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ABsTrRACT. — We study in this paper a notion of pseudo-spectrum in the semi-classical
setting called injectivity pseudo-spectrum. The injectivity pseudo-spectrum is a subset
of points in the complex plane where there exist some quasi-modes with a precise rate
of decay. For that reason, these values can be considered as some ‘almost eigenvalues’
in the semi-classical limit. We are interested here in studying the absence of injectivity
pseudo-spectrum, which is characterized by a global a priori estimate. We prove in
this paper a sharp global subelliptic a priori estimate for a class of pseudo-differential
operators with respect to the regularity of their symbols. Our main result extends the
a priori estimate of Dencker, Sjéstrand and Zworski for a class of pseudo-differential
operators with symbols of limited smoothness violating the condition (P).

REsSUME (Pseudo-spectre d’une classe d’opérateurs semi-classiques)

Nous étudions dans cet article une notion de pseudo-spectre semi-classique appelée
pseudo-spectre d’injectivité. Le pseudo-spectre d’injectivité d’un opérateur désigne
I’ensemble des points du plan complexe qui sont des « presque valeurs propres » dans
l’asymptotique semi-classique, au sens ot il existe en ces points des quasi-modes semi-
classiques avec des taux précis de décroissance. Nous nous intéressons ici & 1’étude
de ’absence de pseudo-spectre d’injectivité, et nous démontrons une estimation sous-
elliptique globale pour une classe d’opérateurs pseudo-différentiels dont les symboles
ont une régularité limitée. Ce résultat généralise dans un cadre de régularité limitée
I’estimation a priori démontrée par Dencker, Sjostrand et Zworski pour une classe
d’opérateurs pseudo-différentiels violant la condition (P).
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330 PRAVDA-STAROV (K.)

1. Introduction

1.1. Miscellaneous facts about pseudo-spectrum. — In recent years, there has
been a lot of interest in studying the pseudo-spectrum of non-self-adjoint oper-
ators. We first recall some classical and known facts about pseudo-spectrum.
The study of pseudo-spectrum has been initiated by noticing that for certain
problems of science and engineering involving non-self-adjoint operators, the
predictions suggested by spectral analysis do not match with the numerical
simulations. To supplement the lack of information given by the spectrum,
some new subsets of the complex plane called pseudo-spectra have been de-
fined. The main idea is to study not only points where the resolvent is not
defined, i.e., the spectrum, but also where the resolvent is large in norm.

We refer the reader to Trefethen’s article [11]!) for the definition of the
e-pseudo-spectrum A (A) of a matrix or an operator A,

Ac(A) = {z € C,[|(=I - )7 = 7.

By convention, we write ||(2] — A)7!|| = 400 if z belongs to the spectrum
of A. The e-pseudo-spectrum of A is non-decreasing with €. All these subsets
contain the spectrum of the operator. In an equivalent way, pseudo-spectra
can be defined in term of the spectra of perturbations. Indeed, for any matrix
we have

A (A)={z€C, z€0(A+ B) for some B with ||B|| < ¢}.

It follows that a number z belongs to the e-pseudo-spectrum of A if and only
if it belongs to the spectrum of some perturbed operator A + B with || B| <
€. From this second description, we understand the interest in studying such
subsets. Indeed, if we want to compute numerically some eigenvalues, we start
by discretizing the operator. This discretization and inevitable round-off errors
will generate some perturbations of the initial operator. Eventually, algorithms
for eigenvalues computing determine the eigenvalues of a perturbation of the
initial operator, i.e., a value in some e-pseudo-spectrum and not necessarily
a spectral value. In the self-adjoint case, the spectrum is stable under small
perturbations. In fact, this stability is a consequence of the spectral theorem.
The spectral theorem implies that A (A) is exactly the set of points in C at
distance less than or equal to € from the spectrum of A. However this property
of stability is not true in the non-self-adjoint case in which the spectrum could
be very unstable under small perturbations. To illustrate this fact, we recall a
suggestive example pointed out by Davies in [3] and Zworski in [12].

(1) The reader will find in this paper more details about interest, history and general prop-
erties of pseudo-spectra.
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EXAMPLE. — Let us consider the rotated harmonic oscillator in one dimension
2 .
Py=-—5 + e 22 where — 7 < a < 7.
dzr
0.5
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—
40 -
301 q
20- 1
j— (.5
1ot 1
of S — 1
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[— |
-20 q
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-2

Ficure 1. Computation of e-pseudo-spectra for the rotated har-
monic oscillator P, with @ = 0. The right column gives the corre-
sponding values of log, €.

This operator P, is self-adjoint only for a = 0. Its spectrum is composed of
the following eigenvalues (see Theorem 3.3 in [6]),

e'?(2n+1), ne€N.

We can try to compute numerically the spectrum and some e-pseudo-spectra
for some small values of the parameter €. Computations are performed on the
discretization

((Paq/ivq’j)U(R))gi,jgN’
where N is an integer taken equal to 50 and (¥;)jen+ stands for the basis of
L?(R) of Hermite functions. Numerical results illustrate the spectral stability in
the self-adjoint case. We also notice a strong instability in the non-self-adjoint
case, which leads to the computation of ‘false eigenvalues’ for high energies. In
this last case, the resolvent may be very large in norm far from the spectrum.

1.2. Definition of the pseudo-spectra and injectivity pseudo-spectra. — Our inter-
est in this article is to study some notion of semi-classical pseudo-spectrum. In
order to justify the definition in the semi-classical setting, we start again with
the last example of the rotated harmonic oscillator. Following Zworski in [12],
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Ficurge 2. Computation of e-pseudo-spectra for the rotated har-
monic oscillator P, with @ = Z. The right column gives the corre-

T
sponding values of log, €.

we rephrase the problem of finding eigenvalues for operator P, by a change of
scaling. Setting y = h'/2z where h is a positive parameter, one has

2 1 &2
Pa—)\z——+e“‘x2—/\=f(—h2—+ew‘y2—h/\) -
X

dy2 (Pa(h’) - Z)

S| =

Since we are interested in the behaviour of the resolvent for large values of A,
we can work in the semi-classical limit, i.e., h — 0, with z fixed. We can now
extend in a natural way the definition of pseudo-spectrum in the semi-classical
setting as follows

DEFINITION 1.2.1. — Let (Pp)o<n<1 be a semi-classical family of operators on
L?(R™) defined on a domain D, for all u > 0 the set

A(Py) = {z € C:¥C > 0,Yho > 0,30 < h < ho, [|(Py—2)""]| = Ch ™"},

is called the pseudo-spectrum of index p of the family (Pn)o<n<i (we write
by convention ||(Pn, — 2)7Y|| = +oo if z belongs to the spectrum of Py). The
pseudo-spectrum of infinite index is defined by

A (Pr) = () A55(P).
n=0
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With this definition, the points in the complement of AS°(P,) are the points
of the complex plane where we have the following control of the resolvent’s
norm for h sufficiently small

3C > 0,3hg >0,V 0 < h < hg, ||[(Pn—2)" || < Ch™*.

In this paper, we are interested by the study of slightly different sets from these
pseudo-spectra, which are made of points where we can find some quasi-modes
with a precise decay in the semi-classical limit. We call these sets the injectivity
pseudo-spectra.

DEFINITION 1.2.2. — Let (Pp)o<n<1 be a semi-classical family of operators on
L%(R™) defined on a domain D, for all u > 0 the set

)\ff(Ph) ={ze€C:VC > 0,Yhy > 0,3 0 < h < hy,
Ju e D, |lullpe =1, ||(Py — 2)ul: < Ch*},

is called the injectivity pseudo-spectrum of index p of the family (Pr)o<h<i-
The injectivity pseudo-spectrum of infinite index is defined by
X (Pa) = [ N (o)
n=0

The injectivity pseudo-spectrum of index p is by definition the set of points
in the complex plane which are some ‘almost eigenvalues’ with a decay in
O(h*) when h — 0. We notice that the injectivity pseudo-spectra as the
pseudo-spectra are non-increasing with the index. The absence of injectivity
pseudo-spectrum at a given point is easily characterized by an a priori estimate
on the operator. Indeed, there is no injectivity pseudo-spectrum of index p at
z if and only if we have

(1) 3C >0,3hg >0,Y0<h < hg,Yu € D, |[(P,—2z)ul|pz > Ch*|u||L.

We say that there is no loss of any power of h, respectively a loss of at most h*
for the points in the complement of the injectivity pseudo-spectrum of index
0, respectively of index p when p is positive. We have the following inclusions

Vi >0, X (Pr) C A (Pr),

but to obtain the equality, we need an additional property of surjectivity for
the operators, which is fulfilled for instance if we deal with Fredholm operators
of index 0. We can also notice that if P, — z is a closed operator with a dense
domain and that Z & A\}7(P}), the estimate (1) for the operator P —Z implies
the surjectivity for the operator Pj, — z if h is sufficiently small. Under these
previous assumptions, z € A} (Py) implies that z € A;°(Py).

In fact, if we suppose that P, — z is a closed operator, the absence of injec-
tivity pseudo-spectrum in z for the operator P}, gives a control for the norm of
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the left inverse (P, — 2)~! : Ran(P, — z) — D since the estimate (1) induces
that the range Ran(P), — z) is closed in L?(R™). These above definitions differ
from one given in [5] for a semi-classical pseudo-differential operator. We pre-
fer here to give a definition, which depends on the properties of the operator
rather than on its symbol in order to study some geometrical conditions on the
symbol giving the existence or the absence of pseudo-spectrum or injectivity
pseudo-spectrum.

1.3. Remark. — The spectrum of a self-adjoint operator is purely real, this
property is also true for the injectivity pseudo-spectrum of a family of self-
adjoint operators.

PROPOSITION 1.3.1. — Let (Pp)o<h<1 be a semi-classical family of self-
adjoint operators on L*(R™) defined on a dense domain D then

(2) Vz € C,Vu € D, ||Pru— zul|rz > |Im z|||u|/zz2.

Thus, there is no loss of any power of h in C\R and in particular for all p > 0
the injectivity pseudo-spectrum of index 1 of (Pn)o<n<1 is contained in R.

Proof. — Let z be in C \ R, the estimate follows from the Cauchy-Schwarz
inequality

|Im z[||u|?> < Re (Pyu — zu, —isgn(Im z)u)L2 < ||Pru — zul|pz2||ul Lz,
where sgn(z) denotes the sign of z. O

In fact, under the assumptions of the previous proposition we have for all p
non negative that A\;°(Py) = A’ (Pp). Indeed, we have on one hand by (2) that

Vz € C\R, [|[(Pn,—2)"Y < |Imz|™!

since the spectrum of P, is real by self-adjointness. On the other hand, if 2
is in A}7(P,)° N R, a previous remark shows that z ¢ A} (Py) since we have in
this case

2=Z & N, (Py) = X7 (Pn)-

1.4. Examples. — The first example is the harmonic oscillator
d2
—hr—— + 22
dx?
The injectivity pseudo-spectrum of infinite index is in this case R’} and one has
in the complement in C of R’ the following estimates

oo d*u
Vh>0,Yu € CF°(R), || = h*——3 + 2% 1o gy > hllulli2),

&

Vz ¢ Ry,3C > 0,Vh > 0,Yu € C3°(R), H—thxQ +aPu—zul| g = Cllull2e).-

(®)
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For the example of the rotated harmonic oscillator
2

Py(h) = — % + e*x?,
with 0 < a < 7, Davies has proved in [4] (Theorem 1) that
A (Pa(h)) c{z€C*:0<argz < a}.
In fact, the injectivity pseudo-spectrum of infinite index is exactly
{zeC":0< argz < a}.
Indeed for all x> 0, A5¢(P,(h)) is contained in the numerical range
X(P,)={2€C":0<argz <a}U{0}.

We can prove the a priori estimates (see [10])

d*u 14 cosa
de 2 + em:c UHL2 Z Th”’u”[g(]g),
and for all z in C* such that arg(z) € {0, o}, there exist some positive constants
C, and hg such that

Vh > 0,Vu € C&(R), || — h25—

d*u
V0 <h<hg,Vu€eCPR), || —h—— +e“z’u— zu”L2 > Czh%||u||L2(R)

dx? (R)

2. Statement of the main result

2.1. The estimate. — In the following statement, we give an a priori estimate,
which characterizes the absence of injectivity pseudo-spectrum in 0 for the
semi-classical operator,

th + Zq(tv z, hg)w

where the function ¢ is a real-valued function such that
(3) q(t,z,€) € CIMPIH (R, x R? x RZ, R).

The notation Cf stands for the space of C* functions, which are bounded as
well as their derivatives of order lower than or equal to k, [m] stands for the
integer part of m and q(¢, z, h&)" denotes the Weyl quantization of the symbol
q(t, z, h€). We assume that for all X = (z,¢) € R*™,

4) q(t,X)>0and s >t=g¢q(s,X)>0.

This hypothesis means that for all X € R2", the function ¢ — ¢(t, X) can
only change sign from negative values to positive ones. We also assume that
for all X € R?", the function t — gq(¢, X) only vanishes in a fixed compact
set [—A, A], A > 0, exactly N times, N € N*, and that these roots are some
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Lipschitz functions with respect to the variable X. More precisely, we assume
that

JA inf t, X
(5) >0, i la(t. X)) >0

and

N
(6) 3INeN*Vte[-AAVX eR™, q(t,X) =e(t,X) [] t - (X)),

=1
where e is a positive function on R?"*! such that

7 My = inf t, X 0
(7) 0 \tlgAl,I}(eR% eft, X) >

and oy, j = 1,..., N, are some real-valued Lipschitz functions on R?™ such that

(8) llajl|poemeny < A, j=1,...,N.

THEOREM 2.1.1. — Under these assumptions, there exist some constants C' >
0 and 0 < hg < 1 such that for all u € C§°(Ry x RY) and 0 < h < hy,

(9) IhDyu + ig(t, @, h€)ul| L2 gns1y > CATH |[ul| p2 (g1,

Thus, there is no injectivity pseudo-spectrum of infinite index in 0. More pre-
cisely, there is a loss of at most h™N/(N+1) 4n 0.

2.2. Remarks. — We can first notice that under the assumptions of Theorem
2.1.1, there is also no injectivity pseudo-spectrum of infinite index in z for all
z in R, and that the loss in these points is also of at most AN/ N+ This fact
is a direct consequence of Theorem 2.1.1 and of the following identity

T (hDy + iq(t, z, hE)” — 2) T, ' = hD; + iq(t, z, h€)",
where T}, is the unitary operator on L?(R"*1) defined by
Thu(t,z) = e_%”u(t,x).

Let us now make some comments about the class of pseudo-differential oper-
ators we study. The interest of studying such a class is that given a pseudo-
differential operator with a principal symbol satisfying the principal-type con-
dition
r(y,m) = 0= dr(y,n) #0,

we can by multiplication to left and right with some elliptic Fourier integral
operators obtain a pseudo-differential operator with a principal symbol, which
is microlocally of the type hD; + iq(t,z, h€)*. To interpret the assumptions
of Theorem 2.1.1 in a more general setting, we can notice that the assumption
(4) means that the principal symbol satisfies the condition (¥) (see Definition
26.4.6 in [7]). If we make more assumptions of smoothness on the function e,

TOME 136 — 2008 — N° 3



PSEUDO-SPECTRUM FOR A CLASS OF SEMI-CLASSICAL OPERATORS 337

the assumption (6) implies in terms of iterated Poisson brackets that for all
(t,z,7,&) € R2"T2 there exists an integer 0 <! < N such that

H%{ep Imp(tu Z,T, §) 7é 07

if p(t,x,7,€) = 7 +iq(t,x,€). This means that every point in p(R?"*2) are of
finite type with an order bounded above by the fixed integer N. The assumption
(5) of ellipticity outside of the set [—A, A] x R?™ allows us to obtain a global
subelliptic a priori estimate without conditions on the supports’ size for the
functions u in C§°(R™*1). Dencker, Sjéstrand and Zworski have proved in
Theorem 1.4 in [5] an absence’s result of pseudo-spectrum of infinite index
for a general class of pseudo-differential operators. Under the assumptions of
Theorem 1.4 in [5], they reduce their study by a symplectic change of variables
to the study of the local model hD; + iq(t,x, h&)™ and prove for this model
the a priori estimate (5.9) in [5]. This a priori estimate (5.9) is sufficient to
obtain the resolvent’s estimate (1.11) in Theorem 1.4 because the assumptions
of this theorem 1.4 for getting the a priori estimate (5.9) are also fulfilled for the
formal adjoint hD; — iq(t, z, h§)™, which shows the surjectivity of the operator
hD; + iq(t, z, h&)™ if the domains are suitably chosen and h sufficiently small.
In this case, there is no pseudo-spectrum and no injectivity pseudo-spectrum
of infinite index in 0. The loss is of at most AN/ (V+1) In the case studied by
Dencker, Sjostrand and Zworski, the condition (P) is fulfilled (see Definition
26.5.1 in [7]). More precisely, in this case the function ¢ does not change sign
on R?"*1. Our result shows that if we are only interested in obtaining the a
priori estimate characterizing the absence of injectivity pseudo-spectrum with
a loss of at most A’/ (N+1) | we can obtain a similar a priori estimate as (5.9) for
a particular class of pseudo-differential operators violating the condition (P)

since we only assume in Theorem 2.1.1 that the condition (V) is fulfilled.

Another main difference between our result and the result of Dencker, Sjos-
trand and Zworski is that we consider here some symbols with limited smooth-
ness. Although our result does not deal with the general subelliptic case (see
Proposition 27.6.1 in [7]) in a setting of limited smoothness - indeed, we make
a strong assumption of Lipschitz regularity for the roots «; in (6) - we feel
that our sharp estimate of the regularity needed for symbols to obtain result
of subellipticity is worth noticing and also that it is interesting to have a proof
of subelliptic a priori estimates for a class of operators violating the condition
(P), which is quite simple in comparison with the proof of the general case
given by Hormander in [7] (Proposition 27.6.1), even if this class is particular
and that our result does not deal with the general subelliptic case.

2.3. The structure of the proof. — The first step in the proof of Theorem 2.1.1 is
to change the quantization and to prove a similar a priori estimate in another
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quantization. As pointed out before, our assumption on the symbol’s sign is
essential. To take advantage of this assumption, we use the Wick quantization,
which has the main property of being a positive quantization. The next section
recalls some results in the Wick quantization, in particular its link with the
Weyl quantization. To prove the a priori estimate in the Wick quantization,
we need first to use a phase space cut-off to study separately different regions
depending on the size of the function ¢,

(10) WA 22 = B3 (HY %y, u) 2 + T (HY %, ) o,

where Hy + Ho = 1, supp Hy C {q; > €0} and supp Hz C {q; < 2¢0}, €0 > 0.
The estimate of the first term in the right-hand-side of the previous equality is
easier than the second one. We only use for this first term an expansion of a
L?-norm square and some results of symbolic calculus in the Wick quantization
to take advantage of the size of the function ¢, in Lemma 4.2.1. For the second
term, the proof’s core of its estimate is the following L2-norm splitting

BT (WY, ) s — hw%/ Ho|Wul? dt dX

R2n+1

:hN+1/ H2|Wu|2dtdx+hw%/ Ho|Wul? dtdX,
{la|<hN/(N+D} {la|2hN/ (N +D)

where Wu stands for the wave packets transform of u defined in the next
section; and we estimate the two terms of the right-hand-side of the following
inequality

(11) AT (HViky, u) 2 < h%/ Hy|Wul? dt dX
{lg|<h™/ (N1}

+/ Hy|q||[Wul?dtdX,
R2n+1

in Lemma 4.2.2 and Lemma 4.2.6. To estimate the second term of the right-
hand-side of (11), we use some techniques developed by Lerner in [8].

3. Preliminaries

3.1. Notations and a few facts about the Weyl quantization. — We give in this
paragraph the notations and normalizations used in this paper. The scalar
product on L?(R") is denoted by

(U, V) L2(mny = /n u(z)v(z)dz,
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|| stands for the Euclidean norm and D, = 0,/(2im). The definition of the
Fourier transform chosen here is, for v in the Schwartz space S(R™),

ae) = / ula)e s,

where z.£ denotes the canonical scalar product on R™ of x and £. For a classical
Hamiltonian a(z,§) defined on Ry x RE, the Weyl quantization defines the
operator a® by the following formula

@@ = [ e a(TTY  )utdyds.

In the statement of Theorem 2.1.1, the variable t is seen as a parameter in the
symbol of the operator q(t,z, h&)", i.e.,

q(t,x, hé) u(t,z) = /

R2n

2 nq (1, D20 e Yu(t, y)dyde.
A nice feature of the Weyl quantization is the fact that real Hamiltonians get
quantized by (formally) self-adjoint operators. The composition formula in the
Weyl quantization, a*b* = (a # b)", is given by

(12) (a # b)(X) = 22" / e 4imo (XY X=2) 0 (y\b(Z) dY dZ,
R4n
where o (-, -) stands for the symplectic form on R"™ x R™ defined for all X = (z, &)
and Y = (y,n) by o(X,Y) =&y —n.a.

3.2. Wick calculus. — The purpose of this second paragraph is to recall the
definition and some basic properties of the Wick quantization following [9].
We also prove here some results of symbolic calculus we need in the proof
of Theorem 2.1.1. The main reason to introduce this new quantization is its
property of positivity, i.e., that non-negative Hamiltonians define non-negative
operators

qZO:>quckZO.

This property of positivity is not satisfied in the case of the Weyl quantization
(see [9] for an example of non-negative Hamiltonian defining an operator, which
is not non-negative). This property is essential in our approach and permits us
to use some sign’s hypothesis made on the symbol of studied pseudo-differential
operator.
Setting for z,y and n in R™,

Oy n(z) = gn/4g=m(@=y)* 2in(a—y).n
where 22 = 22 + ... + x2, the following lemma introduces the wave packets
transform.
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LEMMA 3.2.1. — Let u € S(R™), we define

Wy, ) = (v pya)iaqan = 27 [ ula)e 0 e A0, (4, ) € RO

n

The mapping u — Wu is continuous from S(R™) to S(R?™) and isometric from
L?(R™) to L2(R?™). Moreover, we have the reconstruction formula

Vu e S(R"),Vo € R, u(z) = [ Wuly,n)pyy(z)dydn.
R2n

See Lemma 2.1 in [9] for a proof.

Let Y = (y,n) € R?, we denote by Yy the operator defined in the Weyl
quantization by the symbol
(13) py(X) — 2ne—27r|X—y|2.
This operator is a rank-one orthogonal projection. Indeed, a direct computation
gives

(14) (Byu)(z) = Wu(Y)ey (z) = (v, oy) L2@n) @y ().

DEFINITION 3.2.1. — Let a € L®(R2"), the Wick quantization of a is defined
as

a"Vick — / a(Y)XydY.
R2n

REMARK 3.1. — More generally if a belongs to S’(R?"), the operator a'Vick
can be defined for all © and v in S(R™) by
Wick

<a U,V >5/(Rn),S(R) =< a(Y), (ZY’LL,’U)LZ(]Rn) > s/ (R2n),S(R2n)

where the notation < -,- >s/ s denotes the duality bracket between the spaces
S’ and S.
PROPOSITION 3.2.1. — Let a € L (R?"), then

aWiCk — W*aum 1Wick — idL2(Rn)7
where W is the isometric mapping from L?(R™) to L?(R?") defined in Lemma
3.2.1 and a* denotes the operator of multiplication by a in L?(R?*"™). Moreover,

one has

||aWiCk||C(L2(Rn)) S ||a||Loo(R2n) and a Z 0= aWiCk Z 0.

See Proposition 3.2 in [9] for a proof.

REMARK 3.2. — We can notice that the previous proposition implies that real
Hamiltonians get quantized in the Wick quantization by formally self-adjoint
operators.
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DEFINITION 3.2.2. — Let k € N and | € R, the symbol class Sp(A!, A"1dX?)
denotes the set of C* functions a defined on R®™ x [1,+oo][ such that

VO<j<k @)= sup [ATFED(X, AT, ., T)| < +oo
XER2n A>1
TpER2N,|Tp|=1

and the symbol class S(A!,dX?) denotes the set of C™ functions a such that
Vj €N, &l,j(a) = sup |A_la(j)(X, AN)(Ty, ...,Tj)| < +o0.

X ER21 A>1
Tp €R2™ | Tp|=1

PROPOSITION 3.2.2. — Let a € L>®°(R?"),b € S2(A,A~1dX?), be some real-
valued functions then

Wick
] + Sl ’

. . 1 1
Wick; Wick __ _ /Y
a™'b = {ab o b+ T {a, b}

. . 1 Wick
Re(qWVickpWick) — {ab - Ea'.b'} + S,

with ||S;llc2@ny) < dullallLey1,2(b), 5 = 1,2, where the derivatives of a are
taken in the distribution sense, {a,b} stands for the Poisson bracket of a and
b. Here 71 2(b) denotes the semi-norm of b defined in Definition 3.2.2, d,, is
a positive constant depending only on the dimension n and the distribution
Ox,a Ox,b is defined as

dx,a Ox,b:= 0x,(a dx,b) — a 9%, x,b € S'(R*").

See Proposition 3.4, its proof and the remark following this proposition in
[9] for a proof.

LEMMA 3.2.2. — If a € S1(AY,A=*dX?), then the Weyl symbol @ of a*Vick,
aWick = G s equal to the function a x T where T'(X) = 2ne=271XI" qnd
verifies

ae S(ALdX?) and Vxa € S(A32,dX?).

Proof. — From Definition 3.2.1 and (13), one has aVi%k = g¥ with
(15) a(X) = / a(Y)2re 2"X-YE gy = (a xT)(X).
RQT:,
Since for all oo € N7,
0%a = ax*0°T, ||0%| L~ < |la]lL=||0°T|zr and ||0°T ||z < +o0,
we first get that @ € S(A!, dX?) because from Definition 3.2.2, one has
lafl e < y0(a)Al.
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Then, since from Definition 3.2.2, Vxa € So(Al=2, A=1dX?), we deduce from
the identity, 0% (Vxa) = Vxa * 0°T, using the same estimate as before that

Vxa € S(A2,dXx?). O
LEMMA 3.2.3. — Ifa € S(A%,dX?) and b € S(A'2,dX?) then the symbol

do

1 .
R(X) = / / e~ TOXYX=2) (v )p(Z) dYdZ o,
0 ]Rzln

belongs to S(ALT!z dX?).

Proof. — Setting for 6 €]0,1],

daydz

Ro(a0)(X) = [ e o -mgyz) L,

R4n
we deduce from the theorem 18.5.4 in [7] that the bilinear map (a, b) — Ry(a, b)
from S(A";dX?) x S(A2,dX?) to S(Al+!2 dX?) is weakly continuous. Let us
assume that a and b belong to the Schwartz space S(R?*"). Using a change of
variables, we obtain that

Ro(a,b)(X) = / e me VD) (VoY + X)b(VOZ + X)dY dZ.

R4n
Since an explicit computation gives
An+2 An+2
1 (1+ | Dy |*"* |Dz|** )e—4i7ro'(Y,Z) _ o—dino(Y,2)
14+ |y|4n+2 4 |Z|4n+2 94n+2 94n+2 - ’

we obtain that

Dy |4n+2 D, |4n+2 Y
R M ]
R4"

y a(vVOY + X)b(v0Z + X)
1 + |Y|4n+2 + |Z|4n+2
and we can make some integrations by parts to obtain that
Ry(a,b)(X) =

/ o—dina(Y,2) (1 N | Dy |*"+2 |DZ|4”+2) [a(\/éy + X)b(VOZ + X)
Rén 24n+2 24n+2 1 + |Y|4n+2 + |Z|4n+2

dYdZ

} dydz.

It follows that we can write

e—4i7‘rU(Y,Z)
R b)(X) =
9(04’ )( ) /R4n 1 + |Y|4n+2 + |Z|4n+2

x Y fap 2V 9ea(VaY + X)0%(vVBZ + X) dv dz,

a,BEN2T
lel,|B]<4n+2
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where f, 3 are some C{°(R*") functions. Since a € S(A",dX?), b €

S(A!2,dX?) and
dYdzZ
/RM 1+ |V [int2 1 |Z]tn+2 < +oo,
we can differentiate with respect to X the integral of the previous identity and
we obtain after these differentiations that for all v € N?*, X € R?", A > 1 and
0 €]0,1],

0% Rala,5)(X)] < (n2)n ([ Wiz

pin 14 |Y]in+2 | Z[an+2 sup || fa,pllL>

«,BEN2N
laf,|B|<4n+2

x sup  Ay,(a)  sup  Au,,(b) Abtiz,
J<4n+2+|y] J<4an+2+|y|
Using the weakly continuity of the map (a,b) — Ry(a,b), we deduce from
these estimates that the symbol Ry(a,b) belongs uniformly to the class
S(Ah+2 dX?) with respect to 6 €]0,1] if a € S(A",dX?) and b € S(Al2,dX?).
It follows that R € S(Al+ dX?). O

LEMMA 3.2.4. — If a € S1(A,A"1dX?) and b € S1(1,A"1dX?) then there
exists a positive constant C such that for all A > 1,
1™, 0™V £ 22y < C,

Wick bWick

aWick’ bWick] and

where | denotes the commutator of the operators a

Proof. — We get from Lemma 3.2.2 that

(16) [aWick pWick] — [g¥ p¥] = a¥bY — b¥a¥ = (@# b—b#a)",
where @ € S(A,dX?) and b € S(1,dX?) are some symbols verifying
(17) Vxa € S(A?,dX?) and Vxb e S(A~7,dX?).

The composition formula (12) and some results of calculus in the Weyl quan-
tization (see the formula following (5) in [1]) show that in the normalization
chosen here, one has

(18)

(@#b)(X) =22 / e Wime XY X=2)a(y\p(Z)dY dZ = a(X)b(X) + Ry (X),
R4n

where

(19)

1
, I do
Ry (X) :22"/0 /R e X Do (Dy, D) [a(Y)b(2)] dY dZ g3,
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We deduce from the lemma 3.2.3, (17) and (19) that R; € S(1,dX?). In the
same way, one has

(20) b# a=ab+ Ry,
where Rj is a symbol in the class S(1,dX?). It follows from (16), (18) and (20)
that

[aWick pWick] — R with R = R; — Ry € S(1,dX?),

which by using the Calderén-Vaillancourt theorem proves the lemma 3.2.4. [

LEMMA 3.2.5. — Ifa € So(1,A"'dX?) and b € Sa(A, A~1dX?) are some real-

valued functions then there exists a positive constant C' such that for all A > 1,

”aWiCkaickaWick _ (azb)WiCk||£(L2) S C.

Proof. — We can apply Proposition 3.2.2 to obtain that
1
T
where ||S1]z(z2) < dnv0,0(a)y1,2(b) and d,, is a positive constant depending

only on the dimension n. Let us denote
1
4ar
Since a € S3(1,A"'dX?) and b € So(A,A"1dX?), we get that ¢ €
S1(1,A"'dX?). Tt follows from Proposition 3.2.1, (21) and the use of the
triangular inequality that

(21) o WickpWick _ [ab S dy i{a, b}} Wick S
4im

1
22 = " + —/{a,b}.
(22) c=—d W+ —{a,b}

(23)

[[eVikaWik 1 §1aWiK| 22y < le™IH | £pay la™ ¥ 22y + 11l 2zl | £ (r2)
(24) < |lellz=llallL= + dnyo,0(a)71,2(b)l|al Le-

(25) < (70,0(¢) + dny0,0(a)71,2(b))Y0,0(a) < +00.

Since A~tab € S5(1,A"1dX?) and Aa € Sy(A, A~1dX?), another use of Propo-
sition 3.2.2 gives
(26) (ab)WickaWick — (A—lab)Wick (Aa)WiCk
27) = [a% L (ab)a + - {ab ]WiCk s
( = la —47T(a .a +4i71_{a,a} + Sa,
where [|S2||z(z2) < dnv0,0(A7 ab)y1 2(Aa) < +o00. According to our assump-
tions, the symbol

1 1

——(ab)".a’ + —{ab
o (ab) ' + o {ab,al,
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belongs to the class S;(1, A~'dX?) and it follows from Proposition 3.2.1 that
(28) [I[~(4m)~*(ab)".a" + (dim) = {ab, a}]V'¥|| £12)
< yo,0( — (4m) " (ab)’.a’ + (4im) " {ab,a}).
Since we have from (21), (22) and (26),
o WickpWick (Wick _ (25 Wick _ () Wick Wick | Wick Wik | g Wick _ (427 Wick

1 r 1 Wick Wick  Wick Wick
= [— E(ab) .a —|—m{ab,a}} +85+c""a + Spa*™es,

we deduce from (23), (26), (28) and the use of the triangular inequality that
there exists a positive constant C' such that for all A > 1,

”aWickaickaWick _ (azb)WiCkHL(L?) S C. O

LEMMA 3.2.6. — Ifa € Sy o)44(A, A"1dX?) where [n/2] stands for the inte-
ger part of n/2 then there exists a positive constant C' such that for all A > 1,

”aWick _ aw||L(L2) § C
Proof. — As in (15), one has a"Vi%k = @* where

(29) a(X) = /R N a(Y)2re XY gy

Using a change of variables and a Taylor formula at the second order, we obtain
from (29) that
(30)

)= / a(Y + X)2"e 2Py = a(X) + / d(X).Y 2re 2Py
R27 R2

n

1
+ / / (1—0)a" (X + 0Y)Y22me 2"V gy 4p.
0 R2n

Since
Ye 2Py =0

R2n ’
it follows from (30) that
(31> aWick —a¥ =g¥ — q¥ = Rw’
where

1
(32) R(X) = / / (1—0)a" (X + 0Y)Y22me 21V gy qg.
0 RQ"’L

Since a € Sy 2144 (A, A~1dX?) and

/ Y2 2" VP qy < 400,
R2n
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we deduce from (32) that R € Syp,/9)12(1, A~ dX?) and we can apply the L?
estimate for Weyl quantization of Boulkhemair (Theorem 1.2 in [2]) to obtain
the existence of a positive constant C such that for all A > 1,

IRl c(z2) < C-
In view of (31), this ends the proof of Lemma 3.2.6. O

3.3. Another preliminary lemma

LEMMA 3.3.1. — If F € CY(R,C), « is a real-valued Lipschitz function and
G = F o « then one has

(33) &'(2) = F'(a(@)a (@),
for a.e. z in R if G, resp. o, stands for the derivative of G, resp. «, in the

distribution sense.

Proof. — To prove this lemma, it is sufficient to show that for all R > 0, the
identity (33) is fulfilled a.e. on | — R, R[. Let us consider R > 0. Since o' is
a L*°(R) function because « is a Lipschitz function, we can find a sequence of
CO(R,R) functions (uy)nen such that for all n € N,

(34)  lunllz=(-rmy < l0'le(-rm) and | lm un(z) = o/ (2),

for a.e. z in [—R, R]. We define for all n € N,

(35) an(z) = a(0) + /Oz un(t)dt, T € R,

and we obtain from (34) that a,, is a C1(R,R) function, which verifies for all
n €N,

(36)  llenllze(-rry < o'l (-rr) and  lim af(z) = o'(2),

for a.e. z in [-R, R]. Since we can easily check that the derivative in the
distribution sense of the function

/Om o (t)dt,

is equal to o', we deduce from the continuity of the function o that for all
z € R,

(37) a(r) = a(0) + / o/ (t)dt.
0
Using now (34), (35) and (37), we obtain from the Lebesgue convergence the-
orem that for all z € [-R, R],
(38) lim a,(z) = az).

n—-+4+oo
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If p is a C§°(] — R, R[,C) function and < -,- >p/ p denotes the duality bracket
between the distribution space D’ and the space of test functions D, one has

(39) <GLo>pp=—-<G,¢ >pp= —/ F(a(z))¢ (z)dx
R
(40) =— lim F(ay(z))¢ (z)dz,
n—-+4oo R

where the last equality is a consequence of the Lebesgue convergence theorem
since on one hand, the continuity of F' and (38) prove that for all z € R,

lim F(an(z))¢'(z) = F(a(z))¢' (2),

n—-+oo

because supp ¢ C] — R, R[ and that on the other hand, one has for all n € N,

(41) |F(an(2))¢(2)] < sup |F| |¢'(2)| € LY,
[—M,M]

because it follows from (34), (35) and the use of the triangular inequality that
(42) lenlloe (-r.R) < |a(0)] + Rl|lunllLoe-r.R) < M,
if M := |a(0)|+ R ||'|| Lo (r). We can now deduce from an integration by parts

and (39) that

<G,o>p p= lim F'(an(z))al, (z)e(z)dz = /RF’(a(a:))a’(x)cp(x)dx,

n—-+o0o R

where the last equality is still a consequence of the Lebesgue convergence the-
orem since on one hand, one has from (36) and (38),

(43) JimF(an(2)) e, (2)p(z) = F'(a(2) e’ (2)p(2),

for a.e. z in R because F’ € C°(R,C) and supp ¢ C| — R, R[; and that on the
other hand, one has from (36),

|F' (an(2)) oy () ()] < [ 81\14113\4] |F'| || oe (1~ r, m)) ()] € LY,

where M is the constant defined in (42). This proves that G’ = (F' o a)a’ a.e.
on [—R, R] and ends the proof of Lemma 3.3.1. O

4. Proof of Theorem 2.1.1

4.1. A preliminary reduction. — To prove Theorem 2.1.1, it is sufficient to prove
the following estimate : there exist some constants C > 0 and Ay > 1 such
that for all u € C§°(R™1) and A > A,

(44) 1Dy + iAg(t, A3 X)VHu | pagasry > CATT [Jul| 2 (gosy,
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where the variable ¢ is seen as a parameter in the Wick quantization of the
symbol q(t,A~2 X) (see Definition 3.2.1),

q(t,A—%X)Wickz/ q(t,A"2X)ExdX.

R2n
Indeed, let us assume that the estimate (44) holds and set
(45) Q(t, X, A) = Aq(t, A2 X).

We deduce from (3) and (45) that the function Q(t,-) belongs to the symbol

class Sopp /2144 (A, A~1dX?) uniformly with respect to the parameter ¢ in R (see

Definition 3.2.2),

(46) Q € Sapyo+a(A, AT dX?).

It follows from Lemma 3.2.6 that there exists a positive constant ¢y such that

forall A > 1,

(47) QWi — Q" z(z2y < co-

We deduce from (44), (45), (47) and the use of the triangular inequality that

for all u € C°(R™*1) and A > A,

[ Deu + iQul| L2 (n+1y > | Deu+ QY u 2@ty — QWM u — Q|| L2 (mn+1)
> (CA™F — co)|ul| p2(gnsry.-

This estimate induces that there exists Ag > Ao such that for all u € (Ofn (R*+1)

and A > Ao,

C

2

By setting hg = Ay Land h = A~1, we get from (48) that in the semi-classical

setting, one has for all u € C§°(R"*1) and 0 < h < ho,

(48) IDyu + iAg(t, A~ 2 X) ul| p2(grsty > = AT |[u]| 2 @niny.-

(19) Do+ iglt, b X) ullpaganssy 2 SR ful e
To obtain an analogous estimate for the operator hD; + iq(t,z, h&)"™, we use
the following symplectic linear mapping
xn(@,€) = (h?x,h712¢), (z,6) € R*".
Using the symplectic invariance of the Weyl quantization, it follows that
(50) hDy +iq(t, h**z, h/2€)" = U, ' (hDy + iq(t, z, h€)™) Uy,

where Uy, is the unitary operator of L?(R"*1), Upv(t,z) = h~%v(t,h~/%x).
Eventually, we deduce from (49) and (50) that for all v € C§°(R™*!) and
0 < h < hg,

Q

|hDyu + iq(t, z, h€)ul| L2@ns1) > —h ¥ [|ul| L2 (gnst),

2

TOME 136 — 2008 — N° 3



PSEUDO-SPECTRUM FOR A CLASS OF SEMI-CLASSICAL OPERATORS 349

which proves the estimate of Theorem 2.1.1.

4.2. Proof of the estimate (44). — To prove the estimate (44), we need to use a
phase space cut-off to study separately different regions depending on the size
of the function Q). Let us consider x a C*°(R, [0,1]) function such that

(51) x=0on]—o00,1], x =1 on 2,400,
and let us define the following C*° (R, [0, 1]) functions
(52) x1=x"and x2 =1 -7
which verify
(53) x1+x2=1onR, x3=00n]—00,1], x1 =1 on [2,+0oc[ and
X2 =1on]—o00,1], x2 =0 on [2,400].

Since the functions «;, j = 1,..., N, appearing in (6) are supposed to be Lips-
chitzian, we can choose a positive constant ¢y such that

(54) AN sup [|aj]| 7o (reny €0 < 1,
j=1,...,.N

where o stands for the gradient in the distribution sense of the function «;

and ||| Lo (g2n), the L>°-norm of its Euclidean norm. We define the following
symbols

(55)
Pa(t, X, A) = x(Q)(t, X, N)eg A1), Hy(t, X, A) = xa (Q}(t, X, A)eg 'A™Y)
and Ha(t, X, A) = x2(Q)(t, X, A)eg 'A7Y).
It follows from (3), (45) and (53) that
(56) Hy + Hy =1 and hy, Hy, Hy € Sop 943(1, A71dX?),
uniformly with respect to the parameter ¢t € R, and we deduce from (53) and
(55) that
(57) supp H; C {(t, X) € R*"*1 . Q}(t, X,A) > oA} and
supp Hy C {(t,X) € R* 1. Qi(t, X, A) < 2g0A}.

Step 1. The following lemma gives an estimate of the first term of the right-
hand-side of (10).

LEMMA 4.2.1. — There exists a positive constant c; such that for all u €
C§°(R™1) and A > 1,

(58) et A(HY ' Mu,u)pa(rnry < [|Dpu 4 iQY N ul| T2 gnsry + |ull72 gy
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Proof of Lemma J.2.1. — By expanding the following L?-norm, we obtain that
(59)

(D + QB kw2, = [|DuY 2 + 2Re(DhYu, QWY iekw)
(60) + ”QWickh}NickuH%2 > 2Re(Dth¥ViCkU, iQWiCkhYViCkU)L2

(61) = ([Dt, iQWiCk]h}ViCku7 hYViCku)LQa

since D; and iQWi°k are respectively formally self-adjoint and anti-self-adjoint
operators because () is a real-valued function (see the remark following the
proposition 3.2.1). Since according to (3) and (45), Q} € Sapn/2)43(A, A71dX?),

it follows from Lemma 3.2.5 and (56) that there exists a positive constant co
such that for all A > 1,

(62) 1R e(Q1) VR — (R2Q) ™K |22y < c2

Using that h}Vick is a formally self-adjoint operator because h; is real-valued
function, we deduce from the Cauchy-Schwarz inequality and (62) that

1

(63) (1D iQ Y 5, B0 = — (@) WA}, Bk,
1 Wick Wick , Wick 1 Wick C2 2
= g(hl (479 M R TR 1) g((thé) u,u),, — %HUHLZ'

Since from (52) and (55), h? = H;, we obtain from Proposition 3.2.1 and (57)
that

((h?Q;)WiCku’ u) L2(Rn+1) — (W*(thg)WU/, u) L2(Rn+1)

= (hIQiWu, Wu) 2 (gan+1y = / Hy(t, X, N)Q}(t, X, A)|®(t, X)|* dt dX

R2n+1

> go/A Hy(t, X, \)|®(t, X)|* dt dX

R2n+1
and
/ Hl(t,X,A)lq)(t,X)|2dth = (HiWu, WU)LZ(R2TL+1)
R2n+1
= (W*Hqu,u)Lz(Rn+1) = (H;NiCku, U)L2(Rn+1),

if ®(¢, X) = W (u(t,-))(X) where W stands for the wave packets transform in
the variable z. We deduce from (59), (63) and the two last formulas that

(64) EOA(HYViCku,u)Lz < 2r||(D; + iQWiCk)hYViCku”%z + 02||u||2Lz.
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Using now the proposition 3.2.1 and the triangular inequality, we obtain that
(65)
1(Dx + QW) hy o u 7,
(66)
< 2BVEE(D, + QW WYl 2. + 2Dy + QW BV Hu|2,
(67)
< 20|12 12y | Do + QW w72 + 4[|[Dy, Y K]u 72
+4[[Q™', VI H]ul|72
(68)
< 2|[h1 |2 [ Dew + Q¥ ul| 22 + 4[|[ Dy, by u| 2
+4)|[QK, 1K ul| 22,
where [P, Q] stands for the commutator of P and Q. Using again Proposition

3.2.1, we get that

: 1
(69)  [I[De, A" Mul| L2 = %H
Then, we deduce from Lemma 3.2.4, (46) and (56) that there exists a positive
constant cz such that for all A > 1,

. 1
(0ch) " ull s < o [|Bufal s ]

(70) 1@, h\fViCk]Hﬁ(LZ) < cs.
Since from (3), (45), (51) and (55),
(71) 0<h; <1and 8th1 € Sg[n/2]+2(].,A_1dX2),

uniformly with respect to the parameter ¢ in R, it follows from (65), (69) and
(70) that there exists a positive constant c; such that for all u € C$°(R™*1)
and A > 1,

(72)  call(De + QM)A ul|Ts < [ Dyu +iQ W N ullT2 + ulZo.
Then, we get (58) from (64) and (72). This ends the proof of Lemma 4.2.1. [J

Step 2. In this second step, we estimate the second term of the right-hand-side
of (11). This part of the proof uses some techniques developed by Lerner in [8].

LEMMA 4.2.2. — There exists a positive constant cs such that for all u €
C(R™1) and A > 1,

(13 s [ (X NIQU X N[0 X)PdeX
R2n+1

< |IDeu + QY ¥ u| 2 |lul| 2 + ||ul3-,
if ®(t, X) = W(u(t,-))(X).
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Proof of Lemma /.2.2. — For X € R?™ and A > 1, we define

(74) 0(X,A) =inf{t e R: Q(t,X,A) > 0},
if the set {t e R: Q(¢, X, A) > 0} is not empty, otherwise we set
(75) 0(X,A) = +oo.

According to (45), the assumption (4) of Theorem 2.1.1 implies that for all
X eR?™ and A > 1,

(76) Q(t,X,A)>0and s >t= Q(s,X,A) >0.

It follows from (74), (75) and (76) that for all (¢, X) € R*"*1 and A > 1, one
has

(77) Q(t, X, A)sgn(t — 0(X,A)) = |Q(¢t, X, A)],
where the function sgn is defined by
(78) sgn(z) = |;BT|7 z € R*, sgn(0) =0, sgn(—o0) = —1 and sgn(+o0) = 1.
We can now introduce the following multiplier
(79)  S(t,X,A) =sgn(t — 0(X,A))Ha(t, X, A), (t,X) e R A>1.
For u in C§°(R™*!), we obtain by the Cauchy-Schwarz inequality
(80) |Re(Dsu + iQW ¥ u, iSViky) 12| < || Dyu 4 iQ Vi u|| 2 | SViku|| 1
< | Dy + QW ul| 2 ull e,

because it follows from Proposition 3.2.1, (52), (55), (78) and (79) that for all
teR,

(81) 1S™R(E, Ml eep2@ny) < 1S (#s )l Lo geny < 1.

Since S is a real-valued function, SWik is a self-adjoint operator and we have
(82) Re(QWiCkU,, SVVicku)L2 _ Re(SWiCkQWiCku, U)L2

_ (Re(SWiCkQWiCk)U, u) .

Since from (46) and (81), S € L™ and Q € Sa[,/2+4(A, A"'dX?), we can apply
the proposition 3.2.2 to obtain using (81) and (82) that for all u € C$°(R™+1)
and A > 1,

(83) Re(Dtu + iQWiCk’u, iSWiCku)Lz(Rn+1) = Re(Dtu, iSWiCku)L2(Rn+1)

i 1 e, —
+ ((SQ)W Cku7u)L2(Rn+1) T in < [Qx (t,).8% (t,)1V'*u,u > S/ (Rr+1) S(Rn+1)

+ /]R (R(t)u(ta ')a u(t’ '))LQ(Rn)dt7
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where for all t € R,
IR cz2@ny) < dnllSE, )l Lo ®2n)71,2(Q) < dn1,2(Q)

and

0 oQ
gl 9 oW\ _ % 1 (2n+1
(84) Q.S = aX‘(S 8X> S Trace(QY x) € S'(R*").
Let us now estimate the four terms of the right-hand-side of (83). Using the
Cauchy-Schwarz inequality and the previous estimate, we get for the last one

that for all u € C§°(R™™!) and A > 1,

[ (RO, 0(09)

For the first term, we obtain from Proposition 3.2.1 that

(85)

< dn’71,2(Q)”u”%2(R"+1)‘

(86) Re(Dtu, iSWiCku)L2(Rn+1) = Re(Dtu, iW*S Wu)Lz(Rn+1)
= Re(D:Wu,iS Wu)Lz(R2n+1) = Re(D:®,1S Q)LZ(R%H):

if ®(¢, X) = W (u(t,-))(X). A direct computation using (79) and an integration
by parts gives

(87)
1
Re(Dy®,iS ®)paansty = 5~ | Ha(8(X, ), X, A)|B(8(X, A), X)[PdX
R2n
* ﬁ/ O Hs(t, X, M)sgn(t — (X, A))|®(t, X)|* dt dX.
R2n+1

Since from (3), (45), (53) and (55), one has for all (¢, X) € R?"*! and A > 1,

|0:Ha(t, X, A)sgn (t—0(X, A))| = 5 g (t, A"2 X)| [x5(Q4(t, X, A)eg 'A™Y) |
< e gt e IXall = < +oo,
we first obtain that there exists a positive constant cg such that for all u €
C§°(R™1) and A > 1,
1
(88) ‘—/ 0, Hy(t, X, N)sgn(t — 0(X, A))|®(t, X)[2 dt dX
4m R2n+1

< ||| 72 mant1y = CollWullZaganstsy = collullF2(mnrry,
because according to Proposition 3.2.1, W is an isometric mapping from L?(R?)
to L?(R%") and we deduce from (86), (87) and (88) that
(89) Re(Dyu,iSVi%y) 2 >
1

° Hy(0(X,A), X,A)|®(0(X,A), X) [2dX — co|jul|2e.
R2n
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For the second term, we deduce from Proposition 3.2.1 that

(90) ((SQ)WiCku7u)L2(Rn+1) = (W*SQ Wu, U)Lz(R"Jrl)

= (SQ Wu, Wu)p2(gant1) :/ Ho(t, X, N)|Q(t, X, )| |®(t, X)|* dt dX,

R2n+1
if ®(t,X) =W (u(t,-))(X), because according to (77) and (79),
SQ = H, sgn(t —-6(X, A))Q = H5|Q)|.

For the third term, we first deduce using the triangular inequality, (46) and
(81) that

(91) S Trace(Q% x )|l Loe (r2n+1) < 2171,2(Q).

Using the Cauchy-Schwarz inequality, the proposition 3.2.1 and (91), we get
that for all u € C°(R™*!) and A > 1,

(92) | < [S Trace(Q'x x)]Vi%u,w >sr.s | = |([S Trace( ) Vik e, w) o
(93) < |I[S Trace(Qx x)1™ ™ ull2||ull L2 < |I[S Trace(Q% x)I™' |l £z lullZ

(94) < |IS Trace(Q% x)llz= llulf < 2n71,2(Q)ull.

In the following, we need to study the distribution

0 oQ
aTc'(S ax)’
to estimate the term
0 8@ Wick _
(95) [ﬁ<5 ﬁ)] U, U > 5/ (Rn+1), S(R+1) -
Let xo : R — [0, 1] be a C* function such that
(96) Xo = 1 on [—1,1] and supp xo C [~2,2].
Setting
_ 0 1 12yq 9Q _ 9 1 12yq 9Q
(97) To = ﬁ-(X0(|QX| )S ﬁ) and 7 = ﬁ-(wo(@ﬂ )S ﬁ)a
where wg = 1 — X0, one has
0 0Q
(98) 87(3 67) —7’0'{‘7_]_7

with 79 € &'(R?"*1) and 7, € S'(R?"+1).
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Estimate of < 70V1%u,u >g/ 5. We deduce from (97) and the remark following

the definition 3.2.1 that
(99)

Wick
<7y

(100)
9 d
B / X (XO(|QX| )8 ag) (Bvult, ) ult ) g2y >s@3).smer) dt

(101)
) 0Q 0
= = [ x0lQxP)S G [(Exutt, ), ult,)iaen)] dedxX.

u, U >Sl(Rn+1),S(Rn+1)

To evaluate (99), we need to use the following lemma.

LEMMA 4.2.3. — There exists a constant D,, depending only on the dimension
such that for all a in L= (R?"™) and for all j = 1,...,2n,

0
/Rzn Ot( )aY (Ey)dY S Dn”a”Loo(RZn).

L(L?(R™))

See (6.10) in [8] for a proof of this lemma.

Since from (96), supp Xxo C [—2, 2], we notice from (81) that one has

(102) o (1Q% )8 1Q%! llz= < V2Ixoll L=

Then, using successively the triangular inequality, the Cauchy-Schwarz inequal-
ity, Lemma 4.2.3 and (102), we deduce that there exists a positive constant ¢z
such that for all u € C§°(R?*"*!) and A > 1,

(103)

0 0
/]Rzn_'_1 X0(|QfX|2)S 8%67 [(Exu(t’~)’u(t, '))L2(]R")] dth‘

L2(Rn+1)

)
= [([ [ o005 P)ste) 520 @xax]ua)
)

IA

i_nj ([, xol@xaP)see) gt )z Eaxfus) ,
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(106)
2n
oQ d
< ! N2 . N 22 .
< ;H/R xo(IQ(5IP)S) 536 (Ex)dXHﬁ(Lz)HuHL .
(107)
< erllulli..

Eventually, we deduce from (99) and (103) that for all u € C§°(R"*!) and
A>1,

(108) | <70V %u, U > 5 (mntr), s@nr) | < crllullFzgniny-

Estimate of < 7Vi%u, @ >g/ 5. Let us set
(109) S(t,X,A) = sgn(t — 0(X, A)).

We get from (79) that S = H,S, and we deduce from (97) and the fact that S
is a zero order distribution that

_ 9
T aX

- oQ S
! 12 i Ahded
)8+ wolIQ ) Ha 552

0Q

(110) m oy

(wo(|Qx %) Ha
Since from (96) and (97), the support of the function wy is contained in [—2, 2]

and 0 < wy < 1, we get using the triangular inequality, (46) and (56) that for
all (¢,X) € R**! and A > 1,

(111)
0 0
|- (wo1Q ) E 52| < 2l (1@ ) H Qi (@, Q)
0H, 0
(112) + o Qi ) Ho Trace(@x)| + [wo(1Q[?) Sz 22
(113) < 4wl zey0,0(H2)71,2(Q) + 2n[lwo |l Loov0,0(H2)71,2(Q)
(114) + [lwollL=70,1(H2)71,1(Q) < +o00.

It follows from (109) and (111) that there exists a positive constant cg such
that for all A > 1,

(1) o (st 523 .. <
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We deduce using the Cauchy-Schwarz inequality, Proposition 3.2.1 and (115)
that for all u € C§°(R?>"*!) and A > 1,

(16) | < [ (wollQkP)E S o)
117) = |([ oz (wo(@4I? aQ)S]W‘Cku,u)

(118) < HaX (wo(IQxl) ) } )
3"

w9 < [ (e 225,
(120) < || 5% (wollQx ) 55 )8 < oy 1) < csllulFagan

1 Wick B
S:| U, U > g/ (Rn+1),S(Rn+1)

L2(Rn+1)

CQz

Lz(Rn+1)|lu||L2(R"+l)

HUH%Z(R"H)

862

To study the second term in the right-hand-side of (110), we first prove the
following lemma.

LEMMA 4.2.4. — One has the following inclusions
supp S% C {(t, X) € R>""! . Q(t, X,A) = 0}
and

0Q 95
(121) supp (wo(1Qx )z 52 02)

K={(tX)eR™™1:Q(t,X,A) =0,|Q%(t, X, A)| > 1 and Q}(t, X,A) < 2c0A}.
Moreover, the distribution §(Q)wo(|Q'|?) is well defined on R?*"*1 and one has

, 0Q 88 , :
wo(1Q ) Hy 5o 0% = 25(Q)I Qs Pun(|Qx ) H

Proof of lemma /.2./. — Since from (77) and (109), S =1on{Q >0} and
S = —1 on {Q < 0}, the support of S% is included in {(t,X) € R?**1 .
Q(t, X,A) = 0}. Moreover, since from (96) and (97), supp wo C|] — oo, —1] U
[1, 400, and from (57),

supp Hy C {(t, X) € R*™1 . Q(t, X, A) < 2g0A},
we deduce that the support of the distribution
Q 88
wo(|Q% ) H2 X 09X’
verifies the inclusion (121). Since from ()) (6), (7), (8) and (45), one has

((t, X) € RZ*1 . Q(t, X, A) U X),X) : X € R>),
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it follows that for all A > 1 the Lebesgue measure in R?"*! of the set
{(t, X) e R¥"*1: Q(¢, X, A) = 0},

is zero and we get from (77) and (109) that S is equal to the L° function
Q/|Q| and

0Q 85 0Q 0 < Q )

/12 % I /12 i 2 2

(2 unllQx)H: Gge = wnllQxP)H G ().

We denote by 6(Q) the pullback of g the Dirac measure at 0 in D'(R) by Q.
This distribution §(Q) = Q*dy is well defined on

(123) Q= {(t,X) € R 1 |Q (t, X, A)| > 0}

and one has on €2,

9 ( Q ) 9 oQ ., oQ

_— —_— = — = — = 27

ax \[g]) ~ ax (@7sgn) = o5 Q" (9sgn) = 25-6(Q),
which induces from (122) that

0Q 95

(124) wo(|Q'x ) Ha X X 20(Q)|Qx *wo(1Q'x [*) Ha,
on . Since from (96), (97) and (123),
(125) supp wo(|Qx[*) C &,
we deduce that the distribution 26(Q)|Q |*wo(|Q|*)H2 is well defined on
R?"*1 and that the identity (124) is fulfilled on R?"+1. O

We deduce now from the remark following the definition 3.2.1 and Lemma
4.2.4 that

oQ 08 1Wick
(126) < w0(|Q’X|2)H2 ﬁﬁ] U, U > g5/ (Rn+1), S(Rn+1)
(127)
, 0Q aS
= < wo(|Q%|*)Hz X X (Exu(t, ), u(t, '))Lz(Rn) > 5/(R2n+1),S(R2n+1)
(128)

= <26(Q)|Qx Pwo(IQx [*)Ha, | B >/ (man+1) s(m2n+1)
because (Zxul(t, -),u(t,-))Lz(Rn) = |®(t, X)|? according to Lemma 3.2.1 and
(14) if ®(t, X) = W(u(t,-))(X). To estimate (126), we need to prove the

following lemma.

LEMMA 4.2.5. — For all A > 1 and (¢t,X) € {Q = 0 and |Q’x| > 1/2}, we

have )
1
5 < Q% (t, X, A)| <A™Z sup |}l Lo (mon) Qi (t, X, A).

j=1,...,N
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Proof of Lemma /.2.5. — Let (ty, Xo) € R?"*! such that

(129) Q(to, Xo,A) = 0 and |Q (to, Xo,A)| > %

It follows from (5), (6), (7) and (45) that there exists jo € {1, ..., N} such that
(130) to = aj, (A7 Xo).

Since from (6), (8) and (45), one has for all j € {1,..., N}, X € R?™ and A > 1,
(131) Q(a;(A"2X),X,A) =0,

we obtain from Lemma 3.3.1 that
(132)  Q(aj(A™2X), X, A) (A2 X)A™% + Q'y (e;(A"2X), X, A) = 0,
for a.e. X in R?", which induces that
(133)
Q' (a;(A72X), X,A)| < A2 sup [[05]] oo (r2my | @ (a (A™2 X)), X, A) |,
J=1,

for a.e. X in R?". Then, we first notice that the continuity of the functions
in the previous estimate proves that in fact this estimate is fulfilled for all
X € R?™. We obtain from (129), (130) and (133) that

1 _1

5 <1@x(to, Xo, ) S ATH sup flafllpoman) Q) (b0, Xo, A).
To end the proof of this lemma, it is sufficient to check that Q} (¢, Xo,A) > 0.
This is the case because if Q}(to, Xo,A) < 0, we would deduce from (45) and
(129) that the function

t— q(t, AféXo),

would change sign from positive values to negative ones at the first order in g,
which is not possible in view of the assumption (4). O

Since from (52), (55), (96) and (97),
(134) 0< Hy <1, 0<wy<1andsupp wy C|] — 0o, —1] U [1, +oo],
we deduce from Lemma 4.2.5 that
(135)  0< <20(Q)|Q% [Pwo(|Qx ) H, |2|* >51,s
(136) <2070 sup[lagllie < 8(Q)(Q)) wo(|Qx*) Ha, |2 >ss

J=1,..,
(137) <deg sup ol Zee < 8(@)Quwo(IQx ) H2, |2 > 51,5,

J=1..,
because according to (57), Q}Ha < 2e9AHz. Let (tg, Xo) € R?*! and A > 1
such that

(138) Q(t07X07A) =0 and |QiX(t0aX0uA)| Z

N | =
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The result of the lemma 4.2.5 implies that

(139) Q; (to, Xo, A) > 0.

Since from (46), Q € C2*/2+4(R?"+1) we can apply the implicit function
theorem to get 5 a C2*/2+% function defined on an open neighbourhood V;
of X such that for all X € Vj,

(140) Q(A(X), X,A) = 0 with to = A (Xo).

Using a Taylor formula at the first order, we deduce from (140) that for all
(t,X) e Rx W,

(141) Q(t,X, A) = Q(t7X7 A) - Q(éA(X)vX’ A)

(142) = (/ Q,((1 = 8)0A(X) + st, X, A)ds) (t — A (X)).
0
Setting
(143) g(t, X, \) = /1 Q,((1 - 8)0a(X) + st, X, A)ds,
0

we deduce from (138), (139) and (140) that there exists an open neighbourhood
Qo of the set {Q =0 and |Q’y| > 1/2} such that

(144) Qo C {|Qx| > 0},

(145) g € C?"/A+3(Q), g > 0 on Qg and Q(t, X, A) = g(t, X, A) (t—05(X)),

on Qp. It follows from (77) and (145) that for all (¢, X) € Qp and A > 1,
Oa(X) = 0(X,A) and Q(t, X, A) = g(t, X, A) (t — 0(X, A)).

This induces that the function (t, X) + t —0(X, A) is C?"/2+4 on Q and that

(146) H(Q(t, X,A)) = H(t — (X, A)),

on o, where H stands for the Heaviside function. By differentiating (146)
with respect to t, we obtain according to (144) that on Q,

(147) Q; 6(Q) =46(t —0(X,A)).
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Since from (96) and (97), supp wo(|Q’x|?) C {|@’x| > 1}, we deduce from (134),
(144) and (147) that

(148) < 8(Q)Quwo(IQx[*) Hz, |2]* >51,5

(149)

= <Ot = 0(X, 0)wo(|Qx ) Ha, |0 >s1,
(150)

= /]R?" w0(|QIX(0(XaA),X,A)|2)H2(9(X,A),X’ A)|<I>(9(X, A),X)|2dX
(151)

</ Hy(0(X,A), X,A)|®(0(X,A), X) > dX.
R2n

We obtain from (126), (135) and (148) that

aQ 88 1Wick
/7|2
(152) | < [woll@xH: Gz gv|  wE>ss|
< 4gy sup ||a;||%m/ Hy(0(X,A), X,A)|@(0(X,A), X)PdX.
i=1,.., R2n

Using the triangular inequality, it follows from (54), (98), (108), (110), (116)
and (152) that

o 0Q\Wick
153) < [gx(Sgx)]  wEss|
(154) < 4gy sup ||a;||§oo/ Hy(0(X,A), X, A)|®(0(X,A), X)[?dX
j=1,...,N R2n
(155) + colull
(156) < [ Ha(6(X,4), X, A)[@ (60X, A), X)X + eolluls,
R2n

where cg = ¢7 + cs. Using again the triangular inequality, we obtain from (83)
and (90) that

(157)
Re(Dyu,iSV % u) 12 + ((SQ)WV'™u,u) , < |Re(Dyu + Q"' u,iSVi%u) 1|

1 ic =
+ E| < (QIXSS()W kuvu >s',8 I + ’ /]R (R(t)u(ta ')au(t7 '))L2(Rn)dt’~
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Using always the triangular inequality, we deduce from (84), (92) and (153)
that

1 : 1
(158) | < (Qx-S%)"V'¥u, T >s5 | < .~ (2n71.2(Q) + co) [[ullZ
4 4
1 2
+— Hy(6(X,A), X,A)|®(0(X,A), X)|?dX.
47N R2n
Finally, we obtain with (80), (85), (89), (90), (157) and (158) that

1

or | Ha(0(X, ), X, A)[®(0(X, A), X)|*dX — co|ullZ:
R2n

[ m X M X A )P drax

R2n+1
n
2
1 2 1 2

¥ ool + o /R  H (60X, 4), X, )@ (6(X, A), X) PaX,

< Do+ i@V ullalfull 2 + (5= + dn ) 112(Q) ull3

which induces, since from (6), N € N*, that there exists a positive constant ¢
such that for all u € C§°(R"!) and A > 1,

[ B x.00@0 X, M0, X0 dedx
R2n+1

< IDyu + Q™ ul 2 [[ul 22 + crollulZo-

This ends the proof of Lemma 4.2.2. O

Step 8. In this third step, we estimate the first term of the right-hand-side of

(11).

LEMMA 4.2.6. — There exist some positive constants c11 and Ay > 1 such
that for all u € C§°(R™1) and A > Ao,

(159)

Aﬁ/ Hy(t, X, N)|®(t, X)|?dtdX < c11||Deu + iQWVi%ul| 2 ||ul| 12
{lQI<At/(N+1)}

1 1
+Cll||ul|%2+011 / HZ(t7X7 A)'Q(ta Xa A)||(I)(t7X)|2dth+§A N1 ||U||%2,
R2n+1
if ®(t, X) = W (u(t, ) (X).

Proof of Lemma 4.2.6. — For A > 1, let us consider the set
(160) Er ={(t,X) € R*"*1 . |Q(t, X, A)| < AF+T}.,
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If (t,X) € Ej, it follows from (45) that
(161) lg(t, A"3 X)| < A~ %41,

Since from (6), N € N*, we deduce from (5) and (161) that there exists a
constant Ag > 1 such that for all A > Ay,

(162) Ep C [-A, A] x R?™,
Then, using (6), (7), (161) and (162), we obtain that if (¢, X) € Ex and A > Ao,

N
1\4()1_[|t—0[J 2X)|<e 1_[|t—0[J %X)|<A_NJX-1’

which implies that there exists jo € {1, ..., N } such that

(163) ME |t — ajy (A3 X)| < A5

Let us consider x3 a C§°(R, [0, 1]) function such that

(164) supp x3 C [-2,2] and x5 =1 on [—1,1].

We deduce from (163) and (164) that for all (¢, X) € Ep and A > Ay,

N
1< ZX3(
j=1

which implies according to (160) that

¥ (t — a; (AT X)),

(165) A / Hy(t, X, A)|®(t, X)|2dtdX
{lQl<Al/ (v}

< Z/ AR Hy(t, X, A)xs (M AV (t—a (A3 X)) |(t, X) 2dtdX.

2n+1

Let jo € {1, ..., N}, we define the following multiplier
t 1
(166) m(t, X,A) = Ha(t, X, A)/ AT g (MY AT (s — aj (A2 X)) ds.

Using a change of variables, we first notice from (134), (164) and (166) that
for all (t,X) € R*"*! and A > 1,

1

1 N (t— a]O(A ZX))
(167) m(t, X, A)| < M ¥ / () du
(168) <My ﬁ/ u)du < +00,
ie.,

1
(169) Ml Loo m2n+1) < My ™ [Ixsll 1) < +oo.
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One has from (166) that

(170)  ymlt, X, A) = Hy(t, X, A)A T s (Mg¥ AW (t — oy, (A% X))

where

(171)
A(t, X, A) = 8, Ho(t, X, A / AN+1 X3(M%AN+1 (s — Ole(A_§X)))d8.

Since from (45) and (55), a direct computation gives
BHa (8, X, M)] = X6 (4t X, Ao A1) QU 8, X, A)eg A
= |X/2(Q:&(th7 A)EalA_ )qtt(t A~ 2X)50 1| <& 1||X2||L°°(R)||qtt||L°°(R2"+1)7
we deduce using the same change of variables as in (167) from (3) and (53)
that there exists a positive constant cio such that for all A > 1,
1
(172) || Al poe rznt1) < €5 Mo ™ lIxalln @y Ixall oo ) gt Lo (r2nt 1) < cr2-

We also need to make some estimates on the gradient of the multiplier
m(t, X, A) with respect to X. We get from (166) that

(173) m’X(t,X,A) =B(t,X,A)+ C(t, X, ),
where
(174)
t 1 1 1
B(t,X,\) = Vx H(t, X, A)/ AN x5 (MY AW (s — ajy (A2 X)) ds
and

(175) C(t, X,A) = —Ha(t, X, Ao, (A"2 X)

[ e

According to (164), we can compute the integral in (175) to obtain that

C’z\.a

Xo (M AR (5 — ajy (A3 X)) ) ds.

1

(176) C(t,XaA) = _HQ(taXaA)a;O(A_%X)Aﬁ_E

% x3 (MZ" A™F (t — a;, (A% X)),

because

d L 1 1 L 1 L 1 1
[ (M A (=, (A5 0)) | = METATFT N (M5 AT (503, (A7)
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Using (46), (56), (174) and the same change of variables as in (167), we get
that for all A > 1,

(177) |B-Q'x || oo (2n+1) < Yo,1(Ha)A™% M, N||X3||L1 JAZy11(Q)

(178) < 701 (H2)y1 1 (Q)My ™ [xallza gy < +00.

To estimate the term ||C.Q' || o (r2n+1), We start by using the Taylor formula
at the first order to write that

(179) Q'x(t, X, A) = Q'X(ajO(A—%X),X, A)

/ Qe (1~ )z, (A4 X) + st, X, A)ds) (¢ — a5, (A1 ).
Since from (3) and (45),
(180) Qi € Soiny2)+3(A, ATdX?),

uniformly with respect to the parameter ¢ in R, we deduce using the triangular
inequality and (179) that for all (¢, X) € R+ and A > 1,

(181) |Qx (£, X, A)] < 1Q'x (e (A™2X), X, A) |+ 1,1 (QAZ [t — ajy (AT X))

Then, we obtain using (176), (181) and the triangular inequality that for all
(t,X) e R* 1l and A > 1,

(182) |C(t, X, A).Q% (¢, X,A)| < D(t, X,A) + F(t, X, A),
where
(183) D(t, X,A) = AFT 2|, || oo (eny Ha(t, X, A)
x xs (MY AT (8 — 0, (A2 X)) Q' (s (A" X), X, A)|

and
(184) F(t, X, A) = AV o, || oo ren) Ha(t, X, A)

X s (MY AT (£ — ajy (A~ X)) ) 91,1(Q)) [t — gy (A X))
Since from (164),

1 1
AWt — ajo (A~ X) | xs (Mg” AV (t — az, (A% X))
< lexs(@)|| Lo @yMy ¥ < +o0,

we deduce from (134) and (184) that there exists a positive constant c¢13 such
that for all A > 1,

(185) ||F||L00(R2n+1) < ||0zjo||Loo(R2n)||$X3(.T)||Loo(R)M '71 1(Qt) <c3.
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To get an upper bound on the L*-norm of D, we first notice from (132) that
we have

(186) Q) (vjo(A"2X), X, A)el; (A"2X)A™% + Q' (s (A"2X), X,A) = 0
for a.e. X in R?". Tt follows from (56), (183) and (186) that for all A > 1,
(187) | D]l poe (r2n+1) < Aﬁ‘lllagolliwm)
x| ot X, A)xa (Mg AT (1, (A5 X)) @) (s (A7 2X), X, A) | s
Since from (3) and (45),

Q1 € Sajny212(A, ATHAX?),

uniformly with respect to the parameter ¢ in R, we can use that
Qi (0o (A2 X), X, A) = Qi(t, X, A)
/ Q4 ((1 = 8)t + sajo (A™2X), X, A)ds) (o (A™2X) — 1),
to obtain that for all (¢, X) € R?"*! and A > 1,
(188)  @Q;(aip (A5 X), X, A) < Q4(t, X, A) + m,0(Q7)Alt = ajy (A7FX)].
Now, we get from (76) that for all X € R?" and A > 1,
(189) Q) (ajo (A2 X),X,A) >0

- -1 -
because, if there exist Xy € R?" and Ay > 1 such that Q) (ajo (Ag 2 Xo), Xo, Ao)
< 0, we will obtain from (131) that the function

t— Q(ta XOyAO)v

changes sign from positive values to negative ones at the first order in t =
S_1
oo (Ay 2 Xp), which is not allowed according to (76). It follows from (134),

(164), (188) and (189) that for all (¢, X) € R**! and A > 1,
(190)  |Ha(t, X, A)xa (Mg" AW (t = 0y (A2 X))) @ (ajy (A2 X), X, A)|
(191)

— Ha(t, X, N)xs (M AT (t — oy (A2 X)) Q4 (0o (A2 X), X, A)
(192)

< Ha(t, X, N)Q;(t, X, A)

(193) + x5 (MY AT (£ — 0, (A3 X)) 71,0(Q1)Alt — ajy (A7E X)),
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because 0 < Hy < 1 and 0 < x3 < 1. Since from (57) and (134), one has for
all (t,X) € R?™™! and A > 1,

HQ(t, X, A)Q;(t,X, A) S 2€0AH2(t, X, A) S 2€0A,
and that
X3 (M AR (t—aj, (A~ X)) |t—ajo (A7 2 X)| < A"F T My ™ [laxs (@)l 1o ),

we deduce from (164), (187) and (190) that there exists a positive constant ¢4
such that for all A > 1,

(194)

| Dl oty < AT, |3 (2204 + ATy 0 QUM ™ laxa(@) o w)
(195) < 260AFF [l |2 + cra.

It follows from (182), (185) and (194) that for all A > 1,

(196) 1C.-Qx [l (mans1) < 20l || AFF + c13 + caa.

Using the triangular inequality, we finally obtain from (54), (173), (177) and
(196) that there exists a positive constant c;5 such that for all A > 1,

1
(197) I -Q'x | Lo (r2n+1) < 2e0]la, |20 AFFT + 15
1 1
198 < ——ATH 4 ¢y5.
( ) =oN C15
We can now use our multiplier mWick to get that

(199) 2Re(Dyu 4 iQWVi%*u, imWVi%*y) > = 2Re(Dyu, im"V % u)

+2Re(QWVi%*u, mWViky) o = ([Dy, imVi®|u, u) 242 (Re(mWiCkQWiCk)u, u) 29

Wick Wick

because, since m is a real-valued function, the operators m and im
are respectively some self-adjoint and anti-self-adjoint operators. Using the
Cauchy-Schwarz inequality, we first obtain from Proposition 3.2.1 and (169)
that there exists a positive constant c;g such that for all u € C§°(R™*!) and
A>1,

(200) 2|Re(Dyu + iQWVi%u, imWViky) 12| < 2| Dyu + QWY ul| 2 ||mWVikuy)| 12
< 2fm poe || Dew + QY ul 12 [lull 22 < cr6]| Dew + Q™ ull pa]|ul| 2.

Then, since from Proposition 3.2.1, one has

- i 1 i 1 *
([Dt,zmw Ck]u,u)Lz = g((atm)w Ky, u)pe = E(W (Oem)Wu,u) 2 mnt1y
1

27‘(’ R2n+1

1
= 27 (atm W’LL, WU)LZ(RWLJA) = 8tm(t, X, A)lq)(t, X)|2 dt dX,
™
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if ®(t,X) =W (u(t,-))(X), we deduce from (170) that

(201)  ([Dys,im™Viu, u) - A(t, X, M) |®(t, X)|* dt dX

2 R2n+1

1

2T R2n+1

AT Hy(t, X, A)xs (M7 AT (t—0go (A75)) [@(t, X)| dt dX.
Since from (172),

1 1
P / At X, M)|0(t, X dedX | < ]| Al / @ (t, X)[? dt dX
2T R2n+1 2 R2n+1

C12
2

C12

< ||Wu||i2(]R2n+1) = g”u”%ﬂ(R"*l)’

because W is an isometric mapping from L*(R?) to L%(R%"), we obtain from
(201) that for all u € C§°(R™*!) and A > 1,

(202)  ([Ds,im"i*u, u) 2 >

1 1 - 1 1
5 / AN Hy(t, X, A)xs (MO}VAW1 (t —ajo(A72X)))|®(t, X)|? dtdX
™ R2n+1
C12
- §||U||?:2~

Now, according to (46) and (169), we can apply the proposition 3.2.2 to obtain
that

(203)
i i i 1 i
(Re(mw ckWickyy,, u) 2= ((mQ)W Ky, u) LT ((m'X.Q’X)W Ky, u) 12
+ /]R (R(t)u(ta ')a u(ta '))Lz(Rn)dty
where for all £ € R,
_1
(204) IR 2 ®ny) < dnMy N X3l L1 @)711,2(Q) < +o00.

We deduce from the Cauchy-Schwarz inequality, Proposition 3.2.1 and (197)
that

(205) | ((m%-Q%) Wi u, u) o] < [[(m%-Q%) Vi ul| L2 [l 2
(206) < l(mlx- Q%) V¥ £ (z2) lull 72
(207) < [l Qxllzellull7-

| 9
(208) < (507 + ) lula.
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We also deduce from (204) that there exists a positive constant ¢17 such that
for all u € C°(R™*!) and A > 1,

(209) ‘/R(R(t)u(t, ), ult, ‘))LZ(R")dt| < /R”R(t)HE(L?(Rn))”u(tv ')||2L2(Rn)dt
(210) < curllullZs.

Since from Proposition 3.2.1, (134), (166) and (167),

(211) |((mQ)Wi°ku, u)L2| = }(W*(mQ)Wu, u)L2|

(212) = |(mQ Wu, Wu)ps| = ‘/RH mQ|<I>|2dth’

@) < [ H XM X MM, ¥ sl |26 X)P didx,
R2n+1

if ®(¢, X) = W(u(t, ))(X), we deduce using the triangular inequality, (203),
(205), (209) and (211) that there exists a positive constant ¢ig such that for all
u € C°(R™1) and A > 1,

ic ic 1 1
(214) | (Re(m™ QY *)u,u) | < cxsllulfs + g5 AT s

+c18/ Hy(t, X, N)|Q(t, X, A)||®(t, X)|? dt dX.
R2n+1

Then, using again the triangular inequality, it follows (199), (200), (202) and
(214) that there exists a positive constant cj9 such that for all u € C$° (R 1)
and A > 1,
(215)

1

2w R2n+1

(216)

L 1

AT Hy(t, X, A)xs (M AT (£ — (A2 X)) | (8, X)* dt dX

Wi 1 1
< c19]| Dyu + iQV' ¥ u| 2 ||ull 22 + cxollullZ. + mAN“ lul|32
(217)
e [ (X NIQE X, A8 X drdX.
R2n+1

We finally deduce from (165) and (215) that there exists a positive constant
c20 such that for all u € C$°(R™*1) and A > Ay,

AN / Hy(t, X, N)|®(t, X) |2 dt dX < cool| Dyu+iQ V% u|| p2||u|| L2
{IQI<AY/ (VDY

1
besolullZat gATT fullbeno [ ot X, DIQE X, Dl[0( P dedX,
+1

R2n
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which ends the proof of Lemma 4.2.6. O

Last step. Using the first three steps, we can now prove the estimate (44).
We first use the phase space cut-off (56) to obtain using Proposition 3.2.1 and
Lemma 4.2.1 that for all u € C§°(R"™1) and A > 1,

(218) A [[u||2. = AV (HY %0, u) 2 + AFF (HY %0, u) 2
< (:I_IA_NLJr1 | Dyu + iQWiCkuHQLz + cl_lA_NLJrl ||’U,||%2 + AN (H;’ViCku, u)pz.

Using Proposition 3.2.1, we get that

(219) AT (H;)ViCku, U)LZ(Rn+1) = Aﬁ(W*HQWU, U)LQ(R"+1)

= AN (Hy Wu, W) 2 (gant) = Aﬁ/ Hy(t, X, N)|®(t, X) > dtdX,

R2n+1

if ®(t,X) =W (u(t,-))(X). We can now use the following L?-norm splitting

AN+1/ H2|¢|2dth:Aﬁ/ H,|®|? dt dX
R2n+1 {|Q|<A1/(N+1)}

4+ AV / Hy|®|? dtdX
{1QI2AV/ ™ +D)

gANL/ Hy|®|? dtdX
{lQl<Al/(v+1}

+/ Hy|Q||®|* dt dX,
]R2n+1

to deduce from Lemma 4.2.2, Lemma 4.2.6 and (219) that there exists a positive
constant cp; such that for all u € C§°(R"*1) and A > Ay,

(220) AT (HYVu,u) 2 < ean || Do+ iQ W Mul o |ul L2 + e ull3s
1, 1
+ AT Jul .

It follows from (218) and (220) that for all u € C§°(R™*!) and A > A,

(221)  SANF uf2s < ¢ ATV | Dyu + iQWViky |2,

N | =

. i — N
+ eanl| Dy + QY ul pa [lull g2 + (7T AT + ca)lul| .

Since from (6), N € N*, we deduce from (221) that there exist some positive
constants cap and A; > 1 such that for all u € C§°(R™*!) and A > Ay,

ConA™ T [|ul32 < A”FT | Dyu + QW u 2 + | Dy + iQ WV Mu 2 ull 2,
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ie.,

(222) oA [[uf32 < ANFE[| Dy + iQW kw2,
+ AT || Dyu + iQWRu| oz [lul 2

Since we have

AR D+ i@V ull gzl < ZEAT ulFs + 5| D + Q™ a3,

we deduce from (222) that there exists a positive constant co3 such that for all
u € C(R™1) and A > A4,

1Dy + QW u 22 > cos AT ul|2s,

which in view of (45) proves the estimate (44) and ends the proof of the theo-
rem 2.1.1.
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