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EICHLER-SHIMURA RELATIONS AND
SEMISIMPLICITY OF ÉTALE COHOMOLOGY

OF QUATERNIONIC SHIMURA VARIETIES

 J NEKOVÁŘ

A. – We show that the non CM part of `-adic étale cohomology of any compact quater-
nionic Shimura variety with coefficients in any automorphic local system is a semisimple Galois repre-
sentation. If the local system has weight k D .k1; : : : ; kd / with all ki of the same parity, the full `-adic
étale cohomology is semisimple. For Hilbert modular varieties, analogous results are proved for `-adic
intersection cohomology of the Baily-Borel compactification. The proof combines a representation-
theoretical criterion of semisimplicity with Eichler-Shimura relations for partial Frobenius morphisms.

R. – On montre que l’action galoisienne sur la partie sans multiplication complexe de la co-
homologie étale d’un faisceau `-adique lisse automorphe sur une variété de Shimura quaternionique
compacte est semi-simple. Si le poids du faisceau s’écrit k D .k1; : : : ; kd /, où les ki ont la même parité,
toute la cohomologie étale est semi-simple. Les mêmes résultats sont montrés pour la cohomologie d’in-
tersection `-adique de la compactification de Baily-Borel des variétés modulaires de Hilbert. La preuve
utilise un critère abstrait de semi-simplicité et les relations d’Eichler-Shimura pour les morphismes de
Frobenius partiels.

0. Introduction

0.1. General conventions and notation

The characteristic polynomial of an endomorphism u of a finite-dimensional vector space
over a field k will be denoted by Pu.X/ D det.X � id � u/ 2 kŒX�. If k � K are fields and
X is a k-vector subspace of a K-vector space Y , we denote by K � X the K-vector subspace
of Y generated by X . We abbreviate˝Z as˝. For an abelian group A we let bA D A˝bZ. We
denote by A and Ak , respectively, the ring of adeles of Q and of a number field k.

Throughout the article we fix an isomorphism C
�
�! Q`. For any algebraic object

.�/ defined over a subfield of C we denote by .�/` its base change to Q`. Let Q be the
algebraic closure of Q in C. The reciprocity map of class field theory is normalized by letting
uniformisers correspond to geometric Frobenius elements Fr.P /. All representations and
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1180 J. NEKOVÁŘ

characters are assumed to be continuous with respect to the natural topologies involved.
A representation of a profinite group is called strongly irreducible if its restriction to every
open subgroup is irreducible. By an automorphic representation we mean an irreducible
automorphic representation.

0.2. – Let us recall basic facts about decomposition of singular and étale cohomology of
compact Shimura varieties. As in the classical case of cuspidal cohomology of modular
curves, everything boils down to the fact that the Hecke operators act on the space of cuspidal
automorphic forms in a selfadjoint way (up to a twist).

Let .G; X / be a (pure) Shimura datum. A rational representation � W GC �! GL.N/C
(whose restriction to the center ZC satisfies an appropriate condition) gives rise, for each
sufficiently small open compact subgroupK � G.bQ/, to a locally constant sheaf of complex
vector spaces L � on the complex manifold ShK.G; X /an D G.Q/n.X �G.bQ/=K/.
0.3. – If, in addition, the derived group Gder is anisotropic, then ShK.G; X /an is compact
and its cohomology H�.ShK.G; X /an; L �/ is described in terms of relative Lie algebra
cohomology.

Write X D G.R/=K1, whereK1 is the stabilizer of a fixed base point in X , and denote,
for any G.R/-module V , by V0 the subspace of K1-finite vectors in V . There is a canonical
isomorphism

H i .ShK.G; X /an; L �/

D H i .g; K1IC
1.G.Q/nG.A/=K/˝ �/ D H i .g; K1IC

1.G.Q/nG.A/=K/0 ˝ �/;

where g D Lie.G.R// [4, VII.2.7]. It gives rise to a G.bQ/-equivariant isomorphism
(0.3.1)
H i .Sh.G; X /an; L �/ D lim

�!
K

H i .ShK.G; X /an; L �/ D H
i .g; K1IC

1.G.Q/nG.A//0 ˝ �/:

For every character ! W Z.Q/nZ.A/ �! C� fix a character !0 W G.Q/nG.A/ �! R�C such
that !0jZ.A/ D j!j. The space G.Q/Z.A/nG.A/ is compact (since Gder is anisotropic) and

the completion L2.G; !/ of

C1.G; !/ D ff 2 C1.G.Q/nG.A// j f .gz/ D !.z/f .g/ 8z 2 Z.A/g

with respect to the norm

jf j2 D

Z
G.Q/Z.A/nG.A/

.!0.g/�1jf .g/j/2 dg

is a unitary representation of G.A/ under the action .g � f /.h/ D !0.g/�1f .hg/. This
representation decomposes as a discrete Hilbert sum L2.G; !/ D cLm.� 0/ � 0 of unitary
automorphic representations � 0 of G.A/ with finite multiplicities m.� 0/.

Each � 0 has central character !� 0 D !=j!j and gives rise to an automorphic representa-
tion � D !0� 0 D �1 ˝ �1 of G.A/ D G.R/ �G.bQ/ with central character !� D !.

Matsushima’s formula [4, Thm. VII.5.2] yields a G.bQ/-equivariant isomorphism

H i .g; K1IC
1.G; !/0 ˝ �/ D

M
�D�1˝�1

m.�/H i .g; K1I�1 ˝ �/˝ �
1;

4 e SÉRIE – TOME 51 – 2018 – No 5



EICHLER-SHIMURA RELATIONS AND SEMISIMPLICITY 1181

with m.�/ D m..!0/�1�/, hence, after putting the contributions of all ! together, a
G.bQ/-equivariant isomorphism

(0.3.2) H i .Sh.G; X /an; L �/ D
M

�D�1˝�1

m.�/H i .g; K1I�1 ˝ �/˝ �
1;

where � runs through automorphic representations of G.A/ and m.�/ is the multiplicity of
the unitary representation � 0 D .!0/�1� in L2.G; !�/.

0.4. – The Shimura variety Sh.G; X / is defined over its reflex fieldE D E.G; X / � Q � C.
For sufficiently small K, the representation �` W GQ`

�! GL.N/Q` gives rise to a lisse

Q`-sheaf L �;` on ShK.G; X / and the comparison theorem between analytic and étale coho-
mology defines a G.bQ/-equivariant isomorphism

H i
et.Sh.G; X /˝E Q; L �;`/ D lim

�!
K

H i
et.ShK.G; X /˝E Q; L �;`/

' H i .Sh.G; X /an; L �/` D
M
�1

V i .�1/˝ �1;
(0.4.1)

where V i .�1/ D HomG.bQ/.�1;H i
et/, �

1 runs through irreducible unitarisable smooth

representations ofG.bQ/ for which there exists a unitarisable irreducible .g; K1/-module �1
such thatH i .g; K1I�1˝ �/ 6D 0 and �1˝�1 is an automorphic representation ofG.A/.
If � is irreducible (more generally, if it admits a central character !� ), then the condition
H i .g; K1I�1˝�/ 6D 0 (“�1 being cohomological in degree i for �”) implies a compatibility
of central characters !� jZ.R/ D !

�1
�1

.

The Q`-vector space V i .�1/ has finite dimension

dimV i .�1/ D
X

�D�1˝�1

m.�/ dimH i .g; K1I�1 ˝ �/

and the natural Galois action of �E D Gal.Q=E/ on étale cohomology (which commutes
with the action of G.bQ/) gives rise to a representation

�E �! AutG.bQ/.V i .�1/˝ �1/ D AutQ`
.V i .�1//

(the last equality follows from dim EndG.bQ/.�1/ D 1, which holds by a variant of Schur’s
Lemma).

0.5. – There is a huge industry based on pioneering work of Langlands and Kottwitz (with
first steps due to Ihara in the case of Shimura curves) whose aim is to determine the isomor-
phism class of the semisimplification of the Galois representation V i .�1/. The main steps in
this approach—which is still far from being completed in full generality—are the following:

(0.5.1) a construction of a canonical integral model SK;p of ShK.G; X / over OE;p, for
(almost) all finite primes p of E at which ShK.G; X / has good reduction;

(0.5.2) a group-theoretical description of the set of k.p/-rational points of the special fiber
of SK;p;

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



1182 J. NEKOVÁŘ

(0.5.3) a comparison of the expression for

2dimX
iD0

.�1/i Tr
�

Fr.p/n j H i
et.ShK.G; X /˝E Q; L �;`/

�
obtained from the previous two steps (via the Lefschetz formula) with terms occur-
ring in the stable trace formula.

0.6. – In the present article we use a much more elementary method, based on Eichler-
Shimura relations, to obtain information about the Galois representations V i .�1/. The
study of Eichler-Shimura relations in this context has a long history. What is relevant to us is
the approach of Faltings and Chai [17, ch. VII], generalized by Wedhorn [40]. Our results are,
naturally, weaker than those obtained by the Langlands-Kottwitz method, with one notable
exception: in favorable cases we are able to show that V i .�1/ is a semisimple representation
of �E .

0.7. – An Eichler-Shimura relation (a “congruence relation”) is a statement about compat-
ibility of the commuting actions of �E and the spherical part of the Hecke algebra
QŒG.bQ/==K� on H i

et.ShK.G; X / ˝E Q; L �;`/. In vague terms, the relation states that
the (geometric) Frobenius Fr.p/ is a root of a certain Hecke polynomial.

0.8. – In the classical case when G D GL.2/Q, K � K.N/ (N > 2) and � is the (k-2)-th
symmetric power of the standard representation (k � 2), the Shimura variety Y D ShK.G; X /

is an open modular curve of level dividingN and the classical Eichler-Shimura relation states
that

(0.8.1) 8p - `N Fr.p/2 � Tp Fr.p/C pSp D 0

on H i D H i
et.Y ˝Q Q; L �;`/, where Tp and Sp denote the Albanese (= covariant) action of

the double cosets ŒK
�
p 0
0 1

�
K� and ŒK

�
p 0
0 p

�
K�, respectively.

The spherical Hecke algebra T D QŒTp; pSp�p-N acts semisimply on cuspidal cohomology

H 1
Š D H

1
et.X ˝Q Q; j� L �;`/;

where j W Y ,! X D Y [fcuspsg. For any cuspidal Hecke eigenform � 2 Sk.N; �/ of weight
k for T

�jTp
D �p�; �jpSp

D pk�1�.p/�;

the analog of V i .�1/ from (0.4.1)

� WD H 1
Š Œ� � eigenspace for T�

is a non-zero representation of �Q. Let �� W �Q �! GL2.Q`/ be the Galois representation
attached to �. Its characteristic polynomial is characterized by the fact that

(0.8.2) 8p - `N P��.Fr.p//.X/ D X
2
� �pX C p

k�1�.p/:

The Eichler-Shimura relation (0.8.1) implies that

(0.8.3) 8p - `N P��.Fr.p//.�.Fr.p/// D 0;

4 e SÉRIE – TOME 51 – 2018 – No 5



EICHLER-SHIMURA RELATIONS AND SEMISIMPLICITY 1183

hence

(0.8.4) 8g 2 �Q P��.g/.�.g// D 0;
�
“P�� .�/ D 0”

�
by the Čebotarev density theorem. Of course, � ' �˚m� for some m � 1 (by a variant of
(0.4.1) or by Theorem 3.7 below) and �� is constructed as � for a suitable choice of K (the
formula (0.8.2) is deduced from (0.8.1) and Poincaré duality).

0.9. – We are interested in those Shimura varieties for whichG D RF=Q.H/ is the restriction
of scalars of a (connected reductive) algebraic group H defined over a totally real number
field F . In this case the corresponding analytic objects decompose according to the decom-
position of F ˝ R

�
�!

Q
vj1 Fv D

Q
vj1 R:

G.R/ D
Y
vj1

Hv.R/; X D
Y
vj1

X v; K1 D
Y
vj1

K1;v; g D
Y
vj1

hv; �1 D
O
vj1

�v:

If, in addition, � D
N
vj1 �v with �v W .Hv/C �! GL.Nv/C, the Künneth formula

H�.g; K1I�1 ˝ �/ D
O
vj1

H�.hv; K1;vI�v ˝ �v/

combined with (0.3.1) implies that the analytic cohomology H�.ShK.G; X /an; L �/ admits
a natural decomposition as a finite direct sum of tensor products

N
vj1.

0.10. – Such a “weak Künneth decomposition” is expected to be of a motivic origin (see the
discussion in [NS,§ 6]). In particular, there should be a finite extensionE 0=E depending only
on .G; X / and F for which the Galois representationH�et.ShK.G; X /˝E Q; L �;`/ restricted
to �E 0 is isomorphic to a direct sum of tensor products

N
vj1 of representations of �E 0 .

Equivalently, each V.�1/ D
L
i V

i .�1/ in (0.4.1) should be of this form.

This behavior is expected to reflect geometry of the integral models SK;p from (0.5.1) at
those primes p of E (of good reduction) which split completely in E 0=E. For such primes
the Frobenius morphism on the special fiber should be a product of partial Frobenius
morphisms, for which a refinement of (0.5.2) and (0.5.3) should be valid. See 5.16 and the
Appendix for a discussion of this phenomenon in a special case.

0.11. – Eichler-Shimura relations in this context lead to identities of the form

P.�1˝���˝�r /.Fr.p//.�.Fr.p/// D 0

and

(0.11.1) 8g 2 �E 0 P.�1˝���˝�r /.g/.�.g// D 0
�
“P�1˝���˝�r .�/ D 0”

�
which generalize (0.8.3-4). Above, � D V i .�1/ ˝ .�1/K j�E0

and �1; : : : ; �r are certain

representations of �E 0 attached to � .

Note that the formulation (0.11.1) of Eichler-Shimura relations requires the knowledge of
the existence of the Galois representations �i .

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



1184 J. NEKOVÁŘ

0.12. – It is natural to consider the relation (0.11.1) in the following abstract context. Let
�1; : : : ; �r be irreducible finite-dimensional representations of � (which can be a group, a
profinite group, a Lie algebra, an algebraic group etc.).

(Q1) If a finite-dimensional representation � of � satisfies P�1˝���˝�r .�/ D 0, is it true that

(0.12.1) �ss
�
�
�1 ˝ � � � ˝ �r /

˚m
�ss

for some m � 1? Note that �1 ˝ � � � ˝ �r is automatically semisimple if the field of
coefficients is of characteristic zero.

(Q2) If (0.12.1) holds, under what additional assumptions is � semisimple (i.e., when is
� D �ss)?

In fact, the discussion in 0.10 leads naturally to the following, more precise version of (Q2).

(Q20) Let � be a profinite group containing a dense subset † such that, for each g 2 †,
�.g/ D u1 � � �ur , where ui commute with each other and P�i .g/.ui / D 0 for all
i D 1; : : : ; r (ui corresponds to the action of a partial Frobenius morphism). Under
what additional assumptions is � semisimple?

If the polynomials P�i .g/.X/ (g 2 †) have distinct roots, then each ui is semisimple, and
so is their product �.g/ D u1 � � �ur , for all g 2 †. It is then natural to ask the following
question.

(Q3) If a finite-dimensional representation � of � satisfies P�1˝���˝�r .�/ D 0 and if
�.�/ contains many semisimple elements, under what additional assumptions is �
semisimple?

0.13. – Boston, Lenstra and Ribet [5] showed that both questions (Q1) and (Q2) have a posi-
tive answer if r D 1 and �1 is a two-dimensional absolutely irreducible representation of a
group �. Their result and its applications were inspired by [32, Prop. 14.2]. Dimitrov [14,
Lemma 6.5] considered a variant of question (Q1) for certain two-dimensional representa-
tions �1; : : : ; �r W � �! GL2.Fq/.

For certain higher-dimensional representations �1 W � �! GLn.Fp/ of a finite group
� which have a sufficiently large image, Emerton and Gee [16, Sect. 4] showed that (Q1)
for r D 1 has a positive answer.

0.14. – It may be helpful to keep in mind the following two toy models.

0.15. A toy model for (Q1)

If � is the Lie algebra sl.2/ (over a field of characteristic zero), every finite-dimensional
representation of � is semisimple and the irreducible representations Vn D Symn.V1/

(dim.Vn/ D nC 1) are indexed by their highest weights n 2 N. As

fweights of Vng D fn; n � 2; : : : ; 2 � n;�ng

(all weights occurring with multiplicity one), we have

PVm.Vn/ D 0 ” f weights of Vng � f weights of Vmg ” n � m; n � m .mod 2/:

4 e SÉRIE – TOME 51 – 2018 – No 5



EICHLER-SHIMURA RELATIONS AND SEMISIMPLICITY 1185

In particular, question (Q1) has a negative answer even for r D 1 (namely, for �1 D Vn,
n > 1). On the other hand, the Clebsch-Gordan formula

Vn ˝ V1 D VnC1 ˚ Vn�1

implies that

P
V
˝r
1

.Vn/ D 0 ” f weights of Vng � f weights of V ˝r1 g

” n � r; n � r .mod 2/ ” Vn � V
˝r
1 :

In other words, question (Q1) has a positive answer if �1 D � � � D �r D V1, for any r � 1.

The key point is that V1 is a minuscule representation of sl.2/. This is generalized in Propo-
sition 1.6 to representations of arbitrary split reductive Lie algebras. In Proposition 3.10 we
deduce from this result an affirmative answer to question (Q1) for representations �1; : : : ; �r
of a profinite group which have a large image.

0.16. A toy model for (Q3)

Assume that � is a profinite group, r D 2, �1 D �2, dim.�1/ D 2, �1.�/ � GL2.Q`/ is
big (for example, contains a conjugate of an open subgroup of SL2.Z`/) and the semisimpli-
fication of � is of the form �ss ' �˝21 D Sym2.�1/˚

V2
.�1/.

We have (possibly after dualising if necessary) an exact sequence of representations of �

(0.16.1) 0 �! Sym2.�1/ �! � �!
^

2.�1/ �! 0:

After choosing a splitting of (0.16.1) we can write � in a matrix form as

�.g/ D

 
Sym2.�1.g// �

0 det.�1.g//

!
; � D

0BB@��
�

1CCA D c.g/ det.�1.g//;

where c 2 Z1.�;Hom.
V2
.�1/; Sym2.�1/// is a 1-cocycle describing the extension (0.16.1).

If the matrix �1.g/ D
�
a 0
0 b

�
is diagonal, then

�.g/ D

0BBBB@
a2 x

ab y

b2 z

ab

1CCCCA ;
which means that

�.g/ is semisimple ” y D 0:

In particular, the condition “�.g/ is semisimple for many g 2 �” imposes many non-trivial
constraints on the cocycle c. A natural guess would be that these constraints force c to be a
coboundary (which implies that � is isomorphic to �˝21 , and therefore is semisimple). This is
indeed the case. A general version of this argument (which uses in a crucial way the fact that
Sym2.�1.g// and

V2
.�1.g// have a common eigenvalue) is given in Theorem 2.4 below (note

that our toy model corresponds to Example 2.5 for sl.2/ and the adjoint representation).

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



1186 J. NEKOVÁŘ

0.17. – In 0.16 we considered a special case of (Q3) when we knew in advance that (Q1) had
a positive answer (a fairly general result in this direction is proved in Theorem 3.3 below). In
his thesis at Université Pierre et Marie Curie, K. Fayad [18] shows that (Q20) has a positive
answer in many cases when (Q1) does not.

0.18. – In this article we consider questions (Q1), (Q2) and (Q3) for representations of a
profinite group � with coefficients in Q`. Our main abstract results proved in § 3 involve a
passage to Lie algebras and an application of the general results on Lie algebra representa-
tions proved in § 1 and § 2. This means that the assumptions are far from being optimal. In
§ 4 we consider the simplest possible case of induced representations, when the methods of
§ 3 do not apply.

0.19. – In § 5 we combine the results of § 3 and § 4 with Eichler-Shimura relations on quater-
nionic Shimura varieties Sh.G; X /, for which G D D� is the multiplicative group of a
quaternion algebra D over a totally real number field F . As mentioned in 0.6, we recover
only a weak form of the results obtained by the Langlands-Kottwitz method (Theorem 5.18,
Theorem 5.20(1),(2)).

However, we are able to show (Theorem 5.20(3)) that the Galois action on the full (cusp-
idal) étale cohomology with coefficients in L �;` of these Shimura varieties is semisimple,
using the Eichler-Shimura relations proved in § 5 and § 6 of the Appendix. This result is new
already in the special case of cuspidal cohomology of Hilbert modular varieties.

In § 6 we study étale cohomology of closely related quaternionic Shimura varieties
Sh.G�; X�/, where G� is the subgroup of D� consisting of elements whose reduced norm
lies in Q�. For local systems L ��;` of non-motivic weight (i.e., for those whose Tate twists
do not extend to Sh.G; X /) we show an analogous semisimplicity result, but only for the
non CM part of the cohomology.

Partial results on semisimplicity of the Galois action on certain subspaces of non-
endoscopic étale cohomology of unitary Shimura varieties are proved in K. Fayad’s thesis
[18]. These results are further generalized in [19].

0.20. – The general formalism of Eichler-Shimura relations on essentially PEL Shimura
varieties at split primes is discussed in the Appendix.

0.21. – The author would like to thank A. Genestier, M. Harris and B.C. Ngô for pointing
out (independently) the importance of partial Frobenius morphisms, to S. Bijakowski,
P. Boyer, K. Buzzard, G. Chenevier, L. Clozel, C. Cornut and B. Stroh for helpful discus-
sions, to L. Clozel and K. Fayad for discovering several inaccuracies in earlier versions of
this article, and to the referee for helpful comments and suggestions.

Much of this work was carried out during the author’s stay at the Fields Institute in
Toronto in spring 2012. He would like to thank the Institute for invitation and for providing
excellent working conditions.
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1. Lie algebras

1.1. Notation and conventions (see [6, Ch. VI, VIII])

Let g be a split semisimple Lie algebra over a field k � Q. A choice of a Cartan subalgebra
h � g determines the following objects: the set of roots R � h�, the root decomposition

g D h˚
M
˛2R

g˛; g˛ D k �X˛;

the root lattice Q D †˛2R Z˛ � h�, the dual root system R_ D f˛_ j ˛ 2 Rg � h satisfying
h˛_; ˛i D 2 for all ˛ 2 R, the coroot lattice Q_ D †˛_2R_ Z˛_ � h (= the root lattice
of R_), the weight lattice P � Q (the Z-dual of Q_) and the coweight lattice P_ � Q_.

A choice of a Weyl chamber C � h� is equivalent to a decomposition R D RC [ R�,
where RC D f˛ 2 R j h˛_; C i � 0g (resp. R� D �RC) is the set of positive (resp. negative
roots). Such a decomposition also determines the set � � R of simple roots (which forms a
Z-basis of Q), a decomposition

g D n� ˚ h˚ nC; n˙ D
M
˛2R˙

g˛;

the monoid of dominant weights PCC D P \ C � PC D P \
P
˛2RC

Q�0 ˛ D P \P
˛2� Q�0 ˛ � P [6, Ch. VI, §1, no. 6], submonoidsQCC D PCC\Q � QC D PC\Q DP
˛2RC

Z�0 ˛ D
P
˛2� Z�0 ˛ � Q and a partial order on x C Q (for any x 2 P ) given

by � � � ” � � � 2 QC. Set Q� D �QC � Q.

The universal envelopping algebra

U.n˙/ D
M
�2Q˙

U.n˙/�

has a natural grading deg.X˛1 � � �X˛r / D ˛1 C � � � C ˛r by Q˙.

1.2. – More generally, if g is a split reductive Lie algebra over k (of finite dimension), then
g D z.g/˚ Dg is a direct sum of the center z.g/ with the derived Lie algebra Dg D Œg; g�,
which is split semisimple. Any Cartan subalgebra h � g is of the form h D z.g/˚h0, where h0 is
a Cartan subalgebra of Dg. The “root lattice” of .g; h/ is the subgroup of h� generated by the
weights of h occurring in the adjoint representation of g. It is a lattice in Ker.h� �! z.g/�/
and it corresponds to the root lattice of Dg under the natural isomorphism between the latter
space and h0�.

A (non-zero) finite-dimensional simple g-module V will be called minuscule if its highest
weight—considered as a weight of h0—is a minuscule weight of the semisimple algebra Dg

(in other words, the weights of h0 occurring in V form a single orbit under the action of the
Weyl group of .Dg; h0/; see [6, Ch. VIII, §7, no. 3]).

P 1.3. – Let g be as in 1.1, let V be a non-zero simple g-module of finite
dimension. Write V D

L
� V.�/, where V.�/ denotes the subspace of weight � 2 h� with

respect to the action of h. Let M � End.V / be a non-zero g-submodule. Then:
(1) The weight zero subspaceM.0/ DM h � End.V /.0/ D End.V /h D

L
� End.V .�// is

non-zero.
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(2) More precisely, if � 2 PCC is the highest weight of V , then

Im .M.0/ �! End.V .�// 6D 0:

Proof. – (1) We can suppose that M is simple. All the weights of V are contained in
� �QC, which implies that the weights of End.V / (in particular, the highest weight �M
of M ) belong to Q. As �M 2 QCC � QC, it follows from [6, Ch. VIII, §7, Prop. 5] that
0 2 PCC \ .�M �QC/ occurs as a weight in M .

(2) Each elementm 2M.0/ is of the formm D .m�/, wherem� 2 End.V .�//. According
to (1), the set S D f� j 9 m 2 M.0/ m� 6D 0g � � � QC is not empty. Let � be
a maximal element of S (i.e., 8� 2 QC n f0g � C � 62 S ). If � D �, then we are
done. Assume that � 6D � and fix m 2 M.0/ such that m� 6D 0. Recall that X 2 g acts
on f 2 End.V / by X � f D X ı f � f ı X . This implies that, for any positive roots
˛1; : : : ; ˛r ; ˇ1; : : : ; ˇs 2 RC (r; s � 1) such that ˛1C� � �C˛r D ˇ1C� � �Cˇs D � (� 2 QC),
the element m0 D X˛1 � � � � �X˛r � Yˇ1 � � � � � Yˇs �m 2M.0/ satisfies

m0�C� D ˙X˛1 ı � � � ıX˛r ım� ı Yˇs ı � � � ı Yˇ1 ;

by the maximality of � 2 S . As m0�C� D 0 (again by the maximality of �), we deduce that

8� 2 QC n f0g U.nC/� ım� ı U.n�/�� D 0 2 End.V .�C �//:

Taking � D � � � and using the equality U.n�/���V.�/ D V.�/ we obtain that

Im.m�/ � N.�/ WD
\

z2U.nC/���

Ker .z W V.�/ �! V.�// :

An easy induction shows thatN.�0/ D 0 for all�0 2 ��QC: indeed,N.�/ D 0 by definition,
and if �0 6D � but N.�0 C ˛/ D 0 for all ˛ 2 �, then X˛ N.�0/ � N.�0 C ˛/ D 0 for all
such ˛, which means thatN.�0/ � V.�0/\fhighest weight vectorsg D V.�0/\V.�/ D 0. In
particular, N.�/ D 0, which implies that m� D 0, contrary to our assumption � 2 S . This
contradiction shows that � D �, as claimed.

1.4. – Both statements of Proposition 1.3 still hold if we merely assume that g is a reduc-
tive Lie algebra (of finite dimension) and V is a (non-zero) simple g-module. In this case
g D z.g/˚ Dg, each element of z.g/ acts on V by a scalar, and the action of g on End.V /
factors through Dg.

1.5. – There is an analog of Proposition 1.3 (in the form 1.4) in which g is replaced by a split
connected reductive groupG over k, h by a split maximal torus T � G and V by a non-zero
irreducible rational representation ofG. The Lie algebra g ofG then acts on V and End.V /,
the weight subspaces for T and its Lie algebra h (which is a Cartan subalgebra of g) coincide
and G-submodules of End.V / are the same as g-submodules.

P 1.6. – Let .g; h/ be as in 1.2, let M be a finite direct sum of finite tensor
products of one-dimensional or minuscule simple g-modules. If N 6D 0 is a simple g-module
with the property that each weight of h occurring in N occurs in M , then N is isomorphic to a
submodule of M .
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Proof. – Let � be the highest weight of N . By assumption, � occurs in M , hence in
M 0 DM1 ˝ � � � ˝Mr �M , where each g-module Mi is one-dimensional or minuscule,
which means that the weights occurring in Mi form a single orbit of the Weyl group W
of .g; h/. If we denote by �i the highest weight of Mi , then � D w1.�1/ C � � � C wr .�r /

for some wi 2 W , since � occurs in M 0. The statement of the conjecture of Parthasarathy,
Ranga Rao and Varadarajan (proved in [25] and [31]) then implies that there is an injective
morphism of Dg-modules f W N ,!M 0. The center z.g/ acts onN (resp. onM 0) by a single
weight equal to �jz.g/ (resp. to

Pr
iD1 �i jz.g/

). These two elements of z.g/� coincide (again,

since � occurs in M 0), which means that f is a morphism of g-modules.

1.7. – Let V be a finite-dimensional vector space over a field k � Q and g � Endk.V / a k-Lie
subalgebra. As in [6, Ch. VII, § 5, no. 3], denote by nV .g/ the set of all elements of the radical
of g that are nilpotent in Endk.V /. It is a nilpotent ideal of g containing the intersection of
the radical with Dg.

Recall that g is a decomposable linear Lie algebra [6, Ch. VII, § 5, Def. 1] if both the
semisimple and the nilpotent part of every element of g belong to g. The following facts will
be used in § 2.

P 1.8. – (1) [6, Ch. VII, § 5, Thm. 2] The Lie algebra g � Endk.V / is
decomposable ” some ( ” each) Cartan subalgebra of g is decomposable ”
the radical of g is decomposable.

(2) [6, Ch. VII, § 5, Thm. 1] If g is generated as a k-Lie algebra by a subset S � g such that
every X 2 S is either semisimple or nilpotent in Endk.V /, then g is decomposable.

(3) [6, Ch. VII, § 5, Prop. 7] If g is decomposable, then there exists a Lie subalgebra m � g,
reductive in Endk.V / (in particular,m is a reductive Lie algebra acting semisimply on V ), such
that g D mn nV .g/.

(4) [6, Ch. VII, § 3, Ex. 16] The set of elements of g that are semisimple in Endk.V / is Zariski
dense in g ” some ( ” each) Cartan subalgebra of g is commutative and consists of
elements that are semisimple in Endk.V /.

C 1.9. – If the set of elements of g that are semisimple in Endk.V / is Zariski
dense in g, then:

(1) g is decomposable;

(2) g D mn nV .g/ for a suitable reductive Lie subalgebra m � g acting semisimply on V ;

(3) There exists a flag f0g D V0 ( V1 ( � � � ( Vs D V of g-submodules such that nV .g/
acts trivially (and m semisimply) on gr.V / D

Ls
iD1 Vi=Vi�1 (one such flag is V0 D f0g and

ViC1 D fv 2 V j nV .g/ v 2 Vig). The isomorphism class of the semisimple g=nV .g/-module
gr.V / does not depend on the choice of fVig.
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2. Semisimplicity criteria for Lie algebra representations

P 2.1. – Let g1; : : : ; gm be simple Lie algebras (of finite dimension) over a field
k � Q. Let g � g1 � � � � � gm be a Lie subalgebra which projects surjectively on each factor gi .
Then there exist:

� a partition I D f1; : : : ; mg D I1
�

[ � � �
�

[ In (for non-empty subsets Ij � I),

� for each j 2 J D f1; : : : ; ng a Lie algebra g.j /,

� for each j 2 f1; : : : ; ng and each i 2 Ij an isomorphism of Lie algebras fj i W g.j /
�
�! gi ,

such that

g D Im

0@Y
j2J

g.j /
�
�!

Y
j2J

�
g.j /

�Ij f
�!

Y
j2J

Y
i2Ij

gi D
Y
i2I

gi

1A ;
where� D .�j /j2J , each�j W g.j / �!

�
g.j /

�Ij is the diagonal map and f D .fj /j2J is a Lie
algebra isomorphism with components fj D .fj i /i2Ij .

Proof. – This is well-known. If we denote by pi the projection map g ,! g1 � � � � � gm ! gi ,
then the image pi .n/ of any abelian ideal n � g is an abelian ideal of gi , hence pi .n/ D 0 for
all i , which implies that n D 0 and g is semisimple, thus g D g.1/ � � � � � g.n/ for simple Lie
algebras g.j /. For each j 2 J D f1; : : : ; ng the set

Ij D fi 2 I j pi .g
.j // 6D 0g D fi 2 I j pi induces an isomorphism g.j /

�
�! gig

is non-empty. If j 6D j 0 and i 2 Ij \ Ij 0 , then

8X 2 g.j / 8X 0 2 g.j
0/ Œfj i .X/; fj 0i .X

0/� D pi .ŒX;X
0�/ D 0 2 gi ;

hence Œgi ; gi � D 0, which is not true. This contradiction implies that Ij \ Ij 0 D ;.
As

S
j Ij D I , the sets I1; : : : ; In form a partition of I . The rest of the proposition follows

from the previous discussion.

P 2.2. – Let g1; : : : ; gm be reductive Lie algebras (of finite dimension) over
an algebraically closed field k � Q. For each i 2 I D f1; : : : ; mg let Mi be a non-zero simple
gi -module of finite dimension. If g � g1�� � ��gm is a Lie subalgebra which projects surjectively
on each factor gi , then:

� g is reductive, g D z.g/˚ Dg;

� each element of z.g/ acts on M DM1 � � � ��Mm by a scalar;

� Dgi D
Q
t gi;t and Mi D �tMi;t , where gi;t is a simple Lie algebra and Mi;t is a simple

gi;t -module;

� applying Proposition 2.1 to Dg �
Q
i;t gi;t and replacing each gi;t (resp. Mi;t) for .i; t/

in Ij by g.j / (resp. by the g.j /-module Ni;t D f �
j;.i;t/

.Mi;t /, where fj;.i;t/ W g.j /
�
�! gi;t is the

isomorphism from Proposition 2.1), we have

Dg D Im

0@Y
j2J

g.j /
�D.�j /
����!

Y
j2J

�
g.j /

�Ij
D

Y
j2J

Y
.i;t/2Ij

gi;t D
Y
.i;t/

gi;t

1A I
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� if we identify Dg with
Q
j2J g

.j / via �, then the Dg-module M is isomorphic
to �j2JM .j /, where M .j / is the g.j /-module

M .j /
D

O
.i;t/2Ij

Ni;t I

� if h.j / � g.j / is a Cartan subalgebra, then h D
Q
j2J h

.j / is a Cartan subalgebra of Dg and
z.g/˚ h is a Cartan subalgebra of g. All weights of z.g/˚ h occurring in M lie in �C �CQ,
where Q denotes the root lattice of Dg, � 2 z.g/� is the weight by which z.g/ acts on M ,
� D

P
j2J

P
.i;t/2Ij

�i;t and �i;t 2 h.j /� is the highest weight of the g.j /-module Ni;t ;

� if eachMi;t is either one-dimensional or a minuscule gi;t -module, then eachM .j / is a tensor
product (possibly empty) of minuscule g.j /-modules.

� if each Mi is a faithful gi -module, then the following are equivalent:

M is a simple g-module ” Dg D Dg1 � � � � � Dgr ” 8i 6D j pij .Dg/ D

Dgi � Dgj ,

where pij denotes the projection onto the i -th and the j -th factors.

Proof. – We have, for each i 2 I , gi D z.gi /˚ Dgi , where Dgi D Œgi ; gi � is semisimple.
Decomposing each Dgi D

Q
t gi;r into a product of simple Lie algebras and applying

Proposition 2.1 to Dg � Dg1 � � � � � Dgm, we deduce that Dg is semisimple, hence g is
reductive and g D z.g/ ˚ Dg. As each element of pi .z.g// D z.gi / acts on Mi by a scalar,
the same holds for the action of each element of z.g/ onM . The remaining statements follow
from Proposition 2.1 (and the fact that M .j / is a simple g.j /-module ” jIj j D 1, by [15,
Thm. 3.2]).

C 2.3. – For any surjective morphism of Lie algebras f W g �! g, the weights
of any Cartan subalgebra h � g on M DM=Ker.f /M lie in one coset modulo the root lattice
of .g; h/.

Proof. – This follows from the corresponding statement for g and M , the fact that
Ker.f / � g is a Lie ideal and that g is isomorphic to Ker.f / � g.

T 2.4. – Let k � Q be a complete non-discrete non-archimedean field (for
example, k D Q`) and V a non-zero k-vector space of finite dimension. If g � Endk.V / is
a k-Lie subalgebra of finite dimension (over k) such that

(H1) g contains a dense set (in the topology induced by the non-archimedean norm on k) of
elements that are semisimple in Endk.V /, then:

(1) g D k � g � Endk.V / is a decomposable linear Lie algebra over k.

(2) Let m � g (m ' g=nV .g/), f0g D V0 ( V1 ( � � � ( Vs D V and gr.V / be as in
Corollary 1.9 (over the base field k). Fix a Cartan subalgebra h � m.

Assume that the following condition holds:

(H2) all weights of h occurring in gr.V / lie in one coset of the root lattice of .m; h/.

Then nV .g/ D 0, g D m is a reductive Lie algebra and V is a semisimple g-module.
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2.5. Example

Let g0 be a reductive Lie algebra over k D k and M a faithful simple finite-dimensional
g0-module. If we identify the semidirect product g DM o g0 with� 

X m

0 0

! ˇ̌̌̌
X 2 g0 � End.M/; m 2M

�
� End.M ˚ k/;

then g will be a decomposable linear Lie algebra, nV .g/ D M and m D g0. The flag
f0g D V0 ( V1 DM ˚ 0 ( V2 D V DM ˚ k is as in Corollary 1.9(3). If g0 D sl2 and M is
the standard two-dimensional representation (resp. the adjoint representation), then (H1) is
satisfied and (H2) is not (resp. (H2) is satisfied and (H1) is not).

Proof of Theorem 2.4. – (1) There exist a finite subextension k0=k of k=k and a k0-vector
space V 0 � V of finite dimension such that V 0 ˝k0 k D V and g � Endk0.V 0/.
Assumption (H1) implies that the set of all elements of g that are semisimple in Endk0.V 0/ is
Zariski dense in g, hence in

g˝k k � Endk0.V
0/˝k k D

M
� Wk0�!k

Endk.V
0
˝k0;� k/:

Taking the projection onto the factor corresponding to the inclusion of k0 into k, we deduce
that g � Endk.V / satisfies the assumptions of Corollary 1.9 (over k), which proves (1).

(2) The arguments in the proof of (1) show that we can replace k by k, g by g and the non-
archimedean topology in (H1) by the Zariski topology. In other words, it is enough to prove
part (2) of the following theorem.

T 2.6. – Let V be a non-zero vector space of finite dimension over an algebraically
closed field k � Q. If g � Endk.V / is a k-Lie subalgebra such that

(H1-ZAR) g contains a Zariski dense set of elements that are semisimple in Endk.V /, then:
(1) g � Endk.V / is a decomposable linear Lie algebra.
(2) Let n D nV .g/ and fix m � g (m ' g=n), a Cartan subalgebra h � m and

f0g D V0 ( V1 ( � � � ( Vs D V as in Corollary 1.9.
Assume that the following condition holds:
(H2) all weights of h occurring in gr.V / lie in one coset of the root lattice of .m; h/.
Then n D 0, g D m is a reductive Lie algebra and V is a semisimple g-module.

Proof. – (1) See the proof of Theorem 2.4(1).
(2) There is nothing to prove if s D 1. Assume that s D 2. The Lie algebra g D m n n

satisfies Œn; n� D 0 (since s D 2) and the normaliser of the abelian subalgebra h � nh in g is
equal to h nen, whereen D fX 2 n j h � X 2 nhg D nh (the last equality follows from the
fact that h acts semisimply on gr.V / D V1˚ V=V1, hence also on Homk.V=V1; V1/ � n). In
other words, h�nh is an abelian Cartan subalgebra of g. Proposition 1.8(4) implies, therefore,
that all elements of nh act semisimply on V , hence nh D 0. The equality n D 0 then follows
from the fact (used already in the proof of Proposition 1.3(1)) that 0 occurs as a weight of h
in any non-zero simple m-module whose highest weight lies in the root lattice of .m; h/ (in
particular, in any non-trivial simplem-submodule of n � Endk.gr.V //). This shows that g is
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equal to m, which is a reductive Lie algebra acting semisimply on V . This finishes the proof
if s D 2.

Assume now that s > 2. We are going to prove the statement by induction on d D dim.V /.
The cases d D 1; 2 have already been treated. Assume that d > 2 and that the statement has
been proved for all pairs .V; g/ with dim < d . Consider the g-submodule V 0 D Vs�1 ( V

and the Lie algebra g0 D Im.res W g �! Endk.V 0//. Note that the pair g0 � Endk.V 0/
satisfies (H1-ZAR). The image of the radical of g under the restriction map res is contained
in the radical of g0, which implies that res.n/ � n0 D nV 0.g

0/. As a result, res induces a
surjective morphism of reductive Lie algebras r W m

�
�! g=n � g0=n0. Fix a g0-stable flag

f0g D V 00 ( V 01 ( � � � ( V 0s0 D V 0 such that n0 acts trivially on gr.V 0/ D
Ls0

iD1 V
0
i =V

0
i�1. All

weights of h � m on the semisimple g0=n0-module gr.V 0/ lie in one coset modulo the root
lattice of .m; h/, thanks to (H2) and the fact that gr.V / ' gr.V 0/ ˚ V=V 0 as m-modules.
After choosing a decomposition m

�
�! Ker.r/� g0=n0, we obtain the same statement for an

appropriate Cartan subalgebra of g0=n0, which means that the flag fV 0i g and the Lie algebra g0

satisfy (H2). As dim.V 0/ < d , the induction hypothesis implies that n0 D 0, g0 is a reductive
Lie algebra and V 0 D gr.V 0/ is a semisimple g0-module. This means that f0g ( V 0 ( V is a
flag of g-submodules of length s D 2 satisfying the assumptions of Theorem 2.6(2). However,
the case s D 2 was already treated, which concludes the proof.

3. Semisimplicity criteria for representations of profinite groups

3.1. – Let � be a profinite group, V a non-zero vector space of finite dimension over Q` and
� W � �! AutQ`

.V / a representation (continuous, according to the convention from 0.1).
In this situation �.�/ is a compact subgroup of AutQ`

.V /, which implies that there exists a

finite extension E of Q` contained in Q` and an E-structure VE � V (an E-vector subspace
such that VE ˝E Q` D V ) for which �.�/ � AutE .VE /. According to a non-archimedean
version of Lie’s theorem [6, Ch. III, § 8, no. 2, Thm. 2], �.�/ is a (compact) Lie group of
finite dimension over Q`. In particular, the profinite topology on �.�/ coincides with the
topology induced by the `-adic valuation on Q`. The Lie algebra Lie.�.�// � EndE .VE / �
EndQ`

.V / is a Q`-Lie algebra of finite dimension.

3.2. – The following properties of � are equivalent:
3.2.1. � is semisimple.
3.2.2. There exists an open subgroup U � � such that �jU is semisimple.

3.2.3. V is a semisimple Q` ˝Q` Lie.�.�//-module.
This implies that the semisimplification �ss of � satisfies �ss

jU
D .�jU

/ss, for any open
subgroup U � �.

T 3.3. – Let � be a profinite group, V;W1; : : : ; Wr non-zero vector spaces of finite
dimension over Q` and � W � �! AutQ`

.V /, �i W � �! AutQ`
.Wi / representations. Assume

that the following conditions hold:
(A) Each �i is strongly irreducible.
(B) The semisimplification �ss of � is isomorphic to a subrepresentation of .�1˝� � �˝�r /˚m,

for some m � 1.
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(C) There exists an open subgroup � 0 � � for which �.� 0/ contains a dense subset consisting
of semisimple elements of AutQ`

.V /.

Then the representation � is semisimple, � D �ss.

Proof. – Assumption (B) (resp. (C)) for � implies the corresponding condition for any
subquotient of �. It is sufficient, therefore, to consider only the case when V is an extension
of two irreducible representations of �. In addition, we can replace � by any of its open
subgroups, thanks to 3.2. This implies that we can assume, after shrinking � and passing
to another subquotient if necessary, that V sits in an exact sequence of Q`Œ��-modules

0 �! V1 �! V �! V=V1 �! 0;

in which both V1 and V=V1 are strongly irreducible.

We want to show that Theorem 2.4 (for s D 2) applies to the Q`-Lie algebra
g D Lie.�.�// � EndQ`

.V / and the Q`-Lie algebra g D Q` � g � EndQ`
.V /. Firstly,

both V1 and V=V1 are irreducible g-modules. Secondly, condition (H1) in Theorem 2.4 is
a consequence of (C). It follows that g is a decomposable Lie subalgebra of EndQ`

.V /. We
distinguish two cases.

Case (a): there exists a g-submodule 0 ( W ( V such that W 6D V1. Irreducibility of V1
and V=V1 implies thatW \V1 D 0 andW CV1 D V , henceW ' V=V1 is a complementary
g-submodule to V1; thus V D V1˚W ' V ˚V=V1 is a semisimple g-module, which implies
that � is semisimple.

Case (b): V1 is the only proper non-zero g-submodule of V . This uniqueness implies that
the flag 0 � V1 � V2 D V is as in Proposition 1.9(3): the nilpotent ideal nV .g/ � g acts
trivially on gr.V / D V1˚ V=V1. Moreover, both V1 and V=V1 are simple g=nV .g/-modules.

It remains to check condition (H2). Consider the representation �0 D �1˚� � �˚�r W � �!Qr
iD1 AutQ`

.Wi /. Assumption (B) implies that Ker.�0/ � Ker.�ss/, which yields surjective

morphisms �0.�/� �ss.�/ and Lie.�0.�//� Lie.�ss.�//. The Q`-Lie subalgebra

Q` ˝Q` Lie.�0.�// � g1 � � � � � gr ; gi D Q` ˝Q` Lie.�i .�//;

and the gi -modules Mi D Wi satisfy the assumptions of Proposition 2.2 (for k D Q`),
thanks to (A). Corollary 2.3 tells us that all weights of a fixed Cartan subalgebra of Q` ˝Q`

Lie.�ss.�// on gr.V / � .W1 ˝ � � � ˝ Wr /
˚m lie in one coset of the root lattice of Q` ˝Q`

Lie.�ss.�//. The action of this Lie algebra on gr.V / factors through Im.g �! EndQ`
.gr.V ///,

which is a quotient of the reductive Lie algebra g=nV .g/. This implies, as in the proof of
Corollary 2.3, that condition (H2) in Theorem 2.4 is satisfied. Applying Theorem 2.4, we
conclude that V D V1 ˚ W ' V ˚ V=V1 is a semisimple g-module, as in case (a) (more
precisely, the above argument shows that case (b) does not occur).

3.4. – Condition (C) in Theorem 3.3 is satisfied if there is a dense subset † � � 0 with the
following property: for each g 2 † there exist polynomials P1; : : : ; Pr 2 Q`ŒX� without
multiple roots and pairwise commuting elements u1; : : : ; ur 2 AutQ`

.V .g//, where V.g/ �

V is a finite dimensional vector space over Q` (depending on g) such that Pi .ui / D 0 for all
i D 1; : : : ; r , V is stable under u1 � � �ur and �.g/ D u1 � � �ur jV .
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3.5. – For representations V occurring in cohomology of Shimura varieties (see § 5 and A.5
below) the group � is the Galois group of a suitable extension of the reflex field, the set †
consists of Frobenius elements, Pi .X/ D P�i .g/.X/ is the characteristic polynomial of �i .g/
and ui is induced by a partial Frobenius morphism acting on the special fiber of an integral
model of the Shimura variety in question. In our abstract context, a sufficient (and also
necessary) condition for these characteristic polynomials to be without multiple roots is as
follows.

P 3.6. – In the situation of Theorem 3.3, assume that condition (A) holds. For
each i D 1; : : : ; r denote by gi D Q` � Lie.�i .�// the image of gi in EndQ`

.Wi /. This is a
reductive Lie algebra whose center is contained in Q` �id. If, for each i D 1; : : : ; r , a fixed Cartan
subalgebra hi of gi acts onWi without multiplicities, then there exists an open subgroup �0 � �
and an open dense subset U0 � �0 such that for all g 2 U0 and all a � 1 the characteristic
polynomials P�i .ga/.X/ (i D 1; : : : ; r) are without multiple roots.

Proof. – Using the notation of the proof of Theorem 3.3, set g0 D Q` � Lie.�0.�// �
g1 � � � � � gr ; then pi .g0/ D gi . For each i D 1; : : : ; r , the polynomial function �i W
EndQ`

.Wi / �! Q` given by the discriminant of the characteristic polynomial is not iden-

tically equal to zero on gi , which implies that
Tr
iD1 p

�1
i .��1i .Q` n f0g// is a dense Zariski

open in g0, hence its intersection U with g0 WD Lie.�0.�// is a dense Zariski open in g0.
Fix a sufficiently small Z`-module of finite type T0 � g0 stable under the Lie bracket such
that the exponential map induces a homeomorphism between T0 and �0.�0/ (for an open
subgroup �0 � �) and that �0.�0/ acts trivially on T=2`T , for some �0.�0/-stable Z`-lattice
T � ˚iWi . The image exp.T0 \U/ is open and dense in �0.�0/ (for the profinite topology),
which implies that U0 D ��10 .exp.T0 \ U// is open and dense in �0. By construction, for
each g 2 U0 and each i D 1; : : : ; r , the polynomial P�i .g/.X/ has distinct roots �1; : : : ; �di
contained in 1 C 2`Z`, which implies that the powers �a1; : : : ; �

a
di

are also distinct, since

1C 2`Z` contains no non-trivial roots of unity.

T 3.7. – In the situation of Theorem 3.3 with r D 1, assume that conditions (A),
(B) from Theorem 3.3 and (C0) below hold.

(C0) There exists an open subgroup � 0 � � such that P�1.g/.�.g// D 0 2 EndQ`
.V / holds

for all elements g of a certain dense subset of � 0.
Then the representation � is semisimple (and isomorphic to �˚n1 , for some n � 1).

Proof. – As any submodule of �˚m1 is isomorphic to �˚m
0

1 , we can assume that �ss D �˚m1 .
By induction it is sufficient to consider the case m D 2:

(3.7.1) 0 �! W1 �! V �! W1 �! 0:

We can assume that � D � 0, by 3.2. Condition (C0) then implies, by continuity, that
P�1.g/.�.g// D 0 for all g 2 �.

Denote by G � AutQ`
.V / (resp. G1 � AutQ`

.W1/) the Zariski closure of �.�/ (resp.

�1.�/). These are (the sets of Q`-valued points of) affine algebraic groups over Q` such that

(3.7.2) G D

�
g D

 
g1 u

0 g1

! ˇ̌̌̌
g1 2 G1; u 2 N

�
D N oG1;

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



1196 J. NEKOVÁŘ

for a suitable Q`-linear splitting of the exact sequence (3.7.1) and a Q`-vector subspace
N � EndQ`

.W1/. Our aim is to show that N D 0. We have, again by continuity,

(3.7.3) 8g D

 
g1 u

0 g1

!
2 G Pg1.g/ D 0:

Condition (A) implies that the connected component of the identity Gı1 acts irreducibly
on W1, hence Gı1 is a connected reductive group over Q` and its center acts on W1 by a
character. Fix a maximal torus T � Gı1 . If N 6D 0, Proposition 1.3(2) (in its version 1.5)
states that there is a weight � W T �! Gm which occurs in W1 with multiplicity one and
n 2 N T with non-zero image n� under the composite map

N T
� EndQ`

.W1/
T
D

M
�

EndQ`
.W1.�// �! EndQ`

.W1.�//:

Choose t 2 T such that �.t/ 6D �.t/ for all weights � 6D � of T occurring inW1. The element

g D

 
t n

0 t

!
2 G

satisfies

Pt .X/ D
Y
�

.X��.t//dimW1.�/; Pt .g/ D

 
0 n0

0 0

!
; n0� D n�

Y
� 6D�

.�.t/��.t//dimW1.�/ 6D 0;

which is impossible, by (3.7.3). This contradiction shows that N D 0, hence � D �˚21 , as
claimed.

3.8. Questions

(1) Does Theorem 3.3 still hold if we relax assumption (A) by merely requiring each �i to
be irreducible and without multiplicities after restricting to open subgroups of �?

(2) Is there a common generalization of Theorem 3.7 and the special case 3.4 of
Theorem 3.3?

3.9. – We are now going to show that a variant of condition (B) of Theorem 3.3 (in its
version 3.4) is a consequence of the other assumptions, provided the representations �i have
sufficiently large image,

P 3.10. – Assume that the representations � and �i from Theorem 3.3 satisfy
the following conditions.

(A0) EachWi is a direct sum of simple modules for the Q`-Lie algebra Q` �Lie.�i .�// (which
is then reductive); each of these simple modules is one-dimensional or minuscule.

(C0) There exist an integer a � 1, an open subgroup � 0 � � and a dense subset† � � 0 such
that

8g 2 † P.�1˝���˝�r /.ga/.�.g
a// D 0 2 EndQ`

.V /:

Then: (1) There is an open subgroup U � � 0 such that �ss
jU
D .�jU

/ss is isomorphic to a
subrepresentation of .�1 ˝ � � � ˝ �r /j˚mU , for some m � 1.
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(2) If�1˝� � �˝�r is strongly irreducible anda D 1 ora D 2, then every irreducible constituent
of �ss

j�0
is isomorphic to .�1˝� � �˝ �r /j�0 ˝� , for some character � W � 0 �! f˙1g satisfying

�a D 1.
(3) If a D r D 1 andW1 is a minuscule representation of Q` �Lie.�1.�//, then � is semisimple

and �j�0 is isomorphic to �1j˚n�0 , for some n � 1.

Proof. – Thanks to 3.2, we can (and will) assume that � 0 D �. By continuity, (C0) implies
that

(3.10.1) 8g 2 � P.�1˝���˝�r /.ga/.�.g
a// D 0 2 EndQ`

.V /:

(1) We proceed in several steps.

S 1. — It is enough to consider the case when � is irreducible. Furthermore, after
shrinking � if necessary we can assume that � is strongly irreducible. This means that V is a
simple g-module, where g D Lie.�.�// and g D Q` ˝Q` g. As in the proof of Theorem 2.4
we deduce that g (resp. g) is a reductive Lie algebra over Q` (resp. over Q`) and each element
of the center of g acts on V by a scalar. Consider the representation �0 D �1 ˚ � � � ˚ �r W

� �! AutQ`
.W0/, where W0 D W1 ˚ � � � ˚Wr (cf. the proof of Theorem 3.3).

The subgroup �.Ker.�0// � AutQ`
.V / is a compact Lie group of finite dimension

over Q`. The formula (3.10.1) implies that .�.ga/ � 1/N D 0 for all g 2 Ker.�0/ (where
N D dim.W1 ˝ � � � ˝ Wr /), which means that the Lie ideal a D Q` � Lie.�.Ker.�0///
in Q` � g D Im.g �! EndQ`

.V // consists of nilpotent elements, hence is a nilpotent Lie

ideal [6, Ch. I, §4, no. 2, Cor. 3], and so a D 0, since Q` � g is reductive. It follows that
�.Ker.�0// is a finite subgroup of AutQ`

.V /, hence Ker.�0/ \ Ker.�/ is an open subgroup
of Ker.�0/. The surjection �=.Ker.�0/\Ker.�//� �=Ker.�/ yields a canonical surjection
f W g0 D Lie.�0.�// � g. We consider V and all Wi as irreducible representations of the
reductive Q`-algebra g0 D Q` ˝Q` g0.

S 2. — The Q`-Lie algebra g0 � g1 � � � � � gr (where gi D Lie.�i .�//) satisfies
pi .g0/ D gi for all i D 1; : : : ; r . After shrinking � if necessary we can assume that, for each
g 2 �, all eigenvalues of �.g/ and �i .g/ (i D 1; : : : ; r) are contained in 1C2`Z`. After taking
`-adic logarithms �i .�/ �! Lie.�i .�// (and similarly for �.�/) we deduce from (3.10.1) that

8X D .X1; : : : ; Xr / 2 g0 � g1 � � � � � gr P.X1;:::;Xr /jW1˝���˝Wr .f .X// D 0 2 EndQ`
.V /;

where .X1; : : : ; Xr / 2 EndQ`
.W1/� � � � �EndQ`

.Wr / acts onW1˝ � � � ˝Wr by
P
i 1˝ � � � ˝

1˝Xi ˝ 1˝ � � � ˝ 1. As g0 is Zariski dense in g0, we obtain that
(3.10.2)
8X D .X1; : : : ; Xr / 2 g0 � g1 � � � � � gr P.X1;:::;Xr /jW1˝���˝Wr .f .X// D 0 2 EndQ`

.V /;

where f W g0 �! g� Q` � g � EndQ`
.V / is induced by f .

S 3. — For each i D 1; : : : ; r we have Wi D
L
ui
Wi;ui , where each Wi;ui is a simple

module for the Q`-Lie algebra gi D Q` ˝Q` gi . The Q`-Lie algebras gi;ui D Lie.Im.� �!
AutQ`

.Wi;ui /// are reductive and g0 �
Qr
iD1 gi �

Q
i;ui
gi;ui is a subalgebra projecting

surjectively on each of the factors.
Applying Proposition 2.2 to g0 �

Q
i;ui
gi;ui and the simple gi;ui (=Q`˝Q` gi;ui )-modules

Wi;ui , we obtain an isomorphism of Q`-Lie algebras h W g.1/�� � ��g.s/
�
�! Dg0, where each
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g.j / is a simple Q`-Lie algebra and each Dgi;ui is isomorphic to a product of several g.j /’s
(not necessarily distinct). Moreover, for each u D .u1; : : : ; ur / the Dg0-module W˝;u D
W1;u1 ˝ � � � ˝Wr;ur satisfies h�.W˝;u/ DM

.1/
u � � � ��M

.s/
u , where M .j /

u is a tensor product
(possibly empty) of minuscule representations of the simple Lie algebra g.j /. In addition,
each element of the center z.g0/ �

Q
i;ui
z.gi;ui / acts on both W˝;u and V by a scalar.

These properties imply that the g0-moduleW1˝� � �˝Wr D ˚uW˝;u is a finite direct sum
of tensor products of one-dimesional or minuscule representations of g0.

Fix Cartan subalgebras h.j / � g.j / and h � g0 such that h \ Dg0 D h.h
.1/ � � � � � h.s//.

The formula (3.10.2) applied to elements of h implies that each weight of h occurring in V
must occur inW1˝� � �˝Wr . Applying Proposition 1.6 we deduce that V is isomorphic (as a
g0-module) to a submodule ofW1˝� � �˝Wr , which is equivalent to the fact that there exists an
open subgroupU � � such that �jU is isomorphic to a subrepresentation of .�1˝� � �˝�r /jU ,
as claimed.

(2) Denote the representation �1˝ � � � ˝ �r bye�. According to (1) the restriction of �ss to
some open subgroup U � � is isomorphic to a subrepresentation ofe�j˚mU , hence toe�j˚nU for
some n � m. It remains to show that �ss and e�˚n are isomorphic as representations of �.

As �ss is semisimple, it is enough to consider any of its simple submodules, so we can
assume that �ss D � is irreducible. The statement (1) implies, by Frobenius reciprocity, that
� is isomorphic to a simple Q`Œ��-submodule of Ind�U .e�jU /˚n D .e�˝ ZŒ�=U �/˚n, hence
ofe�˝ � , for some irreducible representation � W �=U �! AutQ`

.V� / (after shrinking U we
can assume that it is a normal subgroup of �). As

EndQ`Œ��
.e�˝ �/ D EndQ`ŒU �

.e�˝ �/�=U
D

�
EndQ`ŒU �

.e�/˝Q`
EndQ`

.�/
��=U

D EndQ`Œ�=U �
.�/ D Q`;

the (semisimple) representatione�˝� is irreducible, hence is isomorphic to �. We distinguish
two cases.

First case: �.s/a D id for all s 2 �=U . If a D 1, then � is the trivial representation
and we are done. If a D 2, then �.�=U / is an abelian group of exponent one or two, hence
� W �=U �! f˙1g is a trivial or a quadratic character.

Second case: there exists s 2 � such that �.s/a 6D id, hence an eigenvalue c 6D 1 of �.s/a.
Relation (3.10.1) for g D us then gives

(3.10.3) 8u 2 U P.e�.u/S/a.c.e�.u/S/a/ D 0 2 EndQ`
.eV /;

where eV D W1 ˝ � � � ˝ Wr and S D e�.s/ 2 AutQ`
.eV /. Denote by eG the Zariski closure

ofe�.U / in AutQ`
.eV /. This is an affine algebraic group over Q` whose connected component

of identity eGı acts irreducibly on eV (thanks to the assumption on e� in (2)), hence eGı is
reductive. By continuity, we have

8A 2 eGı P.AS/a.c.AS/
a/ D 0 2 EndQ`

.eV /:
Lemma 3.11 below shows that S D 0, which is impossible. This contradiction implies that
the second case never occurs.

(3) Combine (2) (for a D r D 1) with Theorem 3.7.
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L 3.11. – Let H be a connected reductive group over an algebraically closed field
k � Q and r W H �! GL.V / an irreducible rational representation ofH . If a � 1, c 2 k�nf1g
and S 2 Endk.V / satisfy

(?) 8h 2 H.k/ P.r.h/S/a.c.r.h/S/
a/ D 0 2 Endk.V /;

then S D 0.

Proof. – As in 1.3, a choice of a maximal torus T � H gives rise to weight decompo-
sitions V D

L
� V.�/, Endk.V / D

L
�;�0 Homk.V .�/; V .�

0//. Denote by � the highest
weight of V (for a fixed ordering of the roots of .H; T /).

If S 6D 0, then there exists a non-zero irreducible rational subrepresentationM � End.V /
of H containing S . Proposition 1.3(2) in the form 1.5 implies that there exists h0 2 H.k/
such that the image of h0Sh�10 in Endk.V .�// is non-zero. Condition (?) for S is invariant
by conjugation by an element of H.k/, which means that we can replace S by h0Sh�10 and
assume that the image S� of S in Endk.V .�// D k is non-zero.

Fix a cocharacter ˇ W Gm �! T such that ˇ.�/ > 0 and ˇ.�/ > ˇ.�/ for all weights
� 6D � such that V.�/ 6D 0. Denote by z the standard coordinate on Gm and by f .z/ the
image of P.r.ˇ.z//S/a.c.r.ˇ.z//S/a/ 2 Endk.V /Œz; z�1� in Endk.V .�//Œz; z�1� D kŒz; z�1�.
The monomial of the highest degree occurring in f .z/ is equal to cn�1.c � 1/Sna

�
zˇ.�/na,

where n D dim.V /. As the coefficient cn�1.c � 1/Sna
�

is non-zero, there exists u 2 k� such
that f .u/ 6D 0, which implies that h D ˇ.u/ 2 H.k/ satisfies P.r.h/S/a.c.r.h/S/a/ 6D 0. This
contradiction with (?) shows that S D 0, as claimed.

T 3.12. – Assume that the representations � and �i from Theorem 3.3 satisfy the
following conditions.

(A00) Each �i is strongly irreducible and Wi is a minuscule representation of the reductive
Q`-Lie algebra Q` � Lie.�i .�//.

(C00) There exist an integer a � 1, an open subgroup � 0 � � and a dense subset† � � 0 such
that for each g 2 † there are pairwise commuting elements u1; : : : ; ur 2 AutQ`

.V .g//, where
V.g/ � V is a finite dimensional vector space over Q` depending on g, such that V is stable
under u1 � � �ur , �.ga/ D u1 � � �ur jV and P�i .ga/.ui / D 0 (i D 1; : : : ; r).

Then:
(1) Condition (C0) from Proposition 3.10 holds.
(2) The representation � is semisimple.
(3) The restriction of � to a suitable open subgroup U � � 0 is isomorphic to a subrepresen-

tation of .�1 ˝ � � � ˝ �r /j˚mU , for some m � 1.
(4) If �1 ˝ � � � ˝ �r is strongly irreducible and if a D 1 or a D 2, then each irreducible

constituent of �j�0 is isomorphic to .�1˝ � � �˝ �r /j�0 ˝ � , for some character � W � 0 �! f˙1g
satisfying �a D 1.

Proof. – (1) This is a consequence of the following elementary fact: whenever u1u2 D
u2u1 and PAi .ui / D 0, then PA1˝A2.u1u2/ D 0.

(2) In a minuscule representation each weight occurs with multiplicity one. As a result,
Proposition 3.6 applies in the situation we consider, which means that we can assume—after
replacing � 0 by a open subgroup �0 � � 0 and † by † \ U0, for an open dense subset
U0 � �0—that for each g 2 † all polynomials P�i .ga/.X/ are without multiple roots, hence
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each ui 2 AutQ`
.V .g// is semisimple, and so is the restriction to V of their product �.ga/.

Therefore �.g/ is semisimple and condition (C) in Theorem 3.3 is satisfied. Furthermore,
condition (B) in Theorem 3.3 is satisfied if we replace � by a suitable open subgroup, thanks
to (1) and Proposition 3.10(1). Applying Theorem 3.3 and taking into account 3.2 we deduce
that � is semisimple.

(3), (4) Combine (2) with Proposition 3.10(1) resp. 3.10(2).

4. Semisimplicity criteria for representations of profinite groups (bis)

4.1. – Our next goal is to prove a variant of Theorems 3.3 and 3.12 (Theorems 4.4 and 4.7
below) in which assumptions (A) and (A0) are not satisfied.

4.2. – Let � be a profinite group and � C � an open normal subgroup. Denote by pr W
� �! �=� the projection map. There is a natural right action of�=� on the set of characters
˛ W � �! Q

�

` , namely

(4.2.1) ˛pr.g/.h/ D ˛.ghg�1/; g 2 �; h 2 �:

4.3. – From now on until 4.7 we assume that �=� is a cyclic group of order n > 1 and fix
one of its generators � . We change notation and write �n instead of �. For characters ˛ as
in (4.2.1) the induced representations

I.˛/ D Ind��n.˛/

are semisimple and have the following properties:

I.˛/j�n

�
�!

n�1M
iD0

˛�
i

;

I.˛/
�
�! I.ˇ/ ” 9 i 2 Z=nZ ˇ D ˛�

i

;

I.˛/˝ I.ˇ/ D Ind��n.˛ ˝ I.ˇ/j�n
/
�
�!

n�1M
iD0

I.˛ˇ�
i

/;

I.˛1/˝ � � � ˝ I.˛r /
�
�!

n�1M
i2;:::;irD0

I.˛1˛
� i2
2 � � �˛

� ir

r /:

Fix a lifte� 2 pr�1.�/ of � and identify the representation space

I.˛/ D ff W � �! Q` j f .hg/ D ˛.h/f .g/ 8h 2 �n; 8g 2 �g

with Q
n

` D
Ln
iD1 Q` � ei via

f 7!

nX
iD1

f .e� i�1/ ei D
0BBBBB@

f .1/

f .e�/
:::

f .e�n�1/

1CCCCCA :
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The action .g � f /.g1/ D f .g1g/ of � on I.˛/ then becomes

8h 2 �n h.ei / D ˛
� i�1.h/ ei ; e�.ei / D ( ei�1; i 6D 1

˛.e�n/ en i D 1:

In particular,e�n 2 �n acts on I.˛/ by multiplication by the scalar ˛.e�n/. This scalar depends
one� , not just on � , since

8h 2 �n ˛ ..he�/n/ D ˛1C�C���C�n�1.h/ ˛.e�n/:
The representation I.˛/ decomposes into a direct sum of n=d irreducible representations of
dimension d

I.˛/ D
M
ę Ind��d .ę/;

where d D minfi � 1 j ˛�
i
D ˛g is a divisor of n,�d D pr�1.h�d i/ is the inverse image of the

cyclic group generated by �d and ę runs through all characters ę W �d �! Q
�

` extending ˛.

T 4.4. – Let �i D I.˛i / (i D 1; : : : ; r), where ˛1; : : : ; ˛r W �n �! Q
�

` are
characters. Assume that a representation � W � �! AutQ`

.V / satisfies the following conditions.

(B) The semisimplification �ss of � is isomorphic to a subrepresentation of .�1˝� � �˝�r /˚m,
for some m � 1.

(S) There is a dense subset † � � such that, for each g 2 †, �.g/ is a semisimple element
of AutQ`

.V /.

If n is a prime number, then the representation � is semisimple.

Proof. – Note that the representations �i and their tensor products are semisimple and
that conditions (B) and (S) are satisfied by any subquotient of �. By induction, it is sufficient
to consider only the case when � sits in an exact sequence

0 �! Y �! � �! X �! 0;

where X and Y are irreducible subrepresentations of �1 ˝ � � � ˝ �r , hence X ˚ X 0 D I.˛/,
Y ˚ Y 0 D I.ˇ/ for some ˛ D ˛1˛

� i2
2 � � �˛

� ir
r and ˇ D ˛1˛

�j2
2 � � �˛�

jr

r . After replacing �
by �˚X 0 ˚ Y 0 we can assume that

0 �! I.ˇ/ �! � �! I.˛/ �! 0;

where ˇ=˛ D '��1 for a suitable character ' W �n �! Q
�

` . It is enough, therefore, to prove
the following statement.

P 4.5. – If n is a prime number and if ˛; ˇ; ' W �n �! Q
�

` are characters such
that ˇ=˛ D '��1, then any representation � W � �! AutQ`

.V / satisfying (S) which sits in an
exact sequence

0 �! I.ˇ/ �! � �! I.˛/ �! 0

is isomorphic to I.ˇ/˚ I.˛/.
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Proof. – S 1. — For each h 2 �n the element .he�/n D hne�n (hn D h.e�he��1/ � � �
.e�n�1he�1�n/) acts on both I.˛/ and I.ˇ/ by the same scalar ˛.hne�n/ D ˇ.hne�n/, since

.ˇ=˛/.hne�n/ D '.��1/.1C�C���C�n�1/.h/ '��1.e�n/ D '.�n�1/.h/ '��1.e�n/ D 1:
It follows that

fh 2 �n j �.he�/ is semisimpleg D fh 2 �n j �..he�/n/ 2 Q
�

` � idg

is a closed subset of �n, hence equal to �n, thanks to (S). In particular, e� acts semisimply
on V .

S 2. — According to Step 1 there exists a e� -equivariant Q`-linear splitting of
V �! I.˛/, which we fix. Together with the identifications I.˛/

�
�! Q

n

`

�
 � I.ˇ/ from 4.3,

this allows us to identify V with Q
n

` ˚Q
n

` in such a way that g 2 � acts on V by a matrix

�.g/ D

 
B c.g/A

0 A

!
;

where A 2 GLn.Q`/ (resp. B 2 GLn.Q`/) is given by the action of g on I.˛/ (resp. on I.ˇ/)
and

c 2 Z1.�;Hom.I.˛/; I.ˇ/// D Z1.�;Mn.Q`//

is the 1-cocycle attached to the splitting. Continuity of � implies that the functions
g 7! A;B; c.g/ are continuous, too. By construction, c.e�/ D 0.

Note that there is an isomorphism of �-modules

Hom.I.˛/; I.ˇ//
�
�! I.˛/_ ˝ I.ˇ/

�
�! I.˛�1/˝ I.ˇ/

�
�!

n�1M
iD0

I.ˇ=˛�
i

/

under which I.ˇ=˛�
i
/ corresponds to the set of matrices C 2Mn.Q`/ which have non-zero

entries Cab only on the shifted diagonal aC i � b .modn/, since for each g 2 �n the matrix
A is diagonal, with diagonal entries equal to ˛.g/; ˛� .g/; : : : ; ˛�

n�1
.g/ (and similarly for B,

when ˛ is replaced by ˇ). Denote by

p
I.ˇ=˛�

j
/
WMn.Q`/

�
�! Hom.I.˛/; I.ˇ//

�
�!

n�1M
iD0

I.ˇ=˛�
i

/ �! I.ˇ=˛�
j

/

the projection on the term I.ˇ=˛�
j
/ (corresponding to a shifted diagonal of Mn.Q`/).

S 3. — Assume first that ˇ D ˛. For each h 2 �n \ † the semisimplicity of �.h/ D 
A c.h/A

0 A

!
implies that all terms on the main diagonal of c.h/ vanish, since A is diagonal.

By continuity of c, it follows that

(4.5.1) 8h 2 �n pI.ˇ=˛/ .c.h// D 0:

S 4. — Assume now that ˇ 6D ˛ (hence '� 6D '). Step 1 implies that

(4.5.2) 8h 2 �n 0 D c..he�/n/ D n�1X
jD0

.he�/j c.he�/ D n�1X
jD0

.he�/j c.h/;
since c.he�/ D hc.e�/C c.h/ D c.h/.
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Let h0; h1 2 �n be two elements such that h0 acts trivially on gr.V / D I.ˇ/ ˚ I.˛/; set
h2 D h0h1. The condition on h0 implies that c.h2/ D h0c.h1/C c.h0/ D c.h1/C c.h0/ and
that the action of h2e� on gr.V / coincides with that of h1e� . Subtracting the relations (4.5.2)
for h2 and h1, we obtain

(4.5.3) 0 D

n�1X
jD0

�
.h2e�/j c.h2/ � .h1e�/j c.h1/� D n�1X

jD0

.h1e�/j c.h0/:
Write x WD pI.ˇ=˛/.c.h0// as x D

Pn
iD1 xiei (xi 2 Q`) using the identification I.ˇ=˛/ D

I.'��1/
�
�! Q

n

` from 4.3. The formula

.h1e�/j .ei / D .'��1/� i�1C���C� i�j .h1/ ei�j D .'� i�� i�j /.h1/ ei�j
implies that (4.5.3) can be rewritten as

8h1 2 �n 0 D

n�1X
jD0

.h1e�/j x D nX
iD1

n�1X
jD0

xi .'
� i�� i�j /.h1/ ei�j

D

nX
aD1

ea='
�a.h1/

0@n�1X
jD0

'�
aCj

.h1/ xaCj

1A ;
hence

8h1 2 �n

nX
iD1

'�
i

.h1/ xi D 0:

Linear independence of the distinct characters '� ; : : : ; '�
n
D ' (we are using our assump-

tions that '� 6D ' and n is a prime number) then implies that all xi D 0. In other words,

pI.ˇ=˛/.c.h0// D x D 0:

S 5. — Applying Step 3 and Step 4 to the identifications I.˛/
�
�! I.˛�

i
/
�
�! Q

n

`

(when ˇ=˛�
i
D '��1i for 'i D '=˛1C�C���C�

i�1
) we obtain

8i D 0; : : : ; n � 1 p
I.ˇ=˛�

i
/
.c.h0// D 0;

hence c.h0/ D 0 for every h0 2 �n which acts trivially on gr.V /. This implies that, for every
h 2 �n, the value c.h/ depends only on the image �gr.V /.h/ of �.h/ in Aut.gr.V //.

S 6. — According to Step 5, the restriction cn of the cocycle c to �n

cn 2 Z
1.�n;Hom.I.˛/; I.ˇ/// D

n�1M
iD0

Z1.�n; I.ˇ=˛
� i //

lies in the image of the inflation map

inf W Z1.A;Hom.I.˛/; I.ˇ/// D
n�1M
iD0

Z1.A; I.ˇ=˛�
i

// �!

n�1M
iD0

Z1.�n; I.ˇ=˛
� i //;

where A WD �gr.V /.�n/ � Aut.I.˛/˚ I.ˇ// is an abelian profinite group.

If ˛�
i
6D ˇ, then H 1.A; ˇ=˛�

i
/ D 0, by Sah’s lemma.

If ˛�
i
D ˇ, then (4.5.1) implies that p

I.ˇ=˛�
i
/
cn D 0.
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In either case, the cohomology class of p
I.ˇ=˛�

i
/
cn vanishes in H 1.�n; I.ˇ=˛

� i //, hence
the cohomology class of c lies in the group

Ker
�
res W H 1.�;Hom.I.˛/; I.ˇ/// �! H 1.�n;Hom.I.˛/; I.ˇ///

�
�
�! H 1.�=�n;Hom.I.˛/; I.ˇ//�n/;

which is trivial, since Hom.I.˛/; I.ˇ//�n is a Q-vector space. This finishes the proof of the
fact that �

�
�! I.ˇ/˚ I.˛/ (and of Theorem 4.4).

P 4.6. – Let �i D I.˛i / (i D 1; : : : ; r) be as in Theorem 4.4. Let � W � �!
AutQ`

.V / be a representation satisfying the following condition.
(S0) There exist an open subgroup � 0 � � such that pr.� 0/ D �=�n and a dense subset

† � � 0 such that

8g 2 † P.�1˝���˝�r /.g/.�.g// D 0 2 EndQ`
.V /:

Then there is an open subgroup U � � 0 such that pr.U / D �=�n and �ss
jU
D .�jU

/ss is
isomorphic to a subrepresentation of .�1 ˝ � � � ˝ �r /j˚mU , for some m � 1.

Proof. – S 1. — (S0) holds for all subquotients of �, which means that we can—and
will—assume that � is irreducible. Note that conditions (A0) and (C0) from Proposition 3.10
are satisfied (with a D 1). Step 1 of the proof of Proposition 3.10(1) shows that

Ker.�/ � Ker.�0/ D
r\
iD1

Ker.�i / D
\
i;j

Ker.˛�
j

/

(where �0 D �1˚ � � �˚ �r ), which means that we can replace � by �=Ker.�0/, hence assume
that �n is abelian. In this case � is necessarily of the form (cf. 4.3)

� D Ind��d .
ě/ � I.ˇ/; ě W �d �! Q

�

` ; d D minfi � 1 j ˇ�
i

D ˇg;

�j�n
D

d�1M
iD0

ˇ�
i ě

j�n
D ˇ:

The proof of Proposition 3.10 (1) implies that there is an open subgroup A � �n such that

ˇjA
� .�1 ˝ � � � ˝ �r /jA

D

n�1M
i1;:::;irD0

˛�
i1

1 � � �˛
� ir

r jA
;

hence there exist fij g for which the character � D ˛�
i1

1 � � �˛
� ir
r =ˇ has finite order. We can

replace each ˛�
ij

j by j̨ without changing I. j̨ /; then � D ˛1 � � �˛r=ˇ.

S 2. — By continuity, the equality in (S0) holds for all g 2 � 0, in particular for all
g 2 � 0 \ pr�1.�/. Fixe� 2 � 0 \ pr�1.�/ and write g D e�h, where h 2 � 0n D � 0 \ �n. If we
denote by N˛ the product ˛˛� � � �˛�

n�1
(for any character ˛ of �n), then

P.�1˝���˝�r /.e�h/.X/ D .Xn � .N.˛1 � � �˛r //.h/ .˛1 � � �˛r /.e�n//nr�1
and

P�.e�h/.X/ D Xd � �ěě� � � � ě�d�1� .h/ ě.e�d /; �.e�h/n D .Nˇ/.h/ ˇ.e�n/ � idV :
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Condition (S0) then yields

8h 2 � 0n .N�/.h/ D .N.˛1 � � �˛r=ˇ// .h/ D .˛1 � � �˛r=ˇ/.e�n/�1 D �.e�n/�1;
which is equivalent to �.e�n/ D 1 and .N�/j�0n

D 1, hence to

8h 2 � 0n �..e�h/n/ D 1:
S 3. — The following open subgroup of � 0n

Un D fh 2 �
0
n j 8i 2 Z ��

i

.h/ D 1g D � 0 \

n�1\
iD0

Ker.��
i

/

is stable under the conjugation action by the cyclic group h�i. The extension class
Œ� 0� 2 H 2.h�i; � 0n/ of

1 �! � 0n �! � 0 �! h�i �! 1

is equal to the image ofe�n 2 .� 0n/�D1 under the periodicity isomorphism (depending on � )

.� 0n/
�D1=.1C � C � � � C �n�1/� 0n D

bH 0.h�i; � 0n/
�
�! H 2.h�i; � 0n/:

The conclusion of Step 2 implies thate�n 2 Un, hence

Œ� 0� 2 Im
�
H 2.h�i; Un/ �! H 2.h�i; � 0n/

�
;

which means that there is a commutative diagram of group extensions

1 // Un� _

��

// U� _

��

// h�i // 1

1 // � 0n� _

��

// � 0� _

��

// h�i // 1

1 // �n // � // h�i // 1

such that ˇjUn
D .˛1 � � �˛r /jUn

. We have � � I.ˇ/, hence

�jU
� I.ˇ/jU

D IndUUn.ˇjUn
/ D IndUUn.˛1 � � �˛r jUn

/ �

rO
iD1

IndUUn.˛i jUn
/ D .�1˝� � �˝�r /jU

;

as claimed.

T 4.7. – Let �i D I.˛i / (i D 1; : : : ; r) be as in Theorem 4.4. Assume that n is
a prime number and that ˛i=˛�

j

i is a character of infinite order, for each i D 1; : : : ; r and
j D 1; : : : ; n�1. Let � W � �! AutQ`

.V / be a representation satisfying the following condition.
(S00) There exist an open subgroup � 0 � � such that pr.� 0/ D �=�n and a dense subset

† � � 0 such that for each g 2 † there are pairwise commuting elements u1; : : : ; ur 2
AutQ`

.V .g//, where V.g/ � V is a finite-dimensional vector space over Q` depending on g,
such that V is stable by u1 � � �ur , �.g/ D u1 � � �ur jV and P�i .g/.ui / D 0 (i D 1; : : : ; r).

Then:
(1) Condition (S0) from Proposition 4.6 holds.
(2) The representation � is semisimple.
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(3) The restriction of � to a suitable open subgroup U � � 0 satisfying pr.U / D �=�n is
isomorphic to a subrepresentation of .�1 ˝ � � � ˝ �r /j˚mU , for some m � 1.

Proof. – (1) See the proof of Theorem 3.12(1).
(2) Thanks to (1), Proposition 4.6 applies to �, which yields an open subgroup U � � 0

such that pr.U / D �=�n for which �jU satisfies condition (B) in Theorem 4.4 (where we
replace .�; �n; ˛i / by .U; Un D U \ �n; ˛i jUn

/). Condition (S00) implies that, for each

element g of † \ U \ pr�1.�/ (which is a dense subset of U \ pr�1.�/), we have �.g/ D
u1 � � �ur jV

with pairwise commuting ui 2 AutQ`
.V .g// satisfying 0 D P�i .g/.ui / D uni �

˛i .g
n/id. It follows that each ui is semisimple, and so is the restriction of their product �.g/.

After replacing � by other generators of �=�n D U=Un we obtain the same statement for all
g 2 †\.U nUn/. The assumption on ˛i=˛�

j

i implies that for all elements g of a suitable open
dense subset U 0n � Un the characteristic polynomials P�i .g/.X/ (i D 1; : : : ; r) have distinct
roots. As above, this implies that �.g/ is semisimple for each g 2 † \ U 0n. This means that
condition (S) in Theorem 4.4 is also satisfied by �jU (with † replaced by .† \ .U n Un// [
.† \ U 0n/). We deduce from Theorem 4.4 that �jU , hence � as well, is semisimple.

(3) Combine (2) with Proposition 4.6 (which applies, by (1)).

5. Cohomology of quaternionic Shimura varieties

5.1. – In this section we apply the abstract results of § 3 and § 4 to Galois representations
occurring in étale cohomology of quaternionic Shimura varieties. Historically, this was the
first class of Shimura varieties of dimension dim > 1 to which the Langlands(-Kottwitz)
method was applied [29], [7].

5.2. – Let F � Q � C be a totally real number field of degree r D ŒF W Q�. Fix a quaternion
algebraD over F which is not totally definite. LetH (resp.G D RF=Q.H/) be the groupD�,
viewed as an algebraic group over F (resp. over Q). Define G� to be the fiber product

G� //

��

G

Nrd
��

Gm;Q // RF=Q.Gm;F /;

where Nrd is the reduced norm.

5.3. – The set of infinite primes of F naturally decomposes as

fv W F ,! Rg D fv j Dv 'M2.R/g[fv j Dv ' Hg D �[�c ; j�j D t � 1; j�c j D r�t:

We fix the corresponding isomorphisms

D ˝ R 'M2.R/� �H�c ; G.R/ ' GL2.R/� � .H�/�
c

:

Let

(5.3.1) h W S D RC=RGm;C ! GR ' GL.2/
�
R � .H

�/�
c

be the standard morphism xC iy 7!
�
x y
�y x

��
�1�

c
. ItsG.R/-conjugacy class X is naturally

identified with .C n R/� and h with the point fig�.
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5.4. – The Shimura variety ShK.G; X / has dimension t and its reflex field E D E.G; X / is
equal to

E D Q
�X
v2�

v.a/ j a 2 F
�
� F gal

� Q � C:

Equivalently, �E D Gal.Q=E/ D f
 2 �Q j 
.�/ D �g, if we consider � � Hom.F;C/ D
Hom.F;Q/. Define an intermediate field E � E 0 � F gal to be the fixed field of �E 0 D
Gal.Q=E 0/ D f
 2 �Q j 8v 2 � 
.v/ D vg.

If t D 1 (the case of Shimura curves), then E D E 0 D F . If t D r (the essentially PEL
case), then E D Q and E 0 D F gal.

5.5. – Our main objects of interest will be the cohomology groupsH�et.Sh.G; X /˝EQ; L �;`/

(in the notation of Introduction), where

� W GC D GL.2/
Hom.F;R/
C �! GL.N/C

is an irreducible rational representation such that �jZC
factors through NF=Q. Explicitly,

(5.5.1)
� D

O
vj1

�v; �v D Symkv�2.Std_/˝ .det ı Std_/.w�kv/=2 W GL.2/C �! GL.kv � 1/C;

where Std_ is the dual of the standard two-dimensional representation of GL.2/,
k W Hom.F;R/ �! Z�2, w 2 Z and 8vj1 kv � w .mod 2/. The reason why we
consider Std_ rather than Std is explained by the discussion in A.5.6 below.

The corresponding `-adic sheaf L �;` is pure of weight t .w � 2/.

5.6. – If t D r (i.e., if the quaternion algebra D is totally indefinite), then the morphism
(5.3.1) factors through G�R. Its G�.R/-conjugacy class X� is naturally identified with
.HC/Hom.F;R/ [ .H�/Hom.F;R/ � .C n R/Hom.F;R/, where HC and H� denote the upper
and lower half planes in C, respectively.

The Shimura variety Sh.G�; X�/ is of PEL type. It is defined over the common reflex field
E D Q of .G�; X�/ and .G; X /.

P 5.7. – If t D r , then the morphism i W Sh.G�; X�/ �! Sh.G; X /

defined by the inclusion .G�; X�/ � .G; X / induces an isomorphism of the connected
components Sh.G�; X�/an;C ' Sh.G; X /an;C containing XC�f1g, where .X�/C D XC D

.HC/Hom.F;R/ � X� � X . Moreover, the map i is an open immersion.

Proof. – This is a well-known consequence of Chevalley’s theorem on units (cf. [13,
Cor. 2.0.12]). According to [11, Prop. 1.15], the map i is an open immersion. It is enough,
therefore, to show that for any pair of open compact subgroups K�1 � G

�.bQ/, K1 � G.bQ/
such that K�1 � K1 there is a smaller pair .K�2 ; K2/ � .K�1 ; K1/ for which the following
diagram can be completed by a diagonal morphism making the two triangles commutative.

.K�2 \G
�.Q/C/n.X�/C //

��

.K2 \G.Q/C/nXC

��tt

.K�1 \G
�.Q/C/n.X�/C // .K1 \G.Q/C/nXC:
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Above, G.Q/C D G.Q/ \ G.R/C (resp. G�.Q/C D G�.Q/ \ G�.R/C), where G.R/C (resp.
G�.R/C) is the subgroup of elements of G.R/ (resp. of G�.R/) whose reduced norm lies
in .R�C/

Hom.F;R/ (resp. in the diagonally embedded R�C). In concrete terms, it is enough to
find .K�2 ; K2/ such that

K2 \G.Q/C � .K�1 \G
�.Q/C/Z.R/;

where Z � G is the center. We can assume that

K1 \G.Q/ � .1CMOB/ \O�B ; K�1 \G
�.Q/ � .1CM 0OB/NrdD1

for some OF -order OB � B and integers 3 j M j M 0. According to [C, Thm. 1] there
exists an integer N � 1 such that .1 CM 0NOF / \ O�F � .O�F \ .1 CM

0OF //
2. Taking

K2 D .1CM
0N bOB/\K1 and K�2 D K2 \K

�
1 , the reduced norm of any a 2 K2 \G.Q/ �

1CM 0NOB is of the form Nrd.a/ D u�2 for some u 2 O�F \ .1CM
0OF /. It follows that

a D .au/u�1 2 .1CM 0NOB/
NrdD1Z.R/ � .K�1 \G

�.Q/C/Z.R/;

as required.

In fact, a more sophisticated version of the above argument [39, Lemma 2.5] shows that
one can chooseK2 andK�2 so that ShK�

2
.G�; X�/an;C D ShK2.G; X /an;C. However, we are

not going to use this refined statement.

C 5.8. – (1) There is aG.bQ/ -equivariant isomorphism Sh.G�; X�/�UG.bQ/ '
Sh.G; X /, where U � G.bQ/ D bD� is the stabilizer of Sh.G�; X�/.

(2) For any � as in 5.5 there is a �Q �G.bQ/-equivariant isomorphism

H
j
et.Sh.G; X /˝E Q; L �;`/ ' IndG.

bQ/
U H

j
et.Sh.G�; X�/˝E Q; i� L �;`/;

with smooth induction on the right hand side.

5.9. – If D 6' M2.F /, then ShK.G; X /an is compact (for each open compact subgroup
K � G.bQ/) and the formula (0.4.1) applies (with m.�/ D 1 in (0.3.2), by the multiplicity
one theorem for automorphic representations of D�A ):

(5.9.1) H i
D H i

et.Sh.G; X /˝E Q; L �;`/ D
M
�1

V i .�1/˝ �1;

where �1 ˝ �1 is an automorphic representation of G.A/ D D�A such that

(5.9.2) 8v 2 � H�.gl2; O.2/R
�
I�v ˝ �v/ 6D 0

and

(5.9.3) 8v 2 �c �v ' �
_
v :

If D ' M2.F /, then ShK�.G�; X�/ and ShK.G; X / are Hilbert modular varieties and the
formula (5.9.1) applies to the intersection cohomology of the Baily-Borel compactification
j W ShK.G; X / ,! ShK.G; X /BB D ShK.G; X / [ fcuspsg:

H i
D lim
�!
K

.H i /K D lim
�!
K

H i
et.ShK.G; X /BB ˝Q Q; jŠ� L �;`/ D lim

�!
K

H i .ShK;BB/;
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with � D �1 ˝ �1 being a discrete ( ” cuspidal or one-dimensional) automorphic
representation of GL.AF / [2]. As in the case D 6'M2.F /, the Galois representation .H i /K

is pure of weight i C t .w � 2/ at all unramified primes not dividing `.
The canonical map .H i /K D H i .ShK;BB/ �! H i .ShK/ D H i

et.ShK.G; X /˝Q Q; L �;`/

is almost always injective (see Proposition A.6.17 below), the only exception being the case
i D 2r , kv D 2 for all v j 1, when H 2r .ShK;BB/ is dual to a Tate twist of H 0.ShK;BB/ D
H 0.ShK/.

5.10. – For fixed v 2 �, the condition (5.9.2) can be made explicit as follows.

(5.10.1) If dim.�v/ < 1, then necessarily dim.�/ D 1 and � D � ı Nrd for some
� W A�F =F

� �! C�. The central and infinitesimal characters of �v˝.�vıNrd/must
be trivial [4, Thm. I.5.3], hence kv D 2 and �2v.a/a

2�w D 1 for all a 2 F �v D R�,
which implies that �k � k1�w=2F is a character of finite order. In this case

dim H i .gl2; O.2/R
�
I�v ˝ �v/ D

(
1; i = 0,2

0; otherwise:

(5.10.2) If dim.�v/ D 1, then the matching of central and infinitesimal characters of �v
and the dual of �v [4, Thm. I.5.3] implies that �v is a discrete series representation
of weight kv (and appropriate central character). In this case

dim H i .gl2; O.2/R
�
I�v ˝ �v/ D

(
2; i = 1

0; otherwise:

5.11. – Combining 5.10 with (5.9.3) and the strong multiplicity one theorem for automor-
phic representations ofD�A (specifically, the fact thatm.�/ D 1 and � is determined by �1),
we deduce that V i .�1/ 6D 0 precisely in the following two mutually exclusive cases.

(A) � D � ı Nrd, where � W A�F =F
� �! C� is a character such that �k � k1�w=2F is of

finite order, dim.�/ D 1 (” 8vj1 kv D 2) and

dimV i .�1/ D

( �
t
j

�
; i D 2j .0 � j � t /

0; otherwise:

This corresponds to the universal cohomology classes given by the cohomology of
the dual compact symmetric space P1.C/t .

(B) � corresponds by the Jacquet-Langlands correspondence to a representation
… D JL.�/ of GL2.AF / attached (up to a twist) to a holomorphic cuspidal
Hilbert modular newform � (this still holds in the case D ' M2.F / when … D � ,
since � was necessarily cuspidal). In this case

V.�1/ D V t .�1/; dimV.�1/ D 2t :

In the case (A) we consider �k � k1�w=2F as a Galois character of finite order �F D

Gal.Q=F / �! C� ' Q
�

` , via the reciprocity map recF W A�F =F
� �! �abF . By abuse of

language, we denote by � W �F �! Q
�

` the tensor product of this Galois character of finite
order by Q`.w=2�1/ (this is the `-adic Galois representation attached to the algebraic Hecke
character �, [37, ch. 0, § 5], [22, p. 20]).
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In the case (B) denote by �� D �… W �F �! GL2.Q`/ the Galois representation attached
to …. It is irreducible, unramified outside ` cond.…/ and satisfies

(5.11.1) P�� .Fr.P //.X/ D X
2
� aPX C !.P /.NP /

for all finite primes P - ` cond.…/ of F . Above, ! denotes the central character of… (hence
also of �) and aP (resp.!.P /) is the eigenvalue of the Hecke operator TP (resp. SP ) acting on
the spherical vector of �P D …P (see A.1.6 below). The character ! satisfies !v.a/a2�w D 1
for all v j 1, which implies that !k � k2�wF has finite order. The Galois representation �� is
pure of weight 3 � w at all P - ` cond.…/.

The Langlands-Kottwitz method yields the following information ([29], [7], [35], [8]).

(5.11.2) For � D � ıNrd as in (A) the dual representation is �_ D ��1 ıNrd and

V 2j .�1/ss
'
�^j

Ind� Q`.�1/
�
˝ det

�
Ind�.��1/

�
D
�^j

Ind� Q`.�1/
�
˝ Ind˝�.�

�1/:

(5.11.3) If JL.�/ D … is attached to � as in (B), then

V t .�1/ss
' Ind˝�.��_/;

where the dual representation �_ satisfies JL.�_/ D …_ ' …˝ !�1 and ��_ '
�_� .�1/ (cf. (A.5.6.3); this Galois representation is pure of weight w � 1).

Had we used h�1 instead of h, then ��_ would have to be replaced by �� .

5.12. Partial (tensor) induction

In (5.11.2-3) we have denoted by Ind� and Ind˝�, respectively, the partial induction and
partial tensor induction functors which associate to a representation of �F of dimension m
a representation of �E of dimension tm (resp. mt ). They are defined as follows.

The set X D Hom.F;Q/ D Hom.F;R/ D � [ �c is naturally identified with �Q=�F .
A choice of a section s W X �! �Q of the canonical projection defines an injective group
morphism

is W �Q ,! SX n �XF ; is.
/ D .�; ı/; 
.s.x// D s.�.x//ı.x/:

By definition,
�E D i

�1
s

�
.S� n ��F / � .S�c n �

�c

F /
�
:

LetM be anyAŒ�F �-module (whereA is an arbitrary commutative ring). The wreath product
S� n ��F acts naturally on M˚� and M˝�. We let S�c n ��

c

F act trivially and define

Ind�.M/ D i�s
�
M˚�

�
; Ind˝�.M/ D i�s

�
M˝�

�
:

The isomorphism classes of these two �E -modules do not depend on s.

For 
 2 �E 0 the image of is.
/ in S� n ��F lies in ��F ; it is equal to .s.x/�1
s.x//x2�. It
follows that

(5.12.1) Ind�.M/j�E0
'

M
x2�

s.x/M; Ind˝�.M/j�E0
'

O
x2�

s.x/M;

where we have denoted by s.x/M the pull-back of M via the map

int.s.x//�1 W �E 0 �! s.x/�1�E 0s.x/ � �F ; 
 7! s.x/�1
s.x/:
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5.13. – It follows from (5.12.1) and (5.11.2-3) that

(5.13.1) V 2j .�1/ss
j�E0
'
�
Q`.�j /˝

O
x2�

s.x/��1
�˚. tj/

in the case (A) and

(5.13.2) V t .�1/ss
j�E0
'

O
x2�

s.x/��_

in the case (B).

The finiteness of the class number implies that H 1
g .k;Q`/ D 0 for any number field k. As

a result, any representation � W �k �! GLn.Q`/ which is de Rham at all primes above ` and
for which � ss ' ˛˚n for some character ˛ W �k �! Q

�

` is necessarily semisimple, � D � ss. In
particular, (5.13.1) together with 3.2 imply that, in the case (A), each V 2j .�1/ is semisimple.
Consequently, we can replace V 2j .�1/ss by V 2j .�1/ in (5.11.2).

5.14. – In 5.11-13 we have summed up the information about the Galois representa-
tions V i .�1/ which can be obtained by the Langlands-Kottwitz method. In fact, this
method yields (5.11.3) in a form which does not assume the existence of the Galois repre-
sentation ��_ .

We are now going to revisit the representations V i .�1/j�E0
, by applying Eichler-Shimura

relations together with the abstract results of § 3 and § 4 (but, unlike in the Langlands-
Kottwitz method, assuming the existence of ��_ ).

5.15. – Fix � as in 5.11, i.e., assume that V i .�1/ 6D 0. Fix a neat open compact subgroup
K � G.bQ/ such that .�1/K 6D 0. This implies that

(5.15.1) 0 6D V i .�1/˝ .�1/K � H i
et.ShK.G; X /˝E Q; L �;`/:

There exists a finite set S of primes of F such that K D KSK
S , where KS D

Q
v 62S Kv

with .Kv; G.Fv// ' .GL2.OF;v/; GL2.Fv// for all v 62 S . We can, and will, assume that
S contains all infinite primes, all primes dividing 2` and all primes at which F=Q and D
are ramified. Denote by QS=Q the maximal subextension of Q=Q which is unramified at all
rational primes not lying below S . Note that QS � F

gal.
Fix an intermediate field E 0 � eE � F gal. We are going to consider primes PS of QS

which are unramified in QS=Q and which satisfy

(5.15.2) FrQS=Q.PS / 2 Gal.QS=eE/:
Denote by

p D PS \ Z; P D PS \OE ; eP D PS \OeE
the respective primes of Q, E and eE below PS . It follows from the condition (5.15.2) that

Qp D EP D eEeP :
Moreover, for each x 2 �

s.x/�1FrQS=Q.PS /s.x/ 2 s.x/
�1Gal.QS=eE/s.x/ � s.x/�1Gal.QS=E

0/s.x/ � Gal.QS=F /;

which implies that the following primes of F

(5.15.3) Px D s.x/
�1PS \OF .x 2 �/
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are distinct and satisfy FPx D Qp.

5.16. Eichler-Shimura relations

The following statements are discussed in A.6 below.

In the situation of 5.15, the Shimura variety ShK.G; X / has (for sufficiently small Kp) a
canonical model SK over OE;P D Zp. Denote by SıK D SK ˝Zp Fp its special fiber.

The Frobenius morphism ' W SıK �! SıK has degree deg.'/ D pt and the action
of Fr.PS / on H i .ShK/ D H i

et.ShK.G; X / ˝E Q; L �;`/ ' H i
et.S

ı
K ˝Fp Fp; L

ı

�;`/ is given
by the action .' ˝ id/� of ' ˝ id W SıK ˝Fp Fp �! SıK ˝Fp Fp.

A cohomological form of Eichler-Shimura relations in our situation asserts that
.' ˝ id/� 2 AutQ`

.H i .ShK// naturally decomposes as a product of pairwise commuting
cohomological partial Frobenius automorphisms

.' ˝ id/� D
Y
x2�

'�x ; '�x 2 AutQ`
.H i .ShK//; '�x'

�
y D '

�
y'
�
x

satisfying the following quadratic equations, which generalize (0.8.1):

(5.16.1) 8x 2 � Qx.'
�
x / D 0; Qx.Y / D Y

2
� .TPx=SPx /Y C p=SPx :

The relations (5.16.1) are proved in A.6.4 and A.6.19 (the case t D r) and A.6.14 (the case
t < r) below for eE D F gal.

In the totally indefinite case t D r (see A.6.4) the automorphisms '�x are given by the
action of 'x ˝ id on H i .ShK/, where 'x W SıK �! SıK are mutually commuting ('x'y D
'y'x) geometric partial Frobenius morphisms of degree deg.'x/ D NPx D p. In the case
t < r we construct geometric partial Frobenius morphisms on the special fiber of a closely
related unitary Shimura variety, and then transfer the corresponding cohomological partial
Frobenius automorphisms to the quaternionic Shimura variety (see A.6.13).

The relations (5.16.1) imply that the action of Fr.PS / D .' ˝ id/� D
Q
x2� '

�
x

on H i .ShK/ satisfies the following equation of degree 2t :

(5.16.2) Q.'�/ D 0; Q D
O
x2�

Qx ;

where
N

is the “Rankin-Selberg product”: writing formallyQx.Y / D .Y �˛x;1/.Y �˛x;2/,
then

(5.16.3) Q.Y / D
Y

i W��!f1;2g

�
Y �

Y
x2�

˛x;i.x/
�
:

In the essentially PEL case t D r (when E D Q and E 0 D eE D F gal) the formula (5.16.2)
follows from [34, Cor. 4.2.15] and [40, Theorem, p. 44] (taking into account Corollary 5.8(2)).

In the isotropic caseD 'M2.F / the relations (5.16.1-2) also hold for the action of the '�x
on H i D H i .ShK;BB/, in the notation of 5.9 (see A.6.19).
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5.17. – For � D �ıNrd in the case (A), the formulas (5.16.1) and (5.16.2) imply, respectively
(thanks to (5.15.1)) that

(5.17.1) 8x 2 �
�
'�x � p �

�1.Px/
��
'�x � �

�1.Px/
�ˇ̌
V i .�1/˝.�1/K

D 0

resp.

(5.17.2)
Y
I��

�
Fr.PS / � pjI j��1

�Y
x2�

Px
��ˇ̌̌̌

V i .�1/˝.�1/K
D 0:

T 5.18. – For � D � ı Nrd in the case (A), the relation (5.16.2) (which holds
for eE D F gal, thanks to [34] and [40] in the case t D r and (A.6.14.3) in the case t < r)
implies (5.13.1). In other words, the Eichler-Shimura relation for the usual Frobenius morphism
(for PS as in (5.15.2)) determines the isomorphism class of each V i .�1/j� eE (thanks to the

remarks at the end of 5.13).

Proof. – AsH 2j is pure of weight 2jCt .w�2/ and �k�k1�w=2F is of finite order, it follows
from (5.17.2) that, for each PS satisfying (5.15.2), Fr.PS / acts on V 2j .�1/ss by the scalar
pj��1.

Q
x2� Px/. The set of elements Fr.PS / is dense in Gal.QS=eE/, which implies that

V 2j .�1/ss
j� eE '

�
Q`.�j /˝

O
x2�

s.x/��1
�˚. tj/;

as claimed. Note that one can rewrite the above formula in a more succint form as

V.�1/ss
j� eE '

�
��1 ˝ .Q` ˚Q`.�1//

�˝t ˇ̌
� eE :

As remarked in 5.13, the finiteness of the class number implies that each V 2j .�1/ss D

V 2j .�1/ is semisimple.

5.19. – If we are in the case (B) and JL.�/ D …, write� D fx1; : : : ; xtg and �i D s.xi /��_ W

�E 0 �! GL2.Q`/ (1 � i � t ). Denote by � W �E 0 �! GL2t .Q`/ the action of �E 0
on V t .�1/.

The relation (5.16.1) implies (again thanks to (5.15.1)) that, for eachPS satisfying (5.15.2),

(5.19.1) �.Fr.PS // D u1 � � �ut ; ui D '
�
xi
; uiuj D ujui ; P�i .Fr.PS //.ui / D 0:

Similarly, the relation (5.16.2) implies that

(5.19.2) P.�1˝���˝�t /.Fr.PS //
�
�.Fr.PS //

�
D 0;

hence

(5.19.3) 8g 2 �eE P.�1˝���˝�t /.g/
�
�.g/

�
D 0;

by the Čebotarev density theorem.

T 5.20. – Assume that we are in the case (B) and JL.�/ D ….
(1) The relation (5.16.2) implies that there exist a finite extension E 00=eE and an integer

m � 1 such that

V t .�1/ss
j�E00

�

�O
x2�

s.x/��_

�ˇ̌̌̌˚m
�E00

:
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If, in addition, � has complex multiplication by a totally imaginary quadratic extensionM ofF ,
then E 00 satisfies M gal 6� .M gal/CE 00, where M gal denotes the Galois closure of M in Q and
.M gal/C the maximal totally real subfield of the CM field M gal.

(2) If � does not have complex multiplication and if the weights .kx/x2� are distinct, then
the representation

N
x2�

s.x/��_ of�E 0 is strongly irreducible and the relation (5.16.2) implies
that (5.13.2) holds after restricting to �eE .

(3) The relation (5.16.1) implies that the representation V t .�1/ is semisimple.

Proof. – We must distinguish two cases.

If � has complex multiplication, then ��_ D Ind�F�M .˛/ D I.˛/, whereM � Q is a totally

imaginary quadratic extension of F and ˛ W �M �! Q
�

` a character. Let M 0 be the Galois
closure of M in Q. It is also a CM field and its maximal totally real subfield F 0 is a Galois
extension of Q containing F gal (hence eE). Using the notation from 5.19, we have, for each
i D 1; : : : ; t ,

�i
ˇ̌
�F 0
D Ind�F 0�M 0

.˛i /; ˛i D
s.xi /

�
˛
ˇ̌
�M 0

�
:

Thanks to (5.19.3) (resp. (5.19.1)), Proposition 4.6 (resp. Theorem 4.7(2)) applies to the
restrictions of � and �i to �F 0 (note that n D 2,e� D c is the complex conjugation and the
character ˛i=˛ci has infinite order, since the Hodge-Tate weights of ˛ and ˛c are distinct).
The statement (1) (resp. (3)) of the theorem follows.

If � has no complex multiplication, then Q` �Lie.��_.�F // D gl2.Q`/ and ��_ is strongly
irreducible. Thanks to (5.19.3) (resp. (5.19.1)), Proposition 3.10(1) (resp. Theorem 3.12(2))
applies to the representations � D V t .�1/ and �i of � D � 0 D Gal.QS=eE/ and to
† D fFr.PS /g. The statement (1) (resp. (3)) of the theorem follows. The statement (2) will
follow from Proposition 3.10(2) once we show that

N
x2�

s.x/��_ D �1˝� � �˝�t is strongly
irreducible.

Fix 1 � i 6D j � t . The Q`-Lie algebra

g D Q` � Lie.
�
�i ˚ �j

�
.�// � Q` � Lie.�i .�//˚Q` � Lie.�j .�// D gl2.Q`/ � gl2.Q`/

satisfies p1.g/ D p2.g/ D gl2.Q`/. If the desired strong irreducibility statement does not
hold, the last part of Proposition 2.2 implies (together with Proposition 2.1) that D.g/ �

sl2.Q`/ � sl2.Q`/ is the graph of a Lie algebra isomorphism sl2.Q`/
�
�! sl2.Q`/. Every

automorphism of sl2.Q`/ is inner, which means that, after conjugating �j by a suitable matrix
A 2 GL2.Q`/, D.g/ will coincide with the diagonally embedded sl2.Q`/. Moreover, the
determinants of �i and �j differ by a character of finite order, which implies that g itself
coincides with the diagonally embedded gl2.Q`/. As a result, the restrictions of �i and �j to
an appropriate open subgroup U � � are isomorphic (this is equivalent, by Schur’s Lemma,
to the existence of a character of finite order ˛ W � �! Q

�

` such that �i ' �j ˝ ˛, but we
do not need this fact). This is impossible, since the Hodge-Tate weights of �i (with respect
to E 0 � Q � C ' Q`) are equal to .1� .wC kxi /=2; .kxi �w/=2/, hence are different from
those of �j . This contradiction concludes the proof of (2).
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5.21. Remarks

(1) The proof of Theorem 5.20(2) shows that the conclusion holds more generally, namely,
if we assume that � has no complex multiplication and s.x/��_ 6'

s.y/��_ ˝ ˛ for any
x 6D y 2 � and any character of finite order ˛ of �E 0 .

(2) Is it possible to deduce from Theorem 5.20(2) the full statement of the restriction of
(5.13.2) to �eE (for � without complex multiplication) by letting � vary in a `-adic family?

C 5.22. – For every � as in 5.5, the action of�E onH i
et.ShK.G; X /˝EQ; L �;`/

in the caseD 6'M2.F / (resp. onH i
et.ShK.G; X /BB ˝Q Q; jŠ� L �;`/ in the caseD 'M2.F /)

is semisimple, and the same result holds for ShK�.G�; X�/ (and i� L �;`/) ifD˝R 'M2.R/r .

6. Cohomology of quaternionic Shimura varieties (bis)

6.1. – In this section we investigate the cohomology of Sh.G�; X�/ with coefficients in local
systems that do not come from Sh.G; X /. The notation is as in § 5. We assume throughout
§ 6 that D ˝ R 'M2.R/r (i.e., that � D X , t D r).

6.2. – An irreducible algebraic representation �� ofG�C is a restriction toG�C of a representa-
tion

N
v2X �v ofGC, where �v D Symkv�2.Std_/˝.detıStd_/mv W GL.2/C �! GL.kv�1/C

(kv � 2, mv 2 Z). The corresponding `-adic local system L ��;` D Lk;m on ShK�.G�; X�/

(for small enough K� � G�.bQ/) is pure of weight w� D
P
v2X .kv � 2C 2mv/ and satisfies

Lk;m D Lk;0.�
P
v2X mv/. This implies that Lk;m is a Tate twist of i� L �;` for some � as in

(5.5.1) iff

(6.2.1) 8v; v0 2 X kv � kv0 .mod 2/

(in other words, iff k D .kv/v2X is a “motivic weight” in the language of [1]).

6.3. – We fix k andm D .mv/v2X and writeH i D H i
et.Sh.G�; X�/˝Q Q; Lk;m/ in the case

D 6'M2.F / (resp. H i D H i
et.Sh.G�; X�/BB ˝Q Q; jŠ� Lk;m/ in the case D 'M2.F /).

If the weight k is motivic, Corollary 5.22 implies that H i is a semisimple �Q-module. If
k is not motivic, we are going to prove in Corollary 6.20 below an analogous result for the
non CM part of H i . The techniques of § 5 do not apply in this case directly, only after a
passage to an auxiliary totally imaginary quadratic extension Fc of F . For a good prime p
that splits completely in Fc=F one cannot define the partial Frobenius morphism 'x on the
special fiber of ShK�.G�; X�/ at p, only a certain twist of its square '2x . Similarly, there is
no Galois representation of �F attached to a Hilbert modular form of non-motivic weight
involved in the decomposition ofH r , but there is a Galois representation of�Fc attached to a
suitable twist of the base change of the Hilbert modular form toFc [1]. Working overFc with
such twisted objects leads to a proof of a variant of Theorem 5.20, but only in the non CM
case (see Theorem 6.19 below). Instead of the Eichler-Shimura relation for the action of 'x
on the cohomology of ShK.G; X / given in A.6.4 below we use the results of [34] and [40],
which apply to the action of the twisted version of '2x . This method also works for motivic
weights; it reproves the non CM case of Theorem 5.20 for t D r .
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6.4. – As in § 5, there is a �Q �G
�.bQ/-equivariant decomposition

H i
D

M
.��/1

V i ..��/1/˝ .��/1;

where �� D ��1 ˝ .��/1 is an automorphic representation of G�.A/ such that ��1 is
cohomological for �� in degree i and�� is one-dimensional or cuspidal (which is automatic if
D 6'M2.F /). We are going to investigate the `-adic representation V i ..��/1/ of �Q, which
is pure of weight i C w� at all unramified primes. As in 5.11, V i ..��/1/ 6D 0 only in the
following two cases.

6.5. – Case (A): dim.��/ D 1. In this case �� D �� ı Nrd, �� W A�=Q� �! C�, kv D 2

for all v 2 X , L ��;` D Q`.�m/ D .i
� L �;`/.�m/, m D

P
v mv, � is the trivial representation

of GC and ��1.a/ D a
2m.

We can assume that mv D 0 for all v 2 X ; then �� can be identified (via the reciprocity
map) with a Galois character of finite order �� W �Q �! C� ' Q

�

` . The arguments from
5.18 show that the Eichler-Shimura relation (proved in [34] and [40]) for the usual Frobenius
acting on H i (at good primes that split completely in F=Q) implies that V i ..��/1/ D 0 if
i 62 f0; 2; : : : ; 2rg and

(6.5.1) V 2j ..��/1/
ˇ̌
�
Fgal
' Q`.�j /˝ .�

�/�1
ˇ̌˚mj
�
Fgal

.0 � j � r/:

6.6. – Case (B): dim.��/ D1, �� cuspidal.

As the restriction of ��1 to SL2.F ˝ R/ is of infinite dimension and cohomological
in degree i for ��, we have necessarily that i D r and ��1jSL2.F˝R/

is a direct sum of

tensor products
N
v2X of (holomorphic or antiholomorphic) discrete series representations

of weight kv of SL2.Fv/ D SL2.R/.

The central character !�� W A�=Q� �! C� of �� satisfies .!��/1 D !�1�� W a 7! aw
�

,

which implies that ��.�w�=2/ D �� ˝ .k � kQ ı Nrd/�w
�=2 has central character of

finite order. As in [26, Prop. 3.5], every cuspidal automorphic form on G�.A/ extends to a
cuspidal automorphic form onG.A/ D D�A . As a result, there exists a cuspidal automorphic
representation � of D�A with central character !� of finite order such that ��.�w�=2/ is
isomorphic to a quotient of the restriction of � to G�.A/. Fix such a � .

For each v 2 X , �v is a discrete series representation of weight kv and central character
!�v D .sgn/kv of GL2.R/. The Jacquet-Langlands transfer JL.�/ of � to GL2.AF / is
cuspidal, since � is cuspidal in the case D 'M2.F /.

6.7. – The representation JL.�/ corresponds, up to a twist, to a cuspidal holomorphic
Hilbert modular newform � of weight k D .kv/v2X . Blasius and Rogawski [1] attached
compatible systems of Galois representations to suitable twists of JL.�/ by Hecke charac-
ters. Their setup is the following.

Fix an auxiliary imaginary quadratic field E0 and let Fc D E0F (if � has complex
multiplication by a totally imaginary quadratic extensionM of F , assume that E0 6�M gal).
Fix an embedding of E0 into C (as F � Q � C by assumption, this defines a distinguished
embedding Fc ,! Q � C) and denote by f�x W Fc ,! Cgx2X the induced CM type of Fc .
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According to Proposition A.6.15 there exists a character  W A�Fc=F
�
c �! C� satisfying

 
ˇ̌
A�
F

D !�1� ; 8x 2 X  x.a/ D .�x.a/=j�x.a/j/
kx I

fix such a  . The twisted base change

(6.7.1) … D BCFc=F .JL.�//˝  

is a cuspidal automorphic representation of GL2.AFc / (since JL.�/ does not have CM
by Fc) such that

…_ ' …c ; !… D  = 
c ; 8x 2 X .!…/x.a/ D .�x.a/=�x.a//

kx

(above, c denotes the non-trivial element of Gal.Fc=F / and . c/.a/ D  .c�1.a//).

According to [1, Thm. 2.6.1] there exists a semisimple Galois representation

�… D �…;` W �Fc �! GL2.Q`/

such that (note that our normalisations—including the values of .kx/x2X—differ from those
of [1])

(6.7.2) Lv.�…; s/ D Lv.…; Std; s � 1=2/ .8v - ` cond.…/ cond. /DFc /:

6.8. – From now on, until 6.19, assume that V r ..��/1/ 6D 0. There exists an open compact
subgroup K � G.bQ/ D bD� such that .�1/K 6D 0 6D ..��/1/K

�

, where K� D K \ G�.bQ/;
fix such a K.

Let S be a finite set of primes of F satisfying the properties listed in 5.15; we require, in
addition, all primes ramified inFc=F to be contained inS . Letp be a rational prime not lying
below S . After shrinking KS if necessary, there exists a smooth quasi-projective model SK�
(projective if D 6' M2.F /) of ShK�.G�; X�/ over Z.p/ constructed in [Ko, § 5] (cf. A.6.3
below). As in 5.16, H i .ShK�/ is isomorphic to H i

et.S
ı
K� ˝Fp Fp; L

ı

��;`/, where SıK� denotes
the special fiber of SK� (this is also true in the case D 'M2.F /, as explained in A.5.11.2).

6.9. – Let PS be a prime of QS unramified in QS=Q such that

(6.9.1) FrQS=Q.PS / 2 Gal.QS=F
gal
c /;

where F gal
c denotes the Galois closure of Fc in Q. The rational prime p D PS \Z is then as

in 6.8; moreover, it splits completely in Fc=Q. Extend each element �x W Fc ,! C (x 2 X ) of
the CM type of Fc to an element s.x/ 2 �Q. As in 5.15 and A.5.9, we obtain primes above
p in F and Fc , respectively, given by

Px D s.x/
�1PS \OF ; P 0x D s.x/

�1PS \OFc

that depend only on �x and such that

pOF D
Y
x2X

Px ; PxOFc D P
0
xP
00
x ; FPx D .Fc/P 0x D Qp:
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6.10. – The pair .G.Qp/;Kp/ is isomorphic toY
x2X

.GL2.FPx /; GL2.OF;Px // D .GL2.Qp/; GL2.Zp//
X
I

its subgroup .G�.Qp/;K�p / corresponds to the elements whose determinant lies in the diag-
onally embedded subgroup .Q�p ;Z

�
p / � .Q

�
p ;Z

�
p /
X .

As in A.4.3, the cocharacter � W Gm;Qp �! GQp ' GL.2/XQp from A.3.2 (attached
to the Shimura datum h) decomposes as � D .�Px /x2X , where �Px .a/ D

�
a 0
0 1

�
. The

corresponding parabolicP� � GQp (see A.1 below) is the product of upper Borel subgroups;
its Levi subgroupM is the product of the diagonal maximal tori inGL.2/Qp . We identifyM
with its set of Qp-points and we writeM � DM\G�.Qp/,L DM\Kp andL� DM �\K�p .

The maps K�pgK
�
p 7! KpgKp (resp. mL� 7! mL) define embeddings of Hecke algebras

H .G�.Qp/==K�p ;Q/ ,! H .G.Qp/==Kp;Q/

D

O
P jp

H .H.FP /==KP ;Q/ ' H .GL2.Qp/==GL2.Zp/;Q/X

and

H .M �==L�;Q/ ,! H .M==L;Q/ D
O
P jp

H .MP ==LP ;Q/ ' H ..Q�p�Q�p /==.Z
�
p�Z�p /;Q/

X

that are compatible with the twisted Satake transforms

S� W H .G�.Qp/==K�p ;Q/ �! H .M �==L�;Q/;

S� W H .G.Qp/==Kp;Q/ �! H .M==L;Q/

from A.1.4. These Hecke algebras contain the following important elements (with P D Px ,
x 2 X , NP D p):

� SP ; TP ; TP 2 2 H .H.FP /==KP ;Q/, where SP D KP

�
p 0
0 p

�
KP , TP D KP

�
p 0
0 1

�
KP

and TP 2 D KP
�
p2 0
0 1

�
KP D T

2
P � .NP C 1/SP .

� T 2P =SP ; Sp D
Q
P jp SP 2 H .G�.Qp/==K�p ;Q/.

� 'P D �P .p/
�1LP 2 H .MP ==LP ;Q/ (the partial Frobenius at P )

� ' D �.p/�1L� D
Q
P jp 'P 2 H .M �==L�;Q/ (the total Frobenius)

� e'P D '2P
Q
P 0 6DP S

�1
P 0 D '2PSPS

�1
p 2 H .M �==L�;Q/ (twisted square of 'P ),Q

P jp e'P D '2S1�rp .

The important point is that the partial Frobenius 'P does not lie in H .M �==L�;Q/, but
its twisted square e'P does.
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6.11. – For a non-zero polynomial Q 2 AŒY � with coefficients in a commutative ring A and
a 2 A� let

(6.11.1) .RaQ/.Y / D a
deg.Q/Q.a�1Y /I then .Ra1Q1/˝ .Ra2Q2/ D Ra1a2.Q1 ˝Q2/;

where the Rankin-Selberg product Q1 ˝ Q2 is defined analogously as in (5.16.3). If Q is
monic, factor it formally as Q.Y / D .Y � ˛1/ � � � .Y � ˛n/ and let

Q.2/.Y / D .Y � ˛21/ � � � .Y � ˛
2
n/ 2 AŒY �:

The Eichler-Shimura relations in our situation are consequences of the following abstract
polynomial identity (see A.1.6–A.1.8):

(6.11.2) S�P .QP /
ˇ̌
YD'P

D 0 2 H .MP ==LP ;Q/;

where P D Px , NP D p and

QP .Y / D Y
2
� .TP =SP /Y C .NP /=SP 2 H .H.FP /==KP ;Q/:

It implies that

(6.11.3) S�
�O
P jp

QP
�ˇ̌
YD'
D 0 2 H .M �==L�;Q/

and
S�P

�
Q
.2/
P

�ˇ̌
YD'2

P

D 0 2 H .MP ==LP ;Q/;

hence

S�P
�
RSP =SpQ

.2/
P

�ˇ̌
YDe'P D 0 2 H .M �==L�;Q/;

RSP =SpQ
.2/
P .Y / D Y 2 C .2NP � T 2P =SP /Y=Sp C .NP=Sp/

2:
(6.11.4)

6.12. – These polynomials are related to the Euler factors of the Galois representation �…
as follows. If we write P D Px , P 0 D P 0x and P 00 D P 00x , then

LP 0.BCFc=F .JL.�//; Std; s/�1 D LP .�; Std; s/�1 D 1 � TPp�1=2�s C SPp�2s
ˇ̌
�
KP
P

and the relations (6.7.1-2) imply that

P�….Fr.P 0//.Y / D Y
2
� TP .P

0/Y C pSP .P
0/2
ˇ̌
�
KP
P

:

For x 2 X let �x be the representation �x D s.x/�…_ D �…_ ı int.s.x//�1 W �
F

gal
c
�!

GL2.Q`/, as in 5.12. Its Euler factor at PS is given by

P�x.Fr.PS //.Y / D P�_….P
0
x/
.Y / D P�….P 00x /.Y / D Y

2
� TPx .P

00
x /Y C pSPx .P

00
x /
2
ˇ̌
�
KPx
Px

D
�
RSPx .P

00
x /
QPx

�ˇ̌
�
KPx
Px

;

(6.12.1)

since …_ ' …c ' …˝ !�1… ' …˝ . 
c= /.

P 6.13. – There exists a character � W �
F

gal
c
�! Q

�

` with the following
property: for every PS satisfying (6.9.1) we have

�.Fr.PS // D pw
�=2

Y
x2X

 .P 0x/;
�O
x2X

QPx
�
.Y /

ˇ̌
.��p /

K�p
D P.�˝

N
x2X �x/.Fr.PS //.Y /:

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



1220 J. NEKOVÁŘ

Proof. – The charactere� W Y
x2X

�
 k � k

�w�=2r
Fc

�
ıN

F
gal
c =Fc

ı s.x/�1 W A�
F

gal
c

=.F gal
c /� �! C�

sends a uniformiser at PS \OF gal
c

to pw
�=2

Q
x2X  .P

0
x/. The infinity type of e� is algebraic:

if � W F gal
c ,! C extends E0 ,! C, then

e�� .a/ D j�.a/j�w�.�.a/=j�.a/j/k D �.a/r�m�.a/r�k�m;
where k D

P
x2X kx and w� D

P
x2X .kx � 2C 2mx/ D k � 2r C 2m. The `-adic character

� W �
F

gal
c
�! Q

�

` attached to e� ([37, ch. 0, § 5], [22, p. 20]) then satisfies �.Fr.PS // D

pw
�=2

Q
x2X  .P

0
x/, as claimed. The remaining statement follows from the fact that

Rp�w�=2
�O
x2X

QPx
�ˇ̌
.��p /

K�p
D
�O
x2X

QPx
�ˇ̌
�
Kp
p
D

O
x2X

�
QPx

ˇ̌
�
KPx
Px

�
D

O
x2X

�
RaxP�x.Fr.PS //

�
D RaP.

N
�x/.Fr.PS //;

where

ax D  .P
00
x /
�1SPx j�

KPx
Px

D  .P 00x /
�1.!�/Px .Px/ D  .P

0
x/;

a D
Y
x2X

ax D p
�w�=2�.Fr.PS //:

P 6.14. – Denote by � the `-adic representation of �Q given by its action
on V r ..��/1/. The dense subset † D fFr.PS / j PS as in (6.9.1)g � �

F
gal
c

has the following
properties.

(1) 8g 2 † P.�˝
N
x2X �x/

.�.g// D 0.

(2) For everyg 2 † there exist mutually commuting endomorphismsux 2 EndQ`
.V r ..��/1/

(x 2 X) and non-zero scalars c; cx 2 Q
�

` such that

�.g2/ D c
Y
x2X

ux ; 8x 2 X P�x.g2/.cxux/ D 0:

Proof. – If PS j p is as in (6.9.1), then the group G� splits over Qp and the main result
of [40] (see also [34, Cor. 4.2.5]) applies. Explicitly, there is a stack (in fact, a scheme, after
imposing a level structure outside p) of p-isogenies p-IsogK�p �! SK� �SK� (where SK� is
the Kottwitz model of ShK� over Z.p/) and a commutative diagram (see A.4 below for the
notation and the sign conventions, which differ from those in [40])

H .G�.Qp/�==K�p ;Q/
h //

S�

��

QŒp-IsogK�p ˝Qp�

�

��

H .M ��==L
�;Q/ h // QŒp-IsogK�p ˝ Fp�

equipped with compatible G�.bQ/-equivariant actions on

H r .ShK�/ D H r .ShK�.G�; X�/˝Q Q; L ��;`/
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(hence also on V r ..��/1/˝ .��/1 � .H r /K
�

, since .H r /K
�

D H r .ShK�/ if D 6' M2.F /

and .H r /K
�

injects into H r .ShK�/ if D 'M2.F /, by Proposition A.6.17).

(1) The action of Fr.PS / on H r .ShK�/ is given by the action of ' 2 H .M ��==L
�;Q/.

Letting the relation (6.11.3) act on V r ..��/1/ ˝ .��/1 we obtain the Eichler-Shimura
relation for the usual Frobenius�O

x2X

QPx
�ˇ̌
.��p /

K�p

�
Fr.PS /jV r ..��/1/˝.��/1

�
D 0 2 End.V r ..��/1/˝ .��/1/;

which is equivalent to

P.�˝
N
x2X �x/.Fr.PS //.�.Fr.PS /// D 0;

thanks to Proposition 6.13.

(2) As explained in A.5.5, the G�.bQ/-equivariance implies that the action of eache'Px 2 H .M ��==L
�;Q/ on V r ..��/1/ ˝ .��/1 is of the form ux ˝ id, where ux is in

AutQ`
.V r ..��/1// (but we do not really need this fact) and uxuy D uyux . The relation

(6.11.4) combined with (6.12.1) implies that ux is a root of the polynomial�
RSPx =SpQ

.2/
Px

�ˇ̌
.��p /

K�p
D Rpw�

�
RSPx =SpQ

.2/
Px

�ˇ̌
.�Px /

KPx

D Rpw�RSPx =SpRS�2Px .P
00
x /
�2P�x.Fr.PS //2

ˇ̌
.�Px /

KPx

D Rc�1x P�x.Fr.PS /2/;

cx D p
�w� .P 00x /

2SpSPx
ˇ̌
.�Px /

KPx
2 Q

�

` :

Therefore P�x.Fr.PS /2/.cxux/ D 0. Finally

�.Fr.PS /2/ D '2jV r ..��/1/ D S
r�1
p

Y
x2X

e'Px jV r ..��/1/ D c Y
x2X

ux ; c D S r�1p j�
Kp
p
:

C 6.15. – If PS is as in (6.9.1) and if, for each x 2 X , the polynomial
P�x.Fr.PS /2/ has two distinct roots, then �.Fr.PS // acts semisimply on V r ..��/1/.

6.16. – Note that, if � has complex multiplication by a (totally imaginary) quadratic exten-
sion M of F and if Fr.PS /jM 6D id, then �x.Fr.PS // D

�
0 �
� 0

�
and P�x.Fr.PS /2/.Y / D

.Y � ax/
2 has a double root, for all x 2 X .

In general, the representations �… W �Fc �! GL2.Q`/ and �x D s.x/�…_ D
s.x/�…c W

�
F

gal
c
�! GL2.Q`/ have the following properties.

P 6.17. – (1) Let � j ` be the prime of Fc above ` induced by the fixed
embeddings Fc � Q � C ' Q`. For every x 2 X the restriction of the representation �x
to �.Fc/� is Hodge-Tate. Its two Hodge-Tate weights are distinct; their difference is equal
to kx � 1.

(2) The representation �… is irreducible.

(3) If � does not have complex multiplication, then the representation �… is strongly irre-
ducible and, for each x 2 X , Q` � Lie.Im.�x// � sl2.Q`/.
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Proof. – (1) This is a special case of a general compatibility between the Hodge-Tate
weights and automorphic weights for n-dimensional `-adic Galois representations �…
of �Fc attached to self-dual (…_ ' …c) regular algebraic automorphic representations …
of GLn.AFc /, proved in [10, Thm. 3.2.5].

(2) The argument from [38, Prop. 3.1] in the case of motivic weight applies.
(3) If �… is not strongly irreducible, then it is induced from a character �L �! Q

�

` ,
where ŒL W Fc � D 2. It follows that … ˝ ˛ ' …, where ˛ W A�Fc=F

�
c �! f˙1g is the

quadratic character attached to L=Fc . Therefore ˛c D ˛, which implies that ˛ D ˇ ıNFc=F
for some ˇ W A�F =F

� �! f˙1g and BCFc=F .JL.�// D BCFc=F .JL.�/ ˝ ˇ/, hence
JL.�/ ' JL.�/˝ˇ or JL.�/ ' JL.�/˝ˇ�, where � is the quadratic character of A�F =F

�

attached to Fc=F ; thus JL.�/ has complex multiplication by ˇ 6D 1 or by ˇ� 6D 1.
If �… is strongly irreducible, then the Q`-Lie algebra Q` � Lie.Im.�…_// � gl2.Q`/ acts

irreducibly on Q
2

` , which means that it must contain sl2.Q`/.

P 6.18. – If � does not have complex multiplication, then there exists an open
subgroupU � �

F
gal
c

and a dense subset†U � U such that each element of†U acts semisimply
on V r ..��/1/.

Proof. – Combine Proposition 6.17(3) with Proposition 3.6 (for �i D �x and a D 2) and
Corollary 6.15.

T 6.19. – Assume that we are in the case (B) and BCFc=F .JL.�//˝  D ….
(1) There exists a finite extension E 00=F gal

c and an integer m � 1 such that

V r ..��/1/ss
j�E00

�

�O
x2X

s.x/�…_

�
˝ �

ˇ̌̌̌˚m
�E00

:

If, in addition, � has complex multiplication by a totally imaginary quadratic extensionM ofF ,
then E 00 satisfies M gal 6� .M gal/CE 00.

(2) If � does not have complex multiplication and if the weights .kx/x2X are distinct, then
the representation

N
x2X

s.x/��_ of �
F

gal
c

is strongly irreducible and

V r ..��/1/ss
j�
F

gal
c

D

�O
x2X

s.x/�…_

�
˝ �

ˇ̌̌̌˚m
�
F

gal
c

:

(3) If � does not have complex multiplication, then the representation V r ..��/1/ of �Q is
semisimple.

Proof. – The arguments used in the proof of Theorem 5.20 apply, with references to 5.19
to be replaced by those to Proposition 6.14 and Proposition 6.17. In concrete terms, (1) is
a consequence of Proposition 6.14(1) and Proposition 3.10(1) (resp. and Proposition 4.6) if
� does not (resp. does) have complex multiplication. The statement (2) follows from Propo-
sition 3.10(2) applied to �i D �x and a D 1; the assumptions (A0) and (C0) are consequences
of Proposition 6.17(3) and Proposition 6.14(1), respectively, and the strong irreducibility is
a consequence of the argument from 5.20 that uses the Hodge-Tate weights. The statement
(3) follows from Theorem 3.12(2) applied to �i D �x and a D 2; the assumptions (A00) and
(C00) are satisfied, respectively, thanks to Proposition 6.17(3) and Proposition 6.14(2).
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C 6.20. – For every �� as in 6.2, the action of �Q on the non CM part
of H i

et.ShK�.G�; X�/˝Q Q; L ��;`/ in the case D 6'M2.F / (resp. on H i
et.ShK�.G�; X�/BB ˝Q Q;

jŠ� L ��;`/ in the case D 'M2.F /) is semisimple.

Appendix

Eichler-Shimura relations

In this appendix we indicate how the methods of [17] and [40] for proving Eichler-Shimura
relations in the split case also work for partial Frobenius morphisms. We try to keep consis-
tent sign conventions, but it is conceivable that some of the formulas hold only up to a sign.
This is not important, however, for the applications to semisimplicity in the main body of
this article.

A.1. The Satake transform (the split case)

A.1.1. In this section we recall various versions of the Satake transform in the simplest
possible setting. Let K be a finite extension of Qp with ring of integers O. Let j � j be
the normalized valuation on K (so that the valuation of any uniformiser $ is equal to
j$ j D q�1, where q is the cardinality of the residue field O=$O).

A.1.2. LetG be a split connected reductive group over K ; it is the general fiber of a group
scheme over O (which will also be denoted by G) with reductive special fiber.

Assume that we are given a cocharacter � W Gm;O �! G (defined overO). Fix a maximal
torus T � G such that � factors through T . This defines subgroup schemes T � M �

P� � G, where M is the centraliser of � in G and P� is a parabolic subgroup of G with
Levi subgroup M and unipotent radical N� characterized by the fact that Lie.N�/ is the
direct sum of those root spaces Lie.G/˛ with respect to T for which ˛ ı � > 0.

We obtain the corresponding groups of points T D T .K / � M D M.K / � P� D

P�.K / D M n N� � G D G.K / � K D G.O/, where N� D N�.K /. The modulus
morphism

ı� WM �! qZ; m 7! j det.Ad.m/ j Lie.N�//j

satisfies ı��1 D ı
�1
� .

A.1.3. Let H .G==K;Q/ be the Hecke algebra of locally constant functions with compact
support f W G �! Q satisfying f .kgk0/ D f .g/ for all g 2 G and k; k0 2 K. The product
is given by the convolution

.f1 � f2/.h/ D

Z
G

f1.g/f2.g
�1h/ dg;

where dg is the Haar measure on G givingK volume 1. The algebra H is commutative and
the characteristic function char.K/ of K is its unit. We define similarly H .M==M \K;Q/.
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A.1.4. Let du be the Haar measure on N� normalized by giving N� \ K volume 1. We
define two twisted Satake transforms

S�; eS� W H .G==K;Q/ �! H .M==.M \K/;Q/;

related by eS� D ı� � S�, by the formulas

.S�f /.m/ D

Z
N�

f .mu/ du; .eS�f /.m/ D Z
N�

f .um/ du;

and the usual (normalized) Satake transform

S� D ı
1=2
� � S� D ı

�1=2
� � eS� W H .G==K;Q/ �! H .M==.M \K/;Q/˝ ZŒq˙1=2�:

A.1.5. The Hecke polynomial. – In the special case when M D T the parabolic subgroup
P� D B D T n U is a Borel subgroup and the normalized Satake transform induces an
isomorphism

S W H .G==K;Z/˝ ZŒq˙1=2�
�
�!

�
H .T==.T \K/;Z/˝ ZŒq˙1=2�

�W
:

The target group is canonically identified with R.bG/ ˝ ZŒq˙1=2�, where R.bG/ is the
Grothendieck ring of algebraic representations of the complex dual group bG, via the
bijections

ZŒX�.T /�
�
�! H .T==.T \K/;Z/; Œ�� 7! char.�.$/.T \K//;

R.bG/ ��! ZŒX�.bT /�W D ZŒX�.T /�W ; ŒV � 7! Trace.V jbT /:
Using this isomorphism, we define, for any algebraic representation V of bG, the Hecke
polynomial (“the characteristic polynomial”)

HV .X/ WD

dimVX
kD0

.�1/k ŒƒkV �Xk 2 .H .G==K;Z/˝ ZŒq˙1=2�/ŒX�; eHV .X/ D XdimVHV .1=X/:

For any cocharacter � 2 X�.T / (considered as a character of the dual torus bT � bG) there
existsw 2 W such thatw�will lie in the positive Weyl chamber with respect toB. We denote
by V� the irreducible representation of bG with highest weight w� and we let

H�.X/ D HV�.X/;
eH�.X/ D eHV�.X/:

For example, if G D T is a torus, then

(A.1.5.1) H�.X/ D 1 � char.�.$/K/X; eH�.X/ D X � char.�.$/K/:

A.1.6. Consider the following toy model: G D GL.2/ and �.t/ D
�
t 0
0 1

�
. In this case T is

the diagonal torus, V� is the standard two-dimensional representation of bG D GL2.C/ and

H�.X/ D

 
1 �X char

� $ 0

0 1

!
.T \K/

�! 
1 �X char

� 1 0
0 $

!
.T \K/

�!
D 1 � q�1=2T$X C S$X

2;

where

T$ D char
�
K

 
$ 0

0 1

!
K
�
; S$ D char

�
K

 
$ 0

0 $

!
K
�
2 H .G==K;Z/:
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Similarly, V��1 is the dual of V�, hence V��1
�
�! V� ˝ .ƒ

2V�/
�1 and

H��1.X/ D 1 � q
�1=2.T$=S$ /X C .1=S$ /X

2; eH��1.X/ D X2 � q�1=2.T$=S$ /X C .1=S$ /;
(A.1.6.1) q eH��1.q�1=2X/ D X2 � .T$=S$ /X C .q=S$ /:

P A.1.7 ([9, Prop. 3.4], [40, Prop. 2.9]). – If the cocharacter � in A.1.2 is
minuscule, then .S�. eH��1//.q�h�;�ichar.M�.$/�1M// D 0 2 H .M==.M \K/;C/, where
2� 2 ZŒX�.T /� denotes the sum of all positive roots of .G;B; T /.

A.1.8. In the situation of A.1.6 the cocharacter � D � is minuscule, P� D B is the upper
triangular Borel subgroup, h�; �i D 1=2 and

.S�. eH��1//.X/
D

 
X � q�1=2 char

� $�1 0
0 1

!
.T \K/

�! 
X � q1=2 char

� 1 0

0 $�1

!
.T \K/

�!
:

A.2. Hecke correspondences and their action on cohomology

A.2.1. Let .G; X / be a pure Shimura datum, letK � G.bQ/ be an open compact subgroup.
Throughout this Appendix (with the exception of A.5.6, A.5.11-12 and A.6.16-20) we assume
that Gder is anisotropic, hence the Shimura variety ShK D ShK.G; X / is projective (and
smooth if K is small enough) over the reflex field E D E.G; X /.

Any diagram .ShK
q1
 � Z

q2
�! ShK) with finite morphisms qi defines a correspondence

cl.Z/ D .q1; q2/�.Z/ 2 Corr.ShK/Q D CH dim ShK .ShK � ShK/Q. The product of
correspondences is given byAıB D .p14/�..A�B/ ��23/. For example, any finite morphism

˛ W ShK �! ShK has a graph �˛ D cl.ShK
id
 � ShK

˛
�! ShK/ and its transpose

t�˛ D cl.ShK
˛
 � ShK

id
�! ShK/ satisfying �˛ ı �ˇ D �ˇı˛ and t�˛ ı

t�ˇ D
t�˛ıˇ .

For every reasonable cohomology theory H� with coefficients in a field of characteristic
zero (such as H� D H�et.�

N
E Q;Q`/) the ring of correspondences Corr.ShK/Q naturally

acts on the left on H�.ShK/ via the formula

L.A/ W x 7! .p1/�.ŒA� [ p
�
2 .x//;

where ŒA� 2 H�.ShK �ShK/ is the cohomology class of a correspondence A 2 Corr.ShK/Q.

In particular, L.ShK
q1
 � Z

q2
�! ShK/ D .q1/� ı q�2 W H

�.ShK/ �! H�.ShK/, L.�˛/ D ˛�,
L.t�˛/ D ˛�, L.A ı B/ D L.A/ ı L.B/.

A.2.2. For any g 2 G.bQ/ the diagram

ShgKg�1\K

pr1
��

Œ�g�
// ShK\g�1Kg

pr2
��

ShK ShK

(where Œ�g� denotes the standard right action of g on the tower fShKg) defines a Hecke
correspondence

ŒKgK� D .ShK
pr1ıŒ�g

�1�
 ���� ShK\g�1Kg

pr2
�! ShK/ 2 Corr.ShK/Q
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depending only on the double coset KgK 2 KnG.bQ/=K. Define the global Hecke algebra
H .G.bQ/==K;Q/ as in A.1.3, with K of volume 1. The Q-linear extension of the map
char.KgK/ 7! ŒKgK� defines a ring homomorphism H .G.bQ/==K;Q/ �! Corr.ShK/Q.
The corresponding left action on cohomology

L.ŒKgK�/ D .pr1 ı Œ�g
�1�/� ı pr�2 D .pr1/� ı Œ�g�

�
ı pr�2

corresponds to the natural left action of G.bQ/ on H�.ShK/ given by L.g/ D Œ�g��.

A.2.3. As a multivalued map pr2 ı Œ�g�ı .pr1/
�1, the Hecke correspondence is given, using

the standard notation Œx; 
�K for the class of .x; 
/ 2 X �G.bQ/ in ShK , by

Œx; 
�K 7!
X

Œx; 
gig�K ; K D
a
i

gi .K \ gKg
�1/; KgK D

a
i

gigK:

See A.5.5 below for the action of Hecke correspondences on cohomology with coefficients
in a local system.

A.3. The PEL data

A.3.1. Assume that we are given the following data: .B;�; V; h ; iF /, where B is a finite-
dimensional simple Q-algebra, � is a Q-linear positive involution on B, F D Z.B/�Did

(a totally real number field), V is a non-zero left B-module of finite type and h ; iF W V � V �! F

is a non-degenerate alternating F -bilinear form such that hbv; v0iF D hv; b�v0iF for all
b 2 B and v; v0 2 V .

The center Z.B/ D Fc of B is equal either to F , or to a totally imaginary quadratic
extension of F . Set h ; i D TrF=Q ı h ; iF W V � V �! Q; this is a non-degenerate
alternating Q-bilinear form satisfying the same hermitian property as h ; iF . The centraliser
C D EndB.V / is a simple Q-algebra with center Fc and an F -linear involution # given by
the adjoint with respect to h ; iF .

Let H D GSpB.V; h ; iF / be the algebraic group over F whose points with values in any
F -algebra S are given by

H.S/ D fh 2 GLB.V ˝F S/ j 9�.h/ 2 S
�
8v; v0 2 V hhv; hv0iF D �.h/hv; v

0
iF g

D fh 2 .C ˝F S/
�
j hh#

D �.h/ 2 S�g

and let G� be the algebraic group over Q such that

G�.R/ D fg 2 .C ˝R/� j gg#
D �.h/ 2 R�g

for all Q-algebras R. As in 5.2, there is a cartesian diagram

G� //

�

��

G

�

��

Gm;Q // RF=Q.Gm;F /;

where G D RF=Q.H/. We assume, from now on, that the group Gder is anisotropic.
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A.3.2. Recall [24, § 1] that .B ˝F F ;�˝ id/ is isomorphic either to End.W /�End.W /op

with .a; b/� D .b; a/ (type (A)), or to End.W / with � being the adjoint map with respect to
a symmetric (resp. alternating) bilinear form on W (type (C)) (resp. type (BD)).

From now on, assume that our datum is of type (A) (whenFc 6D F ) or (C) (whenFc D F ).
This implies that H;G and G� are connected reductive groups and that the derived group
ofH (hence ofG) is simply connected ([33, Prop. 8.7]). Furthermore, there exists a morphism
of R-algebras h W C �! C ˝ R such that h.z/ D h.z/# for which the symmetric R-bilinear
form hv; h.i/v0i W VR � VR �! R is positive definite. The morphism h is unique up to
conjugation by an element c 2 .C ˝ R/� such that cc# D 1 ([24, Lemma 4.3], [33, Prop.
8.12]).

It follows that h defines a Shimura datum .G�; X�/ (resp. .G; X /), where X� (resp. X )
is the G�.R/-conjugacy class (resp. the G.R/-conjugacy class) of h. The real group GR DQ
vj1H ˝F;v R is isomorphic to

Q
v GSp.2n/R (resp. to

Q
v GU.av; bv/, av C bv D n) if

.B;�/ is of type (C) (resp. of type (A)).
The action of h.i/ defines a complex structure on VR, hence a Hodge decomposition

VC D V
�1;0˚V 0;�1 of weight -1, with h.z/˝id acting as z (resp. z) on V �1;0 (resp. on V 0;�1).

The cocharacter� D �h W Gm;C �! GC attached to h acts on VC as follows:�.z/ acts as z �id
(resp. as id) on V �1;0 (resp. on V 0;�1).

The common reflex field E D E.G�; X�/ D E.G; X / � Q � C is the field generated
over Q by the coefficients of the characteristic polynomial

(A.3.2.1) det.X1˛1 C � � � CXt˛t j V �1;0/;

for any Q-basis f j̨ g of B.

A.3.3. The arguments in [24, § 7] show that the group G satisfies the Hasse principle. The
key point is a description of the torus T D G=Gder in terms of tori kT D Rk=Q.Gm;k/. If

.B;�/ is of type (C), then � induces an isomorphism � W T
�
�! F T . If it is of type (A) and

n � 1 is as in A.3.2, then the map “determinant” together with � induce an isomorphism
T

�
�! f.a; b/ 2 FcT � F T j NFc=F .a/ D bng. For n D 2k C 1 (resp. n D 2k), the map

.a; b/ 7! ab�k (resp. .a; b/ 7! .ab�k ; b/) defines an isomorphism ˇ W T
�
�! FcT satisfying

NFc=F ı ˇ D � (resp. ˇ D .ˇ1; �/ W T
�
�! Ker.NFc=F W FcT �! F T / � F T ). All tori kT

have trivialH 1 and the Hasse principle holds for the norm NFc=F . It follows that T satisfies
the Hasse principle, hence so does G (cf. [33, Lemma 8.20, 8.21]).

A.3.4. Unramified local data at p. – Let p be a prime number; fix an embedding Q ,! Qp.
WritebQ.p/ D .

Q
6̀Dp Z`/˝Q for the ring of finite adeles outside p. Assume that each term in

the decomposition BQp D
Q
P jp B ˝F FP is a matrix algebra over an unramified extension

of Qp (in particular, p is unramified in Fc=Q). This assumtion will be further strengthened
in A.4.3 below.

Assume, furthermore, that we are given the following data: an open compact subgroup
Kp � G.bQ.p//, a �-stable OF ˝ Z.p/-order OB � B such that OB ˝ Zp is a maximal order
in BQp and an OF ˝ Zp-lattice ƒ � VQp which is self-dual (up to a scalar in .F ˝ Qp/�)
with respect to h ; iF . Fix such a ƒ and let Kp D fg 2 G.Qp/ j g.ƒ/ D ƒg, K D KpKp �
G.bQ/. As in [24, p.390], the characteristic polynomial det.b j V �1;0/ in (A.3.2.1) will have
coefficients in OE ˝ Z.p/, if we choose f j̨ g to be a Z.p/-basis of OB .
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A.3.5. A moduli problem. – A p-integral model SK of ShK.G; X / (for sufficiently smallKp)
can be constructed as follows (see [35, 2.14] and [39, 2.3-2.8, 4.6] for special cases).

For any ˛ 2 .bF .p//� D .F ˝bQ.p//� consider the following moduli stack M ˛;Kp over the
category of locally noetherian schemes S over OE ˝Z.p/. Its objects over S are quadruples
.A; �; �; .�; u//, where

� A is an abelian scheme over S up to prime-to-p isogeny (notation: A is an object
of .AV=S/˝ Z.p/);

� � W A �! bA is a Z.p/-polarization of degree prime to p;

� � W OB �! End.A/ is a �-morphism (with respect to � onOB and the Rosati involution
coming from � on End.A/);

� for a fixed geometric point s of (every connected component of) S , .�; u/ is a
�1.S; s/-invariant Kp-level structure. By the latter we mean a Kp-orbit of pairs .�; u/,
where u 2 .bO.p/F /� and � W V ˝ bQ.p/ �

�! V .p/.As/ is a B ˝ bQ.p/-linear isomorphism such
that the Weil pairing h ; i� W V .p/.As/�V .p/.As/ �! bQ.p/ on V .p/.As/ D Q˝

Q
6̀Dp T`.As/

attached to � satisfies
h�.x/; �.y/i� D TrF=Q.˛uhx; yiF /:

An element g 2 Kp acts on .�; u/ by .�; u/g D .� ı g; u �.g//;

� the Kottwitz determinant condition should be satisfied: det.b j Lie.A// D det.b j V �1;0/ as
polynomial functions on OB .

Morphisms between .A; �; �; .�; u// and .A0; �0; �0; .�0; u0// are given byOB -linear isomor-
phisms f W A

�
�! A0 in .AV=S/˝ Z.p/ such that � D f �.�0/ (D bf ı �0 ı f ) and .�0; u0/ D

.f ı �; u/.

Note that the degree of � is determined by the above conditions. Moreover, .A; �; �; .�; u//
has no non-trivial automorphism if Kp is small enough (cf. [35, 2.13]), which we assume,
from now on.

This implies, as in [24, § 5] and [35], that M ˛;Kp is represented by a smooth quasi-
projective scheme over OE ˝ Z.p/, which will be denoted by M˛;Kp .

There is an action of the group of totally positive units O�F;C on M ˛;Kp given by the
formula

" � .A; �; �; .�; u// D .A; �; �."/�; .�; "u//:

If " D NFc=F ."
0/ for some "0 2 O�Fc \K

p � F �c D ZG.Q/ � G.bQ.p//, then multiplication
by �."0/ on A defines an isomorphism

Œ�."0/� W .A; �; �; .�; u//
�
�! "�1 � .A; �; �; .�; u//:

It follows that the finite abelian group

� D O�F;C=NFc=F .O
�
Fc
\Kp/

acts onM˛;Kp . It turns out that, after replacingKp by a suitable open subgroup, the group�
will act on the scheme M˛;Kp freely by permuting its connected components. This is proved
in [23] in general and in A.3.9-10 below in the cases (C) and (A even).

In particular, the quotient scheme M˛;Kp=� exists and is quasi-projective and smooth
over OE ˝ Z.p/.
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A.3.6. The moduli problem over C. – Following [24, § 8], we define a map

M˛;Kp .C/ �! ShK.G; X /.C/ D G.Q/n.X �G.Qp/=Kp �G.bQ.p//=Kp/

(see also [39, 2.4], [33, 6.3, 6.9]).

If .A; �; �; .�; u// is a quadruple over C, thenH D H1.A;Q/ is aB-module via �, equipped
with a skew-Hermitian pairing h ; iH;� W H �H �! F such that TrF=Q ı h ; iH;� is induced
by �.

As in [24, p. 338-339], one checks that HQv and VQv are isomorphic skew-Hermitian
BQv -modules, for all places v of Q. For v 6D 1; p this follows from the existence of �;
for v D 1 one uses the determinant condition and [24, Lemma 4.2]. For v D p, Tp.A/ D
H1.A;Zp/ � HQp is a self-dual OB ˝ Zp-lattice and a variant of [24, Lemma 7.2] applies.

The validity of the Hasse principle for G implies that there is a B-linear isomorphism
a W H

�
�! V , unique up to left multiplication by G.Q/, which sends h ; iH;� to an

F �-multiple of h ; iF . We fix such an isomorphism.

The natural complex structure hA on HR D Lie.A/ defines a complex structure ahA D
.z 7! a ıhA.z/ıa

�1/ on V which lies in X (when interpreted as a pure real Hodge structure
of weight -1 on VR), thanks to [24, Lemma 4.2].

At p, a.Tp.A// � VQp is an OB ˝ Zp-lattice, self-dual up to a scalar in .F ˝ Qp/�.
A variant of [24, Lemma 7.3] shows that there exists gp 2 G.Qp/ (with gpKp depending

only on a.Tp.A//) such that a.Tp.A// D gpƒ. Equivalently, �p D a�1 ı gp W VQp
�
�! HQp

satisfies Tp.A/ D �p.ƒ/.

Finally, a ı � W V ˝ bQ.p/ ��! V ˝ bQ.p/ is an element of G.bQ.p//.

The map M˛;Kp .C/ �! ShK.G; X /.C/ given by sending .A; �; �; .�; u// to

(A.3.6.1) Œah; gpKp; a ı ��K 2 G.Q/n.X �G.Qp/=Kp �G.bQ.p//=Kp/ D ShK.G; X /.C/

is well-defined and factors through the quotient M˛;Kp .C/=�.

A.3.7. A p-integral model SK of ShK.G; X /. – Choose a (finite) set † D f˛g � .bF .p//� of
representatives of the double cosets

.bF .p//� D a
˛2†

.OF ˝ Z.p//
�
C ˛ .

bO.p/F /�:

The maps (A.3.6.1) induce a bijection ([18, Prop. 3.6.3])

(A.3.7.1)
a
˛2†

.M˛;Kp .C/=�/
�
�! ShK.G;X/.C/;

which implies that the smooth quasi-projective OE ˝ Z.p/-scheme

SK WD
a
˛2†

.M˛;Kp=�/ DMKp=�; MKp D

a
˛2†

M˛;Kp

is a model of ShK.G;X/. Moreover, (A.3.7.1) identifies SK ˝ E with a canonical model
of ShK.G; h/, not of ShK.G; h�1/—see the discussion in [33, p. 347].

A.3.8. Recall that Gder is anisotropic, by assumption, hence ShK.G; X / is compact. In
this case each M˛;Kp (hence SK , too) is projective over OE ˝ Z.p/, by [24, p. 392] if C is a
division algebra, and by [27, Thm. 4.6] in general.
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A.3.9. Deligne’s description of the set of geometric connected components
�0ShK.G; X /.C/ ([11, Thm. 2.4], [33, Thm. 5.17]) in terms of the map G �! G=Gder D T

yields the following bijections (depending on a choice of a connected component of X ):

�0ShK.G; X /.C/
�
�! .OF ˝ Z.p//

�
nbF .p/;�=�.Kp/

in the case (C),

�0ShK.G; X /.C/
�
�! .OFc ˝ Z.p//

�
nbF .p/;�c =ˇ.Kp/

in the case (A odd) (when n D 2k C 1) and

�0ShK.G; X /.C/
�
�! U1.K

p/ � U2.K
p/;

U1.K
p/ D Ker.N W .OFc˝Z.p//

�
�! .OF˝Z.p//

�
C/nKer.N W bF .p/;�c �! bF .p/;�/=ˇ1.Kp/

U2.K
p/ D .OF ˝ Z.p//

�
Cn
bF .p/;�=�.Kp/

in the case (A even) (when n D 2k).
In the case (C),

�0M˛;Kp .C/ D .bO.p/F /�=�.Kp/ D bO�F =�.K/;
�0.M˛;Kp=�/.C/ D O�F;CnbO�F =�.K/

and the stabilizer in � of any connected component of M˛;Kp .C/ is equal to

�0.K/ D
�
O�F;C \ �.K/

�
=.O�F \K/

2

(see [39, 2.3, 2.4] in the case of Hilbert modular varieties, when H D GL.2/F ).
Similarly, in the case (A even),

�0M˛;Kp .C/ D U1.Kp/ � .bO.p/F /�=�.Kp/ D U1.K
p/ � bO�F =�.K/;

�0.M˛;Kp=�/.C/ D U1.Kp/ �O�F;CnbO�F =�.K/
and the stabilizer in � of any connected component of M˛;Kp .C/ is equal to

�0.K/ D
�
O�F;C \ �.K/

�
=NFc=F .O

�
Fc
\K/:

P A.3.10 ([39, Lemma 2.5]). – Assume that .B;�/ is of type (C) or (A even).
After replacingKp by a suitable open subgroup if necessary one can achieve�0.K/ D 0, hence
� will act on each M˛;Kp .C/ freely by permuting certain connected components.

A.3.11. The Frobenius morphism. – The absolute Frobenius morphism

(A.3.11.1) ' W SK ˝OE=pOE �! SK ˝OE=pOE

is induced by the relative Frobenius morphism FA W A �! A.p/ on abelian schemes
in characteristic p. More precisely, let S be a (locally noetherian) scheme over OE=pOE
and .A; �; �; �; u/ a 5-tuple representing an element ofM˛;Kp .S/. There is a canonical action

�.p/ W OB �! End.A.p// compatible with � via FA and a Z.p/-polarization �.p/ W A.p/ �! dA.p/
satisfying F �A .�

.p// D p�. The formula

'.A; �; �; �; u/ D .A.p/; �.p/; �.p/; FA ı �; pu/

gives an explicit description of

' WM˛;Kp ˝OE=pOE �!M˛;Kp ˝OE=pOE
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and of the restriction of the map (A.3.11.1) to .M˛;Kp=�/˝OE=pOE .

A.3.12. Partial Frobenius morphisms. – One can write the map ' in (A.3.11.1) as a product
' D

Q
P jp 'P of mutually commuting partial Frobenius morphisms

'P W SK ˝OE=pOE �! SK ˝OE=pOE ;

for primes P j p of F above p (see [39, 4.6] in the case of Hilbert modular varieties).
Fix a totally positive element c 2 F �C such that vP .c/ D 1 and vP 0.c/ D 0 for all

P 0 j p, P 0 6D P . Let S and .A; �; �; �; u/ be as in A.3.11. Consider A0 D A=Ker.FA/ŒP �
and denote by fP W A �! A0 the quotient map. Again, there is a canonical morphism
�0 W OB �! End.A0/ induced by � and fP . We define

(A.3.12.1) 'P .A; �; �; �; u/ D .A
0; �0; �0; �0; u0/;

where c� D f �P .�
0/, �0 D fP ı� and c˛u D ˛0u0. The recipe (A.3.12.1) is compatible with the

right Kp-action on the pairs .�; u/, with isomorphisms and with the action of �. However,
it depends on the choice of c.

If we replace c byec, thenec D "c with " 2 O�F;C and the 5-tuple .A0; �0; �0; �0; u0/ is replaced
by .A0; �0; "�0; �0; "u0/. This implies that the above formula gives rise to a well-defined partial
Frobenius morphism

'P W .M˛;Kp=�/˝OE=pOE �! .M˛0;Kp=�/˝OE=pOE ;

hence to 'P W SK ˝OE=pOE �! SK ˝OE=pOE .

A.4. The p-isogenies ([17, VII.3-4], [40, §3-5])

We continue to assume that Kp is sufficiently small.

A.4.1. Let v j p be the prime of E � Q defined by the fixed embedding Q ,! Qp.
As in [40, § 3], a p-isogeny f W .A1; �1; �1; .�1; u1// �! .A2; �2; �2; .�2; u2// between
objects .Aj ; �j ; �j ; .�j ; uj // of M

j̨ ;K
p .S/ (for a schemeS overOEv ) is anOB -linear isogeny

in .AV=S/ ˝ Z.p/ of p-power degree such that f ı �1 D �2 and f �.�2/ D c�1 for some
c 2 F �C such that vP .c/ � 0 for all P j p in F .

A morphism f �! f 0 between two p-isogenies is given by a pair of OB -linear isomor-
phisms gj W Aj �! A0j (j D 1; 2) in .AV=S/˝ Z.p/ satisfying

g2 ı f D f
0
ı g1; g�j .�

0
j / D �j ; gj ı �j D �

0
j .j D 1; 2/:

The p-isogenies (for all possible combinations of ˛1 and ˛2) form a stack of groupoids
p-IsogKp over .Sch=OEv /, equipped with canonical projectionspj W p-IsogKp �! MKp D`
˛ M ˛;Kp (j D 1; 2) sending f to .Aj ; �j ; �j ; .�j ; uj //. As in [40], the restriction of each

pj to the substack p-IsogmKp of p-isogenies with fixed value of m D .mP D vP .c//P jp is
represented by a proper surjective map (which is finite étale when restricted to .Sch=Ev/). As
a result, p-IsogKp is, in fact, a scheme equipped with a morphism .p1; p2/ W p-IsogKp �!
MKp �MKp , where MKp D

`
˛M˛;Kp .

The composition of isogenies

.p-IsogKp / �p2;MKp ;p1 .p-IsogKp / �! p-IsogKp ; f1; f2 7! f2 ı f1

defines a ring structure on QŒp-IsogKp=S�, the Q-vector space on the set of connected
components of p-IsogKp .S/ (see [17, p. 252]).
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A.4.2. p-isogenies in characteristic zero. – If f is a p-isogeny over S D Spec.C/, then f
identifies H1.A1;Q/ D H1.A2;Q/ D H and induces an injection Tp.f / W H1.A1;Zp/ D
Tp.A1/ ,! H1.A2;Zp/ D Tp.A2/ � HQp . The corresponding elements gp;j 2 G.Qp/
from A.3.6 satisfy gp;1.ƒ/ D a.Tp.A1// � a.Tp.A2// D gp;2.ƒ/, hence gp;2 D gp;1g with
g 2 G.Qp/� D fu 2 G.Qp/ j g�1.ƒ/ � ƒg. We define the type of f to be the double coset
KpgKp 2 KpnG.Qp/�=Kp; it depends only on f .

If C is replaced by an arbitrary algebraically closed field of characteristic zero, then there
are isomorphisms 'j W Tp.Aj /

�
�! ƒ. They satisfy '2 ı Tp.f / ı '�11 .ƒ/ D g�1ƒ for some

g 2 G.Qp/�; we define the type of f to be againKpgKp. The type of the geometric fibers of
any p-isogeny over a base S over Spec.E/ is locally constant on S .

Note a sign change compared to [40, 4.1]; this is forced on us by the formula (A.3.6.1),
which relates the moduli problem to the canonical model of the Shimura variety.

As in [17, p. 253] and [40, 4.2], define a map

h W H .G.Qp/�==Kp;Q/ �! QŒp-IsogKp=E�

by sending the characteristic function of any double coset KpgKp to the union of the
connected components on which the p-isogeny has typeKpgKp. This is a ring morphism (if
we let Kp have volume 1) and its composition with

.p1; p2/ W QŒp-IsogKp=E� �! Corr.MKp ˝E/Q

is given by char.KpgKp/ 7! .pr � pr/� ı ŒKgK�, in the notation of A.2.2 (where
pr WMKp ˝E �! SK ˝E is the map (A.3.6.1)).

In particular, the action of h.g/ on étale cohomology ofMKp ˝E leaves stable the image
under pr� of étale cohomology of SK ˝E D ShK ˝E E and acts on the latter as the Hecke
operator L.ŒKgK�/.

A.4.3. From now on, we impose the following additional assumption:

(A.4.3.1) p splits completely in Fc=Q:

This implies thatEv D Qp, k.v/ D Fp, F ˝Qp D
Q
P jp FP , FP D Qp,BQp '

Q
i Mni .Qp/,

OB ˝ Zp '
Q
i Mni .Zp/, each group H ˝F FP is split over FP D Qp (cf. the discussion in

[33, 8.5-8.6]), G splits over Qp. Of course, G.Qp/ D
Q
P jp D H.FP / and Kp D

Q
P jp KP ,

where KP is a maximal compact subgroup of H.FP /.

As in [40, 5.1], the conjugacy class Œ�� of the cocharacter �h from A.3.2 (considered
over Qp, via the given embeddings Qp  - Q � C) contains a cocharacter defined over Qp,
which extends to � W Gm;Zp �! G, where G is a reductive model of G over Zp defined
by ƒ. The decomposition ƒ D

Q
P jp ƒP defines, for each P j p in F , a cocharacter

�P W Gm;OFP
D Gm;Zp �! HP , where HP is a reductive model of H ˝F FP over OFP D Zp.

Fix � as above; then ƒ D ƒ�1;0 ˚ ƒ0;�1, where �.z/ D z � id (resp. �.z/ D id)
on ƒ�1;0 (resp. on ƒ0;�1). In [40], ƒ�1;0 is denoted by ƒ0 and ƒ0;�1 by ƒ1. The centraliser
M D fg 2 G j g.ƒi;j / D ƒi;j g is a Levi factor of the parabolic P� D fg 2 G j .ƒ

�1;0/ D

ƒ�1;0g attached to � as in A.1.2. Let L DM.Zp/ D Kp \M , where M DM.Qp/.
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A.4.4. Ordinary p-isogenies ([17, VII.4], [40, § 5]). – A p-isogeny over a field of character-
istic p is ordinary if A1 (hence A2, too) is an ordinary abelian variety. A general p-isogeny
is ordinary if its fibers over points in characteristic p are ordinary. They form a subscheme
p-Isogord

Kp of p-IsogKp .

Let .A; �; �; .�; u// 2 M ˛;Kp .k/, where k is an algebraically closed field of characteristic
p. If A is ordinary, it is shown in [40, 5.2-3] that there are OB -linear isomorphisms

Tp.A/
�
�! Tp.bA/ ��! HomZp .ƒ

�1;0;Zp/
�
�! ƒ0;�1;

with the first isomorphism induced by �, the third by h ; iF and withOB acting on the third
term by .b �u/.x/ D u.b�x/. Above, Tp.A/ D lim

 �n
A.k/Œpn� denotes the physical Tate module

of A.

This implies that a p-ordinary isogeny f over k gives rise tom1 2 EndOB˝Zp .ƒ
0;�1/ and

its dual bf to m�0 2 EndOB˝Zp .HomZp .ƒ
�1;0;Zp//, hence to m0 2 EndOB˝Zp .ƒ

�1;0/. We
define the type of f to be the double coset L.m0; m1/�1L 2 LnM�=L (note the change of
sign with respect to [40, 5.3]), where M� D fm 2M j m�1.ƒi;j / � ƒi;j g.

For example, the Frobenius isogeny f D FA has purely multiplicative kernel, which means
that m1 D p and m0 D 1 ([40, 5.9]), so .m0; m1/ D �.p/ and the type of f in our sense is
equal to L�.p/�1L.

More generally, if P j p is a prime of F above p, then the invariant .m0; m1/ attached
to the isogeny fP W A �! A=Ker.FA/ŒP � used in the definition of the partial Frobenius
morphism 'P W SK ˝ k.v/ D SK ˝ Fp �! SK ˝ k.v/ is equal to .m0; m1/ D �P .p/; thus
the type of fP is L�P .p/�1L D LP�P .p/�1LP .

The relation between the type of a p-isogeny in characteristic zero and the type of its
reduction modulo p (assumed to be ordinary) is explained in [17, p. 263]: letO be a complete
DVR of mixed characteristic with residue field k D k � Fp. Let f be a p-isogeny over O
with ordinary special fiber f . The Barsotti-Tate objectsƒ0i D Tp.Ai=O/ sit in exact sequences

0 �! .ƒ0i /mult �! ƒ0i �! .ƒ0i /et �! 0

and f induces injections .ƒ01/‹ ,! .ƒ02/‹ (‹ D ;;mult; et). If we consider ƒ0i � HQp D

H1.Ai ;Qp/ and if we fix an isomorphism a W HQp
�
�! VQp , then we obtain lattices a.ƒ01/ D

g1.ƒ/ � a.ƒ
0
2/ D g2.ƒ/ � VQp , where g D g�11 g2 2 P�.Qp/� D .P�/�. By definition, the

type of f is equal to KpgKp. If we denote by m.g/ 2 M� the projection of g onto the Levi
part of P�, then the type of f will be equal to L.m0; m1/�1L D Lm.g/L.

The arguments in [40, 5.5-7] show that the restrictions of the projections p1; p2 W

p-Isogord
Kp ˝ Fp �! M ord

Kp ˝ Fp to the subscheme of ordinary p-isogenies of a fixed type
LmL are finite and flat and their geometric fibers have pure multiplicity given by explicit
constants multi .LmL/.

As in [40, 5.8], one defines a map

h W H .M�==L;Q/ �! QŒp-Isogord
Kp ˝ k.v/� D QŒp-Isogord

Kp ˝ Fp�

by sending the characteristic function of LmL to .1=mult1.LmL// times the union of all
connected components corresponding to ordinary p-isogenies of type LmL (again, L is of
volume 1).
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In particular, the correspondence h.char.L�.p/�1L// (resp. h.char.L�P .p/�1L//)
on MKp ˝ k.v/ D MKp ˝ Fp is equal to the pullback by pr � pr of the graph of the
Frobenius morphism ' W SK ˝ Fp �! SK ˝ Fp (resp. of the graph of the partial Frobenius
'P W SK ˝ Fp �! SK ˝ Fp). As a result, its action on étale cohomology of MKp ˝ Fp
leaves stable the image under pr� of étale cohomology of SK˝Fp and its action on the latter
coincides with the action of ' ˝ id (resp. of 'P ˝ id).

P A.4.5 ([17, p. 263], [40, Prop. 5.10]). – The following diagram commutes
(the map � is given by specialization of cycles).

H .G.Qp/�==Kp;Q/
h //

S�

��

QŒp-Isogord
Kp ˝Ev�

�

��

H .M�==L;Q/
h // QŒp-Isogord

Kp ˝ Fp�:

Proof. – As in [17, p. 263], this follows from the discussion in A.4.4 relating the types of f
and f . Note that [17] work with classical objects, such as �nHg , defined as quotients by a
left action, whereas Shimura varieties ShK D Sh=K are quotients by a right action. This
accounts for a sign change in the formulas involving the action of the Hecke algebra. More
precisely, one uses the Iwasawa decomposition G.Qp/ D P�.Qp/Kp D P�Kp to determine
the number of cosets KpgKp=Kp lying in the fiber of the map

G.Qp/=Kp D P�=.Kp \ P�/ �!M=L; g 7! m.g/

above a fixed classmL. As P� DMU (with U \Kp of volume 1), the above number is equal
to Z

U

.char.KpgKp//.mu/ du D .S�char.KpgKp//.m/;

as claimed.

A.5. Eichler-Shimura relations for partial Frobenii

A.5.1. The principal geometric result of [40, § 6] is the relative density theorem for the
moduli problem giving rise to an integral model of ShK�.G�; X�/. The theorem states that
the ordinary p-isogenies in characteristic p are dense in all p-isogenies, provided the group
G� is split over Qp. Using Serre-Tate theory, this is deduced from a deformation statement
about p-isogenies of principally quasi-polarizedOB ˝Zp-modules [40, Prop. 6.10], which is
then sufficient to prove only for OB ˝ Zp D Zp or Zp � Zp.

This reduction argument to a special case of [40, 6.10] is also valid in our situation
(i.e., for the union of the Kottwitz models MKp D

`
˛M˛;Kp ), which yields an equality

QŒp-IsogKp ˝ Fp� D QŒp-Isogord
Kp ˝ Fp�. The commutative diagram in Proposition A.4.5

then becomes

(A.5.1.1) H .G.Qp/�==Kp;Q/
h //

S�

��

QŒp-IsogKp ˝Ev�

�

��

H .M�==L;Q/
h // QŒp-IsogKp ˝ Fp�:
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A.5.2. Both Hecke algebras decompose into tensor products:

H .G.Qp/�==Kp;Q/ D
O
P jp

H .H.FP /�==KP ;Q/

H .M�==L;Q/ D
O
P jp

H .MP�==LP ;Q/:

The discussion in A.4.4 justifies the following definition: the partial Frobenius at P
in QŒp-IsogKp ˝ Fp� is defined as

'P D h.LP�P .p/
�1LP /:

Their product is equal to
' D

Y
P jp

'P D h.L�.p/
�1L/:

T A.5.3 (Eichler-Shimura relation for partial Frobenius morphisms).
If p splits completely in Fc=Q and satisfies the assumptions from A.3.4, then the following

relation holds, for every prime P j p in F :eH��1
P
.p�h�P ;�P i'P / D 0 2 QŒp-IsogKp ˝ Fp�;

where �P denotes the half sum of all positive roots of H ˝F FP .

Proof. – Combine (A.5.1.1) with Proposition A.1.7.

A.5.4. Similarly, the full Frobenius ' satisfies the “Rankin-Selberg product” of the rela-
tions A.5.3, in the sense of (5.16.2). This relation differs by a sign from the one stated in [40],
but it is compatible with the reciprocity law giving the Galois action on H 0, which is dual
to the action on �0, hence is given by the reciprocity morphism attached to ��1, rather than
to �.

A.5.5. The Eichler-Shimura relation for the action on cohomology. – The center ZG of G
contains the torus F T and the quotient torus ZG=F T is anisotropic over R. Fix an irre-
ducible algebraic representation � W GC �! GL.V�/ such that �j

F T
D Nm

F=Q for somem 2 Z.
This condition implies that �.ZG.Q/ \ K/ D f1g, for all sufficiently small open compact
subgroups K � G.bQ/, hence the local sections of G.Q/n.X � V� � G.bQ/=K/ over ShK.C/
define a localy constant sheaf of complex vector spaces L � on ShK.C/.

As in 0.1, fix an isomorphism C
�
�! Q`. It is explained in [22, III.2] how to attach to �` a

smooth `-adic étale sheaf L �;` on ShK . This sheaf is G.bQ/-equivariant ([22, III.2], [24, § 6]),
which means that there is a natural left action ofG.bQ/ and H .G.bQ/==K;Q/ onH i .ShK/ D
H i

et.ShK.G; X /˝E Q; L �;`/. Moreover, �` can be obtained by a suitable tensor construction
from the representation VQ` (which coincides with V`.A/ for the abelian variety A appearing
in the moduli problems M ˛;Kp ). This implies that the ring QŒp-IsogKp ˝ E� also acts
on H i .MKp / D H i .MKp ˝ Q; pr� L �;`/ (cf. [17, p. 253]). Moreover, L �;` extends to the
(proper) integral model SKp and H i .MKp / is isomorphic to the étale cohomology of the
special fiber ofMKp , which is equipped with an action of QŒp-IsogKp˝Fp�. The maps h and
� in (A.5.1.1) are compatible with the actions on pr�H i .ShK/ � H i .MKp / of the various
rings appearing in the diagram, thanks to the discussion at the end of A.4.2.
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These compatibilities yield, together with Theorem A.5.3, the Eichler-Shimura relation

(A.5.5.1) 8P j p eH��1
P
.p�h�P ;�P i'P jH i .ShK /

/ D 0 2 End.H i .ShK//:

The action of 'P on étale cohomology of the special fiber can be defined directly (thanks to
the compatibility alluded to at the end of A.4.4), by observing that L �;` is obtained by a limit
procedure from finite Galois étale covers SK0 �! SK (K 0 D KpK 0p, where K 0p is a suitable
open normal subgroup of Kp) and that 'P from A.3.12 acts compatibly on both SK0 ˝ Fp
and SK ˝ Fp.

The decomposition (0.4.1) yields H i .ShK/ D
L
V i .�1/ ˝ .�1/K , where �1 is the

non-archimedean component of an automorphic representation � ofG.A/ and V i .�1/ is a
finite-dimensional `-adic representation of �E .

The action of each 'P on H i .ShK/ commutes with the action of both G.bQ.p// (by the
functorial definition of 'P in (A.3.12.1)) and H .G.Qp/�==Kp;Q/ (since the Hecke algebra
H .M�==L;Q/ is commutative). As a result, each term V i .�1/ ˝ .�1/K � H i .ShK/ is
'P -stable. Furthermore, dim EndG.bQ.p//.�1/Kp D 1 by Schur’s Lemma, which implies that
'P 2 EndV i .�1/.

Assume that .�1/K 6D 0. If we write�1 D
N0

�v, where�v is a representation ofH.Fv/,
then dim.�KPP / D 1 and we obtain from (A.5.5.1) the following relation (the notation means
that we replace each element of the Hecke algebra H .G.Qp/�==Kp;Q/ by its eigenvalue
on �KPP ):

(A.5.5.2)

 eH��1
P

ˇ̌̌̌
�
KP
P

! �
p�h�P ;�P i'P

ˇ̌
V i .�1/˝.�1/K

�
D 0 2 End.V i .�1/˝ .�1/K/:

A.5.6. A toy model: GL.2/. – Let us discuss the relation (A.5.5.2) in the simplest case
F D B D Q and V D Q2, whenG D H D G� D GL.2/Q and the Shimura varieties ShK are
modular curves. They are not compact, but the relation still holds for V 1.�1/ contributing
to the cuspidal cohomology H 1

Š discussed in 0.8.

The standard two-dimensional representation Std of GL.2/ corresponds toH1.A/ of the
universal abelian variety (= elliptic curve), hence is of weight -1. Its dual Std_ corresponds
to H 1.A/ and is of weight 1.

A general irreducible algebraic representation of G is of the form � D Symk�2.Std_/ ˝
.det ıStd_/.w�k/=2, where k � 2 and w 2 Z, w � k .mod 2/. Its central character is
!�.x/ D x

2�w . The sheaf L �;` is pure of weight w � 2, hence V 1.�1/ � H 1
Š

is pure
of weight w � 1. If � is a cuspidal automorphic representation of GL.2;A/ such that
�1 is cohomological for �, then !�1.x/ D xw�2, which implies that the central character
!� W A�=Q� �! C� of � is of the form!� D �k�k

w�2
Q , where � is a character of finite order,

which will be identified with a Dirichlet character such that �.�1/ D .�1/w .

If p 6D ` is a prime such that �p is unramified, then the Hecke operators Tp and Sp defined
in A.1.6 have the following eigenvalues on �Kpp (Kp D GL.2;Zp/):

Sp
ˇ̌
�
Kp
p
D !�p .p/ D jpj

2�w
p �.p/ D pw�2�.p/; Tp

ˇ̌
�
Kp
p
D ap:
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The respective local L-factors at p of � and of the Galois representation �� W �Q �! GL2.Q`/

attached to � are given by

Lp.�; s/
�1
D 1 � p�1=2app

�s
C pw�2�.p/p�2s D .1 � p�1=2Tpp

�s
C Spp

�2s/
ˇ̌
�
Kp
p

and

Lp.�� ; s/
�1
D det.1 � p�s��.Fr.p/// D 1 � app�s C pw�1�.p/p�2s D Lp.�; s � 1=2/�1

D .1 � ˛p�s/.1 � ˇp�s/

(where Fr.p/ is the geometric Frobenius). The formula (A.1.6.1) together with the relation
A.5.3 imply that the action '�p 2 Aut.H 1

Š
/ of 'p on H 1

Š
satisfies

(A.5.6.1) Qp.'
�
p / D 0; Qp.X/ D X

2
� .Tp=Sp/X C p=Sp;

which means that Fr.p/j.V 1.�1/ ˝ .�1/K/ D '�p j.V
1.�1/ ˝ .�1/K/ is a root of the

polynomial

Qp.X/
ˇ̌
�
Kp
p
D .X � p˛�1/.X � pˇ�1/ D det.X � �_� .�1/.Fr.p//:

This being true for almost all p, the Čebotarev density theorem implies that

(A.5.6.2) P�_� .�1/.V
1.�1// D 0:

In fact, V 1.�1/ is two-dimensional, isomorphic to �_� .�1/, which is, in turn, isomorphic
to ��_ . Indeed, �_ ' � ˝ !�1� and

Sp
ˇ̌
.�_p /

Kp D 1=.p
w�2�.p// D p˛�1ˇ�1;

Tp
ˇ̌
.�_p /

Kp D ap=.p
w�2�.p// D p.˛�1 C ˇ�1/;

Lp.�
_; s/�1 D .1 � p1=2˛�1p�s/.1 � p1=2ˇ�1p�s/;

Lp.��_ ; s/
�1
D .1 � p˛�1p�s/.1 � pˇ�1p�s/ D Lp.�

_
� .�1/; s/

�1:

The relation (A.5.6.2) thus reads as follows:

(A.5.6.3) P��_ .V
1.�1// D 0:

Note that �_1 is cohomological for

�_ D Symk�2.Std/˝ .det ıStd/.w�k/=2 ' � ˝ .det ıStd/w�2;

which means that L �_;` is pure of weight 2�w and V 1..�_/1/ is pure of weight 3�w. We
deduce from (A.5.6.3) that

(A.5.6.4) P�� .V
1..�_/1// D 0:

In fact, V 1..�_/1/ D �� .
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A.5.7. Shimura varieties of type (A). – Assume that .B;�/ is of type (A). In this case Fc is
a CM field and ŒFc W F � D 2. For each prime v j 1 of F fix an embedding �v W Fc ,! Q � C
extending v W F ,! R; then ˆ D f�vg is a CM type of Fc . This induces an isomorphism

B ˝ R D
Y
vj1

B ˝F;v R D
Y
vj1

B ˝Fc ;�v C
�
�!

Y
vj1

MN .C/

under which V �1;0
�
�!

L
vj1

�
.CN /av ˚ .C

N
/bv
�

, where av C bv D n and C ˝ R
�
�!Q

vj1Mn.C/.

As explained in [22, I.6], there is a canonical isomorphism H ˝F Fc
�
�! C� � Gm;Fc ,

where we consider C� D GLB.V / as an algebraic group over Fc . This induces an isomor-
phism

(A.5.7.1) H ˝F k
�
�! .C�/k �Gm;k ;

for any field embedding Fc ,! k. In particular, the choice of ˆ yields an isomorphism

GC D
Y
vj1

.H ˝F Fc/˝Fc ;�v C
�
�!

Y
vj1

.GL.n/C �Gm;C/

under which � D �h is given by �.z/ D ..zIav ; Ibv /vj1; z/.

A.5.8. Let �; L � and L �;` be as in A.5.5. Assume that � D �1 ˝ �1 is an auto-
morphic representation of G.A/ D H.AF / such that �1 is cohomological for �. We
further assume that � admits a transfer to a cuspidal automorphic representation .…; /
of GL.n;AFc / � A�Fc (cf. [22, Thm. VI.2.1]). All we need to know is that: (a) …_ ' …c ;
(b) … is cohomological for a suitable algebraic representation � 0 of RFc=Q.GL.n//C; (c)
 D !c� is an algebraic Hecke character of Fc ; (d) let u - 1 be a prime of F that splits
in Fc as u D wwc . The inclusion Fc ,! .Fc/w D Fu defines, by (A.5.7.1), an isomorphism
H.Fu/

�
�! GL.n; Fu/ � F

�
u . If the representation �u of the left hand side is unramified,

then it is isomorphic to the representation .…u;  u/ of the right hand side.

The cuspidality of … together with (a) and (b) imply [10] that there is a Galois represen-
tation

�… W �Fc �! GLn.Q`/

such that

Lw.…; Stdn; s/ D Lw.�…; s C .n � 1/=2/;

for all primes w - `1 at which … is unramified. Similarly, one can attach to  a one-
dimensional Galois representation � W �Fc �! Q

�

` such that L. ; s/ D L.� ; s/.

A.5.9. We are going to make the relation (A.5.5.2) explicit in terms of �… and � . Fix a
finite set of primes S � f`;1g of Q such that Fc=Q, H and � are ramified only at places
above S .

Let QS � F
gal
c be as in 5.15 and let PS be a prime of QS not above S such that

(A.5.9.1) FrQS=Q.PS / 2 Gal.QS=F
gal
c /:

ThenPS\Z D .p/, wherep 62 S is a prime that splits completely inFc=Q. Fix an embedding
Q ,! Qp inducing PS ; then all the assumptions on p imposed in A.3 and A.4 are satisfied.
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Fix Fc � Q. For each prime v j 1 in F extend �v W Fc ,! Q to an automorphisme�v W Q
�
�! Q. The prime P 0v D e��1v PS \ OFc of Fc above p depends only on �v, and

Pv D P
0
v \OF splits in Fc as Pv D P 0v.P

0
v/
c .

For a representation � of Gal.QS=F
gal
c / denote by e�v� the representation .e�v�/.g/ D

�.e��1v ge�v/ of the same group; then

.e�v�/.Fr.PS // D �.e��1v Fr.PS /e�v/ D �.Fr.P 0v//:

A.5.10. Fix v j 1 in F and consider the relation (A.5.5.2) for P D Pv. Firstly, the
embedding Fc ,! .Fc/P 0v D FP D Qp gives a canonical isomorphism H.FP /

�
�!

GL.n; FP / � F
�
P under which �P can be chosen as �P .z/ D ..zIa; Ib/; z/, where a D av

and b D bv D n � a. Secondly, the number h2�P ; �P i is equal to the dimension of the
symmetric space for SU.a; b/, namely, to ab D a.n� a/. Thirdly, V��1

P
is the representation

.
Va Std_n /˝ Std_1 of the dual group ĜL.n/ �dGm D GL.n;C/ � C�.

Write

LP 0v .�…; s/ D

nY
iD1

.1 � ˛ip
�s/�1I

then

LP 0v .…; Stdn; s/ D
nY
iD1

.1 � tip
�s/�1; ti D p

.1�n/=2˛i :

The Satake parameters of …P 0v are given, therefore, by the semisimple element
t D diag.t1; : : : ; tn/ of the dual GL.n/. Similarly, the Satake parameter of  P 0v is equal
to u D � .Fr.P 0v//. By definition (and by the fact that �P ' .…; /P 0v ),

eH��1
P
.X/

ˇ̌
�
KP
P

D det
�
X � .t; u/

ˇ̌
.
^a

Std_n /˝ Std_1 /
�

D

Y
jI jDa

.X � t�1I u�1/ D
Y
jI jDa

.X � p.n�1/a=2˛�1I u�1/;

where I � f1; : : : ; ng, tI D
Q
i2I ti and ˛I D

Q
i2I ˛i . This implies that

(A.5.10.1)

pC eH��1
P
.p�a.n�a/=2X/

ˇ̌
�
KP
P

D det
�
X � Fr.P 0v/

ˇ̌
.
^a

�_…/˝ �
_
 .a.aC 1/=2 � an/

�
;

for some C 2 Z. Consider the representation

�v D
e�v �.^av

�_…/˝ �
_
 .av.av C 1/=2 � avn/

�
W Gal.QS=F

gal
c / �! GLnv .Q`/:

The right hand side of (A.5.10.1) is then equal to det.X��v.Fr.PS /// D P�v.Fr.PS //.X/ and
the relation (A.5.5.2) reads as follows:

(A.5.10.2) P�v.Fr.PS //.'Pv
ˇ̌
V i .�1/˝.�1/K

/ D 0:

Of course, Y
vj1

.'Pv
ˇ̌
V i .�1/˝.�1/K

/ D Fr.PS /
ˇ̌
V i .�1/˝.�1/K

:
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A.5.11. The isotropic case. – What happens in the general PEL situation of A.3 if we
drop the assumption made in A.3.1 that the group Gder is anisotropic (but if we keep the
assumptions from A.3.2 and A.3.4)? IfGder is isotropic, then ShK.G; X / is no longer proper
overE and the discussion in A.5.5 needs to be modified as follows (as explained to the author
by B. Stroh).

The (pull-back of the) sheaf L �;` extends to the union of the Kottwitz models
MKp D

`
˛2†M˛;Kp from A.3.5 and there is a canonical �E � G.bQ/-equivariant isomor-

phism

(A.5.11.1) H i
et.MKp ˝Q; pr�. L �;`// ' H

i
et.MKp ˝ k.v/; pr�. L �;`//

([17, Thm. VI.6.1] in the case of Siegel modular varieties, [28, Thm. 6.1] in general). The
point is that the cohomology of pr�. L �;`/ is, up to a Tate twist, a direct summand of the
cohomology of the constant sheaf Q` on a suitable Kuga-Sato variety. The integral model of
the Kuga-Sato variety overMKp admits a smooth toroidal compactification whose boundary
is a relative normal crossing divisor, which means that the general result of [12, Th. de
finitude, App. 1.3.3(i)] applies.

Passing to �-invariants, one obtains from (A.5.11.1) an isomorphism

(A.5.11.2) H i
et.ShK ˝E Q; L �;`/ ' H

i
et.SK ˝ k.v/; L �;`/:

Under the assumption (A.4.3.1) the arguments of [40] establish the existence of the diagram
(A.5.1.1) even in the isotropic case. Hecke correspondences on ShK (resp. the p-isogenies
onMKp ) are proper correspondences in the sense that their projections on each of the factors
in ShK � ShK (resp. MKp � MKp ) are proper (and generically finite). As explained in [17,
VII.2], one can generalize the definitions recalled in A.2 to this situation and define

� an action of H .G.Qp/�==Kp;Q/ on H i
et.ShK ˝E Q; L �;`/;

� an action of QŒp-IsogKp ˝Ev� on H i
et.MKp ˝Q; pr�. L �;`//;

� an action of QŒp-IsogKp ˝ Fp� on H i
et.MKp ˝ k.v/; pr�. L �;`//;

as in A.5.5, these actions are compatible with the isomorphisms (A.5.11.1-2). As a result, the
Eichler-Shimura relation (A.5.5.1) holds (if p splits completely in Fc=Q) for the action of 'P
on H i .ShK/ D H i

et.ShK ˝E Q; L �;`/.

A.5.12. The decompositions (0.3.2) and (0.4.1) no longer hold in the isotropic case. For
any irreducible smooth representation �1 of G.bQ/ one can consider the �1-eigenspace
in H i .Sh/ D lim

�!
K

H i .ShK/, namely,

(A.5.12.1)
H i .Sh/Œ�1� D Im.V i .�1/˝ �1 ,! H i .Sh//; V i .�1/ D HomG.bQ/.�1;H i .Sh//:

In general, the action of G.bQ/ on H i .Sh/ is not semisimple (as pointed out by the referee,
this happens already for G D GL.2/Q, i D 1 and � D 1, when some �1 can occur as
a subquotient but not as a submodule). This means that, a priori, H i .Sh/Œ�1� could
be smaller than the corresponding generalized eigenspace (in other words, the space
HomG.bQ/.�1;H i .Sh/=H i .Sh/Œ�1�/ could be non-zero).
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As in the isotropic case, V i .�1/ is of finite dimension over Q` and the action of �E
on H i .Sh/ gives rise to a representation

�E �! AutG.bQ/.H i .Sh/Œ�1�/ D AutQ`
.V i .�1//:

If K D KpK
p is as in A.5.11 (with p split in Fc=Q) and .�1/K 6D 0, then the G.bQ/-equiv-

ariance of the 'P ’s implies again that the subspace V i .�1/ ˝ .�1/K D H i .Sh/Œ�1�K �
H i .Sh/K D H i .ShK/ is 'P -stable and that each 'P acts on it through an action
'P 2 AutQ`

.V i .�1// on V i .�1/.

As in A.5.5, restricting (A.5.5.1) to H i .Sh/Œ�1�K yields the formula (A.5.5.2) for the
space V i .�1/ defined in (A.5.12.1).

An important subspace of V i .�1/ arises as follows. The analytic intersection coho-
mology of the Baily-Borel compactification j W ShK.G; X / ,! ShK.G; X /BB is isomorphic
to the L2-cohomology of ShK.G; X /an ([30], [36]) and the latter space admits a decompo-
sition analogous to (0.3.2), by [2, Th. A] combined with [3, Prop. 5.6]. As a result, there is a
�E �G.bQ/-equivariant decomposition of the intersection étale cohomology

H i .ShBB/ D lim
�!
K

H i
et.ShK.G; X /BB ˝E Q; jŠ� L �;`/

of the form
(A.5.12.2)
H i .ShBB/ D

M
�D�1˝�1

mdisk.�/H
i .g; K1I�1 ˝ �/˝ �

1
D

M
�1

V idisk.�
1/˝ �1;

where � runs through discrete automorphic representations of G.A/ and mdisk.�/ denotes
the multiplicity of � 0 D .!0�/

�1� in the discrete part L2disk.G; !�/ � L
2.G; !�/.

In general, the canonical �E -equivariant map V idisk.�
1/ �! V i .�1/ induced by

H i .ShBB/ �! H i .Sh/ is not injective, nor surjective (cf. Proposition A.6.17). It would be of
interest to define compatible actions of various rings in the diagram (A.5.1.1) on the inter-
section étale cohomology of ShK.G; X /BB (for which, again, isomorphisms analogous to
(A.5.11.1-2) hold, thanks to [28, Thm. 6.1]) and deduce the formula (A.5.5.2) on V idisk.�

1/.

All that we can say at the moment is that V
i

disk.�
1/ D Im.V idisk.�

1/ �! V i .�1// �

V i .�1/ is �E -stable and that, for PS as in (A.5.9.1), the action of Fr.PS / on V
i

disk.�
1/ is

given by the restriction of the action of
Q
P jp 'P 2 Aut.V i .�1//, with each 'P satisfying

(A.5.5.2).
This issue does not arise for the contribution of cuspidal representations � to (A.5.12.2),

since cuspidal cohomology injects into H i .Sh/.

A.6. Quaternionic Shimura varieties

A.6.1. Throughout A.6 we assume that F � Q � C, r D ŒF W Q�, D, �, t D j�j, E
and � are as in 5.1-5.5. In A.6.1–A.6.14 we assume that D 6DM2.F /. The Shimura varieties
involved and their integral models will then all be proper.

Denote by d 7! d the main involution on D. Let v j p be the prime of E induced by a
fixed embedding Q ,! Qp. Let K D KSK

S � .D ˝ bQ/� be an open compact subgroup as
in 5.15 (with S containing all primes of F dividing 2`1 and all primes at which F=Q andD
ramify).
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The action of�E onH i
�;K
D H i

et.ShK.D�/˝EQ; L �;`/ then factors through Gal.QS=E/.

The goal of A.6 is to verify the Eichler-Shimura relation (5.16.1) for eE D F gal, namely, that
for every prime PS of QS satisfying FrQS=Q.PS / 2 Gal.QS=F

gal/ (” p D PS \ Z does
not lie below S and p splits completely in F=Q) the action of Fr.PS / onH i

�;K
can be written

as
(A.6.1.1)

Fr.PS /jH i
�;K

D

Y
x2�

'�x ; '�x'
�
y D '

�
y'
�
x ; .'�x /

2
� .TPx=SPx /'

�
x C p=SPx D 0:

These relations follow directly from Theorem A.5.3 if t D r (see A.6.4), but require an
auxiliary unitary Shimura variety if t < r (see A.6.14).

A.6.2. The PEL data in the case t D r . – In the totally indefinite case D ˝ R ' M2.R/r

one only needs to use the fact that the main involution A 7! A D Tr.A/ � I �A on M2.R/ is
not positive, but is conjugate to the positive involution A 7! At by the matrix

�
0 �1
1 0

�
.

Consider the following PEL data of type (C), in the sense of A.3: B D D, � D a positive
involution on D (” d� D udu�1 for some u 2 D�, unique up to F �, such that u D �u
and Nrd.u/ D �u2 2 F �C ), V D D with a left action of D given by d � x D xd�. The
F -bilinear form hx; yiF D Trd.xuy/ on V is skew-symmetric and satisfies hd � x; yiF D
hx; d� � yiF .

The centraliser C D EndB.V / is isomorphic to D, with d 2 D acting by left multipli-
cation x 7! dx. As hdx; yiF D hx; dyiF , the involution # on C coincides with the main
involution on D and

GSpB.V; h ; iF / D D
�; � D Nrd:

A morphism h W C �! C ˝R D D˝R as in A.3.2 is given, for example, by h.i/ D u=
p
�u2

(with a totally positive square root), hence is conjugate to the one in (5.3.1). This identifies
Sh.D�/with the Shimura variety attached to the above PEL data .B;�; V; h ; iF / of type (C).

A.6.3. Given a rational prime p which does not lie below S , we can choose u 2 D� in
A.6.2 in such a way that u2 2 .OF ˝ Zp/�, which implies that unramified local data OB
and ƒ as in A.3.4 exist. We can assume that KS is sufficiently small; then the construction
from A.3.7 yields a smooth projective model SK of ShK.D�/ over OEv , to which the local
system L �;` naturally extends. Let SıK D SK ˝ k.v/ be the special fiber of SK .

A.6.4. The Eichler-Shimura relation in the case t D r . – In the situation of A.6.3, let us
assume, in addition, that p D PS \ Z, where PS is a prime of QS such that FrQS=Q.PS / 2

Gal.QS=F
gal/. This is equivalent to requiring p to split completely in F=Q; in fact,

pOF D
Q
x2X Px , where Px are as in (5.15.3) (and FPx D Qp).

The absolute Frobenius morphism ' W SıK D SK ˝ Fp �! SıK decomposes as a
product of mutually commuting partial Frobenius morphisms ' D

Q
x2X 'Px defined in

A.3.12. The action of Fr.PS / on H i D H i
et.S

ı
K ˝ Fp; L �;`/ is given by the action .' ˝ id/�

of ' ˝ id W SıK ˝ Fp �! SıK ˝ Fp. It follows that

Fr.PS /jH i D
Y
x2X

'�x ; '�x D .'Px ˝ id/jH i ; '�x'
�
y D '

�
y'
�
x :

Theorem A.5.3 applies to each 'Px and yields, thanks to (A.1.6.1), the sought for Eichler-
Shimura relation .'�x /

2 � .TPx=SPx /'
�
x C p=SPx D 0 2 End.H i /.
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A.6.5. The auxiliary PEL data in the case 1 � t < r . – In this case the quaternionic
Shimura variety Sh.D�/ is not of the form considered in A.3-A.5, but it can be related to
other Shimura varieties defined in terms of suitable PEL data of type (A) (and signature
.1; 1/t � .2; 0/r�t ). The following construction, which differs from the standard one ([11, § 6],
[35, p. 11]), was communicated to the author by C. Cornut.

Fix injections F ,! Fc ,! D, where Fc is a CM field and ŒFc W F � D 2. Fix elements
� 2 F �c and j 2 D� such that �� D ��, j � D �j , j� D ��j D ��j , where � denotes
the main involution ofD (whose restriction to Fc is positive). For every infinite prime v j 1
of F we have j 2v 2 F

�
v D R� and sgn.j 2v / D C1 (resp.D �1) if v 2 � (resp. if v 2 �c).

Consider the following PEL data of type (A) in the sense of A.3: .B;�/ D .Fc ;�/, V D D
as a left Fc-module, hx; yiF D Trd.�xy�/. Explicitly,

8x1; x2; y1; y2 2 Fc hx1 C x2j; y1 C y2j iF D TrFc=F .�.x1y
�
1 � j

2x2y
�
2 //:

The morphism

� W F �c �D
�
�! GLFc .V /; .�; d/ 7! .x 7! �xd�/

gives rise to an exact sequence of algebraic groups over F

(A.6.5.1) 1 �! Gm;F
�
��!RFc=F .Gm;Fc / �D

� �
��!H D GSpB.V; h ; iF / �! 1;

where �.a/ D .a; a�1/. Note that Gm;F has trivial H 1, which implies that the map � in
(A.6.5.1) is surjective on adelic and F -rational points.

A.6.6. The previous data define a CM type ˆ D f�v W Fc ,! Qgvj1 of Fc characterized
by �v.�/ D �sgn.j 2v /j�vji . Denote by �_v W C ' Fc ˝F Fv.,! D ˝F Fv/ the maps induced
by the inverse of �v. Let

(A.6.6.1) h D .hFc ; hD/ W C �! .Fc ˝ R/ � .D ˝ R/

be the morphism whose components hv W C �! .Fc˝F Fv/�.D˝F Fv/ are given as follows:
hv D .1; �

_
v / (resp. hv D .�_v ; 1/) if v 2 � (resp. if v 2 �c).

Explicitly,

hv.i/.xv C yvjv/ D
�v

j�vj
.xv � yv sgn.j 2v /jv/;

8x1; x2; y1; y2 2 Fc ˝ R

hx1 C x2j; h.i/.y1 C y2j /iF D
X
vj1

j�vjTrFc˝FFv=Fv .x1;vy
�
1;v C jj

2
v jx2;vy

�
2;v/;

which means that h satisfies the positivity property from A.3.2. Moreover, hD is conjugate
to the morphism (5.3.1) and

V �1;0v D

(
Fc ˝F Fv C .Fc ˝F Fv/jv v 2 �;

.Fc ˝F Fv/C .Fc ˝F Fv/jv v 2 �c ;

which implies that the signatures of H in the sense of A.5.7 are equal to .av; bv/ D .1; 1/

(resp. .2; 0/) if v 2 � (resp. if v 2 �c).
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A.6.7. The base change of the exact sequence (A.6.5.1) to Fc becomes isomorphic, via
(A.5.7.1), to

(A.6.7.1) 1 �! Gm;Fc

�c
��!Gm;Fc �Gm;Fc �GLFc .V /

�c
��!GLFc .V / �Gm;Fc �! 1;

where �c.a/ D .a; a; a�1/ and �c.a1; a2; g/ D .a1g; a1a2 det.g//. Above, we have identified
Gm;Fc˝F Fc with Gm;Fc�Gm;Fc in the usual way: for everyFc-algebraR, the corresponding

isomorphism .Fc ˝F R/
�
�
�! R� �R� sends a˝ r to .ar; a�r/.

The cocharacters

� D .�x W Gm;C �! H ˝F;�x C/x2X W Gm;C �! GC

attached to the morphism h from (A.6.6.1) are given, up to conjugation, by

(A.6.7.2) 8x 2 X �x.z/ D

(
�c.1; 1; .

z
1 // x 2 �;

�c.z; 1;
�
1
1

�
/ x 2 �c :

A.6.8. Assume that v is a finite prime of F at which D splits and which splits in Fc=F
as vOFc D v0v00. Choose one of the factors (say, v0) and identify Fv as an Fc-algebra via
Fc ,! .Fc/v0 D Fv. The sequence (A.6.7.1) then gives

(A.6.8.1) 1 �! Gm;Fv �! Gm;.Fc/v0
�Gm;.Fc/v00

�GL.2/Fv
�c
��!H ˝F Fv �! 1;

with H ˝F Fv split over Fv.
Consider a cocharacter� W Gm;Fv �! H˝F Fv given by one of the formulas in (A.6.7.2).

The corresponding Hecke polynomial of ��1 is as follows.

(C �): If �.z/ D �c.1; 1; . z 1 //, then (A.1.6.1) implies that

(A.6.8.2) .Nv/ eH��1..Nv/�1=2Y / D Y 2 � .Tv=Sv/Y C .Nv/=Sv:
(C �c): If �.z/ D �c.z; 1; I2/, then (A.1.5.1) implies that

(A.6.8.3) eH��1.Y / D Y � 1=Sv0 ; Sv0 D char.$v0O
�
.Fc/v0

/ 2 H ..Fc/
�
v0==O

�
.Fc/v0

;Z/:

A.6.9. Quaternionic and unitary Shimura data [35, § 1]. – Consider the following algebraic
groups over F : F �c D RFc=FGm;Fc , D� and � W .F �c �D

�/=�.F �/
�
�! H D GSpFc .V /.

Their respective restrictions of scalars to Q (notably G D RF=Q.H/) are equipped with
the Shimura data hFc , hD (conjugate to the one from (5.3.1)) and hG D �R ı h, where
h D hFc � hD was defined in (A.6.6.1). Their reflex fields are equal to

E.G; hG/ D E.F
�
c ; hFc / D E.ˆj�

c/ D f
 2 �Q j 8v 2 �
c 
�v D �vg � E.D

�; hD/ D E:

The morphism � induces a map

Sh.F �c / � .Sh.D�/˝E E.ˆj�c// �! Sh.G/;

which is bF �c � bD-equivariant (in particular, �.bF �/ acts along its fibers).
If K � bD� is an open compact subgroup which is small enough in the sense that

K D KqK
q for a prime q such that Kq \ .F ˝ Qq/

� � 1 C qe.OF ˝ Zq/, where e D 1

if q > 2 (resp. e D 2 if q D 2), then there exist open compact subgroups K.Fc/ � bF �c
(defined in [35, (1.4)]) and K.G/ D �.K.Fc/ �K/ � G.bQ/ such that

ShK.Fc/.F
�
c / � .ShK.D�/˝E E.ˆj�c// �! ShK.G/.G/
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is a Galois covering with Galois group�.F �nbF �=.K\ bF �//. In particular, its fibers are the
�.bF �/-orbits.

A.6.10. The Künneth formula. – Fix an algebraic representation � 0 of .FcT /C whose restric-
tion to (F T /C coincides with !� (D N 2�w

F=Q ); then � 0˝ � D �G ı � for an algebraic representa-
tion �G ofGC. The Künneth formula combined with the discussion in the previous paragraph
implies that the cohomology groups

H�� D H
�
et.Sh.D�/˝E Q; L �;`/;

H��0 D H
�
et.Sh.F �c /˝E.ˆj�c/ Q; L �0;`/;

H��G D H
�
et.Sh.G/˝E.ˆj�c/ Q; L �G ;`/

are related as follows (note that Sh.F �c / has dimension zero):

(A.6.10.1) H i
�G

�
�!

�
H 0
�0 ˝H

i
�

��. bF �/
:

Assume that � is as in 5.11 and 5.15: it is an automorphic representation of D�A such that
�1 is cohomological (in degree i ) with respect to �. Fix an open compact subgroupK � bD�
such that .�1/K 6D 0. As in 5.15,

0 6D V i .�1/˝ .�1/K � H i
�;K D .H

i
� /
K ;

with bF � acting on this subspace by !�1 .

Assume, furthermore, that � W A�Fc=F
�
c �! C� is a character such that

(A.6.10.2) �1 D .�
0/�1; �jA�

F

D !�

(these two conditions are compatible, since !�1 D !
�1
�

). Denote by �1 W bF �c �! C� ' Q
�

`

its finite part.

If K.Fc/ � bF �c is sufficiently small in the sense that

(A.6.10.3) F �c \K.Fc/ � O
�
F;C; K.Fc/ � Ker.�1/;

then the �1-eigenspace

V.�1/ D V 0.�1/ D ff 2 H 0
�0 j 8a 2

bF �c a � f D �1.a/f g

satisfies dim.V .�1/˝ .�1/K.Fc// D 1.

The representation � ˝ � of A�Fc � D
�
A is of the form � ˝ � D �G ı � , where �G is

an automorphic representation of G.A/ D H.AF /, with .�G/1 cohomological (in degree
i ) with respect to �G . The previous discussion combined with (A.6.10.1) implies that, for K
sufficiently small,

V i .�1G /˝ .�
1
G /

K.G/
D V.�1/˝ V i .�1/˝ .�1 ˝ .�1/K/�.

bF �/(A.6.10.4)

D V.�1/˝ V i .�1/˝ .�1 ˝ .�1/K/ 6D 0;

hence

V i .�1G / D V.�
1/˝ V i .�1/ 6D 0:
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In particular, there are canonical identifications

End.V i .�1G // D End.V i .�1//;

End.V i .�1G /˝ .�
1
G /

K.G// D End.V i .�1/˝ .�1/K/:
(A.6.10.5)

A.6.11. The partial Frobenii. – Assume that K D KSKS � bD� is as in 5.15 and that KS is
sufficiently small. Let p be a rational prime which does not lie below S and which satisfies
the following two conditions: �2; j 2 2 .OF ˝ Zp/� and every prime P j p above p in F
splits in Fc=F : POFc D P

0P 00.

These conditions imply that there exist unramified dataOB andƒ atp (as in A.3.4) for the
PEL data from A.6.5. As before, this gives a smooth projective model SK.G/ of ShK.G/.G/
over the ring of integers of E.ˆj�c/v, where v j p (note that K.G/p ' �..OFc ˝ Zp/�,
GL2.OF ˝ Zp// in this case; cf. [35, (1.4)]).

Moreover, the construction in A.3.12 defines, for primes P of F above p, partial Frobe-
nius morphisms 'P W SıK.G/ D SK.G/ ˝ k.v/ �! Sı

K.G/
satisfying ' D

Q
P jp 'P .

A.6.12. The Eichler-Shimura relation for the unitary Shimura variety. – Denote by Sc the
following finite set of primes of F : Sc D S [ fv j v ramified in Fc=F or ordv.�2/ 6D 0 or
ordv.j 2/ 6D 0g and assume that PSc is a finite prime of QSc � Q such that

(A.6.12.1) FrQSc =Q.PSc / 2 Gal.QSc=F
gal
c /:

Extend each �x W Fc ,! Q (x 2 X ) to an elemente�x 2 �Q. As in A.5.9 (and 5.15) we obtain
primesP 0x De��1x PSc\OFc andPx De��1x PSc\OF ofFc andF , respectively, which depend
only on �x and lie above a rational prime p satisfying the conditions from A.6.11. Moreover,
(A.6.12.1) implies that p splits completely in Fc=Q:

pOF D
Y
x2X

Px ; PxOFc D P
0
xP
00
x ; Qp D FPx D .Fc/P 0x D E.ˆj�

c/v:

The discussion from A.6.8 applies to each v D Px and v0 D P 0x . After identifyingH ˝F FPx
with GL.2/Qp � GL.1/Qp as in (A.6.8.1), the cocharacters �Px W Gm;FPx

�! H ˝F FPx
from A.4.3 can be chosen as in A.6.8, with the case � (resp. the case �c) occurring if x 2 �
(resp. if x 2 �c).

Theorem A.5.3 applies to the action of each partial Frobenius 'Px W S
ı
K.G/

D SK.G/ ˝

Fp �! Sı
K.G/

on H i
�G ;K.G/

D .H i
�G
/K.G/ D H i

et.S
ı
K.G/

˝ Fp; L �G ;`/ and yields, thanks to
(A.6.8.2) and (A.6.8.3),

8x 2 � Qx.'Px ˝ id/
ˇ̌
H i
�G;K.G/

D 0;(A.6.12.2)

Qx.Y / D Y
2
� .TPx=SPx /Y C p=SPx :

8x 2 �c .'Px ˝ id � 1=SP 0x /
ˇ̌
H i
�G;K.G/

D 0:(A.6.12.3)

The action of FrQSc =Q.PSc / onH i
�G ;K.G/

is given by the action of '˝ id D
Q
x2X .'Px ˝ id/.

We have H i
�G ;K.G/

D
L
V i .�1G /˝ .�

1
G /

K.G/. If

(A.6.12.4) V i .�1G /˝ .�
1
G /

K.G/
6D 0;
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then �G ı� D �˝� , where � and � are as in (A.6.10.4). For all x 2 X , the action of 'Px˝ id
on V i .�1G /˝ .�

1
G /

K.G/ � H i
�G ;K.G/

defines, via the identification (A.6.10.5), elements

'�x 2 End.V i .�1/˝ .�1/K/; '�x'
�
y D '

�
y'
�
x

satisfying

(A.6.12.5) 8x 2 � Qx.'
�
x / D 0; 8x 2 �c '�x D �

1.P 0x/
�1:

On the other hand, the action of g D Fr.PSc / satisfiesY
x2X

.'Px ˝ id/
ˇ̌
V i .�1

G
/˝.�1

G
/K.G/

D g
ˇ̌
V i .�1

G
/˝.�1

G
/K.G/

D g
ˇ̌
V.�1/

˝ g
ˇ̌
V i .�1/˝.�1/K

;

g
ˇ̌
V.�1/

D

Y
x2�c

�1.P 0x/
�1

(the last equality holds thanks to the reciprocity map for the Shimura variety Sh.F �c / [35,
p. 10]), which implies, thanks to (A.6.12.5), that

(A.6.12.6)
Y
x2�

'�x D Fr.PSc /
ˇ̌
V i .�1/˝.�1/K

:

One can show that, under the above assumptions, each '�x (x 2 �) is induced by a geometric
morphism 'x W S

ı
K ˝ Fp �! SıK ˝ Fp (using the discussion in [35, p. 48-49]), but we are not

going to use this fact.

A.6.13. It is convenient to carry out the constructions in A.6.12 for K D KS D KS D

KpK
p (where p 62 Sc is fixed) and then pass to the limitKp �! f1g (in other words, replace

Kp by an arbitrarily small open subgroup K 0p � Kp and work with all groups of the form
K 0 D KpK

0p � K).

This yields, for all x 2 �, G.bQ.p//-equivariant automorphisms '�x of the space

.H i
�G
/Kp.Fc/�Kp D .H 0

�0 ˝H
i
� /
�. bF �/�.Kp.Fc/�Kp/

D

M
�;�

.V .�1/˝ .�1/Kp.Fc//˝ V i .�1/˝ .�1/Kp ;
(A.6.13.1)

where � W A�Fc=F
�
c �! C� is unramified at all primes above p, �1 D .� 0/�1, � is an

automorphic representation of D�A such that �1 is cohomological in degree i with respect
to � (H) !�1 D !

�1
�

), �p D ˝x2X�Px is unramified and �A�
F
D !� .

As

dimV.�1/˝ .�1/Kp.Fc/ D dimV.�1/˝ �1 D 1;

G.bQ.p//-equivariance of '�x together with irreducibility of �1 and Schur’s Lemma imply (as
in A.5.5) that

'�x 2 EndG.bQ.p//..V .�1/˝ .�1/Kp.Fc//˝ V i .�1/˝ .�1/Kp /
D End.D˝bQ.p//�.V i .�1/˝ .�1/Kp / D EndV i .�1/:

We have not shown that '�x 2 EndV i .�1/ is independent of �. Such an independence
follows from the geometric description of '�x that was alluded to at the end of A.6.12, but
we do not need it for the applications in 5.18–5.22.
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We deduce from (A.6.12.5) and (A.6.12.6) that

(A.6.13.2) 8x 2 � Qx.'
�
x / D 0 2 EndV i .�1/;

Y
x2�

'�x D Fr.PSc / 2 EndV i .�1/:

A.6.14. The Eichler-Shimura relation for the quaternionic Shimura variety. – The relations
(A.6.13.2) give what we need for (5.16.1) in the case t < r , provided we can reverse the above
arguments and find Fc ,! D and � for which (A.6.12.4) holds.

In order to do that, assume that we are given K D KSKS as in 5.15 (with KS sufficiently
small) and a prime PS of QS satisfying (5.15.2) with eE D F gal (which implies that the
rational prime p below PS splits completely in F=Q). There are infinitely many totally
imaginary quadratic extensions Fc=F such that all primes of F above p (resp. all primes at
whichD is ramified) are split (resp. inert or ramified) in Fc=F . Fix such an extension Fc and
embeddings F ,! Fc ,! D (they exist, by construction). There also exist elements �; j 2 D
as in A.6.5 satisfying �2; j 2 2 .OF ˝ Zp/�. By construction, p splits completely in Fc=Q,
which implies that the prime PS extends to a prime PSc satisfying (A.6.12.1). Fix � 0 as in
A.6.10.

Finally, for every automorphic representation � D �1 ˝ �1 of D�A such that

(A.6.14.1) 0 6D V i .�1/˝ .�1/K � H i
�;K D .H

i
� /
K ;

Proposition A.6.15 below implies that there exists a character � W A�Fc=F
�
c �! C� which

is unramified at all primes above p and which satisfies �jA�
F

D !� and �1 D .� 0/�1. The

pair .�; �/ then contributes to the sum (A.6.13.1) and the arguments in A.6.13 give mutually
commuting elements (for x 2 �)

(A.6.14.2) '�x 2 EndV i .�1/; 8x 2 � Qx.'
�
x / D 0;

Y
x2�

'�x D Fr.PS /
ˇ̌
V i .�1/

:

As a result, (5.6.1) holds (for eE D F gal). The relations (A.6.14.2) imply the Eichler-Shimura
relation (5.16.2) for the full Frobenius, namely, that

(A.6.14.3) Q.Fr.PS //
ˇ̌
H i
�;K

D 0;

where Q D
N
x2�Qx is the Rankin-Selberg polynomial defined in (5.16.3).

P A.6.15. – (1) For every pair of characters ˛ W A�F =F
� �! C� and

ˇ W .Fc˝R/� �! C� satisfying ˇj.F˝R/�
D ˛1 there exists a character � W A�Fc=F

�
c �! C�

such that �jA�
F

D ˛ and �1 D ˇ.

(2) For every finite set T of finite primes of F there exists � as in (1) satisfying
ordw.cond.�// D ordw.cond.˛// for all primes w of Fc above T . In particular, if ˛ is
unramified at v 2 T , then � is unramified at all w j v.

Proof. – (1) Denote by Ck D A�
k
=k� the idele class group of a number field k and

by C 1
k
D Ker.k � kk W Ck �! R�C/ its compact subgroup of unit norm ideles. We have

CFc � CF �.Fc˝R/� D CF �U.1/r ; C 1Fc � C
1
F �U.1/

r ; CF\U.1/
r
D C 1F\U.1/

r
D f˙1gr :

The compactness of the groups involved implies that the product morphism
m W C 1F � U.1/

r �! C 1Fc (m.x; y/ D xy) is strict: it induces a topological isomorphism
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between the compact groups Coim.m/ D .C 1F �U.1/
r /=Ker.m/ with quotient topology and

Im.m/ D C 1F � U.1/
r with topology induced from C 1Fc .

The compatibility between ˛ and ˇ implies that the restriction of ˛˝ˇ W C 1F �U.1/
r �!

U.1/ to Ker.m/ D f.a;�a/ j a 2 f˙1grg is trivial. It follows that there exists a unique
character C 1F �U.1/

r ' Coim.m/ �! U.1/whose restriction to the first (resp. to the second)
factor is given by ˛ (resp. by ˇ). Such a character extends to a character  W C 1Fc �! U.1/.

Fix an infinite prime v1 of F and define continuous sections

s W R�C �! .F ˝ R/�C �! A�F ; sc W R�C �! .F ˝ R/�C �! A�Fc

of k � kF and k � kFc , respectively, by s.t/v D 1 for all v 6D v1 and s.t/v1 D t , and sc.t/ D
s.t1=2/. The formula

�.x/ D ˇ.sc.kxkFc //  .x=sc.kxkFc //; x 2 A�Fc

then defines a character � W CFc �! C� with the required properties.

(2) Let � be as in (1). For each v 2 T , the restriction �v of � to .Fc ˝F Fv/� satisfies
�vjF �v

D ˛v. Recall the following elementary fact: given finite abelian groups H � G � G1
and a character� W G �! U.1/ such that �H\G1 D 1, there exists then a character�0 W G �!
U.1/ such that �0jH D �jH

and �0jG1
D 1. Applying this statement to G D O�Fc˝FFv �

H D O�Fv (rather, to their quotients by a suitable piece of the canonical filtration on G) and
� D �v we deduce that there exists a character of finite order 
 .v/ of .Fc ˝F Fv/�=F �v such
that ordw.cond.
 .v/�v// D ordw.cond.˛//, for all w j v in Fc . The value 
 .v/.x/ depends
only on x1�c D x=xc 2 1�c.Fc ˝F Fv/� � .Fc ˝F Fv/�, where c is the non-trivial element
of Gal.Fc=F /. The character x1�c 7! 
 .v/.x/ of 1�c.Fc ˝F Fv/

� extends to a character
of finite order ı.v/ of .Fc ˝F Fv/�, which means that 
 .v/ D 1�cı.v/. There exists a global
character of finite order ı W CFc �! C� such that ıv D ı.v/ for all v 2 T ; the character
�0 D .1�cı/� then has the required properties.

A.6.16. The Eichler-Shimura relation in the case D ' M2.F /. – In this case H D GL.2/F
and ShK is a Hilbert modular variety of dimension t D r and reflex fieldE D Q. It is defined
by the simplest possible PEL data of type (C): B D F , � D id, V D F 2, h ; iF D the
standard symplectic form.

The Baily-Borel compactification j W ShK ,! ShK;BB D ShK [ fcuspsg has as a
boundary a reduced zero-dimensional scheme of cusps. For any � as in (5.5.1), the canonical
G.bQ/-equivariant map

cani W H i .Shan
K;BB/ D H

i .Shan
K;BB ; jŠ� L �/

D H i .Shan
K;BB ; ��r�1Rj� L �/ �! H i .Shan

K ; L �/ D H
i .Shan

K /

has the following property.

P A.6.17. – The map cani is injective in all cases except when i D 2r and
kv D 2 for all v j 1.
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Proof. – The exact sequence

� � � �! H i .Shan
K;BB/ �! H i .Shan

K /

�! H 0.fcuspsgan; .��rRj� L �/Œi �/ �! H iC1.Shan
K;BB/ �! � � �

implies that cani is an isomorphism for i < r and injective for i D r . In the decompo-
sition (A.5.12.2) of lim

�!
K

H i .Shan
K;BB/, only cuspidal or one-dimensional automorphic repre-

sentations � D �1 ˝ �
1 of GL2.AF / appear, with �1 cohomological in degree i for �.

For cuspidal � we have i D r , when the injectivity of cani has been proved. It remains to
investigate the (non-)injectivity of cani (for i > r) when restricted to the cohomology classes
corresponding to one-dimensional � , i.e., to the universal cohomology classes in the case
when kv D 2 for all v j 1. This is done, for example, in [20, Lemma III.5.6] (in the classical
language) or in [21, Prop. 3.2.4].

A.6.18. In the exceptional case i D 2r and kv D 2 for all v j 1 the corresponding étale
sheaf L �;` is a Tate twist of the constant sheaf Q` and the étale intersection cohomology
group H 2r

et .ShK;BB ˝Q Q; jŠ� L �;`/ is dual to a Tate twist of H 0
et.ShK;BB ˝Q Q; jŠ�Q`/ D

H 0
et.ShK ˝Q Q;Q`/.

A.6.19. If p is a rational prime that splits completely in F=Q and such that K D KpK
p

with Kp ' GL2.OF ˝ Zp/, then the discussion in A.5.11 implies that the Eichler-Shimura
relation A.6.4 holds for the action on étale cohomology of the open Hilbert modular variety
H i

et.ShK ˝Q Q; L �;`/. It follows from Proposition A.6.17 that these relations also hold for
the action on H i

et.ShK;BB ˝Q Q; jŠ� L �;`/, unless we are in the exceptional case. However,
A.6.18 implies that they also hold in the exceptional case.

A.6.20. In the case D ' M2.F /, both Proposition A.6.17 and A.6.18 remain valid for
the Hilbert modular variety attached to .G�; X�/ and for any �� from 6.2. As a result, the
Eichler-Shimura relation used in the proof of Proposition 6.14 holds, thanks to the discussion
in A.6.19.
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