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Abstract. — We prove, in the cyclic base change situation for the group GL(n), an identity
between noninvariant trace formulas for pairs of strongly associated functions. We construct
sufficiently many such pairs of functions in order to get a new proof of the existence of base
change for automorphic representations of GL(n) over a number field. Our proof is more
direct and elementary than Arthur and Clozel’s one, although based on a similar method: a
trace formula identity.

Résumé. - On établit, dans le cas du changement de base cyclique pour le groupe GL(n),
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ment associées. Nous construisons assez de telles paires de fonctions pour en déduire une
preuve nouvelle de I'existence du changement de base cyclique pour les représentations auto-
morphes de GL(n) sur un corps de nombre. Notre preuve est plus directe et plus élémentaire
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de traces.
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INTRODUCTION

Let G be an inner form of a reductive quasi-split group H , defined over a global
field F . Let E/F be a finite field extension. According to the Langlands philosophy
there should exist a base change correspondence between automorphic representations
of H(Ar) and G(Ag) . To prove the existence of such a correspondence when E/F
is a cyclic extension of degree £ , one may use a technique due to Saito Shintani and
Langlands : a term by term comparison of two trace formulas.

In the case of number fields, this has been worked out for inner forms of GL(n) in
[AC] and for unitary group in three variables attached to a quadratic extension E/F
in [Rog|. Let 0 be a generator for the Galois group of E over F' . Roughly speaking,
one first shows the equality of the geometric expansions of the stable trace formula for
H and of the stable trace formula for L = Resg/r G % 6 when applied to pairs (f, ®)
of associated functions f € CP(H(Ar)) and ¢ € C(L(AF)) . The correspondence
¢ — f is a particular case of twisted endoscopic transfer whose existence has to be
established; moreover one has to show that association is compatible with base change
for functions in the unramified Hecke algebras. This is the fundamental lemma. for the
stable base change, now proved in general in [Clo] for fields of zero characteristic, and
in [Lab2]. This allows to separate unramified infinitesimal characters (i.e. characters
of the unramified Hecke algebras) and one deduces from this the matching of the
various terms in the spectral expansions of the two trace formulas; this yields the
base change correspondence for automorphic representations.

Even in the case H = GL(n) which is particularly simple since, for such a group,

conjugacy and stable conjugacy coincide, the term by term comparison of the geomet-
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ric expansions in the two trace formulas applied to pairs of associated functions (£, ¢)
is not straightforward. The main difficulty arises from the following fact : the trace
formula is obtained by a truncation process which is noninvariant under conjugacy,
while the concept of association allows only comparison between invariant distribu-
tions. The standard procedure is to put the trace formula into an invariant form.
The existence of such an invariant form is proved in [A8] but uses long and difficult
prerequisites ([A6], [A9], etc.) Moreover, it is not easy to compare the invariant dis-
tributions Ips(7, f) and Ipse (8, ¢) — constructed from the weighted orbital integrals
Jm(7, f) and Jpe (6, ¢) — that show up in the invariant trace formula, since they are
defined in a rather implicit way if M # H . Another difficulty is that the contribu-
tions (invariant or not) of non-semisimple conjugacy classes are very complicated and
a direct comparison seems hopeless. These are the reasons for the quite intricated
and difficult arguments in [AC] chapter 2.

Our aim is to suggest a way to bypass these difficulties and to test this program in
the case of GL(n) . The main simplification is that we compare directly the primitive
— noninvariant — form of the two trace formulas. This is made possible by using a
noninvariant endoscopic transfer we call strong association.

Another simplification is that we do not use any analysis, locally or globally, of
the behaviour of orbital integrals near the singular set. Globally this is because we
may use, at some place, pairs of functions with regular support: doing so we kill the
singular terms in the geometric expansion of the trace formula, but fortunately we
do not lose any spectral information. Locally, besides the noninvariant fundamental
lemma for units in the unramified Hecke algebras, we only need the noninvariant
endoscopic transfer for functions with regular support; this is enough thanks to the
very strong finiteness results which follow from the rigidity of cuspidal automorphic
representations of G = GL(n) . Unfortunately, for other groups, such finiteness results
may not be available right away and it might turnout that one would have to rely
more on noninvariant harmonic analysis for groups over local fields.

This paper is an expanded version of a preprint [Lab3] that has been circulated
in 1992. We have strived to make the paper self-contained from our starting point:
the trace formula as obtained in the early papers by Arthur. To make the paper more
accessible we even review the definition of the distributions that show up in the trace

formula and we sketch the proof of the properties we need. As a result, most of the
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material in chapter I and a large part of chapter II is borrowed from Arthur’s papers,
but we believe it more convenient for the reader to have it reviewed in some detail
here. Many techniques are borrowed from [AC], this is acknowledged case by case, but
we have tried not to rely on references to [AC]. This is so with few exceptions, where
we have only quoted some results whose proof do not depend of the main body of
[AC]: in 1.8.2, the first step in the construction of a function on a Cartan subalgebra
is borrowed from the chapter 2 of [AC] but this is an elementary result; in III.1.5
we refer to the first few pages of the first chapter of [AC] for the classical properties
of the norm map; the most significant borrowed result is the compatibility of local
L-functions with the local base change, the proof of which occupies a large part of
the last two sections of the first chapter of [AC]; this is our proposition VI.5.2. Let
us now describe the contents of the paper.

In chapter I we give the definitions and review the basic properties of the distri-
butions that show up in the geometric and the spectral expansions of the noninvariant
trace formula. The last two sections contain new material.

In chapter II we review the noninvariant trace formula itself. The absolute con-
vergence of the spectral expansion of the trace formula is stated as a conjecture
(Conjecture A) in section II1.2. We hope that conjecture A will follow from work in
progress by W. Miiller. We recall an estimate, due to Arthur, that can be used to sep-
arate infinitesimal characters, via multipliers, at archimedean places. This estimate
is a weak form of the conjectural absolute convergence of the spectral expansion.
In section I1.4, a particular case of conjecture A which is enough for our needs is
established.

In chapter III we begin the study of base change; to avoid stabilization problems
we restrict ourselves to groups G that may show up as Levi subgroups of inner forms
of GL(n) . We introduce a refined version of the concept of association: we consider
pairs of functions f and ¢ such that not only orbital integrals but also weighted orbital
integrals Jar (7, f) and Jpse (6, ¢) are equal, if v is the norm of § , at least when these
elements are regular semisimple. Moreover the weighted orbital integrals of f have to
satisfy some vanishing properties if 4 is not a norm. Such pairs of functions will be
called strongly associated. The best we hope, as regards this noninvariant endoscopic
transfer, is stated as conjecture B. The existence of pairs of strongly associated func-

tions with regular support is easy to establish. At the end of chapter III we prove the
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conjecture B for split places.

In chapter IV we study unramified places: we have to show that the noninvariant
endoscopic transfer is compatible with the base change map between unramified Hecke
algebras. The key observation is that, thanks to a result of Kottwitz, a noninvariant
fundamental lemma holds for units in the unramified Hecke algebras and yield pairs
of strongly associated functions. We first recall the definition of elementary functions
and we show that they are closely related to functions bi-invariant under an Iwahori
subgroup. We show that elementary functions give rise to pairs of strongly associated
functions. Moreover, strong association of elementary functions is compatible with
base change for weighted characters; this allows to prove a noninvariant form of the
fundamental lemma for all functions in the unramified Hecke algebra. Most of the

proof of these last two results is postponed to chapter V.

In chapter V we state our base change identity. The matching of the regular
semisimple terms in the two trace formulas for pairs of strongly associated functions
is obvious. For pairs of strongly associated functions (f, #) , with regular support at
one place, the contributions of non-semisimple conjugacy classes vanish and we get

the equality of two noninvariant trace formulas :
JH(f) = TH(9) .

As a first consequence of this identity we prove a twisted version of a noninvariant form
of Kazdan’s density theorem. Then we show how to use conjecture B2 to refine the
spectral identity for pairs of strongly associated functions by separating infinitesimal
characters at archimedean places. This is applied to the proof of the noninvariant
fundamental lemma. The proof is based on a refinement of the local-global argument
used in [Lab2].

In chapter VI, we deal with the base change of automorphic representations. We
first refine the spectral identity for pairs of strongly associated functions by separat-
ing infinitesimal characters at unramified places. If conjecture B2 holds (in particular
if G = GL(n) and E/F splits over archimedean places) we may first separate the
archimedean infinitesimal characters and we are left, for a given conductor, with a fi-
nite set of automorphic representations; using pairs of associated elementary functions

or the noninvariant fundamental lemma, we may separate finite sum of unramified
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infinitesimal characters. In general, since we do not know that strong association at
archimedean places is compatible with multipliers, we have to separate infinite families
of unramified infinitesimal characters. This could be done directly, using the funda-
mental lemma, if we knew that the spectral expansion of trace formula is absolutely
convergent (conjecture A); the particular case established in chapter II is enough to
conclude if we may choose the normalizing factors for intertwining operators to be
compatible with the weak base change. To finish the proof of the existence of base
change and of his properties for GL(n) we use in an essential way, as in [AC], the
strong finiteness properties that follow from Jacquet-Shalika’s theorem on L-functions
of pairs, in particular the rigidity (or strong multiplicity one) for cuspidal automorphic
representations of GL(n) . Thus we obtain a new proof of Arthur-Clozel’s theorem.
Our result is slightly more general since, thanks to Mceglin-Waldspurger’s description
of the discrete spectrum, it is no more necesary to restrict oneself to automorphic
representations “induced from cuspidal”. For inner forms we cannot use a priori the
rigidity, although it can be deduced from the properties of the endoscopic correspon-
dence. Hence, to extract the expected informations on the endoscopic correspondence
from our noninvariant trace formula identity, without using the rigidity, one would
need either a weaker form of it, namely some a priori finiteness result (conjecture C),

or further local results.

We observe that, if the trace formula for groups over function fields were available,
our proof should extend easily to the case where ¢ is prime to the characteristic of

the function field.

Acknowledgements. It is my pleasure to thank the “Université du Québec a Montréal” and the “Katholis-
che Universitiat Eichstatt”, for their hospitality during the preparation of a preliminary version of this paper.
I must also thank Guy Henniart and the referee for many very useful critical remarks and suggestions.






[. - SOME NONINVARIANT DISTRIBUTIONS

In this chapter we review results of J. Arthur on weighted orbital integrals and
weighted characters. Notation and conventions for the nonconnected situation, in
particular the concepts of Levi subsets, parabolic subsets and of regular elements,
are borrowed from the first paragraph of [A6]. But we shall not adopt systematically
Arthur’s notation. The reader should be warned that our definitions of L(Ar)! (the
kernel of the Hj, map) and of the normalized weighted orbital integrals Ja (7, f) , do
not coincide with those of Arthur in the nonconnected case. We need the notion of
(L, M)-family introduced in [A2] sections 6 and 7, as well as the descent and splitting
formulas to be found in [A7] section 7, but we shall not use the invariant distributions
defined there. In the last section we construct multipliers that will be used to separate

infinitesimal characters at archimedean places.

I.1 — (L, M)-families.

Unless otherwise stated, F is a local or a global field of zero characteristic. Let L
be a reductive group defined over F' , and L° the connected component of the neutral
element. Let L be a connected component of L defined over F ; assume that L(F)
is nonempty. We denote by L™ the group generated by L and let £ be the order of
the cyclic group L°\L*t . Let P° be a parabolic subgroup of L° , denote by P the
normalizer of PC in L ; if the intersection P = L N P is nonempty we say that P is a
parabolic subset of L ; we denote by Pt the subgroup generated by P . Let M° be a
Levi subgroup of a parabolic subgroup P° of L? ; denote by M the normalizer of M°
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in L . The intersection M = PN M is by definition a Levi subset of P ; we denote by
M the subgroup generated by M . The maximal split torus in the center of M™ is
denoted by Az : this is the split component of M . Let @ be a parabolic subset. We
denote by L?(M) the set of Levi subsets M; contained in @ and containing M . We
denote by P?(M) the set of parabolic subsets P C @ with Levi subset M . We fix a
minimal Levi subset My . The Levi subsets containing My are called semistandard.
A parabolic subset P containing My has a unique Levi subset M containing My ; it

will be called the Levi subset of P .

Let P be a parabolic subset. Denote by X (P)f the group of F-rational characters
of Pt and let

ap = Hom(X(P)F, R).

Its dimension equals the dimension of Aps if M is a Levi subset of P and ap = ap; .

Its dual is ap = X(P)r @ R . Given £ € X(P)r we denote by () its image in a} .

Let F be a global field. One defines L(Ap)*t as the subgroup of [[, L*(F,)
generated by L°(Ap) and Lt (F) , endowed with the topology such that the inclusion

L°(Ar) — L(Af)" is an open map. There is a map
Hy L(AF)+ —ar
such that, for any ¢ € X(P)r and any z € L(Ap)* :

|€(2)] = e<H(&),He(z)>

We denote by L(Ap)! the kernel of the restriction of Hj, to L°(Ar) . Observe that,
in general, L°(Ap)' & L(Af)' . If M is a Levi subset one has a natural direct sum
decomposition ([A6] p. 228-229)

L
apyr =GM@OL.

An (L, M)-family is a collection of smooth functions cp(A) for P € P*(M) and
A € ia}; such that c¢p (A) = cp,(A) if P, and P, are defined by adjacent chambers
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and A lies in the wall between the two chambers. For each P € P?(M) one defines

a function Gg onay ®@C:

03(A) = (a§)™ [] Ma)

aGA}Q,

where Ag is the set of simple roots defined by P in (a%)

the coroot lattice in aﬁz,, (see [A6] §1 p. 229).

* and a% is the covolume of

I.1.1. Lemma. — The function

HA)= Y ep(A) 63(A)
PEPR(M)
defined for A not in a wall, extends to a continuous function on ia}; . The value of

3 (A) at A = 0 is denoted A

c%:Anm > ep(d) 63(A)7

0
PePR(M)

Let p= dim a?,, , then for any regular A one has

S=2 X (im(5) enen) B

PePR (M)

Proof. The first assertion is lemma 6.2 p. 37 of [A2]. The second is also quoted from

[A2] p. 37.
O

Let Lo be the Levi subset of @ which contains M . For any R € PLe(M)
there is a unique parabolic subset Q(R) € P9(M) such that Q(R) N Lo = R ; the
functions er = cq(g) define an (Lg, M) family and numbers eﬁf = c% . We shall
sometimes write cﬁf instead of c?,, if this number is independent of the parabolic
subset @ with Levi subset Lg . On the other hand if P C @ the restriction of cp to
iaq , is independent of P and will be denoted cq . This gives rise to an (L, Lg)-family

and to numbers c%q .
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Given L; and L, two Levi subsets in £2(M) , Arthur introduces in [A7] p. 356
numbers d]((),[(Ll,Lg) . They are nonzero if and only if aﬁ,} &) akf = a?,j . They show

up in the descent and splitting formulas.

Each Weyl chamber in agl defines a parabolic subset @; with Levi subset L; .

Let b be a subspace of aps , such that ay = agl @®b. A point ( € ap , in general
position, projects along b inside some Weyl chamber of agl . Hence ¢ and b define
a section L; — @ of the natural map which associates to a parabolic subset @,

contained in @ and containing M , its Levi subset L; € L2(M) ([A7] p. 355-357).

I.1.2. Lemma. — Let L; € L%(M) . Fix a point { € af,j in general position; one
has :

F= Y df(Li, L)
LoeLR(M)

where @, is the parabolic subset with Levi subset Ly corresponding to the Weyl

chamber containing the intersection of ( + ar, with agz . The Weyl chamber is well
defined if d, (L1, L) #0 .

Proof. This is Corollary 7.2 p. 357 of [A7] in the particular case where b =ay, .
a0

Given two (L, M)-families {cp|P € P¥(M)} and {ep|P € PL(M)} one has a

splitting formula :

1.1.3. Lemma. — Let ¢ and e be two (L, M)-families. Fix ( € af,, in general posi-

tion, one has

(c e)f/l = Z d%(Ll,Lg) c%‘ ef\?f
Ly,Lo€L2(M)

where the parabolic subsets }; with Levi subsets L; correspond to the Weyl chambers
containing the points (; € agi such that ( = (3 — (3 ; they are well defined whenever
d3 (L1, Ly) £0 .

Proof. This is Corollary 7.4 p. 358 of [A7].
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1.2 — Maximal compact subgroups.

Let F be a global field. We fix, for each place v , a maximal subgroup KULO of
LY - often simply denoted by K, — assumed to be special (cf. [T]) for all finite places
v . The algebraic variety L is obtained from a scheme, again denoted by L , over O%
the ring of elements of F' that are integer outside ¥ , some finite set of places. We
assume that K, = L°(9,) for almost all places v ¢ £ . We say that a pair (L,, K,)

is unramified if
(i) LY is quasi-split, split over an unramified extension
(ii) K, is an hyperspecial subgroup of LY ,

(iii) the normalizer K of K, in L} is such that KL := K} NL(F,) is nonempty.
1.2.1. Lemma. — At almost all places the pair (L,, K,) is unramified.

Proof. The first two conditions are well known to hold almost everywhere. Consider
¢ € L(F) , and let €, be the image of ¢ via the injection of L(F) in L, . Observe that
€y € L(9,) and K, = L°(D,) for almost all places v . For such places the group K}

is generated by K, and ¢, and hence (iii) holds almost everywhere.
a

The groups L?, , Ky MS and N, , are endowed with Haar measures normalized
so that vol (K,) = 1 and such that dz = dmdndk if + = mnk is an Iwasawa
decomposition. Note that if v is a finite place K, is open; this will be used to

normalize the Haar measures on L2 and N, .

Let S be a set of places of a global field F' . We shall use a lower index S to
denote objects over S i.e. restricted products (with respect to some family of open
compact subsets) over places v € S of local objects; for example Ap s (or Fs if S is
finite) is the restricted product over places v € S of the local fields F, . We shall use
an upper index S for objects outside of S : the restricted product over places v € S .
For example K* is the product of the maximal compact subgroups K, for allv ¢ § .
We shall omit the upper index S when S is the empty set. For example K will denote
the product of K, for all v .
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For each parabolic subset P of L with Levi decomposition P = M N , the Iwasawa
decomposition LY = N,M?K, allows one to extend the map Hjps from M %(Afr) to
apy to a function

Hp : L°(Ap) = am

such that Hp(nmk) = Hy(m) for k € K , m € M°(Ap) and n € N(Af) .

1.3 — Weighted orbital integrals.
The weights vAQ,I , that are used to construct weighted orbital integrals, are func-
tions on L°(Af s) defined by the (L, M)-family :
vp(A, ) = e~<A Hp(®)>

([A2] p. 40-41); and hence

w9 (2) = Jim Y we(Az) 63(A)7
PePR(M)
Notice that ”1?/1 =1 if M is the Levi subset of @ ; these weights will be called trivial
weights.

1.3.1. Lemma. — Forallm € MO(AF,S) andk € Kg
vi (mak) = v (z);

moreover vl?,l(k) =0 for all k € Kg unless M is the Levi subset of ) . In particular

the nontrivial weights are linearly independent from the trivial one.

Proof. The first assertion is proved in [A2] p. 41. The second follows from I.1.1 applied

to the trivial (L, M) family cp =1, since Hp(k) =0 for k € Kg .
O

Let F be a local or a global field. Consider v € L(F') ; the connected component
of 1 in the centralizer Zy(v) of v in L will be denoted by L. or LY since it is also
the connected component of 1 in the centralizer Zyo(y) of v in L° . We denote by
() the index of Ly in Zro(y) . Recall that v € L(F) is said to be regular if the
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number of eigenvalues equal to 1 for the adjoint action of v in the Lie algebra of L°
is minimal. Such a 7 is semisimple, and the connected component T' containing 7 in
Z1,(7y) is by definition a maximal torus in L. It is the translate of a torus in the usual
sense : T = yL, . The group L, is a torus in L° whose centralizer 27 in L% is a
maximal torus, in the usual sense, in L° (cf. [A6] p. 227-228). Denote by A(y) the
maximal split torus in the center of L, . Let M be a Levi subset. If v € M(F) is
such that A(y) = Ay we say that v is elliptic in M . Let v be regular in L , then 7 is
elliptic in M if and only if M is minimal among Levi subsets containing a conjugate
of v.

Let F be a global field. The basic ingredients of the geometric side of the trace
formula are the weighted orbital integrals. Let M be a Levi subset, @ a parabolic
subset containing M . Let v € M(F) be regular in L(F') . Given fs € C°(Ars) , a
smooth compactly supported function on the groups of S-points of L , its weighted
orbital integral for the triple (v, M, @) is the integral

8% (v, fs) = f fs(z7tyz) v (2) di.
Ly (Ar,5)\L°(AF,s)

This integral makes sense more generally for v € M(Fs) if S is finite. We shall
sometimes omit the upper index if = L . It is convenient to normalize the weighted
orbital integrals so that they satisfy simple compatibility formulas with constant terms

(see 1.6.4). It is classical to use ]Dl’('y)|15/2 as normalizing factor with

DE(y) = det {(1 - Ad Y)II/L,}
where [ is the Lie algebra of L° and [, the Lie algebra of L., . But, in the base change
situation, DL () may contain parasitic powers of ¢ ([AC] chap. 2 lemma 1.1 p. 80).
Instead, we shall use

D(y) = det {(1 - Ady)I/T,}
where [, is the Lie algebra of Z., . This discriminant has a simpler behaviour with
respect to norm maps (II1.1.8). Our normalized orbital integrals are the following
distributions

T fs) = ID*()IS* 85 (v, fs)

We hope that the use of Arthur’s notation Jﬁ(’y, fs) for a slightly different object is

harmless and will cause no confusion.
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1.4 — Weighted characters.

Let F be a global field. The basic ingredients of the spectral side of the trace
formula are the weighted characters; they are constructed with an (L, M)-family
introduced and studied first in [A4] p. 1313-1323. Denote by II(M(AF,s)) the set of

equivalence classes of admissible irreducible representations of
M(Ars)* = M°(Ap,s) M* (F)

that remain irreducible when restricted to M°(Ars) . Any representation 7 in
II(M(AF,s)) has a restriction to M°(Ap,s) which is a tensor product of represen-
tations m, of M°(F,) . Since M*(F,)/M°(F,) is cyclic, m, can be extended, in a
noncanonical way, to a representation of M*(F,) . Given 7 in II(M(AFs)) and

A € aj; ® C, one defines as usual a representation 75 by :

mA(m) = e<hs HM(m)>7r(m).

Let P be a parabolic subset with Levi subset M ; the representation 7, , extended triv-
ially on the unipotent radical, defines a representation still denoted s of P(Ap s)* .
Denote by Z5(ma,-) the representation of L(Aps)" unitarily induced from the rep-

resentation w5 of P(Ap s)t . This procedure is called parabolic induction.

Assume for a while S to be finite. Given P and P’ two parabolic subset with a
common Levi subset M ; as in [A9] we denote by Jp/|p(7s) the usual intertwining
operator between T5(ma,-) and Z5 (wa,-) . It will be written as the product of a
meromorphic scalar function rpi|p(7a) , the normalizing factor, and of a normalized

meromorphic operator Rp:|p(7a) :
Jpllp(ﬂ'/\) = 'I'Pllp(ﬂ'A)Rp/lp(ﬂ'A) .

The two factors have to satisfy various requirements discussed in [CLL] lecture 15 (see
[A9] p. 28-29). In particular if (Ly, K,) is an unramified pair, normalized intertwin-
ing operators Rp/|p(ma) are scalars independent of A on the K,-fixed vectors. The
existence of normalizing factors has been first proved by Langlands in [CLL] Lecture

15 (theorem 2.1 in [A9]). The operator Jp:|p and the normalizing factor rp/|p have
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global analogues when 7 is automorphic (i.e. when the restriction of = to M°(Ap) is
an irreducible automorphic representation). It should be possible to define canonical
normalizing factors in terms of L-functions; at unramified places for unramified rep-
resentations this is a part of the definition; this has been checked in some other cases,

in particular for archimedean places in [A9] section 3. If L° is a product of groups
GL(n;) this possible thanks to results of Shahidi ([Shah2] [Shah3]).

The normalized intertwining operators Rp/|p(7a) define an (L, M) family :
Rp (A,7T,P) = Rpllp(ﬂ')—lRpllp(TrA) .

This allows one to define (see [A7] p. 335) a generalized logarithmic derivative of

normalized intertwining operators :

RS, (, P) = lim > Re (A7 P) 63 (M)
P'ePR(M)

1.4.1. Lemma. - The operator R?,!(TF, P) commute with I5(ma, k) fork € Ks .

Proof. The operator Z5(ma, k) for k € Kg is independent of A and commutes with
Rpl (A, T, P) .
O

The weighted characters are the following distributions :
Q — Q L
JM(WS')fS)— trace (RM(W5>P)IP(7"SafS)) .

To make sense it is not necessary to assume S to be finite. In fact, outside a finite
set X(fs,ms) of places in S , the functions f, are the characteristic functions of
K}NL, and the normalized intertwining operators leave invariant the K,-fixed vector
in the space of 7, . If ¥ is any finite subset of S of places containing %(fs,ns) the
distribution JAQ/I(W‘E, fz) is independent of ¥ and one let

IS (s, fs) = IS (ms, fx) -

These distributions are known to be independent of the parabolic subset P C @ with
Levi subset M ([A2] p. 43).
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If the restriction of mp to M°(AF) is an irreducible automorphic representation,
the product over all places of the local normalizing factors can be defined by mero-
morphic continuation and we get global meromorphic normalizing factors rp/|p(7a) .

As above we form the corresponding (L, M)-family
rp:(A,?T, P) = ’r‘p/|p(ﬂ')_17‘p/|p(ﬂ'A)
and one can define ([A8] p. 519)

T%(ﬂ-) - 1{1—{% Z rp/(A,m, P) GIQ”(A)_I .
P ePe(M)

In I1.2 we shall define numbers a}. () . In the spectral expansion of the trace
formula the following distributions, that are a mixture of S-local and global objects,

will show up :

Ti(m, fs) = allo(m) > M () I (rs, fs) -

M'eL(M)

1.5 — Unramified characters.

Let F be a non archimedean local field and let (L, K) be an unramified pair.
We say that a representation m € II(L(F')) is unramified if the space of = contains a

nonzero K-invariant vector.

1.5.1. Lemma. — Let h be a compactly supported function bi-invariant by K . Then
JE(r,h) =0
unless M is the Levi subset of ) and w is unramified.

Proof. By definition of normalizing factors, since (L, K) is an unramified pair, the
normalized intertwining operators Rp/p(7a) are scalars independent of A on the K-
fixed vectors; hence on the K-fixed vectors the derivatives that occur in I.1.1 vanish

(cf. [A7] lemma 2.1 p. 334).
O
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Let us denote by II,,.(L(F')) the set of equivalence classes of irreducible repre-
sentations ¢ of LO(F) that are restrictions of unramified representations 7 of L*(F) .
A given ¢ has a unique extension 7 with a nonzero K*-invariant vector. Denote by
HEL the unramified Hecke algebra i.e. the convolution algebra of compactly supported
function on L°(F) , bi-invariant by K . The group K*/K acts on the unramified

Hecke algebra. Given h € H% we denote by h its scalar Fourier transform :

h(y) = trace ((h)) -

An element ¢ € I,.(L(F)) defines a character

h — h(%)

of the unramified Hecke algebra. Conversely any K+ /K-invariant character of the
unramified Hecke algebra is obtained in this way. Such characters will also be called
unramified infinitesimal characters (since they define characters of Bernstein’s center).

There is a natural topology on IL,,.(L(F)) for which the functions
b h(y)

are continuous. The subset of unitary unramified representations I, (L(F)) is a
compact subspace of II,(L(F)) . For h € H% let

Bl = sup  [A(¥)]
YEMpp,u (L(F))



18 J.-P. LABESSE

1.6 — Formal properties.

Let F be a global field, and let S be a set of places of F' .

1.6.1. Lemma. — Let w € Kg , such that w normalizes My . Then
Ta(n fs) = Tz (", fs)
T3 (s, fs) = Jgyu(n¥, fs)
Txi(m, fs) = Tygu(x®, fs)
where ¥ = w™lyw , M¥ = w ' Mw , Q¥ = w™!Qw and 7¥(z) = r(wzw™!) .

Proof. Remark first that all distributions under consideration are invariant under
Kg-conjugacy of fs : the weights are right Kgs-invariants (lemma 1.3.1) and the
logarithmic derivatives commute with Kg (lemma I1.4.1). On the other hand if at
the same time we replace fg , M , P, @ , ms and v by their conjugates under
some w € Kg that normalizes My the distributions are preserved by this transport of

structure. The lemma follows from these two remarks.

O

The descent and splitting formulas for weighted orbital integrals and weighted
characters are particular cases of the first step ([A7] (8.2) p. 362) in the proof of
theorem 8.1 of [A7] and of the first step ([A7] (8.6) p. 367) in the proof of theorem 8.4
of [AT).

1.6.2. Lemma. — Given v € M(Af,s) regular locally everywhere in L(Ap s) , one
has for any Levi subset Ly € L?(M)
Tonf) = 3 dfi(LaLa) Jip(n fs) .
LoeLQ(M)
If 1 is a representation in II(L,(AF s)) obtained, via parabolic induction, from 7 in
II(M(AF,s)) one has
JR(m,fs)= Y, df(Li,La) JgE(m, fs) -
L2€LR(M)

The section Ly, — Q2 depends on the choice of a generic element ( in ap; .

Proof. This is an immediate consequence of the descent formula for (L, M)-families

(lemma I1.1.2).
(]
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In particular, if @ is a parabolic subset with M as Levi subset
JL(’Y» fS) = J]?I(’Y? fS) .
I.6.3. Lemma. - Choose ( a generic point inay . If S = S1US; and fs = fs, ® fs,

Jg(rfs)= > d§(Ly,La) I (v, fs,) T& (7, fs,)
Ly,L2

To(ms, fs) = Y d§y(L1, L) J§i(ns,, fs,) J2 (ns,, fs,)
L,,L2

and if © is automorphic on M

j]\(le(ﬂ-vfs) = Z d}?/I(Ll’L2) JMI(W’f&) JI\Q/IQ(ﬂszvfsz) .
Ly,L>

The parabolic subsets ); with Levi subsets L; are attached to points (; € agl_ such
that (=1 — (2 .

Proof. This is an immediate consequence of the splitting formula for (L, M)-families

(lemma 1.1.3).
a

If M is a Levi subset of a parabolic subset P = M N in L one defines the constant
term of fs along P as the function on M defined by

fs,p(m) = &s,p(m)!/? / fs(k~Ymnk) dn dk
Ks JNg
where dg p is the usual modulus function for P :
ds,p(m) = | det (Ad(m)|LieN)|s .

1.6.4. Lemma. — Given Ly D My D M consider Q € PY(L;) and R € PL (M) .
There is a parabolic subset Q(R) € P9 (M) such that Q(R)NL, = R .

(i) If v € M(AF,s) is regular in L(Ap,s)

IR(, fs,0) = TP (v, fs) -
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(ii) Ifns € I(M(AF,s))

Tii(ws, fs.0) = Ty (s, fs)
(iii) If m is automorphic on M

Tii(m, fs.@) = Ty (m, fs) .

Proof. Our assertions follow from standard changes of variables : cf. [A2] (8.1) p. 46-

47 and lemma 7.1 p. 44.
a

Let I be an invariant distribution. We shall sometimes write I(fa) instead of
I(fq) to emphasize that its value is independent of the choice of the parabolic subset

Q with Levi subset M . For example, with such a convention, we may write
JM(x, fo) = trace 7(fum) .

1.6.5. Corollary. — Let S be a set of places of F' outside of which (L,, K,) is un-
ramified. Let f = fs ® h with fs € C2°(L(Ar,s)) and h € C®°(L(A%)) bi-invariant
under K1 | Then for # € II(M(AF))

J&(m, f) = J&(ns, fs) trace (n5(har))
and if 7 is automorphic on M

Jﬁ(ﬂ‘,f) = jﬁ(ﬂ',fs) trace (75(hpr)) .

Proof. This is a particular case of the lemma 1.6.3 using that Jf& (7, k) = 0 unless
M is the Levi subset of R (lemma I1.5.1) in which case

TE(xS, k) = JM (x5, hg) = trace (x5(ha)) -
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1.6.6. Proposition. — If S is a finite set of places of a global field F' . Consider a

pair of functions fs and ¢s that have the same weighted characters
Ty (m,és) = Jg(x, fs)

for all representations w € II(M(Fs)) , all Levi subset M and all parabolic subset Q ,

then fs and ¢s have the same weighted orbital integrals :

T, ¢s) = I (v, fs)

for regular elements v € L(Fs) .

Proof. This follow from I1.2.2 and II1.1.3.
O

Remark. — Using the local trace formula J. Arthur has established, for connected
reductive groups, that the weighted orbital integrals have a spectral expansion in term
of weighted characters ([A10] Corollary 4.2). In particular this gives, for connected
groups, a local proof of this noninvariant Kazdan’s density theorem. Conversely,
weighted characters have a geometric expansion ([A10] Corollary 4.4), but we shall

not use this fact.

1.7 — Functions with vanishing weighted orbital integrals.

Let F be a local field. Two smooth compactly supported functions f and f’ on
L(F) are said to be equivalent if they have the same normalized (ordinary) orbital

integrals for regular semisimple elements v :

J(v, f) = Ju(v, f).

1.7.1. Lemma. — Given f a smooth function on L(F) , with compact support in
the set of regular semisimple elements, there exists a smooth compactly supported
function f' with vanishing weighted orbital integrals for nontrivial weights, and which

is equivalent to f .

Proof. Let Tr be a set of representatives of LO(F)-conjugacy classes of F-maximal
toriin L . Given T € Tp and v € T(F) we have T(F) = T°(F).y where T° is a torus
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in L% . The set L(F)rey of regular elements in L(F) is a disjoint union of open sets
L(T, F) where T runs through 7r and where L(T, F) is the set of conjugacy classes
of regular semisimple elements v € L(F) whose conjugacy class meets T(F) . Let
T(F)reg = L(F)reg N T(F) and consider

L(T, F) i= T(F)yey x (T°(F)\L°(F)) .

The map

7><:cb—>:1:"1'yx

from E(T, F) to L(T, F) is an étale covering whose fibers are orbits under a finite
group WL°(T) : the quotient of the normalizer of T(F) in LO(F) by its centralizer
TO(F) (i.e. the Weyl group of T if L = L° ). The weighted orbital integrals of f , are
indexed by triples (v, M, Q) where 7 is an L-regular semisimple element in M(F) .
A triple will be said to be primitive if v is M-elliptic. This is equivalent to say that
T is M-elliptic; given T such a Levi subset M is unique. By the descent formula
1.6.2 one can express any weighted orbital integrals as a sum of weighted integrals
attached to primitive triples. The weights 'UI?/[ are functions on M°(F)\L°(F)/K and
lemma 1.3.1 shows that v (mk) = 0 for any k € K and m € M°(F) unless M is the
Levi subset of @ in which case ”1?/1 = 1. There exist a compactly supported function

ar on T°(F)\L°(F)/K , leftinvariant under WLO(T) and whose integrals against all

nontrivial weights vanish :

/ ar(z) vl?,f(z) dz =0
TO(F)\LO(F)

unless M is the Levi subset of @) , in which case it has an integral equal to 1 :

/ ar(z) dz = 1.
TO(F)\LO(F)

The ordinary orbital integral of f defines, for each T € Tr , a WLD(T)-invariant

smooth compactly supported function on T'(F')yeq :

v Jr(y, f) -
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The function on L(T, F) :
v xz = ar(z) Ji(y, f)

is WL° (T)-invariant. Hence there exist a smooth compactly supported functions f’

whose restriction to L(T, F) is such that
fl@™ly2) = ar(z) Ju(v, f) -

It has the same ordinary orbital integrals as f but has vanishing weighted orbital
integrals for all nontrivial weights i.e. for triples (v, M, @) if M is not the Levi subset

of Q.
O

Remark. - This lemma, which appeared as lemma 2.1 in [Lab3], is quoted at the
end of section 3 in [A10].

1.8 — Infinitesimal characters and multipliers.

In this section F is an archimedean field. Let ho be the Lie algebra of a maximal
split torus in L°(F) considered as a real Lie group. Let to be a Cartan subalgebra in

a maximal compact subgroup of the centralizer of ho in LO(F) . The abelian algebra
h(L) = ho D it

(simply denoted by b if no confusion may arise) is a real form of a Cartan subalgebra
in the complexified Lie algebra of L°(F) . The infinitesimal character of an irreducible
unitary representation 7 of L°(F) is an orbit under W¢ = W(éo , the complex Weyl
group of L°(F') , of an element v, in h& = h* ® C the complex dual of h . Given a Levi
subset M there is a natural map from h onto ajs and a}; @ C acts by translations in
be -

Unitary representations have infinitesimal characters defined by W¢-orbits in b, ,
the set of v € h¢ such that 7 = —sv for some s € W of order 2. (Note that the
minus sign is forgotten in [A8] p. 356). The subset §, has a natural description via

Chevalley’s theorem: there is a real vector space V , and a surjective polynomial ma
y y p

p:bhe->VRC
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whose fibers are the Wc-orbits, and such that ¢=1(V) =i, .

Given a K-finite function f € C°(L(F)) and a € &' (h)We a compactly supported
We-invariant distribution on b , the theory of multipliers ([A5], [Delorme]) shows that
there exist a function fo € C°(L(F)) such that, for any irreducible admissible repre-
sentation 7 of L*(F) whose restriction to L°(F) is irreducible and whose infinitesimal

character is the Wc-orbit of v, € h¢ , one has

(1) m(fa) = &(ve)m(f)

where & is the Fourier transform of « . Similarly given f , a compactly supported K-
finite distribution on L(F) , and & € C°(h)"e there exist a function f, € CX(L(F))
satisfying (1) .

I.8.1. Lemma. — Given a K-finite function f € C°(L(F)) there exists a K-finite
function f' € C2°(L(F)) and functions aj € C°(h)"e with j = 1,2 such that

f:f{xl +f0!2'

Proof. Let A be the laplacian for a We-invariant metric on §) and § the Dirac measure.
By Dixmier-Malliavin’s key lemma in the proof of their factorization theorem ([DM]
lemma 2.5) there exists sequences of real numbers a, and functions a; € C®(h)"e |

such that

p=n
(2) § =lim ZapA”*al +as;
p=0

moreover the sequence a, may be chosen sufficiently rapidly decreasing so that, given
f, there exists a function f’ € C2°(L(F')) such that

p=n
lim ZaPQP xf=f
p=0

where 2 denotes the operator in the center of the envelopping algebra corresponding
to A , via Harish Chandra’s isomorphism. The a; define multipliers and (2) shows

that
fzfcltl +f(12 .
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Remark. — This is an elaboration using [DM] of lemma 6.4 in [AS].

1.8.2. Lemma. — Let vg € b, and r > 0 . There exist a function o € Cf"(b)w‘f
whose Fourier transform & is real valued on 4, and such that on the subset v € §,, ,
|Re(v)| < r one has :
(i) av) <1.
(ii) &(v) =1 if and only if v belongs to the orbit of vy under the complex Weyl
group.
(iii) If &(v) =1 and M € L is such that v 4 iap; C b, then

a(v+ih) = 1= Quman(A) +o(l[All)>  for A€a)y

where Qu,a,v 18 a positive definite quadratic form on aj}, .

Proof. Let b be a subspace of h* such that vy + tb is a subset of §, . A function
a; € CX(§)We that satisfies (i) and (ii) is constructed in [AC] chapter 2, lemma
15.2 p. 182; the construction is based on Chevalley’s theorem. By hypothesis vy is a

maximum for &; in an open neighbourhood of v in §, , hence for A € b :
é1(vo +1A) =1— Q1 (A) + o(||A]])®

where )y is a quadratic form positive on b . We are to construct a new function a
such that the corresponding quadratic form is positive definite. Consider a positive
definite We-invariant quadratic form Qo on h* . Choose a polynomial Py on §* such
that

(i) Po(vo +iA) = Qo(A) + o||A||?) for A € h*

(i1) Po(wwg) =1 if w ¢ We(ro) , the stabilizer of vo in W .
Let

Pi(v)y=1- H I——l————- Z Py(sw™v) .

wEWg /We(vo) WC(VO)' s€We(vo)

This is a We-invariant polynomial on §* such that

Pi(vo+iA) =1—Qo(A) +o(|All2)  for Aeph*.
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Consider now
P) = (AP

Since P; is We-invariant the polynomial P is Wg-invariant and takes positive real

values on §, . Since —7y = syp for some s € W one has
P(vo+iA) =1-4Qo(A) + o(||Al]>)  for Aeh*nh*

Let n be an integer; since P is a Wg-invariant polynomial on h* , there exist a function

a € C2°(h)We whose Fourier transform is

It satisfies (i) and (ii) if n is large enough; it satisfies also (iii) since the quadratic

form Qp,a,» induced by Q = 4Qo + nQ; on aj, is a positive definite quadratic form.
|

1.8.3. Lemma. — Let vy and « as in 1.8.2. Let g be a continuous and integrable
function on a}, . Fix v € b, and let Np(vo,v) be the set of elements A € a}, such
that v + 1A belongs to the Wc-orbit of vy . Then

m dim apr g(A)
lim ( —) / a™(v+iA)g(A') dA' = E )
m—oo \\ 7 at, ( J9(A) det Qum,a,v+ir

AENM(vo,v)

Proof. Recall that & restricted to v+ ia}, is positive, bounded by 1. Let v’ = v +1iA
with A € Np(vo,v) . For A’ sufficiently small

&(U' + lAl) = exp (_QM,OI,V’(A,) (1 + 6(A')) )

with e(A’) = 0as A’ — 0. Denote by xu the characteristic function of U a sufficiently
small open neighbourhood of 0 in aj, . If A’ is outside of the union of the A + U
where A runs over Ny (vo,v) we have &(v 4+ tA’) < ¢ < 1. Using changes of variable

AN A+ AT; we see that

/. a™(v+iA)g(A") dA’

M
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equals the sum over A € Nps(vp,v) of
n

()" [ o (Qummrnh) (5 ) ot o o Ay an

M

up to an exponentially small error term o(c¢™) . Since g is continuous and integrable,
dominated convergence shows that
A A A
i [ e (~Quansa8) (1 + ) ) ald+ S0 xS an”

m—>00 a*
M

equals N
T m apr
(vV7) a(A) .
\ det QM,a,u—!—iA







II. - THE TRACE FORMULA

In this chapter we first review the basic results on the trace formula established in
[A1] [A3] and [A4], that have been extended to the nonconnected case in [CLL]. Some
reformulations are borrowed from [A8], but we shall neither use the fine geometric
expansion nor the invariant form of the trace formula. The absolute convergence of
the spectral expansion is then stated as conjecture A, that will be proved in some
particular cases. We also recall Arthur’s substitute for absolute convergence that can

be used to separate infinitesimal characters at archimedean places via multipliers.

II.1 — Trace formula and geometric expansion for regular functions.

Let F be a global field. The right regular representation of L°(Ar)! in
L*(LY(F)\L°(AF)")

may be extended to a representation, denoted by p! , of the group L*(F)LO(AF)!

using that
LYF)\LO(AF)! ~ LT (F)\L* (F)L°(Ap)" .

The operator p'(f!) defined by the restriction f' to L(Ap) N L*T(F)L°(Ap)! of a
function f € C®(L(Ar)) acting by p' in L%(L°(F)\L°(AFr)') is not in general of
trace class and the integral over the diagonal of the kernel associated to p!(f!) is
divergent. J. Arthur has shown how to construct a truncated version of the restriction

to the diagonal of this kernel, whose integral is convergent and defines a noninvariant
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distribution JX(f) that can be used as a substitute to the trace (cf. [A1] and [CLL]).
If Q is a parabolic subset with Levi subset Ly we define J2(f) by

JOf) = I (fq) -

The noninvariant trace formula is the equality of a geometric and a spectral expansions

for JE(f) . Let 4 be a regular element in L(F) ; let
a(y) = u(7) " vol (MI(F)\M(Ar)")
if - is M-elliptic and a™ (v) = 0 otherwise. Given M € £ denote by

{M(F)}L—reg

a set of representative of M°(F)-conjugacy classes of L-regular elements in M(F) .

I1.1.1. Definition. — We shall say that a smooth compactly supported decompos-
able function

fs = ®vEva

is regular if for (at least) one place v € S the support of f, is contained in the open

set of regular elements in L, = L(F,) .

Let w® denote the cardinal of the Weyl set WOQ of automorphism of a?,lo induced
by elements in Q(F) .

I1.1.2. Proposition. — Let f be a regular function.

wM
H= — Y M.

MeL 7 ye(M(F))ireg
Proof. The contribution of strongly regular elements to the geometric expansion is
computed in [A1] for connected groups; this has been extended to all regular elements
in the nonconnected case in [CLL] (see also [Labl]). Since we work with regular

functions we do not need the more advanced results on the fine geometric expansion to

compute the contributions of conjugacy classes of nonregular elements : they vanish.
O
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I1.1.3. Proposition. — Let S be a finite set of places of a global field F' . Consider
a pair of functions fs and ¢g such that for any parabolic subset @ C L :

J2(¢) = J(f)

whenever f = fs® f° and ¢ = ¢s @ f° ; then fs and ¢s have the same weighted
orbital integrals for regular elements v € L(Fs) .

Proof. If at some place v ¢ S the support of f, is small enough, only one conjugacy
class may contribute non trivially to the geometric expansion. This, together with
the splitting formula 1.6.3, yields the proposition. For a more detailed account of the
proof in a similar but more complicated situation we refer the reader to the proof of
V.2.1 and its corollary; the norm map there has to be replaced here by the identity

map.
a

I1.2 — The spectral expansion.

The fine spectral expansion has been established in [A4] for connected groups,
and was extended to the nonconnected case by Langlands in [CLL] Lecture 15. To
state it, we use the notation of [A8]; in particular we define numbers ak__(7) following
[A8] p. 516-517.

We say that a representation 7 € II(L(AF)) occurs in the discrete spectrum for L
if its restriction to L°(Ar) is an irreducible direct factor of L2(L°(F)\L°(AF)!) and
one denotes by mk__(r) its multiplicity. By Langlands theory of Eisenstein series, we
know that any automorphic representation 7 in the discrete spectrum for L° comes
from iterated residues of Eisenstein series attached to some pair (M, o) where o is a
cuspidal representation for a Levi subgroup M of L° . The conjugacy class y of the
pair (M, o) is called a cupidal datum.

Let £° be the set of Levi subgroups in L? containing M§ and let Qo be a parabolic
subgroup of L° with Levi subgroup Lo € £° . We shall denote by s the section of the

map
Hp, @ Lo(Ar) — ar,
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such that s(ar, ) is the connected component of 1 of the group of the real points in the
split component of Resp/gLo , the group deduced from Lo by restriction of scalars

from F to Q@ . In particular

Lo(AF) ~ Lo(Ar)! x s(ar,) .
Denote by p£° the representation of Lo(Ar) in

Liisc,x (8(aLo) Lo(F)\Lo(Ar))

the sum of representations in the discrete spectrum attached to some cuspidal datum
X - Denote by pg, x(A) the representation of L°(Ar) unitarily induced from the
representation of Qo(Ar) defined by p§‘° shifted by the character defined by A € iaj
and extended trivially on the unipotent radical. Consider w € L(F') which normalizes
Lo and fixes A and denote by s the image of w in W& /WZE° . Let z € L(Ar) act on
the right and w™! on the left. This defines an operator pg, (s, A,z) , which depends
only on s , from the space of pg,,x(A) to the space of psg,,x(A) . Let us denote
by Mg,|sq,(A) the intertwining operator between these two representation spaces (in
the notation of [A4]). The discrete part of the trace formula, relative to x , is the

following expression :

wle _
Jcﬁsc,x(f) = Z wk Z l det (3 - l)afol ! trace (MQ0|3Q0(O)PQ0,X(3,O,f))
Lo€LO s

where the second sum is over the subset of s € WL(ar,) such that :
det (s —1)q #0.

One denotes by Il4isc(L,x) the set of equivalence classes of representations m of
L(Ap)* that contribute non trivially to the spectral expansion of Jﬁsc’x(f) L If
7 belongs to Hgisc(L, x) , the number agisc(ﬂ) is defined by the spectral expansion of

L .
Jdisc,x :

Thsex (D= Y adiu(r) trace (n(f)) .

m€Maisc(L,X)
We say that a representation 7 € II(L(AF)) occurs discretely in the trace formula for

L if ak () # 0 . Note that only representations m of L(Ap)* whose restriction to
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LO(Af) remain irreducible may contribute nontrivially to the spectral expansion of
Jﬁsc’x( f) for f supported on L(Ar) . By construction of the representations pg,,(0)
the restriction of 7 to s(ayo) must be a multiple of the trivial representation. Observe
that the representations which contribute nontrivially to Jf. ., , need not occur in
the discrete spectrum for L° — this is already the case for L = GL(2) - and the
numbers ak__(7) need not be positive integers. We may now state the so-called fine

X-expansion.

I1.2.1. Proposition. — The distribution J9(f) can be expressed as a series indexed

=Y J2(f)

by cuspidal data:

of finite sums over Levi subsets M :
’LUM Q
T =D —gTanlf)
MeLe

of absolutely convergent expressions

T = > Ty(ma, f) A
Wendxsc(MvX) zaM
Proof. This is nothing but a reformulation of the main result of [A4] extended to the

nonconnected case by Langlands in [CLL]. A variant of our formula for J)? occurs at
the bottom of p. 521 in [AS8] :

wM
= Z Z pvel Z / affsc(m) T3 (”A) JM'(WA,f) dA .

MEeL M'eLR(M) €M gisc(M,x)
Here 7, is the representation in II(M’'(AF)) obtained from 75 by parabolic induction.
Our assertion is obtained using distributions J A?I(Tr,\, f) instead of their developped
expression in term of logarithmic derivatives of normalized intertwining operators and
normalizing factors:

T, f) =al(m) Y oM (x) I, f) .

M'€LR(M)
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Remark. — The special case L = M is of particular importance; to simplify the
notation let us assume that a;, = azo so that L(Ap)! = L°(Ar)! ; denote by 7! the
restriction of m to L(Ar)! . We have

= % ahelm [ tacema() da

Wendisc(Lyx) oL

= Z agisc(ﬂ) trace 7Tl(fl) .

Wendisc([/yx)

I1.2.2. Corollary. - Assume that fs and ¢s have the same weighted characters
JI\?I(Wa¢S) = J]?I(TrafS)

for all representations m € II(M(Fs)) all parabolic subset Q and all Levi subset M ,
then

J9 (s ® %) = J%fs @ f9) .

Proof. This is an immediate consequence of the spectral expansion I1.2.1 and of the

splitting formula 1.6.3 for the weighted characters.
0

I1.2.3. Proposition. — Let S be a set of places, containing all archimedean ones,
and outside of which (L, K,) is unramified. Let f = fs ® h be a smooth compactly

supported function where h is a K-bi-invariant function on L(A3) , then
Tia() = D di(Ln,Lo) i ()
Ly,L2
where

Jf,,‘y’xQz(f) = Z agfsc(ﬂ)/ r]I\“/I‘ (NA)JA?Iz(WA,S,fS) trace 73 (har) dA .
Wendisc(va) la?”

Proof. This follows from the spectral expansion I1.2.1, the descent formula 1.6.2 and

1.6.5.
a
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I1.2.4. Conjecture A. - The triple sum and integral over x , # and A , in the

spectral expansion of

T =3 72,

X

is absolutely convergent.

For Q-rank one groups, conjecture A is an immediate consequence of a result of
Langlands (Assertion D in [Lan2] p. 118). A first step toward a proof of conjecture
A for arbitrary groups is the proposition II.4.1, due to W. Miiller [Mi]. This will
allow us to establish particular cases of the conjecture (proposition II.4.5). For the
general case one would need moreover some control on the constants in the estimates

of logarithmic derivatives of L-functions proved in [A4] lemma 8.4 p. 1330.

I11.3 — Estimates and multipliers.

An estimate is proved in [A8] Corollary 6.5, for the invariant form of the trace
formula. The proof there applies almost verbatim to the proof of I1.3.1 below but
of course, since we work with the noninvariant trace formula, we do not need the
arguments — in the middle of p. 536 of [A8] — used to show that this estimate is also
valid for the invariant distributions ! To separate the contribution, to the spectral
expansion, of representations with infinitesimal character v at archimedean places,
one may use this estimate as a substitute for the conjectural absolute convergence of
the spectral expansion of the trace formula. It is quite powerful when used with the

multipliers constructed in 1.8.2.

We may group together the contribution of the cuspidal data x defined by the
conjugacy classes of pairs (M, o) whose archimedean component have an infinitesimal

character vy := v, such that ||[Jm(v,)|| = ¢t . We thus define distributions

Jh= Y. JH.

[13m (vy)||=t

Let C2(h)™e be the space of We-invariant smooth functions with support in the ball
of radius N .
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I1.3.1. Lemma. - Given a K-finite function f € C°(L(AF)) , there exist constants
C , k, and r such that for any T > 0 any o € C3P(h)"¢ one has

D (fa)l < C* sup {la(v)], v € bu(r,T) } -

t>T

where hy(r,T) is the set of v € b, such that Re(v) <r and Im(v) > T .

Proof. A first approximation of the estimate we need, for distributions J)f’ (fa) , is
given in the course of the proof of lemma 6.3 of [A8] p. 535; it can then be refined
using lemma 6.4 of [A8] (see 1.8.1); repeating the proof of Corollary 6.5. of [A8] we

get the final form of our estimate.
0

Let us denote by a*™ = a * ... * a the m-th convolution power of « .

I1.3.2. Corollary. — Given a K -finite function f € C2°(L(Af)), a € C(h)¥e | and
T large enough, the trace formula for fo+m has the following asymptotic expansion

when m — 00 :

T (farm) = D JE(farm) + o(c™)

t<T

for some0<c<1.

Proof. Remark that & is rapidly decreasing at infinity in the vertical strip |Re(v)| < r .

We choose T > 0 big enough so that, with the notation of the previous lemma
kN -
e sup {|a(v)|, v € hu(r,T)} <ec<1.

Since the support of a is contained in a ball of radius N the support of o*™ is

contained in a ball of radius mN ; we now apply I1.3.1 to

> 1T (farm)l -

t>T
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Remark. — Given a K-finite function f and T € R , there is only a finite set of
cuspidal data x such that
[I3m (vl < T

which may give a nonvanishing contribution to the x-expansion of JZ(f) (cf [AS]

lemma 4.2 p. 517) and hence the spectral expansion of

> )

t<T

is absolutely convergent.

11.4 — More on absolute convergence.

As in [A2] section 5, consider A} a left invariant self-adjoint positive elliptic
operator of order 2 that commutes with K, , more precisely, a suitable linear combi-
nation of the Casimir operators Qy, and Qx for the derived groups of L2 and K ,
and of positive self-adjoint elliptic operators of order 2 on their center. If 7 is an ir-
reducible unitary representation of L°(F.,) we denote by ||x|| the smallest eigenvalue
of m(A%) ; similarly if 7 is an irreducible unitary representation of K, one defines
[I7]| . Let Ap =14 A% . If A is an operator in a Banach space we denote by ||A]|

the operator norm.

Denote by mk_ (7!) the multiplicity of the representation 7! of L°(Ar)! in the
discrete spectrum L3, (L°(F)\L°(Ar)*) .

I1.4.1. Proposition. — The operator, induced in the discrete spectrum by a smooth

compactly supported function f € C°(L°(AF)) , is of trace class :
ngisc(ﬂ-l) I trace (ﬂll(fl))l <o0o.

Proof. If our function fo is Keo-finite this is Miiller’s theorem [Mii]. If we remove
the Koo-finiteness assumption, the result is stated as “conceivable” in [Miy] and an
argument is outlined. The details have now been checked by Miiller (private com-

munication). We shall give an independent proof in the case L = L° = GL(n) using
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Mceglin-Waldspurger’s description of the discrete spectrum for GL(n) ([MW]). The
discrete spectrum is the direct sum of the generalized Speh representations that are
defined as follows. Let P; be a parabolic subgroup whose Levi subgroup M; is a
product of r groups My = GL(d) withn =dr ,and o' =0 ® ... ® o0 where ¢ is a

cuspidal representations of M, . The generalized Speh representation :
7 = Speh(o)
is the Langlands quotient of the parabolically induced representation
TE (o' ® 6H%) .

This last representation is not unitary if P; # L . Let g™ be the caracteristic function
of a small enough open compact subgroup, divided by its volume, over the finite adeles

such that f * ¢ = f . We have
| trace 7(f)| < [|(f * AL)|| trace 7(AL™ ® g°) < ||f * A%|l1 trace 7(AL" ® ¢°°) .

Since 7 is unitary the minimal eigenvalue ||7|| of Too (A7) is positive; on the other

hand the minimal eigenvalue of Iﬁl (ol ®5}3{ 2 A') occurs for the minimal K -types;

since the minimal K -types occur in the Langlands quotient 7o , all eigenvalues are

positive and hence
trace T(AL" ® g°) < trace If (0’ ® 5};{2,AZ" ®g%>) .

Given an integer r , if n is large enough, by a standard parametrix construction, there

exist compactly supported functions g1,00 € C7(L%,) and g2 00 € C°(L%,) such that
§ = A * 1,00 + 92,00

where § is the Dirac measure. Let g; = gi o0 ® g™ ; since ||Z§, (o4, ® 5},{2, AT <1

we get

trace I{;l (' ® (5}3{2, AT"®g™) < Z | trace I£1 (c'® 5},{2,gi)|
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Now we have

trace Iﬁl (o' ® 6}3{2791') = trace U'(fs}r{zgi,Pl)

where g; p, is the constant term of g; along P; . Summing up we have proved that

| trace n(f)| < ||f * AZ|| Z | trace 0’(5}3{2gi7p1)| .
i
Hence we are reduced to show that convolution operators by sufficiently regular func-

tions in the cuspidal spectrum yield trace class operators: this is well known.
|

11.4.2. Lemma. — Given a smooth and compactly supported function f there is a
positive definite smooth and compactly supported function g such that for any unitary

representation 7 one has

| trace 7(f)] < trace m(g) .

By Dixmier-Malliavin’s factorisation theorem [DM] we may write f as a finite
sum of convolution products f = Y fj* ;5 each product f;* f} is a linear combination

of positive definite functions gx * gk where gr = (f; £ f}) or (f; £ :f}) and
gi(z) = gr(z71) 5

hence
F= M gk *k -
The function

9= |\el gk * G

is a solution.

I1.4.3. Lemma. - Ifn is large enough, the operator norm

IR (Moo, P)TE (oo, AT
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has a bound independent of the unitary representation 7 .

Proof. The derivatives of the matrix coefficients of operators Rp/|p(7oo) restricted to

a Koo-type 7 are rational functions of A that have bounds of the form
CL+ 7NN (A + lIreo ™

(see [A2] (7.6) p. 42). Using the definition of numbers C?/I attached to (L, M) families
in term of derivatives of the C}QQ(A) (lemma I.1.1), this yields similar estimates for the
matrix coefficients of 'Rf,[(ﬂoo,P) . Given r , the eigenvalue of Z5(me, A7™) on the
subspace defined by the K.-type 7 is, for n large enough, bounded by a constant

times
(L+7ID7(1 + [lmeol D77 -

So, for n large enough
IR (oo, PYZH (oo, AL

is uniformly bounded.
O

Remark. — The above proof is reminiscent of the proof of proposition 9.1 in [A2].

I1.4.4. Corollary. — There exist a positive definite function geo € C°(L°(Fx))
such that

|J1?,1(7roo,foo)| < C trace I{S(woo,goo) = C trace Too(goo,P)
where M is a Levi subset of P C @ and goo,p is the constant term of go, along P° .
Proof. Since
[T (oo foo )| < 1R (Moo, PYTB(Too, AL™)|I| trace ZH(Teo, foo * A)] -
By 11.4.3, for n large enough, there is a constant C such that :
[J& (oo, foo)| < C| trace I5(moo, foo * A})| .

We conclude by applying I1.4.2 to the function fo, * A} .
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11.4.5. Proposition. — Conjecture A holds for L; = M :

Z Cll\lllf(f) Z z ladic(m |f |JM Ta,s, fs) trace w3 (har)| dA

X ﬂ'endlsc(er) CI

is convergent.

Proof. The splitting formulas allow us to write the above expression as a sum of
integrals of products of terms at finite and infinite places. The finite places are easily
dealt with: they give uniformly bounded contributions since unitary representations
with a nonzero fixed vector under some fixed open compact subgroup form a quasi-
compact set. Hence, by I1.4.4, there exist a smooth positive definite function g on

LO(AF) compactly supported such that
IJA%(WA,oo,foo)l < C) trace I5(wa,g) = Cy trace ma(gp)

where gp is the constant term along P of g . This shows that

S = Yl (m) / 17 (m.s, fs) trace w5 (har)| dA
X 'a;v!

ﬂ'endisc(M»X)

< Cy Z Z la}L (7] . trace ma(gp) dA .

X w€lldgise(M,x) M

Moreover

/ trace mp(gp) dA = trace 7'(gp)
na

N
M

where 7! and g} are the restrictions of m and gp to the kernel of the map
MO(AF) — ap .

We get

ZCM,X <oy Y la(m)] trace 7 (gh) .

X Wendisc( M’X)
The representations 7 that occur discretely in the trace formula for M are constituents

of the extension to M(Afr )% of representations 7r1 =IM P, (7r1) parabolically induced
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from representations 7 in the discrete spectrum of MY , a Levi subgroup of P; . Let

Q1 C P° be the parabolic subgroup of L° such that P, = Q; N M . We have

Z trace m(gp) = trace I%o(ﬂl,gp) = trace m1(9q,) -

o
1rC7r{”

Let g1 denote the integral of gg, on 5(a%g) , this is a function on MY?(AF) such that
1

M
Y ladfe(m)| trace 7' (gh) < mifl (r}) trace 7 (g}) ,

o
7rC7rf"

where 7} and g} denote the restriction to MP(Ap)' . We conclude using I1.4.1.
0O

I1.5 — Absolute convergence and measures on the unramified dual.

Let S be a finite set of places, containing all archimedean ones, and outside of
which (L, K,) is unramified. Let us denote by Il .., (L(A%)) the space of equivalence
classes of unitary unramified representations of L°(A%) , restrictions of representa-
tions of L(A% )" . This compact space is the product for v ¢ S of the I, (L,) . We
denote by HL (A7) the restricted product of unramified Hecke algebras outside S .

I1.5.1. Proposition. — Let hy be a smooth compactly supported function on L(AIS,)
bi-invariant under K . Assume that conjecture A holds for the pair (L1,Q,). The
linear form on the space of Fourier transform h of functions h in the unramified Hecke
algebra HE(A3) , defined by the composition of the inverse Fourier transform and

the series of terms JAI;Ily’XQz in the spectral expansion of the trace formula

his Y T2 (fs @ (ho % b)),
X

has a unique extension to a Radon measure on the compact space I, .(L(A%)) .

Proof. We have

SRS (s @ (o x W) < D C12 22 (F5 ® ho) [IAllL
X X
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where CI{’,}”X%( fs ® ho) equals

S bk (o) e 5, ) trace w0 i

"endlsc(Myx)

Conjecture A for (L1, Q2) tells us that

> Cyi@(fs ®ho) < +oo.
X
On the other hand, the algebra of functions A : 75 — trace 75(h) is self-adjoint,
contains the scalars and separates the points on the compact space Il . (L(A3)) ;
by Stone-Weierstraf3 theorem, this is a dense subalgebra in the algebra of continuous

functions on this space. The linear form extends uniquely by continuity.
O






III. - NORM MAP AND ENDOSCOPIC TRANSFER

In this chapter F' is a global or a local field of characteristic zero. Let E be a
cyclic Galois algebra over F of degree £ = ¢1¢2 . The algebra E is a direct sum £,
copies of a cyclic field extension E; of F of degree ¢; . Let 8 be a generator of the

Galois group; 6 acts as follows :
O0(z1,...,ze,) = (T2,...,%e,,01(z1))

where 6; is a generator of the Galois group E;/F . Let
H=]]GL(m)

be a product of linear groups and let G be an inner form of H over F ; we denote by
n the isomorphism

n:G—-H

over the algebraic closure. Denote by Resg,rG the group scheme obtained by restric-
tion of scalars from E et F'. We want to compare the trace formula and the harmonic

analysis for the component

L= ResE/pG X 6

of the nonconnected reductive group

Lt =Resg/pG x Gal(E/F) ,
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and on the reductive groups H which is the only endoscopic group for L . We refer
to [KS1] and [KS2] for the definition and the properties of twisted endoscopy. Let us
introduce a notation that will appear from time to time : if A is an F-algebra, and

given a function f defined on L°(A) , one defines a function fy on L(A) by
fo(z x 0) = f(2) .

The comparison of the geometric expansions of two trace formulas, in the base change
situation we are to study, will be quite simple thanks to two facts :
1 - The derived group of GL(n) being simply connected, the centralizers in L° of
semisimple elements are connected; in particular centralizers of regular elements
are tori.

2 - Conjugacy and stable conjugacy coincide in L(F') .

III.1 — Stable conjugacy and the norm map.

The definition of stable conjugacy, and the basic study of the norm map is to be
found in [Kol]. The derived group of GL(n) being simply connected we may use the
following definition. Let F' be the algebraic closure of F .

ITI.1.1. Definition. — We say that two elements 6 and §' in L(F) are stably con-
jugate if they are conjugate by an element x in L°(F') .

II1.1.2. Lemma. - Two elements § and §' in L(F) are stably conjugate if and only
if they are already conjugate by an element y in L°(F) = G(E) .

Proof. If § = 714’z then for any ¢ in the Galois group & = Gal(F/F) :
§=o(z) 1o(x)

and hence o — 27 1o(z) is a 1-cocycle with value in the centralizer Ls . It suffices to
show that there exist u € Ls(F) such that y = uz € L°(F) . But this follows from
the triviality of H!(®, Ls) the first Galois cohomology group with value in Ls ; this in
turn uses that such a centralizer L; is the multiplicative group of a finite dimensional

algebra over F' ([S] Exercice 2 p. 160).
a
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The norm map Ng/r between conjugacy classes in L(F) and stable conjugacy
classes in H(F') is induced by the £-th power in L™ : the conjugacy class of § € L(F)
under L°(F) , is mapped to the intersection of H(F') with the stable conjugacy class
of §¢ . In fact 6(6%) is stably conjugate to d° , and since H is split with a simply
connected derived group, this intersection is non empty [Kol]. It is a single H(F')-
conjugacy class since, according to III.1.2, stable conjugacy and ordinary conjugacy

coincide.

I11.1.3. Lemma. — Let F be a local or a global field. The norm map induces an
injection from the set of conjugacy classes of regular elements in L(F') into the set of

conjugacy classes of regular elements in H(F') .

Proof. The stable conjugacy class of §¢ contains some v € H(F') , and the centralizer of
§ in LO(F) is isomorphic to an inner form of the centralizer of y in H(F) . In particular
¢ is regular if and only if 7 is also regular, and in such a case their centralizers being
tori are isomorphic : Ls ~ H, = T is a maximal F-torus in H ; the centralizer of §*
in L°(F) is isomorphic to T(E) and conjugation by § induces a Galois automorphism
denoted 07 on T(E) . Again the triviality of the first Galois cohomology group with
value in the centralizers shows that the norm map induces an injection from the set
of conjugacy classes under L°(F) = G(E) in L(F) into the set of conjugacy classes

in H(F) (cf. [Lanl] lemma 4.2 p. 33).
O

II1.1.4. Lemma. — Let F be a local field. A regular element v € H(F') which is
elliptic is a norm from L(F) if and only if {(v) € Ng;p E* for all F-rational characters
Ee X(H)p .

Proof. We refer to [A7] lemma 10.4 page 376.
g

The next lemma is an elaboration for inner forms of GL(n) of the well known
similar result for GL(1) : given a cyclic global field extension E/F , an element in

F* is a norm from E* if and only if it is a norm locally everywhere.
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I11.1.5. Lemma. — If F is global, a regular element in H(F') is a norm from L(F)

if and only if it is a norm locally everywhere.

Proof. We refer to [Lanl] lemma 4.9 p. 37 or [AC] chapter 1 lemma 1.2 p. 4 for the

split case G = H. For the general case we refer to [KS2] lemma 6.3.A.
O

I11.1.6. Lemma. - Let F' be a local field and asume that G = H. There is an open
neighbourhood of the identity in H(F') in which any element is a norm from L(F).

Proof. Since G = H there is an injection
H(F)%x6— L(F)

and the norm map is induced by the ¢-th power; but the map v + +* induces a

diffeomorphism of a small enough neighbourhood of 1 in H(F') onto its image.
a

I11.1.7. Lemma. — Let F be a local field and let G = H. An admissible irreducible
representation m of H(F') has a character distribution ©, that does not vanish iden-

tically on the set of regular elements that are norms of elements in L(F) .

Proof. According to III.1.6 there is a neighbourhood U of the identity in H(F') which
contains only norms from L(F) . Let f = f; * f1 be a function of positive type; here
fi(z) = fi(z=1) . If the support of fi is small enough trace m(f) is strictly positive

and the support of f isin U . It suffices now to recall that the character distribution

1
loc

is defined by a function in Lj (H(F)) and that the set of regular elements is open

and dense.
O

I11.1.8. Lemma. - Let F be a local or a global field. If v is stably conjugate to &*
D*(6)=D"(v).

Proof. In fact since I5 ~ [, ® E this follows from the following elementary calculation.

Let V be a finite dimensional vector space over F' ; consider a € GL(V') and

be GL(V®E) x 6
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such that a = b* ; we want to compare det (1 —a|V) and det (1 — b|V ® E). Over

the algebraic closure F' one has
VEQ®pF~(V®F)

the factors being cyclicly permuted by 8 and one can write b as a bloc-matrix

0 0 ... 0 b
bp 0 ... 0 O
b=1| . . . .
0 0 ... be—1 O

with the b; € GL(V ® F) . An elementary computation shows that
det (1 —b|V ® E) = det (1 —bgbe—y...b1|VQF).

Now a = b¢ is conjugate to bebe—1 ... by and hence det (1—a|V) = det (1-b|V®E).
a

Remark. - A similar lemma holds for the normalizing factors used by Arthur and

Clozel but powers of £ show up (cf. [AC] p. 80).

We have fixed once for all a minimal Levi subset M¥ in L and a minimal Levi
subgroup M¥ in H . The isomorphism 7 induces an injection M — ng /F(M) of the
set LL(MF) of semistandard F-Levi subsets in L into the set L# (M) of semistan-
dard Levi subgroups in H ; this is, a bijection if G is quasi-split. Given M € LH(MH)
we shall denote by ML the preimage of M via ng /F ; this preimage may be empty.
In particular (MZ?)? is empty if G is not quasi-split. If the preimage of M is empty
distributions Jﬁi are understood to be zero. If M belongs to the range of ng/p
the isomorphism 7 induces a bijection of the set PL(M) of F-parabolic subsets in L
with Levi subset M onto the set PH(ng,p(M)) of parabolic subgroups @ in H with
Levi subgroup ng,p(M) . Again the preimage of Q is denoted by QL . The isomor-
phism 7 induces an isomorphism ng : ag — ar . More generally we have a canonical
isomorphism

L
771?4 : a% -—)G%L
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if M and @ are in the range of ng;r . We shall use ’71?4 to transfer Haar measures.
The covolumes that showed up in I.1 match : af,[ = af;,, . Let M be a Levi subset
of L , we also have
L
A% (L1, Le) = o (L, LY .
There is an other isomorphism induced by the norm map af,[LL — a?,, ; the map 771%

followed by the norm map is the multiplication by £ on a,?,, . This introduces factors

ima® - .
¢dimags in the transfer of Haar measures on the duals via the norm map.

II1.2 — Endoscopic correspondence.

Let F be a local field. Dual to the concept of norm map for conjugacy classes is
the concept of endoscopic correspondence (or base change) for representations; it is
defined, at least for tempered representations, by a character identity which relates

values of characters at points connected by the norm map.

IT1.2.1. Definition. — Let m be an admissible irreducible representation of H(F) ;
denote by O its character distribution. An admissible irreducible representation '
of L(F)t with character distribution O is said to be a strict base change lift of 7 if

there is a nonzero constant e such that
On(z) = ¢ Ox(y)
whenever y € H(F') is regular and stably conjugate to the {-th power of z € L(F) .

Remarks.

(i) It is usual to be more precise and to ask that the constant e is the Kottwitz
constant, a sign which depends only on the local group L(F') (cf. [AC] p. 78). In
particular if LC is split the Kottwitz constant is 1 . If e is chosen to be the Kottwitz
constant we say that 7' is the canonical base change of 7 . Otherwise a base change
m' of m , if it exists, is only defined up to a twist by a character of L°(F)\L*+(F) ,
and the constant e is the Kottwitz constant up to an ¢-th root of unity. Nevertheless

all base change lifts have the same restriction 7g/p to L°(F) .

(ii) While a character identity is the usual definition for tempered representations, the

base change correspondence, in general, connects the Langlands quotients of standard
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representations (i.e. representations parabolically induced from quasi-tempered ones)
that satisfy the character identity. Writing a representation as a linear combination
of standard representations one can show that a strict base change is a base change;

the converse need not be true for nontempered representations.

I11.3 — Endoscopic transfer.

We now recall the definition of the endoscopic transfer, also called association in

our setting.

I11.3.1. Definition. — A pair of smooth compactly supported functions f and ¢
on H(F) and L(F') respectively, are said to be associated, if for any regular element
v € H(F)
Tu(v, f) =Y AR (7,6) Ji(5,) .
é

where Ak (v,8) = 1 if v is stably conjugate to 6° and equals 0 otherwise; the sum is
over a set of representatives of L°(F)-conjugacy classes in L(F) . We assume that
the choice of Haar measures on the centralizers Ls and H. , implicit in the definition
of orbital integrals, is compatible with the natural isomorphism between centralizers

if 6 is conjugate to ~ .

Remarks.

(i) In the above definition it is equivalent to deal with orbital integrals instead of the

normalized ones. This follows from lemma III.1.8.

(i1) We say that the endoscopic transfer holds if: given ¢, there exist an associated
function f, , and given f, with vanishing orbital integrals for elements that are not
norms there exists an associated function ¢, . It is shown in [AC] chapter 1 section 3
that the endoscopic transfer holds at least when either G = H or E = F . We shall

prove the particular cases we need.

We shall now introduce a noninvariant avatar of the concept of association.
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I11.3.2. Definition. - Let F be a local field. Two functions f and ¢ on H(F) and
L(F) respectively are called strongly associated if for all Levi subgroup M € LH and
all parabolic subgroup @ of H , one has
(i) Ify € M(F) is stably conjugate in M to §* with § € M (F) the weighted orbital
integrals match :

T2 (1, f) = I (5, 4)

(ii) If the value at ~ of some F-rational character £ € X(Q)r is not a norm

£(v) ¢ Ng/r(E)

or if Q does not belong to the image of ng,r then
T, f)=0.

Remarks.

(i) To check that two functions f and ¢ are strongly associated, it is enough, thanks

to the descent formula (lemma 1.6.3), to establish the matching statement
L
T f) = T330(6,9)
when ~ is the norm of § , and the vanishing statement, for a Levi subgroup M in
which « is elliptic.

(i1) Given a pair (f,¢) of strongly associated functions, the same is true for pairs

(fp,¢pr) of constant terms.

111.3.3. Lemma. — Strongly associated functions are associated.

Proof. We have to check the vanishing property. Consider a regular element v in
H(F) elliptic in M. It is a norm if and only if £(-y) is a norm for all ¢ € X(Q)r where
Q is a parabolic subgroup with M as Levi subgroup (lemma III.1.4). But

Ly, f) = Jg (v, f)

if @ is parabolic subgroup with M as Levi subgroup. In particular, if (f,¢) are

strongly associated Jr(y, f) = 0 if 7 is not a norm.
a
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I11.3.4. Lemma. — Let F be a local field. Let M be a Levi subgroup in the image
of ng/p. Let v € My(F) C M(F) such that {() is a norm for all { € X(M)p. Let f
be in a pair (f, ®) of strongly associated functions. Then Jﬁ(’y, f) =0if&(wy) is not
a norm for some € € X (My)F.

Proof. By the descent formula one has

JM'yf Zd ML1J (v, f)

Observe that the natural map
X(Q1)r @ X(M)r — X (M)

is surjective. Hence if £(7y) is not a norm for some §{ € X (M;)r then &;(y) is not a

norm for some ¢ € X(Q1)r and hence J (v, f) = 0.
O

Remark. — In the proof of V.1.4 this lemma will play a role similar to proposition

10.2 page 373 of [A7] in the proof of proposition 8.1 p. 542 in [AS].

To separate infinitesimal characters it is convenient to deal with pairs compatible

with multipliers.

IT1.3.5. Definition. — Let F' be an archimedean field and let (f,$) be a pair of
K -finite strongly associated smooth and compactly supported functions on H(F') and
L(F) respectively. We say that the pair (f, $) is compatible with multipliers if fg and

¢« are strongly associated whenever a and (3 are compatible with base change i.e.

~

B(v) = &(vgr)
where v p is the composition of v with the map induced by the norm.

We hope that the endoscopic transfer can be supplemented in the following way

to yield a noninvariant endoscopic transfer compatible with multipliers.
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I11.3.6. Conjecture B. — Let F' be a local field and let (f, ) be a pair of associated
smooth and compactly supported functions on H(F) and L(F') respectively.

(B1) There exists a pair (f',¢') of strongly associated smooth compactly supported
functions, with f' equivalent to f and ¢’ equivalent to ¢ .

(B2) If F is archimedean and if f and ¢ are K-finite the functions f' and ¢' may be
chosen K-finite and such that the pair (f',¢') is compatible with multipliers.

Remarks.

(i) One could formulate an analogue of B2 for nonarchimedean fields, with distribu-

tions in Bernstein’s center playing the role of multipliers.

(i1) For functions with regular support, B1 follows from proposition II1.4.1.

(1) At split places, we shall prove Bl for K-finite functions, and B2 (IIL.5.5).

(iv) If E = F and G is a division algebra conjecture B holds since associated functions

are automatically strongly associated.

I11.4 — Regular transfer and base change.

I11.4.1. Proposition. — Let F' be a local field. Given ¢ a smooth function on
L(F) , compactly supported supported inside the open set of regular elements, there
exists a pair of smooth compactly supported function ¢' on L(F) and f' on H(F)
strongly associated with ¢' equivalent to ¢ . Conversely if the orbital integrals of
f vanish whenever v € H(F) is not stably conjugate the £-th power of an element
§ € L(F) , and if f has a regular support there exist ¢’ and f' strongly associated
with f' equivalent to f .

Proof. Given ¢ lemma 1.7.1 proves the existence of ¢’ equivalent but with vanishing
weighted orbital integrals for nontrivial weights. Now any regular § defines a torus
T(F) in L(F) and its norm v defines a torus To(F) in H(F) and T°(F) ~ To(F) .
The image of the norm map is a finite covering from T(F').y onto the open set of

£-th powers elements in To(F')rey and is a injection from the set of WL°(T)-orbits into
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the set of W (Tp)-orbits (lemma III.1.3) and hence ¢’ defines a smooth compactly

supported W (Tp)-invariant function
(1) =D AR(,6) TL(6,9)
é

on Tp(F) . The lemma I.7.1 or rather its proof allows one to construct a function
f' on H(F) with vanishing weighted orbital integrals for nontrivial weights and with
ordinary orbital integrals given by ¢ . The other half of the proposition is proven

similarly.
O

II1.4.2. Corollary. — Let 7w € [I(H(F)) and let ' € II(L(F)) . Assume there is a
nonzero constant ¢ , such that for all pairs (f, $) of strongly associated functions with

regular support

trace m'(¢) = ¢ trace w(f) .

Then 7' is a strict base change lift of w .

Proof. We want to prove that
O (2) =€ Ox(y)

whenever y € H(F') is regular and stably conjugate to the ¢-th power of # € L(F) .
This is an immediate consequence of Weyl’s integration formula, using I11.1.8 and

I11.4.1.

Remark. — The two constants ¢ and e differ by a power of |¢|F.
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II1.5 — Strong association at split places.

Let F be a local field. If E/F splits and if G = H , the construction of strongly

associated pairs can be made quite explicit thanks to the next lemma.

IT1.5.1. Lemma. — Let f; be smooth compactly supported functions on H(F') , and
consider = (f1 ® f2®...® fe)g on L(F) . Let M be a Levi subgroup in H and let
Q be a parabolic subgroup containing M . Consider § € M*(F) regular in L(F) :

§=(v,.--y7e) ¥ 8,

and let v = 41 ...v¢ . The weighted orbital integral @%LL (6, ¢) equals

/ / / fl(.te_l...(L‘i_l")’.’tl)fg(l'Q)...f[(.’lle)
M(F)\H(F) JH(F) H(F)

v?,;;(x] , T1L2 vy T1...2¢) ATy dzy ... dzyp .
Proof. By definition
‘I’?,,LL(& ¢) = / filey mzy) fa(aT vo2) .. fe(ay veze)
M(F)\L°(F)
vﬁ’;(xl,xz,...,u) %@

The desired formula follows from simple changes of variables using the left invariance

of the weight under M(F) x ... x M(F) .
O

The lemma shows that a function f on H(F) is associated to ¢ if and only if f is
equivalent to f' = fi*...xfp . Observe that any smooth compactly supported function
on H(F) can be written as a finite sum of convolution products. This follows from
Dixmier-Malliavin’s factorization theorem [DM] for the group H(F) . This shows
that given f there exist ¢ such that (f,¢) are associated and conversely. To obtain

strongly associated pairs of functions one has to specify the f; .

The lemma also shows that, at split places, weighted orbital integrals still make
sense if one replaces

fo(z2)dza @ ... Q@ fe(ze) dzy
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by a tensor product of compactly supported Radon measures s ® ... ® pe .

Let 7 be a finite dimensional irreducible representation of K¥ | denote by e, the

measure on L(F) , supported on K | defined by :

dim (1)

e-(f) == Yol (KH) Jyon f(k) trace 7(k) dk .

This is an idempotent in the convolution algebra. The sum over a finite set I' of

inequivalent irreducible 7 is again an idempotent

6=§ €r

Tel

that will be called an elementary idempotent. A function f is K-finite if and only if

there is an elementary idempotent e such that fxe=ex f = f .

I11.5.2. Lemma. - Let f be a K-finite smooth compactly supported function on
H(F) and let e be an elementary idempotent such that

exf=fxe=f.
Then f and (f Q@ e® ... ® e)g are strongly associated.

Proof. Since vdeL (z1,%1,...,%1) = v?,,(ml) this follows from IIL.5.1, using the right

invariance of weights under

K = KH « .. xKH

a

This shows that B1 holds for split nonarchimedean places. Assume from now on
that F' is archimedean. For archimedean fields e is not a smooth function; we shall

use multipliers to transform measures into functions. We need a lemma.

II1.5.3. Lemma. — Let ¢ = (fi ® f2 ® ... ® f¢)¢ . Consider multipliers defined by

a=(ay,...,ar) and o' = (af,...,a}) such that

ar*...kqp=ayx...xap=0.
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For any § € MX(F) regular in L(F)
L L
Toin(8,6a) = J3L (6, 6ar) -

Proof. By proposition 1.6.6 it suffices to show that the functions ¢, and ¢4 have the
same weighted characters. If the restriction of 7’ to H(E) = H(F) equals 7®...®m ,

the weighted characters are of the form

JL (' da) = trace (R7'(da))

where R is a sum of decomposed operator
R=) Ri®R;®...QR}.
Since 7'(#) permutes the factors cyclicly

trace (R7'(¢a)) =
> d1(vn).. Gelvn) trace (R w(f) R, m(fa)... R m(fo))
= B(vx) trace (Rx'(¢))

and hence

JI%l(W,’QSa’) = JI%/I(Wla(ba) .

a

II1.5.4. Proposition. — Let o = (ay,...,a¢) be a family of smooth W¢-invariant

compactly supported functions on h), let 8 = a3 *... % ay and
¢°‘ = (fOll ®ea2®...®eal)o .

The functions ¢ and fg are smooth K -finite compactly supported functions on L(F')
and H(F) respectively. They are strongly associated.

Proof. Consider a sequence ¢(™ for n € N of smooth functions on H (F) , with support

in a fixed compact set such that the sequence of measures g{™)(z) dz is a sequence of
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Radon measures with bounded norm that converge to the measure e as n — oo , in
the weak topology. In particular g™ ® ... ® g™ converges in the weak topology to
e®...®e . Consider the distribution o’ such that o’ = ([3, 1,...,1) and let

80 = (fs®g™®...09g™) .
Lemma II1.5.2 shows that
. L n
Tai(ns f5) = lim T (5,457)

Now let
¢ = (fa, @95V ®... 0 g5M)e .

According to lemma II1.5.3

L L n
TS (6,¢0) = TS, (6,67) .

o'

To conclude we observe that gg,':) tends to eq,; in L'(H(F)) when g™ tend to e and

hence
L L
lim @, (6,4) = J2.(6,éa) -

II1.5.5. Proposition. — Conjecture B2 holds for split archimedean places.

Proof. Consider a pair of associated functions f and ¢ = (f1 ®...® fe)s ; this means
that f is equivalent to f' = f1 *...* fy . Lemma 1.8.1 and the factorization theorem
[DM] for functions on h shows that f is a finite sum of functions of the form gg where
B is a convolution products of ¢ factors a; * ... * ap . Now proposition III.5.4 allows
us to construct a K-finite function ¢’ equivalent to ¢ such that (f,¢') is a pair of

strongly associated functions compatible with multipliers.

O






IV. - UNRAMIFIED PLACES

In this chapter F' is a nonarchimedean local field, F is an unramified Galois
algebra of degree £ over F' , the group G is a product of groups GL(n;) ; in particular
G is split

H(F) = G(F) = [[ GL(n:, F)

and

L°(F) = G(E) = [[ GL(ni, E) .

Elementary functions were introduced in [Lab2] and used to prove the fundamental
lemma for stable base change. Here we show that the various properties established
there have noninvariant analogues. We show that pairs of elementary functions defined
by semisimple elements connected by the norm map are in fact strongly associated.
Moreover we show that weighted characters for elementary functions connected by
the norm map are compatible with base change. This uses that elementary functions
are closely related to functions bi-invariant under Iwahori subgroups. At the end of

this chapter we state a noninvariant form of the “fundamental lemma”.
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IV.1 — Elementary functions and Iwahori subgroups double cosets.

Following Deligne [Deligne] and Casselman [Casl], to any semisimple element y
in L(F) we associate a parabolic subset P("¥)(F) in L(F) : the subset of ¢ € L(F)
such that y®zy~™ remains bounded for n € N . This parabolic subset has a Levi
decomposition P(E¥) = MEWNLY) with Levi subset M(L¥)(F) | the subset of
z € L(F) such that y"zy~" remains bounded for n € Z . The nilpotent radical
N(L9) s often simply denoted N(¥) . We shall denote by N(¥) the opposite unipotent
subgroup. The Levi subgroup of L defined by y will be denoted M (L°9) or simply
M) | These Levi subsets need not be semistandard.

Denote by OF the ring of integers in F' and let Pr = wOF denote its maximal
ideal where w is an uniformizing parameter in Or . Assume that L° is a quasi-split
scheme over O split over an unramified field extension Fy of F so that the subgroup
K = L°%©Op) is an hyperspecial maximal compact subgroup. We assume that some
(and hence any) € € Mo(OF) normalizes K . In the terminology of section 1.2 the
pair (L, K) is uramified. This applies in particular to our situation: G is split, and
L = Resg/rG x 0 where E is an unramified Galois algebra of degree £ over F' , whose
Galois group is generated by § and ¢ =1 x 6 . To y is associated a parahoric subset
BL:9) and a parahoric subgroup BULw) , also sometimes denoted B(Y) | with Iwahori

decomposition
B = NO(Rp)MEV(Op)NW (Dp) .

Let Ao be the split component of the minimal Levi subset My . The image of the
map
Ho : Ao(F) — g

is a lattice X, isomorphic to the group of one parameter subgroups in Ag . There is a
natural section of the map Ao(F) — X. up to the choice of a uniformizing parameter.
Given 7 € Xo we denote by tg = w" its image by the section in Ag(F) . Choose a
minimal Levi subset Py = MyNy . We say that t = tge is antidonﬁnant if [t¥| <1 for
all roots a of Ag in Ng . This is equivalent to say that 7 is dominant: < 7, >> 0 for
all « . The Levi subset M(%9) is the centralizer of to in L(F) . We say that t is very
regular if |t%| # 1 for all roots a . If ¢ is antidominant and very regular P(It) = P,

the minimal parabolic subset and B = By is an Iwahori subgroup.
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Let B be an open compact subgroup of K such that B N M®(F) satisfies the
Kottwitz’ conditions ([Ko2| p. 240 or [Lab2] p. 520). Let us denote by Char (X) the
characteristic function of X . The elementary function f2 is defined as follows :

1
B _
=3B

Here we shall consider elementary functions defined by taking B to be a standard

Char {k™'mtk|k € B, m € Bn MY(F)} .

parahoric subgroup for L(F) i.e. parahoric subgroups of L°(F) defined from a stan-
dard parabolic subset (i.e. containing Py ). If B = K and we shall sometimes write
fF instead of fX . As in [Lab2] only the two extreme cases will be used : either ¢
is very regular and M® = MY , or t = ¢ and M = L° . We begin by exhibiting
the close connection between elementary functions and function in the Hecke-Iwahori

algebra i.e. compactly supported functions bi-invariant under an Iwahori subgroup.

IV.1.1. Proposition. — (i) If B is a standard parahoric subgroup for L(F) such
that B C B | the elementary function fP is the characteristic function of the
double-coset Bt B divided by the volume of B .

(ii) If B D B the elementary function is the caracteristic function of a disjoint union

of conjugates by a set of representatives of B\ B of the double-coset B(!)t B(®) |
divided by the volume of B .

1
B_ ___~ -1 pn(t) (t)
fi vol (B) E Char (b= B'WtB"Wp) .
bEB()\B

Proof. Assume first that B C B(®) . Let A® = M®(F)n B c M®(OF) . Thisis a
parahoric subgroup in M(Y(F) . Consider the map

(b,m) = b mtb
from B x A® to B.t.B . It induces a map
¢+ AD\(Bx AW) > B.t.B

where A acts by left translation on B and by e-twisted conjugacy on the second
factor A(Y . This is a bijection onto the double coset B.t.B . We prove first that c;
is an injection : let b € B such that

b"lmtb = mlt
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with m and my in A® ; then t"bt~" is bounded for all n € N ; hence b belongs to the
Levi subgroup MM (F) defined by t ; this implies b € A® and proves the injectivity
of ¢; . To see that ¢; is a surjection it suffices for example to show that the volume of
the image of the map ¢; (which is open and compact) equals the volume of (B.t.B) .
But the volume of the image of ¢, is vol (B) IﬁL(t)l since the Jacobian is |DE(t)] .
On the other hand

vol (Bt B) = vol (B) Card (CV\ B)

where C(Y) = BNt Bt~! . This is an open subgroup of B with an Iwahori decompo-
sition

CO = NO@Pp) AD ¢ N(t)(Dp) -1

The covolume of C® is §p() (1)~ . The surjectivity of ¢; follows from the equality
Spo ()™ =|DE(t) = DH ()] .

This proves (i). Assertion (ii) is an easy consequence of (i).

IV.1.2. Corollary. — Let r be an irreducible admissible representation of Lt (F) in
a vector space V' , let R be an endomorphism of V' that commutes with the restriction

ofm to K . If BC B
trace (R7(fB)) = 6pe) (t) ! trace (RBxB(t))

where RB and 7B are the operators in the space VB of B-invariant vectors in V
deduced from R and 7 by left and right multiplication by the projector on VB . If
B D> B™ one has

trace (Rm(fB)) = 8pe ()" trace (RB 7B (1)) .
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From the IV.1.1 we deduce also a noninvariant version of proposition 5 of [Lab2].

IV.1.3. Proposition. — Let 7 be an irreducible admissible representation of L* (F),
then

m(ft) =0

unless the restriction of m to L°(F) is a sum of subquotients of unramified principal

series.

Proof. Observe that the only representations of L°(F) , with nonzero vectors fixed

under an Iwahori subgroup, are subquotients of unramified principal series.
O

Any w € W{ can be written w = s,, x 6 with s, € W¥ ; the map w — s, is a

bijection between W and the Weyl group W{ . For w € W let t* = wltw .

IV.1.4. Lemma. - Let \ be an unramified character of My} (F) . Let m be a sub-
quotient of the principal series representation Ifs (\) of M(F)* defined by X . There
is a subset W(r) C W{! such that, as a function of t , for t antidominant with respect
to Py and very regular,
T fi) =Y At*) Pu(logui(2),...,logur(t))
weEW ()

where P,, is a polynomial and the v; are positive real valued characters. If moreover
A is regular (i.e. w(\) = A impliesw =1 )

Jgmf) =Y cf(w, ) Po) At*)
weW ()

where the c%(w, A) are analytic functions of A in the regular set.

Proof. We assume t antidominant and very regular; and hence B®) = By . It follows
from IV.1.2 that

Tia(m, £7) = Ty (m, £5°)
where By is the Iwahori subgroup. Now the convolution subalgebra of the Hecke-

Iwahori algebra generated by the f2° with ¢ antidominant is abelian :

B B, B
ftlo * ft20 = tl(t)z .
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The set of operators m(f;) is a finitely generated commutative family of finite rank
operators. There is a basis in which they are simultaneously upper triangular. This
representation can be computed using the Jacquet module for My whose semisimplifi-
cation is the sum over W(r) of characters t — A\(t*) . Moreover if X is regular the

Jacquet module is semisimple.

a

IV.2 — Elementary functions and constant terms.

In this section we establish a compatibility between elementary functions and
constant terms. The elementary functions f2 with B = K L the hyperspecial max-
imal compact subgroup will also be denoted ff . We assume that t = tge is very

regular. Let M be a semistandard Levi subset of a parabolic subset P = M N .

IV.2.1. Lemma. - Consider n € N(F) and m regular in M(F) . Then, fEt(mn) #
0 if and only if
mn = p~inty'p
with n € KX N My(F) for some w in K normalizing My and p € K N P°(F) .
Proof. Since t is very regular M2t = M, . If fF(mn) # 0 then, by definition of f£ |
T =mn= k_lnotok
for some k € K and no € KL N My(F) . The Levi subset M(L:#) defined by z in L ,

contains the Levi subset defined by  in P . Up to conjugacy by an element py of

PY(F) we may assume that the latter is the minimal Levi subset M , and hence
poM B 5t = M
and there exists mo € My(F') such that
T=mn= pglmopo = k™ Inotok .
Hence y = pok~! normalize My ; we may write y = myw with w € K normalizing
Mo and m; € Mo(F) . Let p=mi'py ; we get that f£(mn) is nonzero only if
mn = p~'nty'p
with n = w™inow = KL N My(F) and p = w™'k € K N P°(F) . The converse is

clear.
a
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Let W1, denote the “quotient” WM\W{ . The quotient is defined using the
bijection between W¢ and the Weyl group W . For m regular in M(F) let

_ IDE(m)|

AL m) = —————.
30 = B (o)

IV.2.2. Proposition. — We assume that t is very regular. The constant term along

P of fL is a linear combination of elementary functions on M(F) :

flp= D ARV £
weWEL

In particular ftl"P is independent of the parabolic subset P with Levi subset M .

Proof. Recall that the Haar measures at finite places are normalized so that
vol (K) = vol (KM°) = vol (N(F)NK)=1.
Consider m € M(F') regular semisimple, we want to compute the constant term
fEp(m) = 6p(m)1/2/ / FHE ' mnk) dndk .
K JN(F)

This can be rewritten :

fE(nTtmny) dny .

fEp(m) = Ak (m)? /

N(F)

But IV.2.1 shows that fZ(n7mn;) # 0 if and only if nT'mn; = mn = p~Int¥p with
n € KL N My(F) for some w € W¢ and p € K N P(F) . This implies ny € K N N(F)

and
Ay (m)? = A (t)/*

We get
fep(m) = Ay (1)

if m = k™Int¥k for some k € K N M°(F) , some n € KX N My(F) and some w € K

normalizing Mp ; it vanishes otherwise.

a
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IV.3 — Elementary functions and noninvariant endoscopic transfer.

In this section E is a field extension of F' . As already suggested in [Lab2] p. 522,
the proof of proposition 3 of [Lab2] can be generalized to weighted orbital integrals.
If ¢ is very regular the proof relies on the surjectivity of the norm map from 9}, onto
OF ; in general, the basic ingredient in the proof is the non abelian analogue of this
fact, due to Kottwitz [Ko2].

Let F™" be the maximal unramified extension of F' . Let M be a semistandard
Levi subgroup of H . Let w be a function on G(F™") right invariant by G(Opnr)
and left invariant by M(F™") . Denote by B the translate by ¢ of a standard
parahoric subgroup B . The elementary function f2 is the characteristic function of
BL divided by its volume. Given § € M%(F) regular in L(F) we denote the weighted
orbital integral of the function fZ with the weight w by ¥(8, BX,w) :

(8, BY w) = / B (a7 6z)w(z) dz .
Ls(F)\L°(F)

Similarly leH is the characteristic function of B = BN H(F) divided by its volume.

IV.3.1. Lemma. - Given § € MY (F) and n € M(F) such that §° is stably conju-
gate to v , then
(8, BL,w) = ¥(v,BH,w) .

Proof. This is stated and proved by Kottwitz in [Ko2] p. 248-249; recall that M(Og)N
B satisfies Kottwitz’ conditions and that conjugacy and stable conjugacy coincide for

our groups.
a

IV.3.2. Lemma. — Let M € L¥(MQ) . Given § € M*(F) such that =16z € K-
for some z € L°(F) then there exist m € M°(E) such that m~'ém = v € ML (OF)

Proof. By Iwasawa decomposition one has * = mnk with k € KL ne N(FE) and

m € M°(E) . Hence

1

nim émn=m"16mn, € K

for some ny € N(E) . This implies m~'dm € KX n ML(F) = M*(OF).
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IV.3.3. Proposition. — The characteristic function of BL divided by its volume

and the characteristic function of BH divided by its volume are strongly associated.

Proof. According to Kottwitz [Ko2] the norm map from B into the set of conjugacy
classes in BY | is surjective, the proposition is an immediate consequence of the above
two lemmas since the weights ”1?/1 are the restriction to L(F') of weights which satisfy

the assumptions of lemma IV.3.1.

O

Remark. — This proposition proved in Kottwitz [Ko2] is also stated as lemma 4.3 in
[AC] chapter 2 p. 103. A more general result is true; before proving it, we need some

lemmas.

IV.3.4. Lemma. — Assume that for some z € L°(F) , and some v € M2 (Op)
one has t~'8z = vty . The weighted orbital integrals for fl' can be rewritten as a

weighted orbital integral on Mt the Levi subset defined by t in L
L
851.(6, f7) = (v, M (F) n B w?)
with the weight w*(y) = v?,,(zy) .

Proof. By hypothesis

B

89, (5, fB) = FE(y  wtoy)o (zy)dy .

/;,V,O(F)\LO(F)
By lemma 1 in [Lab2] f2(y~vtoy) # 0 only if y = mk with k € B and m € M) (E) .
The weight being right invariant under K , we may reduce the above integral to a
weighted orbital integral for the weight w*(y) = vl?,l(:cy) over the Levi subset M(F:t) |
In fact, integrating first over MY (E) and then over M(Y(E)\ L°(F) the above integral

equals :
vol (B) / B/ -1
m~ vtgm)w(m)dm .
vol (M(t)(E)ﬂB) Lyeo(F)\M®)(E) fi( 0 ) (m)
To conclude we remark that Ly, = ,(,L’t) .



70 J.-P. LABESSE

IV.3.5. Lemma. — Let v € M(F) . Assume that ¢ € H(F) , and n € M®(OF)
are such that ™ yz = nt§ . We may find v; € M(F) conjugate to v by an element of
M(F) and m1 € M®(OF) conjugate to n by an element of M) (D) and such that
2y vz = mt§ for some z, € H(F) and such that moreover M; = xl_lMxl N MO

is a Levi subgroup containing My .

Proof. By conjugacy of v by some m € M(F) we may assume that v; = m™lym
is such that M(F) N M) is a Levi subgroup containing My . There is s € H(F)
representing an element in the Weyl group W such that 45 = s~ 15,5 belongs to
M®W(F) and is conjugate to nt§ by some m’ € M (F) . We conclude using lemma

IvV.3.3.
a

IV.3.6. Proposition. — The elementary functions f2 on L(F) and 5,11 on H(F)

are strongly associated.

Proof. Let @ be a parabolic subgroup of H with Levi subgroup M . Consider 6§ €
ML (F) , regular in L(F) . The weighted orbital integral @?/ILL (8, f2) is not zero only
if for some z € LO(F) , and some v € M(EY(Dg) one has ™16z = vty . In such a

case by lemma IV.3.4
9. (8, £7) = L(v, MED(F)  BEw*)

Consider now v € H(F) , z € H(F) and n € M®(F) N BY such that ¢~ vz = ntt

then by the same lemma
H
5 (1, f&) = U(n, MO(F) n B, w®) .

Since parahoric subgroups satisfy the Kottwitz’ conditions ([Ko2] p. 240), one can find
v € MY (E)N B so that (v)® = n ; then § = zvtoz ™! is such that §¢ =y € M(F) ;
in particular v is a norm. Note that the function y — vAQ,I(a:y) is the restriction to
M®(E) of a function on M (F"") that is MY (Dpn-) invariant on the right and
M(F™")* invariant on the left. But according to lemma IV.3.5 v, n, v and z may

be replaced by 7 etc..., without changing the value of the weighted integrals, and
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so that the subgroup M; = M* N M® is a Levi subgroup containing My . Since
v € ME(ODF) and m € M1(OF) we may apply lemma IV.3.1 and we get

(v, MY (F) 0 BE w™) = U(n, MO (F)n BH, w®) .

a

Remark. — For ¢ very regular, one has MY = M, and the above proof shows that in
fact, thanks to 1.3.1, the weighted orbital integral vanish if the weight ”1?4 is nontrivial
(i.e. M is not the Levi subset of Q ).

IV.4 — Elementary functions and base change for weighted characters.

In this section assumptions are the same as in IV.3. We assume moreover that ¢ is
very regular. Let M be a Levi subgroup of H ; we denote by Z(M(F))¢, the group of
unramified characters of M(F') of order £. Let A be an unramified character of Mo (F') ;
denote by Ag/r the composition with the norm map Ng;r : Mo(E) = Mo(F) . It

has a canonical extension to M{ (F)* : welet Ag/p(1x6) =1.

IV.4.1. Lemma. — For any unramified character A of My(F)

£dimaM0 J]{/lé(AE/Faff)= Z J]Il}o()‘®€)ft€1) .
EEE(Mo(F))E,
Proof. Any unitary unramified character for a local field can be extended to an au-
tomorphic character and any unramified extension of local fields can be embedded
into a cyclic extension of global fields that splits at archimedean places. Hence, the

expected equality follows from V.5.1.
ad

Remark. — For GL(2) it is an exercise to prove the lemma by a direct computation

using Casselman’s explicit description of intertwining operators [Cas2].

Let M be a Levi subgroup of H and Py a minimal parabolic subgroup of M

containing My . Let I{Xg (A,:) be the unramified principal series representation of
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M(F) defined by A , i.e. the representation induced from A considered as a character
of Py(F') a minimal parabolic subgroup in M . The unramified principal series rep-

resentation of M(E) defined by Ag,r has a canonical extensions to a representation

IM"(Ag/r,-) of ME(F)* denoted simply by Igjp
o

IV.4.2. Corollary. — Consider ) some parabolic subgroup of H containing M .
Then
plimen g8 (T =Y TR £
EEE(M(F))L,

Proof. The formation of constant terms IV.2.2 of elementary functions is compatible
with the norm map thanks to III.1.8. The compatibility of distributions J 1{’,1 with
constant terms (I.6.4) on one hand, the descent formulas (I1.6.2) on the other hand,
reduce the proof to the particular case = H and M = M, the minimal Levi

subgroup; our assertion follows from IV.4.1.
a

We say that a character A of My(F') is M-antidominant, with respect to some
Weyl chamber, if the linear form u(\) € a},, defined by

|A(m)| = e<n(A), Huo(m)>

is negative i.e. < u(A),& >< 0 for any positive coroot & of My in M .

IV.4.3. Proposition. — Let )\ be a character of My and let t be very regular. As-
sume that )\ and t are both M-antidominant with respect to the same Weyl chamber.
Let m be the unramified representation of M defined by A . The coefficient of Ag/p(t)
in:

. L
L aMJI\?IL (Tr)\E/F’ftL)

considered as a function of t , equals the coefficient of A(t!) = A\g/p(t) in

te Y Jg(mee fi).
eEE(M(F)!,

Proof. Observe that since Ag,r is M-antidominant with respect to some Weyl cham-

ber the unramified subquotient mx, . of I%;;F the character Ag,/p occurs in the
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semisimplification of the Jacquet module attached to the same Weyl chamber of 7y, .
and for no other subquotient of the principal series representation defined by Ag/p
([Lab2] proposition 8). Our proposition now follows from the previous corollary since
the function t ++ Ag,p(t) is linearly independent from the other terms in the expres-

sion for ¢ — Jﬁl,: (71',\E/F,ftL) given by IV.1.4.
O

IV.5 — A noninvariant fundamental lemma for base change.

In this section we state a noninvariant form of the fundamental lemma for base
change: pairs of functions in the unramified Hecke algebra connected by base change
are strongly associated. The vanishing result IV.5.1 has a simple local proof. To
prove the matching result we use in V.6.3 a local-global argument similar to those of
[Clo] and [Lab2].

For any unramified character A of Mo(F') let Ag/p be the composition of A and the

norm map. Denote by bg,/r the base change homomorphism between the unramified
Hecke algebras Hg := H% on L°(F) = H(E) and Hr := HE on H(F)

bE/p : Hg — Hr .
The map bg,r is such that, for any h € Hg
trace Iéf (Ag/F,h) = trace I{%(/\,bE/p(h)) .
We observe that the base change map is clearly compatible with constant terms:
be/r(hor) =bg/r(h)q -

IV.5.1. Lemma. — The normalized weighted integral of functions in the unramified

Hecke algebra obtained by base change from E vanish :
T (1, bgp(h) =0
if €(v) ¢ Ng/p(E*) for some F-rational character { € X(H)r .

Proof. We first show that
Ji(v,bgsp(h) =0
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if £(v) ¢ Ng/r(E*) for some F-rational character { € X(H)r . It suffices to remark
that

hg/r(z) :=bg/p(h)(z) =0

if £(z) is not a norm for some £ . It is equivalent to show that

he/r(z) = x(z)hg/r(2)

if x is any complex valued character of H(F') trival on norms from L(F) . The
scalar Fourier transform is enough to characterize functions in the unramified Hecke
algebra; hence it is enough to show that hg,r and x hg,r have the same scalar Fourier
transform. If ) is an unramified character of the minimal Levi subgroup and ) is

the unramified representation defined by A one has

trace mA(x hg/r) = trace (mA @ x)(hg/r) = trace T(agy)(hE/F) -
Since x is trivial on the norms (A ® X)g/r = Ag/r and hence
trace magx(he/F) = trace mag . (h) = trace ma(hg/r) .

The general case where Q # H follows from the compatibility with constant terms

(lemma 1.6.4).
a

Remark. — This is the kind of proof suggested by Clozel in a footnote in [Clo] §6
p- 294, and used in [AC] lemma 1.4.11 p. 46.

IV.5.2. Theorem. ~ Given h € Hg , then bg/p(h) and hy are strongly associated.

Proof. The vanishing statement — assertion (ii) in the definition II1.3.2 of strong as-
sociation — is our lemma IV.5.1. The matching when F is a field will be established
as proposition V.6.3. Let us show how the case of an unramified cyclic Galois algebra
E of degree £ = £;{; algebra over a local field F is reduced to the case where E is a
field. The algebra E is a direct sum #; copies of a cyclic field extension E; of F of
degree £; . Let 8 be a generator of the Galois group; 6 acts as follows :

0(z1,...,20,) = (T2,...,Te,,01(z1))
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where 6, is a generator of the Galois group E;/F . One defines bg/p as follows :

given h; € Hg, fori=1,...,0
bE/F(hl ®R...Q h(z) = bEl/F(hl) *... *bEl/F(hfz) = bEl/F(hl * ..k hg;,) .

Now if hg = ... = hy = ho the unit in Hg, , then hg = (h1 ® ho @ ... ® ho)s
and bg/p(h) = bg,, r(h1) are strongly associated. This follows immediately from
the theorem assumed to hold for E;/F | a cyclic field extension, and of II1.5.2. We

conclude using the following lemma.
O

IV.5.3. Lemma. — The functions hg = (h1 @ h2 ® ... @ h¢)g and hjy = (hy * hy *
...xhe®ho®...® ho)s have the same weighted orbital integrals.

Proof. This follows from proposition I.6.6 using that kg and hj have the same weighted

characters.
|






V. - THE BASE CHANGE IDENTITY: FIRST APPLICATIONS

In this chapter F is a global field. We state the base change identity V.1.2: the
equality of the trace formula for L and H when applied to pairs (¢, f) of rationally
strongly associated functions. Then we show how to use conjecture B2 to refine this
identity. This is used to give global proofs for local results stated in the previous

chapters.

V.1 — The base change identity.

We first define a global noninvariant endoscopic transfer.

V.1.1. Definition. — A pairs of functions (f, ) is said to be rationally strongly
associated if, for any Levi subgroup M € L¥(M}) , any parabolic subgroups Q
containing M and any semisimple elements v € M(F) , regular in H(F) one has :

L L
Ti(n £) = Y AN (1,8) Ti7e(8,9)
é
the sum being over the § € M* modulo conjugacy under MLO(F) and where MY and
QL are preimage of M and Q via ne/r ; the subsets ML and Q* exist if v is a norm.

V.1.2. Proposition. — If ¢ on L(Ar) and f on H(Af) are rationally strongly as-

sociated regular functions one has

T (9) = IO -
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Proof. If 6* is stably conjugate to y regular, the centralizers Ls and H., are inner forms
of the same torus and hence are isomorphic. The choice for Haar measures implicit
in the definition of rational strong association is compatible with this isomorphism.
We get

™" (8) = a¥(y) .

On the other hand, the functions being rationally strongly associated we have
JM ’Ya EAM A/a ML(J ¢)

We conclude the proof using the proposition II.1.2 and the lemma III1.1.3.
a

V.1.3. Definition. — Let F be a global field and let S be a set of places of F . Two
decomposable functions fs = Quesfy, and ¢s = Quesp, are said to be S-strongly

associated, or even simply — strongly associated — if (f,,¢,) are strongly associated

forallve S .

V.1.4. Proposition. - If f = ®f, and ¢ = ®¢, are strongly associated locally

everywhere, then f and ¢ are rationally strongly associated.

Proof. The splitting formula I.6.3 can be generalized to products over all places and

can be written

JQ 77 ZdM {L} HJQ '7afv

the sum is over collections {Q,} of parabolic subgroups with Levi subgroups L,

indexed by places; the numbers d%({Lv}) are non zero only when
af,, ~ @ al?;
Similarly
J2.(6,6) = dg({L.}) IIJQ" (6, 60)

The global matching
IF(6,9) = TR0 )
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if 4 is the norm of § follows from the local ones via these splitting formulas. We also
have to prove that Jﬁ(’y, f) =0if v is not a norm. Consider £ € X(M)p. If £(v) is

not a global norm then locally it is not a norm at some place say v. We have

T £) = Y dg (L, Lo) T (v, £2) T (1, £°) -
Observe that the natural map

X(Q1)r ® X(Q2)F = X(M)F

is surjective. We may write £ = &€z with ¢ € X(Q;)r. Then either £;(vy), is not a
norm and then Jﬁl (7, fv) =0 or é2(7)y is not a norm but then €;(7)y is not a norm
for some place w # v and hence Jﬁz('y, f¥) =0. Hence J]?,I(’y, f) =0 unless é(v) is a
norm for all ¢ € X(M)Fr. Using II1.3.4 and III.1.4 we see that J]?I('y, f) =0 unless v

is norm locally everywhere but, by III.1.5, this equivalent to say that + is a norm.
(i

Remarks.

(i) The proof of the vanishing statement is similar to the proof of proposition 8.1

p. 542 in [A8].

(ii) There are other ways to construct pairs of functions that are rationally strongly
associated. For example, if for all places v the functions f, and ¢, are (simply)
associated and if for v in a finite set S of places, of cardinal greater than 2, the
functions f, and ¢, are very cuspidal — i.e. their constant terms along all proper

parabolic subgroups vanish — then (f, ¢) are rationally strongly associated.
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V.2 — A twisted noninvariant version of Kazdan’s density theorem.

In the proof of V.6.3 we need a partial converse to proposition V.1.2.

V.2.1. Proposition. — Let S be a finite set of places of a global field F . Consider
a pair of functions fs and ¢s such that, for any parabolic subgroup @ C H :

J¥(¢) = Jf)

whenever f = fs ® f° and ¢ = ¢s ® ¢° with f, and ¢, strongly associated for all
v ¢ S and regular at some place v ¢ S . Then

TS (v fs) =S AN (1,6) I, (5, 6s)
)

for all v € M(F) regular in H(F) and such that v, is a norm for allv ¢ S .

Proof. Consider v € M(F) semisimple, H regular. By descent (I.6.2) it is enough to
prove the assertion when ~ is M-elliptic and Q = H. Let ¥ be a set of places which
contains S and all the ramified places. The set ¥ is taken big enough so that ~, € KX
forallv ¢ ¥ . Let = (resp. #¥ ) be the product of the characteristic function of K fl
(resp. KL ) divided by its volume, for v outside of ¥ ; these functions are strongly
associated according to a result of Kottwitz recalled in lemma IV.3.3. Let S; be the
complement of S in ¥ . Take fs, and ¢s, to be a pair of strongly associated functions
with regular support, the existence of such pairs follows from lemma II1.4.1. We may

assume that the function f° is such that

TJu(7, f5) = Ig(1, £5) #£0

if M is the Levi subgroup of @) . Assume that at one place v € S; the function f, has
its support in a small enough neighbourhood of v so that, the geometric expansion
of the trace formula reduces to the contribution of the conjugacy class of v which,
using the invariance under the Weyl group of weighted orbital integrals (1.6.1), can

be written :

JH(f) = aM(7)I51(7, fs ® £5),
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and similarly at most one conjugacy class contributes, the conjugacy class of some §

if v is a global norm to the geometric expansion of JZ(¢) :

ZAM 7, 8)aM” (6)T5.(5, 65 ® 6°) .

Since aM” (8) = aM () if 7 is the norm of § , the equality of the two trace formulas
can be written, using the splitting formula (1.6.3) :

Zdﬁ(LhLﬁ(J (7, fs) ZAM 7, 8)J (5¢s)>JQ2(7,fS)

Ly,L2

If we assume the proposition to hold for any Levi subgroups Ly C L , and we get

<JI\I}('71fS) - Z A%L(77J)JAI;IL(57 ¢S)) Jﬁ(7afs) =
)

We have chosen the function f° so that Jﬁ(y, %) # 0 if M is the Levi subgroup of
@ and hence

T, fs) = > AN (7,6)T5.(6,¢s) -
')

Since we have assumed that the trace formula identity holds for all constant terms,

the proposition follows by induction on L .
O

Remark. — The proof extends immediately to the case where the pair of functions
(f5,#°) may only vary in a subset of strongly associated regular pairs provided that,
given any regular semisimple point v , this subset allows one to take functions f, ,
at some place v ¢ S, with support in arbitrary small neighbourhoods of + and such

that the ordinary orbital integrals Jg (7, f°) does not vanish.

V.2.2. Corollary. — If S is a finite set of places of a global field F . Consider a
pair of functions fs and ¢s are such that for any parabolic subgroup Q C H :

T (65 ® ¢5) = J?(fs ® f°)
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whenever fS and ¢° are strongly associated regular outside of S . Then for all

8 € M(Fs) regular in L(Fs) with norm v € H(Fs) :
Tii(n: fs) = J3gu (6, 6s) -

Proof. The proposition V.2.1 shows that fs and ¢s have matching weighted orbital
integrals for pairs (v, 6) if 4 is the norm of a regular element § € L(F) , but these

elements are dense in the set of regular elements in L(Fs) .
g

V.3 — Separation of infinitesimal characters via multipliers.

In this section we deal with pairs of rationally strongly associated regular func-
tions, that are K -finite and compatible with multipliers at archimedean places. This is
useful if, in particular, conjecture B2 holds at archimedean primes; for example, when
L°(Fs) ~ H(Fy)* . Let b = h(L) and consider u € h& , we denote by Igisc(ME, L, 1)
(or simply Igisc(L, p) if M L = L) the set of representations 7 that occur discretely
in the trace formula for M* and such that the representation of L%(F,,) obtained
from 7o, by parabolic induction has an infinitesimal character given by the orbit of
w under the complex Weyl group of L°(F.,) . We denote by te/r € h(H)* @ C the

composition of u with the map induced by the norm.

V.3.1. Proposition. — Let (f,¢) be a pair of K-finite, rationally strongly associ-
ated, regular functions compatible with multipliers at archimedean places. Given

u€h(L)*®C and M , for any A € ap one has

edimaM Z Jﬁi(ﬂ-IAE/F’¢) — Z Z j]\?{(ﬂ'l\vf) .

n! €Maisc(ME,L,p) {v|ve/rp=p} n€llgisc(M,H,v)

Proof. Let o and § be a pair of multipliers compatible with the base change. By
hypothesis (¢q+m, fg=m) are rationally strongly associated regular functions for all

m . By proposition V.1.2 we have,

T ($arm) = J(fpem) =0 .
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By lemma I1.3.2, for T large enough

wM L
S 2 (I8 lfarm) = T fm)) = ole™)

t<TMeL

with c < 1. Let Jﬁm(f, ¢, A) be defined by
. L
gdim an Yoo T e d) - Y > Telmanf),
n' €EMlgisc (ML, L,p) {v|ver=n} m€Mgisc(M,H,v)

where Ag/p is the composition of A with the map induced by the norm. These
functions are analytic on ap; . For each t , taking into account the factor £4imam dye

to the transfer of measures, we have

S (I8 farm) = TG fom)) = 3 / ™+ Dy p) TS (i) dA

t<T [[3mpl|l<T

so that

Sy / "1 +iApyp) T u(f,8,1A) dA = o(c™) |

w
MecL I3mpl|<T

Let po € by and let a be chosen as in 1.8.2. We have by 1.8.3 an estimate as m — o0 :

> / "t Dy )T (o ,10) dA

[I3mp]I<T

dimayg
T 1 Q .
( g) > > T (il 4.i8) +o(1)

J|3mpu||<T AENM(po,u)

but of course the integral vanishes if J A?I, ﬂ( fy#,iA) is identically 0 . Assume for a

while that some term does not vanish and let

d= inf {dimay, suchthat A Tt J(f,é,iA) is not identically 0} .
E y

Denote by L4 the set of Levi subgroups containing My such that dimay; =d . Let

M 1
Ca(f, ¢, mo) = Z Z w_Q Z \/det QM, o, ptid jﬁvﬂ(f’¢’iA)
aut+ilp e

w
IBmul|<T MELs ~  AENM(po.n)
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then

d
(Ca(f,,p0) +0(1)) (%) =o(c™) .

This implies Ca(f, #,10) = 0 for all choices of po (and & ). Take po = p +iAg,p
with A € ap for some p € b, and M € L4 and such that Jﬁ’#(f,qﬁ,i./\) # 0.
There is an open set of A so that, for no other couple (u', M') there exist A’ € a%,
with wpe = ' + A’ for some w € wg and Jﬁ,’#,(f@, iA’) # 0 (recall that the
set of such couples is finite), unless this couple is deduced form (u, M) by some
w' € W& . Modulo W this can be achieved by a w” € W? . For such a choice
of po = u +iAg/F , taking into account the invariance of the family of distributions

Jﬁ,u(f, ¢,1A) under the Weyl group (1.6.1) we see that Cy(f, ¢, o) is proportional,

by a non zero constant, to Jﬁ,ﬂ(f, ¢,iA) ; this is a contradiction.
O

V.4 — Some auxiliary results.

In this section E/F is a cyclic extension of global fields and G = H . Let M
be a Levi subgroup of H . Let us denote by Z(M)g/r the group of characters of

M(AF) trivial on M(F) and the norms of elements in MY(Ag) . Recall that if v is a

£
nr

place such that E ® F, is an unramified field extension of F;, we denote by =(M,)
the group of unramified characters of M, of order £ . Let L; and L, be two proper
Levi subgroups of H containing My and let )3 and @, the corresponding parabolic

subgroups by the sections defined by some generic ¢ € aﬁo .

V.4.1. Lemma. - Let E/F be a cyclic extension of global fields, let v be a place
where E ® F, is an unramified field extension of F,, .
(i) The cardinal of the set of Z(M)g/r equals pdimam
(ii) The restriction map
E(M)p/r — E(My)y,
is bijective.

iii) Assume that a%} @ a2 = ol . The map
M M M

EM)g/r/E(H)pir = (E(M)g/r/E(L1)Esr) © (E(M)g/r/Z(L2)E/F)
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induced by the diagonal map
E(M)gr = Z(M)g/r ®=Z(M)g)rF

is bijective.

Proof. Statements (i) and (ii) follow from class field theory since E/F and E, /F, are
cyclic of order ¢ . Statement (iii) follows from [A7] lemma 10.1 together with (i) (see

also [AC] p. 126).
O

We shall now study distributions attached to representations of the minimal Levi
subgroup My ; this is a split torus and irreducible representations are one dimensional.
The base change of a character 7 of a split torus is simply the character 7, obtained
by composition of # with the norm map; this character has a canonical extension
denoted again mg,F to the semidirect product with the Galois group. We first draw

some further consequences of IV.4.1.

V.4.2. Lemma. — Let (f,$) be a pair of K-finite strongly associated regular func-
tions, compatible with multipliers at archimedean places. Assume that IV.4.1 hold;
then if ngp is the base change of an automorphic character of = of Mo(Ar) and if

Q is a parabolic subgroup of H containing My we have
. L
edmesmo 73 (rprmd) = Y, Tn(m®Ef).
EE€EE(Mo)g/F

Proof. The descent formula 1.6.2 and the compatibility with constant terms 1.6.4
shows that it is enough to prove the lemma when Q = H . Proposition V.3.1 shows

that

¢dim anrg Z jAl//[é‘(ﬂlAE/F’gb) - Z Jﬁo(m,f) i

w €lldisc(ME ,L,vgF) n€Maisc(Mo,H,v)

For w outside a finite set S of places ¢, = h¥ the translate by 8 of the unit in the

unramified Hecke algebra and

j]ﬁé/ (“IAE/F ) ¢) = J}\%[Ef (ﬂ'IAE/F ) ¢5)
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if 7' is unramified outside of S . Replace the pair (f°,$%) by a strongly associated
pair of elementary functions: this is possible by IV.3.6. Assume inductively that the
lemma is proved for parabolic subgroups Q g H . Using the splitting formula 1.6.3
for f = fs ® f5 , the inductive assumption and IV.4.1, we may use lemma V.4.3 to

cancel all terms but those where ¢}y = H or Q2 = My and we are left with :

di L S
pdim ang E jMé‘(Tr’AE/F’qu) trace ™' A g, - (H21,)
' €Mlgisc(ME,Lvg F)

= Z J]{,}Io(ﬂ/\,fs) trace ﬂA(ff,lo).

w€Mldisc(Mo,H,v)
Now we may separate W -orbits of characters by varying the functions outside S
among pairs of associated elementary functions (IV.3.6 and IV.1.4). By 1.6.1 our

distributions are W# -invariant. We have

trace 7Z'IAE/F (qﬁ,[o) = trace WA(fAS/Io) )

and the lemma now follows from the properties of base change for split tori.

O

V.4.3. Lemma. — Let v be a place where E ® F, is an unramified field extension
of F, . Assume that lemma IV.4.1 hold for all Levi subgroups L G G . Assume
that aﬁ’,}o & aﬁ,}o = aAH,IO . Let (f?,¢") be a pair of K -finite strongly associated regular
functions outside v , compatible with multipliers at archimedean places. At the place
v consider a pair of elementary functions f}F and ftlf . Let m be an automorphic

character of Mo(Af) with base change ng/p ; let A =, . If L; # G we have

. L L
gimeso 78 (g0, 6%) I (e, £1)

= Y IR@Ee&f) IR0, ).

EEE(Mo)p/F

Proof. Using the compatibility with constant terms (1.6.4), lemma V.4.2 for L, , and
proposition IV.4.3 for L, , we see that if m lifts to 7g/p

. L L
e?dlm aMOj]\?I} (WE/F,QbU) JAQ/IZ‘ (/\EU/FU»ftL)
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equals
Y gkreasr) Y IR0 ).

EEE(Mo)E F e€E(Mo,v)t,
Note that characters { € Z(L1)g/F act trivially in the first factor and that characters

€ € Z(L2)%, act trivially in the second. The assertion follows from lemma V.4.1.
O

V.5 — Proof of a spectral matching.

In this section we establish the spectral matching result, for weighted characters

and elementary functions, used in IV.4.1.

V.5.1. Proposition. — Let E/F is a cyclic extension split at archimedean places
and unramified at v. Let A be an unramified character of Mo(F,) which is the com-

ponent at v of an automorphic character. Then

edimanio 7L (Ag, /1, fE) = > T (A ®@e fi) .
e€E(Mo(Fy))E,

Proof. Let (f, ) be a pair of K-finite, strongly associated, regular functions, compat-
ible with multipliers at archimedean places. Since the hypothesis of V.3.1 are satisfied

we have

ehimave %0 Tpaged)= YL Ti(mf).
' €Mlaisc(ME,LvgF) n€ldisc (Mo, H,v)
Consider functions f and ¢ bi-invariant under a fixed open compact subgroup at fi-
nite places; since at archimedean places the representations have a fixed infinitesimal
character, only a finite number of terms in the sum above do not vanish. As already
observed, My is abelian and irreducible automorphic representations are simply char-
acters. Let S be a finite set of places outside of which E,,/F,, is unramified and fix
v ¢ S . By lemma IV.1.4 we may, at any place v’ ¢ SU {v} , separate a finite set of
WH _orbits of liftings of unramified characters of My(F,) by varying (¢, fur) among
pairs of elementary functions attached to very regular elements ¢,» and tf;, . By rigid-

ity we may choose a finite set of places S’ disjoint from S U {v} , large enough so
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that, in the above identity considered as an identity between linear forms on regular
elementary functions over S’ , we may separate the contributions of the various W#-
orbits of liftings 7/ p of automorphic characters = . Recall that our distributions are
WH invariant (1.6.1). Consider an automorphic character 7 of Mo(Af) , unramified
at v . Given an open compact subgroup U, at each finite places w € S U {v} we may

find S’ such that

elmeso T (npyp, $s @ b5 @ do) = Y Ti(T®& fs® fsr ® fo)
EEE(Mo)E /P

where ¢s ® ¢, and fs @ f, may vary among pairs of strongly associated functions
bi-invariant under the fixed open compact subgroup at finite places; the functions ¢g

and fs may vary among tensor products over w € S’ of elementary functions f£

H

and f,; with ¢, very regular. Assume that U, is the Iwahori subgroup. In particular

(1) ¢dim “MOJ,\%OL(WE/F,% ®bs @F)= Y, TR fs®fo @ fH)
E€EE(Mo)E/F

Denote by hl! the characteristic function, of the maximal compact K divided by its

volume and by h{ the characteristic function of KX divided by its volume, we also

have

(2) Mgl (tpp,ds@bs ®RS) = Y Tif(T®& fs ® fs © hf)
EEE(Mo)E/F

Let Py be a parabolic subgroup; if 7 is an automorphic character we have

j]f[%(waf) = trace ”T(fMo) .

We shall assume that all archimedean primes of F' split completely in E . Proposition
I11.5.5 shows that we may find a pair of functions (fs ® fs',ds ® ¢s') such that the
hypothesis of V.3.1 are satisfied and such that moreover

L
(3) Tyt (mep,ds ® bs)) = Tif(n @&, fs ® fs1) 0.
Applying the splitting formula 1.6.3 we get

. L L
pdimanto N gl (L1, La) Tyote(7Eypsbs © bs') Jyis (Mg, mys £F)
Ly,L2

= > (L, L) Y. TR (r®&fs® fo) JR(A @&, £ .

Ly,L2 EEE(Mo)E/F
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Assume by induction that lemmas IV.4.1 (and hence also V.4.2) holds for Levi subset

L; & H . This implies that in the above equation all terms cancel except maybe

those with L; = M or H . The equation (2) above can also be written

2) gl (e ds®@ds) = Y T (n@& fs @ fs) .
EEE(Mo)E/F

Taking into account the compatibility with contant terms 1.6.4 and IV.2.2, we have

L
(4) T O yrs fi) = TR, fu)

for any € € Z(Mo(F,))%, . Multiplying equations (2') and (4) we see that terms with
L1 = G and L, = M also match. We are left with

. L
[d'maMo JPEI(F%/F,(ﬁS@QbS') J]f/IOL(AEv/FV’ftL) =
Y. Tib(n®&fs® fs) T, (A @&, £l -

EEE(Mo) g/ F

Using the nonvanishing condition (3) above and V.4.1 (ii) we get the expected equality.
a

V.6 — Proof of a geometric matching.

In this section E/F is a cyclic extension of global fields and v is a place where
E, = E ® F, is an unramified field extension of F, . Moreover assume that all

archimedean primes of F' split completely in E . In particular conjecture B2 holds.

Given a pair of representations 7, € II(H,) and 7', € II(L,) and if ¢, is a char-
acter of the unramified Hecke algebra HL , we define 65 (my,%,) (vesp. 62(7'y, %) )
to be 1 if :

trace m,(bg/r(h)) = il(¢v)

(resp. trace m'y(h) = h(ty) ). Let §%(my, 1) = 0 otherwise. Given A € ap , we
denote by I4isc(M, H, v, A) the set of representations mp with 7 € Ilgisc (M, H,v) .
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V.6.1. Lemma. — Assume that theorem IV.5.2 holds. Let S be a finite set of places,
containing ramified places for E/F and archimedean places. Let (fs, ¢s) be a pair of
K -finite strongly associated regular functions compatible with multipliers. For any

character v, of the unramified Hecke algebra HM “ we have
edimGM Z 511\\4/12(71_/”71/)1}) Jﬁi(?r',cbs)

Tf’endisc(MLvallyAE/F)
L
= Y > M (o) Tii(m, fs) -

{v|vg/r=p} n€laisc(M,H,v,A)

Proof. Proposition V.3.1 allows us to separate infinitesimal characters at archimedean
places and yields identities where only finite sets of representations may contribute
if we work with pairs of strongly associated functions invariant by some fixed open
compact subgroup at the finite places. Since we assume that theorem IV.5.2 holds we
may construct strongly associated pairs of functions using at unramified places, for
example at v , pairs of functions in the unramified Hecke algebra connected by the
base change and hence the characters of the Hecke algebra HL can then be separated;
this allows us to separate W -orbits of characters of the unramified Hecke algebra,

’Hf,wL ; we conclude using 1.6.1.
a

Let L; and L, be two Levi subgroups in £2(M) and let Q; and Q, be the

corresponding parabolic subgroups via the sections defined by some generic ¢ € a?,, .

Assume that aﬁ,} @ u]"(,f = a% . The next lemma is a generalization of V.4.3.

V.6.2. Lemma. - Assume that theorem IV.5.2 hold for all proper Levi subgroups
of H . Consider (fs,¢s) a pair of strongly associated regular functions as above.
Choose a Weyl chamber in a%o . For v ¢ S consider associated elementary functions
ft and f;e with t very regular M-antidominant. Consider Q; # H and A\ the M-

antidominant character of Mo(F,) defined by ), . The coefficient of Ag;p(t) in :

. L z
t edlm am Z \7]311.(77’7¢5) Jl?,ﬁ,(ﬂ'lln ft)

Wlendisc(MLvaI‘vAE/F)
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equals the coefficient of A(t*) = Ag/F(t) in

TR Yo T fs) T (ma, fu).

{vlvg p=p} m€Naisc(M,H,v,A)
Proof. Let 1, be a character of the unramified Hecke algebra ’Hﬂ’IL . Using the

compatibility with constant terms 1.6.4 and lemma V.6.1 for L; , and using IV.4.3 for
L, , we get that the coefficient of A(t!) = Ag/p(t) in

. L . L
g2 dim o ¥ ML (T 0y 1h0) Tygh (', 85) Ty (', f2)
n' €Maisc(ME,L,u,Ag p)

equals the coefficient of A(¢¢) in

3 S M ) T fs) Y. TR (me®e, fu) -

{vive p=n} m€llgisc(M,H,v,A) e€E(My)L,

We conclude using lemma V.4.1.
O

We are now in position to give a proof of the matching of weighted orbital integrals

for functions in the unramified Hecke algebra connected by the base change map :

V.6.3. Proposition. — Let h € HL . If y € M(F) is the norm of § then for any
Q€ L7 (M)
Q Q*
Iar(7,6(h)) = Ty (6, he)

Proof. By induction we assume that theorem IV.5.2 holds for Levi subgroups L; # H .
Consider a pair of strongly associated regular functions ¢* and f* outside v compatible

with multipliers, and at v elementary regular associated functions; we have

. L L
plimer 37 dfy (L1, L) > Trgi(n's8") T (n'v, fo)
7! €llgisc(ML,L,u, A F)

{” | ”E/F:”} "endisc(MvaV;A)

=Y d§(Ly, L) Y > Tt (7, f°) T (mo, fe) -

Since infinitesimal characters are fixed we are left with finite sums and, according to

IV.1.4, we may decompose each term into a finite sum of characters evaluated at t ,
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times polynomials of linear forms of ¢ , when ¢ varies among very regular antidominant
elements. By inductive assumption, using V.6.2, and the compatibility with constant
terms, we see that if A is antidominant the coefficients of Ag, /r, (t) and of A(t) are
already known to match in all terms unless maybe if @1 = L; = H and hence the
matching also holds for these remaining terms. This shows that the coefficients of
Ag,/r,(t) in

gdim e 3 T30 (x',¢") trace (x'y(fo,me))

n!' €Mgisc (ML, L,u,Ap F)

equals the coefficients of (%) in
Z Z Jﬁ(w,f”) trace (7o (fee p)) -
{” | ”E/F‘=ﬂ'} ﬂ'endisc(M,H,V,A)

Proposition 8 of [Lab2] allows us to substitute pairs (hg, b(h)) where h is a function in
the unramified Hecke algebra for L2 | to our pair of associated elementary functions

in this identity and, taking into account lemma 1.5.1, we get :
edim ap Z *71\?12 (7‘(’,¢v ® hG)
n! €llgisc(ML,L,p,Ap F)
= > Timfren).
{vlve/p=n} m€laisc(M,H,v,A)

Using the spectral expansion I1.2.1 this shows that
TJO(f* @ b(h)) = T (¢* @ ho)

whenever, outside v , the functions f¥ and ¢* are strongly associated regular and K-
finite. We conclude the proof using corollary V.2.2 (or rather, its variant for K-finite

functions which holds thanks to IIL.5.5).
a

Remarks.

(1) For GL(2) the matching of weighted orbital integrals V.6.3 has been proved by a

direct local computation in [Lanl] (lemma 5.11 p. 74).
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(ii) One can deduce V.6.3 from the main theorems in [AC]. Recall that hg and bz, p(h)
are already known to be associated. Observe also that normalized weighted orbital
integrals Jjso of functions in the unramified Hecke algebra, coincide with invariant

distributions Ip,L :
JML (6, ho) = IML (6, hg) .

This is an immediate consequence of 1.5.1 (cf. [A7] lemma 2.1). To prove the matching
— assertion (i) in the definition III.3.2 of strong association — we embbed our local
situation in a global one : our local field is now the completion at a place v of a
global field F' . Theorem A of [AC], chap. 2 p. 108, tells us that for pairs of associated
functions (f, ¢) over H(Fs) and L(Fs) , for a large enough finite set of places S , the

invariant distributions Ip; match i.e.

Iye(é,¢) = In(7, f)

if y is stably conjugated to §° . We may apply this statement also to pairs

(f,¢)

and
(f®bg,/F,(h), ¢ hg) .

Assuming by induction the result proved for all smaller Levi subgroups, and using the
descent and splitting formulas we see that the invariant distributions Iy (7, bg, /r, (h))
and Ipse (6, hg) also match.

(ii1) The local-global argument that has been used to prove the matching V.6.3 does
not yield, right away, the vanishing IV.5.1. In fact such an argument based on the
equality of two trace formulas for pairs of functions (f, ¢) only yields the vanishing of
distributions Jg, (v, fs) where S contains the set of all places where v is a not a norm.
In particular S has at least two elements. G. Henniart has shown me how to build
a global situation in which Jg(7, fs) is a product over v € S of local distributions
Ju (v, fv) independent of v € S . This would allow one to establish the vanishing for

ordinary orbital integrals, but this is not enough for our needs.






VI. - BASE CHANGE FOR AUTOMORPHIC REPRESENTATIONS

In this chapter F is a global field and E is a cyclic algebra over F. An auto-
morphic representation 7’ is said to be a base change of 7 if 7/, is a base change of
7, for all places v . We would like to prove that if 7' occurs discretely in the trace
fromula for L then there exist 7 that occurs discretely in the trace formula for H and
such that 7’ is the base change of w. Conversely, if the character of 7 does not vanish
on norms, there should exist 7’ that occurs discretely in the trace formula for L and
such that 7’ is the base change of 7.

In the first section we prove our main technical result: a refined base change
identity VI.1.4 in which the unramified infinitesimal characters are separated. We give
a first proof using the noninvariant fundamental lemma IV.5.2. If the full conjecture
A was known to hold this would be easy. We only have at hand the particular
case I1.4.5 of conjecture A. We shall in fact prove a stronger result VI.1.3, which is
tantamount to a compatibility of weighted characters with base change, provided that
the normalizing factors are compatible with the weak base change. A simpler proof is
also given using a preliminary separation of infinitesimal characters at archimedean
places and then elementary functions at unramified places but, for the first step; we
need conjecture B2.

If G is split i.e. G = H , using rigidity properties, we may extract the spectral
informations coded in the identity VI.1.4; this yields our main theorem VI.4.1. Un-
fortunately such rigidity properties are not a priori available for inner forms and we

are not able to complete the proof of the analogue of VI.4.1 in general.



96 J.-P. LABESSE

VI.1 — Separation of unramified infinitesimal characters.

Given a pair of representations 7 € Ilgisc(H) and 7’ € Ilgisc(L) let
§h(m, 7"y =1,
if ©’, is the base change of 7, for almost all v and let
§E(m,7')y =0
otherwise.

VI.1.1. Definition. — If §%(n,n’') = 1 we say that n’ is a weak base change of .

Similarly, given ¢ a character of the unramified Hecke algebra H% (A3 ) outside
of S, a finite set of places containing all ramified places, we define §%(m, 1) (resp.
SE(n',4) ) to be 1 if :

trace 75 (b, p(h)) = h(1)
(resp. trace W’S(h) = h() ), and 65 (r, %) = 0 otherwise.

VI.1.2. Definition. — We shall say that the normalizing factors are compatible
with the weak base change if

poim et rf, (n') = > ri(r®€)
EEE(M)E r [E(H)Eg/F

whenever J%L (m,7')y=1.

VI.1.3. Proposition. — Assume that the normalizing factors are chosen to be com-
patible with the weak base change. Let S be a finite set of places outside of which
E/F is unramified. Given a Levi subgroup M consider a character ¢ of the unram-
ified Hecke algebra HM L(Ag) . If (fs,¢s) is a pair of strongly associated regular
functions one has
phmen 3T () adfe(n) T (', 65)

7 €llaisc (ML)

= S M (m ) alc(m) TG, fs) -

Wendisc(M)
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Proof. By proposition V.1.2 we have
L
V() =TS

for pairs (f, ¢) of strongly associated regular functions. Recall that according to I11.2.3

=Yy = Zd (L1, L) T % (9)

x MEC L1,L2

where

T 9) =

L LL L S
Z a (7' )/ ) e (7' Ay ) JI\?IQL(”IAE,F,SJSS) trace W’AE/F (hpge) dA .
"Iendisc(MLyX ) Yim

Assume that a ) aQ2 = af,f and assume inductively that VI.1.3 holds for parabolic
subgroups Q2 € @ . Using V.4.1 and the compatibility of normalizing factors with
weak base change, we see that

. L L
pdimar NN M () alee (7Y g () T (n', 8)

! Gndisc(ML)

equals

S M (m,9) ad (x)r () T (x, )

w€Mgisc(M)
if Q2 # Q . Hence we may cancel all terms attached to pairs (L1, @2) in the difference
of spectral expansions provided Q2 # @ and we are left with the identity

w M:.Q* M,Q
Yo oo |22 e @)= )| =
MecLH X' X

Consider h in the unramified Hecke algebra HZ (A3 ) and let m®(¢s, fs; ) be defined
by

Z Z , “ (65 ® ho) — Z T2 (fs ®bpp(h)) | -
MGL”
By proposition I1.4.5 the spectral expansion recalled above, for the right hand side of

this equation is absolutely convergent and thanks to I1.5.1 it defines a Radon measure
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on the unramified unitary dual outside S : the compact space I, (L(A%)) . We

have an explicit expression for this measure : m>(¢s, fs; iz) can be written

M ; )
> Y / O3 (e e ey (0, Amyri d5) — (A5 fs)) hare (Yag, ) dA
4y P

MecH

where 9 runs over character of the unramified Hecke algebra HM - (Ag) and
L L
W Aigs)= Y. ML) ali(n') TR (n's, )
' €Mgisc (ML)
L
B A fs) = Y 8 (mw) afo(m) T(ma, fs) -
ﬂ'endisc(M)

We have used that

~

S
hpre (I/JAE,F) = trace FIAE/F (hpe) = trace wf(bE/F(hML ))
if
L L
ML (' ) = 64 () = 1.
But, thanks to theorem IV.5.2 pairs of functions (he,bg,/r(h)) are strongly associated

and hence, if fs and ¢s are strongly associated and regular
S Y —
m (d)Sa f51 h) =0

for all h € HE(A%) . The associated Radon measure also vanishes. As in the proof of
V.3.1 we may first separate the various contributions according to the dimension d of
dimays by varying the functions at one place. Continuous functions on Il (L(A%))
separate only the Weyl group orbits of characters of unramified Hecke algebra at-
tached to the various M . Hence the sum over Weyl group orbits of coefficients of
h ML (Yag / ») , considered as functions on ia}, , must vanish almost everywhere; they
are analytic and hence vanish everywhere. But, taking into account the invariance

under the Weyl group of distribution JH (lemma 1.6.1) we get

. L
ediman @ (o Ag pids) — (%, A; fs) =0

for any character ¥ of the unramified Hecke algebra HM" (A%) .
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Remark. - A variant of the above argument is used in Langlands’ original proof of

the base change for GL(2) [Lanl]. A similar argument is also used in [Rog].

VI.1.4. Proposition. — Let S be a finite set of places containing the archimedean
ones. Assume that E/F is unramified outside S and consider a pair (fs,¢s) of
strongly associated regular functions. Assume that either
(a) the normalizing factors may be chosen to be compatible with the weak base
change,
or
(b) the functions are K-finite and the pair is compatible with multipliers at

archimedean places.

Let ¢ be a character of the unramified Hecke algebra HL(A%) , then

pdimag Z 5£(ﬂ/’¢,) agisc(ﬂ-l) trace ﬂ-ls(¢s)
‘Il‘lendisc(L)

= Z 85 (m, ) all () trace ms(fs) -

m€Mgisc(H)
Proof. In case (a) the assertion is the particular case M = H of VI.1.3. Consider now
the case (b). If at archimedean places the functions are K-finite and that the pair is
compatible with multipliers, we may use V.3.1 to separate infinitesimal characters at

archimedean places and we get

¢diman Z ak. (') trace n'(¢s @ ¢°)

7! €Mlgisc(L,vE/F)

= E afl () trace 7(fs @ %),

ﬂ'Endisc(H»")

where (vg/p,v) is a pair of infinitesimal character associated by base change at
archimedean places. The infinitesimal characters vg,r and v being prescribed, only
a finite set of representations may contribute nontrivially to both side if we consider
pairs of functions left and right invariant at finite places under some fixed open com-
pact subgroup. We may use associated elementary functions to separate unramified

infinitesimal characters ([Lab2] proposition 8).
i
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Remarks.

(1) A similar result, with a proof as in case (b), is true for pairs of functions (fs, ¢s) ,
that give rise to rationally strongly associated pairs (f, ¢) compatible with multipliers
at archimedean places, whenever ( fS,¢° ) are associated. It suffices for example that
at two places v € S the functions in the pairs (fy,,®») are very cuspidal. Cuspidal
functions at two places is even enough but the proof uses the invariant form of the

trace formula.

(ii) If we assume that conjecture A holds, an argument similar to the proof of
V.3.1, but using the noninvariant fundamental lemma IV.5.2 instead of multipliers at
archimedean places, yields a simple proof of the separation of unramified infinitesi-
mal characters for the discrete part of the base change identity for pairs of strongly

associated regular functions.
In some cases one may relax the regularity assumption in the base change iden-
tities.

VI.1.5. Proposition. — Let (f,$) be a pair of strongly associated functions. As-

sume that either

(a) G=H,
or
(b) the functions are K-finite and the pair is compatible with multipliers at
archimedean places.
Then

THe) = TH(f) .
Under the same assumptions, the regularity assumption can be removed from V.3.1

or VI.1.4.

Proof. Consider a pair of strongly associated function and let v be an unramified
place for £/F such that f, and ¢, are the characteristic functions of K and K[
respectively. Substitute at the place v associated regular elementary functions; then

by V.1.2 the identity between trace formulas hold

JHe @ )y =JH(f @ ) .
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By VI.1.3 in case (a) using moreover the rigidity VI.2.2 or by V.3.1 in case (b),
this identity can be refined into an identity for each Levi subgroup M and with
infinitesimal character at archimedean places in a finite set. This being done, the
conductor being fixed, we deal with a finite set of representations and we may separate
unramified infinitesimal characters at the place v ([Lab2] proposition 8); as in the
proof of IV.5.2 we may now reverse the process and substitute back the original
functions in the unramified Hecke algebra to our elementary functions; then using

I1.2.3 we recover an identity between trace formulas.
a

V1.2 — L-functions and rigidity.

In this section G = H . Recall that a representation n’ € II(L(Af)) is said
to occurs in the discrete spectrum for L if its restriction to L°(Af) is an irreducible
direct factor of L2(L°(F)\L°(Ar)!) and one denotes by mk. (') its multiplicity. The
multiplicity one theorem for the cuspidal spectrum of GL(n) [Shal], which readily
extends to the discrete spectrum by [MW] , tells us that m%_(7') € {0,1} . As a
supplement to the multiplicity one theorem one has rigidity properties VI.2.2 that

follow from the next theorem.

VI1.2.1. Theorem. — Let m; and m; be two cuspidal unitary automorphic repre-
sentations for GL(n) ; denote by T the contragredient of # . Let S be a finite set
of places containing the archimedean ones and outside of which the representations
are unramified. The partial L-function of pairs L5(s,m; x T) is regular nonzero for
Re(s) > 1 ; it has a simple pole at s = 1 if 1y ~ my ; otherwise it is regular and

nonzero at s =1 .

Proof. This follows from theorems of Jacquet and Shalika [JS] and Shahidi [Shahl]

(see [AC] chapter 3 p. 200).
O

L
disc

The numbers ay;  (7') have been defined in II1.2. We may be more explicit in the

case G = GL(n) . We say that a representation 7’ € II(L(AF)) occurs discretely in
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the trace formula for L if ak_ (') # 0. This is the case only if the restriction 7 of n’
to L°(Ap) is a constituent of a representation parabolically induced from a unitary
representation 7o of a Levi subgroup L9 that occurs discretely in L?(L3(F)\L3(Ar)")
and if there is an element s in the Weyl group that normalizes L3 which is such that :
() det (s — Ly, #0,
(ii) let w = s x @ , then w stabilizes g .

Since we are working with GL(n) unitary parabolic induction preserves irreducibility.

Condition (i) is equivalent to say that
Ly=1L9 x...x LY

and that w permutes transitively the m factors LY = GL(n1) with n = mn; . We

know by [MW] that mg is a tensor product of Speh representations
71 = Speh(o1) @ ... ® Speh(om)

where the o; are unitary cuspidal representations of My = GL(d) with n = mdr .
Condition (i1) tells us that the representation 7y can be extended to a representation
g, of the semidirect product Lo(Afr )t of L§(AF) by the cyclic group generated by s .
This is possible if and only if

0=01Q...00m
is extendable to a representation o’ of M;(Ar)™ the semidirect product of
MY = M) x...x M

by the cyclic group generated by s . Observe that in the case L = H this implies

that the o; are all equal; moreover the intertwining operators that show up in the
H

defintion of numbers ayi..(7) in I1.2 are scalars since unitary parabolic induction

preserves irreducibility; these scalars are roots of unity.

VI1.2.2. Proposition. — (i) Consider two automorphic representations 1 and wy of
H(AFp) that occur discretely in the trace formula for H and let ¢ be a character of
HL(A%) then -

§f(m1,9) = 8fi(mz, ) = 1
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if and only if there exist a character { € Z(H)g/r such that 73 = 711 ® £ .
(ii) Consider two automorphic representations 'y and 7'y of LO(Af) that occur dis-

cretely in the trace formula for L and let 1 be a character of HY(A3) then
SL(r'1,9) = 8L (n's,9) = 1
if and only if 7'y = 7'y .

Proof. 1t suffices to consider the case H = GL(n) . If the two representations m; with
1 = 1,2 occur discretely in the trace formula for H , they are parabolically induced
from two automorphic representations that are tensor products of m; copies of Speh
representations Speh(o;) constructed from two unitary cuspidal representations o;
for some M; = GL(d;) . We have n = m;d;r; . The relation 611_’1(77‘1,’(/)) = 51[‘1(772,1/))

implies the following identity between products of partial L-functions:
HLS(S,O'I x 7 x€) = HLS(S,Ul X Ty X €);
3 13

where £ runs over Groflencharactere of F trivial on the norms from F . By VI.2.1 the
left hand side has, a pole of order m; at s =1+ 51,;—1 and is analytic for
rp—1
2
The same must be true for the right hand side. This implies m; = ms , d; = d2 and

Re(s) > 1+

o1 = o3 Q € for some ¢ and hence m = m; @ £ . The proof of (ii) is similar except
that the two inducing representations need not be isotypic products; using VI.2.1 one
shows that, up to a permutation of the factors, the inducing representations are equal;

the induced representations are equal.

O

Observe that tensorisation by a unitary automorphic character ¢ trivial on o(ay)
preserves the discrete part of the trace formula:

afec(m) = afi (T ®€) .

Given m € Ilgisc(H) , let ¢(n,E/F) be cardinal of the subgroup of characters

€ € Z(H)g,r such that 7 ® £ =7 . We shall use a variant of numbers af :

alfeo(m, E/F) =~ Sie(m, E/F)™ Y afl (r®€) =c(m, E/F)™ afi(r) .
EEE(H)g/r
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VI.3 — Normalizing factors and base change.

If G = H one can use the canonical normalization of global intertwining op-
erators by global L-functions. This is possible thanks to Shahidi’s results ([Shah2]
and [Shah3]). Moreover the L-functions are compatible with base change since this
is true locally everywhere (VI.5.2) and hence the canonical normalizing factors are

compatible with the base change.

VI1.3.1. Proposition. — If G = H the canonical normalizing factors are compatible

with the base change:

ool pl (n') = > ri(r @)
EEE(M)p r [E(H)E/F

if #' is a base change of m.

Proof. If P and @ have Levi M , the canonical factors rp|g(7a) are products of terms
indexed by a set, depending on P and @ , of roots o of M of functions ro(7s) which
in turn can be expressed in term of L-functions of pairs. Hence if we use canonical
global normalizing factors rpg(ma) , the factor rf () is the product of a constant
times logarithmic derivatives of L-functions of pairs (this is proposition 7.5 of [A4]
p. 1323). The constant is af; the covolume of the coroot lattice in al} introduced in
I.1. One has similar expressions for L . The lemma follows from the compatibility
of L-functions of pairs with base change (V1.5.2) up to the power of £: the factor
£9im a3 shows up since we use the norm map to transfer linear forms A to compute

the logarithmic derivatives; note that characters in Z(H)g/r act trivially.

a

Remarks.
(1) This proposition is nothing but lemma 11.1 of [AC] chapter 2 p. 147.

(i) It is proved in [AC], using lemma 2.2.1 page 88, that one can also define for inner
forms normalizing factors compatible with the base change. The definition relies on

the local correspondence for which Arthur and Clozel refer to [DKV].
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VI.4 - Cyclic base change for GL(n).

We may now state and prove our main theorem. In [AC] a similar theorem
is proved only for automorphic representations induced from cuspidal ones ([AC]

chapter 3, theorem 4.2 and 5.1). This restriction can be lifted thanks to [MW].

VI.4.1. Theorem. — Let F be a global field and let E be a cyclic algebra over F .
Assume that G = H .

(1) Given 7' € Igisc(L) there exist 7 € Ilgjsc(H) such that 6}}(#, 7'y = 1. Moreover
such a representation 7 is unique up to twists by characters { € Z(H)g/r .
(i) Given 7 € Il4isc(H) there exist a unique 7' € Ilgisc(L) such that 5@(#, )y=1.
(iii) Let 7’ € Maisc(L) and m € Hgisc(H) ; if 65(m,7') = 1 the representation 7’ is a
strict base change of 7 .
Proof. Assume inductively that VI.4.1 (iii) holds for proper Levi subgroups; hence
weak base change and base change coincide for them. Then VI.3.1 shows that the
canonical normalizing factors are compatible with the weak base change and hence
we may use V1.1.4. This inductive step is not necessary if conjecture B2 holds. Now

VI1.1.4 and proposition V1.2.2, show that given a representation ' such that

aclllisc(ﬂ‘,) 7é 0

then, for S finite large enough and for any pair (fs,¢s) of strongly associated func-

tions, we have

afise(n') trace w's(¢s) = Y, S(n',m)agi(n) trace ms(fs) -
n€Mgisc(H)
We want to show the existence of 7 such that 65 (m,7') = 1 and afl (7) # 0. It
suffices to exhibit a strongly associated pair (fs, ¢s) such that trace 7#’'s(¢s) # 0 .
Let dp € L, be a regular semisimple point for which the character of 7', does not
vanish. Proposition II1.4.1, allows one to construct a pair of strongly associated
functions (fy, ¢») with trace n’y(¢,) # 0 by taking ¢, with support in a small enough

neighbourhood of § with positive ordinary orbital integrals Ji (4, ¢,) nonvanishing
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at do . The uniqueness of 7 up to twists follows from VI.2.2. This proves (i). Assume

now that 7 € Igisc(H) . We get using VI.1.4 and VI1.2.2 :

Z SE(n',m) ki (7)) trace n's(ds) = all (7, E/H) trace 7s5(fs) .
' €Mlgisc(L)
We have to exhibit a pair (fs, ¢s) such that the right hand side of does not vanish.
Lemma, III.1.7 shows that any representation 7, has a character distribution that does
not vanish identically on the set of regular elements that are norms of elements in
L, . Let v be a regular norm where the character of 7, does not vanish. Proposition
II1.4.1, allows one to construct a pair of strongly associated functions (fy,d,) with
trace m,(fy,) # 0 by taking f, with support in a small enough neighbourhood of ~p
with positive ordinary orbital integrals Ju(7y, fy) nonvanishing at 4o . This proves
(ii). Consider 7 such that af_(7) # 0 and =’ such that af_(7') # 0 . Assume

moreover that §5(m,7') = 1. Let ¢(r,n’) € CX such that
o(m, ') afioe(n") = allsc(m, E/F) .
For any large enough finite set S of places, VI.1.4 and VI.2.2 show that
trace 7' s(¢s) = c(m, ') trace 7s(fs)

for all pairs of strongly associated functions with regular support. Assertion (iii) now

follows from I11.4.2.
a

VI1.4.2. Proposition. - Assume that 7' and = are both in the discrete spectrum

for L and H respectively. If §4(m,7') = 1 then
e(mym')y=1.
Proof. Recall that
C(ﬂ', 7T,) agisc(ﬂl,) = atﬁsc(”’ E/F) .
Since 7’ and 7 are both in the discrete spectrum, we know by VI1.2.2 that

agisc(ﬂ-,) = mgisc(rl) =1= mﬁsc(ﬂ.) = a(ﬁsc(ﬂ-) .
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But if 7’ is in the discrete spectrum, by [MW] it is a Speh representation n’ = Speh(o’)
where o' is cuspidal on some other group G; . We may assume that G = GL(n) and
that Gi = GL(d;) with n = rid; . The partial L-function L5(s,x’ x ') is the
product of L5(s — k,0' x 5') where k is an integer with |k| < r; — 1 and the L-
function L5(s, 7' x 7?’) has a simple pole at s = r; . One has also # = Speh(c’) where
o is cuspidal on some other group G, = GL(d;) and one has a similar expression for

L5(s,m x %) . Moreover

LS(s,n" x n') = [[ LS(s,m x 7 x £)
3
is regular nonzero for Re(s) > r; and has a simple pole at s = r; . This implies in

particular that d; = d; and that 7 # 7 ® € unless { =1 i.e. ¢(m,E/F)=1.
O

Remark. - The local components of 7’ are not canonically defined a priori. The
previous proposition allows one to show that 7', can be taken to be the canonical
base change of 7, at all places. We refer the reader to [AC] section 1.6.3 p. 56 for a

proof.

V1.4.3. Corollary. — Assume that G = H . Let S be a finite set of places outside
of which E/F is unramified. Given a Levi subgroup M , consider n’ and m that
occur in the discrete spectrum for MY and M respectively. Assume that ' and 7 are
unramified outside S and such that J%L (m,@") = 1. If (fs,ds) is a pair of strongly

associated functions one has

edmest Tl (v, gs) = 3 TH(r @&, fs)
EEE(M)E r/E(H)Eg/F

Proof. It follows from VI.4.1 (iii) and VI.3.1 that the canonical normalizing factors
are compatible with the weak base change. Hence we may use VI.1.3 when G = H.

The corollary now follows from VI.1.3, VI.2.2 and VI.4.2.
a



108 J.-P. LABESSE

VI.5 — The local base change.

The base change theorem for automorphic representations yields the local base

change. Let F' be a local field and E a cyclic algebra over F.

VI.5.1. Theorem. — Assume that G = H. Any n € II(H(F)) has a base change
n' € II(L(F)) and conversely any =’ € II(L(F')) is a base change of some 7.

Proof. Using the Langlands classification and since, for our groups, representations
unitarily induced from tempered ones are irreducible, we are reduced to consider dis-
crete series (resp. §-discrete series.) We refer the reader to [AC] section 1.6.2 for a
detailed account of this reduction step. One may now embed the local situation in a
global one and one observes that any discrete series (resp. #-discrete series) represen-
tation occurs as the local component of a cuspidal automorphic representation. This
is classical and is an easy consequence of the existence of pseudo-coefficients. For
local components of cuspidal representations the theorem follows immediately from

our main theorem VI.4.1.
O

VI1.5.2. Proposition. — Let o and 7 be irreducible admissible representations of

GL(ni, F) and GL(ny, F) with base change og;r and T7g/p. Then

L(s,0p/r X TE/F) = HL(S,O’ xTxE€);
3

where & runs over characters of F'* trivial on the norms from E* .

Proof. For unramified situations this is clear. Using this and a local-global argument,
which relies on the functional equation of L-functions, the assertion can be shown to
be true for any non archimedean field using the properties of the local base change.
We refer the reader to the proof of proposition 1.6.9 of [AC] p. 60. For archimedean

fields this can be checked directly.
O

This compatibility has been used in the proof of VI1.4.1, inductively for proper
Levi subgroups via VI.3.1.
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V1.6 — Inner forms.

We return to the global field case. We believe that our main theorem VI.4.1
should hold in general, when G is an inner form of H, except that (ii) should read:
(i") Given 7 € Igisc(H) there exist a unique 7' € Igjsc(L) such that 65 (m,n') =1 if

and only if for any place v the character of , does not vanish almost everywhere

on regular norms from L(F,).

But the proof given for VI1.4.1 does not extend readily: there we use the rigidity. We
do not know an a priori proof of the rigidity for inner forms, and in fact we want to
deduce it from the endoscopic correspondence. The result of [MW] would also have

to be extended. When G is a non split inner form of H we have this partial results.

V1.6.1. Proposition. — Assume that E = F and that L = G is an inner form
of H. Assume moreover that conjecture B2 holds or that one can use normalizing
factors compatible with the weak base change. Then, given m € Ilg;sc(H) there exist
7' € Mgisc(L) such that §5(m,n') = 1 if and only if for any place v the character of

7, does not vanish almost everywhere on regular norms from L(F,).

Proof. For S large enough, proposition VI.1.4 shows that
Y SE(r'¥) afis(n') trace 7's(4s)
! €Ml gisc(L)

= Z 65 (m, ) akl () trace ms(fs) .

"Gndisc(H)
If afl () # 0 then VI.2.2 tells us that
> k() afic(n') trace (n's(¢s)) = aflic(w) trace (rs(fs)) -
m €llgisc(L)

We see that, if there exists a pair (fs, ¢s) of strongly associated functions such that

trace mg(fs) # 0,

then there exist 7’ with nonzero multiplicity in the discrete part of the trace formula
such that 6% (x,7') = 1. Such a pair of functions will exist if and only if the character

of g does not vanish almost everywhere on norms from L(Fs)reg -
O
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Remark. — We observed that one can use normalization factors compatible with
base change. One would need moreover the rigidity for proper Levi subgroups to
show they are compatible with the weak base change. In the particular case where G

is the multiplicative group of a division algebra there is nothing to prove.

One can think of different approaches to prove in general the analogue of VI.4.1.
Starting again from VI.1.4 one may try to use the linear independence of characters
of inequivalent representations in a finite set against functions with regular support.
But, to do this, we need some a priori finiteness of the number of non trivial terms in
the sum. This in turn would follow from a fairly general conjecture, which is a weak

form of the rigidity:

VI1.6.2. Conjecture C - Given 3 an unramified infinitesimal character outside
some finite set S of places, then there is a finite set of representations n' unrami-

fied outside S such that §¥(n',¢) =1.

An other way would be to establish the noninvariant endoscopic transfer (without
support restrictions). For the groups we study, the ordinary endoscopic transfer can
be established thanks to results of Shelstad and Vigneras. This is used in [DKV] and
in [AC]. To be used in our setting we need moreover conjecture Bl. If for example,
H = GL(2) and if L = G is a quaternion algebra, conjecture B1 holds trivially: pairs
of associated functions are automatically strongly associated. This kind of argument
is used by Jacquet and Langlands in [JL] chapter 16. But in general a proof of

conjecture B1 will require more work.
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