

(5.22) f(@) = g(d()),
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where g € C°°(R;R) vanishes on the negative half-axis. Then

(5.23) f'(z) = ¢'(d(z))d'(z), f"(z) =g (d(x))d"(x)+g" (d(z))d (x)@d (z).
Here d'(x) can be identified with the exterior normal v(7(z)) at the projection
7(z) € 00 of . When = ¢ 0O we also have d'(x) = (x—7(z))/|z—7(x)]. Tt is
further wellknown that d”(x) is positive semi-definite with null-space Rd'(z).
Thus we see from (5.23) that f”(z) > 0 when ¢, ¢” > 0 and we have f”(x) >0
when ¢/, ¢" > 0.

Introduce geodesic coordinates: Let 2’ : Q — 9O be a local parametrization
of the boundary, where Q is some open set in R?~!. Then we have local
(geodesic) coordinates (2/, z,) € Q X | — €, 4+00[ on R", given by

(5.24) z = (') + zpv(2(2)).

In these coordinates, if f is as in (5.22), then I' = I'y is obtained by letting z,
become complex:

(5.25) 2=y mm=(n); Y(n) = yn +ig (yn).
We have (see [30], Section 2, also [31], Section 3 and [29]):
(5.26) P=D? + R(z,D,) + a(2)d.,,
where
(5.27) R(z,D.) = R(%,0,D,) — 2,Q(z, D:),
and R, @) are elliptic second order differential operators with positive principal
symbols:
(5.28) r(z,¢), a(z,¢') >0.

The coefficients are analytic in z, and smooth in z. In the parametriza-
tion (5.25) for T', we get

1 2
(529)  Pr= (mDyn) + R(y,0; D)

(W) QY s (Yn); Dy) +a(y',7(y)) %ayn-
V' (yn)
This formula remains valid if we make a real change of variables in ¥, in order
to normalize v/ (y,,).
If we choose g so that g(d) = (tan #)d? for large d > ro > 0, then as we have
seen, f” > 0 in the corresponding region. Let x € C§°(R™;[0,1]) be equal to

one in a neighborhood of 0 and put

d=dgp= X(%)d(ﬂ?) + (1 - X(%))do(w).
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Then we still have (5.20) if we replace d or do with d and from this it follows
that f := (tanf)d? satisfies f”(x) > 0 for d(z) > 7y, provided that R > 0.
Summing up we have

PROPOSITION 5.2. — Let f(x) = ¢(d) with g as above and assume that
g'(d) >0, ¢"(d) > 0 for d > r9/2 where rog > 0. Then we can find f = f(z)
smooth and real-valued such that

> f(z) = g(d) ford < 3rg >0,

> f(z) = 3(tan@)do(z)? near infinity,

> f"(z) >0 for d(z) > iry.

To study the resonances for the exterior Dirichlet problem in R \ O one
may use complex scaling with a contour

(5.30) Pext,f: o=y+ if'(y), yeR™\O,

where f € C°(R"™ \ O) vanishes on 90, f” > 0 away from 9O and f(x) =
1(tan 0)dy(z)? near infinity. One then considers the restriction Pex; of —h?A to
this contour with domain H? N H& (Text) and the exterior Dirichlet resonances
in the sector e~(0:2l coincide with the eigenvalues of this operator. (See [29],
[30], [31] and references cited there.) A convenient choice of f near 9O is
f(z) = L(tan@)d(z)? and according to [15] we know that § = %7 is in some
sense the optimal choice.

In our case it will be convenient to use a Lipschitz contour:

(5.31) f( )= "o n
) T
%(tan H)d(:n)2 near 00 in R™\ O,

and as above further away from O. Then f is of class C'! and smooth
away from 00O. Consequently, I' = I'; is a Lipschitz manifold, smooth away
from 0O and is naturally decomposed into the interior part O and the exterior
part; I'sexs. Again, we can define Pr as P with the appropriate continuity
conditions at 0O:

(5.32) D(Pr) = {u = UO + Uext; UO € H2((’)), Uext € H2(I’f7ext),

UO = Uext, OpUO = Opllext ON 80}7

where v is the exterior unit normal to O. (On the exterior part we identify 9,
with (9y)r.,.) It follows from Stokes’ formula that Pr is symmetric.
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Near a point zg € 00, the problem

(P — 2)up = vo,

(5 33) (P - Z)Ue:ct = Vext,
YUO — YUext = V0,

YO, UO — YO Uext = V1

can be viewed as an elliptic boundary value problem for an operator with ma-
trix valued symbol (after a reflexion so that, near x(, we consider up and eyt
to live on the same side of the boundary). Here we take v, to be in L? in a
neighborhood of xy and make the same starting assumption about u» and Uext.
Thenifvyg € H %, v € H %, the standard theory tells us that the traces are well-
defined and that uo and ey actually belong to the spaces H?(O), H?(R™\ O)
respectively. Away from the boundary, the usual arguments of complex scaling
apply, and we see that P—z : D(P) — L? is a holomorphic family of Fredholm
operators of index 0, when z € C \ e~2#[0, +oo].

PROPOSITION 5.3. — Let I' be the singular contour above. The spectrum of

P = Pr in the sector e~ 0201]0, +-00] coincides with the set of resonances
for P there.

We have already recalled that the proposition holds when I' is a smooth
contour, of the same form near infinity. We also recall from [28, Section 3]
(see also [24] for a semi-classical version as well as [29], [30], [31], [33]), that
one can show directly, using a result on holomorphic extension of null solutions
to non-characteristic equations, that Pr, and Pr, have the same spectrum if I';
and I's are two smooth contours as above, which coincide near infinity.

The new part of the proof in the case of singular contours will be to show
how to extend null-solutions holomorphically near the singular part of I, i.e.
near dO and in order to do so we need to study holomorphic extensions of the
resolvent kernel. Since we are not interested here in how the estimates depend
on h, we will take h = 1 for simplicity. The arguments below are related with
the more abstract method of exterior complex scaling of B. Simon [22].

We first consider the free resolvent on R™ for Sz > 0,
Ro(z) = (—A —2)7 %
The distribution kernel is of the form Ry(z)(x,y) = Ro(z)(x — y), where

1 iz 1
(5.34) Ro(2)(z) = @ / e ﬁgi_zdg.
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As already mentioned, Rp(z) extends holomorphically as an operator
CP(R™) — C*(R™) across ]0,+oo[ to the double and universal cover-
ings of C\ {0}, when n is odd and even respectively. Moreover, for x in any
compact subset of R and for z in any compact subset of the covering space,
there exists a constant C' > 0 such that

C n=1,
(5.35) |Ro(2)(x)| < {C(1+ |Infz|]) n=2
C‘x‘an > 3,
c n=1
5.36 V.R < ’
(5:36) [VaFo(2)(@)| {C|m|1_” n>2.

More precise results are known of course, see for instance [35], but we have
a quick proof of (5.35), (5.36) by noticing that we can make an z-dependent
complex deformation in the integral (5.34) for large = and obtain

Ro(2)(x) = O(1) + /Ig _ Omeeigag

VRo(z)(z) = O(1) + O(1)e 1 HECle = e,
lg1>1

and treating the gradient estimate for n = 1 separately.

Finally, Ro(z) is rotation invariant; Ro(z)(Uz) = Ro(z)(z) if U : R — R"
is orthogonal. See Section 2 of [23] as well as further references given there.
As explained in that reference, (5.34) remains valid also for z in the covering
space, we just have to make a complex deformation of the integration contour
in a region where |¢| is bounded, in order to avoid the zeros £? — z and this has
no importance for the local properties of x — Ry(z)(z) while it does influence
the exponential decay or increase near infinity.

We now want to extend (5.34) holomorphically with respect to . The very
first observation is that if zy € R™\{0} then Ry(z)(x) extends holomorphically
in z to small neighborhood of xg, by making the small complex deformation
of the integration contour in (5.34) already alluded to.

More generally, assume that € C" and that x-z # 0. Write z = (x - m)%fl
for some branch of the square root. Then f; - fi = 1 and we can find vectors
fo,..., fn € C" such that fi,..., f, is an orthonormal basis for the bilinear

symmetric product x - y: f; - fr = d;%. Let e1,..., e, be the canonical basis
in R™ and define the complex orthogonal map U : C* — C™ by
(537) Uej = fj-
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Let w= ((x-z)/|x - $|)% with the same branch of the square root as above.
Then x = wUy, where y = |z - ac]%el e R" and y-y = |z - z|. At least formally,
we have

z2)(x) = I(x,z) = mfil dg — iwly-§ 1 dg .
Ro(2)(x) = I(z, ) / T / T

Choose the integration contour & = w™'Un, n € R®. Then d¢ = w™"dp,
€2 = w?n? and we get

I(z,z) :/ez‘y'77 ! dn 1 /eiy'nldn,

w2n? — zwn(2m)" o2 n? — w2z (2m)"

so at least formally, we have

(NI

(5.38)  I(z,2) =w? "I(y,w?2), w= (%) L yeR™ zoz=wy-y.

|z - x

We can use this formula together with the initial remark about holomor-
phic extentions to small neighborhoods of real points to define the desired
holomorphic extension of I(z, z) from R? \ {0}. Naturally this will give rise to
a ramified (multivalued) function and in order to get some more understand-
ing, let [0,1] > t — x; € C™ be a continuous map starting at a real point
xzo € R™\ {0} and ending at some given point x € C" with = -2 # 0 such
that x; - x4 # 0 for all t. Then we can choose U = U; depending continuously
on t with Uy = 1. If we have choosen a branch of I(y, z) for real y, then we
get the branch

I(z,2) = wi "Iy, wiz),
obtained by following the curve [0,1] > ¢t — w?z from z to wiz. We
conclude that I(z,z) is a well-defined multivalued holomorphic function
of x € {fweC" w-w+#0} and z in the double/universal covering space
of C\ {0}. Moreover for (z,z) in any fixed compact subset of the above
domain of definition, we still have (5.35), (5.36).

Now we observe that the singular contour I' in Proposition 5.3 is of the
form I =Ty: o =y +if'(y), where f is real-valued of class C1!(R™) which is
convex and f(y) = %(tan 0)do(y)? near infinity. If xzj =y; +if(y;), j = 0,1,
are two different points on I'y, then

(1) = (o) = Ayo, y1)(y1 — vo),

where

1
A(yo,y1) = /o f(tyr + (1 = t)yo)dt > 0,
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and
(1 — w0) - (x1 — w0) = [(1 — A(y1,90)%) + 2iA(yo, 11)] (¥1 — v0) - (1 — %o)-
The same argument as for the ellipticity of —Ar, shows that
Iy x Ty 3 (2o, 21) — (21 — 20) - (£1 — 20)
takes its values in a sector e!%7=€[0, +-00[ and that
[(@1 — o) - (21 — wo)| < |21 — zol?,  xo,71 €T}
Combining these facts with the deformation [0,1] 3 ¢ = I'y¢ from R™ to I'y,

we see that Ro(2)(x,y) = Ro(2)(x — y) is well-defined on I'y x I'y away from
the diagonal, and we can define

Ry ru(x /Ro () u(y)dy, xe€ly, ue Co(I'), I' =T}%.

This gives a continuous operator Co(I') — C(T"). Let Py = —A. Using that

(=Az — 2)Ro(2)(z,y) = (_AZ —2)Ro(2)(z,y) =0, z#vy,
as well as the bound on the strength of the singularity at + = y described
n (5.35), (5.36), we see that in the case when f is smooth, we have

(Por — 2)Ror(z)v(z) = Cz, f)v(z),
Ror(2)(Por — 2)u(x) = C(x, fu(x),

for x € I', u,v € C§°(I"). It is further clear that C(z, f), C(z, f) only depend
on the restriction of f to a small neighborhood of Rz, so we can replace f be a
new function f which is equal to f near Rz with f/ " varying very little and being
constant near infinity. We can then determine the constants by letting v, u
be suitable Gaussians and possibly after an additional deformation argument,
we get C(x, f) = C(z, f) = 1. Thus
(5.39) (Por — z)Ror(z)v =,
(5.40) R()I(Z)(P()I — z)u =u,
when u,v € Cg°(I"), I' = I'y and f is smooth. To extend this to the general case
when f is a convex C1! function would require first to define the operator Por,
and we prefer to avoid that work and just consider the case of the special
singular contour in Proposition 5.3. Then for v € Cy(I") (5.39) still holds away
from 00.

We also remark that if v € Cp(T), then u := Rg v is of class C' up to the
boundary both on O and on eyt and we have

(541) YUQ = YUext, 'YaVUQ = ’Yauuext-
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Using now that (5.33) is an elliptic boundary value problem, we see that Ry v
belongs locally to D(Pr) and this holds more generally for v € L2, (T).

If u € Co(T) and up and Uey are C2 up to the boundary and satisfy (5.41),
then we can make integrations by parts in

Ror(Por — 2)ulx) = / Ro(2) (. 3)(—Ar — 2)u(y)dy

after introducing a cutoff around the singularity and passing to the limit and
get (5.40) as in the case when f is smooth. By density this extends to the case
when u € D(Pr) has compact support.

We can now complete the proof of Proposition 5.3. Let I' = I'y be the
singular contour in that proposition and let f be smooth, convex, equal to 0
in O and equal to f outside a small neighborhood of O. Let I = Ff be the

corresponding smooth contour, so that the spectrum of P= P in the sector
e~0:20110, 4-00[ coincides with the set of resonances there. As in [28], it suffices
to show the following two facts:
1) If w € D(Pr) and (Pt — z)u = 0, then u has a holomorphic extension to
a domain containing

(5.42) ly+i(tf' )+ A -0 W) f) # fy), 0<t <1},
such that its restriction % to I' belongs to D(Pz) and satisfies
(Pr—2)u=0.

2) If u € D(Pf) and (P —2)u = 0, then u has a holomorphic extension to a
domain containing the set (5.42) such that its restriction u to I belongs
to D(Pr) and satisfies (Pr — z)u = 0.

Let X € C§°(R™) be equal to one near supp (f — ]7) and define the cutoffs y
and Y on I' and on I respectively by

X(y+if'(v) =Xy +if (v) = W)
We first prove 1) and let u be as in that statement. Then
(543) (PF - Z)XU = [PF7X]U7

where the right hand side has its support in the region where I' and I coincide.
We can rewrite (5.43) as

(5.44) (Po,r — z)xu = [Pr,x]u — Vu
and Vu also has its support where T' and I' coincide. Applying (5.40) gives
(5.45) xu = Ror(2)([Pr, x]u — Vu).
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From the properties of Ry(z), we see that yu has a holomorphic extension to a
domain containing the set (5.42). Its restriction to I' solves (Ps—z)u =0 and
# = u in the regions where I" and T coincide. From elliptic regularity we see
that @ is locally in H? and hence globally so @ belongs to the domain of Pr.
This proves 1).

The proof of 2) works the same way with the small difference that instead
of invoking the ellipticity of Pz on the smooth manifold f, we invoke the
ellipticity of the boundary value problem (5.33). O
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CHAPTER 6

SEMI-CLASSICAL SOBOLEV SPACES

This section is a review of some easy facts about Sobolev spaces, see Sec-
tion 2 in [25], [27] for more details about the first part. We let

Hi(R") c S'(R"), seR,

denote the semi-classical Sobolev space of order s equipped with the norm
|(hD)*ul|| where the norms are the ones in L2, ¢2 or the corresponding operator
norms if nothing else is indicated. Here

(hD) = (1+ (hD)?)*.

PROPOSITION 6.1. — Let s > in. Then there exists a constant C = C(s)
such that for all u,v € Hi(R™), we have u € L*(R"™), uv € Hi(R") and
1
(6.1) [ullzee < Ch72"|ullmy,
1
(6.2) lwollmg < Ch™2"||ullpg - (o]l m; -

Let X be a compact smooth manifold. We cover X by finitely many co-
ordinate neighborhoods X1, ..., X, and for each X, we let x1,...,z, denote
the corresponding local coordinates on X;. Let 0 < x; € C§°(X;) have the
property that Y7 x; > 0 on X. Define H}(X) to be the space of all u € D'(X)
such that

p
(6.3) lull; = > [l (hD) xjul|* < oo.
1

It is standard to show that this definition does not depend on the choice of the
coordinate neighborhoods or on x;. With different choices of these quantities
we get norms in (6.3) which are uniformly equivalent when h — 0. In fact,
this follows from the h-pseudodifferential calculus on manifolds with symbols
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in the Hoérmander space STO that we quickly reviewed in the appendix in [25].
An equivalent definition of Hj(X) is the following: Let

(6.4) h?R = (hDq,)*r;k(x)hDy,

be a self-adjoint non-negative elliptic operator with smooth coefficients on X,
where the star indicates that we take the adjoint with respect to some fixed
positive smooth density on X. Then h?R is essentially self-adjoint with domain
H?(X), so
(14 h2R)2% : L2 — L2
is a closed densely defined operator for s € R, which is bounded precisely
~. 1

when s < 0. Standard methods allow to show that (1 + h?R)2® is an h-

pseudodifferential operator with symbol in S7, and semi-classical principal

symbol given by (1 + r(z, 5))%3, where
r(2,€) =) ()&
jk

is the semi-classical principal symbol of h2R. See the appendix in [25]. The
h-pseudodifferential calculus gives for every s € R:

PROPOSITION 6.2. — The space Hj(X) is the space of all u € D'(X) such
that (1 + hQE)%su € L? and the norm [ull gy is equivalent to [|(1 + h2ﬁ)%su\|,
uniformly when h — 0.

REMARK 6.3. — From the first definition we see that Proposition 6.1 remains
valid if we replace R™ by a compact n-dimensional manifold X.

REMARK 6.4. — We will also consider the case when the manifold X is the
disjoint union of a compact part and R" \ B(0,R) for some R > 0. The
definition and properties of H} (X)) are quite clear.

Of course, Hj(X) coincides with the standard Sobolev space H{(X) and
the norms are equivalent for each fixed value of h, but not uniformly so with
respect to h. We have the following variant (see [27], Section 2):

PROPOSITION 6.5. — Let s > %n Then there exists a constant C = Cs > 0
such that

(6.5) luwvllmy < Cllullm; - [lolla;,  Vu e H*(R"), v e Hi(R").

The result remains valid if we replace R™ by X.
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Let Q € R" be open with smooth boundary. Let H} () denote the Banach
space of restrictions to Q of elements in Hj(R"). It is a standard fact that
if s > %, then the restriction operator v : u — u|gq is bounded:

H(Q) — 172 (09).

The restriction operator v has a right inverse ! which is bounded
71 _
H| 2(09) — H;(Q) for all § € R. More generally, if s > 3, then
_1 _3
( 7 ) CHE(Q) — HY 2(0Q) x Hy ?(99)
YD,

-1

has a right inverse which is O(1) : H; ? x Hls_
is the exterior unit normal and D, =i~19/0v.
In the semi-classical case, we obtain from the same (standard) proofs that

[SIe
Nl

— Hf for all 5 € R. Here v

_1
(6.6) y=04(h72): Hy(Q) — H, 2(0Q), s>1

has a right inverse such that

s

1 .
(6.7) v 1= 0s(h7) : H, (09) — Hj(Q), SeR.
More generally, the operator
v . s s=p s—35
(thy) L HE(Q) — H 2(Q) x H, *(09)

5 ~

1 -
has a right inverse which is O(h%) s Hy ?x H; — Hj for all 5 € R.

The following observation can be turned into a proof by reduction to the

_3
2

standard non-semi-classical case: The change of variables * = hx trans-
forms hD, into Dz and if u(x) = u(x), then

1 ~
lull e @) = h2" [l s (h—10)-

Similarly for functions on 92, we have

L)1~
lull s 00) = h2( 1)\|U||11rf(frlan)-
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CHAPTER 7

REDUCTIONS TO O AND TO 00

In this section, we let P = —h?A + V and O be as in Section 5.2. We
choose the contour I' as there, either singular or smooth. When I' is smooth,
the domain of Pr is the space H,%(F), and when I' has a singularity along the
boundary of O, it is given by (5.32). (Later we shall also need to consider the
case when I is constructed as in the preceeding section but with O replaced by
a slightly larger set O with the same properties, containing an h-neighborhood
of ©.) By abuse of notation we sometimes write H2(I") also for D(Pr).

The exterior Dirichlet problem is

(7.1) (P—zu=vonle=T)\0,

U‘ao = w,

for given v € L2(I'\ O), w € H%(OO) with the solution v in H?(I'\ O). Here,
Yu = u|p0. The corresponding closed operator Fex; has the domain

D(Paxt) = {u € HX(I'\ 0); 7u = 0}.

The eigenvalues are the resonances for the exterior Dirichlet problem. We

restrict the attention to the case when % <Rz <2, Sz > —ch%, where

c< 2(%)%#;(1 (cf. Theorem 2.2). When z ¢ o (Pext), we can express the solution
of (7.1) as

(7.2) U = Gext (2)v + Kext (2)w.
Put
(73) Nextw = ’VhDVKextwv

where + is the operator of restriction to 0O and v is the exterior unit normal.

DEFINITION 7.1. — Pyy(2) is the operator —h*A +V — z on O with domain
(7.4) D(Pout(2)) = {u € H*(O); (vhD) — Next(2)7)u = 0}.
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Notice that the domain varies with z and this is why we avoid writing
“Pout — 2”. In the first part of this section we shall show that z is a resonance
of P precisely when 0 € o(Poyt(z)), but for technical reasons we will prefer to

work with the full problem,

(7.5) Pyt (2)u = v, hzBu = w,
where
(7.6) B = ~vhD, — Naxey : H2(O) —s H2(90).

It is easy to check that this is an elliptic boundary value problem in the classical
sense. (The semi-classical structure of Moy and of (7.5) will require more work
below.) The well-posedness of (7.5) is of course equivalent to the bijectivity of

(7.7) Pout(2) = (1: ;BZ

Here and below we sometimes write H* instead of H;.

) L H2(0) — H(0) x H3(90).

In the following we impose the condition
(7.8) S2] < hicy, L<Rz<2

with ¢p as in (3.1), so that the exterior Dirichlet problem is well-posed. (We
could here drop the upper bound on 3z.)

Under the condition (7.8) we shall show that Py (2) and Pr—z are “equiva-
lent”, and to do so we shall see that Pyt (2) appears as the effective Hamiltonian
(up to an invertible factor) in a well-posed Grushin problem for Pr — z.

Let ¢ : L?(O) — L?(T) be the natural zero extension map and let
Il: H*(T) — H*(O)
be the restriction map. Let
K = 0(h?) : H2(00) — H2(0)

be a right inverse of B (cf. the last observation in Chapter 6). Put

(7.9) P(z) = (PFH_ - I%) L H(T)x LX(O) x H (90) —> LA(T)x HX(O).

We will view P(z) as a 2 x 2 block matrix with the upper left block given
by Pr — z. We claim that P(z) is bijective. This amounts to finding a unique
solution (u,u_,u’ ) € H*(T) x L*(O) x H%(80) of the problem

(7.10) (Pr— 2)u+w_ =v, Hu+Ku =uv,
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for every given (v,v,) € L*(T') x H?(O). The exterior part (i.e. the restriction
to Iext = I' \ O) of the first equation in (7.10) is (with the natural notation)

(Proc — 2)Uext = Vext,
which has the general solution
Uext = Gext (2)Vext + Kext(2)g,
where g € H %(F ) is arbitrary to start with. Notice that
Buext = BGext(2)Vext,

since BKexi(z) = 0 by the definition of Nex(z). Here the continuity condition
on u given by (5.32), can be written

(7.11) YUint = YUext, BUing = Buext.
The interior part of (7.10) is
(7.12) (P — 2)Uint + U— = Ving, Uint + Ku_ =wv, inO,
giving
Uing = V4 — K, u_ = vy — (P — 2)tin.

The second condition in (7.11) now gives Bvy — u/ = BGextVext, i.€.

(713) Ul_ = BU+ — BGextUext-
The first part of (7.11) boils down to
(7.14) Yoy —yKu_ = g.

Thus the unique solution of (7.10) is given by u = uint + Uext, u—, u’_, where
v = B(vs — GextVext),
Uit = (1 — KB)vy + K BGextVext,
U = Vipt — (P — 2) K BGextVext — (P — 2)(1 — KB)vy,
Uext = (1 + Kext’Yf(B)GextUext + Kexey(1 — —’?B)UJF'

Using the characteristic functions 1o and 1r_, to indicate the projection to
the interior and exterior parts of functions on I', we get in matrix form:

(7.15) Pz)~t =
Lo K BGext1r,., + 1ro, (1 + Kext YK B)Gexelr,., lo(1— KB) + 1p,, Kexty(1 — KB)
lo — (P = 2)KBGex1r,,, —(P—2)(1-KB)
—BGext1r,,, B

SOCIETE MATHEMATIQUE DE FRANCE 2014



50 CHAPTER 7. REDUCTIONS TO O AND TO 00

As already mentioned we can use block matrix notation and write

P(z) = (Pn 1312)7

Py Poy
where
Py=Pr—2z Pao=(0), Py=I, Py=(0K).

Then

_ E11 Eqs

E(z):=P(2) 1 = ( ),

(2) (2) Eyy Eoy

where

—(P z)él - f(B)) _ (—1 ho3 (P - z)f()Pout(z),

b = ( 0 3

and Poyi(z) was defined in (7.7). The upper triangular matrix in the last
expression is invertible, so the invertibility of Foo is equivalent to that of P,y
and using also the second part of Proposition 4.1, we get

PROPOSITION 7.2. — For z in the region (7.8) we have that z € o(Pr) if and
only if 0 € o(Pout(2)).

Pr — z, Pout(z) are holomorphic families of Fredholm operators of index
0 and combining (4.3) with Proposition 4.4, we see that det(Pr — z) and
det Pout(z) have zeros of the same multiplicity at the points of o(Pr).

We next discuss a reduction to the boundary when z is not a Dirichlet
eigenvalue. Let P, denote the Dirichlet realization of P in O, so that D(Py,) =
{u € H?(O); yu = 0}. Let
P—z

1

h2~y

(7.16) Pin(2) = ( ) L H2(0) — HO(O) x H3(90),

so that Piy(z) is bijective precisely when z is not a Dirichlet eigenvalue;
z ¢ o(Py). Let
1
&; (Z) = (Gin(z) h_§Kin(Z))

be the inverse which is well defined for z away from the spectrum of P,,. Then

Pt (2)En (2) = ((P —2)Gin (P — z)h_éKin)

h2 BGin BK;
Here (P — 2)Gin =1, (P — 2)Kj, = 0 and
(717) BKin = ’YhDuKin - A/;ext = Mn _Nexta
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where the last equility defines Ny, : H 3 (00) - H 2 (00) so

1 0
(7.18) Pout (2)&in(2) = (h%BG, Ny — N t)'

Composing with Pj, to the right, we get

1 0

B e~ b e

) Pin(z).

Notice that this factorization makes sense only when z ¢ o(Pi,(z)) since Ny, is
defined only under that assumption. The last factor in the right hand side is of
course bijective then, and the first lower triangular factor is bijective precisely
when Ny (2) = Next (2) : H2 — H7 is bijective, or equivalently when 0 is not in
the spectrum of this operator, considered as an unbounded operator H > 5 H3
with domain H?2.

PROPOSITION 7.3. — For z in the region (7.8) and not in o(Py,), we have
the equivalence

0€ o0(Pout(2)) <= 0€ o(Nim — Noxo)-

Again we have holomorphic families of Fredholm operators of index 0 and
we have the analogue of the remark after Proposition 7.2.

We end the chapter with a symmetry observation (cf. (5.1)).
PROPOSITION 7.4. — Pout(2), Nin and Next are symmetric.

Proof. — This follows from Green’s formula. For u,v € H %(8(’)), we have

(Ninu|v)oo — (| Ninv)so
= (hD, Kizu|v)so — (u|hD, Kinv)so
7
= E((—hQAKinu\Kinw@ — (Kipul| — h2AKinv>(9)

(P = 2Kl Kunv)o — (Kinu] (P — 2)Kinv) = 0.

The symmetry of Mgy follows in the same way by applying Green’s formula
on Fext. Let u,v € D(Pout(2)), so that yAD,u = N yu and similarly for v.
Using again Green’s formula, we get
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(Pout(2)u|v)y — (u] Pout(2)v),,
= —h*((Aulv)o — (u| Av)o)
- %(<hDyu]v)8@ — (u|hDyv)s0)
= %((j\/;xtufv)ao — (u| Nextv)ao) = 0,

where the last equality follows from the symmetry of Neoy.
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CHAPTER 8

SOME ODE PREPARATIONS

In this chapter we make some preparations for the study of the interior
and exterior Dirichlet to Neumann maps and some related estimates for the
exterior resolvent.

8.1. Nullsolutions and factorizations of 2nd order ODEs

It will be convenient to factorize our equations and we make some extremely
elementary and certainly well-known remarks. Let

(8.1) P = 9% + a(t)d; + b(t)

be a differential operator with smooth coeflicients on an interval or with holo-
morphic coefficients on a simply connected open set in C. Let e~ belong
to the kernel of P,

(8.2) P(e=®) =0.

This means that P takes the form P = (9; + ')+ f()(0; + /) + g(t), where
g =0 and we get

(8.3) P=(0,—B)(0 + ),
where 8/ = o/ — a,
(8.4) f=a-— /t ads.

Notice that P* = (9; — o/)(0; + '), so e’ belongs to the kernel of P
When P is symmetric, P* = P, we have a =0, 3 = .
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8.2. Simple turning point analysis

We recall some elements of the complex WKB method and refer to [36],
[11] for more extensive expositions. Let V = V(z) be holomorphic in some
simply connected open set C C. We consider the equation

(8.5) ((hDa)? + V(x))u =0,

with  holomorphic. The zeros of V' are the turning points by definition. Away
from those points we can construct formal local solutions of the form

(8.6) u(x) = alz; ) DM a(ah) ~ ag(x) + hay(x) + -
where ¢(x) is a solution of the eiconal equation

(8.7) (¢(2))? + V(z) =0,

and ag, ai, ... solve a sequence of transport equations obtained from

((¢/(x) + hDy)? + V(x))a =0,
equivalent to
(¢(2)hD +hD o ¢ + (hD)*)a=0:

2¢'(x)dag + ¢"ag = 0, (To)

and for 7 > 1:
2¢/(z)0a; + ¢"aj = i0%a;_1. (T})
We can prescribe ag(xo), a1(zo), ... (if zo is not a turning point) and then the

formal symbol becomes uniquely determined in a neighborhood of xg. The so
called exact WKB method (see also the appendix) tells us that if v : [0, 1] — 2
is a O curve with v(0) = z¢, avoiding the turning points and with the property
that —3¢(v(t)) has positive derivative"), then there exists an exact holomor-
phic solution of (8.5) of the form (8.6) in a neighborhood of v(]0,1]) where
ag(xo), a1(xg), ... can be arbitrarily prescribed (in the sense that a(x;h) is
holomorphic in z with the asymptotic expansion of (8.6) in the space of holo-
morphic functions in a neighborhood of the range of ). Moreover, the solution
is unique up to a term O(h>)e= ¢/,

Actually the formal expansion can be improved by using the Ansatz
(CD’)_% ¢®/" and then determining ®(z;h) ~ ¢(z) + h2¢pa(z) + hiou(z) + - -
from a Riccati type equation. Notice that the solution of (7p) is of the form
ao(x) = C(¢) 72 = OV () 5.

We can consider multivalued solutions of (8.7) away from the turning points.
A C!' curve in Q is called a Stokes line if 3¢ is constant on 7 and it is called

(1) So that e/ jg exponentially growing with increasing ¢.
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an anti-Stokes line if R¢ is constant. (Sometimes the terminology is reversed.)
Locally away from the turning points the Stokes and anti-Stokes lines intersect
each other perpendicularly. The curve « in the above exact WKB remark
necessarily intersects the Stokes lines transversally.

A turning point xg € 2 is called a simple turning point if it is a simple zero
of V', so that

(8.8) V/(x0) # 0.

We next consider the singularity of the solution of the eiconal equation near
a simple turning point that we assume to be zg = 0 for simplicity. If the
Taylor expansion of =V at z = 0 is —V(x) = a?z + O(2?), then ¢'() is a
double-valued holomorphic function of the form

¢ (x) = ax? (1 + (’)(ac)),

where the last factor is holomorphic in a full neighborhood of x = 0. By
integration it is clear that ¢ is also double-valued and of the form

o(x) = %aa:% (1 + (’)(:v)),

where again the last factor is holomorphic near 0.
The union of the Stokes and anti-Stokes curves reaching the turning point
x = 0 is contained in

(8.9)  {z € neigh(0); S¢ =0 or R = 0} = {x € neigh(0); I(¢?) = 0},
which is also the set of points x solving

a’z?(1+ O(z)) =t°, t € neigh(0,R),
i.e. a%x(l + O(x)) = t, or equivalently

= f(a51),

where f is analytic and f(0) = 0, f/(0) = 1. Since there are three branches
of the cubic root of a we see that the set (8.9) is the union of three smooth
curves, v, 7 = 0,1,2, that pass through 0 and intersect there at angles %W.

With a suitable orientation, each ~; is first a Stokes line v until it hits 0 and
then becomes an anti-Stokes line 7? on the other side. It will be convenient
to let v be open in the sense that 0 ¢ v, 0¢€ ’yj'. The three Stokes lines
divide a pointed neighborhood into three “Stokes sectors” ¥;, j = 0,1,2, as
indicated Figure 1. Each Stokes sector is the union of Stokes lines in addition
to the two Stokes lines that make up the boundary. In the figure we draw two
such additional lines in each sector.

SOCIETE MATHEMATIQUE DE FRANCE 2014



56 CHAPTER 8. SOME ODE PREPARATIONS

V2
oo
¥
Y o
Yo
D)
o
"

FIGURE 1. Three Stokes sectors

For each j € 7Z/37Z, we choose the branch ¢ = ¢’ of the solution of the
eiconal equation tending to 0 when x — 0 which has positive imaginary part
on the interior of ¥; and we can extend ¢ holomorphically to €2\ ;> SO that
¢ = —¢*lin Yj+1. Here € is a fixed small open disc centered at 0. The exact
WKB method tells us that (8.5) has a solution u = u; in  of the following
asymptotic form in Q \ Iy, where I'; is any fixed neighborhood of f

(8.10) uj = al(x; h) et @/h gl aé + ha{ +---, ao(x) #0.

The Wronskian W (uj,uy) := (hDuj)ur, — ujhDuy is constant, and can be
computed asymptotically for j # k at any point on 7, where £ is the index
different both from j and k. Since ¢; = —¢y, there, we get

(8.11) W (uj, ux) = 2¢;abaf + O(h).

Also recall that W (u,u) = 0.
This can be used to study u; near v, . Since the space of solutions of (8.5)
is of dimension 2, we have

(8.12) Uj = Z cjkug, ¢k = cjr(h) €C,

k; k#j
and if k # j, we let £ = {(j, k) be the index different both from j and k& and
get W(uj,up) = ¢j W (ug, we),
Wuj,ue)

8.13 =
(8.13) TE W (g ug)

0 1 0
~ Gt hej e, # 0.
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We shall next show that (8.10) extends to @\ (I'; U D(O,C’h%)) where
now I'; is a conic neighborhood of v and C > 1, in the sense that the

asymptotic expansion for a/ is in powers of h/:):% Letting j be fixed for a
while, we suppress “j” from the notation. Recall that ag, a; are determined by
the sequence of transport equations (7p), (1), ... above. Using the eiconal
equation for ¢ we get

(8.14) O(Viag) =0, O(Viay) =3V 10%a 1.

Starting with agp = Const. Vi = O(:zf%) and using (8.14) and the Cauchy
inequalities, we get iteratively that

(8.15) ap(z) = Oz~ 17%3), 2 0.
Thus, we can give a meaning to
o) [e.e]
h\k
S ot = Yok (1)
0 0 2

in the region |z| > h3 as an asymptotic sum in powers of the small parame-
ter h/ 3.

In the appendix, we show that the holomorphic function a has this asymp-
totic expansion in the region |z| > h3.

PROPOSITION 8.1. — Fiz j € Z/37Z and let u = u; be a solution of (8.5),
which has the structure (8.10) in a neighborhood of a point x§ € *y;.“ \ {0}.
Then for r > 0 small enough, u remains of the form (8.10) in

_ 2
D(0,7)\ (T; UD(0,Ch3)),
L'j is any neighborhood of ;" of the form U, - D(z, €|lz|) where C'=Cc >0
. J
is large enough. The coefficients a), in (8.10) satisfy (8.15) and the precise
meaning of the asymptotics in (8.10) is that

N-1
(8.16) @ =3 alnt =0z 1 (h/x2)V).
k=0

We shall next estimate the region where u = ug may have its zeros and
take j = 0 in order to fix the ideas. From Proposition 8.1 it is clear that the
zeros have to be close to 75 and in particular we need to study what happens
in an h’ neighborhood of 0, where we have no asymptotics. If v : [a,b] — C
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58 CHAPTER 8. SOME ODE PREPARATIONS

is a smooth curve and v, w are holomorphic functions defined near -, then

b
/vwdx:/ vyw~ dt,
¥ a

1
uy(t) = A2 u(y(t)).
This means that the passage u — . conserves symmetry of differential oper-
ators, and more precisely, we check that

where we define

(Du)y =472 Dif 2 us,
and the equation (8.5) restricted to v reads
(8.17) (5~ 2hDy~2)2 + V (4(t)) Juy = 0

Here we can rework the first term and put the two D; together in the center.
We get

(8.18) (= (h0)? +42V)y tuy =0, 4 uy =5 2u o,
where
. NN 1 % )
w 7=voo (VG- 0] -veron
(8.19) V=V(y(t) + 5) 126 50 5 Voy+O(h?)
PROPOSITION 8.2. — If~ is a Stokes curve or an anti-Stokes curve, we have

I(52V o) = 0.
More precisely, 42V o~y is < 0 in the first case and > 0 in the second case.
Proof. — Stokes and anti-Stokes curves are characterized by the property
that 9¢’ = 0 and Ry¢’ = 0 respectively, where ¢ solves the eiconal equa-
tion (8.7). For both types of curves, we have $(7¢')? = 0 which means that

3(42V 0y) = 0. On a Stokes curve we have (¥¢')? > 0, so 42V oy < 0 and
on an anti-Stokes curve we have (¥¢')? < 0, so 42V oy > 0. O

Now complete 7y into a smooth family of curves ~,, s € neigh(0,R), so that
x = 75(t) defines local coordinates s,t and the smooth function

f(37t) = %[(at75)2v(75(t))]

vanishes for s = 0. Assuming, as we may, that 7(0) = 0, v0(t) = 1 (t),
for £t > 0, we get for s = 0:

(asf)(o’ O) = %("ygV/(O)as%(O)).
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8.2. SIMPLE TURNING POINT ANALYSIS 59

This is # 0 since V'(0) # 0 and 9575(0)s=0 is not colinear with 4. It follows
that +f(s,t) < s and we may assume that the plus sign is valid;

(8.20) S[(07s(0))°V (45(8))] = s, (s,t) € neigh(0).

Now let u = o be a solution of (8.5) as in (8.14) which is exponentially
decaying in the Stokes sector %y containing the anti-Stokes line fyar .

PROPOSITION 8.3. — The zeros of ug are within a distance O(h?) from vy
and away from a disc D(0, h%/C) if C > 0 is large enough.

Proof. — We first prove that the zeros are within a distance O(h?) from 7.
From the WKB structure we already know that they have to be inside a
small neighborhood of {0} U~y . Let zg be a zero of u and let s = s be
determined by the property that xo belongs to ~vs,, so that zo = ~s,(to)
for —1/0(1) <tp < o(1). Take v = 75, in (8.18): Multiplying by f'y_%uoq/,
we get
1 -
/ [((—h@t)Q + ’72V)1_%u o fy] 1_%u oydt =0.
to

Here u o v is exponentially decaying for ¢ > 1/O(1) and vanishes at ¢y so we
can integrate by parts and get

1 ~
(8.21) / [[B0,(3 7w 07| + 52V 3 " Zu o y[?] dt = O(eor).
to

Now $42V = S(52V 07)+O(h?) and S(52V 07) < s¢, so taking the imaginary
part of (8.21), we get

(5ol = 002) [ i~buorPae < 0eeh).
to
Consequently, so = O(h?) so the zero is at a distance < O(h?) from .

It remains to prove that the zeros stay away from D(0, hi /C') and belong
to a h%-neighborhood of v, . Let xg = vs,(to) be a zero so that sy = O(h?).
Then, with v = 75, we have R32V < t. Let v = "y_%u o~ and take the real
part of (8.21):

1 ~

(8.22) / (10w + RV dt = Oe ).
to

Now,

R(327) > 10

— C([to] + 1?)
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60 CHAPTER 8. SOME ODE PREPARATIONS

and we get

1 t—t
/ <|h6tU’2 + T%P) dt < O(e ar) + C(|to| + h?) |||,
to

where the norm is the one in L?([tg, 1]). Here, we can drop the first term to
the right since ||[v|| is bounded from below by a power of h. On the other
hand, we know (either by using well-known facts about the Dirichlet problem
for the Airy operator or by more direct arguments) that the left hand side
is bounded from below by C'_1h§||v|]2 (using also that v(1) is exponentially
small). Hence, hiC < C([to| + h?), leading to
to] > i
ol = =
C

Now a second look at (8.22) shows that we cannot have ¢ty > h3 /C, and the
proof is complete. O

REMARK 8.4. — By pushing the argument slightly further we see that every
2
zero of ug in any fixed disc D(0,Ch3) is of the form

(8.23) —h3V'(0)73¢; + O(h3),
for some j, where 0 < (3 < (2 < --- are the zeros of Ai(—t).

In fact, let x; be such a zero and consider the equation (8.18) along the
curve v = 75 that contains x1. Assume that the parametrization is chosen
with 7(0) = x1 and such that ~ is oriented in the direction of ¥y for increasing t.
Choose a similar parametrization of g so that v(t) — vo(t) = O(h?). Pulling
"y*%u oy to 79 by means of y oy ! we get a quasi-mode 7(t) satisfying

(8.24) (= (h0)* + 45V (v0(t)))u(t) = O(R?) ||| in L*([0,1/Cy)),

which is exponentially decaying for ¢ > h3 and satisfies the Dirichlet
condition u(0) = 0. This means that the self-adjoint Dirichlet realization
on [0,1/Cp] of the operator to the left in (8.24) has an eigenvalue = O(h?).
Now it is a routine exercise in self-adjoint semi-classical analysis to see that
the eigenvalues of this operator in any interval | — oo, Ch%] are of the form

(8.25) U(0) + h3U'(0)3¢; + O(h3),
where U(t) = 42V (70(t)) is the potential in (8.24). Thus for some j,

56(0)2V (30(0)) + 13 (30(0)3V" (10(0))) 1 ¢; = O(h3),
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8.3. THE EXTERIOR ODE 61

which simplifies to
V(@) +h3V'(0)3¢ + O(h3) =0,
leading to (8.23).

Remark 8.4 allows us to control the exterior Dirichlet problem for &z > —cohg
for ¢p as in (3.1).

8.3. The exterior ODE
We are concerned with the operator
(8.26) P = —(h8,)* — 2Q(x) + ha(x)hoy,
where @, a are holomorphic on neigh(0,C) and @ > 0 on the real domain.
Let v5 be the contour z = ~5(s), 0 < s < 89, 0 < 509 < 1,
(8.27) {*y(;(s) =s . for 0 < s <9,
Y5(s) =6+ e3"(s—9) for 6 < s < sp,

and let b = v5(sp) be the second end point. Here § > 0 is a small parameter
that eventually will take the values 0 and Ch.
Consider the Dirichlet problem

(8.28) (P—2zu=von~s, u(0)=0, u(b)=0,
where
(8.29) “A+hiw, AeER, |w< —

: z= w, ,Jw] < oM

We start by discussing the case 6 = 0 and later we indicate the additional
arguments in order to treat the case § > 0. When § = 0, the operator reduces
to the rotated Airy operator with a perturbation,

(8.30) e 3™ (= (hds)® + 5Q(e3™s)) + e 3™ ha(e3™ s)ho,

which as in [15], [29], [30], [31] can be treated by ressorting to the spectral
theory for the Dirichlet problem for the Airy operator. When § > 0 this
appeared as more difficult and in order to cover that case also we chose to
use the complex WKB method. The last term ha(z)hd, will have no real
importance and can be eliminated by writing

P = —(hd, — %hya(:v))2 — 2Q(x) + O(h?)
= e%A[ — (h0,)? — 2Q(z) + O(h?)] e 24,
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62 CHAPTER 8. SOME ODE PREPARATIONS

where A = O(1) is a primitive of a. Since the perturbation O(h?) can be
absorbed in the estimates below, we will assume from now on that a = 0. We
will also concentrate on the most interesting case when |[A\| < 1/C and indicate
later how to treat the easier cases when A is positive and bounded from above
as well as the case when A is negative and arbitrarily large.

Assuming that |[A\| < 1/C, we see that the equation (8.28) has a turning
point xo(z), given by

(8.31) zoQ(x0) + 2 = 0.
If 1 € R is the real turning point, given by z1Q(x1) + A = 0, then
1
(8.32) 2o =11 — ——hiw+ (’)(hg), where V(z) = z2Q(x).

oV (x1)
We have the following picture

where we draw the three Stokes lines through zg, the Stokes sector X, and
notice that the zeros of the corresponding subdominant solution are very
close to the Stokes line v, opposite to X and separated from the turning

point by a distance > h%/C. A direct calculation from (8.31), (8.23) shows
that the imaginary parts of these zeros are < —h%/(’)(l) when |\ < 1 and
Sw > —Q(O)§C1 cos w4+ 1/O(1).

From Proposition 8.1, we see that the equation (P — z)u = 0 has a solution
which is subdominant in ¥, of the form
(8.33) e~ d(a:h)/h

in (neigh(zo,C) \ V) U D(xo, hg/C) where V" is a any small “conic” neigh-
borhood of v, as in Proposition 8.1, such that

O(h
(5.31) o (a:h) = dhfa) + )

x — xo
and ¢ solves the eiconal equation, (¢f))? = xQ(x) + z. (Compared to Propo-
sition 8.1, we have found it convenient to drop the prefactor “i”.) Notice that
the first term in the right hand side of (8.34) dominates when |z — zo| > h3.
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8.3. THE EXTERIOR ODE 63

Moreover, in any set of the form D(xo, h%/C) U (D(xo, Ch%) \Vy ), we have

).

In fact, writing  — zp = hiy leads to the equation —(02+W(y))u=0ina
fixed h-independent domain where W is holomorphic and bounded. Rewrit-
ing this as a first order system, we see that |u(y)| + |0yu(y)| is of constant
order of magnitude, say < 1 and the equation tells us that 8§u = O(1).
We also know that u is non-vanishing and after shrinking the domain by
a fixed rate arbitrarily close to 1, we conclude that |u(y)] > 1/0O(1). In-
deed, if |u(yo)| = € < 1, then |[v/(yo)| < 1 and from the Taylor expansion,
u(y) = u(yo) + v (yo)(y — vo) + O((y — 10)?), we see that u must have a
zero in the disc D(yo,r) if ¢ < 7 < 1. Thus |u(y)] < 1, ¥/(y) = O(1) and
hence dyInu = O(1). Hence hid,Inu = O(1) and 9,¢ = hOyInu = O(h%)
as claimed.

W=

(8.35) ¢ =O(h

As in Section 8.1 we factor P — z as
(8.36) P—2z= (¢ —ho) (¢ + hd,)

and we shall use this to find a solution u of the equation (P — z)u = v. First
invert ¢’ — hd, by integration from b to get

(8.37) (¢ + hdp)u = _flz/ @@ =eWD/hy(y)dy =: Kv(x).
b

In order to estimate the £(L?)-norm of this integral operator and of similar
ones, we collect some useful properties.

LEMMA 8.5. — Assume that 0 < § < Ch and orient vs from 0 to b. Write
y <z fory,x € vs if y precedes x. For x,y,w € v5 with 0 < y < w <x < b
we have with a new constant C' > 0:

1 x xX
8.38 — '(2)] - |dz| = Ch < Rp(x) — R '(2)] - |dz|,
8359 g [0 lael = O < o)~ o) < [ (0] las

1 xr
839 Glo/w)|-lo—yl-Ch< [ |#)]: |42 < C(¢ @) o~ ol + b),
y
1
(8.40) e iligEra L B EIP@N o s i
Ce hs +1¢' ()]
for every e > 0. Here C. > 0 is independent of h.
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64 CHAPTER 8. SOME ODE PREPARATIONS

Proof. — The second inequality in (8.38) is obvious. By additivity it suffices
to show the first inequality in each of the following three cases (where the
second case may be void):

1) z,y belong to the horizontal segment [0, 0];

2) xz,y belong to vs N D(xo, Ch%);

3) x,y are both beyond the cases 1) and 2).
In case 1) both fyx |¢'(2)] - |dz| and R(d(z) — ¢d(y)) are O(h) since 6 = O(h).
In the second case this remains true since |z —y| = (’)(h%) and ¢'(z2) = (’)(h%)

for y < z < . In the third case the first inequality in (8.38) follows from the
fact that ~; is here transversal to the Stokes lines and more precisely that

SERo(35(0) = ¢/ (s(0)
Now consider (8.39). If z is as in case 1) or 2) then f; |¢/(2)] - |dz| and
¢/ (w)]-|z—y| are O(h). If z is as in case 3), then |¢/(z)| > &|¢/(w)| for w <
and we get the desired inequalities.
We finally show (8.40). Let I denote the modulus of the logarithmic deriva-
tive of h3 + |¢/(x)| along 7s. Then

, fory < 5(t) < x.

g L
hs + [/ (2)]

which is O(h_g) on s N D(xo, Chg) for every C' > 0, and on 75 \ D(xo, Ch%):

-zl 2 O1)

h3 + ]m—xo\% IRERET

1=0(1)

Summing up the estimates in both regions, we have
_ . oQ)
h% + ]ac — .I'o’

The modulus II of the logarithmic derivative with respect to x of
elu 19"/ s hounded by |¢/(z)|/h which is O(h~3) in the first re-
gion and =< |z — :c0|% /h in the second region, provided that C' is large
enough.

It follows that I < ell, except in the intersection of s with the disc

2
|x — x| < (h/€)5. The integrals of both I and II over this exceptional region
are O.(1) and (8.40) follows. O
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8.3. THE EXTERIOR ODE 65

LEMMA 8.6. — The following L(L*)-norms are O(1):
(h3 +1¢/) o K and (hs +|¢')? 0 K o (hs +|¢') L.

Proof. — We first notice that we can replace |¢/(w)| to the left in (8.39) by
1

|6/ (w)] + h3.

By Schur’s lemma, the £(L?)-norm of (h% + |¢']) o K is bounded by the
geometric mean of the following two quantities:

I = 1 sup/ (hé + ‘¢’($)D e%%(¢(x)*¢(y))’dy|,
hIG’Ys b

Yy
1= L up / (1% + |¢/(@)]) e RE@ 40 | dg].
hyE%s 0

Combining (8.38) and (8.39) with |¢'(w)| replaced by hs + |¢'(w)], we see that
for x <y,

(h% + ’¢/(x)‘)e%%(¢(w)—¢(y)) < (h% + |¢/($)DeC—&(h%+|<1>’(w)|)\ﬂc—y|7

implying that I = O(1).
In order to estimate II, we also use (8.40) to get

L (¥ 4 |6/ (@) ek o0

(h3 + |/ (x)]) e~ R Iy 1¢/(2)1d
(b3 + | ¢/ (y)]) e~z Jy 10/ (21l

(h3 + W(y)l)eé‘&(h%“q’(y)‘)'x‘y'

)

and it follows that IT is O(1). Thus the £(L?)-norm of (h% +|¢']) o K is O(1)
as claimed.

The estimate of the norm of (h% +|¢')2 0 K o (h% +]¢/)~t is just a slight
variation of the above arguments, using (8.40) from the start. O

From the definition of K in (8.37) we get
(8.41) —h0,Kv=1v— ¢ o Kv,
and we conclude that

(842)  hdyo K, (h5 +|¢/|)hds 0 Ko (h5 +|¢/|)"" are O(1) in L(L?).
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Now, recall that we can get u from (¢'+hd, )u =: w by integration outwards
from x = O:

(8.43) u@) =3 /0 o~ (6@~ oy () dy = L,

The same estimates apply to L and for the solution u = LKwv of the equation
(P — z)u = v, we get

(8.44) (5 +1¢') 2l + || (b5 + |¢']) hdpu|| < O(1)]0].
Recalling that
(P —2) = (¢/ —hd)(¢' + hd) = (¢)* — h¢" — (hD)?,
and that ¢ = O(h_%), we also get ||(h0)2u|| < O(1)||v|| and thus for u = LKwv:
(845) [Jull == || (b3 + 1¢/)*ul] + || (5 + |&/Dhdul| + [ (hde)*ull < O(D)][o].

By construction, u(0) = 0, but the Dirichlet condition at z = b is not
necessarily fulfilled. Now, for instance by using a different factorization

(P —2) = (¢ + hd) (@ — hd)
and some easy iterations, we see that the problem
(8.46) (P—2)ep =0, €,(0)=0, epb)=1
has a solution on 75 which decays exponentially away from b and satisfies
lleslll = O(h2).

Moreover, we have u(b) = O(h_%)HvH. In fact, (8.45) shows that
HuHHz <O@)|v|l, if we take the H? norm over {z € 7550 < z < b},

where a € 75 is close to b, and as in (6.6), we have |u(b)| < (’)(hfé)HuHH}zl.
Thus the function u = u — u(b)ey, solves (P — z)u = v, u(0) = u(b) = 0
and (8.45) remains valid with u replaced by w. Since our Dirichlet problem is
Fredholm of index zero, we also know that u is the unique solution. Dropping
the tildes we get:

PROPOSITION 8.7. — Consider the problem (8.28) for z as in (8.29) with
A=1/0(1) and let u be the unique solution constructed above. Then,

(8.47)  [[(h3 +|&'1)ul| + [|(hde)?ul| + || (B3 + |¢')) hdzu]] < O(L)]Jvl],
where the L? norms are taken over ~s.

We make a few remarks about extensions and variants. The first is that
we can replace ¢ in (8.47) with ¢p, the solution of the eiconal equation,
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8.3. THE EXTERIOR ODE 67

(05)? = 2Q(z) + 2. Indefd, when |z — z¢| < (’)(h%) we have ¢/, ¢ = (’)(h%)
and when |z — x| > Ch3, then |¢/| < |¢p].

The second observation is that along ~s, if we let 1 denote the real turning
point (given by x1Q(z1) + A =0, 1 < —A, then

1 ’ 1 1 2,1
hs + |¢y| < hs + |z — x0|2 < (|o — 20| + h3)?2
2,1 2,1
= (Jo —x1| + h3)2 < (s+ |\ + h3)2,
where we write x = v5(s). Thus (8.47) can be written

(8.48) H(h§ + Al + s)ul| + ||(h0:)*u|| + H(h% + ||+ s)%h&qu < O)]v]|-
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CHAPTER 9

PARAMETRIX FOR THE EXTERIOR
DIRICHLET PROBLEM

Choose geodesic coordinates (z’, ) with 2’ being local coordinates on 0O,
so that the exterior of O is locally given by z,, > 0 and P = —h?A in R\ O
becomes (locally near a boundary point):

(9.1) P = (hD,,)? + R(z',hDy) — 2,Q(x, hDy) + ha(z)hD,,,.
(Cf. (5.26), (5.27), (5.28).) Here R is an elliptic second order differential
operator with principal symbol r(z’,£") = [¢/|2. Similarly, @ is elliptic in the
' variables with principal symbol q(x, £") < |¢/|2. For z = A+h3w with \ € R,
A~ 1, |lw <1/0O(1), we consider
9.2) P, ¢)— 2= Pz, & hD,,) — 2

= (thn)Z + R($/7 é‘l) - an(x7 é‘l) + ha(x)thn -z

as an ODO-valued symbol. We let x,, vary in vs, 0 < § < Ch.

We investigate three different regions in 7*90.

1) (2/,&') belongs to a small neighborhood of the glancing hypersurface G:
r(z’,£) = A. Then the estimates in Section 8.3 apply with A there replaced
by A —r(2/,£’) and from (8.48) we get

(9.3) [(R5 + | A= r(@, &) + s)u|| + || (hDa, )|
+[[(h5 + A =@, )| + 5) T hs, ul| < O)||],

when (P(z2/,¢') — 2)u = v along 75, u(0) = u(b) = 0.

2) (2/,¢’) belongs to the hyperbolic region r(2’,¢) < A —1/O(1). Then
the turning point zy is away from 0 and hence also from s and the es-
timates of Section 8.3 still apply and give (9.3), where we notice that
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hs + A —r(@', &) +s = 1:
(9-4) [ull + |70z, ull + || (A, )*ul| < O)|lv]].

Notice that ¢ may be very small in this region but the estimates now work
without any reference to a turning point.

3) (2/,¢&) belongs to the elliptic region r(z’,¢’) > A+ 1/O(1). When in
addition r(2/,£") < O(1) we get (9.4) again. When r(2/,£’) > 1 we multiply
with [¢/|72 and get

€| 72(P (2, €") — 2) = (h D4, )* + R — 2,Q + ha(xn)hD,, —% =P — %,

where f{ = ‘5,’_2R(x,7§/) =1, @ = ’§/|_2Q =1, % = h/‘f,’ <1, z= Z/|§/‘27
|Z] < 1. For the rescaled problem the turning point is well off to the right
and ;s intersects the Stokes lines transversally. We still get (9.4), now for
(ﬁ — Z)u = v and h replaced by h and after scaling back, we get

(9-5) (€2 llull + (€M 170w, ull +[|(hda, ) *ul| < O@)]lv]

for solutions of (8.28).

For a fixed 0 € {0, Ch}, let B(2', ) be the space of functions on 75 vanishing
at both end points and equipped with the norm given be the left hand side of
(9.3), (9.4), (9.5) respectively when (z/,&’) is as in the three cases.

Then P(a2',¢") — 2z = O(1) : B(z',¢') — L?(75) and has an inverse E(z’,¢')
which is O(1) : L?(vs) — B(2',¢).

Outside a fixed neighborhood of the glancing hypersurface, we have the nice
symbol properties

(9.6) 005 P = Oap((€) 1) : B(a/,€') — L*(v).

Near the glancing hypersurface we have a poblem when derivatives fall on R
and we get the weaker estimate

This is the reason why traditionally (as in [31], [33] and other works cited
there) one uses some form of second microlocalization. If (xg,&p) is a point
on the glancing hypersurface, we conjugate P(z, hD) with a microlocally de-
fined elliptic Fourier integral operator acting in the tangential variables and
get a new operator of the form (9.1) where now R, () are tangential classical h-
pseudodifferential operators and a is replaced by a(x, hD,s; h), a classical pseu-
dodifferential operator of order 0 in h, and where

(9-8) R(z', &) = &.
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(See Sections 4 and 5 in [31] and [33] respectively.) Then the problem appears
only when we differentiate with respect to &;:

9.9) 0200 P = O p(1)(h5 + [A—r(a, &))"
Differentiating the identity (P — 2)E = 1, we get with 9% = 9y .-
(P=2)0"E= Y caa(d”P)0"E),

o' +ao' =a

o’ #£0
and after applying F to the right and using that E(P — z) = 1,

PE= Y cauaBE(0¥P)0"E).

o' +a''=a
a’#£0
By induction we then get
(9.10) 0300 E = 005 ((¢)17) : L?(75) — B(', ),

outside any fixed neighborhood of the glancing hypersurface G. Near any fixed
point of G, we get

(9.11) OSOE = Oq5(1) (h5 + [A - r(a’,€)]) ™",

after conjugation with an elliptic tangential Fourier integral operator, that
reduces R to &;.

We now turn to the n-dimensional situation and recall the definition of
the singular contour I'y in (5.12) and its exterior part Iex, s, where f sat-
isfies (5.31). We take 0 = %ﬂ there and put I'y = I'y. For § > 0, let
O_s = O+ B(0,0). Then dist(x,0_;) = max(d(z) — 6,0). Let f5 be as
in (5.31) with d(z) replaced by dist(.,O_s), still with § = 2m. Put T's = I'y,.
In this section we only work on the exterior parts Iy s and for simplicity we
drop the subscript “ext”. Using geodesic coordinates we have

(9.12) F&b = {.I'; x e 00, x, € 75} cTs.

(Later on we will also include O into the contour I's and the I'y above will
then be renamed I cxs.)

Let By be the space of functions v = w(z’,z,) on Isp with u(a’,0) =
u(z’,b) = 0 for which the following norm is finite:

(9.13) lulls = h3 [[ull + || (R(a!, kD) = A)ul| + [|sull + || (A, )?u]|-

Continuing to treat P as a pseudodifferential operator on 0O with operator
valued symbol, we obtain a right parametrix of P — z in the following way
(cf. [31], [33]):
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Let x1,...,xn € C°(T*00) have their supports in small neighborhoods
of the points p1,...,pn € G that we assume are “evenly distributed” on G
with N sufficiently large and so that Zjlv X; = lnear G. Put xo = 1— Zjlv X-
Define corresponding tangential pseudodifferential operators x;(z’, hD,/)
on JO in the standard way, so that Zf[ X;j(2',hDy) = 1 microlocally near G.
With suitable choices of the above quantities, there exist semi-classical elliptic
Fourier integral operators of order 0, defined microlocally near p;, such that
R(z',hDy) = U;hDy, Uj_1 microlocally near suppy; where Uj_1 denotes
a microlocal inverse of U;. Then our parametrix of P — z is an operator
E=0(1): L*(Tsp) — By of the form

N
(9.14) E = Eoxo(2',hDy) + > U;E;(2', hDy)U; ' x;(a’, hDy).
1

Here the symbol Ey(2’,¢’) belongs to the space S°(T*00; L(L?,By)) of sym-
bols that satisfy (9.10) and has an asymptotic expansion,

(9.15) Eo ~ Ego+hEg1 + h*Egs+ -+,
with Egx € S7, the space of symbols F satisfying
03O F = Oap((¢) 1) - L2(35) — B(a'.€)).

Moreover, Fo o = (P(2/,¢') — z)~L.
For j =1,...,N, Ej; has the property (9.11) with » = & and we have an
asymptotic expansion

with Ej, satisfying (9.11) and with Ejo = (P(2/,¢) — z)~! where it is un-
derstood that P(z’,¢’) is now simplified with the conjugation by U; so that
R(2',hD,) has become hD,,. The main property of E is that

(9.17) (P(z,hD) — 2)E =1+ O(h™®) in L(L* L?).

We can also construct a left parametrix E with an expression similar to (9.14)
but with the cutoff operators to the left, and by a standard argument we see
that £ = E + O(h*) in L(L?, By).

Summing up the discussion so far, we have:
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PROPOSITION 9.1. — We can construct an operator E = O(1) : L*(T's;) — By
as above, so that
(9.18) (P(z,hD) — 2) E =1+ O(h™) in L(L* L?),

' E(P(z,hD) — 2) = 1+ O(h™) in L(By, By).

We now consider P = —h?A on all of I's and notice that P — z is semi-
classically elliptic away from any fixed neighborhood of 90, so we have a
pseudodifferential parametrix Q(z, hD; h) in that region with symbol Q(z, &; h)
satisfying 838?@ = O((£)~27181) such that if y € C*°(Ts) is a standard cutoff
to a small neighborhood of 80O, then

(P —2)Q(1 —x) = (
(1=x)Q(P —2) = (
where K1, K are negligible operators O(h*) : H,* — H} for every s > 0.

Further, we may arrange so that the distribution kernel K¢q(z,y) of @ vanishes
when |z — y| > ¢, for any fixed given ¢ > 0.

X) +K17

1—
1_X)+K27

Assuming that supp x C I'sp, we choose € > 0 small enough and put
(9.19) F=xEx+Q(—-x)— Q[P x|Ex.
Then, F = O(1) : L*(T's) — B(I's) and
(P—2)F =1+ K3,

where K3 = O(h®°) : L? — L2. Here B(I'5) denotes the space of distribu-
tions u such that xu € B(Tsp), (1 — x)u € H?(I's). The construction of a left
parametrix is similar, and by a standard argument we see that F' is also a left
parametrix. Summing up, we get:

PROPOSITION 9.2. — The operator F in (9.19) is O(1) : L*(T's) — B(Ts) and
satisfies

(9.20) (P—2)F=1+Ks, F(P—2)=14+ Ky,
where K3 = O(h™) : L3(Ts) — L2(Ts), K1 = O(h™) : B(Ts) — B(Ts).
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CHAPTER 10

EXTERIOR POISSON OPERATOR AND
DN MAP

We need some more estimates in the one dimensional case. Recall that if
u € C3°([0,00[), then

2
(10.1) |u ‘ < 2||ul| - ||[Ou]].
If u € C*([0,00]), let x € C§°([0,00[), x(0) = 0 and put xr(z) = x(x/L).
Applying (10.1) to xru gives
2 1
(10.2) [u(@)* < (L Iullf gy + lullo,uil - Dull)-
If A > 0 is a continuous function on [0, co[ of increasing order of magnitude
(A(z) > C~'A(y) when = > y) we get
2 1
‘U(O)‘ < C(LA( )2 [ Au H[OL A(O) HAU”[O,L] ) HhauH[O,L]>~
Choose L so that LA(0)? = hA(0), L = h/A(0). Then,
‘2

C
’U(O) = hA(0 )(HA ”Oh/A ]+HhGUII[oh/A ])

VhA0) [u(0)| < C([[Aullfon/ay + I1h0ulljo p/ao))-
Recall that for (2/,£’) near a point on the glancing hypersurface, r = A,
(10.4) lull s ey = 1A%ull + | ARy, ull + || (hda, ) *u

(10.3)

)

where A? = (h§ +r—=A+s), r=r, ), z,=7s5(s), 0 <z <b. Since A is
increasing, we can apply (10.3) and estimate |u(0)| with the first two terms in
the B-norm and |h0,, u(0)| using the last two terms:

(10.5) 1z A(0)2 [u(0)] < C|ulls,

(10.6) 12 A(0)2 A8y, u(0)| < Cllulls,
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or more explicitly,

(107 BE (03 + Jr = X)) [u(0)] < Cllulls,

(10.8) W3 (W5 + |r — A) [ hds, u(0)] < C]lulls.
We next estimate the B(z’,{')-norm of the null-solution in (8.33),
w=epg =N G(anih) = g (enih), 6(0) =0,
of (P(2',&") — 2)u = 0 along 5. We know that
(hs +1&/1)* =< b5 4 |r = Al s, (wn = 25(5)).
and that

N

1
%&¢waZ5w%+v—M+g
when s+ |r — A| > h3. Thus with b = 75(s0),
Hex/7£/H2 — /80 e_%%(ﬁ(CEn(S))ds < /OO e_ﬁ(h%-‘rh‘—ﬂ)%sdsj
0 0

which leads to )
O(1)hz
(h3 + |r — A|)1

| <

([

1
We will also use that the same estimate holds for |leZ, /|-
Next look at

hs +lr—A—+s

[(h5 +|r = A + 9) (h +| A])H
3 r— S)eyr gr|| = 3 r— €l gt

z',§ h%—{—|r—)\| z'§
From Lemma 8.5 we see that

hi4r— X +s 1
2 e$/7§/
hs +|r — Al
is bounded, so
O(1)h2

1
<o()e) ol <

T

Ca’ ¢

Hh§+|r—)\y+s
hs +|r— )

(h3 +|r — A7
Thus,
3
[(h% + r = A + 8)ew o|| < O(1)hE (B3 + |r — AJ) 3.

The other terms in the B norm of u satisfy the same estimates and we get

3
(10.9) lear erlls < O(1)h2 (b5 + |r — A[)7.
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Since e, ¢/(0) = 1, we see that this is the reverse inequality to (10.7) up to a
bounded factor, so

1,2 3
(10.10) lew ¢rllg = h2(h3 + |r — A|)*.

REMARK 10.1. — Using that ey ¢ (b) = O(efﬁ), we can add an exponen-
tially small reflected term as in (8.46) to get a null solution which vanishes at
b and after dividing with a factor 1 + (’)(e_&) we get a new function e, ¢
satisfying (Pp ¢ —2)ex ¢ = 0, ez ¢/(0) = 1, ey ¢1(b) = 0 as well as the estimate
(10.10).

Recall that P(2/,¢') — z : B(a',¢') — L? has a uniformly bounded inverse
E(2',¢) and that we have the estimates (9.9), (9.11). Differentiate the equa-
tion (P(2,¢") — z)eqy ¢ = 0 and notice that 83‘,8?,635/75/(0) = 8;8?,655/75/ b)=0
when |a| 4 |5] # 0, so that 8?,8?,695/’5/ € B. We get
(1011) a?;a?,el,/7§/ = Z Ca/7a//76/’6//E(8?,/8§, P)( g/l,/ag,/ 6I17§/).

a’+a:::oz
la”’|+18" <[l +8

By induction, we see that
1,2 3_
(10.12) 105 05rewr ¢/l = O)R2 (5 + |r— A|) 17
As a first approximation to the Poisson operator on I'sy, we take
(10.13) K w = Opy,(eare)

where Op,, denotes the classical h-quantization in R"~! also in the case of
vector and operator valued symbols, so that our K° is microlocally defined
in 7%(00) and maps functions of z’ to functions of z. (Here it is tacitly
assumed that we have reduced R to hD, as in (9.11).) Then

(10.14) yK? =1,
(10.15) (P —2)K° = Opy,(fu &),
where
h|a| O / ! o
(1016) fm’,ﬁ’ ~ Z Fag/P(l' ,§ )Da:/ex/’s/
a#0

and we have used that (P(2/,¢') — 2)ey ¢ = 0. From (9.9), (10.12), we see
that )
3,2 1
0506 fir ¢llzz = OWR2 (k3 +|r = X) 7,
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We get the microlocal Poisson operator to all orders in i by putting

K=K"—Eo(P-2)K"

Here
E(P — 2)K%w = Op,(7),
where
(10.17) 10205715, ., = O)h3 (h5 + |1 — A)"17P,

This bound is “better” than (10.12) by a factor
h(h3 + |r = A)~" < h3,

thus we get

(10.18) Kw = Opy(eg e + T er),
solving
(10.19) YK =1, (P—-2)K=0(h>): L> — B.

As in Proposition 9.2 it is now routine to show that the exact exterior Poisson
operator is microlocally given by (10.18) near any fixed point of the glancing
hypersurface G.

Away from G the construction of a Poisson operator on I's ;, and on I'; is more
routine and we omit the details. Using a truncation as in the preceding chapter,
we can carry over the construction from I'sp, to I's. The preceding chapter gives
an approximate Green operator for the exterior problem while the present
chapter does the same for the Poisson operator. By simple Neumann series
we can replace approximate solution operators by the exact ones and get the
following result that summarizes the constructions of this and the preceding
sections where we start to use the notation I'Y*" to emphasize that O is not
part of this contour.

ProproSITION 10.2. — The exterior Dirichlet problem
(10.20) (P—2)u=v, yu=w, on I'§"

where v is the operator of restriction to the boundary, has a unique solution
3
u € HF(T$Y) for every (v,w) € L*(I§Y) x H? (00), of the form

(10.21) U= Goxt¥ + Kexpw.
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If x € C®(T'$Y) has its support away from a fized distance to O and is
equal to one near infinity (and satisfies uniform estimates with all its deriva-
tives when h — 0), then

(10.22) XGext, Gextx = O(1): L* — H},
3
(10.23) XKext = O(h™®) : H? (00) — Hj.

If we choose local geodesic coordinates x',x, near a boundary point, then
near that point Gext s a pseudodifferential operator with operator valued sym-

bol,
(10.24) Gext = E(a',hDy; h),
where E fulfills (9.10), (9.11) (and for the latter estimate it is assumed that

P has been conjugated by a tangential Fourier integral operator in order to
straighten out R — \).

In the same coordinates

(10.25) XKext = K(2', hDyr; ),

where

(10.26) 0205 K (2, € )| = O()hE (hF +[r— A[) T
. x! g/ ZE, I Bz’,g’ - r

near G (after straightening of R — \), while away from G:
(10.27) 0905 K (2, 1) | 5 . O(1)hz ()3 181,

By construction, Geyx = O(1) : L? — B near 00 and (cf. (10.4)) we get the
first part of

COROLLARY 10.3. — We have
(10.28) Gext = O(h™3) : L2 — H2,
3
(10.29) Kext = O(h78) : H? (00) — H}.

For the second part, we combine (10.4) and (10.27).

Finally, we consider the exterior Dirichlet to Neumann (DN) map
(1030) Next = hDVKext7

where v denotes the exterior unit normal. From (10.25), (10.26), (10.8), we
see that this is a pseudodifferential operator with symbol

YhD,, (K(x', ¢ h)) =: next(x/, IS8 h)

SOCIETE MATHEMATIQUE DE FRANCE 2014



80 CHAPTER 10. EXTERIOR POISSON OPERATOR AND DN MAP

satisfying

(10.31) 0% et (2/,€' 1) = O((€') 1191

away from G and

(1082)  OOme(s!, €)= OW) (R +r = A)F

near G after the usual straightening. In particular, we have
COROLLARY 10.4. — For every s € R we have that
Net = O(1) : Hitt — Hj.
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CHAPTER 11

THE INTERIOR DN MAP

We work here inside O and assume that
(11.1) P =—h?A+V(z),

where we will first assume only that V' € L*°(O;R) and soon make stronger
assumptions. The results will be applied to Vp in (2.3), but for simplicity we
drop the subscript 0 in this chapter.
3
We study the interior Poisson operator Ki,(z) = H2(00) — H?(O) asso-
ciated to P — z and the interior DN-map
(11.2) Nin = vhDy Ky : H3 (00) —s Hz(90)
under the assumption that,
(11.3) Rer=Ax1 hi < 32| < O(1)h3
. == — 3,
z ' om S Jz| <
Using the right inverse of v in (6.7), we can write
Kin = '7_1 - (-PIH - Z)_lry_l
and see that

(11'4) HKm(Z>H

o=

1 _241 _
pard gy = O+ h7573) = O()h

where Py, is the Dirichlet realization of P. Consequently,

AL5) Wil 8, < OB )| Kin = O(h7).

3
2

ENIED (Z)HE(H%,HQ)

We now assume that
(11.6) Ve C®(O;R), AV =0, ~9,V <0,

where the last two assumptions can be somewhat weakened. Using parametrix
constructions, we shall improve the estimate (11.5) to:
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PROPOSITION 11.1. — Under the assumption (11.3), we have
(11.7) HM“(Z)“L(H%,H%) =0(1).
Proof. — We make parametrix constructions in different regions of T*00O and

start with the hyperbolic region
H = {(:c',f/) €T 00; r(2',¢) < )\},

where we write the operator in geodesic coordinates (with O given by z, < 0)
as in (9.1). Near a point (x(, §,) € H we construct a microlocal approximation
to the Poisson operator of the form

(11.8) I?i (2)w(z) = (271_}11)71_1 // e%(d’(zm’)*y’n/)a(x,n/;h>w(y/)dy/dn/.

We write P as in (9.1):

(11.9) {P = (hDy,)? + R(z,hDy) + ha(x)hDy,,,

R(x,hDy) = R(2',hDy) — 2,Q(x,hD,/),
where we recall that V' is incorporated in P and hence in the term —z, () and
the condition (11.6) together with the strict convexity of O assures that ¢ > 0
for ¢ # 0. Recall that a can be eliminated and assume for simplicity

that @« = 0. As before p denotes the semi-classical principal symbol of P.
Now consider the eiconal equation

(11.10) p(x,¢') — 2 =0 for x € neigh(x(,0)N O, &(2',0,7)=2y.
With r(z, &) = r(2/,¢) — xnq(z,£') it becomes
Dp,d = (A + hiw — r(z, ¢;/))%, FSw > 0.

Using the principal branch of the square root we choose the sign as indicated.
If ¢g is the real solution of the corresponding eiconal problem when w = 0, we
can solve (11.10) to all orders in h by the asymptotic expansion,

d(a,n') = do(a,n') + hidy(x,n) + h da(w,n'; h),

where ¢1, ¢a,.... = O(x,),

8:1:n¢1 ii()\ - r($aaz/¢0))_§wa
so that
(11.11) S = hiSpy = |z Sw|hs.
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By solving the transport equations in the usual way, we get the amplitude a
as a symbol of order 0 and if x € C§°(H) has its support in a small neighbor-

hood of (z(), &) we get a Fourier integral operator Ki,(z) : C*°(00) — C*(0O)
solving

(11.12) (P — 2)Kin(2) = O(h™°) : D' (00) — C>®(0),

(11.13) vKin(2) = x(a',hDy).

Here (11.11) is important, since it assures that the distribution kernel
Kin(z,9, 2) of Kin(2) is O(h*®) with all its derivatives when dist(z, 0) > hs =0
for any fixed § > 0. (Another standard fact, implicitly used here, is that
the distribution kernel is O(h®) with all its derivatives as soon as (z/,v') is
outside any fixed neighborhood of the diagonal.)

From (11.11) we get additional damping, leading to

3
(11.14) K =0(hs): H2 — H}.
It also follows that
(11.15) YhDy Kin(z) = X(', hDyr; h)

where X(2/,£’;h) is a classical symbol of order 0 in h and of order —oo in ¢’
which is O(h®°) with all its derivatives outside any fixed neighborhood of the
support of x.

A similar even more standard construction works in the elliptic region

E=A{(,¢) e T*00; r(a', &) > A}

~ 3
We get an operator K = (’)(h%) : H? — H} such that

(11.16) (P —2)K = O(h™),
(11.17) vK =1— x(z, hDy),
(11.18) YhDy K = ny(a',hDy; ),

where x € C§°(T*00) is any function equal to one in a neighborhood of GUH.
X has the same properties as y and n, € S1(T*9Q) is equal to O(h™) with
all its derivatives away from supp (1 — x).

We next turn to the more difficult study near the glancing hypersurface

g= {(x,agl) € T*aov T(xlafl) - )‘}7

and we shall start by pushing the construction in H closer to G and almost
2
up to a distance > h3 from that set. We write the operator in geodesic
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coordinates as in (9.1). Let py = (z(,&)) € G and assume, after conjugation
with an elliptic tangential Fourier integral operator that microlocally,

(11.19) R(z',hDy) — A = hD,,, (), &) = (0,0).

Let ' € R"~! satisfy

( )= — hi <e<1
_ = — = — 3 .
7727 777” 1 0(1)7 771 6’ €

We shall construct an asymptotic solution to the problem

(11.20) (P—2)u=0, u(2,0)= a(x')e%x/”,,

or equivalently with u = e*'7'/hy,

(11.21) e # M (P = 2)er™ T =0, wu(z,0)=a(z).

The conjugated operator to the left can be written

(11.22) (hDy, )2 + hDy, — 2,Q(x,10 + hDy) — (€ + h3w).

From looking at the eiconal equation p(z,¢’) — 2z = 0 with boundary condi-
tion ¢/, (z',0) =1/, it is natural to make the dilation in z,

(11.23) Tp=€x,, 2 =71

Then hD,, = hDgn, hD, = hDz, and a direct calculation shows that

€

. . 2
Lol (AN ~ ~3

(11.24) e WM (P —2)en® = ¢(P — (1+ h’w)),

where 7 = he 2 < 1 and

(11.25) P = (hDz)*+e2hDz, — inQ(F, €in,n + €2 hD31).

Thus after dilation, we are in a “uniformly hyperbolic” situation and we get a

solution

~ g~ TN A o(E) ~_ (.1 Tn
u=">0b(z;h)er"", a:—(a:, e)’
of the problem

(11.26) (P—(1+h

2
3

defined in a region
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where b is a classical symbol of order 0 and 5(35) is uniformly bounded with
all its derivatives in the same region. ¢ is here the solution of the eiconal
equation,

(11.27) P, d5) — (1 +h

which satisfies

w) =0, $|En=0 =0,

(11.28) S = |Tn|h°.

wln

Thus,

1

@] = O(1) e~/ (Ch?)
~ ~1_5
which is O(hoo) in any region —x, > h®  for any fixed > 0.
In the original coordinates, we get the asymptotic solution of (11.20)

) 3~
(11.29) u(x; n' h) = b(xi, ' ﬁ) e (@' +e2d(@n/ex’ ')
€

These solutions can be superposed to build a microlocal Poisson operator, if
. ~1/6 3

we take a = 1, and we get K = O(h / ) H — H}, where we use the
modified norm

> I(rDw ) (hDz, )™ o]|

o <2
on H }QL with L?(d2’dZ,,) as the underlying L?-norm. This gives in the original
coordinates,

/ 1 ~ 11
(11.30) > [(hDgr )™ (he 2 Da, ) " K gy < OMhze |lull 2.

o] <2

In particular, with the ordinary H? norm,

. 3
(11.31) K = O(1)hoei : HY — HE.
We get the approximation to the DN map:
- h -
(11.32) NP = Opy (305, 02/, 0,€) + = (95,)(@',0,¢'s ).
Here we must recall that e = —¢;, so the symbol of N PP** is singular in

that variable but good enough for our 2-microlocal calculus, in view of the fact

3 1
that e > h3 and it is a uniformly bounded operator: H; — H}>.
It remains to study the region

(11.33) —hE0 < (2, €)= A <3,
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where 5,5 > 0 are small and independent of h. Again, we reduce R to the
form (11.19) and restrict &’ to a set

1

_ - _p3-s T
(627‘--u§n—1)— 0(1)7 h §§1 Sé
We consider (cf. (11.22))
(11.34) P(z,€/,hDy,) — 2 = (hDy,)* + & — 22Q(w,€) — hiw,

and we follow the approach for the exterior problem started in Section 8.3,
with two not very essential differences:

>z, remains real and we study the Dirichlet problem on an interval [—b, 0]
for 0 < b < 1 independent of h;

> there will be a slight degeneration when £ < —h.

We review the one-dimensional analysis with 2/, ¢’ as parameters, writing
instead for x, and Q(z) instead of Q(z',x,,&’). We first assume that Q is
analytic. Let zo be the complex turning point, given by

2
zoQ(wo) = &1 — h3w,
and we let 1 < & be the corresponding real turning point given by

r1Q(z1) = &1.

Then

2
h3w 4
3

To =T — Vit + O(h3), where V(z) = zQ(x).

As in the exterior case we take a null solution of the form u = e 9@/
which is subdominant in the direction of negative x and increasing in order of

magnitude when z increases. More precisely, for x — 1 < —h3 we have
1
(11.35) —0;(RNP) < |0:0| < |z — 1|2

and for |z — z1| < O(h3) we have 0, = O(h3).
For z — x1 >> h3 (as well as for x — 21 < —h%) we have (8.34), where

[SIES

—¢h = (&1 — 2Q(z) — hiw)?,
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and we choose the principal branch of the square root with a cut along R_,
2
which has positive real part. Then for z — x1 > h3 we get when +3w > 0:

—¢) = Fi(xQ(x) — & + hiw)?

) h3 2
= Fi(xQ(z) — &) (1 + Wﬁ&)
— Fi(2Q(z) — &1)7 F e * o

ol

2aQ(x) —€)7  (2Q(z) — &)
It follows that

W

h

(11.36) —Rpy < ————— when z — 21 > hs.
|z — x1|2

This quantity dominates over the remainder O(h)|z — zo|~! in (8.34) when

|.7) - l‘0| > h§7

hi h
T > T
|z — x0|2 |z — o
and hence
B2
3
(11.37) —R¢ = F— when z — 21 > hi.
T — T2

This is slightly worse than (11.35) and if that estimate had been valid also for
T — x> h%, then we would get exactly the same estimates as in the case of
the exterior problem.

It is natural to ask how much worse (11.37) is than (11.35). Recall that we
work on an interval [—b, 0] and that x; < & > —h%_é, sox—x] < —x1 < h3—9.
Thus we get

RHS(11.35) |z — 4| s
11. = < h°.
(11.38) RHS(1L.37) 2 =

For —b <y <w < x <0 we have

1 x x
11.39 —K '()|dt — Ch < —Re(z) + R '(¢)|dt,
(w39) g [ o= 0n < o) + o) < [ [0 0]

(1140) Z16/(w)|- oy~ Ch < [ 0]t < (10 Ea)] o~y + )

where Z is the point in {z,y} maximizing |z — x1].
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The majoration (8.40) remains valid and we even have

1

(11.41) Cie—ﬂ—mmmqs(y)) < M < O ok (~Ro@HRHW))
¢ hs +1¢'(y)

as can be seen by comparing the logarithmic derivative of hs + |¢'(x)| with

—R¢'/h in the region x — x1 > h3, where ¢ (x) = O(|lz — l‘0|_%) and (11.36)

holds.

i

The factor 2’ in (11.39) gives slight losses in the estimates of Subsection 8.3
and we get

LEMMA 11.2. — If (P(2/,&') — 2)u =0 on [=b,0], u(0) = u(=b) =0, then
(11.42)  ||(h5 + &' )2ul| + ||(hde)ul| + || (k5 + [¢|) hdpu|| < O(h=2)||o],

Proof. — We solve the Dirichlet problem on [—b,0] as in Section 8.3 and start
with applying the natural modification of the operator K:

(11.43) Ku(z) = —% /_ Z @@ =00 by () dy
and Lemma 8.6 deteriorates slightly to
LEMMA 11.3. — The L(L?)-norms of
(hs + ) o K, (h3 +|¢)> 0 Ko (hs +|¢])"", Ko (hs+|¢|)
are O(1)h=0.

Proof. — We use Schur’s lemma as in the proof of Lemma 8.6. Thus for
1
instance, the L?-norm of (h3 + |¢/|) o K is bounded by the geometric mean of

=L ap / (15 + |6/ (2)]) of RO@—60) gy
h _p<a<o)-p

0
I EE— / (1} + 19/ (@)]) e+ RO@—60) g
hbeySO y

Here, by (11.39), (11.40),
(11.44)  eFRO@-60) < 0o ant=s Iy 19O o & grt=s W8+ @Dle—]

and we get I = O(h™?).
To get the same estimate for II we also use (11.41). The other L2-norms
are estimated similarly. O

The proof of Lemma 11.2 can now be finished as in Section 8.3. 0
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We next eliminate the analyticity assumption in Lemma 11.2. Let x1 be
2
the real turning point determined by z1Q(z1) = &1, so that z; < O(1)h3 7.
Let 0 = 21 — h3=S. For a large but fixed N, put

Q(x) if x <9,
3 =
> Q@) @~ w) i >
- o

Since @ is holomorphic in a h%_‘s—neighborhood of x1, we see that if P is the

corresponding operator then we have a null solution e~?/h of P — 2 with the
same properties as e~?/ in the analytic case above and such that Lemma 11.2
applies. Now Q—Q = O(l)h(%_‘s)N and if we choose N large enough, it follows
that P — z has a null solution e~ %/, where
@ - Q7¢ - 57 ¢/ - &la ¢” - 5// = O(h)

Another perturbation argument shows that Lemma 11.2 holds for P — z.

Let x,,1(2’,€’) be the real turning point determined by

_xn,lQ(l'/? Tn,l, gl) + 51 =0
where we recall that & = r(2/, &) — A. In analogy with (9.3), we can reformu-
late (11.42) as
2
(11.45) ||(h3 + |zp — @n])ul| + H(h@mn)2u“
1

)2 (hdy, Jul| < O(W=2)||(P(a',€') — 2)ul|

for smooth functions u on [—b,0], vanishing at the end points. Notice here
that

‘|‘H (h% + |$n — Tn,l

1 2 2
(h3 +1¢'])" < h3 + |z — zpal.

Define the B(2/,£’) norm to be the left hand side in (11.45) and let B be the
space of functions on [—b, 0] with finite B-norm that vanish at the end points.
Then we still have the symbol property (9.9) for P(2/,¢') : B(z',¢') — L? and
we get (9.11) for E = (P(2',¢") — 2)~! with a slight loss:

(11.46) 0%05E = O g(h= 2Tl HIAD) (i + A —r@, &))", 12— B.

Due to the non-monotonicity of A = (h% + A - 7'(:1:,5’)|)% as a function
of x,, between z,, 1 and 0 when z,; < 0, we get (10.7), (10.8) with loss:

3
(11.47) hz (h5 + |r — X)) *|u(0)| < Ch=34ju|5,

1
(11.48) 1z (5 + |r = A) | hde, u(0)| < Ch=/||ul|.
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Normalize ¢ by imposing the condition ¢(0) = 0 and let e, ¢ = e~ #? be the
null solution of P(z/,{") — z so that e, ¢(0) = 1 and e, ¢ (—b) is exponentially
small. Using (11.41), (11.44), we get (10.9) with a J loss:

(11.49) lew grlls < O@WAZAD (RS + |r = ADS.

Adding an exponentially small reflected null solution to e,/ ¢ and renormal-
izing, we get a new null solution, that we denote by e,/ ¢ instead of the earlier
one, which satisfies the boundary conditions e, ¢/(0) = 1, ey ¢/(—b) = 0 and
which also satisfies (11.49). Then we get the weakened version of (10.12):

3
(11.50) 1005 €01 ¢/l = O(1)h3 (10200018 (15 4 [ — A) =1,

As a first approximation to the microlocal interior Poisson operator on
{z; =b <z, <0, |2/| <O(1)} we take (cf. (10.13))

(11.51) K% = Opy(ex ¢).
Then vK? =1, (P — 2) K = Opj,(fur ¢/), where,
h‘a| o U (e
fw/,g = Z F E/P(x ,f )Dﬂegy,g/,
a0

and by (9.9), (11.50),
102808 for ¢/l 2 = O(1)h2~30-200al1D (5 4|1 — )

Using F as a first approximation, we can construct an operator-valued symbol
E(2',&'; h) such that E(2', hDy; h) inverts P(x’,hD,/) — z to all orders in h.
We get a microlocal Poisson operator to all orders in h by putting

K=K’—Eo(P—-2)K"=K"+O0p,(7),
and 7 fulfills the slightly deteriorated version of (10.17):
e ~ 3_55_ a 2 ,l,lg
10205715 = O(1)hz =20~ 2UHIHED (B3 4 | — A[) 7577,

Now K can be written as in (10.18) and we have (10.19). The symbol
e’ ¢ + T ¢ there satisfies

3_
Hag/ag(ex,’f, +7we) g = O(l)h%—%é—%(lalﬂﬁ\)(h% + |r— )\’)4 517

when § > 0 is small enough. From this estimate and the similar ones in the
other regions we get

~ 3
(11.52) K =0(hs): H2 — H},

and this also holds for the exact Poisson operator Kj, = Kl‘r/1
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The corresponding DN-map is a pseudodifferential operator with symbol
n(z',&';h) = yhD,, (e + 7),
and combing the above estimate with (11.48), we get the estimate

(11.53) O205m = O(1)h=19-200e418D (5 4 | — )27,

This is a bounded symbol in the region where h_%5|r - )\|% = O(1), i.e. where
r— Al = (’)(1)h%5 and to get an better conclusion, we take a closer look.

First, we see that
1
VWD, eqr ¢ = 10, $(0) = O(1) (h3 + |r — A|)?

is bounded. Secondly, from the above estimate on the 5 norm of 7 and (11.48),
we conclude that

YhD,, T = O()h' =G+ (A5 4 |r — A[)~

(NI

which is also bounded. Thus we have an improvement of (11.53) when
a = =0, and we conclude that n is in a sufficiently good symbol class to
conclude that its quantization is L? bounded.

Patching together the different r?icrolocal Poisson operators, we get an
approximation mod O(h*) in L(H?, H?) of K, and also the conclusion of
Proposition 11.1 from the boundedness of the corresponding microlocal DN-
maps. [

Let V be as in Proposition 11.1 and let Kl‘r/1 and j\/l‘rf denote the corre-
sponding Poisson and Dirichlet to Neumann operators. Let W € L*°(;R).
Then

Ky ™ = Ko = (BT = o) TTWRG = K A
where in view of (11.52):

2 1 1
A < OMR3T6||W|peo = O™ 2||W||foo.
14118 o) S ODRTFEIW |z = OA2 W

Thus N ™ = NY + B, B=+yhD, A, and we get

1 1
B f =OMh™ 27 2||W|| e = O W || oo
l HK(H?H%) (Dh™272||W]g (DA W]

This implies:

ProproOSITION 11.4. — The conclusion of Proposition 11.1 remains valid if we
replace V' in there with V. + W, where W € L*°(;R) satisfies
(11.54) W || < O(h).
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When W = §0Oq, is as in Theorem 2.2, we have (11.54), provided « is large
enough. See Remark 15.1.

For a greater generality of our results it is of interest to have a the following
variant of the last proposition, where the perturbation W can be indepen-
dent of h. We start with some simple exponentially weighted estimates. Let
¢ € C*(O;R) and consider

PV =ewPVe " =PV + F
where
F =ie(¢/ -hDy +hD - ¢) — 2(¢))? = O(e) : HL — H}.
Since (PY — 2)71 = (’)(hfg) : H) — H} when 3 < Rz < 2, 32| < h%, we
get the same conclusion for (PIKE —2)7 L = e/MPY — 2)7te ¢/ provided
that e < hi.

Let ¢|,,, = 0. Then KV = ¢9/hKV is the Poisson operator for PV¢ — z.

We can also get KV by a perturbative argument, writing
KV = KY —(P) — 2)'FKY
v _2 1 1 3 9
= K" +O(h™3¢hs) = O(hs) : H? — Hj,.
3
Thus e“?/"KV (2) = O(h'/®) : H? — H}. Now assume that
W(z) = (’)(dist(a:, 8(’))N0),
for some Ny > 0, to be determined. Then WKY = We ¢/he¢/h KV and
taking ¢ =< dist(-, 00), € > h%/(’)(l), we see that
Wee0/h = O(dist o o=t/ (Ch)) — o(jiM).
Then as in the discussion prior to Proposition 11.4, we have K. i‘£+W = Kl‘r/l +A,
where
N, 3
A= PV )T 'WEY = 0(1)h it e HE — HE
3
The choice Ny = 3 gives A = O(h%) D HE — H} and we get the following
variant and extension of Proposition 11.4:

ProproSITION 11.5. — The conclusion of Proposition 11.1 remains valid if we
replace V' there with V + W, where W € L*(Q; R) satisfies
(11.55) W(z) = O(dist(z,00)?).

More generally, we can take W = Wy + Wa, where Wy and Wo fulfill (11.54)
and (11.55) respectively.
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SOME DETERMINANTS

Let Vp is as in (11.6) and
(12.1) V=W+W,
where the real-valued term W is O(1) in L. We let
(12.2) P=—R’A+V =P, Py=-RA+V,.

Recall the definitions of Pyut, Pout, Pin, P in Chapter 7, with the potential V'
as above.

Our first task is to define the determinants of the factors in (7.19). In the
following, H® denotes Hj if nothing else is indicated.

PROPOSITION 12.1. — The three factors in (7.19) are meromorphic families

2
of Fredholm operators in the region % <Rz < %, Sz > —h3cy, where cg is as

in (3.1). More precisely,
Pin(2) : H2(O) — HY(O) x H2(90),
Pout(2) 1 HX(O) — HY(O) x H2(90O)

are holomorphic Fredholm families, while

1 0 . O 2 0 1
(h%BGm MH_NM) L HO(O) x H3(00) — HY(O) x H3(90)

1s a meromorphic Fredholm family.

Proof. — This is clear for Pi,, Pout, and the factorization (7.19) then implies
that the remaining factor is a meromorphic Fredholm family. O
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From (7.19) and the last proposition, we get
(12.3) det Pous(2) = det(Nin — Next) det Pin(2).

The next result will permit us to do some analysis.

PROPOSITION 12.2. — The determinants of the factors in (7.19) can also be
defined as in Section 4.4.

Proof. — We have
_ (1 25 () —
(12.4) 0, Pin(2) = ( . ) 82Pi(2) = 0.

Thus the Cp-norm of 9,Pi(2) : H> — H° x H? can be bounded by that
of the inclusion map ¢ : H2(O) — HY(O). Here we can consider O as a
bounded subset with smooth boundary of a torus 7" and choose a uniformly
bounded Seeley extension o : H?*(O) — H?(T) so that « = piro, where
vr « H*(T) — HY(T) is the inclusion map and p : H(T) — H°(O) is the
restriction map. p and o being uniformly bounded, it suffices to study the
Schatten class norm of vp. Here H2(T) = (1 —h?A)~1(H(T)) so the problem
is that of the Cp-norm of (1 — h2A)~: HY(T) — HO(T).
By Weyl’s law we get for p > %n,

[ =28y, = [ a2y raopin

_ 2 — -n

— O(h )/0 T =0l )/O Tt
and then |lup[[g, = O(h™™), so
(12.5) |0:-Punll, = O ), > 3n.

This implies that P, (z) satisfies (4.30) for any p > 3n, so its determinant can
be defined as in Section 4.4.

In order to treat the other two operators, we need to collect some more
information about Next.

LEMMA 12.3. — For z as in Proposition 12.1, we have for all s € R, k € N:
(12.6) O Nowi(2) = O((S2 + Cohg)—k) CHS .y fe-142k

Proof. — Microlocally near the glancing hypersurface and in the hyperbolic
region, this follows from Corollary 10.4 and the Cauchy inequalities. The extra
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regularization comes from the elliptic region and here Ky (2) is the Poisson
operator of an elliptic boundary value problem and satisfies

O Ko (2) = Ch(Pox — 2) ¥ Kexi (2). O
Applying the lemma to B = B(z) in (7.6), we get
(12.7) Ok B(2) = O(1)h™2(Sz + coh3)~F : H2(O) — H2T26(90).

The Cp-norm of the inclusion map H 3+28 _ [73 is bounded by a constant
times the Cp-norm of (1 — h2Agp) % which by Weyl asymptotics is finite and
O(h*="/P) when p > 1 and p > (n — 1)/(2k). Thus for each such p,

1—n

OFB € Cp(H2, HY), |0FBc, = O(h ™2t 5" (32 + cohs)F).
It then follows as in the proof of (12.5) that when p > 1 and p > n/(2k),
(12.8) P Pous(2) € Cp(H?, H x H2),
k . —max(2, 24014 21
Hazpout(z)HCp _O(h przoor 8 )
Thus we have verified (4.30) with p = (n + €) and det Poyi(2) can indeed be
defined as in Section 4.4.

In that chapter we have seen that if P(z) fulfills (4.30), then so does P(z)~*
on the open subset of bijectivity. We also saw that if Pi(z) € L(H1,Hz2)
and Py(z) € L(Ha,Hs) satisfy (4.30), then so does Pi(z)P2(z). Having
checked that Pin(z) and Pous(z) satisfy (4.30), we conclude from (7.19)

that (h% ; - MnBcht) also satisfies (4.30) and the proposition follows from
Section 4.4. 0
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CHAPTER 13

UPPER BOUNDS ON THE BASIC
DETERMINANT

The first task will be to get an upper bound on In | det Poy| in the whole
region

(13.1) Sz2| < cohi, L<Rz<2

by some negative power of h.

Using the addendum at the end of Section 4.4, we shall derive a rough upper
bound on In | det Poyi(z)|. Let

P=Ptilp, Powlz)= (

pP— z)
B(z)
Assume first that W = 0 so that V = 1 is smooth. Thanks to the perturba-
tion 710, _

~ P
(13.2) P 1= ( o z) L HST2(0) — H(0) x H**3(90)

27

is bijective with an inverse Ein(z) = (ém(z) h_%fz'in(z)), where

G = O,(1) : H — H"2, K, = Oy(h2): H": —s H*,

for 0 < h < h(s), 0 < s < oco. This is the inverse of an elliptic boundary value
problem and we see that /\Nfin, defined as in (7.17), is a nice h-pseudodifferential
operator on dO of order 0 in h and of order 1 in &, with leading symbol
—i(i+ (¢)? — z)%, where we use the principal branch of the square root with
a cut along the negative real axis. This symbol takes its values in the interior
of the fourth quadrant. Then in analogy with (7.19), we have

~ 1 0 ~
(13.3) Pou(2) = (1 e 70 _u t)Pin(z),

where B was given in (7.6).



98 CHAPTER 13. UPPER BOUNDS ON THE BASIC DETERMINANT

We have already investigated Ny and found that it is an h-pseudodifferential
operator whose symbol is nice away from G where it becomes exotic but small.
Away from that set it is of order (0, 1) in (h, &) with leading part i((£")? — z)%
When Sz > 0 its values are confined to the first quadrant.

From this it follows that /\N/'in — Next is an elliptic h-pseudodifferential opera-
tor of order (0,1) whose symbol has a small exotic part near G. Consequently,
for every s € R;

(13.4) Nin — Noxt : HF3 — Ho+3

is bijective with a uniformly bounded inverse for 0 < h < h(s) < 1.
It now follows from (13.3) and from the fact that
B=0,(h"2): H? — g3
for every s > 0, that

~ ~ 1 0
13.5) Pt = Pu(2) | ~ -
( ) out (Z) (_(Mn _Next)ilh%BGin (Mn _Next)1>
— (éin - [}in(-/f\v/’in - -/\/:axt)_lBéin h_%[?in(-/f\v/‘in - -/\/:ext)_l)-
We conclude that for every s € [0, +o00],

ﬁout(z) — H5*2 5 H® x H*3 has an inverse,
(13.6) < Eoui(2) = (Gout h™2Kout) with Gous = O4(1) : HS — H*2,
Kouw = O5(h2) : H*V2 — H**2 for 0 < h < h(s).
Now drop the assumption that W = 0 and take again V = Vy + W where

we assume that [|[WW]|p~ < 1/C with C large enough. Then from (13.6) (where
we had V' = V}) and a simple perturbation argument we see that

(13.7) (13.6) remains valid for s = 0.
Write
(13.8) Pout(2) = (1+ K(2)) Pout (2),
where _
P—-P\z
K(z) = ( . )am(z).

Now Py () satisfies (12.8) when p > 1 and p > n/(2k) and hence also (4.30)
with p there equal to %(n—l—e). Moreover, as in the case of Pqyt, the correspond-
ing Schatten class norm of Ofﬁout is bounded by some negative power of h.
Using the bounds on the norm gout, we see that this operator has the same
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property. Consequently we have the same properties for /C(z) and Proposi-
tion 4.12 applies and shows that det(1+/C(z)) can be defined as in Section 4.4
and satisfies the upper bound

(13.9) In |det (1 + K(2))| < O(h™N)

for some N > 0. Similarly, det ﬁout(z) is well-defined and can be realized so
that

(13.10) | In |det Pows|| < O(RN).
Combining this with (13.8), we get

PROPOSITION 13.1. — There exists No > 0 such that

(13.11) In |det Pout (2)] < O(1)R N0,

We next start a more precise study of det Pyt in the region
(13.12) Loz <2, chs <|Sz] < cohs,
where ¢ > 0 can be chosen arbitrarily small. For that we shall use Proposi-
tion 12.2 and study the two factors to the right in (12.3).

We start with det(Ni, — Next) and the aim is to write this function as a
product of two factors, one being holomorphic and non-vanishing in the whole

2 2

rectangle |3,2[+i] — h3cg, h3co[, the other being of the form det(1 + 7'(z)),

where T is a meromorphic family of trace class operators on O with poles
2
at o(Py,) and whose trace class norm is O(h'=") when |Sz| > h3c. Let

P=P"=—-hn’A+V, Py=P%=-0*A+V,, V=V+W

with Vp as before, W = O(h) in L™ and we shall have to strengthen the
assumptions on W. In geodesic coordinates,

(13.13) P = (hD,,)*+ R(z,hD,), Py= (hD,,)*+ Ro(x,hD,).

Let S: C*(0) — C*°(0O) be of the form S = S(z, hD,/) near JO in geodesic
coordinates, where S > 0 has compact support in &. In the interior of O we
arrange by cutting and pasting so that S is a pseudodifferential operator in all
the variables of order 0 in h and with symbol of compact support in £. Put

(13.14) Ph=P+S, P=P+S8S.

Let x = x(a/,&) € CP(T*00) be equal to 1 near HUG. Let N' = N, be
the Dirichlet to Neumann map associated to P — z (and we will write P = P;,
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when we wish to emphasize that we take the Dirichlet realization). We start
with the trivial decomposition

(13.15) N =Nx(a',hDy) + N (1= x(z',hDy)).

By Proposition 11.4 the first term to the right is of trace class C; (H%,H%)
and the corresponding trace class norm is O(h!™") when [Sz| > hic.

Now S can be chosen so that

P
(700 %) P — HO x HE
hzvy

is bijective with a uniformly bounded inverse (éo h_%f?o). Since |[|W||pe =
O(h) < 1, we have the same fact for

P_ )
( L Z) CH? 5 HO x H
h2y
and we let (CNTY lf%f() be the inverse.
K = Kj, satisfies

(13.16) K(1—x)=K(1—x)+ (Pu—2)"'SK(1 - ).

Hence

NI-—x)=14+1I, I=N1 - x),

(13.17) N
Il =~vhD,(P —2)"tSK(1 - x).

Here K = Ko — (P — 2)"'WKy = Ko+ O(h2)|[W|| : H2 = H?, s0
(13.18) N =No+ OQ)|W|p=: H? — He.

Now, as we saw earlier in a slightly different situation, /\70 is a nice h-
pseudodifferential operator of order (0,1) in (h,£’)) with leading symbol
—i(s(z’, &) + (&)% - z)% and as in (13.4) Ny — Next = H 2 — H'3 s
bijective with a uniformly bounded inverse for 0 < h < h(s) < 1. From
(13.18) we get the same conclusion for N' — Nyt H? — H.

We shall next estimate the norm of SK(1 — ) : H2 — H° and for that
we try to “commute” 1 — x and K and exploit that S(1 — x) = O(h*°). From

YK, X =0, (P = 2)[K,x] = —[P,X]K, we get

(13.19) [K,x] = —(Pn — 2)" '[P, x] K.
Moreover,

(13.20) SK(1—x)=S(1-x)K - S[K,x],
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where the first term to the right is O(h>°) : H 3 — H° and we shall see that
(K, x] = (’)(h%) L H3 — HY, provided that VW = O(1) in L>: Assume

(13.21) 0“W =0O(1) in L=, for |a| <1,

in addition to the previous assumption that ||[W| = O(h). As in the remark
after Proposition 11.4, this will hold for W = §Oq,, as in Theorem 2.2.

LEMMA 13.2. — Under the assumption (13.21), we have
(13.22) [K,x] = O(h2): H2 —s H2.
Proof. — If Q € C§°(R?") we have the following representation of the h-
pseudodifferential operator Q(x,hD,) in the classical quantization, obtained
in [1]:
Q(z, hD) — — / / 21 —x1) o (2 — ) (G — Dy, ) !
(13.23) (o — hDy, ) 05, - 07,0, -+ O,
@(zlv <y Rmy Cla s Cn)L(dz)L(d<)7
where @ € Cf° is an almost holomorphic extension satisfying
0:6Q = O((ISz1] -+ |Sza] - S|+ [SG))™).
From this representation we recover the well-known fact that @ = O(1) :
L? — L? and for [Q, W] we get a similar formula with 2n terms, obtained by
replacing one of (zj—x;) " or ((j—hDy,;) ™! by (zj—x;) xj, W](zj—x;) " or

((j—hDq,;) ' [hDs,, W]({;—hDs,;) ™" respectively. Then from the boundedness
of W and VW we see that

(13.24) [Q(x,hD,),W] = O(h): L? — L.

The lemma now follows from (13.24) and (13.19). O
Returning to (13.20), we see that

(13.25) SK(1—x)=0(h?): H? — H°.

We use this in the expression for II in (13.17) together with the telescopic
formula

N-1
(13.26) (P—2)"'=(P -2 (S(P—2) )+ (P-2)"H(SP -2V
0
to see that
(13.27) I1(z) = I11(z) + IV (z),
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where
(13.28) II(z) = yhD, (P — z) " Y " (S(P - 2)"")FSK(1 - x)
0
is holomorphic and O(h) : H: — H? in the whole rectangle 13.2[ + 4] —
hico, hicol and

(13.29) IV(2) = vhD, (P — 2) " (S(P — 2) YN SK (1 — x).
Let N be the smallest integer with
(13.30) N> 1(n—1)

and assume that
(13.31) W =0O(1) in L™ for |a| <2N.

Again this will hold for W = §0Oq,, as in Theorem 2.2 if «(.) there is large
enough. Then IV(z) is locally uniformly bounded Hs — H2NtD=5 — [j2N+3
away from o(P,,) and when |Sz| > hic the norm is uniformly

Since 2N > n—1, we see that IV(z) € C’l(H%,H%) and that when |3z| > hic
the corresponding trace class norm is < (’)(héﬂ*n). Summing up the discus-

sion so far, we have:

PROPOSITION 13.3. — N = Ni, can be decomposed as
(13.32) N =N +TI1+ (N — N)x + 1V,
where N' = No+O(1)|[W||zee = O(1) : H2 — H2 and Il = O(h) : H? — Hz
are holomorphic in the whole rectangle |, 2[ + 4] — h3 co, hgco[, while (N —N)x
and IV(z) are holomorphic away from o(Py) with values in Cl(H%, H%) and

(13.33) N = N)xlle, + IV Iie, = O(RY™), |S2] > hie.
Now write

(13.34) Nin = Nexte = A(2) + (N = N)x +1V,

where

(13.35) A(z) =N + 111 — N : H? — Hz,

is holomorphic, uniformly bounded and uniformly invertible in the whole rect-
angle, and factorize,

(13.36) Nin = Next = A(2)B(2),

MEMOIRES DE LA SMF 136



CHAPTER 13. UPPER BOUNDS ON THE BASIC DETERMINANT 103

(13.37) B(z) =1+ A(z)! ((N — Ny + IV) =1+ C(2),

3
2

where C(z) belongs to € (H%,H
trace class norm is O(h'~") when |3z| > hic.
We conclude that

) away from o(P,,) and the corresponding

(13.38) In|det B(z)| < O(h'™™), when [32] > hic,

A(z) in (13.35) is holomorphic in the whole rectangle. It follows from
Lemma 12.3 and the discussion after (12.7) that the Cp-norm of O¥Ney :
H3 — H? is bounded by a negative power of h when p is > 1 and
> (n—1)/(2k).

As in the proof of that lemma, we write

85./\7(7:) = C’k’thl,(IBin — z)_kl?in

and using (13.31) we see that 9*N'(z) = O(1) : H2 — H2 V2% for 2k < 2N +2
and hence the Cp-norm of Ofﬁ . H2 — H? is bounded by some negative
power of h when pis > 1 and > (n —1)/(2k), for k < N+ 1. For k=N +1
we have k > 1(n —1), so n/(2k) < 1. From (13.28) we get the same estimates
for OFII. Thus the Cp-norm of R A(z) - H2 — H2 is bounded by some
negative power of h when pis > 1 and > (n —1)/(2k), k < N + 1.

In conclusion, det A(z) and its inverse det A(z)~! can be defined in the
whole rectangle as in Section 4.4, such that for some Ny,

In |det A(z)| = O(h~0).
The desired factorization of det(Niy — Next) is now
(13.39) det(Nin — Next) = det A(z) det B(z),

where det E(z) and its inverse are holomorphic in the whole rectangle and
bounded from above by C exp(Ch~0) for some C, Ny > 0.

Before continuing, we sum up and compare the two main results so far.
Proposition 4.12, applied to 1 4+ K(z) in (13.8), gives

(13.40) 1+ K(z) = A(2)B(2),
where in the rectangle (13.1),

(13.41) In |det A(z)| = O(h™N),
(13.42) In|det B(z)| < O(h™).
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More precisely, B(z) = 1+ Ry (K)KY =: 1+ C(z), where C(z) is holomorphic
with values in the trace class operators and

(13.43) 1C(2)]l¢, <OMB™).

Here, the exponent N may take a new value at each appearance. Further
(see (13.8))

(13.44) det Poyy = det Poyg det A(z) det B(z),
where det 750ut can be defined as in Section 4.4 such that
(13.45) | In |det Pog|| = O(A).
On the other hand we have (7.19), (12.3):
(13.46) det Pout () = det (Pin(2)) det(Nin — Next),
where
(13.47) det(Niy — Neye) = det A(z) det B(z), B(z) =1+ C(z).
Here, det A(z) is holomorphic and
(13.48) In|det A(z)| = O(h™N)
in the whole rectangle, while C(z) is meromorphic with values in Cy (H 5 H %)

with the poles at the (real) eigenvalues of P,,. Moreover, for |3z| > h
have ||C(2)||c, < O(h™™), so in that region
(13.49) In |det (1+ C(2))| < Oh'™).

We shall now compare the expressions (13.44) and (13.46).

In (13.44) the first two factors to the left are well defined up to factors of
the form exp p(z) where p is a polynomial of degree < N and as we have seen,
we can choose realizations satisfying (13.44), (13.41). As for det B(z), defined
as a determinant of a trace class perturbation of 1 (which is a special case of
the definition in Section 4.4), we only have the upper bound (13.42).

In (13.46), det Piy(2) = det(Py, — z) can be defined as in Section 4.4 up
to a factor exp p(z) as before, in such a way that In|det Py,| < O(R™) and
when |Jz| > hg/CN', we even have In |det Pp,(2)| = O(h™Y). This factor will
be further studied below. Similarly, we have (13.47), (13.48) and again we
define det B as the determinant of a trace class perturbation of the identity.

When writing the identity
(13.50) det Pouy(2) = det Pouy det A(z) det B(z) = det Py, det A(z) det B(z),
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it is not a priori clear that we can choose det ]Bout, det A(z), det K(z), det Py,
all satifying the above bounds simultaneously, since we have made definite
choices of det B(z) and det B(z). However, if we restrict the attention to the
region |3z| > hic we know that B(z)~! and B(z)"! are bounded in operator
norm by some negative power of h, and this additional information implies that
B(z)"! =14 D(2), B(z)™! = 1+ D(z), where D(z) and D(z) are bounded in
trace class norm by negative powers of h, so in that region we also get

In |det B(z)|, In|det B(z)| = O(h~).

Then if we choose the other factors with moduli that have polynomially
bounded logarithms, we can modify one of them by a factor exp p(z), where
p(2) is a polynomial of degree < N with real part = O(h~)
(13.50) in such a way that
> In|z| = O(h™N) when 2 = det A, det A, det Poy; in the whole rectangle;
> In|z| = O(h~N) for |Inz| > hic, when z = det B(z), det B(z), det Pyy;
> In|z| < O(h~V) in the whole rectangle, when x = det B(z), det P,.

Moreover, as we have seen,

(13.51) In |det E(z)‘ < O™, when |Jz| > hic.

and achieve

The aim is to study the zeros of det Poyut(z) in the rectangle (13.1), using
the upper bound (13.11) and the more precise upper bound for |3z| > hic
resulting from the last expression in (13.50) together with (13.51) and the fact
that In|det A| = O(h~N). After division with det A(z) we can concentrate on
the function

(13.52) f(z) = det Py, det B(z),
for which
(13.53) In|f(2)] < O(™N).

Next, look at det Piy(z). Let K = (’)(h%) : HS — H‘H%, s € R be a right
inverse of 7. Then,
(1 K): D(Pn) x H> — H?
is a bijection with a bounded inverse and

. 1~ (Pa—zh2(P-2)K
Pln(z)(l h’ ZK) - < 0 1 )7
SO

det Pin(z) det (1 A2 K) = det(Py — 2)
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and since K is independent of z, we can take det(1 WK ) to be an arbitrary
non-vanishing constant, say 1 and get

(13.54) det Pin(2) = det(Py — 2).
The method in Section 4.4 shows that
(13.55) ONIndet(Py, — z) = —(N — D!'tr(Py, — 2)7N,

for N > %n, so that (P, — 2)™% is of trace class.
Let x € C§°(]4,4[;[0,1]) be equal to 1 in a neighborhood of [}, 3]. If

4
N(A) = #(0(Pn) N] = 00, A]),
we get
(13.56) O Indet(Py —2) = —(N —1)! /()\ — 2™ NdAN ()
— (¥ = 1)t [ (=2 XAV

—(N —1)! /()\ —2)7V (1= x(\)dN(N).

Thus,

(13.57) Indet(Py — 2) = I(2) + II(2),

where

(13.58) —0N1(z) = (N = 1)! /(A —2) " Nx (VAN (N)
(13.59) —oNII(2) = (N —1)! /(/\ —2) V(1= x(\)dN(N).

Up to a polynomial, we have for &z # 0:
(13.60) I(2) = / (A — 2)x(A)dN (),
where we use the standard branch of In with a cut along | — o0, 0[. In particular,
(13.61) RI(z) = /ln IA = z[x(A)AN(N).
In order to estimate II(z), we shall use the rough estimate
(13.62) N(X) = O(h™"A2"),

which is valid uniformly for 0 < h < 1, A > 1. It follows from (13.62) and an
integration by parts in (13.59), that

(13.63) ON1I(z) = O(R™™)

MEMOIRES DE LA SMF 136



CHAPTER 13. UPPER BOUNDS ON THE BASIC DETERMINANT 107

in the domain (13.1). By integration, we see that we can choose II(z) holo-
morphic in this domain such that

(13.64) II(z) = O(h™™).
This will allow us to replace detPi, by explI(z) in the definition of f(z)
n (13.52), without affecting the validity of (13.53).

Before that we will discuss some harmonic majorants of RI(z). Recall that
if Q € C has piecewise smooth boundary and if G = Gq, K = Kq are the

corresponding Dirichlet and Poisson kernels for the Dirichlet problem for the
Laplacien, then by Green’s formula, we have

K(z,y) = 0,,G(z,y),

where v is the exterior unit normal. This still holds when Q = €, is the
infinite strip {z € C; |Sz| < r} and we consider the solutions to the Dirichlet
problem that are bounded when the data are bounded. In the case €2 = )1 we
have (see for instance [26]) that G(x,y) is of class C*°(Q x Q) away from the
diagonal and there exists Cy > 0 such that for every » > 0 and all o, 5 € N,
there exists a constant C' = C, g, such that

1
(13.65) ‘nggG(a:,y)‘ < Cexp —EﬁRx — Ry|, when |z —y| > >0.
0
Moreover,
Ty Ty
(13.66) Grafw,y) = Go( DY), Kealw.y) = Ka(5Y).

Consider first the subharmonic function In|z| on Q, and its smallest har-
monic majorant there, given by

Ahy =0,  hyy, =Injz|.
Then, 1, := h, —In|z| > 0 is equal to —27Gq, (x,0) and we are interested in
x

fr = =0, = 270,Gq, (x,0) = 27 Kq, (0,x) = —Km( ) ffl( )
which is a non-negative function defined on the boundary and satisfies
(13.67) o fr = Oa(l)r‘l—lale COTIM\
Also,
(13.68) - feldz| =27, fr(Z) = fr(x).

The smallest harmonic majorant in €, of
(13.69) G = RI(2) =Y x(A)In|z — A
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(13.70) hein(2) =Y x(A)he(z = A)).

The function

(13.71) o — {¢in outside €,

hin in €,

is subharmonic, A®,. is supported in 02, and equal to

(13.72) > X)) (el = X)6(Sz = 1) + fr(z — \)d(Sz +7)).
If%§a<b§2,wegetwith
(13.73) g (t) = %(fr(t +ir) 4 folt —ir)) = %91(9 >0,
that

b
(13.74) / oy M@ L) = 27 /a g (xdN)()dt.

Notice that g,(t) = (1/r)g1(t/r) is an approximation of § and we will
use (13.74) with r = hic.

Returning to (13.52), (13.53), we see that the zeros of f in the rectangle
(13.1) will not change if we replace det P;, in (13.52) by expI(z), so we now
redefine f to be

(13.75) f(z) = '@ det B(z),

and notice that (13.53) still holds because of (13.64). Moreover,
(13.76) In|f(2)| = ¢in(2) + In |det B(2)],

and (13.53) tells us that

(13.77) In|f(z)| < OR™Y)

in the whole rectangle, while (13.51) shows that

(13.78) In|f(2)] < ¢in(2) + O™,

in the part of the rectangle where |Sz| > hic.

Clearly, the whole discussion so far remains valid if we enlarge the rectan-
gle (13.1) by replacing % by a slightly smaller constant and the bound 2 by a
slightly larger constant. We can find «, 8 with 3 —a =< 1/0(1), 8—2 < 1/O(1)
such that ¢y, > —O(h™) for Rz = a, B, and (13.53) tells us that

(13.79) In|f(z)] < he(z) + O(KN),
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on the same vertical segments, while (13.78) tells us that
(13.80) In|f(2)] < he(2) + O(R'™™)

on the horizontal parts of the boundary of [«, 8] 4 ir[—1, 1]. By the maximum
principle, we get in the latter rectangle

In|f(2)] < h(z) + O(A'™™),

where h is the harmonic function on [a, 8] + ir[—1,1] which is equal to a
constant= O(h~™V) on the vertical parts of the boundary and equal to h,(z)
on the horizontal parts. Using that r is of the order of h3 together with simple
estimates on the Poisson kernel in thin rectangles (see [26], Section 2), we see
that

B < O exp (= gsy) + hel2) < ol + O
on [£,2] +ir[—1,1] and we get the estimate
In|f(2)] < he(2) + ORI ™™)
on the latter rectangle, leading to
(13.81) In|f(2)] € ®-(z) + O(K'™™) in the rectangle (13.1).

This estimate together with (13.74) form the main conclusion of this chapter.
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CHAPTER 14

SOME ESTIMATES FOR P,

In this and the next two chapters we shall construct a suitable perturba-
tion W as in Theorem 2.2 such that we get a lower bound for f(z) in (13.52)
that matches (13.81). Here z is any given point in the set (13.12) and the per-
turbation will depend on that point. As we shall see, this amounts to getting
a good bound on the smallest singular value on B (cf. (13.47)) or equivalently
on that of Poys, or of Nin(z) — Nout(2).

For ;1 > 0, let E(u) € L?(O) be the spectral subspace associated to all
eigenvalues < p? of Poy(2)* Pout(2). We shall show that if p is small enough
(to be specified below) and u € E(u) is normalized, then [[ulz2(0,\0,,) cannot
be too small. When ¢ > 0, we define

O, = {z € O; dist(z,00) > c}.

If uw € E(n), we have u = ZJIV ujej, where eq,...,ey is an orthonormal
basis of eigenfunctions in E(u), Pout(2)* Pout(2)ej = t?ej, 0<t; <p,and

N
2 *
H-Pout(Z)UH = (Pout(z) Pout(Z)u|u) = Z ’Ujfzt? < MZZ ’uj‘2 = M2||u||27
1
where all norms are in L? if nothing else is specified. Thus, if v € E(u),
and [Jul] = 1,
(14.1) Pot(z)u=wv, |jv]| < p.

By standard elliptic estimates, combined with the dilation = = hy,
hD,; = Dy;, we have for every fixed ¢ with 0 <6 <1,

(14.2) ull 7204 6y \Ony(1107) < Co(llvll + llull 2(0\00m))
< Co(p+ llull 20,000 -
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Let x € C§°(Opntoyn;[0,1]) be equal to 1 on Og,/y and satisfy 9%y =
O(h~1°l), o € N™. Let T = I'; be a Lipschitz contour as in and around (5.31)
with 0 = %71'. Let Peyxt be the Dirichlet realization of P on I' \ Oy;,. Then
(14.3) (Fext — 2)(1 = x)u = (1 = x)v = [P, x]u,

where we let u also denote the outgoing extension of w which is well-defined
since u € D(Poyt(2z)) and where v also denotes the 0 extension. Similarly,

(14.4) (Pn — 2)xu = xv + [P, x]u.

If V vanishes outside Oy, we know from Chapter 9 (with O there replaced
by Oap,) that ||(Pext—2) lzz2,2) = (’)(lf%). More generally, we shall assume
that

2
(14.5) 1Vl oo (00\0,,) < B3,

and we notice that this holds for V =V + §Oq,, in Theorem 2.2 if « is large
enough. Then by a simple perturbation argument, the preceding estimate on
the exterior resolvent remains valid and we get from (14.2), (14.3),

2
(14.6) W11 = 0u] 2oy < O (i + ullz2(0y10m)-
Similarly, by using that ||(Pn — 2) 7| g(r2,02) = O(h_%), we get

2
(14.7) h |[xull 20y < O) (1 + llull20,0000))-

Combining the two estimates and recalling that |u|| = 1, we get

2
(14.8) hs < O1) (1 + ull20\0m))

and if p < h3, for all u € E(p) with |lul[ 20y = 1,
h3
(14.9) lull20n0m) 2 Gy
Next we make a remark about the H® regularity of of elements in E(u).
Assume that for some fixed s > %n, we have V =V; + Vs

1
(14.10) Vil + R 2" [Val[m; < O(1).
When V = Vo + W = Vj + 00q, is a potential as in Theorem 2.2, we take
Vi =W, Vo = W and get (14.10), provided «(n,vq,s,€,60, M, M) in (2.9)
is large enough (cf. Remark 15.1). So far we have systematically used the

semi-classical Sobolev spaces H® = H} but in (14.10) we also use the standard
Sobolev space H® = H{ (with h = 1). Following standard conventions, we let

HJ(0) = H](R")jp, HJ(O)={ue H](R"); suppu C O}.
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If u=Y""uje; € E(y), we have (P% Pout) u = SV t ujej, so

out
(14.11) H >t Pout) uH < p?¥||ul|, keN.

We will assume that ¢ = O(1) and limit the attention to k in a bounded
interval, so the right hand side of (14.11) will be O(||u||). We study a priori
estimates in the interior. Let Q C €21 C O be open with dist(Q9,0Q4) > h/C.
If Powtu =, w,v € HJ (1), 0 <0 <s, we can write

—h2Au=v+ (2 —V)u=:w,
where
w7 0,) < O(U(H””H;(Ql) + ”UHH;;(Ql))
and standard a priori estimates for —A (after the dilation x = hy) give
(14.12) ||UHHZ+2(QQ) < O(U(HUHHg(Ql) + ||UHH;;(91))~
If s <o < s+ 2, we only get
(14.13) ull rs+2(0,) < O (Il 02) + Il g () -

The same a priori estimate holds for PJ ;.
We shall now use these estimates to study elements of F(u) and first assume

for simplicity that (14.10) holds for all s > 0. From the fact that
(Pt Pout) 1 = Op(1)]u]

out

in H°(O) for all k € N we first infer by integration by parts, that

POUt(PoutP ) O(l)
in H°(0). Using the a priori estimate for P¥,, we get

Hpout outPOUt N UHH2 Oh/C)

O(1) (| (P Pout) “uull o0 + || Pout (P Pout) ™l 5o (0)) < O(1),

and using the one for Py, we get

k—1
H out Pout) UHH2 (On/0)
< O(l)(HPout( outPout)kuHHO(O) + ”(P:utpout) UHHO(O)) < O(l)'
Thus for all k£ € N,
| (Pout out) UHH2 (Onyc) )+ ||Pout(P;utPout)ku‘|H2(Oh/c) <0O(1).

Here we use again the a priori estimates for P, and Py, and get that for
every k € N,

H OUt OUt UHH4 (Oanc) + HPOUt PoutP ut kuHH4(02h/c) < 0(1)
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Iterating this argument, we get for every j € N that for every k € N,
P* Pout)k

H( out

Pout(P*

out

Pout)k

UHH”(O%WO) + | uHsz(O%h/C) <O).

1
2
the above iteration works as long as 25 < s+ 2, then if this last j is strictly
less than %(s + 2), we can make one more iteration and reach the degree

Now if we make the assumption (14.10) for a fixed s > 5n, we see that

of regularity s + 2. Hence the final conclusion is that if 4 = O(1) and we
assume (14.10) for a fixed s > $n, then for every C' > 0, we have

14 14 H out out ’U,HHSJrQ(Oh/C) + HPout PoutP ut kuHH5+2((’)h/c) S O(1>

We end this chapter with some estimates relating the small singular values
of Pyyt(2) to those of Pyyt and when z belongs to the set (13.12), to those of
Nin — Nowt and of B(z) = 1+ C(z) in (13.36) and (13.37).

Recall that Pyyt(2) is bijective precisely when P,y (z) is, and when so is the
case it easy to check that

(14.15) Pout(2) 7L = (Pout(2) ™" (1 = Pow(2)"1(P = 2))h 2 K),

where we recall that K = O(h%) ‘H? 5 H?isa right inverse of B.

Recall that when A : H1 — Hs is a bounded operator between two Hilbert
spaces, then the singular values sj(A) > s2(A) > -+ are defined by the fact
that s;(A)? is the decreasing sequence formed first by all discrete eigenvalues
of A*A above the essential spectrum and then (when H; is infinite dimensional
only) by an infinite repetition of sup oess(A*A). It is well known and easy to
see that the non vanishing singular values of A and of A* are the same.

We have the Ky Fan inequalities

(14.16) Snik-1(A+ B) < sn(A) + sp(B),
sntk-1(BA) < sn(A)sk(B),

in the cases when B : Hi1 — Ho and Ho — Hs3 respectively.
Applying this to (14.15), we get

(14.17) S; (Pout(z)fl) > s; (Pout(z)il).

IfI1; : HO x H3 — HO I, : HO x H? — Hz are the natural projections (of
norm 1), we can rewrite (14.15) as

,Pout(z)il = out(z)ilnl + (1 — Pout(z)*l(P — Z))hiéf?HQ
= out(Z)_l(Hl - (P - Z)h_%f?ng) + h_%f?ﬂg,
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which leads to
(14.18) Sj (,Pout(z)il) <O(1)(1 + s (Pout(z)il))‘

We now restrict z to (13.12) and consider (7.19) which can be written

(14.19) Pout(2) "' =P (Z)_l(é (Nin _[3\/ext)—1 ) ( _hézain (1))
and also
(14.20) (5 ey —Neyt) = 7>m<z>7>out<z>—1(h§;Gin "),

Here the operator norms of P, and h2 BGy, are (’)(lf%). From (14.19) we
get

(14.21) 8 (Pout(2) 1) < O(h*é)(l + 5; (Nin — Next) 1)),
while (14.20) leads to
(14.22) 57 (Nin — Nexe) ™) < OB 5) s (Pous(2) 7).

Finally, from (13.36), (13.37) and the uniform boundedness of A(z) and its
inverse, we get
(1423) (N —Now) ) = 55(BE) ) = 55 (14CE) ),

When A : Hi — Ho is a Fredholm operator of index 0, we let t% < t% <...
with ¢; > 0 describe the lower part of the spectrum of A*A in analogy with s?.
Again tj(A) = tj(A*) and when A is bijective we have t;(A) = 1/s;(A™1).

Let N be the number of singular values 0 <t; <--- <ty of 1+ @(z) that
are < % If e1,...,en is a corresponding orthonormal family of eigenfunc-
tions of (14 C(2))*(1 + C(2)), then ||(1+ C(z))u| < $|lu|| and consequently
IC(2)u| > Hl|ull, for all u € Cey &...&Cey. By the mini-max characterization
of singular values, we get s N(a(z)) > 1 and using that the trace class norm
of C(z) is O(h'™™), we conclude that N = O(h!™™). Combining this with
(14.23), (14.21), (14.17), we see that there exists a constant C' > 0 such that

(14.24) t;(Powt(2)) > h3/C, for j > Ch'™.
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CHAPTER 15

PERTURBATION MATRICES AND THEIR
SINGULAR VALUES

We shall use a general estimate from [25]. Let ej,...,ey € C°(Q) N
L?(2), where Q C R" is open. Let &y = ((ejlex)r2(q))1<jk<n be the cor-
responding Gramian and let 0 < ¢; < --- < ey be its eigenvalues. Then
(see [25], Prop. 5.5), there exists aq,...,an € Q such that the singular values
s1 > ---> sy >0 of the N x N matrix M = M;,, given by

N
Mg =Y ej(a)er(an) = / bal)e; (2)erl2),
v=1

satisfy the estimates,

(Ey---Ey) N E; . —
512 vol (2) and - s 2 81<1:I <slvol]((2)>> T

Here E; = €1 + -+ - + en41—j, and we write §g = Y 0(- — ay).

Z|=

Let ej,...,enx be an orthonormal basis in E(u), p < hg, and choose
Q =0\ O, €5 = €j|Q. Define &g as above and let aq,...,ay € € be

a corresponding set of points. The eigenvalues €; and the singular values
sj = sj(Ms,) remain unchanged if we replace €y, ..., e; by another orthonor-
mal basis in E(u).

Applying (14.9) to u = >" u;e;, when @ := (uy, ..., uy)" is normalized in ¢2,
we see that Eq(u |d) > h%/(’)(l)7 so B > (N —j+ 1)h§/(9(1). Thus, for a

suitable choice of ay,...,an € €, we get after a simple calculation:
1
(N~ 4
15.1 > h3
(15.1) T=hom

k—1
(15.2) sk > 8, NF )3 Nk (N!)warl ot ==
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We will also need an upper bound on s; = s1(Ms,). Let s > %n and adopt
the assumption (14.10). If @ = (uy,...,un)", 0 = (v1,...,on)"
ized, (14.14) with k = 0 implies that |[ul[y; (0, ), [[V]|H3(0, ) are O(1) when

1
u=7y uje;, v=y v;e; and also from Proposition 6.1 that uv = O(h™2")
in H;(O). Furthermore, we know from [25] that H(SQHH;S( (’)(Nh—%n).
Hence,

are normal-

On/c) —

(Ms,u,v) = /(5auvd:c = (’)(1)\|(5QHH;S(5MC)||uvHH}sL(Oh/C) <O(1)Nh™™,

and varying u,v we conclude that

(15.3) s1(Ms,) = ||Ms, || < OQ)Nh™™.
Using this in (15.2) gives
LN fn(k
(15.4) sk(My,) > C~ Nk o~ w ke Np R ke
If we restrict k to the range 1 < k < 0N for some 0 < 0 < 1, we get
_140 1 o
(15.5) sp(Ms,) > C 1=0e 70 Nh 1-0 .

Recall the form of the perturbed operator in (2.5), (2.6), (2.7), where ©

in C*(0) is also described. Clearly, ©® < O(h) := h" in Oy \ Og,. The
potential d,/0© satisfies

N
(15.6) 107 84| 555, < O(1) =———
. 2(©) O(h)ha"
As in [25], (6.15)—(6.18), we get the decomposition
(15.7) O ' =q+r, g= Y o,
up<L
where
CN
(15.5) gl -+ o) € =
O = 9 ynan
1 N
(15.9) 7]l =s oy < Q)L™ 72770
) &(h)h2"
L3"T°N
(15.10) el < O
O(h)h3"
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We also denote by © the zero extension of © to all of R™. Under the
assumption (2.6), we have for |a| = vg + 1,
(15.11) D*® = fo + gas

where f, € C*(0)1p and g, is a smooth boundary layer (€ C*°(00)®6(w(z))
where w € C®°(R™%R), w 0) = 00, dw # 0 on d0). Using the strict
convexity and stationary phase, we see that g,(§) = O(<§>_%("_1)) and by
integration by parts, it follows that

(&) = O(1)(g) 02D,

Here the hat indicates the ordinary (h-independent) Fourier transform. In the
following, we shall assume that

(15.12) In<s<u+s
and then
(15.13) © € H{(O).

From [27], we recall that if s > %n, u € H3(R™), v € H?(R™) for some

o € [—s,s|, then uwv € H?(R™) and we have
|wollgy < OM)|ullps - (o]l g
From (15.7)—-(15.9), we now deduce that

(15.14) 0o =0Oq+7, T=0r
where
1 N
(15.15) 171 =y < O(I)L_(S_in_e)%,
H7(©) S(h)h3"
CN
(15.16) 18l -+, < —
1@ = g (hynan

We also need to control the Hj(O)-norm of ©g. Recall from [25], [27] that
a0y < OM) 3 lonl2u) < O L,

np<L
SO
! N

15.17 Oql| sy < O(1 sy < O(1)Lanrste -
( ) 194l 3 0) < OW)lall 3 0) < O(1) (i
and in particular,

1 1 N
15.18 Oqll 1000y < O™ 2™ 0| 50y < O(1)L2"TsTe_— .
( ) 19|l L (0) < O( NO4 ;o) < O(1) S(hyhm
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From (15.15) we deduce (as above for Ms,) that
1 1 N
15.19 Mz|| < OQ)||F]| yy—s 3y h 2" < O(1) L7276 _ :
(1519) Ml < O)[Fly o) M) S
and returning to the decomposition (15.14) and the lower bound (15.5), we
getfor 1<k <ON,0<0<1:

l-‘—'n9 N
(15.20) si(Mog) > C 159 ¢ 5O NB =0 — O(1)— .
Lo 5B (h)hn

The lower bounds on L will imply that the first term to the right dominates
over the second.

REMARK 15.1. — For a general perturbation W = §Ogq,, as in Theorem 2.2,
the discussion above shows that
(15.21) W53 < OO lalle < OG)LR,

provided that %n <s<wvy+ %
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CHAPTER 16

END OF THE CONSTRUCTION

To start with we choose z in the full rectangle (13.1) and later on we will
restrict the attention to ch3 < REES coh3. We recall that Pous(2) is an elliptic
boundary value problem in the semi-classical sense in the region [£'| > 1.
It follows that

(16.1) [ull gz < OM)(I(P = 2)ull + [Jul)

for u € D(Pout(z)). From this estimate we see that the small singular values
t1(Pout(2)) < ta(Pout(2)) < --- are of the same order of magnitude as the
small singular values th in the L?-sense defined as the square roots of the
small eigenvalues of Pyt (2)* Pout(2) where Poy(2)* is the adjoint of Pyyi(2) as
a closed densely defined operator: L?*(O) — L?(0). This follows from (16.1)
and the mini-max characterizations of ¢; and of ?J In this section it will be
convenient to work with the ?J and we shall drop the tildes in order to simplify
the notation.

Recall that ©(h) = h*. Let 7 € ]0, h%/O(l)] and let N be determined by
(162) 0< tl(Pout) <. < tN(Pout) <79 < tN+1(P0ut)7

so that N < O(h'™") in view of (14.24). The basic iteration step (cf. Prop. 7.2
in [25]) is

PROPOSITION 16.1. — Let 0 < 6 < 3 be the parameter in (2.8), let 0 €10,0[
and k > 0. If N is sufficiently large, depending on 0, 0 only, there exists an
admissible potential q as in (2.7) with L = Ly and R = Ruyin (as introduced
in and after (2.8)), such that if

(16.3) Ps=P—60q, 6=C"th%mn,
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C>1,a> a(n,vo,s,e,ﬁ,g, k) large enough, then
(16.4)  t,(Psout) > ty(Pout) — O(1)SNE~(@ntstOMmin—von ) > N4 1,

(16.5) ty(Psout) > 10h™2,  [1—0)N] +1<v <N.
Here we put Ny = oo+ (5 4+ 2n6) /(1 — 20) + £ and let [a] = max(ZN] — 0o, a])
denote the integer part of a.

When N = O(1) we have the same result, provided that we replace (16.5)
by the estimate tn(Psout) > Toh™V2.

Proof. — The estimate (16.4) follows from the mini-max characterization of
singular values, which gives

(16.6) tu(Pé,out) > tV(Pout) - 5||@CI||L°°7
to which we can apply (15.18).

Let e1,...,en € L?(O) be an orthonormal family of eigenfunctions of
P} Pout, corresponding to the eigenvalues #7,... j?\,. Using the symmetry

of Py, established in Proposition 7.4 we see as in [25] that a corresponding

family of eigenfunctions of Pyt P,

fj = Fej,

where I' denotes the antilinear operator of complex conjugation. The f; form

¢ is given by

an orthonormal family corresponding to
O-(POUtP;ut) N [Oa Tg[ = {t%a e 7t%\7}~

Let Ex = @) Cej, Fx = @) Cf;. Then P,y : Exy — Fy and Py :
Fy — Ex have the same singular values ¢4, ..., ty. Define Ry : L?(0) — CV,
R_:CN — L*(0), by

N
Riu(j) = (ule;), Rou_ = u_(j)f;
1

Then
_ Pout R— . N 2 N
(16.7) 73_(R+ O).D(Pout)x(c S I2xC
has the bounded inverse
(B By
(16.8) &= (E_ E_+>,
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where
11 al
(169) HEH < ti < 0 E+'U+ = ZU+(j)€j7 E_U(]) = (v’f])a
N+l T0 T
and E_, has the singular values t;(E_y) = t;(FPout) or equivalently,

$j(E—4) = tnt1—j(FPout)-

When N is large, we consider two cases:

> Case 1. — s;(E_4) > 1oh™2 for 1 < j < N —[(1 - a)N] We get the
proposition with ¢ =0, P; = P.

> Case 2. — sj(E_y) < 1oh™? for some j < N — [(1 — 0)N]. Put Py =
P + §©q with ¢ as in Chapter 15. From (16.3) we deduce that

(16.10) 5N phntste L T
O (h)hn 2

70

and then by (15.18) that 6||Oq| L~ < 79/2. We can therefore replace Pyt
by Psout in (16.7) and still get a bijective operator

_ Pé,out R_ )
Ps = ( R, 0
with the inverse
ES E%
_ +
&= (s E5+>’

As in [25], we have

ES, =E_, +0E_OqE; +6*E_OqEOqE, + - -,
B =E+Y.°FE(OqE)*,

E} =B, + Y 6*(FOq)*E,,

E =E +Y.°6*FE_(6q¢E)r.

(16.11)

Here ||[Ex|| <1, |E|| < 1/70 and in view of (16.10), we have §||Og||r~ < 370,
leading to:

(16.12)
1 6||©q]| L= 5)|©q]| 1o
6_ —_—— 0 frd - -7
E _E+O<To 70 )’ By E++O< 70 )’
(5 @ oo 5 (._) I 2
Ei:E+O(Hf0HL), E6_+:E++6E@qE++O((”qT(|JL)>‘
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The leading perturbation in Ef+ is 0M = 0E_O©qFE,, where M = Mg, :
CN — CN has the matrix

(16.13) M; i, = (Oge| fj) = /@qekejdx.

From the Ky Fan inequalities, we get

5(|0q|| 1o )?
0srre-1(Mog) < sp(E2L) + se(E_y) + O((H(]7_!L))7
which we write
5]|0¢|| o0 )?
(16.14) sk(E21) > Ospro1(Mey) — se(E_y) — O(W;'JL)).

Let £ = N — [(1 — 8)N] so that sg(E_;) < 10h™? and let k < N — [(1 — 8)N]
so that

k+0—-1<2(N-[(1-6)N])—1<260N,

for N large enough. Here, 20 < 1, so we can apply (15.20) with 6 there
replaced by 20 and get a ¢ as in the proposition such that

N h+2n0 N
16.15 Skyv—1(Mgy) > ——<h 1206 — O(1 = :
( ) + 1( (I) 0(0) ( )LS_%R_g@(h)h”
Then (16.14) gives
h%+2n(9 O( )
T2 1
16.16 sp(ES ) > 6N< - ~ >
(16.16) (=) C0) L= <@(h)hn
2
—1ohN2 — O(W)
0

Here we notice that with our choice of L = Ly, large enough, we have

é +2n6

o(1) N
Ls2m<@(h)hn ~ 2C(0)

Thus for k < N — [(1 — 6)N]:

1 n
5y N AT TohV2 — O(

2
Sk(E_+) > 20(9) (5||®q||L°°> >’

70
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and using (15.18):

7271,

5
W = O) |0l ) — o

(16.17) sp(E° ) > 6N<

2C(0)
5N<mh3+2n9 (’)(25]\7h_z(;n+s+e)M—2v0—2n> k2
> 5N(201(0) . 3+2n9 (95—(1))5h13n2002(;n+s+e)M> S
2 42*]2{9)]13%0 — 7oh™,

where the last estimate follows from the choice of § in (16.3) and we recall
that « is large enough.

Here by the choice of Ny the last term is subdominant when h > 0 is small
enough and we get

(16.18) sp(E2,) > mh™Y2, for 1 <k <N —[(1-6)N].

After an arbitrarily small abstract perturbation of Pj g, we may assume
that this operator is bijective, and we can then write the standard identity

Pl = B~ BL(E ) B

and apply the Ky Fan inequalities to get for 1 + [(1 — 5)]\7] <v<N:
su(Pyout) < s1(E°) + [|EL] - 1B |50 (B21)7") < O(1) 73—

since s, ((E2 )71 =1/syy1-0(E° ) and 1< N+1-v < N —(1 —6)N], or
in other terms,
No
tu(Pd,out) > 72)}21) :

This is (16.5) apart from the factor 1/O(1), which can be eliminated by in-
creasing Ny slightly.

When N = O(1) we consider the cases s1(E_1) > 10h™¥? and s1(F_) < 1oh™™2.
In the first case we take the perturbation 0 as before. In the second case, we
repeat the proof above with k = ¢ = 1 and reach first (16.18) with £ =1 and

finally (16.5) with v = N. O
REMARK 16.2. — 1) In the proof we have seen that 6[|Ogl/r~ < 370 and
(16.6) shows that
7o
tl/(Pé,out) Z tV(Pout) 5 Z 5 Z N+ 1.
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2) From (16.10), (15.17), we get
1604l|s7; < O(1)moh3".
3) Let > in + 2N, where N is the smallest integer in |3(n — 1), +oo. If
we choose « in (2.9) sufficiently large, then

160l 4z < O(h2").

We see that the perturbed operator Ps satisfies the general assumptions of
our discussion, including (11.54), (13.31), (14.10) for W = §©gq.

The last remark shows that we can apply Proposition 16.1 to Ps oy with 7

replaced by 79h™¥2 and N replaced by an Nyew < [(1 — §)N]. The procedure
can be iterated at most O(1) ln% times until we get a perturbation Pgnal 5 out

with 1 (Panal 5,0ut) > Toho(l)ln%. Thus in the end we get:
PROPOSITION 16.3. — Let 0 < 6 < & be the parameter in (2.8) and let 1

in 0, h%} Then there exists an admissible potential ¢ as in (2.7) with L = Lin
and R = Rpyin (as introduced in and after (2.8)) such that if

(16.19) Ps=P+60q, 6&=C"1hon,
C>1, a> a(n,vo,s,€0) large enough, then
(16.20) t1(Psout) > TohOM M4

From (14.22) we get for the special perturbation above

_ O(1) o(1)
16.21 Nin = Next) ™) < — < -
( ) 81(( t) ) h§t1(770ut) Tgho(l)lnﬁ

and (14.23) then gives

~

(16.22) s1(1+C(2))™) < o)

Toh(’)(l) ln% ’
Recall from Proposition 13.3 and (13.36)—(13.37) that
(16.23) C(z)=01): H? — H3, 32| > hic,

in addition to the fact that the trace class norm of the same operator
is O(h'~™). We now work with H %(80) as the underlying Hilbert space and
let C* denote the adjoint of C. Consider,

(16.24) |det(1 + C)|* = det(1 + C*)(1 + C) = det(1 + D),
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where D = C + C* + C*C is self-adjoint, O(1) in operator norm and O(h!™™")

in trace class norm. Let A1, Ao,... denote the non-vanishing eigenvalues of D,
so that
(16.25) 4> 0 p2ommt

’ o)

by (16.22) (which is a bound on the norm of (1 + 6)*1). We also know that
S IAj| = O(R'™™), so there are at most O(h'™™") values j for which ;| > 3.
Thus we get from (16.24):

|det(1+ O)|° = [Ta+xp= T[] a+x) J]a+x)

JiIn1>3 VHRYIES

2 —-n
> ( 0 hgou)m;)o(h1 ) T e O,

o1
(1) HEVIES
Since 3" |\;] = O(h'™™), we get
~ 12 1
. > —O(h'™™ — —).
(16.26) In|det(1 + C)| > —O(h )((mh) +1In TO)

Now return to the function f(z) that was (re)defined in (13.75). From
(13.76), (16.26) and (13.78) we get for our special perturbation V =V + W
(where W depends on z with chs < REIES coh%):

(16.27) ém(2) — O(hI™™) ((m %)2 +1n Tlo) <In|f(2)] < glz) + O(RI™).
Here the upper bound is valid for all perturbations V' of Vj in our class in-
dependently of z with |Jz| < hi /C, while the lower bound is valid for our
special z-dependent perturbation.

¢in (cf. (13.69)) is defined in terms of the interior Dirichlet problem for the
perturbed potential Vy + W where W also depends on z, and we would like
to replace this function by one which is independent of the perturbation W.
To emphasize the presence of the perturbation we write

(=) = Y x(A) Infz — ]|
for the function in (16.27), and
(=) =D x(\)lnz =AY

for the corresponding function, associated to the unperturbed operator Pén.

From the mini-max principle, we get

AT = A7 < W .
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For [3z| > 7, 0 < r <1, we see that

‘m An|z — ) ‘<0 2),

SO
‘X(Ag)ln\z—/\‘”— (AQ)ln\z—/\QHSO( [Wloo HOO

The number of eigenvalues of P and of P in supp y is (’)( ") and it follows

that
6(2) — ()] < o) W e,

Here we take 7 < h3 as in (16.27). From the second part of Remark 16.2 we
know that W = §Oq satisfies
[Wlee < QMR [W |z < O(1)7o
and thus
[68(2) = #u(2)] < OWmh 5~
In Proposition 16.3 we have assumed that 0 < 79 < h3. We now strengthen
that assumption to

(16.28) 70 €10, h3).
Then,
(16.29) |69.(2) — ¢ ()] < O(1)R "

and we obtain

PROPOSITION 16.4. — In (16.27) we can replace ¢m = ¢0 by the function
defined for the unperturbed operator P2 as in (13.69).

lIl’ m
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END OF THE PROOF OF THEOREM 2.2 AND
PROOF OF PROPOSITION 2.4

Let ¢ be defined in (13.69) with respect to the unperturbated operator
PY. With r = %h%c, let hY = hQ be the harmonic majorant in 2, and define
@Y = @Y as in (13.71). Recall that f is defined in (13.75) (for the perturbed
operator Ps). Since ¢ —¢) = O(h'™") by (16.29), we have the same estimate
for h, — h and hence for ®, — ®. Then by (13.81) we conclude that

(17.1) In|f(z)| < ®Y(2) + O(h'™™) in the rectangle (13.1).

For each z as in (13.12) we have constructed a perturbation W = §Oq as in
and after (2.8) with L = Ly, R = Rpin such that (cf. Proposition 16.4)

(17.2) o0 — (’)(hk”)((ln %)2 +1n Tlo) <In|f(2)].
Let

(17.3) co(h) = Ch((1n %)2 +n 710)

so that

(17.4) In|f(2)] < ®z) + h "eo(h)

for all z in the rectangle (13.1) and so that for every z as in (13.12), there is
a perturbation as in (17.2) such that

(17.5) In|f(z)] > &) — b "eo(h).

If we fix such a value of z and work in the a-variables, we are in the same
situation as in Section 8 in [25] and we can apply Proposition 8.2 and Re-
mark 8.3 of that paper to obtain
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PROPOSITION 17.1. — Lete > 0 be small enough so that e exp(O(eg)h™™) < 1.
For each z as in (13.12), we have
hn

. <0(1)60(h) In 6>'

(17.6) P(|f(z)] < e®e) <0O(1)

Here Ng = max(N3, N5), where N3 =n(M + 1), N5 = Ny + M (cf. (2.11)).

If we write e = e=%/"" | then the condition on ¢ is fulfilled when
(17.7) € > Const. ¢

and (17.6) becomes

®0(2)—¢/h" eo(h) €
(17.8) P(|f(z)| < e ) <O exp( o )
Let 3 <a<b<2andputl =[ab]+ z’h%c[—l,l], r = ih%c. We shall
apply Theorem 1.2 in [26] to the function v = f, with h there replaced by h™
and with ¢ = h"®,.. Let

p(t) = max (4Ch% —1(t—a), %h%c, Achs — 1(b—1t), a<t<hb,
and define the function 7 : 9T' — 0, oo[ by

7(z) = p(Re).

Then 7 has Lipschitz modulus < % and this will be our function “r” in [26].
Choose points 2Y, ..., z?v € JI as in the introduction of [26]. This can be done
in a such a way that ]%zﬂ = h3c for all j. Moreover, we see that N =< h=s
and further A®, =0 in D(z;), r(z?)) except for at most O(1) values of j . Let
Zj € D(z?,r(z?)/(QCl)) be as in Theorem 1.2 in [26], where we recall that
these points depend on ®,., ", ¥ but not on the function f. Moreover we notice
that C can be chosen arbitrarily large. Then according to (17.8) we have

(17.9) f(Z)| = ™ @M =12, N

with probability

Neg(h) — = eolh) —__&
Mo =1 — L T omea®m
R Deo 1 O(l)thrNH%e Deo()

(17.10)  >1-0(1)

Here we recall that (17.7) holds and that |f| < e®+"" in a neighborhood
of I'. Theorem 1.2 in [26] then shows that with o(Ps) denoting the set of
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resonances of Py,

ATAD)[#(o(Ps) 1 ([0, 8] + ihFe[~1,0])) - ;ﬂ/{ o ABL(dz)]

SCQ(Z

w=a,b

N
0 -n ~

/[w—0h3,w+0h§]+ih§c[_1,1] AdrL(dz)+h ; €>’
with a probability as in (17.10). Here we assume for simplicity that ¢ < ¢,
otherwise we have to slightly modify the choice of p,r, z? above.

Now recall (13.74) where g,(t) = r~1gi(t/r), 0 < g1 € S(R), [g1dt = 1.
With Ny denoting the eigenvalue counting function for Pi?l, we get with prob-
ability as in (17.10),

b
(17.12) #‘(U(P(;)ﬁ([a,b]—kihgc[—l,O]))—/ gr*(XdNo)(t)dt‘

<o(Y / T e (vaND) (B 1 oh~ie)).

w=a,b w—Ch3

This is a slightly stronger version of the main result (2.16) as we shall see
next. Consider

b b
Tim [Cae Nt = [ [ gt - 9xs)ams)ar

where we recall that r = %h%c. We split the integral into I + II, where I is
obtained by retricting the s integration to the interval [a — p,b + p] and II is
obtained from integration in s over R\ [a — p, b+ p|. Here we take p = hf‘s*%,
where > 0 can be arbitrarily small but independent of h.

Carrying out first the ¢ integration, we see that
I< / X(s)dNo(s) = No(b+ p) — No(a — p).
la—p,b-+p]

As for II, we have uniformly for ¢ € [a, b] that
1

9r(t = 5)xX(s)AN(s) < —g1

R\[a—p,b+p)] [t—s|>p T

since p/r > 1h7% so that g1((t — s)/r)/r = O(h™®) and [ x(s)dN(s) =
O(h™™). Thus,

t—s

)X()AN(s) = O(h),

J < No(b+ p) — No(a — p) + O(h™).
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To get a corresponding lower bound, assume b—a > 2p (in order to exclude
a trivial case), and write

b rb—p
7= [ - s aniar
a Jat+p
For a4 p <s<b—p, we have 1 Zf;gr(t—s)dtz 1 —O(h™), so

J> /I:p (1 O(h*))dNo(s)

> (1= 0(h>)) (No(b - p) = No(a + p))
> No(b—p) — No(a + p) — O(h™).
In conclusion, for r = ih%c andp = hf‘H%, we get from (17.12),
(17.13) No(b — p) — No(a + p) — O()
b
< [ gr (dNo) )t < Nofb -+ p) — Nola — )+ O(h).

Applying this to (17.12), we get with a probability as in (17.10)

(17.14) \#(o(Rs) N (fa,b] + ih5e[-1,0])) — (No(b) — No<a>)\
< 0(1)( 3" (No(w + p) — No(w — p)) + h—%—%).
w=a,b

This concludes the proof of Theorem 2.2.

Proof of Proposition 2.4. — Let Vy be as in Theorem 2.2 and let W} satisfy
the assumptions of the proposition. Our unperturbed operator is now

(17.15) Py = —h2A + Vo + Wy = PV tWo,

rather than the right hand side of (2.3) that we now denote by PJ. The proof
will consist in checking the proof of Theorem 2.2 with this new operator Fp.

Nothing changes until Chapter 11. Here Proposition 11.5 can be used in-
stead of Proposition 11.4 to see that the conclusion of Proposition 11.1 is valid
for (the new) unperturbed operator Py as well as for the perturbed operator
PV in (12.2), where now V = Vi + Wy + W and as before W = O(h) in L.

The discussion in Chapter 12 remains valid.

In Chapter 13 the first change appears after (13.6), where we now take
V =Vo+ Wo+ W with ||W| e~ = O(1). Then we still have (13.7) provided
that we modify the definition of P prior to (13.2) by taking P = P + Cilp
with C' large enough. We obtain Proposition 13.1 as before.
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In the subsequent discussion, Py is the same operator but with the new
notation Py = P, while P = PV with V = Vj + Wy + W with the initial
assumption that W = O(h) in L. After (13.15) we just have to invoke
Proposition 11.5 instead of Proposition 11.4.

In the expression for K after (13.17) we have to replace W by Wy + W
and as in the proof of Proposition 11.5, we have (P — 2) WK, = O(h?) :
H? — H2. Thus instead of (13.18) we get

(17.16) N =No+OQ)||W|pe +O(h%) : H2 —s He.

Lemma 13.2 remains valid since Wy also satisfies (13.21). Since W satis-
fies (13.31), the following discussion goes through without any changes until
Proposition 13.3, where we just have to add a term O(h?) to the estimate
of N — Ny after (13.32). The remainder of Chapter 13 goes through without
any changes.

After that, there are no changes. PI?I in Proposition 16.4 is the Dirichlet

realization of (the new) Py = PVot+Wo, O
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APPENDIX A

WKB ESTIMATES ON AN INTERVAL

We follow [11], [36]. See also [2]. Let V € C?([a,b]), —0 < a < b < +00
and assume that V(x) # 0 for all z € [a,b]. Choose a branch of In V' (z) and
put V(z)? = exp(InV(z)). Put

ye () = V() 3 DR = a0k,

o = %p— thInV(z), ¢(z) = V(2)t.

VI

Then

e VE/h o (V(2) — (h)?) o e¥+/M = —(hD)? — 24, 0 hd + hr,
1 V" 5 VN2
B O

4V 16\V

SO
(V — (h8)2)yi = h2ry..
The equation (V — (hd)?)y = 0 can be written

- (- (2 )(i%) -0

Put

= <h8yi/yi) B (ajbi)'
From the identity

we get

(A.2) (ha+¢;—(gé>)ei+h2r(?):o.
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If u4 is a scalar C'-function, we get

(A.3) (h8 — <3, é))uiei = ho(ut)ex — ust)ies — uih2r<(1)>.

Here,

and with the substitution
= Uy +u_,
(A.4) ( 4 ) =utey +u_e_ v
hdy hdy = u 0P, 4+ u_dp_,

we find after some calculation that (A.1) is equivalent to

B S R ) [ R

Here,

r Lv" 5 (V)?
(A.6) P e el e A
V2 4V2 16 Va2
Let E(z,y) be the forward fundamental solution of the differential operator
in (A.5), i.e. the one which vanishes for z < y. Then for a <y < x < b:

A7) || By < %eXp% /y " (max(Re,, Ry (1) + CR2rV 3 (8)) .

Assume from now on that
(A8) RV ()
Then (A.7) simplifies to

[N

>0, x€]la,bl.

(A.9) |E(z,y)|| < %e%mm(m)—mm(y))echf; VR0t
Let us consider the situation of a simple turning point:
V(z)| < |z -2, V,V'=0(1),
A.10) {| ()] = |z — 20l 0

|z — 2| > h3/C for x € [a, b,

where zg € C. Then from (A.6) we have fyx |7“/V%|dz = O(1/h) and the last
exponential in (A.9) is O(1). We get

(A.11) 1Bz, y)|| < (9(%) e R (@) R+ () <y <z <b.
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Apply the operator in (A.5) to

We get

(o= (5 ) =g (4 2 )= ()

and we have the solution

of (A.5), where

f- Y+
Here
r o1
R
& |y — 2ol
and using (A.11), we get
Yi(e) [T
(A.12) H (f+)H < Che & / %dy < O(1)et+@/h,
f— a |y — z0’§

Thus we have the exact solution of (A.5):

(A.13) (Zf) = e¥+/hO(1).

If we make the substitution (A.4), we see that y is an exact solution of
(A.14) (V = (hd)2)y =0,

which satisfies

(A.15) y=0(1)eV+/,

(A.16) hdy = O(1)e¥+/",

Using this with (A.14), we get similar approximations for the higher derivatives
of y.
The inhomogeneous equation

(A.17) (V- (h8)2)y =z,
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can be transformed into a system

(A18) (h= (3 o) (1) = ()

where the right hand side can be written z e +2z_e_, 24 = —2_ = —z/(2V%).
The substitution (A.4) gives

(A19)  (no- (1/}0/+ wo’_> - %h2rv_%(—11 —11 ) (Zt) N _zéé (—11)

which has the solution

u v z(y) 1
(A.20) (uf) - —/a E(a:,y)m/(y)édy(_l).
Writing
B = (5" )
we get (cf. (A.4))
Y L)

0@ = [ (= Brsto) + Beee) S Lan
(A.21) . )

u—(x) _/a (—E_+(:c,y) +E——($ay))mdy-

Now we add the assumption that V' € C*([a,b]). Assume for simplicity
that Rzg = 0 and assume that b < 0. It is standard that we have exact
solutions to

(A.22) (V = (hd)?) (ala; h) ¥/ =0, o =1,
for which a has a complete asymptotic expansion in C*([a, c]) of the form
(A.23) a~> aj(x)h,

j=0

where ¢ is any fixed number in Ja,b—1/O(1)][.

By solving the usual sequence of transport equations, we have a unique
continuation of the a; to the full interval [a,b] so that e¥/?3°0°a;hi is a
formal asymptotic solution of (A.22) and as we have seen in Section 8.2, we
have

(A.24) 9%a;(z) = O(|z — zo\_%_o‘).

The power |z — z0|7i in Section 8.2 corresponds to the factor V(az)fi which
is no longer counted in @ but in the exponential factor ¥/ = Voiedlh,
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On the other hand ae¥/" has a unique extension to the full interval [a, ]
as a solution of (A.21) that we can still write on the same form and we shall
show that the asymptotic expansion (A.23) still holds in sup norm and with
the natural remainder estimates. Write a = Zév ajhj +ry=adV+ rn, so that

(V = (h0)")(rn e”") = ((h0)? = V) (a™ &),

We know that ry = O(RY*1) with all its derivatives on [a, c.

Let x € C*({a, b]; [0, 1]) vanish near a and be equal to one in a neighborhood
of [c,b]. Write
(A.25) (V= (h9)?) (xrae¥!™)

= ((h0)* = V) (a™e¥/™) + ((h9)* = V) ((1 — x)rne?/h).
Here ((hD)% = V)((1 = x)rye¥/?) = by e?/? where by = O(hN*2) with all its
derivatives. On the other hand, using that ¢¥/" > ajhj is a formal asymp-
totic solution, we get
e_w/h((ha)2 — V)(aNew/h) = W 2cy,

where 0% N = O(|x — 20\7%]\”270‘)

(V — (hd)®) (xrn e?/™) = hN*F2dy /",

where 0%y = O(|x — ZO\_gN_2_O‘).
We conclude that
1 T hN+2 hN+1
(A.26) xry =0 <h> /a = z0|%N+2+% dy = O(l)m-
Thus rp satisfies the same estimate.

In principle we could also show that 9%ry = O(1)ANT!/|x — zolg(N“)Jra,
but content ourselves with the observation that this is the case in the situa-
tion of Section 8.2, since the holomorphy then allows us to use the Cauchy
inequalities.

, SO
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