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UNIFORMLY QUASICONFORMAL PARTIALLY
HYPERBOLIC SYSTEMS

BY CrLARK BUTLER anND DisHENG XU

ABSTRACT. — We study smooth volume-preserving perturbations of the time-1 map of the geodesic
flow y; of a closed Riemannian manifold of dimension at least three with constant negative curva-
ture. We show that such a perturbation has equal extremal Lyapunov exponents with respect to vol-
ume within both the stable and unstable bundles if and only if it embeds as the time-1 map of a smooth
volume-preserving flow that is smoothly orbit equivalent to y;. Our techniques apply more generally
to give an essentially complete classification of smooth, volume-preserving partially hyperbolic diffeo-
morphisms which satisfy a uniform quasiconformality condition on their stable and unstable bundles
and have either compact center foliation with trivial holonomy or are obtained as perturbations of the
time-1 map of an Anosov flow.

REsSUME. — Nous étudions les perturbations lisses préservant le volume de I’application temps-
un du flot géodésique ¥; d’une variété riemannienne fermée de dimension au moins égale a trois
et de courbure négative constante. Nous montrons que pour une telle perturbation, les exposants
de Lyapunov extrémaux relativement au volume coincident a la fois dans les sous-espaces stables et
instables si et seulement si cette perturbation se plonge comme temps-un d’un flot lisse préservant le
volume et dont les orbites sont conjuguées de manicre lisse a celles de y;. Nos techniques s’appliquent
plus généralement pour donner une classification essentiellement compléte des difftomorphismes lisses,
partiellement hyperboliques préservant le volume et vérifient une condition de quasi-conformalité
uniforme le long de leurs fibrés stables et instables qui, soit possédent un feuilletage central compact
avec une holonomie triviale, soit sont obtenus comme perturbations de ’application temps-un d’un flot
d’Anosov.

1. Introduction

A surprising number of rigidity problems originally posed in negatively curved geometry
turn out to have solutions that are dynamical in nature. We review one such story here:
Sullivan proposed, following work of Gromov [24] and Tukia [41], that closed Riemannian
manifolds of constant negative curvature and dimension at least 3 should be characterized
up to isometry by the property that the geodesic flow acts uniformly quasiconformally on
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1086 C. BUTLER AND D. XU

the unstable foliation [40]. Informally, the uniform quasiconformality property states that
the flow does not distort the shape of metric balls inside of a given horosphere over a long
period of time. Sullivan’s conjecture was partially confirmed by the work of Kanai [30] who
showed that among contact Anosov flows the geodesic flows of constant negative curvature
manifolds are characterized up to C! orbit equivalence by a uniform quasiconformality.
Later the minimal entropy rigidity theorem of Besson, Courtois, and Gallot [4] completed
the proof of Sullivan’s conjecture among many other outstanding conjectures in negatively
curved geometry.

From a geometric perspective this completes the story, but from a dynamical perspective
this raises many new questions. We see already in the work of Kanai that the dynamical
version of this rigidity result holds for a larger class of Anosov flows than just geodesic flows.
Sadovskaya initiated a program to extend these results further to smooth volume-preserving
Anosov flows and diffeomorphisms [36], which was completed in a series of works by Fang
([18], [19], [20]) who obtained the following remarkable result: all smooth volume-preserving
Anosov flows which are uniformly quasiconformal on the stable and unstable foliation are
smoothly orbit equivalent either to the suspension of a hyperbolic toral automorphism or
to the geodesic flow on the unit tangent bundle of a constant negative curvature closed
Riemannian manifold. Thus we see that not even the contact structure of the flow is necessary
to obtain dynamical rigidity for uniformly quasiconformal Anosov flows.

In a different direction one can ask whether the uniform quasiconformality condition can
be relaxed to a condition that is more natural from the perspective of ergodic theory. This
direction was pursued by the first author, who showed that for geodesic flows of %-pinched
negatively curved manifolds, uniform quasiconformality can be derived from the signifi-
cantly weaker dynamical condition of equality of all Lyapunov exponents with respect to
volume on the unstable bundle [13].

Our principal goal is to show that for all of the rigidity phenomena derived from uniform
quasiconformality above, not even the structure of an Anosov flow is necessary. Let us be
more precise: consider a closed Riemannian manifold X of constant negative curvature with
dim X > 3. Let T'X be the unit tangent bundle of X and let ¢, : T'X — T'X denote
the time-t map of the geodesic flow. This flow preserves a smooth volume m on 7! X known
as the Liouville measure. Consider any smooth diffeomorphism f which is C'-close to the
time-1 map v; and which preserves the volume m. By the work of Hirsch, Pugh, and Shub
[26], f is partially hyperbolic, meaning that there is a Df -invariant splitting T(T'X) =
EY ® E€ & E°® where E¥ is exponentially expanded by Df, ES is exponentially contracted
by Df, and the behavior of Df on the 1-dimensional center direction E¢ (which is close
to the flow direction for v,) is dominated by the expansion and contraction on E* and E*
respectively. We give a more precise definition in Section 2. We then choose a continuous
norm || - | on E* and define the extremal Lyapunov exponents of f on E* by

: 1 n|pu
M) = inf [ logIDf" £ dm,
nzln Jy
1
/Vi(f)=SUP—/ log [[(Df"|E")~H 7! dm.
nJm

n>1

We define A% (f) and A? (f) similarly with E¥ replacing E™.
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UNIFORMLY QUASICONFORMAL PARTIALLY HYPERBOLIC SYSTEMS 1087

THEOREM 1. — There is a C?-open neighborhood U of ¥y in the space of C™ volume-
preserving diffeomorphisms of T'X such that if f € U and both of the equalities AL () =
AL(f) and A5 (f) = A2 (f) hold, then there is a C* volume-preserving flow ¢ with g1 = f.
Furthermore @, is smoothly orbit equivalent to ;.

This theorem improves on the techniques used in the previous rigidity theorems in several
fundamental ways. We are able to deduce uniform quasiconformality of the action of Df
on E* and E° from equality of the extremal Lyapunov exponents entirely outside of the
geometric context considered in [13] by using new methods. We then use this uniform quasi-
conformality to completely reconstruct the smooth flow ¢; in which f embeds as the time-1
map. We emphasize that for a typical perturbation f of ¥ the foliation %* tangent to E€
(which is our candidate for the flowlines of ¢;) is only a continuous foliation of 7' X with no
transverse smoothness properties. This is one of the many reasons that strong rigidity results
in the realm of partially hyperbolic diffeomorphisms are quite rare. Our inspiration was an
impressive rigidity theorem of Avila, Viana and Wilkinson which overcame this obstacle to
show that if we take X to be a negatively curved surface instead and f a C!-small enough C >
volume-preserving perturbation of the time-1 map v, such that the center foliation of f is
absolutely continuous, then f is also the time-1 map of a smooth volume-preserving flow [3].
Our result can be viewed in an appropriate sense as the higher dimensional analog of this
theorem.

We now explain the organization of the paper. The techniques used in the proof of
Theorem 1 have much more general applications which can also be applied to the study
of C* volume-preserving partially hyperbolic diffeomorphisms which satisfy a uniform
quasiconformality condition on their stable and unstable bundles and either have uniformly
compact center foliation with trivial holonomy or are obtained as a perturbation of the
time-1 map of an Anosov flow. These results are stated in Theorems 2 and 4 and Corollary 3
of Section 2 after we introduce some necessary terminology. In Section 3 we show that under
a Lyapunov stability type result on the action of a partially hyperbolic diffecomorphism f
on its center foliation, uniform quasiconformality implies that the holonomy maps of the
center stable and center unstable foliations of f are quasiconformal. We use this to show
that the center foliation of f is absolutely continuous. In Section 4 we prove the linearity
of center holonomy for f between local unstable leaves in a suitable chart under some
stronger assumptions on f; moreover, for such f the center, center (un)stable foliations
are all smooth, see Section 5. In Section 6 we finish the proofs of Theorems 2 and 4 and
Corollary 3. In Section 7 we finish the proof of Theorem 1 by deducing uniform quasicon-
formality from the condition of equality of extremal Lyapunov exponents. The arguments in
Section 7 do not rely on the results of Sections 3, 4, 5 and 6 and may be read independently
of the rest of the paper.

Acknowledgments. — We thank Amie Wilkinson for numerous useful discussions regarding
the content of this paper. These discussions resulted in significant simplification of the proof
of Theorem 1 and the correction of some mistakes in the first version of this paper. We
thank Danijela Damjanovic for her carefully reading the paper and pointing out that an
assumption in the first version of the paper is not necessary. We also thank Sylvain Crovisier
for bringing an error in the concluding arguments of Theorem 4 to our attention. We would
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like to thank the anonymous reviewers for carefully reading the first version of our paper and
many helpful comments and suggestions. The second author would like to thank his directors
of thesis Professor Artur Avila and Julie Déserti for their supervision and encouragement.
This work was partially completed while both authors were visiting the Instituto Nacional de
Matematica Pura e Aplicada, the second author being supported by Réseau franco-brésilien
en mathématiques. The first author was supported by the National Science Foundation
Graduate Research Fellowship under Grant # DGE-1144082.

2. Statement of Results

A C! diffeomorphism f : M — M of a closed Riemannian manifold M is partially
hyperbolic if there is a D f -invariant splitting TM = E® & E€ & E¥ of the tangent bundle
of M such that for some k > 1, any x € M, and any choice of unit vectors v* € E¥, v¢ € ES,
v € EY,

IDf* @) < 1< IDF* "),

IDFE @) < IDF* @) < IDf* )]
By modifying the Riemannian metric on M if necessary we can always assume k = 1 in the
above definition. We will always require that the bundles £° and E¥ are nontrivial. We will
also always require that M is connected. We define forx €e M, n € Z,
K*(x.n) = sup{[[Df " (")|| : v* € E¥(x), [[v*]| =1}
X,n) = - ,

inf{|Df"(*)| : v € E*(x), [v*]| =1}
and define K (x, n) similarly with E* replaced by £°. The quantities K* and K* measure the
failure of the iterates of Df to be conformal on the bundles E* and E* respectively. We say
that f is uniformly u-quasiconformal if dim E* > 2 and K" is uniformly bounded in x and n.
Similarly we say that f is uniformly s-quasiconformal if dim ES > 2 and K* is uniformly
bounded in x and n. If f is both uniformly u-quasiconformal and s-quasiconformal then
we simply say that f is uniformly quasiconformal.

Our definition of uniform quasiconformality for partially hyperbolic systems extends
previous definitions of uniform quasiconformality which were considered for Anosov
diffeomorphisms and Anosov flows. If the center bundle E€ is trivial or if f embeds as
the time-1 map of an Anosov flow (so that E€¢ is tangent to the flow direction) then these
definitions reduce to the standard notions of uniform quasiconformality for Anosov systems
defined by Sadovskaya [36]. If dim E¥ = 1 then K* = 1 for any choice of partially hyper-
bolic f, so the boundedness of K* does not give new information about f. This is the reason
we require dim £* > 2 in the definition of uniform u-quasiconformality; the uniform quasi-
conformality conditions are only interesting when the bundles in question have dimension
at least 2.

We define a C*° diffeomorphism f to be volume-preserving if there is an f-invariant
probability measure m on M which is smoothly equivalent to the Riemannian volume. It is
not hard to show using Kingman’s subadditive ergodic theorem [32] that when f is ergodic
with respect to m we have

li

n—>00

log K*
im 0gK'@.n) _ X(f) = AL(f) form-ae x e M.
n
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UNIFORMLY QUASICONFORMAL PARTIALLY HYPERBOLIC SYSTEMS 1089

We refer to [29] for more details on this equality. Thus asymptotic subexponential growth
of K" is equivalent to the equality A% (/) = A% (f). Theorem 1 asks in part for the deduction
of a uniform bound K*(x,n) < C from this asymptotic subexponential growth condition.

Fang proved that all volume-preserving C° uniformly quasiconformal diffeomor-
phisms are C* conjugate to a hyperbolic toral automorphism [18]. This generalized the
classification result of Sadovskaya which held under the additional assumption that f was
symplectic [36]. Theorem 2 and Corollary 3 below extend this classification to cover a certain
C-open set of C™ volume-preserving partially hyperbolic diffeomorphisms. Before stating
these theorems we need to introduce a few more basic notions from partially hyperbolic
dynamics.

We will assume for the rest of the paper that f is C°°. Then the bundles £ and E* are
tangent to foliations % and %" known respectively as the stable and unstable foliations.
These foliations have C*° leaves but the distributions £° and E* which they are tangent to
are themselves typically only Hoélder continuous.

We say that E€(f) is integrable (or that f has a center foliation) if there exists an
f-invariant center foliation %° = {W° (x)}xenm With C!-leaves everywhere tangent to the
center bundle E€. We say that f is dynamically coherent if there are also f-invariant folia-
tions W and W™ with C! leaves which are tangent to E* @ E€ and E€ @ E¥ respectively.
By [11], if f is dynamically coherent then f has a center foliation. Furthermore we say that
the foliations %/ and %" subfoliate %" and the foliations 9% and % subfoliate %W*°.
The converse is not true; there are examples of partially hyperbolic diffeomorphisms with
an integrable center bundle that are not dynamically coherent [25].

Suppose E€(f) is integrable and every leaf of the center foliation is compact. The center
foliation may not be a fibration; there may be leaves with non-trivial holonomy group, the exis-
tence of which implies that M/ 9  ( f) is not a topological manifold (see [7]). The holonomy
group of a foliation is defined in Section 3 (see also [6], [16]). We call a foliation uniformly
compact if all its leaves are compact and have finite holonomy groups (V. We say that a foli-
ation has trivial holonomy if the holonomy group of each leaf is trivial. Note that a foliation
with trivial holonomy and compact leaves is uniformly compact. The existence of leaves with
finite but nontrivial holonomy groups greatly complicates many of the constructions in our
proofs; hence we will often assume that the center foliation has a trivial holonomy which
already covers many cases of interest. We also use that all partially hyperbolic diffeomor-
phisms with uniformly compact center foliation are dynamically coherent [6]. We note that
Sullivan [39] (see also [17]) has constructed an example of a circle foliation on a compact
manifold with a leaf that has an infinite holonomy group. By [16] this implies the quotient
space is even not a Hausdorff space. Our assumption of uniform compactness allows us to
rule out these pathologies for the center foliation.

For r > 1 we write that a map is C"* if it is C” and the rth-order derivatives are
uniformly Hoélder continuous of exponent & > 0. For a foliation %/ of an n-dimensional
smooth manifold M by k-dimensional submanifolds we define %/ to be a C"** foliation
if, for each x € M there is an open neighborhood Vy of x and a C™*¢ diffeomorphism
W, : V., > Dk x pnk c Rrn (where D/ denotes the ball of radius 1 centered at 0

(M Tt is conjectured that every compact center foliation is uniformly compact, cf. [5], [14], [22].
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1090 C. BUTLER AND D. XU

in R/) such that W, maps % to the standard smooth foliation of D* x D"* by k-disks
D¥x{y}, y € D" This is the notion of regularity of a foliation considered by Pugh, Shub,
and Wilkinson in their analysis of regularity properties of invariant foliations for partially
hyperbolic systems [34].

We say that f is r-bunched if we can choose continuous positive functions v, D, y, 7 with

vi<lv<y<pl<p!

such that, for any unit vector v € T,y M,
ITf)II <v(x), ifv € EY,
y(x) < ITf )] <771 (%), if v € EY,
()t < ITf(v)| ifv e EX.
And
vy b< P v <y D <Py,

The case r = 1 corresponds to the center-bunching condition considered by Burns and
Wilkinson in their proof of the ergodicity of accessible, volume-preserving, center-bunched
C? partially hyperbolic diffeomorphisms [12]. When f is smooth and dynamically coherent,
the r-bunching inequalities imply that the foliations 2%°° and %" have uniformly C" ¢
leaves for some o > 0 [34]. We say that f is co-bunched if it is r-bunched for every r > 1.
If f is co-bunched and dynamically coherent then the leaves of %/* and W are C.
A natural situation in which the co-bunching condition holds is when there is a continuous
Riemannian metric on E€ with respect to which D f |ge is an isometry. More generally if f is
center bunched, accessible and volume-preserving and all of the Lyapunov exponents of f

with respect to volume on E€ are zero, then by the results of Kalinin and Sadovskaya f is
oo-bunched [29].

THEOREM 2. — Let f be a C* volume-preserving partially hyperbolic diffeomorphism.
Suppose that f is uniformly quasiconformal, r-bunched for some r > 1. In addition we suppose
f has compact center foliation and each center leaf has a trivial holonomy group. Then

1. Thereis ana > 0 such that W, W and W™ are C™1 foliations of M.

2. There is a closed C™ Riemannian manifold N, a C™T% submersion w : M — N with
fibers given by the W foliation, and a C™ % volume-preserving uniformly quasiconformal
Anosov diffeomorphism g : N — N such that gomw =mo f.

3. If f is co-bunched then the statements of (1) and (2) are true withr = oco. Furthermore
g may be taken to be a hyperbolic automorphism of a torus N.

When dim E€ = 1 or dim E* = dim E® = 2, we can derive sharper results as a corollary.
We define a smooth diffeomorphism f : M — M to be an isometric extension of another
smooth diffecomorphism g : N — N if there is a smooth submersion # : M — N
satisfying g o m = 7 o f and such that this submersion has compact fibers and there is
a smoothly varying family of Riemannian metrics {dy }xen on the fibers {7 ~!(x)}ren such
that the induced maps fy : 7w~ (x) — 7~ !(g(x)) are isometries with respect to these metrics.

COROLLARY 3. — Let f be a C* volume-preserving partially hyperbolic diffeomorphism.
Suppose that f is uniformly quasiconformal.

4¢ SERIE - TOME 51 —2018 = N° 5



UNIFORMLY QUASICONFORMAL PARTIALLY HYPERBOLIC SYSTEMS 1091

1. If dim E¢ = 1, f has compact center foliation and every central leaf has a trivial
holonomy group, then f is an isometric extension of a hyperbolic toral automorphism.

2. If dmE¥ = dimES = 2 and [ has uniformly compact center foliation then the
statements of Theorem 2 hold for a finite cover of f.

We make some comments on Theorem 2 and Corollary 3 before proceeding. If M = N x S
for the pair of compact smooth manifolds N and S, go : N — N is an Anosov diffeomor-
phism and fy : M — M is a smooth extension of g¢ such that fp is an r-bunched
volume-preserving partially hyperbolic diffeomorphism (r > 1) with center leaves of the
form W (x,s) = {x} x S for (x,s) € N x S, then the center leaves of fy are normally
hyperbolic, compact and have trivial holonomy. Thus there is a C' open neighborhood %/
of fy in the space of C*° volume-preserving diffeomorphisms of M such that if f € U
then f has a compact center foliation with trivial holonomy. This follows from the theory
of normally hyperbolic invariant manifolds developed by Hirsch, Pugh, and Shub [26].
Hence, with the exception of the uniform quasiconformality hypothesis, the hypotheses
of Theorem 2 and Corollary 3 are not particularly restrictive among partially hyperbolic
diffeomorphisms. Finally we emphasize that in part (2) of Corollary 3 we do not have to
assume that the center leaves have trivial holonomy groups.

The limiting factor for the smoothness of the foliations % and %" in Theorem 2
turns out to be the regularity of the leaves of the foliations themselves. Corollary 30 below
shows that the holonomy maps of %/°* and %" between local unstable/local stable leaves
respectively are C*°. In fact they are analytic maps in an appropriate choice of coordinates.
The r-bunching inequalities in the hypotheses of Theorem 2 are only required to obtain that
the leaves of the foliations 9%/°° and % are C"*¥; they are never used directly in the proof.
The regularity of the uniformly quasiconformal Anosov diffeomorphism g obtained from
Theorem 2 is limited by the regularity of the center foliation, which in turn is limited by
the r-bunching hypothesis. The most we can obtain with our methods is that g is C" ™%,
This is the reason we can only derive the stronger results of part (3) of Theorem 2 under the
oo-bunching hypothesis on f.

Finally we observe that the conclusions of Theorem 2 imply in particular that the center
foliation of f is absolutely continuous with respect to volume. We refer to Definition 15
below for our definition of absolute continuity of a foliation. Pugh and Wilkinson showed
that an isometric extension of a hyperbolic automorphism of the two-dimensional torus T?
can be perturbed to make the center Lyapunov exponent nonzero and thus cause the center
foliation to fail to be absolutely continuous [37]. Corollary 3 shows that it is not possible to
make such a perturbation of an isometric extension of a uniformly quasiconformal hyper-
bolic automorphism of a higher dimensional torus which maintains uniform quasiconfor-
mality on both the stable and unstable bundles.

For our next theorem we consider partially hyperbolic diffeomorphisms which are
obtained as perturbations of the time-1 maps of Anosov flows. Let ; : M — M be a C*®
volume-preserving Anosov flow with stable and unstable bundles of dimension at least 2.

THEOREM 4. — Suppose that there is a finite cover M of M such that the lift of W to an
Anosov flow yr, : M — M has no periodic orbits of period < 2.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1092 C. BUTLER AND D. XU

Under these conditions, there is a C'-open neighborhood U of V1 in the space of volume-
preserving C* diffeomorphisms of M such that if f € U and f is uniformly quasiconformal
then the invariant foliations W, W°, and W™ of f are C*® and there is a C* volume-
preserving uniformly quasiconformal Anosov flow ¢; : M — M with ¢, = f.

Before making further comments on this theorem we recall the notion of orbit equivalence
of Anosov flows. Two C*° Anosov flows ¢;, ¥; : M — M are C" orbit equivalent (r € [0, 00])
if thereisa C" map h : M — M such that for every x € M and r € R, h(¢;(x)) lies on the
Y-orbit of h(x).

From the classification of C* volume-preserving uniformly quasiconformal Anosov
flows obtained by Fang [20], we conclude that the flow ¢, obtained in the conclusion of
Theorem 4 is C* orbit equivalent either to the suspension flow of a hyperbolic toral auto-
morphism or to the geodesic flow on the unit tangent bundle of a constant negative curvature
Riemannian manifold.

The hypothesis in Theorem 4 that there is a finite cover M for which the lift ¥; has no
periodic orbits of period < 2 is very mild. It always holds if ¥, is C° orbit equivalent to
the suspension flow of an algebraic Anosov diffeomorphism or to the geodesic flow of a
closed negatively curved Riemannian manifold. We expect that Theorem 4 holds without
this hypothesis, however this hypothesis does simplify some constructions in the proofs,
particularly in Section 4.1.

We recall now the definitions of su-paths and accessibility for a partially hyperbolic
diffeomorphism which will play a crucial role in the proof of Theorem 1 in Section 7. For a
partially hyperbolic diffeomorphism f : M — M an su-pathin M is a piecewise C ! curve y
in M such that y decomposes into finitely many C' subcurves yy, x; 41 connecting x; to x;+1
and such that each curve yy,x, , is contained in a single % or W" leaf. We define f to be
accessible if any two points in M can be joined by an su-path.

A notable aspect of Theorems 2 and 4 and Corollary 3 is that their hypotheses do not
include any accessibility or ergodicity assumptions on f with respect to the volume m. This
requires us to take some additional care at certain points in the proof. The accessibility
hypothesis is used strongly in the rigidity theorem of Avila-Viana-Wilkinson and ergodicity
with respect to volume is used in the classification results of Sadovskaya and Fang.

The results of Corollary 3 and Theorem 4 suggest that it may be possible to obtain a global
smooth classification of C *° volume-preserving, dynamically coherent, uniformly quasicon-
formal partially hyperbolic diffeomorphisms with one-dimensional center in terms of the
classification of uniformly quasiconformal Anosov diffeomorphisms and Anosov flows. We
give an example which illustrates some of the difficulties in obtaining a classification beyond
these theorems.

Consider the 5 x 5 integer matrix

01000
00100
A=10001 0],
00001
-110-31

4¢ SERIE - TOME 51 —2018 - N° 5



UNIFORMLY QUASICONFORMAL PARTIALLY HYPERBOLIC SYSTEMS 1093

and let f4 : T — T be the induced linear map of 4 on the 5-torus T°> = R3/Z>. By
numerical computation the five complex eigenvalues of A satisfy

A1l = [A2] > |A3] > 1 > [A4] = [As].

A=A ¢R,

da=2As ¢ R
Thus fj4 is a hyperbolic toral automorphism which may also be viewed as a partially hyper-
bolic diffeomorphism with splitting 7TT°> = E* & E¢ & E®, where E¥ is the real part of
the complex eigenspaces corresponding to the pair of conjugate complex eigenvalues A,
and A,, E€ is the eigenspace corresponding to A3, and E° is the real part of the complex
eigenspaces corresponding to A4 and As. We conclude f4 is a smooth, volume-preserving,
dynamically coherent uniformly quasiconformal partially hyperbolic diffeomorphism with
one-dimensional center.

We then pose the following problem.

PROBLEM 5. — Is there a C'-open neighborhood U of f4 in the space of smooth volume-
preserving diffeomorphisms of T such that if f € U is uniformly quasiconformal then the
invariant foliations W, W°, and W™ of f are smooth?

We expect the answer to Problem 5 to be “no” but the difficulty of constructing nontrivial
uniformly quasiconformal perturbations of f4 is a significant obstruction to confirming our
suspicions. We note that each f € % is an Anosov diffeomorphism if %/ is chosen small
enough.

3. Quasiconformality of the Center Holonomy

3.1. Holonomy along paths and the holonomy group of a foliation

In this subsection we define the notions of the holonomy group of a leaf of a foliation
and uniform compactness for a foliation which appear in the statements of Theorem 2 and
Corollary 3. For more details see [5, 6].

Consider a g-codimensional foliation &7 in a compact manifold M. Suppose x € M,
Y € Floc(x) and Dy, Dy, are two small C!-disks transverse to 7. The local holonomy map
hdf Dy — D, is defined as the following: for any z € Dy we let h y(2) be the unique
point at which the local leaf o7, intersects D,,.

Moreover, for any continuous path y : [0, 1] — M that lies entirely inside a leaf &7 (x) we
define the holonomy along y (denoted hf,s[ ) as follows: Suppose 0 =15 < --- <1, = lisa
subdivision such that |t; —t;_ | small enough and x; := y(t;). We pick a sequence of C !-small
disks D(x;) > x; which are transverse to ¢7. By the definition of the local holonomy map,
hff: vxr - D(xkg—1) = D(xg) is well-defined on a neighborhood of xi € D(xg). Then the
holonomy along y is given by the formula
(3.1) hd :=hd -ohd . D(y(0)) - D(y(1)).

Xn—1 xn X0,X1

This formula remains well-defined on a neighborhood of y(0) € D(y(0)).
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Consider all closed paths y that lie in the leaf ¥ (x) with y(0) = y(1) = x and consider
a small C'-disk D(x) > x transverse to &7 (x). By identifying D(x) with R we get a group
homomorphism
m1(F(x), x) — Homeo(R?, 0)

where Homeo(R?, 0) is the set of germs of homeomorphisms R? — R? which fix the origin
(since the germ of h;}jy only depends on the homotopy class of y). The image of the homo-
morphism is called the holonomy group of the leaf 5f (x) and denoted by Hol(&f (x), x).
A leaf ¥ (x) of a foliation ¢F has finite (or trivial) holonomy if the holonomy group
Hol(&#(x), x) is a finite (or trivial) group for any x € M. A foliation is called uniformly
compact if every leaf is compact and has a finite holonomy group. The following general
lemma will be needed later.

LEMMA 6. — Suppose &f;,i = 1,2 are two foliations of a manifold M such that & | subfo-
liates &f 5. Assume y is a closed path which lies in a leaf of oF, and represents the identity
in Hol(&# 1 (y(0)), y(0)). Then y also represents the identity in Hol( ¥, (y(0)), y(0)).

Proof. — Suppose the foliations ¢#;,i = 1,2 have codimension ¢;,i = 1,2,q2 < q1
respectively. For any ¢,-dimensional C!-disk D, such that D, N &/, = {y(0)}, we can find
a q1-dimensional C!-disk D; D D, such that D; N &, = {y(0)} since ¢, subfoliates
of 5. Since by assumption hf,37 ' : Dy — Dj is the identity map, this implies that hf,37 2 b, =
(!

I, )| Dy is also the identity map, which implies the assertion of the lemma. O

3.2. Quasiconformality of center holonomy

We fix M to be a closed Riemannian manifold with distance d and let f : M — M be a
C*° dynamically coherent partially hyperbolic diffeomorphism. For * € {s,c,u, cu,cs} we
let dx denote the induced Riemannian metric on the leaves of the foliation %J*. We write
W™ (x) for the leaf of %" passing through x € M. We write diam, for the diameter of a
subset of %/ measured with respect to the d metric. For r > 0 we write %/ (x) for the
open ball of radius r in %J* (x) centered at x in the d, metric.

We can find small constants R > r > 0 with the property that forany x € M,y € W5’ (x)
and z € Wy (x) the local leaves %W’ (z) and Wx(y) intersect in exactly one point which
we denote by h$S(z). This defines the local center-stable holonomy map between local
unstable leaves of f. Similarly we require that if x € M,y € W/"(x) and z € W) (x)
then the local leaves 9 (z) and %W%x(y) intersect in exactly one point which we denote
by 15 (2), and use this to define the local center-unstable holonomy. For any continuous path
y :[0,1] — M that lies in a center stable leaf we define the center stable holonomy along v,
hy' W (y(0)) - W (y(1)), as in (3.1) for € small enough. The only difference in the
definition here is that all of the transversal disks along y are required to be local unstable
disks.

We introduce some useful shorthand related to these holonomy maps. The center-
stable holonomy maps and center-unstable holonomy maps will sometimes be referred to
as cs-holonomy and cu-holonomy respectively. When the domain and range are under-
stood we will omit the subscripts on h¢S and h°*. We will write %J;; (x) for any open ball
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of the form "Ze)f (x) with r < t < R. Hence it makes sense in our shorthand to write
hes 2 W (x) — W (y) for the cs-holonomy maps.

loc
Our starting point is the following non-stationary smooth linearization lemma of
Sadovskaya applied to the unstable foliation %/ which is uniformly contracted by f~!.

ProrosITION 7 ([36, Proposition 4.1]). — Suppose that f is a C* uniformly u-quasicon-
formal partially hyperbolic diffeomorphism. Then for each x € M there is a C* diffeomorphism
®, : E¥ — W (x) satisfying

L ®pxyo Dfy = f oy,
2. ®,(0) = x and Dy, is the identity map,
3. The family of diffeomorphisms {®y }xepm varies continuously with x in the C > topology.

The family {®y}xem satisfying (1), (2), and (3) is unique.

The bundle E* is a Holder continuous subbundle of TM with some Holder exponent
p > 0 [34]. Therefore the restriction Df | Eu of the derivative of f to the unstable bundle
is a Holder continuous linear cocycle over f in the sense of Kalinin-Sadovskaya [29]. For
X,y € M two nearby points we let Iy, : EY — EJ be a linear identification which is
B-Holder close to the identity. The diffeomorphism f is uniformly u-quasiconformal if and
only if, in the terminology of [29], the cocycle Df | Eu is uniformly quasiconformal (therefore
Df | pu 18 fiber bunched, cf. [29]). The following proposition thus applies to Df | gu

PROPOSITION 8 ([29, Proposition 4.2]). — For y € U, (x), the limit
lim Dfn OIf_"xf_”yonx_n|Eu = HY

00 f-ny xy°

exists uniformly in x and y and defines a linear map from E to E with the following properties
forx,y,ze M,

l. HY, =1dand H}}, o HY, = HY,;
2. HY, = fo"_Hy o H}A_”xf_”y o Df™" forany n > 0.

3. 1HY, — Iyl < Cdl(x, )8, B the exponent of Hélder continuity for E*.
Furthermore HY is the unique collection of linear identifications with these properties. Similarly
ify € W, (x) then the limit limy_, o Df;™ o Ignyfny o Dfx”|Eu = Hj, exists and gives a
linear map from EY to E} with analogous properties. H" and H* are known as the unstable
and stable holonomies of Df | gu respectively.

Using property (2) of the unstable and stable holonomies of Df| ., from Proposition 8,
we may uniquely extend H* and H* to be defined for any y € %" (x) and any y € U*(x)
respectively.

The transition maps between the charts given by Proposition 7 are affine with derivatives
given by the unstable holonomy H*.

PROPOSITION 9. — Suppose that f is uniformly u-quasiconformal and let {® }xem be the
charts of Proposition 7. Then for each x € M andy € W" (x) the map <I>;1 ody : EY — EJ s
an affine map with derivative Hy,.
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Proof. — Foranyn > 0and any v € EY we use the defining properties of the charts
{ Dy }xem to write

Dv(qJ;l o} CDx) = Dv(fon_ny o qu?lny e} qu—nx o Dfx_n)
= Dffn, © Dpf—n@)(Prla, 0 ®p-ny) o Df".

We have a bound

| = COA 0. 0N

with the constant C(v) depending only on the distance of v from the origin in E¥, because
the charts {®, }xep vary continuously in the C*° topology. From the existence of this bound
and the proof of [29, Proposition 4.2] we conclude that

lim Dff", 0 Dps—n(w)(®7ln, 0 @p—ny) o Df" = HY,.

H DDf—"(v)(qD;lny o (Df_”x) — If—nxf—ny

n—0oo
This implies that DU(CI>y_1 o®d,) = H }fy for every v € E¥, from which it follows that
@' o ®, is an affine map from E¥ to E} with linear part Hy,. O

We now set k := dim E* and recall that our assumption that f is uniformly u-quasicon-
formal requires that & > 2. We recall the notion of a quasiconformal map between domains
in R¥ where we equip R¥ with the Euclidean norm || - ||.

DEerINITION 10. — Leth : U — V be a homeomorphism between two open subsets U, V
of R* The linear dilatation of /2 at x € U is defined to be
: max|y—x|=r ”f(y) - f(x)”
Lp(x) = limsup — .
r—0 MINjy_x|=r | f()— f)
For K > 1 we define h to be K-quasiconformal if L,(x) < K for every x € U.

Each of the normed vector spaces E¥ (with norm induced from the Riemannian metric
on TM) carries the linear structure of R*¥ with a norm that is uniformly comparable to
the Euclidean norm on R¥. Hence K-quasiconformality can also be defined for homeo-
morphisms between open subsets of EY and EJ for x,y € M. It is this sense of K-quasi-
conformality which is used in Lemma 12 below. Recall that the inverse of a continuous
path y : [0,1] — M is defined by y~! : [0,1] — M,y~(t) := y(1 — t). For two paths
¥1,¥2 : [0, 1] = M such that y; (1) = y,(0), denote the composition of y1, y» by

r1(21), 0
(2t —1), 1

Finally the length of a piecewise C ! path y is denoted by /(y). We make the following crucial
definition.

Y1-v2:[0,1] = M,y -ya(t) =

DEFINITION 11. — Suppose f is a dynamically coherent partially hyperbolic diffeomor-
phismon M. A path y : [0, 1] — M iscalled a good (local) x-path, x € {s,c,u,cu,cs}if yis
piecewise C! and lies entirely in one 9" (local) leaf. f is called center non-expansive if there
exists / > 0 which satisfies the following property: for any x € M, y € W (x),n > 0 and
any good local c-path y from x to y, there exists a good c-path y, from " (x) to f”(y) with
I(yn) <1 suchthat f(y) -y, ! represents the identity element in Hol(%* (f™(x)), f™(x)).
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We will see the utility of this definition later as both partially hyperbolic diffeomorphisms
with uniformly compact center foliation and C !-perturbations of the time one map of an
Anosov flow with no periodic orbits of period < 2 are both center non-expansive. Now we
can state the main result of this section.

LEmMMA 12. — Let [ be a C* dynamically coherent partially hyperbolic diffeomorphism.
Suppose that f is uniformly u-quasiconformal and center non-expansive. Then there is a
constant K > 1 such that for any two points x € M, y € Wks (x), the homeomorphism

loc
D' 0 0 By 1 DL (Wit (1) — @5 (Wihe ()

loc loc

is K-quasiconformal.

Proof. — Our strategy to prove Lemma 12 is to use forward iteration of f to exploit the
center non-expansive property in order to control the behavior of 7Y = kS, on a small
unstable annulus centered at x inside of 9" (x). The first step is the following lemma.

LEMMA 13. — There exists Co > 0 large enough such that for any x € M,y € Wy .(x),n > 0,
there is a good cs-path y, with [(y,) < Co and

3.2) (D;l oh®So®, = ny_" o @;,i(y) o hf,fl o ®pn(yy 0 Df.

Proof. — Notice that for any good local cs-path y from x to y, h* = h$|, = hj’. Using
the equivariance properties of the charts from Proposition 7, we have for every n > 0 and
good local cs-path y,

Cb;l oh®o®, = dDy_l Ohf,s o®,

=@, o [T o hfy 0 /" o O

= Dfy™ 0 ®pagy) © My © Ppncey © DI
Without loss of generality we assume y = Y€ - y*, where y¢ and y° are a good local
c-path and a good local s-path respectively. Since f is center non-expansive, there is a good
c-path y, from f"(x) = f"(y°(0)) to f"(y*(1)) with I(y,) < I such that f"(y) - y,”"
represents the identity in Hol( % (f"(x)), f"(x)), where I = [(f) is the bound in the
Definition 11 that only depends on f. By Lemma 6, /" ()/")-y,’l_1 also represents the identity
in Hol(%°* (f™(x)), f"(x)), therefore

cs

_ cs _ cs cs _ cs cs __ cs
) = ey prips) = Mpns) 0 Mpniyey = Mpnysy 0 oy = pngysy-
Let y, be y;, - f™(y*), then (3.2) holds. Moreover /(y,) is uniformly bounded by some Cy
independent of the choice x, y and n since f uniformly contracts %. O

We now come back to the proof of Lemma 12. Since f is uniformly u-quasiconformal,
there is a constant ¥ > 1 such that for every x € M, anyr > 0,n € Z and every v,w € E¥
with [[v]| = Jlw] =r,

D n
(3.3) P < M <.

IDf™ ()l
We set A = supyegy max{| Df | o I 10 ™" | I3

Recall that 6Zz)fo(x) is the open ball of radius ro in %*(x) centered at x in the d,
metric. The x-closed ball of radius r; in 9" (x) centered at x is denoted by 0?3: (x). The
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x-closed annulus of radius rp,73(r2 < r3) centered at x is defined by R* (x,r3,13) =
By, (O\ Wy, (x).

By compactness of M, for any C > 0 there exists €(C) small enough such that for any
good cs-path y with /(y) < C, the holonomy map £3* is well-defined on WY (x). Moreover
for any 0 < ¢ <« €(C) small enough, there is a constant L. = L(¢, C) such that for any good
cs-path y such that /(y) < C and any z € R"(y(0),x 2, Ak?¢), we have that hS(2) is
well-defined and

(3:4) hy*(z) € R*(y(1), L& C)7 LE, C)).

Let € := €(Cyp), where Cy is the constant provided by Lemma 13. We fix a { small enough
such that kA¢ < € and such that the charts {®,},car are uniformly C!-close to Id on the
balls of radius { in E¥ as x ranges over M. We define L := L(, Cp) as in (3.4), which only
depends on the geometry of foliations.

Now we fix x € M and y € W),
{Yn,n > 0} such that

(3.5) vn(0) = f7(x). ya(1) = f"(3). I(yn) = Co.

Note that dDy_l o h® o ®,(0) = 0. Now consider r such that 0 < r <« {andletv € E¥ be
any vector with ||v|| = r. By the choice of A4, there is an integer n(v) > 0 such that

¢ < IDf" )| < At

(x). By Lemma 13 we have a family of good cs-paths

If w € E¥ is any other vector with ||w|| = r, then by «’s definition we get
k7' < IDF" V(W) < kAL

In other words, we can choose n(v) = n(|v|]) to only depend on the norm of v. For
definiteness we take n(||v]|) to be the maximal integer such that all w with ||w| = ||v|| satisfy
the above inequality. Then by uniformity of the coordinate charts ®, we have

©pn(y o DIV (w) € R (f"(x).672¢. 4K%0).
Combined with (3.4) and (3.5), recalling that L = L(¢, Cy) and noting that y,, is a good path,
we get that
153 0 Dpniy o DD (w) € R (f" (), L7 L),
Using again the uniformity of the charts ® we conclude that there is a constant K > 1
independent of x, y and v (as long as ||v|| = r) such that

K!< H q;;’}(“v”)(y) ohf,f’(”v”) 0 @ rudivi (x) © Dfxn(llvll)(v)H <K.

By (3.3) the linear map D f ~"{I*D has dilatation uniformly bounded by x2. Using Lemma 13

we conclude that for any pair of vectors v, w € E¥ with ||v|| = |lw| =7,
_ _ -1 n(r)
195" 0 b o @)l _ |PI " 0 Pty Ol 0 Pprnn PO
-1 cs - — - .
||cI>y ° 7S o Oy (w)]| Df =1 o qui’}(r)(y) °© hg’fl(r) 0 @ rniry(x) © Dfxn(r)(w)

This holds for every positive r < ¢ small enough, no matter how small r is. We thus conclude
that the linear dilatation of ®;! o 2 o ®, at 0 is bounded above by K*«? for any x € M
and y € WS (x).

loc
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To bound the dilatation of <I>y_1 ohS o ®, at points other than 0 in a ball of bounded radius
centered at 0 in E¥, we write for z € W, (x),

D1 0 h® o @y = (B 0 Dpes(n) 0 (Pplssy 0 B 0 D) 0 (D] 0 D).

The dilatation of @;}S ) ° h¢S o ®, at 0 is bounded above by K2«? , by our above reasoning.
By Proposition 9 the maps <I>;1 0 Dpes(z) and ;! o @, are both affine maps with linear parts
HJes () and H, respectively. Since we are working on balls of bounded radius centered
at 0 in EY and E} respectively and the unstable holonomies are linear maps depending
continuously on the base points which are thus a bounded distance from the identity, we
conclude that after possibly increasing the constant K the linear dilatation of CD;I oh® o ®d,
at ;' (2) is bounded above by K. This gives us the required quasiconformality assertion
of the lemma. O

3.3. Absolute continuity of foliations

We next recall some standard analytic properties of quasiconformal mappings. A homeo-
morphism /& : U — V between open domains of R¥ is absolutely continuous if it preserves
the collection of zero sets of k-dimensional Lebesgue measure. There is a natural Lebesgue
measure class on the space of affine lines in R¥ given by the identification of this space with
all translates of lines in R¥, i.e., with RP¥~! x R¥. Such a homeomorphism is absolutely
continuous on lines if for each of the coordinate directions ey, ...,ex in RF we have that
for almost every line £ C R parallel to ¢; the restriction of & to a homeomorphism
£NU — h(f NU) takes subsets of £ N U of 1-dimensional Lebesgue measure zero to zero
measure sets of 2(£ N U), where h(£ N U) is equipped with the 1-dimensional Hausdorff
measure in R*. Here the “almost everywhere” quantifier on the space of lines parallel to e;
(which we identify with R¥~1) is taken with respect to the Lebesgue measure on R¥~1. By
Fubini’s theorem if /2 is ACL then / is absolutely continuous.

Let vol; denote the standard Lebesgue measure on R¥. For an absolutely continuous
homeomorphism 2 : U — V, we define the Jacobian of h to be the Radon-Nikodym
derivative of h.(volg) with respect to vol; and denote it by Jac(h).

We let || - || oo denote the L> norm on measurable functions f : R — R,

[/l = infsup | f(x)l,
V xev

where the infimum is taken over all measurable subsets V of R¥ with volg(R¥\V) = 0.
A standard reference for the claims in Proposition 14 as well as a more precise discussion
of the ACL property is Viisild’s book [42].

PROPOSITION 14. — Suppose that h : U — V is a K-quasiconformal homeomorphism
between open subsets of R¥, k > 2. Then h is ACL, differentiable voly-a.e. in U, and we also
have | Dhyloo - II(Dhx) " oo < K.

We next discuss the notion of absolute continuity of a foliation. Let m be a measure on M
which is equivalent to the Riemannian volume. Let %/ be a k-dimensional foliation of an
n-dimensional Riemannian manifold M which is tangent to a continuous subbundle E of M.
For each y € M we let %W, (y) denote the ball of radius r in the induced Riemannian metric
on the leaf %J(y) through y which is centered at y. Then there is a family of conditional
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measures {m .} ey of m on the foliation 9 with the following properties: for each x € M
we have m (M \ U(x)) = 0, the function x — m,” is constant on the leaves of %), and if

Sx denotes a small (n — k)-dimensional disk passing through x and transverse to 9%/ and

Vy = U Wr(y)

Y€Sx

denotes an open neighborhood of x, then up to scaling m;w on each local leaf W, (y)
the family {m;w o, (y)}yeSx coincides with the classically defined notion of disintegration
of a measure with respect to a measurable partition given by Rokhlin [35]. The family
{m ¥} em is uniquely defined up to m-null sets of M and up to scaling each of the measures
on a given leaf of %% by a positive constant. We refer to [3, Section 3] for the proof of the
existence and uniqueness of the disintegration claimed in this paragraph.

For a submanifold S of M we let v¥ be the induced Riemannian volume on S from M.
We define a k-dimensional foliation % to be strongly absolutely continuous if, for any pair
of nearby smooth transversal (n — k)-dimensional submanifolds S; and S, for % the
W-holonomy map h% : §; — S, is absolutely continuous with respect to the measures v
and 152, that is, /1, (v51) is absolutely continuous with respect to v52. Every C! foliation is
strongly absolutely continuous. The most important examples of strongly absolutely contin-
uous foliation for purposes are the stable and unstable foliations % and %" of a partially
hyperbolic diffeomorphism; strong absolute continuity of these foliations is well-known and
a proof may be found in [1].

What we call “strong absolute continuity” is the notion of absolute continuity used in [3],
but this notion of absolute continuity is too strong for our purposes. We define a weaker
notion of absolute continuity below.

DEFINITION 15. — A foliation %W is absolutely continuous if, for each x € M there is an
open neighborhood V of x and a strongly absolutely continuous foliation 7 of V transverse
to % such that for any pair of points y, z € V the W-holonomymaph® : (y) — F(z)is
absolutely continuous with respect to the induced Riemannian volumes on o7 (y) and o7 (z)
respectively.

This definition is weaker because we only require the existence of a particular foliation f
transverse to % for which the %/-holonomy maps between any pair of leaves are absolutely
continuous. We emphasize that the transverse foliation & need not be smooth in our defini-
tion.

Given a foliation %/ we say that m has Lebesgue disintegration along W if form-a.e. x € M
the conditional measure m ;Z” on the leaf %(x) is equivalent to the induced Riemannian
volume on “(x) from M. Our definition of absolute continuity is designed such that the

following proposition is true.

PROPOSITION 16. — Suppose W is an absolutely continuous foliation with respect to a

transverse strongly absolutely continuous foliation &f. Then m has Lebesgue disintegration
along W.
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Proof. — Fix a point x € M and let VV be an open neighborhood of x on which there is
a strongly absolutely continuous foliation ¥ transverse to %/ for which the “%/-holonomy
maps between any two ¥ -leaves are absolutely continuous. In the case that ¢f is a C! folia-
tion, the proof that the conclusion of the proposition holds is given by [9, Proposition 6.2.2].
However the only property of the transversal foliation ¢ which is used in that proof is the
strong absolute continuity; for completeness we give a detailed proof using only this strong
absolute continuity property.

Without loss of generality we assume that V' has a local product structure, i.e., for any
x',x"” € V, the local leaves ¢f ,.(x") NV and Wiec(x”) N V intersect at exactly one point
in V. If we denote of oo (Xx") NV, Wioc(x”) NV by F (x") and Wy (x”) respectively for any
x',x" € V, then we have

(3.6) v= U FHvm= U wre.
yeWy (x) se€Sy (%)

Since ¢f is a strongly absolutely continuous foliation, there exists a positive measurable
conditional density 6, (-) for v Wv () _almost every y € Wy (x) such that for any measurable
subset A C V we have

(3.7) m(A) = [ [ Lu(y. 2)8, (2)dv T O (2)d Y @y,
Wy (x) J Fy (¥)

where we recall from above that v5 denotes the induced Riemannian volume on the submani-
fold S.

Let p, (-) denote the holonomy maps along the leaves of %%/ from ¢y (x) to ¢f (y), and
let g, () denote the Jacobian of p,. We have

(3.8) / La(y. 2)8, (2)dv Y O (2) = / 14(py (585 (py (5))gy (5) vV O 5),
Fv ()

Fy (x)

and by changing the order of integration in (3.7) we get
39 m(4) = / / La(py ()85 (py ($))gy (8)dv ™" O (y)dvTV O (s).
Fy (x) S Wy (x)

Let ps(-) denote the holonomy map along the leaves of 7y from Wy (s) to Wy (x).
Since & is a strongly absolutely continuous foliation the map ps(-) is absolutely continuous
and thus admits a Jacobian g, with respect to the induced volumes on %%y (s) and Wy (x)
respectively.

We transform the inner integral in (3.9) into an integral over %y (s) by making the change
of variables r = p,(s). Note that y = y(r) is uniquely determined by r and is continuous as
a function of r. Therefore we have

(3.10) /w LB 6Day 8y (o)™ ()

- / L4 (")) ()85 (P)iis (v Y O ().
Wy (s)
Combining this with (3.9) we get

G.1)  m(A) = /@q o /% ()ﬂA(s,r)qy(r>(s)5y(r)<r)qs(r)dv%@(r)dvFV‘x><s),
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which implies the statement of the proposition. O

By appealing to the Equations (3.7) and (3.9) derived in the proof of Proposition 16 we
obtain the following corollary. For x € M we continue to let V; denote an open subset of M
containing x on which the combination of the two transverse foliations % and &F has a
local product structure. For two measures p and v we write i =< v if these two measures are
equivalent, i.e., they have the same null sets. We will need the following equivalences later.

COROLLARY 17. — Suppose that W is an absolutely continuous foliation with respect to
a transverse strongly absolutely continuous foliation F. Then for any x € M we have the
equivalence of measures on Vy,

mx/ va(wdv%)v(x)(y)x/ PV @ gy Iv ) (2,
Wy (x) Fv x)

Combining Proposition 16 with our work above leads to the following conclusions,

COROLLARY 18. — Let f be a C*® dynamically coherent, center non-expansive partially
hyperbolic diffeomorphism.

1. If f isuniformly u-quasiconformal, then m has Lebesgue disintegration along W*” -leaves.
2. If f is uniformly quasiconformal, then for x € {cs, c, cu}, m has Lebesgue disintegration
along W"* leaves.

Proof. — By Lemma 12 and Proposition 14 the hypotheses of (1) imply that the local
@ *-holonomy maps between local leaves of the unstable foliation %/ are absolutely
continuous. Since the stable and unstable foliations 9 and 9" are strongly absolutely
continuous, this implies by Proposition 16 that m has Lebesgue disintegration along %/*
leaves.

Under the hypotheses of (2) we may also apply Lemma 12 to the local c¢s-holonomies
of 71, i.e., to the cu-holonomies of f. This implies that the local %/*-holonomy maps
between local leaves of the unstable foliation 9 are absolutely continuous with bounded
Jacobians as well, and thus by Proposition 16 (using %/ as the transverse strongly absolutely
continuous foliation) we conclude that m also has Lebesgue disintegration along %" leaves.

For each x € M the cu-leaf W™ (x) is foliated by *-leaves and this foliation is
strongly absolutely continuous when we consider % (x) to be the ambient manifold. The
holonomy of the %/ foliation between local %/ leaves inside of %/ (x) coincides with the
%** holonomy in M. Thus by Lemma 12 and Proposition 14 these local %/°-holonomy
maps are absolutely continuous.

Let m<* denote the conditional volume of m on %J“(x). Since the holonomy maps
of U between local %" leaves inside of %" (x) are absolutely continuous, we can apply
Proposition 16 again to obtain that m<* has Lebesgue disintegration along %) leaves inside
of 9™ (x). Since this holds for every x € M and m has Lebesgue disintegration along
W™ leaves, it follows that m has Lebesgue disintegration along %/ leaves. O

4¢ SERIE - TOME 51 —2018 = N° 5



UNIFORMLY QUASICONFORMAL PARTIALLY HYPERBOLIC SYSTEMS 1103

4. Linearity of the center holonomy

In this section we will prove the center holonomy between local unstable leaves is linear
in the charts {®, }ep under stronger assumptions on f, i.e., Lemma 27. To obtain it, we
will show that the a.e. defined map DA€ is equivariant with respect to H* holonomy almost
everywhere (Lemma 24). Subsection 4.1 is for the construction of a fiber bundle which is
critical to us for studying the center holonomy through measure-theoretic arguments. This is
where we use the hypothesis in Theorem 2 and Corollary 3 that the center foliation has trivial
holonomy. In Subsection 4.2 we construct an invariant bounded measurable conformal
structure which is invariant under H** holonomies. It plays an important role in Section 5.
In Subsection 4.3 we prove the main results Lemmas 24 ND 27.

Unless stated otherwise, in all of the claims of this section we assume that f is a C*
dynamically coherent partially hyperbolic diffeomorphism which is uniformly quasicon-
formal. We further assume that f preserves an invariant measure m which is smoothly
equivalent to the volume on M.

4.1. A fiber bundle construction

We first formulate an additional condition on f which is related to the proof of
Theorem 4.

Suppose that dim E€¢ = 1, E€ is orientable, (% (x)) = U (x) for every x € M,
and f has no fixed points. Each center leaf %/ (x) has as its universal cover a copy W (x)
of R with orientation determined by the orientation of E€. The restriction of f to %  (x)
lifts to an orientation-preserving diffeomorphism fof Cwil (x) with no fixed points. Fix a
lift ¥ of x and let Uy be the closed segment joining f_l('f) to ]7(3?) inside of %W" (x). We
then let U, be the projection of this segment to %)(x). An easy exercise shows that the
neighborhood Uy is independent of the chosen lift of x. It is also clear that for every x € M
we have f(Uyx) = Up(y).

We say that f does not wrap if for each x € M, the neighborhood U, of x in % (x) is
simply connected, i.e., it is a line segment instead of a circle.

For the remainder of Section 4 and Section 5 we will assume that f satisfies one of the
following two assumptions,

A. 9 is compact and each center leaf with trivial holonomy; or
B. dim E¢ = 1, f(W° (x)) = W  (x) for every x € M, E€ is orientable with orientation
preserved by f, f has no fixed points, and f does not wrap.

In the case that f satisfies assumption (B) we set {Uy}xenm to be the family of neigh-
borhoods of points of M inside of the center foliation constructed above. When f satisfies
assumption (A) we instead set U, = 9 (x). In both cases we have the properties that
J(Ux) = Us). Without loss of generality (decreasing r, R in Subsection 3.2 if necessary),
we assume for any x € M, W, (x) C Uy.

We note that if ¥ is the time-1 map of an Anosov flow ¥, which has no periodic orbits
of period < 2 then assumption (B) always holds for C'-small enough perturbations of ;.
We refer to the proof of Theorem 4 for the details behind this assertion.
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PROPOSITION 19. — Suppose f satisfies one of assumptions (A) and (B), then f is center
non-expansive.

Proof. — Under assumption (A), since each center leaf is compact and has trivial
holonomy, there is a uniform bound on the diameter of center leaves (cf. [6]). Then for
any x € M,y € W, .(x),n € Z and any good local c-path y from x to y, we take a geodesic
(within the center leaf) y, from 7" (x) to f"(y) contained inside %*° (f"(x)). Then I(y,) is
uniformly bounded and the path f”(y) -y, ! represents the identity in Hol(%° (f"(x)), f"(x)).
We conclude that f satisfies the conditions of center non-expansiveness.

In the case of assumption (B), for any x € M,y € W, (x),n € Z and any good local
c-path y from x to y, we have by our assumption that

") C fH(Wiee(x)) C f"(Ux) = Upn(y.
By uniformity and simple connectedness of {U,,x € M}, we can easily find a C'-path
¥n C Ugn(x) from f™(x) to f"(y) such that f"(y) -y, ' represents the identity in Hol( %) (x), x)
and [ (y,) < sup,epy [(Ux) < o0. O

As a consequence of Proposition 19, all of the work from Section 3 applies to both f and
f ! for systems satisfying assumptions (A) or (B). In particular the center-stable holonomy
maps h$, @ Wig,(x) = Wie.(y) and center-unstable holonomy maps h$% : Wi, (x) —
Wy, (z) forx € M,y € Wi (x), z € Wie(x) are all K-quasiconformal for some constant
K > 1. Consequently m has Lebesgue disintegration along each of the foliations 9*°,
W™, and W° by Corollary 18. By combining this with the strong absolute continuity of
the foliations 2" and %/, we conclude that m has Lebesgue disintegration along all of the
invariant foliations %" for f.

We now consider the space
E={(x,y)e M?:y eU,},
and we define F : £ — E by F(x,y) = (f(x), f(»)).

PrOPOSITION 20. — & is a continuous fiber bundle over M with compact fibers. F preserves
an invariant measure p on & which locally decomposes as the product of the volume m on M
and the conditional volume m¢, on Uy.

Proof. — We first show that for r > 0 sufficiently small and y € 9 (x), under either
assumption (A) or (B), the unstable holonomy map A%, from W,y (x) to Wi, (y) can be
extended to a homeomorphism 4% : Uy, — U,. Under either assumption (A) or (B)
the neighborhoods U, C 9 (x) are uniformly compact (i.e., have d.-diameter uniformly
bounded in x) and depend continuously on x in the Hausdorff topology on sets. Thus we can
choose r small enough that for any x € M, y € " (x) we have that W, (z) N U, consists
of at most one point for any z € U,. Under assumption (A) the last assertion requires the
condition that each center leaf has trivial holonomy, under assumption (B) this last assertion
requires the condition that f does not wrap.

We claim that there is in fact exactly one point in %/, (z) N Uy. This is obvious under
assumption (A) since %}, .(z) must intersect %*(y) if y is close enough to x, by the uniform
compactness of the center foliation. Under assumption (B) let &¢ > 0 be a constant chosen

small enough that for each x € M the e-neighborhood Uf of Uy inside of %° (x) still satisfies
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the no wrapping condition, that is to say, U remains an interval instead of a circle. Then
for ¢ > 0 sufficiently small, r sufficiently small depending of ¢ and any x € M, y € W (x)
and z € U, the intersection W, (z) N U} consists of exactly one point. Thus h* : Uy —
Uy is an orientation-preserving homeomorphism onto its image inside of Uy. Butif y €
W (x) for r sufficiently small then f(y) and f~1(y) lie in W}, .(f(x)) and Wi (f~1(x))
respectively. Thus the endpoints of the interval which is the image of Uy under h* are f~!(y)
and f(y) (Since f(y) € US N Wi, (f(x)) and Wy, (z) N U consists of exactly one point,
then 1" (f(x)) € U N Wio (f(x)) = f(v), similarly we got 2*(f~'(x)) = {f~'(y)}). This
shows that A% actually gives a homeomorphism from Uy to U,,.

Hence h* : Uy — U, is a homeomorphism for y € % (x). By similar reasoning (possibly
taking r smaller) for any x € M, y € W, (x) the stable holonomy 4* : U, — U, is also a
homeomorphism. Finally, it is easy to see that for any y € /% (x) there is a homeomorphism
h¢ : Uy — U, depending uniformly continuously on the pair (x, y): in the case of assumption
(A) this is trivial since U, = U,. In the case of assumption (B) each of the subsets U,
of 2° (x) is an interval determined canonically by its endpoints f~'(y) and f(y) according
to the construction at the beginning of this section. These endpoints depend continuously
ony € W (x) hence it follows that we can find a continuous family of orientation-preserving
homeomorphisms /¢ : U, — Uy identifying these intervals for y near x. Putting all of this
together, for any z close enough to x we can find a composition of three homeomorphisms

Uz = Ups(zy = Upu(ns 2)) = Une e (hs (2))) = Ux

which depends continuously on z, where h%(z) = hoe(2) N Wik (x), h*(h*(z)) =

Wi . (h*(2)) N W, (x). This proves that £ is a continuous fiber bundle over M with
compact fibers.

We now prove the second assertion. Under assumption (A) we consider the measurable
partition of M into compact center fibers M = (.5 U (x) and let {m¢ }xepm be the family
of conditional measures of i on the center fibers %* (x) determined by this partition. Since
f preserves m we have fim$ = mjc,(x). form-a.e. x € M.

In the case of assumption (B) we refer to [3, Section 3]. It is shown there that for the
foliation %* of M there is a measurable family of conditional measures {#¢ }ep supported
on the leaves %° (x) of the center foliation such that for y € %*(x) the measures /7 and
11 coincide up to a constant factor. We normalize these measures such that 75 (Uyx) = 1.
Furthermore, since f fixes all of the leaves of %*, by [3, Proposition 3.3] we have fum$ = mé
for m-a.e. x € M. We define m¢ to be the restriction of 7§ to Uy. Since f(Ux) = Uy we
conclude that f,m¢ is a constant multiple of m;( ) and by our choice of normalization of
the measures /5 thisimplies fum$ = m¢  since these measures both assign mass 1 to Uy ).

The measures m¢, are equivalent to the Riemannian volume on U, since m has Lebesgue
disintegration along %/ leaves. We define the measure i on the fiber bundle £ by setting,
for any measurable set 4 C &,

j(4) = / 14 (e y)dmS (y)dm(x),

where 14 denotes the characteristic function of A. Since f preserves m and fum$ = m}(x)
for m-a.e. x € M, we conclude that y is F-invariant.
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4.2. Conformal structures

We now introduce the bundle CE" of conformal structures on E* over M. For more
details related to the discussion that follows we defer to [28]. The fiber CEY over x is the
space of all inner products on E¥ modulo scaling by a nonzero real number, which can be
identified with the nonpositively curved Riemannian symmetric space SL(k,R)/SO(k,R).
Each fiber thus carries a canonical Riemannian metric p, given by an isometric identification
of CEY with SL(k,R)/SO(k,R). We will always explicitly identify CEY with the space of
inner products on E¥ for which the determinant of a positively oriented orthonormal basis
is 1 in the reference inner product on E¥ induced from the given Riemannian metricon 7M.

Any linear isomorphism 4 : EY — E}f induces a map A™ : CEy — CE} by, fort, € CEY
and any v,w € EY,

Tx (A(v), A(w))

det(A4)2/k
where we recall that & = dim E* and det(A4) denotes the determinant of 4 in the metric
induced from 7M. The induced map A* is an isometry from (CE}, py) to (CEY, px).

At (v, w) =

A (measurable) conformal structure on E¥ is a measurable section t : M — CE" defined
on the complement of an m-null set of M. We say that a measurable conformal structure is
invariant if Dff ts) = 1x for m-a.e. x € M. A measurable conformal structure is bounded
if there is a constant C > 0 such that py(tx,72) < C for m-a.e. x € M, where t° denotes
the conformal structure on £* induced from the Riemannian metric on 7M. The condition
that f is uniformly u-quasiconformal is equivalent to the existence of a constant C > 0 such
that for every x € M,

o ((Df;)*r}’,,(x), rg) <C VneZ

The following measure-theoretic lemma is vital for recovering holonomy invariance prop-
erties of measurable objects by guaranteeing simultaneous recurrence to a continuity set on
a full measure set of points. Our first application will be to show that a measurable invariant

conformal structure for f must be invariant under the stable and unstable holonomies H*
and H" on a full measure subset of M.

LEMMA 21. — Let T be a measure-preserving transformation of a finite measure space
(X, w) and let {K, }n>1 be a sequence of measurable subsets of X withy v | p(X\Ky) < oc.
Then there is a full measure subset Q@ C X with the property that if x,y € Q then there is an
n € N and a sequence ny — oo with T" (x) € K, T"*(y) € K, for each ny.

Proof. — By the Birkhoff ergodic theorem, for each n € N the Birkhoff averages
%Z?;}, 1k, (T/(x)) converge pointwise (on a measurable set E, with w(X\E,) = 0)
as k — oo to a nonnegative T-invariant measurable function P, with integral u(Kj).
Define 2 C X by

o0
3
Q= ﬂEnﬂ%xeX:ElNeNsuchthatfornzN, P,(x) > Z}.
n=1

We claim that u(X\Q2) = 0. Consider the sets

1
an{ern:l—Pn(x)zZ}.
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By the Markov inequality we have
W(Bn) = 4/ 1= Ppdp = 4p(X\Kp).
X

Since Y o7, n(X\K,) < oo by hypothesis, we conclude by the Borel-Cantelli lemma that
for p-a.e. x € X there are only finitely many n such that x € B,,. This implies that €2 is a full
measure subset of X.

Now we verify that Q has the desired properties of the Lemma’s conclusion. If x, y € Q
are any two given points then, from the definition of © there is a common » such that
Pu(x) > 3 and P,(y) > 3. We explain how to construct ny inductively from ng_y, with
our construction also showing how to construct the initial n; from noy = 0. Given ng_1, we
choose Ny > nj_q large enough that

L : 3
v 2 (@) >3

J=nk—1

and the same for y, and we also take Ny large enough that N"R,—'Zk—‘ > 7. The existence of
this Ny is guaranteed by the fact that P, (x) > %. We conclude from these estimates that
[{j € k-1, Ni] - TV (x) € K| _4
Nk —Njk—1 7
and the same for y, where [ny_1, Ni] denotes the set of integers j satisfyingny_; < j < Ng.
It follows that there is a common ny € [ng—;, Ni] such that T"%(x) € K, and T"*(y) € K,,.
Inducting on k completes the proof. O

Proposition 22 below summarizes the essential properties of invariant conformal struc-
tures for uniformly quasiconformal linear cocycles which we will need. It is a slight improve-
ment of the proof of [29, Proposition 4.4] as it removes the assumption of ergodicity of f
with respect to the volume m which was used in that proof.

PROPOSITION 22. — Suppose that f is uniformly u-quasiconformal and volume-preserving.
Then there is an invariant bounded measurable conformal structuret : M — CEY. Furthermore
there is a full measure subset Q of M such that if x,y € Q and y € W, (x) then
(H)':y)*fy = TX?

and similarly if y € Wy, (x) then

(Hy)) "ty = tx.

Proof. — By [28, Proposition 2.4] the uniform quasiconformality of the linear cocycle D f | pu
implies that there is an invariant bounded measurable conformal structure T : M — CEY.

By Lusin’s theorem we can find an increasing sequence { K, },en of compact subsets of M
such that 7 is uniformly continuous on K, and m(M\K,) < 27". Let @ C M be the full
measure set of points satisfying the conclusion of Lemma 21 for both f and f~'. We also
require that 7 is defined and Df -invariant on Q.
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Let x, y € Q be given with y € % (x). Then there is an n > 0 and a sequence ny — 00
such that f"*(x) and f"k(y) both lie in K, for each ny. Then

Px (T, (Hyy)*1y) = px (DFF) Trni oy, (Hiy ) (D) Tpnic ()
= px (DS Tpni oy (DI (H g pric ) Tpmie ()
= Py ) (T oy (Hpne pric )™ Tk ()
< Pk o) (Trnk (x)» (Lpnk g prx y)*‘ff"k o))
+ ppmic oy (Lpmicx pnie ) Tene vy (Hpnge pnie ) Tre ()

where we recall that Iy : EY — EJ is our chosen Holder continuous family of identifica-
tions of nearby fibers of £*. The uniform continuity of r on K, implies that

P o) Tk s (Lpnicx g y) “Trne () = 0,

asnyg — oosince d(f"*(x), f"*(y)) — Oasng — oo. Since || rni y iy, — HY | —0

Slkxfrky
uniformly as ny — oo we also conclude that

Pk oy (g y) Trne (pys (Hgm g ) Trne ) = 0,
as nx — oo. Combining these two facts gives 7, = (Hy,)*1y.

The same proof replacing %/ by U" and ny by —ny shows that if x,y € Q with
Y € Wipe(x) then 7y = (HY,)*1y. O

4.3. Equivariance properties of the center holonomy

From now to the end of Section 5, for any x, y € M such that y € Uy, for any C! center
path y that lies in U from x to y, we write h$, := h$* : Wi, (x) = Wi, () for the center-
stable holonomy between local unstable leaves inside the same center-unstable leaf, which
coincides with the center holonomy between these leaves. It is easy to see that under either

assumption (A) or (B), hS,, is well-defined and does not depend on the choice of y.

PRrOPOSITION 23. — Let

0 ={xeM:forms-ae yecUyshs,: W, (x) > W

loc

() is differentiable at x}.

U
loc
Thenm(Q) = 1.

Proof. — For x € M we let m* denote the conditional measure of m on %, (x). Let
m$* be the conditional measure of m on the subset

Se= |J U c W
yEW (%)

Considering 9 (x) as an absolutely continuous foliation with respect to the transverse
strongly absolutely continuous foliation %" (x) inside of ¥ (x), we conclude from Corol-
lary 17 that the measure m$* decomposes as conditional measures in two different ways,

mit = [ mamsoy = [ mgamt,
X X

loc
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where we recall that we use the notation < to indicate that the two measures are equivalent
on Sy. By Lemma 12 and Proposition 14, for every y € Uy the center holonomy map
BS, : Wiee(¥) = Wiee(x) is differentiable at m¥%-a.e. z € W, (v). Thus if we set

loc
Ty = {z € Sy : h3,, is differentiable at z for y = hy,(2)},

we then have, by the first expression for mS¥, m$*(Ty) = mS*(Sy) for m-ae. x € M.
Since Ty has full m$* measure in Sy we conclude by the second expression for m$* that
m$(Tx N Uy) = m§(Uy) for m¥-ae. y e W (x). This immediately implies that
mi(Q N WY (x)) = m¥( I .(x)) from the definition of Q. Since the %" foliation is
absolutely continuous and this holds for m-a.e. x € M we conclude that m(Q) = 1, i.e.,

O has full volume in M. O

We then define @ = {(x, y) € £ : x € Q}. From the definition of Q and Proposition 23 we
see that ) has full i-measure inside of €. For (x, y) € ¢) we can then define Hy, : EY — E}
to be the derivative of 4, at x. The map (x,y) — Hy, is clearly measurable and defined
u-a.e. by Proposition 23. Our next goal is to show that the maps H€ are equivariant with
respect to the stable and unstable holonomies H* and H* of Df| ..

LeEMMA 24. — There is a full ji-measure subset Q of ¢) such that if (x, y), (z, w) € Q with
z € Wi (x) and w € W, (y) then the following equation holds,

loc

4.1 H{,oHY = H;‘w o Hﬁy,

and similarly if (z, w) € Q withz € W, (x) and w € W}, (y) then,
4.2) Hp, o Hy, = Hy,, o Hy,.

Proof. — We let A C M be the full m-measure set of points on which the invariant
bounded measurable conformal structure t : M — CEY of Proposition 22 is defined
and invariant under both Df and the stable and unstable holonomies H* and H*. We let
Qo C & be the set of (x, y) € £ such that both x and y are in A. The absolute continuity
of %° together with the construction of the measure w1 implies that u(E\ Q) = 0.

By Lusin’s theorem we can find an increasing sequence of compact subsets K, € &
such that u(E\K,) < 27" and such that H¢ restricts to a uniformly continuous function
on each K. Since p is F-invariant, by applying Lemma 21 to both F and F~! there is a
measurable set Q with ©(£\) = 0 and such that for any pair of points (x, y), (z, w) € Q
there is an n € N and a pair of infinite sequences ny — oo and nj. — oo with F™" (x, y),
F~"k(z,w) € K, for each nj and F (x,y), F"k(z, w) € K.

We now prove that Equation (4.1) holds. The proof for Equation (4.2) will be completely
analogous. Let (x, y), (z, w) € Q be such that z € W (x) and w € W}, (y). Since HC is
uniformly continuous on K, and d(f"x, f"z),d(f ™"y, f"w) — 0asn — oo, we
conclude that

— 0,

(43) H H}lfnkyffnkw o chfnkxffnky - H;jfnszfnkw o H}lfnkxffnkz

as k — oo, where {n;} is the infinite sequence from the previous paragraph corresponding
to the pair (x, y), (z, w).
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For x € A we let SE¥ denote the unit sphere in £ in the metric t,. For any two points
x,y € A and an invertible linear map 4 : EY — EJ we then define

SA() = Lv)l
det(A)*

where the determinant is taken with respect to the induced Riemannian metric t° on E*
from TM . We remark that if A*7, = 7, then SA maps SE} to SE} and consequently SA is
an isometry from EY to EJ when these are given the metrics 7, and 7, respectively. This is

because A then maps SEY to det,(A)% - SE}, where det, denotes the determinant of this
linear map with respect to the family of inner products on E* given by t. Our convention
for representing elements of CEY is to take the inner product which has determinant 1 with
respect to the background metric 2. Thus det, = det for linear maps between fibers of E*.
We also note that A is clearly determined by SA and det(A).
For (x, ), (z, w) € Q given as in the statement of the lemma we will show that

4.4) det(H¢,,) det(HY,) = det(HY,) det(H,),

4.5) SHZ, o SHy, = SHy,, o SH{,,.
The desired statement of the lemma follows from these two equations.
From differentiating the equation

—k —k
f ohfcy :hjcf—kxf—kyof ’

expressing the equivariance of center holonomy with respect to the dynamics f we obtain
the equation

(4.6) Dfy o Hyy = H s pic, o DI,

which is valid for any (x, y) € ¢. Taking determinants and rearranging, we conclude that
det(ny_k|E“) c c
m det(ny) = det(Hf_kxf_ky)'

Applying the same equation to (z, w) with HS,, and then taking ratios at the iterates ny gives

det(Dfy ™| ,) det(Df"*| ) det(HE,)  det(Hfwg,pny )
det(Df, " ) det(Dfe " |_ ) det(HE,) _det(H;_nka_,,kw)'

| Eu | Eu
As k — oo the right side converges to 1 by Equation 4.3, the first factor in the product on the
left side converges to det(Hyy,), and the second factor converges to det(H ¥ )~1. Rearranging
the resulting equation gives Equation (4.4).

For the second equation we first consider the following lemma which only uses the hypoth-
esis that f is uniformly u-quasiconformal. We let || - ||; denote the norm on E¥ induced by
the inner product .

LEMMA 25. — Suppose x,y € A, y € W (x) andv € E¥, v € Ey.If
. _ ns B
lim inf S " (v) — SH 0. (SDS "W Dlle =0,

then SHY, (v) = v'.
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Proof. — Letw = SHY, (v). Then we have

SDf ™" (v) = SHf -, - (SDf " (w)),
by the equivariance properties of the unstable holonomy H*. Therefore we have

tin inf | SHY- o, ;- (SDf (W) = SH} -0 (SDF " (Wl = 0.

But the invariance of ¢ under the unstable holonomy H* on A and its invariance under Df
imply that SDf ™" and SH* are both isometries with respect to the family of metrics given
by t on the fibers E¥ of the vector bundle E*. This then implies that

liminf|w —v'||; = 0,
n—>0o0
which means that w = v’ as desired. O

Now let (x, y), (z, w) € Q2 be given as in the statement of the lemma. From Equation 4.3
and the equivariance properties of H* we conclude that

kli)ngo ISHf—ny, p=ni oy (SDS " (SHY; (v)))
—_ SH}‘—nk yf—nkw (SH;—nk xf_”ky(SDfx_nk (U))) || = O
Applying the equivariance relation (4.6), this implies that
kli_)rrolo ISDfy, " (SHZ,, (SHY; (v)) = SHf—ni , p=nye,, (SDf"F (SH, (v)))]| = 0.

Since the measurable conformal structure 7 is bounded, the norms || - ||; are uniformly
comparable to the norm || - || = || - ||, and thus this equation also holds with | - || replaced
by || - |- We thus conclude by Lemma 25 that

SH;, (SHY;(v)) = SHy, (SH, (v)).

Since this holds for every v € E¥ we deduce Equation (4.1) as desired.
To prove the second Equation (4.2) where instead z € U}, (x) and w € Wy, .(y), we
follow the exact same proof, replacing H* by H® and —ny by nj everywhere. O

We next recall the following elementary lemma from analysis.

LEMMA 26. — Suppose f :RF — RK is ACL and that there is a continuous map
G : R¥ — GL(k,R) such that Df = G almost everywhere. Then f isa C' map and Df = G
everywhere.

Proof. — Let f = (fi..... fx), f; : RF — R. Since f is ACL each coordinate function
f; is ACL. Thus there exists a full Lebesgue measure set A C R¥ such that for every x € A

and 1 <i,j <k, ﬁ|X+R'€j is absolutely continuous and Df = G for almost every point

(with respect to arc length) in {x +R-e;}, where ey, . .., e denote the standard basis of Rk,

Absolute continuity of f; et Ree; implies that
J

ﬁ<x+r-e,~>=ﬁ(x>+/0

ofi (x +5-€)ds
3)(]'

t

= fi(x) +[0 Gij(x +s-¢)ds,
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where G = (Gij)1<i,j<k is the matrix representation of G in the standard basis of R¥. Since
both f and G are continuous this last equation holds for all x € R¥ and ¢t € R. This proves
that for each 1 < i, j < k the partial derivative % of f exists and coincides with G;;. In

particular, all partial derivatives of f exist and are continuous at every point in R¥ which
implies that £ is C! and Df = G. O

LeEmMA 27. — Forany x € M and y € Uy we have the equality
ch_l o hfcy od, = H)fy

as maps from EY to EJ. The measurable function H on Q therefore admits a continuous
extension to € and the center holonomy is linear in the charts {®y}xepm.

Proof. — We first consider pairs (x, y) € Q. Since Dy®, = Id EY for every x € M and

h%,(x) =y, the equation
D0(<1>y—1 o hf, o ®y) = HE,
holds for any (x, y) € Q. To compute the derivative at other points of E¥, we let v € E¥,
z = Oy (v), and w = h3, (2) = h3,(z). We suppose that (z, w) € €2 and compute,
Dy(®} ! 0 hf, 0 @x) = Do(®) " 0 @y) 0 Do(Py! 0 hgy, 0 ;) 0 Dy(P; 0 ).
By Proposition 9 we know that Do(®; ! o @) = Hjs, and D,(®;' o ®;) = H},. Hence
Dy(®,' 0 h§, 0 ®y) = HY o Hf, 0o HY, = H{

whenever (x, y), (z, w) € 2, by Lemma 24. Since 2 has full u-measure we conclude that
for m-a.e. x € M and m§-a.e. y € Uy the map ®,' o h$, o &, : E¥ — EY is differentiable
almost everywhere on EY with derivative Hy, almost everywhere. By Lemma 12 the map
CID;I o h§, o @ is quasiconformal and therefore ACL. By Lemma 26 this implies that
CD;I o hfcy o ®, isa C! map with derivative H )fy everywhere, that is, d);l o hfcy o ®, coincides
exactly with the linear map Hy,,.

Since €2 has full yu-measure in € and p is fully supported we conclude that 2 is dense in &
and thus the equation

(4.7) @' ohS, 0@y = HY,

holds on E¥ for a dense set of pairs (x,y) € €. But the left side of this equation depends
uniformly continuously on the pair (x,y) on as a map @' (W, (x)) — ;' (Wio. ()
between neighborhoods of 0 in EY and E7 of uniform size. Furthermore the linear map Hy,,
is determined by its restriction to a map between these neighborhoods. Hence we conclude
that Hy, also depends uniformly continuously on the pairs (x, y) € Q.

When y is close to x the map <I>;1 ohS., o @y is uniformly close to the linear identifications
Ixy 1 EY — EJ introduced in Section 3. Hence Hy,, is uniformly close to Iy for (x, y) € Q.
In particular for (x, y) € €2 the maps Hy, belong to a uniformly bounded subset of the space
of invertible linear maps EY — EJ. This shows that #¢ admits a continuous extension to &
such that Equation (4.7) still holds on a neighborhood of 0 in E¥ for any (x, y) € €. Finally,
because @y, hS,, and Hy, all have the proper equivariance properties with respect to f -1
and Df~! which uniformly contract E¥, it follows that Equation 4.7 actually holds on all
of E¥. O
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As a corollary of Lemma 27 we deduce that Equations (4.1) and (4.2) from Lemma 24
actually hold on all of & because the uniform continuity of H¢ implies that each side of
these equations is uniformly continuous in the quadruple of points x, y, z, w and both of
these equations hold on a dense subset of £.

5. Higher regularity of foliations

In this section we will prove higher regularity properties for the foliations %/, %/ and
W™ . We start by proving the smoothness of center stable holonomy. To obtain it we will
construct a continuous conformal structure on the unstable bundles.

5.1. Smoothness of center stable holonomy

Given x € M, y € W, (x), we let z be the unique intersection point of %, (x) with
W, (v) and define

Hy = Hj, 0 Hy,.
By the observation in the previous paragraph, if we let w be the intersection of %} (x) with
(y) then we also have the equality

Hyy = Hy,, 0 Hyy,.

loc

We note that H 3} depends, in a uniformly continuous fashion, on x and y from the uniform
continuity of H c and HS.

LEMMA 28. — The center-stable holonomy hSS, = Wiy (x) — Wi, (v) between two local
unstable leaves is C' with derivative H.

Proof. — We will first show that 1f y € W, (x) and hS, loe(X) = WL (y) is
differentiable at x then Dh$,(x) = We will prove this by contradiction.

If Dy(h Sy) 75 y then Ly, = o hy), o @y is differentiable at 0 € EY but
Do(Lyy) # H Thus there exists v € E” w1th |lv]l = 1 and some constants g9, > 0
such that

[ Lxy(tv) = Hy, (t0)|| = €01, V[t| <.
By the uniform u-quasiconformality of f there is then a constant C > 1 independent of n
such that

(5.1 1D (Lxy(tv)) — DA (HY, (t0))|| = €71 det(Df |, )eot, Vit <,

and also with the properties that for every x € M and any unit vector £ € EY,
CHdet(Df)| ) = IDAEE)] < C det(DSf!

) < Cdet(Df}

|-
) holds for y € W, .(x)

|Eu
and lastly the distortion estimate det(Df}’
andn > 0.

By the uniform continuity of the charts @ in the x-variable, the %** foliation and H*,
given any & > 0 there exists § = §(¢) such that foranyz € M, w € U}, (z) withds(z,w) < §
and any £ € EY satisfying ||£|| < 1 we have

(5.2) ILzw(§) — H;w @l <e.

| pu | pu
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We choose ¢ < C3¢gg and then choose n large enough that

ds(f"(x), ["(y)) = 8(e),
and such that C~! det(Df}| )" < 1.
We put z = f"(x) and w = f"(y). Applying the equivariance of Df with respect
to the charts ®,, the center stable holonomy 4¢® and the linear stable holonomy H® in
Equation (5.1) we obtain

ILzw (D (tv)) = H,, (DS (20)[| = CT2det(DfY' | . )eot, Vt| <.
Let ¢ be the maximal number such that | Df(tv)|| < 1 and then put & = Df(tv). We
conclude that Equation (5.2) applies to the above and thus obtain
e > C2det(Df| )0t

But we have n >t > C~! det(DfY| .
we conclude that ¢ > C ~3gg, contradicting our choice of ¢.

Now suppose that y € Wi, (x) and 4$3, is differentiable at x. Let z = W5 (x) N Wiy (v).
Then h$S, = hg3 o hSS. The map h$5 @ W, (x) — Wi, (z) coincides with the center

)~! by the uniform u-quasiconformality of . Hence

loc
holonomy from %, (x) to Wi (z) and thus it follows from Lemma 27 that < isa C!
diffeomorphism with derivative Hy, at x. We conclude that /2], is differentiable at z and thus,
by our work above, the derivative of hZj at z is given by H;,. Thus Dy (h$) = H, o Hy, =
HZ3. Since h$, is ACL from the quasiconformality given by Lemma 12 and H} is uniformly
continuous in x and y by the remarks preceding this lemma, we conclude by Lemma 26 that

he, is € ! with derivative given by H¢S. O

LEMMA 29. — There is a continuous invariant conformal structure v : M — E* for Df | Fu

which is invariant under H , H", and H® holonomies.

Proof. — By Proposition 22 there is a bounded measurable invariant conformal structure
t: M — CE" for Df| ., defined on a full measure subset £2 of M such that 7 is H" and H°*
invariant on Q. Without loss of generality we assume 2 is f-invariant. Then for any x € M,

(5.3) QN W (x)=QN W (f(x),* € {s,cu}and f(QNUy) = QN Usc.
Under assumption (B), for x € M we define 7, to be the center in CE¥ of the set
Ox = {(H)fy)*%y 1y € QNULY,

with respect to the nonpositively curved metric p,. As in the proof of Proposition 3.1 of [36]
the center of a non-empty bounded set D in the space of conformal structure is defined to be
the center of the uniquely determined ball of smallest radius containing D. For the existence
and uniqueness of centers of subsets with respect to nonpositively curved metrics, see [15].
The definition of 7, assumes the set (O is nonempty; this will be true for m-a.e. x € M
because of the absolute continuity of the center foliation. The definition of 7, also assumes
that Oy is a bounded subset of CEY. This is clear under assumption (B).
We claim that 7 is invariant under H, holonomy. We only need to prove (Hy,)* Oy = Oy
forany x € M and any y € ), (x) in the closed segment joining x to f(x) such that the
segment joining from f~!(x) to f(y) does not wrap. In this case h¢,,, HY,, are well-defined
for w,z € Uy U U,. Moreover, for any z € Uy\Uy, we have f2(z) € U,\Uy. Therefore
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he 2(2) is a well-defined map on an unstable disk /% (z) for sufficiently small €. Since /€ is
L . ¢ o
equivariant with respect to f', we have h rolare = f |t 2y Then for any z € U, \Uy,
c _ 2
(5.4) Hipay) = D) gugyy-
As a result,

(H{) Oy = (HE)*{(HS,) . 1z € QN U}
={(H)* T,z € QNUy,}
={(H{,)" 1, :z€ QNU, NUyU{(H:,) T, 1z € QN U,\Uy}
={(H)*t,:2€QNU, NU U {(H;fz(z))*%fz(z) 12 € QN ULNUy}
(by (5.3), f2(Q N U\Uy) = 2 N U,\Us)
={(H{,))"t,:zeQNU,NUU
{(H{) (H o) T2y 1 2 € QN Ux\Uy}
={(H) T, :2€ QNU, NUU{(HE) T, 1z € QN UL \Uy}
( by (5.4) and Df -invariance of 7)
= gx,

where we use here that the linear map Hy, induces an isometry CE) — CEY.

Thus 7 is invariant under H  holonomy. By the equivariance of H|,  with respect to H"
and H® given by Equations (4.1) and (4.2), 7 is also invariant under H* and H* holonomy
on 2. In particular, 7 is invariant under both H¢* and H* so 7 is invariant under uniformly
continuous holonomies along two transverse foliations of M. It follows that t is uniformly
continuous on 2 and thus has a unique continuous extension to M which is invariant under

H{ ., H", and H* holonomies.

In the case that f satisfies assumption (A), we have that for any x, y in the same central
leaf the holonomy maps h$, and H, are uniquely defined. Therefore as in the case of
assumption (B), O = {(H)fy)*%y 1yeQn GZz)fC} is well-defined and we define , similarly.
Clearly 7 is invariant under H° holonomy because of the composition property Hy, =
HS, o Hy, for x, y,z in the same center leaf. Then the rest of the proof is the same as the
previous paragraphs. O

By combining Lemmas 28 and 29 we derive the main result of this subsection.

COROLLARY 30. — The center-stable holonomy h¢® between local unstable leaves is analytic

in the charts {®x}xem. Hence hSS, : Wio (x) — Wi, (y) is a C* diffeomorphism.

Proof. — Let t be the continuous invariant conformal structure on E* from Lemma 29
which is invariant under H¢, H* and H*. Let y € i, (x). We consider 7, and 7, as
conformal structures wy and wy on the Euclidean spaces EY and EJ respectively by using
the canonical identification for each v € E¥ of T, EY with E¥ and assigning wy to be the

image of 7, in T, E¥ under this identification.
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We claim that (®! o hSS, o ®,)*®, = . To show this, let v € E¥ be given and let
v o= CDy_l(hffy (®x(v))) € E} beits image. Let z = ®,(v) and w = @, (v'). Similarly to
Lemma 27 we write

Dy(®;" 0 h$S 0 ®y) = Do(®D;" 0 Dy) 0 Do(@y," 0 hSy, 0 ;) 0 Dy (P, 0 Dy)
= Hiﬁy ° DO(QD;I ° hgfy o®;)o H)?Z
= H:f)y oH o HY,,
where in the third line we used the fact that H;, is the derivative of 4S5, at z from Lemma 28
and that both Dy®; = Idgx and D¢®,, = Idgx . By the invariance of z under H* and H*,
we conclude that D,,(CID;1 o h$, 0 ®x)*wy = wy forevery v € E¥.

Identifying EY and Ej with the Euclidean space R¥, the inner products w, and w, are
smoothly equivalent to the Euclidean norm on R¥. Thus conformal mappings with respect
to these inner products are the same as conformal mappings with respect to the standard
Euclidean metric. Since @;1 ohy,o®y is conformal as a map between two open subsets of R¥,
we conclude that it is analytic: for k = 2 this is a classical result in one-variable complex
analysis and for k > 3 this follows from Gehring’s theorem that all 1-quasiconformal
mappings between subdomains of R¥ are the restrictions of Mdbius transformations to these
domains [21]. O

5.2. Regularity of the foliations

We now prove higher regularity of the %", W, and %W* foliations under additional
bunching hypotheses on f. We begin with a folklore lemma which enables us to deduce
regularity properties of a foliation from regularity properties of its holonomy maps between a
specific family of transversals. When this family of transversals is smooth Lemma 31 follows
directly from the claims in [34]; the proof of Lemma 31 is essentially identical to the proof
of [36, Lemma 3.2] which handled the specific case of weak foliations of Anosov flows which
were transverse to the strong unstable foliation.

LeEMMA 31. — Let an integer r > 1 and a > 0 be given. Suppose that W and 5f are
two transverse foliations of M such that both W and §f have uniformly C™+% leaves. We
Sfurther suppose that the local holonomy maps along U between any two of -leaves are locally
uniformly C™T%. Then W is a C™*% foliation of M.

Proof. — Letn = dim M and k = dim . As in [36, Lemma 3.2], we fix a point x € M
together with a neighborhood V of x and choose a C® coordinate chart g : V — R¥ x R" ¥
such that g(V N W(x)) c R¥ x {0} and g(V N &F(x)) C {0} x R"*. We then define
for p = (y.2) € g(V),

Y(p) = (y.8(W)(p) N g(F)N0) = (¥, hp,0(2)),
where g(%), g(¢f) denote the images of our foliations under g and %,,0(y) is the unique
intersection point of g(%W)(p) with g(f)(0) inside of g(V). This map straightens the
-foliation into a foliation of R¥ x R"~* by k-disks D¥ x {z}. Since the leaves of %W
are uniformly C"*% the map W is C"+% when restricted to the leaves of %), and since the
holonomy maps of the 9 foliation between 7 -transversals are uniformly C”*¢ the chart ¥
is also C"T* along the leaves of 7. By Journé’s lemma [27] this implies that ¥ is C" %, [
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LEMMA 32. — Suppose f is r-bunched for somer > 1, then thereis ana > 0 such that W°,
W, and W™ are CT+Y foliations of M. If f is co-bunched then these foliations are all C>.

Proof. — Since f is C* and r-bunched, there is an & > 0 such that the leaves of U/, ,
x € {cs,cu,c} are uniformly C” 7%, By Corollary 30 the cs-holonomy maps between local
unstable leaves are analytic diffeomorphisms. Hence using %" as our transverse foliation f
for Lemma 31, we conclude that 2°* is a C"** foliation of M.

By applying all of the results of this section to the cs-holonomy maps of f~! instead (i.e.,
the cu-holonomy maps of f') we conclude that the cu-holonomy maps are analytic between
local stable leaves. Hence we also obtain that %) is a C"+¢ foliation of M.

Foreachx € M andm = dimE¥ k = dimE°, n = dim M we can thus find a
neighborhood V of x and a C”+¢ foliation chart

UV - Dm+k % Dn—m—k — Dm % Dn—m C Rn,

such that 9" is mapped to the foliation by (m + k)-cubes D% x {z}, z € D"k and
W is mapped to the foliation by (n—m)-cubes {y}x D"~™ y e D™ (here D/ again denotes
the open unit cube in R/). The intersection of these two foliations is the image of % which
is a foliation by k-disks {y’} x D¥ x {z’}, y' € D™,z € D" ™% Thus W is also a C"*¢
foliation chart for E€ and therefore %/° is also a C" ™% foliation of M. O

Our final lemma applies under both assumptions (A) and (B) in the case that the center is
1-dimensional. It is a straightforward consequence of the C ! regularity of the center foliation
together with the fact that in dimension 1, length and volume are the same.

LEMMA 33. — Ifdim E€ = 1 then f is oo-bunched and therefore W, W, and W™ are
C > foliations of M. Furthermore there is a C > norm |-| on E€ with respect to which D f | pe acts
by isometry.

Proof. — When dim E€ = 1, f is always 1-bunched. Hence by Lemma 32 the center foli-
ation 2/ is C11¢ for some o > 0. Let v denote the Riemannian volume on Uy C UF (x).
Since %/ is a C'*¢ foliation the conditional measures {m¢}yep of the volume m on the
sets Uy are absolutely continuous with continuous densities with respect to v$. Thus there
are positive continuous functions ¢y : Uy — R such that dm¢ = {,dv¢ which also depend
continuously on x € M.

Since fum$ = mj ) and fuvi(y) = ||ny|E§ ||_1V;(x) (y) we thus derive the relationship

x ()
G (o~ PPl
which is valid for y € Uy.
We set 0(x) := Cx(x). Theno : M — (0,00) is a continuous function satisfying the

equation )

o(x

@) IDfx | el

for every x € M. It is then clear that Df |ge acts by isometries with respect to the norm
|-l=0o-|-]onEF".

Hence there is a continuous norm |-| on E¢ with respect to which Df | ge acts by isometries.
This implies that f is r-bunched for every r > 1, thatis, f is co-bunched. Thus by Lemma 32
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W™, W, and W are C* foliations of M. This implies that the conditional measures
{m<}xem of m from Proposition 20 on the %) are both C* in the basepoint x € M and are
C equivalent to the smooth Riemannian arc length v$ on %) (x); for this assertion recall
that we assume that m is smoothly equivalent to the Riemannian volume on M.

In the case of assumption (A), this implies without further argument that the family of
conditional measures {m¢$}xepm used in this proof are also C* in x € M and are C* equi-
valent to v¢, since there is a canonical smooth normalization of the family {f},epm such
that m$ (% (x)) = 1 for each x € M. In the case of assumption (B) we only need to
note that the arcs Uy C %/°(x) are determined by their endpoints in a canonical smooth
fashion according to the discussion at the beginning of Section 4 and these endpoints are
given by f~1(x) and f(x), which clearly smoothly depend on x. Hence there is a smooth
normalization of the family {1 }xem of conditional measures such that m<(Uy) = 1 for
every x € M and we obtain the same conclusion as we did in the case of assumption (A). As
a consequence the family of C*° functions ¢, : U, — (0, 00) is also C* in the basepoint x,
so we conclude that o (x) = &x(x) is C* and consequently the norm |- | on E€is C*®. [

6. Proofs of Theorems 2-4

Proof of Theorem 2. — Since f has compact center foliation with trivial holonomy, by [6]
f is dynamically coherent. We conclude from the results of Sections 4, 5 that the foliations
W, W™ and W are C™* for some o > 0 since f is r-bunched, volume-preserving and
uniformly quasiconformal. Then we get the proof of claim (1) of Theorem 2.

Now we define N to be the quotient of M by the equivalence relation x = yif y € W (x).
Since the center foliation is compact with trivial holonomy we conclude that N is a topolo-
gical manifold. Furthermore, since %/ is a C” foliation of M we actually conclude that N is
a C” manifold and f descends to a C”+* Anosov diffeomorphism g : N — N.

The invariance of the conformal structure r from Lemma 29 under center holonomy
implies that v descends to a conformal structure 7 on the unstable bundle of g acting
on N. This shows that g is uniformly u-quasiconformal. An analogous argument using the
invariant conformal structure on E* shows that g is also uniformly s-quasiconformal. Hence
g is a C"* uniformly quasiconformal Anosov diffeomorphism of N. This completes the
proof for (2) of Theorem 2.

We now assume that f is co-bunched. Applying the results of the previous two paragraphs
with r = oo we conclude that 2, W™ and W° are C™ foliations of M, N is a
C* manifold, and g : N — N is a C* volume-preserving uniformly quasiconformal
Anosov diffeomorphism. By the classification theorem of Fang [18] g is smoothly conjugate
to a hyperbolic toral automorphism and the stable and unstable foliations %% and wW"*
of g are C*°. O

Proof of Corollary 3. — We first prove (1). Since f has one dimensional compact center
foliation and each central leaf has trivial holonomy group, by Lemma 33 f is co-bunched
and there is a smooth norm | - | on E€ such that Df | ge is an isometry with respect to this
norm. Hence the conclusions of part (3) of Theorem 2 apply to f so that the foliations %/°,
W™ and W of M are C™, the quotient  : M — N of M by the center foliation is a torus
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and there is a hyperbolic toral automorphism g : N — N such that 7 o f = g o 7. Since
there is a smooth norm on E€ with respect to which Df | ge acts by isometries, we conclude
that f is an isometric extension of g.

For (2), since dlm(E ¥(f)) =dim(E*(f)) = 2, by Theorem D of [5] there is a finite cover
of systems (f, M) of (f, M ) such that each central leaf of f has trivial holonomy group. We
then apply Theorem 2 to ( f M) to obtain the result. O

Proof of Theorem 4. — We will first prove the theorem for any C !-small enough volume-
preserving uniformly quasiconformal perturbation f of ¢; under the assumption that ¥, has
no periodic orbits of period < 2. We will then show how to deduce the finite cover version
from this.

We claim that there is a C '-open neighborhood %/ of ¥ in the space of smooth volume-
preserving diffeomorphisms of M such that if f € 9/ then f satisfies assumption (B) of
Section 4. Since v is partially hyperbolic, the center foliation WV for Yy is normally
hyperbolic and every center leaf is fixed by y;; by the work of Hirsch, Pugh, Shub [26] we
deduce that any f which is C! close to ¥ is partially hyperbolic, dynamically coherent
and has the property that £ (%% (x)) = W (x) for every x € M. Furthermore the center
bundle E€ for f is orientable with orientation preserved by f because it is C° close to the
orientable center bundle for ;. Since v, has no periodic orbits of period < 1, ¥ has no
fixed points and thus if the neighborhood %/ is chosen small enough then f will have no fixed
points as well. Finally, consider for each x € M the flow line U;” of x in the center foliation
WV of Yy given by UY = Ure(-1.17 V¢ (x)- Since ¥, has no periodic orbits of period < 2,
U;ﬂ is a subarc of WV (x) which is not a circle. The subarc of U, of the center leaf %° (x)
for f through x constructed at the beginning of Section 4 is uniformly close to U ¥ andif fis
C! close enough to v, then U, will be a subarc of %°(x) instead of a circle. Thus f does
not wrap and so f satisfies assumption (B) of Section 4.

By Lemma 33 there is thus a C* norm | - | on E¢ with respect to which Df| g is
an isometry and we also conclude that the invariant foliations %*°°, W™, and U for f
are C*®°. Let Z be the unique smooth, positively oriented vector field Z : M — E°€ which
satisfies |Z (x)|x = 1 for every x € M. Let d, be the Riemannian metric on the center leaf
% (x) that is induced by the norm | - |. Note that d, = dy, for each y € " (x). Let ¢, be
the smooth flow generated by Z. Then ¢;(x) is the endpoint of the unique geodesic in the
metric dy of length ¢ that is tangent to Z(x) at x. The flowlines of ¢, are the leaves of %°.
Since Z(f(x)) = Z(x) we have f o, = ¢; 0 f.

Consider the local stable holonomy map 43, : Wi, (x) — W, (y) for y € W, (x).
The Df -invariance of the norm | - | implies that this map is an isometry, in other words,
|(DhS y)x(v)| |v|x for each v € EY. Likewise the local unstable holonomy map A%, :

W, o (x) — G21/)106()1) for y € W (x) is an isometry in | - |. Since A* and h* are isometries
between center leaves in the d, metric, the flow ¢; also preserves %/ and %" leaves, that is,
01 (W (x)) = W (p:(x)) and g (W' (x)) = W (1 (x)).

Weleté : M — (0,00) be the smooth function defined as follows: £(x) is the unique
minimal positive time ¢ € (0, 00) such that ¢, = f(x). Since f has no fixed points and
the norm | - | is continuous, by compactness of M there exists some , R > 0 such that
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0 <r <§&(x) < Rforallx € M. It is then easy to show, by combining this bound with
the fact that ¢, preserves the stable and unstable foliations of f', that ¢, is an Anosov flow.

We claim that ¢, is topologically transitive. Since ¢gx) = f is volume-preserving,
the nonwandering set of ¢; is all of M. By the spectral decomposition theorem for flows
[38], we can decompose M into connected components invariant under ¢, on which ¢; is
topologically transitive; since M is connected we conclude that ¢, is actually topologically
transitive on M.

Choose a point x € M such that {¢;(x)};er = W (x) is dense in M. We claim that
E(p:(x)) = E(x) for all ¢ € R. Indeed we have the sequence of equalities,

Pe) (01(x)) = @1 (0g(x) (X))
= ¢:(f(x))
= flpe(x))
= P(pr () (@1 (x)).

Since ¢; is injective on 9w (x) (as this leaf is dense and therefore cannot be closed) we
conclude that £(¢;(x)) = &(x). Thus £ is constant on the orbit of x; since & is continuous
and the orbit of x is dense we conclude that £ is constant.

Thus there is a constant ¢ > 0 such that ¢, = f. By replacing ¢; with ¢.—1, we obtain a
smooth Anosov flow ¢, with ¢; = f. The fact that ¢; is a uniformly quasiconformal Anosov
flow follows from the partial hyperbolicity and uniform quasiconformality estimates for its
time-1 map f. It only remains to show that ¢, preserves a measure smoothly equivalent to
volume.

Foreacht € R, ¢, : M — M is a smooth diffeomorphism and thus the measures (¢;)+«m
and m are smoothly equivalent with C* Radon-Nikodym derivative % := J;. Since
¢1 = f we have J; = 1. For every x € M we clearly have J;;(x) = J;(¢s(x)) - J5(x) from
the property that ¢, s = ¢; o @s.

We can thus apply the following criterion for a topologically transitive Anosov flow ¢,
to preserve a measure smoothly equivalent to volume: ¢, preserves a measure smoothly
equivalent to volume if and only if for every periodic point p of ¢; of period £(p) we have
Jop)(p) = 133].

Suppose that this does not hold. Then without loss of generality we can assume that there
is a periodic point p for which Jy(p)(p) > 1. For this point we then have lim,, 0 Jue(p) (p) =
limy, 00 (Je(p) (p))* = oo . On the other hand, let |nf(p)] denote the greatest integer smaller
than né(p) and let K := supy<,<; SUp,ep J:(x). Then since J; = 1 we have

Jne(p)(P) = Jne(p)=1nt(p)] (P) < K < o0,

for each integer n > 0. Thus we obtain a contradiction so that Jy(,)(p) = 1 for every periodic
point p and thus ¢, preserves a measure smoothly equivalent to volume on M.

Finally suppose only that there is a finite cover p : M — M of M such that the lift v/,
of ¥, to M has no periodic orbits of period < 2. Let I" be the automorphism group of this
cover, that is, M = M /T. Let 94 be the C!-open neighborhood of 9, given by Theorem 4
applied to &t. We let %/ be the C '-open neighborhood of v/ consisting of all smooth volume-
preserving diffeomorphisms f whose lift f : M — M (where f is the lift acting trivially
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on I') lies in 94. Note that we use here the fact that fis C° close to ¥, and therefore
homotopic to the identity on M.

For f € U we apply Proposition 33 (along with all of the previous work in the paper)
to f and thus obtain an f -invariant C* norm | - |" on the lift of the center bundle EtoM.
Forv € E;’ we define a new norm | - | by

vl = 7 =Y Dy

yel

Since y o f = f oy forall y € T" the norm | - | is also f—invariant but is now I'-invariant
as well. We construct a C* volume-preserving, uniformly quasiconformal Anosov flow ¢,
with ¢; = f from the norm | - | as above and then note that, since it was constructed from
a [-invariant norm, this flow is also I'-invariant and thus descends to a flow ¢; on M with
@1 = f and all of the same properties as ¢;. This completes the proof. O

7. Proof of Theorem 1

Let X be a closed Riemannian manifold of constant negative curvature with dim X > 3
and let T!X be the unit tangent bundle of X. Welet 7 : T'X — X denote the standard
projection of a unit tangent vector to its basepoint in X. We let 1, denote the geodesic flow
on T'X and consider a smooth, volume-preserving perturbation f of the time-1 map .
We will establish in this section that the equalities A4 = AY and A4 = A% imply that Df| .,
and Df | s respectively are uniformly quasiconformal for small enough volume-preserving
perturbations of ;. We will prove this implication for the unstable bundle E*; the proof
for E® will be analogous. By Theorem 4 and the smooth orbit equivalence classification result
of Fang [20] this suffices to complete the proof of Theorem 1 from the Introduction.

We first need to recall some properties of the frame flow associated to closed Riemannian
manifolds of constant negative curvature. Let X ® be the 2-frame bundle over X which has
fiber over each p € X given by

@ _ ly .o
X,” ={(v,w) € T, X : v is orthogonal to w}.

We let w(z) be the 2-frame flow on X @ obtained by applying the geodesic flow ¥, to the first
vector v € Tp1 X and then taking the image of w under parallel transport along the geodesic
y(s) = w(Ys(v)), s € [0,7], on X.

We let E*¥ be the unstable bundle of the geodesic flow ¥/; on T!'X and we let SE*Y be
the unit sphere inside of E*¥, where we equip E*¥ with the Riemannian norm || - || coming
from its realization as the tangent spaces of unstable horospheres in the universal cover of X .
We have a smooth identification SE*¥ — X® coming from this realization by identifying
a unit vector v € TplX together with a unit vector w € SE; ¥ to the orthonormal 2-frame
(v,w)e X ,52) obtained from identifying w with its image in the tangent space of the unstable
horosphere through p which is orthogonal to v. Since X has constant negative curvature the
geodesic flow is conformal on unstable horospheres and therefore under this identification
the 2-frame flow %(2) corresponds to the renormalized derivative action w — %
on SE*Y. For a more detailed version of this discussion as well as the discussion in the
paragraphs below we refer to [8], [10].
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We consider the stable and unstable holonomies H*Y and H u ‘” of ¥; on E*¥ and their
HV() o _HYV()
||H”/’()||’ () ||H"‘1’()||

identifications SEyY — SEXY, SEwY — SE:;)/‘/’ for v/ € WY (v) and w' e WY (w)
respectively, where %Y and %" denote the stable and unstable foliations of ¥ respec-
tively.

renormalized versions SH*V (-) = which give isometric

An su-loop based at v € T!'X is an su-path for ¥, which starts and ends at v. Based
on the discussion of the previous paragraphs, given an su-loop y for ¥, based at a point
v € T'X we can associate an isometry Ty (y) : SExY — SEY obtained by composing

the renormalized stable and unstable holonomy maps SHUI"U”Z o SEy v SEU, 4, and
SHUJ - SE:,‘;w SEy; fl along this loop, where yy,v;,, C GZz)s V(i) and yy,0,,, C

W 1/’(v,). Thus, identifying SE, ¥ with the unit sphere S*~ ! in R” forn := dimX — 1,
Ty (y) gives us an element of the special orthogonal group SO(n).

The key observation due to Brin and Karcher [8] is that for a closed constant negative
curvature manifold X and any v € T'X there are finitely many su-loops 1. ..., yx such
that Ty (y1). ..., Ty (yx) generate SO(n) as a Lie group when we identify E}'. Moreover the
number k of loops used and the total lengths of these loops may both be taken to be bounded
independently of the point v. As a consequence we have the following proposition,

PropPOSITION 34, — For any § > O there is a constant L > 0 and an integer £ > 0 such
that given any v € T'X there is a finite collection y1, ...,y of su-loops based at v of total
length at most L for which the collection of points {Ty, ()/i)(w)}f=1 is 8-dense in SEXV for any
we SEXY.

2
many su-loops based at v whose associated isometries generate SO(n) as a Lie group and

SO(n) acts transitively on SEY, there is a finite collection yy, ..., y, of su-loops based at v
for which each of the sets {7 (y,)(w,)}l_1 forl <j <kis %-dense in SEXV.

Now let w be any point in SE, V. Then there is some w ; such that |w — w; || < % Since

Proof. — Fix a 8 _dense collection {w; }}‘zl of points in SE, V' Since there are finitely

each Ty (y;) is an isometry we then also have || Ty (yi)(w;) — Ty (yi)(w;)| < % for each
1 <i < {. This implies that {Ty (y,-)(w)}f=1 is a §-dense subset of SEXY . O

Let f be a C'-small perturbation of the time-1 map ;. If this perturbation is small
enough then the linear cocycle Df | pu is fiber bunched and consequently the conclusions
of Proposition 8 apply to Df | gus S€e [29, Proposition 4.2]. Thus the linear cocycle Df | pu
admits linear stable and unstable holonomies H* and H¥. For v € T1'X we define PEY
to be the projective space of E}' and we define PH® and PH" to be the induced maps
of H* and H" on the projective spaces PEY — PEY for v/ € ' (v) and v € W' (v)
respectively, where now % and %" denote the stable and unstable foliations of f. We let
PDf, : PE} — IP’E]',‘( ) be the induced map from Df,.

We obtain below a version of Proposition 34 which also applies to the perturbation f
provided that this perturbation is small enough. We endow PE} with the Riemannian
metric induced from the Riemannian metric on E* which is in turn induced from the
metric on T!'X. Given an su-loop y for f based at v € T'X we associate the map
T(y) : PEY¥ — PEY} obtained by composing the projectivized stable and unstable
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holonomies PH*S and PH"* along the segments of this loop which lie in the stable and
unstable leaves of f respectively. Unlike the case of Ty above, T'(y) is not necessarily an
isometry of PEY.

We will need the following proposition that follows from results of Katok and Kononenko,

ProrosiTION 35 ([31]). — Let ¥y : M — M be a contact Anosov flow on a closed
Riemannian manifold. Then there is a C?-open neighborhood %V of Vy in the space of C?
diffeomorphisms of M and an integer J > 0 such that for every ¢ > 0 and every f € UV
there exists an n > 0 such that for every p,q € M with d(p,q) < n, there exists a J-legged
su-path from p to q of length less than .

Recall that for each pair of nearby points x,y € T!'X welet I, : E¥ — E} be
a linear identification which is Holder close to the identity. This induces an identification
Plyy : PEY — PEY that is Holder close to the identity in x and y.

LEMMA 36. — Givenany§ > 0 there is a C %-open neighborhood U of Y such that if f € U
then for any v € T'X there is a finite collection y1, . ..,y of su-loops for f based at v such
that the collection of points {T()/i)(w)}f=1 is 8-dense in PEY for any w € PE}.

Proof. — Let § > 0 be given. We first apply Proposition 34 to ¥, to obtain a constant
L > 0and integer £ > O such that for any v € T X thereis a collection of su-loops a1, . .., 0y
based at v of total length at most L such that {T, (0,-)(w)}f=l is %-dense in SEXV for any
we SEXY.

We apply Proposition 35 for a small ¢ > 0 to be determined. Given the n > 0 obtained
from Proposition 35 for this &, we claim that we can find a C?-open neighborhood %/’
of ¥ such that for each v € T'X there are points vy, ..., v, satisfying d(v,v;) < n and
foreach 1 < i < { there is an su-path 8; for f from v to v; such that the collection
{Ply;y 0 T(ﬂi)(w)}f=1 is %—dense in PEY for any w € PE}. This follows from the facts that
the stable and unstable foliations %* and %" depend continuously on f in the C? topology
and the stable and unstable holonomies H* and H" of Df | ., also depend continuously on f
in the C? topology [2]. Hence we obtain this statement by considering su-paths B1,. .., B¢
for f which are close enough to the su-loops o1, ..., oy for ¥,; we can make these paths as
close as desired to the loops for ¥; by making the neighborhood %/ small enough.

Foreach 1 <i < £ welet y; be the su-loop based at v for f obtained by concatenating S;
with the J-legged su-path of length less than ¢ connecting v; to v given by Proposition 35.
Since the number of legs J is fixed and both Hy), and Hy,, converge uniformly to the identity
as y converges to x for x,y € T1X, we conclude that if ¢ is small enough (independent of
the choice of v € T X) then the collection of points {T()/,-)(w)}f=1 is §-dense in PEY for any
w e PEY. O

The use of Lemma 36 is the reason that we lose C !-openness of the neighborhood % in
Theorem 1.

Itis easy to see that there is a §o > 0 with the property that if V; and V, are any two proper
linear subspaces of R” then the union PV; U PV, of their projectivizations in RP"~! is not
§o-dense. It follows that thereisa § > 0 and a C '-open neighborhood 2/’ of v/, such that for
any f € 9/ ,anyv € T'X and any pair of proper linear subspaces V; and V; in E¥, the union
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PV; U PV, is not §-dense in PE¥. We apply Lemma 36 with this § and let f € % C U be
a smooth volume-preserving diffeomorphism in the resulting open neighborhood with the
property that A% = A%.

We will now show that Df| Eu is uniformly quasiconformal to complete the proof of
Theorem 1. Since ¥/, is a stably accessible partially hyperbolic diffeomorphism (this well-
known fact can be derived as a consequence of Proposition 35), we may assume that f is
also an accessible partially hyperbolic diffeomorphism. Since the neighborhood %/ is chosen
small enough that Df| Eu satisfies the fiber bunching condition that guarantees the existence
of the stable and unstable holonomies H* and HY¥, we conclude by the work of Avila,
Santamaria and Viana [2] that the equality A} = AY implies that there is a PDf -invariant
probability measure 1 on PE* projecting down to the invariant volume m for f on T!'X
and which has a disintegration {u,},c71x into probability measures u, on the projective
fibers PE} which depend continuously on the basepoint v. Furthermore this disintegration
is invariant under the projectived stable and unstable holonomy, that is to say, if v’ € U* (v)
then (PH ,)«jty = iy and a similar equation holds for PH™.

Suppose that Df | pu is not uniformly quasiconformal. Then there is a point v € T'X,

unit vectors wi, w, € E}f, and a sequence ny — oo such that W—g;;” — 00 asng — Q.
By passing to a further subsequence and using the compactness of 7! X we can assume that
there is some z € T'X such that f"(v) — z as n;y — oo. Since f is accessible we can
find an su-path o connecting z to v. For ny large enough we let y,, be a J-legged su-path
connecting "k (v) to z of length at most 1, where J is given by Proposition 35. We then
let T(yn,) : IP’EJ’,‘,, k) PEY be the map obtained by composing the s-and u-holonomies

along y,, from f"k(v) to z.
Let
Ap, =T(0) 0o T(yn,) o PDf % : PE, — PEY.

The holonomy invariance of the disintegration of the PD f -invariant measure y implies that
(Ang)+fy = iy for each ng. Choose a linear identification of PE} with the real projective
space RP"~!. Then 4,, gives an element of the projective linear group PSL(n, R) for each
ng. Since the transformations 7'(y,, ) have uniformly bounded norm together with their
inverses, and since there exist unit vectors wy, w, € E¥ such that ”gﬁ,ﬁ%;;” — 00, We
conclude that the sequence of transformations {4, } is not contained in any compact subset
of PSL(n,R). Hence, after passing to a further subsequence if necessary,there is a quasi-
projective transformation Q of RP"~! such that 4,, converges to Q on the complement of
a proper linear subspace VV of RP"~! (see [23]). Furthermore the image of Q is a proper linear
subspace L of RP*~!.

There is thus a proper linear subspace V' of PEY such that on the complement of V,
Ap, converges pointwise to a continuous map which has image contained inside of a proper
subspace L of PEY. Since (A, )«Mv = [y fOr every ny, this shows that u, is supported on
the union V' U L of two proper subspaces of PE}/. Consider any point w € supp(uy). By
Lemma 36 there is a collection of su-loops y1, ..., y; based at v such that the collection of
points {T (y;) (w)}f=1 is §-dense in PEY . But by the holonomy invariance of the disintegration
of u, if y is an su-loop based at v then T'(y)(w) € supp(uy) C V U L. This proves that the
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union V' U L of two proper subspaces of PEY is §-dense in PEY, which contradicts our choice
of §. Thus Df|Eu is uniformly quasiconformal.
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