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ON THE p-ADIC COHOMOLOGY
OF THE LUBIN-TATE TOWER

BY PEeETER SCHOLZE

ABSTRACT. — We prove a finiteness result for the p-adic cohomology of the Lubin-Tate tower. For
any n > 1 and p-adicfield F, this provides a canonical functor from admissible p-adic representations
of GL, (F) towards admissible p-adic representations of Galg x D>, where Galg is the absolute
Galois group of F, and D/ F is the central division algebra of invariant 1/n.

Moreover, we verify a local-global-compatibility statement for this correspondence, and compati-
bility with the patching construction of Caraiani-Emerton-Gee-Geraghty-Paskunas-Shin.

REsuME. — Nous prouvons un résultat de finitude pour la cohomologie p-adique de la tour
de Lubin-Tate. Pour tout n > 1 et corps p-adique F, cela fournit un functor canonique a partir
de représentations p-adiques admissibles de GL, (F) vers des représentations p-adiques admissibles
de Galg xD*, ou GalF est le groupe de Galois absolu de F, et D/F est I’algébre a division centrale
d’invariant 1/n.

De plus, nous vérifions une compatibilité locale-globale pour cette correspondance, et une compa-
tibilité avec le patching de Caraiani-Emerton-Gee-Geraghty-Paskunas-Shin.

1. Introduction

The goal of this paper is to provide further evidence for the existence of a p-adic
local Langlands correspondence, as was first envisioned by Breuil [4], and established
for GL,(Qp) by Colmez [14], Paskunas [30], and others. So far, little is known
beyond GL,(Qp), and work of Breuil-Paskunas [5], shows that already for GL,(F),
F # Qp, the situation is very difficult. There is a recent work of Caraiani-Emerton-Gee-
Geraghty-Paskunas-Shin, [7], that constructs some p-adic GL, (F)-representation starting
from an n-dimensional representation of the absolute Galois group of a p-adic field F, for
general n and F. Their construction is based on the patching construction of Taylor-Wiles,
and is thus global in nature. Unfortunately, it is not clear that their construction gives a
representation independent of the global situation.

In this paper, we work in the opposite direction. Namely, starting from a p-adic
GL, (F)-representation 7, we produce a representation F(w) of the absolute Galois
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812 P. SCHOLZE

group Galp, for any n and F, in a purely local way. Corollary 9.3 ensures that (for n = 2),
composing the patching construction with our functor gives back the original Galois
representation.

Actually, F () also carries an admissible D*-action, where D/ F is the central division
algebra of invariant 1/n. Thus, simultaneously, this indicates the existence of a p-adic
Jacquet-Langlands correspondence relating p-adic GL, (F) and D*-representations. Such
a correspondence is not known already for GL,(Q,), and its formalization remains myste-
rious, as the D*-representations are necessarily (modulo p) of infinite length. However, we
do not pursue these questions here.

Let us now describe our results in more detail. Let n > 1 be an integer and F/Q),, a finite
extension. Let 0 C F bethering of integers, w € (a uniformizer, and let ¢ be the cardinality
of the residue field of F', which we identify with F,. Fix an algebraically closed extension k
of Fy, e.g., Fq. Let F = F ®w(r,) W(k) be the completion of the unramified extension of F
with residue field k. Let ¢ C F be the ring of integers.

In this situation, one has the Lubin-Tate tower (cM 11 x)kcGL,(F), Which is a tower of
smooth rigid-analytic varieties M g over F parametrized by compact open subgroups K
of GL, (F), with finite étale transition maps. There is a compatible continuous action of D>
on all oMy g, as well as an action of GL,(F) on the tower, that is, ¢ € GL,(F) induces
an isomorphism between M1 g and oMt ,-1k,. There is the Gross-Hopkins period
map, [26],

7GH : Mirx = P’}_l,
compatible for varying K, which is an étale covering map of rigid-analytic varieties with
fibers GL, (F)/K. Itis also D*-equivariant if the right-hand side is correctly identified with
the Brauer-Severi variety for D/ F (which splits over F). Moreover, there is a Weil descent
datum on M| g, under which 7gy is equivariant for the above identification of }P”}E‘l with
the Brauer-Severi variety of D/ F.

It was first observed by Weinstein, cf. [35], that the inverse limit

WLT,oo = Lln CMLT,K

KCGL,(F)

exists as a perfectoid space. The induced map
wGH @ Mireo = P!

is in a suitable sense a GL, (F)-torsor; however, it takes a little bit of effort to make this state-
ment precise and we do not do so here. However, for any smooth GL,, (F)-representation i
on an F,-vector space, 1) one can construct a Weil-equivariant sheaf o7, on the étale site of
the rigid space IP”FI. Our main theorem is the following:

THEOREM 1.1. — Let w be an admissible smooth GL,, (F)-representation on an Fp-vector
space. The cohomology group

i mn—1
H, (P of z)
(U One can also handle more general base rings, and we do so in the paper.
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p-ADIC COHOMOLOGY OF LUBIN-TATE TOWER 813

is independent of the choice of an algebraically closed complete extension C of F, and vanishes
fori >2(n—1).® Foralli >0,

HL (B F )
is an admissible D> -representation, and the action of the Weil group Wr extends continuously
to an action of the absolute Galois group Galp of F.

The proof of this theorem follows closely the proof of finiteness of IF,-cohomology of
proper (smooth) rigid spaces, [33]. In particular, it depends crucially on properness of P71,
or more precisely, on properness of the image of mgy. Unfortunately, it turns out that the
Lubin-Tate case is essentially (up to products and changing the center) the only example of a
Rapoport-Zink space with surjective period map. We refer to the Appendix by M. Rapoport
for further discussion of this point. Thus, the methods of this paper do not shed light on other
groups.

REMARK 1.2. — Intuitively, Hé*t(]P"é_l, of ) 1s the m-isotypic component of the coho-
mology of the Lubin-Tate tower, but the formulation is different for several reasons. First,
the (usual or compactly supported) cohomology groups of cMrro.c OF Mir coc itself
are not well-behaved, e.g., not admissible and not invariant under change of C, cf. work of
Chojecki, [13]. Using lifts of Artin-Schreier covers one can check that already Hélt (Bc,Fp)is
infinite-dimensional and depends on C, where B¢ denotes the closed unit disk over C.
Second, taking the w-isotypic component is not an exact operation for [F,,-representations.

For the local-global-compatibility results, we have decided to work only with GL,, as
this leads to many technical simplifications; it is to be expected that many arguments can
be adapted to GL, if one uses Harris-Taylor type Shimura varieties, [25]. Fix a totally real
field F and a place p dividing p such that F, is the p-adic field considered previously.
Moreover, fix an infinite place cor of F. Let Dg be a division algebra over F which is split
at p and is ramified at all infinite places. Let G = D¢ be the algebraic group of units in Dy.
Let D be the inner form of G which is split at cor and ramified at p (and unchanged at
all other places), and denote by D> the algebraic group of units of D. Fix a compact open
subgroup U? C G(A’}’f) ~ DX(A'}J). For each K C GL,(F,) = G(F,), one has the space
of algebraic automorphic forms

S(KU?.Fp) = C(G(F)\G(AF,7)/ KU, Qp/Zyp),

as well as the cohomology
H'(Shgrue c. Qp/Zp)
of the Shimura curve Shg'y»/F for D/F, for varying K’ C D, = D*(Fp). These

HPO- (resp. H'-) groups are respectively the middle cohomology groups of the relevant
Shimura varieties. Let

7 = lim S(KU?, Qp/Zp)
K

2 As pointed out by the referee, the vanishing for i > 2(n — 1) follows already from a general result of Berkovich,
[1, Theorem 2.5.1], cf. also [27, Corollary 2.8.3].
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814 P. SCHOLZE

and

p= %)l Hl(ShK/Up,C, QP/ZP)7
which are admissible GL,(F})-, resp. D, -representations over Zp,. Moreover, p carries a
representation of Galr, and thus of Galf, . The following theorem is an easy consequence of
Cerednik’s p-adic uniformization, cf. [10], [16], [31], [3], along with the duality isomorphism
between the Lubin-Tate and the Drinfeld tower, cf. [22], [23], [35].

THEOREM 1.3. — There is a canonical Galf, x D, -equivariant isomorphism
1l ~
HLBL, . F ) = p.

This is a form of a p-adic local-global-compatibility result, and we deduce the following
more precise results. Fix an absolutely irreducible (odd) 2-dimensional representation o
of Galr over a finite extension F, of F,; this gives rise to a maximal ideal m of the
abstract Hecke algebra T (coming from unramified places), and we assume that the localiza-
tion 7, # 0, i.e., o is modular. There is a corresponding Hecke algebra T(U®),, (a complete
local noetherian ring with residue field F,;) acting faithfully on my,. There is a 2-dimensional
Galois representation

Om : Galp — GLy(T(U?)w)

characterized by the Eichler-Shimura relations expressing the characteristic polynomials
of Frobenius elements in terms of Hecke operators. The next result says that one can
recover o, from mp,.

mIGal Fp T[m

THEOREM 1.4. — There is a T(UP)w[GalF, x D ]-equivariant isomorphism
Hélt(]P(}:p’ g”m) = UmlGale ®T(Up)m pm[am],

Jor some faithful T(UP)w[D]-module pw[ow] carrying the trivial Galr,-action. If 0| Galp is
p

irreducible, this determines the T(U®)n[Galp, |-representation o, | Gal uniquely.
P

Moreover, there is a version for the m-torsion.

THEOREM 1.5. — The 2-dimensional Galf, -representation 0| Galp is determined by the
admissible GL, (Fy)-representation w[m]. More precisely, | Galr, can be read off from the
Galp, -representation

HAE, . F ),
which is an infinite-dimensional admissible Galr, x D' -representation. Any indecomposable
Gal Fp -subrepresentation of Hélt (I%p’ F ”[m]) is of dimension < 2, and E| Galr, is determined

in the following way.
Case (1). If there is a 2-dimensional indecomposable Gal, -representation

o' C HY(®L,, . F nim)-

= — !
then UlGale =0’
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p-ADIC COHOMOLOGY OF LUBIN-TATE TOWER 815

Case (ii). Otherwise, Hélt(IF’(%:p, F n[m)) s @ direct sum of characters of Galr,, and at most
two different characters x1, x2 of Galg, appear; if only one appears, let y» = y1 be the only
character appearing. Then o Galp, = X1 D x2-

P
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reading, and in particular for making him aware of relevant work of Berkovich. This work
was done while the author was a Clay Research Fellow.

2. Some equivariant sites

In the proof of our main result, we need to consider cohomology groups of some objects
like P*~! /K for a compact open subgroup K C D*. There are several possible definitions
of these cohomology groups. One might define them in terms of the simplicial adic space
(P"~! x EK)/K with terms P"~! x K’ or in terms of some stacky diamond (P"*~')°/K,
using diamonds as in [36]. The technically simplest solution seems to be to directly define a
site (P"~!/K)g that gives rise to these cohomology groups. We are thankful to the referee
for pointing out to us that similar results had previously been obtained by Berkovich, cf. [2,
Sections 6, 7]; ® in particular, [2, Key Lemma 7.2] is closely related to Corollary 2.5 below.

In the following, let X be either a locally noetherian analytic adic space, in the sense
that X is locally of the form Spa(4, A™) for some strongly noetherian Tate ring 4 and a
ring of integral elements AT C A, or a perfectoid space. @ If X is a perfectoid space, all
affinoid subsets below are assumed to be of the form Spa(A4, A™), where A4 is perfectoid. For
simplicity, we will spell out only the case of locally noetherian analytic adic spaces.

DEFINITION 2.1. — Let G be a locally profinite group. An action of G on X is said to
be continuous if X admits a cover by open affinoid Spa(A, AY) C X stabilized by open
subgroups H C G such that the action morphism H x A — A is continuous.

LEMMA 2.2. — Assume that a locally profinite group G acts continuously on the locally
noetherian analytic adic space X. For any quasicompact open subset U C X, the stabi-
lizer Gy C G of U in G is open. If U = Spa(A, A") is affinoid, then the action morphism
Gy x A — A is continuous.

) More details, including some unpublished results of Berkovich, are explained in [15, Appendix B].
) Everything works for analytic adic spaces which have a well-behaved étale site.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



816 P. SCHOLZE

Proof. — First, we check that there is a basis of affinoid open subsets Spa(4, A") C X
which have an open stabilizer H in G, and for which the action morphism on 4 is continuous.
It is enough to check that this property passes to rational subsets. Fix a ring of definition
Ay C A and a pseudouniformizer w € Ay, i.e., a topologically nilpotent unit of A. If
U C Spa(A, A™) is the rational subset defined by

U={vi=1....n:1fi(x)| =|gx)| # 0}
for some f1,..., fu,g& € A such that the ideal (f1,..., fu) is all of A, then V, defined as
w (At fi +---+ AT f,) and contained in A4, is an open neighborhood of 0 such that for all
fi € fi +V,g € g+ V,therational subset defined by f/,..., f,/, g’ agrees with U. From
this and the continuity of the action morphism H x A — A, it follows that the stabilizer Hy
of U in H is open.

To check that the action of Hy on Ox (U) is continuous, we deal with two cases separately.
First, assume that all f; = 1. Then Ox (U) is the completion of A[1/g] with respect to the
topology making w™ Ag[1/g] a basis of open neighborhoods of 0. The action of 4 € Hy
sends g~' to h(g)™' = g7 '(1 + apg™' +ajg* +---) incase h(g) = g — ay for some
element a; € wAy; this happens in an open subgroup 7 € H' C Hy. Moreover, ay, varies
continuously with 4, which implies that also

hg) ' =g 'A+ang ' +ajg>+-) € Cx(U)

varies continuously with /2. Going through the definitions, this implies that the action of H’
on Ox (U) is continuous, and as H' C Hy is open, this implies the same for the action of Hy
on Ox (U).

Now assume that g = 1. In that case, Ox (U) is the completion of A with respect to
the topology making @w™ A¢[ f1,..., fx] a basis of open neighborhoods of 0. In this case,
continuity is immediately verified. In general, as A4 is Tate, any rational subset is a rational
subset of the second form inside a rational subset of the first form, verifying continuity
of Hy x Ox (U) — Ox(U).

Thus, any quasicompact open U C X is covered by finitely many U; C U whose stabi-
lizer G; C G is open. The intersection (); G; C G is still open and stabilizes U, proving the
first claim. For the second claim, if U = Spa(4, A™), one can choose all U; = Spa(4;, A;L) cU
affinoid such that the action of G; on A4; is continuous. Then the action of (); G; on the
closed subspace A C []; A; is continuous, giving the result. O

We will also need a result about extending group actions to finite étale covers.

LEMMA 2.3. — Let X = Spa(A4, A1) with A a strongly noetherian Tate ring. Let G be a
profinite group acting continuously on X , and let B be a finite étale A-algebra, Bt C B the inte-
gral closure of AT, and Y = Spa(B, B™). Assume that there is some closed subgroup Hy C G
such that the Hy-action on X lifts to an Hy-action on'Y , and fix such an action. Then there is an
open subgroup H C G containing Hy and a continuous action of H on'Y compatible with the
action of X and the Hy-action on Y . Given two such continuous actions of open subgroups H,
H' on'Y, there is an open subgroup H” C H N H' containing Hy on which they agree.

Note that in particular, one can apply the lemma in the case that Hy is trivial, or in the
case G = Hy x Gy of two commuting actions.

4¢ SERIE - TOME 51 — 2018 — N° 4



p-ADIC COHOMOLOGY OF LUBIN-TATE TOWER 817

Proof. — Everything can be translated into actions on A resp. B. Let C°(G, A) be the ring
of continuous functions G — A with pointwise addition and multiplication; this is again a
complete Tate ring, intuitively corresponding to the space X x G. There is a natural map
m: A — C%G,A) sending f € A to the map g — g(f); this corresponds to the action
map X x G — X. There is also the diagonal embedding p : A — C°(G, A) corresponding
to the projection X x G — X.

One checks that giving a continuous action of H on B is equivalent to giving an isomor-
phism of finite étale C°(H, A)-algebras

B ®4m CO°(H,A) = B®4,C°(H, A)

satisfying the obvious cocycle condition over C°(H x H, A). Now recall the following result
of Elkik, [17], and Gabber-Ramero, [24, Proposition 5.4.53], cf. also [32, Lemma 7.5 (i)].

THEOREM 2.4. — Let R; be a filtered inductive system of complete Tate rings with compat-
ible rings of definition R; o C R;. Pick a pseudouniformizer w € R; g for some i, which we
assume is minimal, thus giving compatible pseudouniformizers w € R; o for alli. Let Rg be the
w-adic completion 0f1i_r)ni R0, and R = Ro[w ™). Then

Rygy 2= 2-lim (Ri)re; -

Applying this to the system R; = C°(H;, A) for a basis of open subgroups H; C G
containing Hy, with R; o = C°(H;, Ag), we get R = C°(Hy, A) as the completed direct
limit. As we are given an isomorphism

B ®4.m C°(Ho, A) = B ®4,, C°(Ho, A)

of finite étale C°(H,, A)-algebras satisfying the cocycle condition, the theorem of Elkik-
Gabber-Ramero shows that this spreads in an essentially unique way into an isomorphism

B ®4mC°H,A) = B ®4,C°H, A)

for an open subgroup H xG containing Hy. Moreover, the cocycle condition is satisfied for H
sufficiently small, by applying the same reasoning for the system of the C®(H; x H;, A). [

This implies the same result for étale maps.

COROLLARY 2.5. — Let X be a locally noetherian analytic adic space equipped with a
continuous action by a profinite group G. Let Y — X be an étale map, and assume that Y is qcgs,
and carries a compatible action of a closed subgroup Hy C G. Then there is an open subgroup H
of G containing Hy which acts continuously on Y extending the Hy-action, compatibly with the
action on X, and two such actions agree after shrinking H. Any morphism'Y — Y’ of qcgs
étale adic spaces equipped with Hy-actions over X is equivariant for the H-action if H is small
enough.

Proof. — We have already verified this result for finite étale maps and open subsets. In
general ¥ — X has an open cover by finitely many subsets which are compositions of
open subsets and finite étale maps. Thus, we can get such actions over a quasicompact open
cover {¥; — Y}; to glue them to all of ¥, we need to make them compatible on Y; xy ¥;.
As'Y is quasiseparated, the fiber products ¥; xy Y; are quasicompact. The fact that any two

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



818 P. SCHOLZE

actions of open subgroups H, H' on ¥; xy Y; agree on an open neighborhood then gives the
action on Y. Similarly, one checks that this action is equivariant for morphisms. O

Now we can define the equivariant étale site.

DEFINITION 2.6. — Let X be a locally noetherian analytic adic space with a continuous
action by a locally profinite group G. Let (X/G)¢ be the site whose objects are (locally
noetherian analytic) adic spaces Y equipped with a continuous action of G, and a G-equivariant
étale morphismY — X. Morphisms are G-equivariant maps over X , and a family of morphisms
{fi:Yi > Y}isacoverif|Y]| =J; fi(|Yil]).

Let (X/G)g, denote the associated topos.

It is directly verified that (X/G)¢ has good properties, e.g., all finite limits exist. If G is
profinite, there is also a good notion of quasicompact and quasiseparated objects.

LEmMMA 2.7. — Let X be a locally noetherian analytic adic space with a continuous action
by a profinite group G.

(1) Anobject Y € (X/G)g is quasicompact if and only if |Y | is quasicompact.
(i1) An object Y € (X/G)¢ is quasiseparated if and only if |Y | is quasiseparated.
(iii) A morphism f :Y — Y’ in (X/G)g is quasiseparated (resp. quasicompact ) if and only
if | f| 1Y | — |Y'| is quasiseparated (resp. quasicompact).
(iv) Consider the set of U € (X/G)¢ for which U is affinoid, this forms a basis for the topology
consisting of qcqs objects which are stable under fiber products.
(v) The site (X/G)g is algebraic, in particular locally coherent.

Proof. — As étale maps are open, it follows that if |Y| is quasicompact, then so
isY € (X/G)g: If {fi : Yi — Y}isacover so that |[Y| = {; fi(|Y;]), then finitely many of
the open subsets f;(|Y;]) already cover, giving a finite subcover in (X/G ).

Next, we show that the set of affinoid U € (X/G)¢ forms a basis for the topology. For
any Y € (X/G)g, pick an open affinoid subset V' C Y. This is stabilized by some open
subgroup H C G, and then U = V xg G is an affinoid space (as it is non-equivariantly
isomorphic to V x G/H). One gets a G-equivariant map U — Y, and these cover Y.
Obviously, the set of affinoid U € (X/G)g is stable under fiber products, proving (iv).

Now let Y € (X/G)¢ be quasicompact. Then we can cover Y by finitely many affinoid
U; € (X/G)g. The resulting surjection from a quasicompact space | _|; |U;| to |Y | shows that
|Y'| is quasicompact, proving (i). All other properties are readily established. O

Moreover, we need the following property.

PROPOSITION 2.8. — Let X be a gcgs locally noetherian analytic adic space with a contin-
uous action by a profinite group G. The association mapping Y € (X/G)g toY € Xg
defines a morphism of sites X¢x — (X/ G )g under which X is a projective limit of the fibered
topos (X/H);)u, where (X /H), is considered as a fibered topos over the category of open
subgroups H C G in an obvious way. More generally, whenever Hy C G is a closed subgroup,
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p-ADIC COHOMOLOGY OF LUBIN-TATE TOWER 819

(X/Ho)g, is a projective limit of the fibered topos (X /H), for H D Ho open subgroups of G.
In particular, for any sheaf f € (X/G)7

ét’
H'((X/Ho)er ) = lim  H'(X/H)e. ).
HoCHCG
where we write &f also for its pullback to (X /Hy)e, resp. (X/H ).

Proof. — We can replace (X /G)g by thessite (X/G)I of qcgs Y € (X/G)g., which gives
rise to the same topos. Then, by Lemma 2.5 and the previous identification of qcqs objects,
we have an identification of categories

qcds ~ A _1; qcgs
(X/H)E® =2im - (X/H)E,

where H runs over open subgroups. Moreover, (X/Ho)g * is equipped with the weakest
induced topology. Thus, by SGA 4 VI, théoréme 8.2.3, we get the result. O

It is useful to combine this result with the observation that (X/H )¢ — (X/G)g, 1s a slice
if H C G is open.

PRrOPOSITION 2.9. — Let X be a locally noetherian analytic adic space with a contin-
uous action by a locally profinite group G. Let H C G be an open subgroup, and consider
X xg G € (X/G)g. Then the functor U — U xg G induces an equivalence between (X [ H )
and the slice site (X/G)g /(X xg G).

Proof. — 1t is enough to prove that one gets an equivalence of categories (X/H)g =
(X/G)e /(X xg G), as the notion of covers corresponds. The inverse functor is given by
sending a G-equivariant map U — X xpg G to the fiberover X = X xg H — X xg G, and
the functors are clearly inverse. O

Assume now that X lives over Spa(K, COk) for some nonarchimedean field K; fix a
pseudouniformizer w € Okg. Let 0;? /@ be the sheaf on Xg which is the sheafication
of U Of(U)/w.

LEmMMA 2.10. — Let X be a locally noetherian analytic adic space over Spa(K, Ok)
with a continuous action by a locally profinite group G (compatible with the trivial action
on Spa(K, Ck)). The association 0;/(;/?17 mapping U € (X/G)g to (Cf /o) (UNC is a
sheaf on (X ] G)¢. The pullback of 0;/G/w 10 Xy is equal to 0% | w.

We warn the reader that there is no sheaf 0; /G 1n general whose reduction modulo @

is 0;/G /@, so that we are doing some abuse of notation here. The problem is that 0;{ may
not have enough sections invariant under G, but continuity of the action of G implies that
there are many sections which are invariant modulo w.

Proof. — The sheaf property of 0§/G /w follows by taking G-invariants in the sheaf
property of Of /w. To check the pullback, one first checks from the definition that the
definition of 0; /G /@ 1s compatible with pullback to (X /H ) for an open subgroup H C G,
and then one uses Proposition 2.8 along with the observation that by continuity of the
G-action, any section of (03(Ir /@)(U) is invariant under some open H C G if U isqcqs. O

We will need the following “conservativity” property.
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LEmMA 2.11. — Let X be a locally noetherian analytic adic space with a continuous action
by a locally profinite group G. Then a pointed sheaf 5f on (X/G)g is trivial if and only if its
pullback to Xg is trivial.

Proof. — Assume that the pullback of &7 to X, istrivial, andlets € ¢#(U),U € (X/G)g,
be a section. Assume first that s becomes trivial after pullback to (X/H)¢ for
some open H C G. Then s becomes trivial over U € (X/H)g, which corresponds
toU xg G € (X/G)g, whichisa cover U xg G — U of U in (X/G)g, so that s is already
trivial in (X/G)g.

Thus, it is enough to check that s becomes trivial after pullback to (X/H ) for some
open H C G. In particular, we may assume that G is profinite, and then that U is qcgs.
By assumption the pullback of s to U € X, is trivial. On the other hand, by Proposition 2.8,
we have

H®(Ug, &) = lim H°((U/H)e, &),
HCG
so s becomes trivial on U € (X/H )¢ for some open H C G, finishing the proof. O

Now assume that X is a locally noetherian adic space over Spa(Q,,Z,) and that
(Xg)g — X is a G-torsor for some profinite group G, in the sense that for all open
normal subgroups H C G, Xy — X is a finite étale G/H -torsor, compatibly in H.
Moreover, assume that there is a perfectoid space Xo, — X such that

Xoo ~ l(gl Xy
H
in the sense that there is a covering of X by affinoid perfectoid Us, = Spa(Reo, RY,) coming
as pullback of affinoid Uy = Spa(Rpy, R;) C Xy for all sufficiently small H, with R the
p-adic completion of l£>nH RIJ;. In that case, one has |Xoo| = 1(£nH | Xg|. (Cf. [35, Defini-
tion 2.4.1].)

Note that there is a natural morphism of sites (Xoo/G)sr — X¢i, as any étale U — Xy
pulls back to an étale Uy, — X equipped with a continuous action of G. Assume more-
over that a locally profinite group J acts continuously and compatibly on X and all X,
commuting with the G-action. Then J acts continuously on X.

PRrROPOSITION 2.12. — The natural morphism (Xoo/G X J )¢t = (X/J )¢ is an equivalence
of sites.

Proof. — Let us sketch the argument. It is enough to check that there is an equivalence of
categories (Xoo/G X J)g = (X/J)s., as the notions of covers correspond. For this, we can
replace J by an open subgroup, in particular we can assume that J is compact. Also we can
argue locally on X and assume that X, and thus all Xy, X, are qcgs.

Now it is enough to prove (Xo0o/G x J)E® = (X /)T by covering general objects by
gcgs objects. We claim that there is an equivalence of categories

qeqs __ : qcqgs
(Xoo/ NES = 2-lim, - (Xu/DHE®.

et

Asusual, such a statement can be reduced to quasicompact open embeddings and finite étale
covers individually. For quasicompact open embeddings, it follows from the identification
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| Xoo| = LElH | Xm | of topological spaces. For finite étale covers, it follows from the theorem
of Elkik-Gabber-Ramero, Theorem 2.4, along with the assumption Xy, ~ l(ir_nH Xp.

Now, if U — X is étale and qcqgs and admits a compatible continuous G x J-action,
then J-equivariantly U — X, comes via pullback from some étale qcqs Uy — Xy for H
small enough. Then the identification U = Ug xx,; Xooc = Xo endows U with a second
H x J-action, agreeing on J. As in the proof of Proposition 2.8, we have an equivalence of
categories

(Xoo/ J)EY =~ 2-lim (Xoo/H x J qeas

et
which shows that the two H x J-actions on U are compatible after shrinking H . This gives
an H x J-equivariant identification U = Up Xx,, X, and then the G x J-action on U
endows Uy with a G/H x J-action. By finite étale descent, this descends Uy to Uy — X,
a qcgs étale J-equivariant map. One checks that this gives the desired equivalence of cate-
gories. O

LEMMA 2.13. — Under the identification of topoi (Xo/ G)7 = X, the sheaves O;M/G/p

ét =
and 0, | p correspond.

Proof. — By Lemma 2.11, this can be checked after pullback to (X )¢;- By Lemma 2.10,
the sheaf 0;00 /c/ p pulls back to O)}LOO / p. The same can be verified for O / p by using the
local structure of Xoo ~ 1<i_111H Xg and [32, Theorem 7.17] to compute the pullback along
(Xoo)et = Xet- O

3. Finiteness

Let us use the notation from the introduction, so n > 1 is an integer and F/Q), a finite
extension with ring of integers 0 C F and w € (. Let ¢ be the cardinality of the residue
field of F, which we identify with F,. Fix an algebraically closed extension k of Iy, e.g., Fq.
Let F = F ®w,) W(k) be the completion of the unramified extension of F with residue
field k. Let O C F be the ring of integers.

In this situation, one has the Lubin-Tate tower (cM 1 x)kcGL,(F), Which is a tower of
smooth rigid-analytic varieties oy g over F parametrized by compact open subgroups K
of GL, (F), with finite étale transition maps, cf. [26]. There is a compatible continuous action
of D* onall oMy g, as well as an action of GL, (F) on the tower, i.e., g € GL,(F) induces
an isomorphism between M1 g and oMt -1k,. There is the Gross-Hopkins period
map, [26],

GH | Mirk = P?l,
compatible for varying K, which is an étale covering map of rigid-analytic varieties with
fibers GL, (F)/K. Itis also D*-equivariant if the right-hand side is correctly identified with
the Brauer-Severi variety for D/F (which splits over F). Moreover, there is a Weil descent

datum on Myt g (cf. [31, 3.48]), under which wgy is equivariant, under this identification
of P’I’ﬁ_l with the Brauer-Severi variety for D/ F.
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Moreover, denote by Myt o Over F (which lives over the completion of the maximal
abelian extension of F, which is a perfectoid field) the perfectoid space constructed in [35],
so that

WLT,oo ~ 1%1(_11 WLT,K .

Fix an admissible [F,-representation = of GL,(F). We want to construct a sheaf 7,
on (P’}_l / D™)¢, which is also equivariant for the Weil descent datum. The idea is to descend
the trivial sheaf 7 along the map

. n—1
mGH © Mireo = P,

which can be considered as a GL,, (F)-torsor.

ProrosSITION 3.1. — The association mapping a D> -equivariant étale map U — IP”}“ to
the IF,-vector space

Mapcont,GLn (F)xD* (| U XP’;;l WLT,OOL 7[)

of continuous GL,, (F) x D*-equivariant maps defines a Weil-equivariant sheaf &f ,, on (]P”;;l /D™
The association w v« ¢&f , Is exact, and all geometric fibers of of , are isomorphic to m, i.e.,
for any ¥ = Spa(C,C*") — P’}_l with C/F complete algebraically closed and CT C C an
open bounded valuation subring, the pullback of of , to X,

C?n,)_c = li)l'l (;T”(U),

fceUe(P'};I/DX)él

is isomorphic to w, the isomorphism is canonical after fixing a lift of X to M1 00

Proof. — As étale covers induce (by definition) surjections on topological spaces and are
open, it follows that &7, is a sheaf; Weil equivariance follows from Weil equivariance of all
other objects involved. By exactness of pullback and Lemma 2.11, exactness of 7 — &7, can
be checked after pullback to (]P);l:,«,_l)ét. The pullback of &, to (]P)’;:,«,_l)ét is the sheaf assigning
to an étale U — ]P”}E_l the set of continuous GL,, (F)-equivariant maps

U X]pf;—l WLT,oo| -7,

asif U is qcgs, any such map is automatically equivariant for some open H C D*. Here, we
use Proposition 2.8 to compute the pullback of &7 ,. To check exactness over (IP”;;l)ét, we
check at geometric points; it is enough to prove that the stalk of &7, on any geometric point
is equal to . Thus, fix some geometric point ¥ = Spa(C,C*) — IP’;;I, and let {U; — X} be
the cofiltered inverse system of affinoid étale neighborhoods of x; we may assume that they
are all connected. Then

C?n,)_c = li_I>nMapcont,GLn(F)(|Ui XP’I':_—] CMLT,OO|’ 77)-
i

Observe that as U; is connected, GL, (F) acts transitively on the connected components
of |Ui Xpn—1 eMy1,00]. It follows that the map ¢, ; —  given by evaluation at a fixed
F

point of X Xpn—1 eMyT,00 18 injective. To check surjectivity, note that by smoothness of 7,
F
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any element f € m is invariant under some open subgroup 1 + @w™ M,,(0) of GL,(F). On
the other hand, for any m, one can choose U; so that U; — P’}_l factors over

Ui = Mitm = MLri+mm M, 0) -
In that case, there is a GL, (F)-equivariant continuous surjection

Us Xgn1 Mzl = GLa(F)/(1 + @™ My (0)).

Composing with the action map GL,(F)/(1 + @™ M,(0)) — = given by acting on f then
shows surjectivity of ¢f , 5 — 7. O

Let C/ F be an algebraically closed complete extension with ring of integers Oc. By a
subscript ¢, we denote the base change to Spa(C, Oc¢). The goal of this section is to prove
the following theorem.

THEOREM 3.2. — For any i > 0, the D*-representation Héit(IP”é_l, of ) is admissible
and vanishes for i > 2(n — 1). If 7 is injective as GL,,(0)-representation, then it vanishes
fori > n — 1. Moreover, the natural map

HL (P, F ) ®r, Oc/p — HLPE' . Fr ® 05/ p)

is an almost isomorphism, and H éit (IP"é_l, of ) is independent of C (i.e., the natural map for an
inclusion C — C’ is an isomorphism).

The almost isomorphism with 0;{ / p-cohomology is an analog of a result of Falt-
ings, [21, §3, Theorem 8], cf. also [33, Theorem 1.3]. One may hope that it allows one to
understand the p-adic Hodge-theoretic properties of the Galois representations appearing
in H éit (PE!, & ) for Banach space representations 7, following e.g., [33].

Our proof of Theorem 3.2 follows closely the proof [33, Theorem 1.3]. It starts by proving
finiteness of the 0;; / p-twisted cohomology groups, and there it starts with a local finiteness
result. Let us first recall the form of this result in [33, Lemma 5.6 (ii)]. For the formulation,
we need two definitions.

DEFINITION 3.3. — Let V be a smooth affinoid adic space over Spa(C, Oc). A map
V — T" := Spa(C(TE, ..., TEY, Oc(TE, ..., TF)

is a set of good coordinates if it can be written as a composite of finite étale maps and rational
embeddings.

DEFINITION 3.4, — Let V be a separated analytic adic space, and U C V a subset. Then
U is said to be strictly contained in V if for any maximal point x = Spa(K, Ox) € U and
any open bounded valuation subring K¥ C K, there is a map Spa(K, K*) — V extending
Spa(K, Ok) — U.

If U is a quasicompact open subset, then recall that by [27, Theorem 5.1.5], U admits a
universal compactification into a proper (but not finite type) adic space U, and the condition
can be rephrased as saying that the map U — V extends (necessarily uniquely) to U — V;
in other words, the inclusion U — V factors over a proper space. It is also equivalent to the
classical notion [28, Definition 2.1].
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LEMMA 3.5 ([33, Lemma 5.6 (ii)]). — Let V be a smooth affinoid adic space over Spa(C,Cc)
with good coordinates, and let U C V be a strict rational subset. Then the image of

H'(Vei. 0% /p) — H'(Us, 0"/ p)
is almost finitely generated for all i > 0.

In order to facilitate applications, let us note that this result is true without the “good
coordinates” assumption.

COROLLARY 3.6. — Let V be a separated smooth quasicompact adic space over Spa(C, Oc¢),
and let U C V be a strict quasicompact open subset. Then the image of

H' (V. 07/ p) — H' (U, 07/ p)
is almost finitely generated for all i > 0.

Proof. — Our strategy is to compute both sides via compatible Cech spectral sequences
associated to coverings of ¥V and U by subsets V', U’ to which the previous result applies.
By [33, Lemma 5.4], for this strategy to work in cohomological degree i, we actually need to
run via N spectral sequences, where N > i + 2. Thus, fix somei and N > i + 2.

In a first step, assume that V is affinoid. Below, we will construct a finite index set J along
with a cover U = (J;¢; U; and rational subsets V; C V, such that for all j € J, V; is an
affinoid with good coordinates, and U; C V; is a strict rational subset. Given this data, we
can find intermediate strict rational subsets U; = U]-(N) C--C Uj(l) = V;. For any subset
S C J,let US(k) = ﬂjes Uj(k). Then Vg := él) C V; is a rational subset, so that Vs has
good coordinates; moreover, U _ék) C Vs is a rational subset. This means that Lemma 3.5
applies to US ™ c U forall S # 0,k =1.....N - 1.Let UP = {J;., U c V. For
eachk =1,..., N, there is a Cech spectral sequence

P  HmWP. 0/ p) = HM I U®, 07 p),
SCJ,|S|l=mi+1
together with maps between these spectral sequences. Applying Lemma 3.5 and [33,
Lemma 5.4] gives the result in the case that V is affinoid.

To handle the general case, let us again take a finite index set J along with a cover
U = J;jes U; and rational subsets V; C V, such that for all j € J, V; is an affinoid and
U; C Vj is a strict rational subset. Given this data, we can find intermediate strict rational
subsets U; = Uj(N) C - C Uj(l) = V;. For any subset S C J, let Uék) = (Vjes Uj(k).
Then Vg :=U S(l) C Vj is affinoid (as V is separated); moreover, U Lék) C Vs is a strict subset.
This means that the affinoid case already handled applies to U ;kH) cU ;k) forall S # 0,
k=1,....,N —1.LetU® = UjEJ Uj(k) C V.Foreachk = 1,..., N, there is a Cech
spectral sequence

@ Hmz(U(k), 0+/p) = Hm1+m2(U(k), 0+/P),
ScJ,|S|l=mi+1
together with maps between these spectral sequences. Applying the affinoid case already
handled and [33, Lemma 5.4] gives the result.

4¢ SERIE - TOME 51 — 2018 — N° 4



p-ADIC COHOMOLOGY OF LUBIN-TATE TOWER 825

It remains to construct the cover U = |J;¢; U; and V; C V such that for all j € J,
V; is an affinoid with good coordinates and U; C V; is a strict rational subset. This is
similar, but easier, than [33, Lemma 5.3]. Pick a maximal point x € U, with closure {x} C V
in V. We claim that there is an affinoid subset V, C V containing m For this, we use
a result of Temkin, [42, Theorem 3.1]. This requires some translation, as he works with
Berkovich spaces there. As V' is a qcqs adic space, it is equivalent to a qcgs rigid space, or to a
compact Hausdorff strictly C-analytic Berkovich space. The question whether the germ Vy is
good is precisely the question whether there is an affinoid neighborhood Vy of {x}. The
criterion of Temkin answers this question in terms of the closure {x} in the adic space, cf.
[42, Remark 2.6]. As V is separated, this closure embeds into the Riemann-Zariski space of
the completed residue field K(x) at x, by the valuative criterion for separatedness, cf. [27,
§1.3]. On the other hand, by the assumption that U is strictly contained in V, {x} surjects
onto the Riemann-Zariski space of K(x). This identifies {x} with the Riemann-Zariski space
of K(x), which is affinoid in the sense of [42, §1]. This verifies the existence of V. By [33,
Lemma 5.2], we may assume that Vy has good coordinates. We may then find a strict rational
subset U, C V, contained in U, and containing U N {x_} The union of all Uy is equal to U;
by quasicompacity, we can find a finite subcover U = | J;¢; U;, along with V; C V such that
U; is strictly contained in V;. This produces the desired cover. O

To formulate the local finiteness result in the current setup, recall that one has the Gross-
Hopkins period map at level 0

7GH : Mt — P';:-_l,

which admits local sections as a map of adic spaces. Here and in the following, we write
Mt = Mrr,cL, (e for the space at level 0. Pick some affinoid open subset V' C ]P”;E_l
such that Myro — ]P”;;l admits a section V' — M1, on V, which we fix. Recall that
of  is built from the GL,, (F)-torsor oMyt 0 — ]P”F‘, which factors over a GL,,(0)-torsor
Mit.00 = Mrr0- Therefore, the pullback of &7, to Mt o (and thus to V') depends only
on the GL,, (0)-representation T GL(0) More precisely, for any GL,, (0)-representation g,
one can define the sheaf &7, on (cMyr,0/ D> )¢ by setting

F o (U) = Maponi 6L, (0)xp* 1U X epmro MLt 00> T0)
for U € (eMyr,0/D>)ér. The obvious analog of Proposition 3.1 holds true in this setup.

Pick a rational subset U C V which is strictly contained in V.

LemMaA 3.7. — For any m > 0, there is a compact open Ko C D* stabilizing V, U and the
section V. — oMyt o such that for all K C Ko and any admissible smooth representation mg
of GL,,(0), the image of the natural map

H (Ve /K)ets F o ® 07 /p) = H (Uc/K)ers F o ® 07 /D)

is almost finitely generated for alli =0, ..., m.

Proof. — Let 778 = C°(GL,(0),F)) be the regular representation of GL,((). There is
a resolution

0—> 9 = (Z8)" - (z"8)"2 — ...
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for some integers n; € Z. This follows from the anti-equivalence of admissible smooth
GL, (0O)-representations and finitely generated F,[[GL,(0)]]-modules, and Lazard’s
theorem that I, [[GL, (0)]] is noetherian, cf. e.g., [19, Theorem 2.1.2, Equation 2.2.12]. Using
exactness of 7o > ¢f 5, thisinduces an E-spectral sequence computing H (V/K)e F o)
in terms of H* ((V/K)¢t, of pree), and similarly for U. Filtering U C V by N strict inclusions
of rational subsets and using [33, Lemma 5.4] reduces the lemma to the case my = 778,

Let Voo — M y1,00 be the pullback of V- — oMyt o; then K stillacts on Vo € (MyT,00)ét-
Recall that there is the isomorphism between Lubin-Tate and Drinfeld tower at infinite level

C’MLT,oo = WDr,oo,

cf. [22], [23], which is an isomorphism of perfectoid spaces by [35, Theorem 7.2.3]. Also recall
that the Drinfeld tower is a tower of smooth adic spaces

WDr,K

over Spa(F, @), parametrized by compact open subgroups K C D*. By [35, Theorem 6.5.4],
one has

WDr,oo ~ L%n WDr,K .

In particular, by Proposition 2.12, one has an equivalence of sites

(WDr,oo/K)ét = (WDr,K)ét»

under which V4, with its continuous K-action descends to some Vg € ¢Mp, k. Then Vg isa
quasicompact separated smooth adic space over Spa(ﬁ , 0). Applying Proposition 2.12 to Vg
then shows that there is an equivalence of sites

(Voo/ K)et = (VK )et -

LEMMA 3.8. — Let @ : (Voo/K)et — (V/K)g denote the projection. There is a quasi-
isomorphism of complexes of sheaves on (V/K)

RO(*O—I’/_M/K/p = gﬂreg ® 0-1’/'—/K/p

Proof. — Let ay, @ (Vin/K)ee — (V/K)g denote the projection from the preimage
Vin C Mrx,m, where Mt m = Mrir1+wmm,0)- Then (Vi / K)g is equivalent to the slice
of (V/K)g over Vy,, € (V/K)g with its natural K-action. As V}, is finite étale over V, one
has an isomorphism

+ ~ +
Roms Oy, 1k /P = F c(GL.(0)/ 0 +wm M) Fp) @ Oy /P -

Indeed, this can be checked locally on (V/K)g, and after pullback to the slice of (V/K)g
over V,,, everything decomposes into a direct sum, as

Vin Xv Vin = Vin x GL,(0)/(1 + @™ M, (0)).

() In this step, we need to take K small enough to also stabilize all intermediate rational subsets. As the number of
intermediate rational subsets depends on the cohomological degree i, we need to take K dependent on i. A more
careful argument would certainly avoid this.
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Also note that 0;00 xk/p =" o /k/ P» as can be checked after pullback to (Voo )¢t by
Lemma 2.11, where it follows from Vo ~ lim V. As
<«—m
F wres = M0 & €(GL, (0)/ (147 M (0.5
the statement of the lemma translates into the equality

Ra,a*( = h_n)l Royso, C
m

for the sheaf § = 0J§/K/p on (V/K)g. In fact, this is true for any sheaf { on (V/K)g, and
follows from SGA 4 VI Corollaire 8.7.5 and the identification of (Voo /K)7; as a projective
limit of the fibred topos

(Vm/K); = (Voo/(1 + men(O)) X K)gt,
cf. Proposition 2.8, Proposition 2.12. O

Thus, we can rewrite
Hi((VC/K)ét» Cc}rnfeg ® Oé_C/K/p) = Hi((Voo,C/K)ét’ anyc/](/p),

which in turn, by Lemma 2.13, can be rewritten as H* ((Vk.c )¢t 0;{ o/ p)-Similarly, we have

H ((Uc/K)st» F pree ® O/ P) = H (Uk.)st» O -/ P)-
where Ux C  oMp, g is defined like Vi, so that Uk is a strict open subset of V. By
Corollary 3.6, the image of
HY ((Vk,0)st- Ov ./ P) = H' (Uk.)st» Oy -/ P)

is almost finitely generated, which is what we wanted to prove. O

COROLLARY 3.9. — Fix some j > 0. Then there is some compact open Ko C D> such that
for all open K C Ky and admissible smooth representations w of GLy(F), the cohomology
group

H' (PE/K)at. 2 ® OF /)
is almost finitely generated for alli =0, ..., J.

Proof. — This follows from the local statement by picking sufficiently many open affinoid
covers of P*~! satisfying the hypothesis of Lemma 3.7 and using [33, Lemma 5.4], cf. proof
of [33, Lemma 5.8]. O

COROLLARY 3.10. — For any compact open subgroup K C D> and admissible smooth
representation w of GL, (F), the cohomology group

H(PE" /Kt F  ® OF/p)
is almost finitely generated for all i > 0.
Proof. — Tt is enough to prove this for i < j for any fixed j. Then the previous corol-
lary shows that the statement is true after replacing K by some open normal K’ C K.

But H "((]P”é_1 /K)¢, €) is computed by a Hochschild-Serre spectral sequence from
H''(K/K', H2(PE/K')¢. () for any sheaf ¢, giving the result in general. O
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COROLLARY 3.11. — For any compact open subgroup K C D> and admissible smooth
representation i of GL,, (F), the cohomology group

HY((PE/K)ers F )
is finite for all i > 0, and the map
H (P /Kt F ) ® Oc/p — H(PE "/ K)er. F  ® 07/ p)

is an almost isomorphism.

Proof. — The proof is the same as that of [33, Theorem 5.1] (which in turn is modeled on
that of [21, §3, Theorem 8]). Note that the argument there is written in terms of the pro-étale
site which we have not introduced for P’é“ / K. One can rewrite the argument entirely in terms
of the étale site as follows. On the pro-étale site of P’é‘l, one can look at the sheaf ("~ which
is the quotient of o by the subsheaf of topologically nilpotent elements. It is a simple exercise
to present P~ as a colimit of the sheaf 0"/ p along suitable transition maps. Namely, first
define

0" /p=0"/p&cc mc
(which can be written as a colimit according to m¢ = | J p'/” Oc¢). There is an isomorphism
x > xP — p@=D/Px from 071/ pl/P to 0T/ p (this can be checked on the pro-étale site
of PE1); let
F .0t px 0T pVP = POy c O
be the inverse of this isomorphism composed with multiplication by p(P~D/?_ Then

0++/p.

¢~ = lim

o

d—1

This implies that ¢~ comes via pullback from the étale site of P'é_l, and in fact from
(PE/ D*)g. One can check that (P~ isa sheaf of Obc -modules; let ¢’ ~[(p*)*] C "~ denote

the subsheaf of elements killed by (p)*. Then there are short exact sequences
0= O7(P"] = TP = 071" - 0,
as well as Frobenius isomorphisms
Ol = OIKN .

and O~ [p"] = 01"/ pisalmostisomorphicto O/ p. All of these statements can be checked
on the pro-étale site of P’é‘l. This implies that the cohomology groups

M = H (@ K)a. F = ® 07101
satisfy the assumptions of [33, Lemma 2.12]. In particular, there is an almost isomorphism

H (PE'/K)a. F ® 07/ p)* = (0L /p)"

for some integer r > 0, compatible with Frobenius. By tensoring with the maximal ideal, this
gives an actual isomorphism

H (PE/K)a. F ® 0T /p) = (mc/p).
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compatible with Frobenius, which in turn induces an isomorphism
HU(PE /K)o F e ® O7) = (Cfmen)”

compatible with Frobenius, by passing through the colimit defining ("~ But there is an
Artin-Schreier sequence

0—>(§~7n—>(§7ﬂ®0b_—>§n®0b_—>0,

the exactness of which can be checked over the pro-étale site of ]P”é_l, where &7, is locally
trivial, and the result follows from the Artin-Schreier sequence for (P~. Now the long exact
cohomology sequence

o H(®E K)er. F ) = HUCE /Kt I ® 07) = B K)at, T ® 07 > -+
implies that

H (P K)er, F ) = TF),
as ¢ — 1 is surjective on C®/mc» with kernel Fp. O

LEmMA 3.12. — For any compact open subgroup K C D* and any sheaf ¢ on (P’(’;I/K)ét,
there is a Hochschild-Serre spectral sequence

Heyo (K, H2(PE, 0)) = H'P2(PE /K ), §).
Here, all K-modules are considered as discrete.

Proof. — One gets the spectral sequence as a direct limit over K’ of spectral sequences
H'W(K/K' . H>(BE /K e, ) = H'2(®E/ K)a. §).
which one gets as Cartan-Leray spectral sequences for the covering P’é‘l xgr K — ]P”é‘l

in (PE!/K)g. under the identification of (P%'/K')¢, with a slice of (PE!/K),. O

Also recall the following lemma about continuous group cohomology of p-adic Lie
groups.

LemMma 3.13. — Let G be a compact p-adic Lie group, and let 7w be an admissible smooth
F,-representation of G. Then H! (G, ) is finite-dimensional for all i > 0.

Proof. — Under the identification of continuous group cohomology with the derived
functor of G-invariants in case G is compact, cf. [20, Proposition 2.2.6], this follows from
the anti-equivalence of admissible smooth representations of G with finitely generated
Fp[[G]]-modules, cf. [19, 2.2.12], and Lazard’s theorem that [F,,[[G]] is noetherian, cf. e.g.,
[19, Theorem 2.1.2]. O

COROLLARY 3.14. — For any admissible smooth representation « of GL,(F), the coho-
mology group

Hy P F )
is an admissible D> -representation invariant under change of C. The map
HLPE F ) ®5, Oc/p — HPE . F » ® OF/p)

is an almost isomorphism.
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Proof. — The almost isomorphism follows by passing to the direct limit over K in Corol-
lary 3.11, using Lemma 2.8. For example, by computing the right-hand side using the
pro-étale site, and a simplicial affinoid perfectoid cover over which &, is free, one sees that
enlarging C < C’, the map

HLPE, F e ® 07 /p) ®0cp Oc/p — HLPE, F o ® O /p)

is an almost isomorphism. Here we use the fact that if X = Spa(R, R™) is an affinoid
perfectoid space over Spa(C, Oc) with base-change X’ = Spa(R’, R'") to Spa(C’, O¢),
then R’*/ p is almost isomorphicto R*/p®./» Oc/ p (cf. proof of [32, Proposition 6.18]).
This implies that H ;t (]P”é_l, of ) 1s invariant under change of C.

To check that H, (IP”é_l, of ) is an admissible D*-representation, we argue by induction
on i; thus, assume the result is known for i’ < i. We need to show that for any compact open
subgroup K C D, the space

HL B F )

is finite-dimensional. Consider the Hochschild-Serre spectral sequence

Heboo (K, HZ(PE, F ) = HIP2((PE [ K)e, F )

from Lemma 3.12. In particular, consider the contributions on the diagonal iy + i> = i.
For i, < i, the group Hétz (PE, & ) is admissible as K -representation by induction, which
by Lemma 3.13 implies that

Hebot(K, HZ(PE, 1))

is finite-dimensional if i < i. The only other contribution to the diagonal i1 + i, = i comes
from
HLPE, F )5

Assume it was infinite-dimensional. In the spectral sequence, it only interacts with terms
where i < i, and only finitely many such. This gives only a finite-dimensional space,
so an infinite-dimensional space survives to the Eo.-page, which contributes an infinite-
dimensional space to H "((]P”é_1 /K)¢» of ). However, this space is finite by Corollary 3.11.
Thus, we see that H éit (]P”é‘l, of ) 1s an admissible D*-representation, as desired. O

To complete the proof of Theorem 3.2, it remains to verify the vanishing statements in
large degrees. We claim that
HLPE . F . ® 07 /)
is almost zero fori > 2(n — 1) in general, and i > n — 1 if 7 is injective as GL,, (0)-represen-
tation. ©® As the cohomological dimension of |P’é‘1 | is m — 1, it is enough to prove that under
the projection A : (P& )ee — |PE !,

Rik*(@?n ® 0+/p)

is almost for i > n—1, and for i > 0 if 7 is injective as GL, (0)-representation. It is
enough to prove this after pullback to cMiroc, as Miroc — P& ! admits local
sections. After this pullback, &7, can be written as the inductive limit of the ¢f ,# over all

(©) As remarked before, the vanishing for i > 2(n—1) follows from a general result of Berkovich, [1, Theorem 2.5.1];
cf. also [27, Corollary 2.8.3].
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open subgroups H C GL,(0), all of which are Fp-local systems. Thus, almost vanishing
fori > n — 1 follows from [33, Lemma 5.6].

Now assume 7 is injective as GL,, (0)-representation. Then we may write 7w as GL,, (0)-re-
presentation as a direct summand of a power of 78, Thus, we can reduce to the case that
w = ™8, In that case, we have to compute

R f.07/p
for the projection f : (cMirco.c)éet — |cMir0,cl- But by [44, Lemma 2.10.1] (and its
proof), the space | ¢} 1,0.c| is covered by open affinoid U whose preimage Uy, C M1 00,c 18

affinoid perfectoid, so that by [32, Proposition 7.13], the higher cohomology groups
H'((Uso)er. 0T/ p) are almost zero for i > 0.

4. Admissible representations: General base rings

In this section, we want to extend the finiteness results from the previous section to
admissible representations of GL, (F) over more general base rings, using the setup of
Emerton, [19].

DEFINITION 4.1 ([19, §2]). — Let (A,m) be a complete noetherian local ring with finite
residue field of characteristic p, and G a p-adic analytic group. An A[G]-module V is called
smooth if forallv € V, there is some open subgroup H C G andi > 1 such that v is H -invariant
andmiv = 0.

A smooth A|Gl-module V is called admissible if for alli > 1 and H C G open, the
A/w -module VH [m!] is finitely generated (equivalently, of finite length).

REMARK 4.2. — Incase A = Z,, the representations live on p-torsion modules like Q,/Z,.
In geometric settings, one gets such representations by considering the cohomology
with Q,/Zp-coefficients (which carries essentially the same information as completed
cohomology with Z,-coefficients).

We recall that the category of admissible A[G]-modules is well-behaved.

THEOREM 4.3 ([19, Proposition 2.2.13]). — The category of admissible A[G)-modules is
abelian, and a Serre subcategory of the category of smooth A[G]-modules.

In this section, we prove the following generalization of Theorem 3.2.

THEOREM 4.4. — Let (A, m) be a complete noetherian local ring with finite residue field of
characteristic p. Let V be an admissible A[GLy, (F)]-module, and let ¥y, be the corresponding
sheaf on (P /D*)¢. For alli > 0, the D*-representation

HL B Fy)
is admissible, independent of C, and vanishes for i > 2(n — 1). The natural map
HL(PE!, Fy) @2, Oc — HL(PE, Fy @ O7)

is an almost isomorphism.
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REMARK 4.5. — Emerton also introduces the notion of p-adically admissible representa-
tions in [19, Definition 2.4.7], making it possible to say that completed cohomology (which
is a p-adically complete Z,-module) itself is admissible. An obvious variant holds for this
notion of admissibility as well.

Proof. — Note first that by Proposition 2.8, we have
HL P, Fy) = lim H (PE/ K. I y).
KCDX
where K C D> acts trivially on H éit((IE”’é_l/ K), fv). Moreover, each site (]P”é_l/ K)g is
coherent, so as V = lim V[m/], we have
—
HY(PE/K)er, F ) = lim H* (P K)str F vimi)-

where m/ annihilates H' (P& /K) (. F y[mi7)- It follows that H (PE™!, ) is smooth. To
prove admissibility, we now have Theorem 4.3 available.

Assume first that V' is killed by m’/. We induct on the minimal such j; for j = 1, the result
is given by Theorem 3.2. Now look at the exact sequence

0= V[ml—-V—>V =0,
where V' = V/V[m]. It induces a long exact sequence
= HYPE Fym) = HL@E Fy) — HLPE Fyp) — -

The outer two terms are admissible by induction. This implies, by Theorem 4.3, that the
middle term is admissible as well. Using the 5-lemma, one also proves the almost isomor-
phism by induction.

In general, the almost isomorphism follows by writing

HL(PE, F ) = lim HL(PE" F vims)-
and similarly for the 0"/ p-twisted cohomology groups. For admissibility, we induct on i,
so assume that for all admissible A[GL,(F)]-modules V, H; 4 (Pe 1 &) is admissible
fori’ < i.Fix some j and V, and generators ( f1,..., fx) = mf There 1S an exact sequence

Ve,

LetV = V/V[m/]and W = coker(V
A[GL, (F)]-modules. Now

Hy (P, f y)m’] = ker (HE (P, F v) — HE(PE, Fya)) (],
and there is an exact sequence
0 — ker (H,(PE", Fy) = HLEPEY, Fp) [m/]
— ker (HL (P, F y) — HLEE, Fym)) (]
- ker (HL (B¢, Fy) > HLEE. T yn)) '],
Therefore, it is enough to show that the two outer terms

ker (HL(PEY, Fy) — HLPEY, 7)), ker (HL(PE, ) — HLEPEY, Fyn))

V™) = V" /V, both of which are admissible
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are admissible A[D*]-modules. But the first admits a surjection from the admissible
A[D*]-module

Hét(P'é_l7 C?V[mj]),
and the second from the A[D*]-module

HiT P Fw).

which is admissible by induction. O

We end this section with two results of general nature. First, we observe that the Weil
group action extends to a Galois group action. Let /g C Wg C Galfr be the inertia, Weil,
and Galois group of F, respectively.

PROPOSITION 4.6. — Let (A, m) be a complete noetherian local ring with finite residue field
of characteristic p. Let V be an admissible A[GL,(F)]-module, and let f be the corre-
sponding sheaf on (]P”é_l/Dx)ét, where C = C, (and k = ]1_?1,). Then the natural Wg-action
on

i (n—1
Hélt(Pré ’ gV)’
coming from the Ir-action on C = C, and the Weil descent datum, is continuous and extends
(necessarily uniquely ) to a continuous action of Galp.

Proof. — Writing V as the union of V[m/], we may assume that m/ = 0 for some j, so
that A is finite. Continuity of the Wg-action reduces to continuity of the /f-action, which
follows from writing

HL (P, Fy) = lim HL (P F )
M/F
as a direct limit over finite extensions M of F contained in C,. Now for all compact open
subgroups K C D*, the group
i mn—1 K
H (P Fy)
is finite. But any continuous action of Wr on a finite set extends continuously to Galg.
Namely, an open subgroup /oy C IF acts trivially, and it remains to extend the W /Iy-action

to a Galp /Ip-action. This follows by observing that some power of any fixed Frobenius
element acts trivially, as any element of a finite group is of finite order. O

Moreover, one can always compute H°.

PROPOSITION 4.7. — Let (A, m) be a complete noetherian local ring with finite residue
field of characteristic p. Let V be an admissible A|{GL,(F)]-module, and let 5f be the
corresponding sheaf on (P’é‘l /D). Then the natural map

H«'g(ﬁp’glv of ySLn(F)) <> H0 P L Fv)

is an isomorphism. It acquires an action of GL, (F)/SL,(F) = F> (via the determinant map ),
and the group Wr x D> acts via the map Wg x D> — F* given by the inverse of the product of
the Artin reciprocity map (sending geometric Frobenii to uniformizers) and the reduced norm.
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Proof. — This follows from the identification of the geometric connected components

7o Mir,00.c = F*
and the identification of the GL, (F) x Wg x D*-action given by Strauch, [38]. O

5. Shimura curves

For the global situation, we change notation slightly. Let now F be totally real number
field with a fixed place p above p and fixed infinite place cor, and Do/ F a quaternion algebra
which is definite at all infinite places, and split at p. Let G = Dg be the algebraic group
of units of Dy, and let D*/F be the nontrivial inner form of G which is isomorphic to G
away from p and ocog. Then, as notation suggests, D> is the algebraic group of units of a
quaternion algebra D/ F'; it is a division algebra at p, and splits at co . Fix an identification

G(A';,f) =~ D(A’},f).
Our previous local objects are given by Fy, G(F,) = GL2(F,) and D;‘ = D*(Fp).
Associated with D>/ F (or rather Resr;pD ™) and the conjugacy class of
h:S= RCS(C/]RGm — (ReSF/QDX)R = 1_[ D> ®F,c R,
T:F—>R
which is trivial in all components different from oo, and equal to

a+ibeSMR)=C*+— ( ab b) € (D™ ®F,00r R)(R) = GL,(R)
—b a

in the component of cor, one has (a tower of) Shimura curves Shy/F parametrized by
(sufficiently small) compact open U C D*(AF, r).

Fix some tame level, i.e., a compact open subgroup UP C G(A‘}, 7)- Then U P is of the
form U? = U § US, where S is a finite set of finite places of F containing all places above p,
U§ C G(AY ¢) is compact open, and US = [T, 45 GL2(CF,) C GLZ(Ai,f) ~ G(Afv,f) is
a product of hyperspecial maximal compact open subgroups. We consider the Hecke algebra

T =Ts = Z[GL2(A% /)//US] = [] T,
vgS
where
T, = Z[GLa(F,)//GLy(CF,)] = Z[Ty, SE'].
Here, as usual, T}, is the Hecke operator corresponding to the double coset

v 0
GLy(Cr,) (a(’) l)GLZ(OFU),

and S, is the one corresponding to

v 0

GL>(Cr,) (a(; ) GL2(Cr,),

v

where @, is a local uniformizer at v. Moreover, let us fix an absolutely irreducible represen-
tation
o GalF,S — GLZ(Fq),
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where Galr s is the Galois group of the maximal extension of F' unramified outside S and
q is a power of p. This gives rise to a maximal ideal m = mg of T, given as the kernel of
the map T — I, sending T, to tr(c(Frob,)) and S, to g, det(c(Frob,)) for v & S, where
Frob, € Galf,s is a Frobenius element, and g, is the cardinality of the residue field at v.

The Hecke algebra T acts on H'(Shgys ¢, Z,) for all compact open K C Dy. Observe
that, as @ is absolutely irreducible, the localization

H'(Shxue ¢ Zp)m = 0

at m vanishes for i # 1. Indeed, in degree 0, the action of D*(AF r) factors through
the determinant (i.e., reduced norm) det : D*(Af r) — A% £ 80 that in particular the
associated Galois representations are reducible. By Poincaré duality (with IF,-coefficients),

the same applies to i = 2, leaving only i = 1. Also note that this implies that
H'(Shxur ¢, Zp)m

is torsion-free. To avoid trivialities, we assume that it is nonzero, i.e., o is modular.
Let T(KU®) be the image of T in End(H ! (Shgxy» ¢, Z)), and let T(KU?),, be its m-adic
completion. Then T(KUP),, acts faithfully on

H'(Shkuv.c, Zp)m -

There is an associated Galois representation.

THEOREM 5.1 ([8], [9]). — There is a unique (up to conjugation) continuous 2-dimensional
Galois representation
0 = 0n : Galp s > GLy(T(KUP)y)
unramified outside S, such that for allv & S,

tr(o (Froby)) = Ty, det(o(Froby)) = ¢Sy -

Proof. — From [8], one gets the existence of Galois representations for the (Q,-coho-
mology of Shg e, which in particular (as T(KUP) is reduced) gives a representation

Galp,s — GL2(T(KUP)u[1/p]) .

On the other hand, all characteristic polynomials of Frobenii take values in T(KU?)y,, so
one gets a determinant with values in T(KU®),, cf. [11, Example 2.32]. But & is absolutely
irreducible by assumption, so there is a representation ¢ as desired by [11, Theorem 2.22]. ™

O

Note that in particular, = o0 mod m. In fact, one sees o in Hl(ShKUpf, Zp)m: We
want to prove that
Hl(ShKUp,vap)m =0 QTKUP)m P
for some T(KUP)y,-module p on which Galg acts trivially. It turns out that there are some
useful general lemmas about such situations. We are thankful to Matt Emerton for related
discussions; in particular, part of the argument below is inspired by the proof of [18, Propo-
sition 5.5.3].

(M Carayol in [9] gives a different argument for this gluing. For p # 2, one can use the theory of pseudorepresen-
tations in place of determinants.
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DEFINITION 5.2. — Let (R, mpg) be a noetherian local ring, G some group, and
or: G — GL,(R)

an n-dimensional representation such that og = og mod mpg is absolutely irreducible.
Let M be an R|G]-module. Then M is said to be ag-typic if one can write M as a tensor product

M = or ®r My,

where My is an R-module, and G acts only through its action on og.

PROPOSITION 5.3. — [In the situation of Definition 5.2, if M is og-typic, then
My = Hompg(gi(or, M) .

The functors My — og @ Mo, M — Homp[g)(or, M) induce an equivalence of categories
between the category of ag-typic R[G]|-modules and the category of R-modules.

Proof. — It is enough to prove that for any R-module M, the natural map
My — Hompg[g](or,0r @R Mp)

is an isomorphism. As both sides commute with filtered colimits, we may assume that M is
finitely generated. Filtering by modules generated by one element, one can reduce to the case
that My = R/I for some ideal / C R. Replacing R by R/I, we can assume that My = R.
In that case, we have to prove that

EndR[G](oR) =R.

But this follows from the assumption that o g is absolutely irreducible. O

PROPOSITION 5.4. — In the situation of Definition 5.2, assume that M is og-typic, and
N C M is an R[G]-submodule. Then N is o g-typic.

Proof. — Write M = ogp ® g My as usual. We may assume that M, is finitely generated,
by writing M, as a filtered colimit of finitely generated modules My ; and N as the filtered
colimit of N N (or ®r My,;) (noting that the category of og-typic modules is closed under
filtered colimits).

We may further replace My by the image of

U%@RNL)GI}/@RGR@RMO—)MQ.
After this reduction, we claim that N = M. If N # M, then by Nakayama N — M/mgrM is
not surjective. The image of N in M/mgrM =GR ®R/m, Mo/mpisequal too g ®R/mRﬁ for
some R /mpg-vector space N, as G is absolutely irreducible, and N is G-stable. Let M be the
kernel of the composite map My — My/mg — (Moy/mg)/ N, which is a proper submodule
of My. On the other hand, the image of 6 y @ gk N — M is contained in M, as N is contained
in the og-typic module og ® g M. This is a contradiction, finishing the proof. O

For later use, we record the following lemma.

LEMMA 5.5. — Let M be an R[G]-module which is faithful as R-module (i.e., the map
R — End(M) is injective). Assume that M is o g-typic and o g-typic, for two representations
OR, a}e as above. Moreover, assume that R is henselian. Then op =~ 01/?
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Proof. — By checking over R/mg, one sees that 6 = o'; in particular, og and op are
of the same dimension. By [11, Theorem 2.22], it is enough to prove that the determinants
associated with og and o, agree, i.e., forall g € G, the characteristic polynomials of o(g) and
o’ (g) agree. For this, it is enough to find ideals I; C R with empty intersection, such that the
determinants agree modulo /; for alli. Write M = og ® g My for some R-module My, which
is necessarily faithful. For each element m € My, one has the annihilator 7, = Ann(m) C R.
By faithfulness, the intersection of all I, is trivial. Thus, we may work modulo 7,,. Note that
0R ®Rr R/I,;, — M sending x ® 1 to x ® m is an R[G]-submodule. By Proposition 5.4,
OR ®R R/ I, is still o-typic, so

OR ®R R/Im = (0g Qr R/1n) Qry1,, A

for some R/I,,-module A. The isomorphism implies that A4™M9&8 =~ (R/[,,)4m%  which
implies that A is finite projective of rank 1 as R/I,,-module, i.e., a line bundle. As R/, is
local, it follows that A = R/I,, is free. Thus, og and o} are isomorphic after reduction
to R/1I,,, which finishes the proof. O

Now one has the following theorem, due to Carayol: In [8], he gives a description of the
Qp-cohomology, and in [9], he explains how to get an integral statement.

THEOREM 5.6. — The T(KU®)n[Galf,s]-module Hl(ShKUpf, Zp)m is o-typic.

Proof. — By Proposition 5.4, it is enough to prove that

H'(Shgys 72 Zp)ml1/P]

is o-typic. But this follows from the description of the Q,-cohomology of Shg, 7 by
Carayol, [8]. O

At this point, we can also pass to completed cohomology. Let
ag! P 1 : 1 o m
H (U 5ZP)_1(£lh_r)nH (ShKUP’sz/p Z)v
m K
and

H (UP.Zy)m = limlim H' Shgys 7.2/ p" L.
m K

Then the inverse limit
TU)y := l(ir_n?l"(KU")m
K

acts faithfully and continuously on H! UP, Zp)m-

PROPOSITION 5.7. — There is a unique (up to conjugation) continuous 2-dimensional
Galois representation

0 = 0 : Galp s — GLy(T(U?) )
unramified outside S, such that for allv &€ S,
tr(o (Froby)) = Ty, det(o(Froby)) = ¢Sy .

The ring T(U®)y, is a complete noetherian local ring with finite residue field.
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Proof. — One gets a 2-dimensional determinant with values in T(U®),, by [11, Ex. 2.32].
This gives rise to a representation as o is absolutely irreducible, by [11, Theorem 2.22 (1)].

For the final assertion, note that the existence of the Galois representation o gives a map
from the Galois deformation ring Rz s to T(U?),,. This map is necessarily surjective, as Ty,
and S, can be recovered from the image of Frobenius elements Frob,,. As Rz s is a complete
noetherian local ring with finite residue field, so is T(U®),. O

PRrOPOSITION 5.8. — The T(U?)[Galfr s]-module
H'(Shys 7. Zp)m
is o-typic.

Proof. — This follows from Theorem 5.6 (noting that the o’s are compatible), and the
observation that all operations in the definition of
H' Shys 7. Zp)m = jm g H' (Shyy 7.2/ p" L)
m
preserve o-typic modules. O

6. Local-global compatibility

In this section, we prove a local-global compatibility result for the functor constructed
above. This turns out to be mostly a straightforward consequence of p-adic uniformization,
originally due to Cerednik, [10], and in moduli-theoretic terms to Drinfeld, [16], and gener-
alized by Rapoport-Zink, [31], and Varshavsky, [43].

We continue to consider the Shimura curves Shy associated to a division algebra D over
a totally real field F as in the previous section.

DEFINITION 6.1. — Let pé,p be the admissible Zp-representation of Galp,s x D given by
Py = HI(UP.Qp/Zp) = lim H' (Shyegry 7. Qp/Z,).
K
Let wyv be the admissible Zp-representation of GLo(F,) = G(F,) given by the space of
continuous functions
myr = CUGF\G(AF,£)/U?,Qp/Zp) .
We note that one would usually consider the space
wge T = CUGF)\G(AF,£)/U*, Zp),

but this carries the same information as wy»: One can write nye = 7, ®z, Qp/Zp and
conversely

ﬂ[cjo,fnp = Tynyr = lilgnnUp (p"].
A similar discussion applies to p’bp (atleast if everything is interpreted in the derived sense, or
if everything is concentrated in only one cohomological degree). We will be mostly interested

: |
n pys 1= pgyp.
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THEOREM 6.2. — There is anatural isomorphism of admissible Galp, x D -representations
over Zp,

Héit(P(%jpv gﬂUp) = plUP .

In fact, the statement is true on the derived level. The key tool to proving Theorem 6.2 is
the p-adic uniformization theorem.

THEOREM 6.3 (Cerednik). — Ler U = KUP C D*(AF,f) = Dy x G(A'I’: f)' There is an
isomorphism of adic spaces over Cp,
(Shy ®F Cp)*! = G(F)\[cMpr.k.c, X GAY, )/ U],
compatible for varying U, and with the Weil descent datum to F.

A proof relying on Rapoport-Zink’s book has been given by Boutot-Zink, [3]. Let

Shyr e, = G(F)\[cMpr,00,c, X G(Al;?’f)/ U®l,
which is a perfectoid space over C, (equipped with a Weil descent datum to F'), such that
Shys ¢, ~lim(Shgyr ®F Cp)*d.
K

These properties follow from the similar properties of ¢Mpy o0, c,» cf. [35, Theorem 6.5.4].

In particular, we find that
0] H'(Shyv ¢, Qp/Zp) = lim H' (Shguw . Qp/Zp) = H' (UP. Qp/Zy)

K

as Wr, x D;‘-representations; here W, C Galp, C Galfr denotes the (local) Weil group
of Fy.

On the other hand, by [35, Proposition 7.1.1], there is the Hodge-Tate period map

THT © Mbroo,c, = PL,»

compatible with Weil descent data, where the right-hand side is the Brauer-Severi variety
for D/ F. Under the duality isomorphism

WDr,oo,cp = WLT,OO,(CP’
this is identified with the Grothendieck-Messing period map, cf. [35, Theorem 7.2.3]. The
GL,(Fp)-equivariance of the Hodge-Tate period map ensures that it gives a map
it : Shuv.c, = GIF)\[Mpros,c, X G(AY, )/ U] — P .

Note that 7yt is Wr, x D;‘-equivariant.

REMARK 6.4. — Here, we construct a global Hodge-Tate period map directly from the
local Hodge-Tate period map. As the Shimura curves under consideration are not of Hodge
type, one cannot formally use the construction of a global Hodge-Tate period map in [34]

to get one in this setup. In cases of overlap, it is to be expected that these period maps are
compatible, but we do not discuss this here.

PROPOSITION 6.5. — Thereis a Wr, x D S -equivariant isomorphism of sheaves on the étale
site of (the adic space) ]P’ép,

Sh ~
Ritytees Qp/ Zp = F nyyy -
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Proof. — First, we check that the higher direct images vanish. It is enough to check this
at stalks, so let x = Spa(C,CT) — P(le be any geometric point, i.e., C/F is complete
algebraically closed and C T C C is an open and bounded valuation subring. We may assume
that C is the completion of the algebraic closure of the residue field of ]P’}Cp at the image of x.
Letx —» U; — P(lc,, be a cofinal system of étale neighborhoods of x; then x ~ LiLni U;. Write

UiSh — Shy» ¢,

for the pullback of U;, so that Ul.Sh is a perfectoid space €étale over Shys ¢,. One can form
the inverse limit U)_CSh = lim Ul.Sh in the category of perfectoid spaces (over C,). Now
<~

(R it Qp/Zp)s = lim HA (U™, Qp/Zp) = HL (U, Qp/2,)

On the other hand, the fiber U)-fh is given by profinitely many copies of X,
US" = Spa(C*(G(F)\GLa(Fy) x G(A}, ,)/UP,C),C*(G(F)\GLa(Fy) x G(A}, )/ UP,CH)).
This implies that

HJ USh QP/ZP)

vanishes for j > 0, and equals C°(G(F)\GL,(F,) x G(A'I’,_,f)/ U?,Qp/Zp) indegree 0, e.g.,
by writing U Sh as an inverse limit of finitely many copies of x and using [32, Corollary 7.18].

It remains to identify nHTet*Qp /Zp. The previous computation already showed that the
fibers are isomorphic to wye. Let U — IP’lp be any étale map. We have to construct a map

H°(U g1 GIE\[eMbreoc, G(A% )/ UPL.Qp/Zp)
= Mapeon, oL, (7,) IU X1 Mprooc, s COGIFI\GL2(Fy) x GAL 1)/ U, Qp/Zp)).
But the left hand side is the same as
c’(u g GF)\[Mbrcoc, G(A% 1)/ UP1.Qp/Zp)

and it remains to observe that there is a natural GL, (F})-equivariant map

(U x5 Mireac,) X (GFNGLa(Fy) x G(AY, 1)/ U?)
= U g GIFN[Miroec, X Gy, /U], O

From Proposition 6.5, we see that
Hi (ShUP,(Cp 5 Qp/Zp) = Héit(]P}(%jpi C?nUp ) .

Together with (1), this gives Theorem 6.2 (noting that W, -equivariance implies Gal , -equiv-
ariance by continuity).
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7. Consequences

In this section, we continue the setup of Section 5. Again, we fix an absolutely irreducible
(odd) 2-dimensional representation o of Galr over a finite extension [, of F,. We assume
that the associated maximal ideal m of the abstract Hecke algebra T satisfies

ayrm # 0

for some UP. We fix a finite set S of finite places containing all places above p, such that & is
unramified outside S, and UP = Ug x US, where US = Hv¢s GL,(0F,) C GLZ(Ag’f) =~
G(Af; f). We want to see that if nrye m 7# 0, then also pyr,m 7# 0. Note that an automorphic
representation of G transfers to D™ if and only if it is discrete series at p, by the Jacquet-
Langlands correspondence. We will construct some cuspidal types which will allow us to
construct congruences to representations which are discrete series (even cuspidal) at p, and
thus transfer all torsion classes from G to D*.

ProPOSITION 7.1. — Let m > 0 be an integer. Consider the compact open subgroup

(1 +wm+10Fp meFp

U, —
m oM+l OFp 1 + @mtl OFp

)} C GLy(F,).

There is a homomorphism

1+ la  @™b
om : Un — OF, /@™ OF, : ( o 14wty —b+c.

For each nontrivial character W : Of,/@™COf, — C, if w is an irreducible smooth
representation of GLy(Fy) such that 7| y. contains the character W o oy, then 1 is cuspidal.
m

Proof. — Assume that y is trivial on w* OF, with k minimal, so 0 <k <m. Let
V' . Of,/w0OF, — C* be the restriction of ¥ to wk_lﬁpp/wk OF,. Then ks
contains the character ¥’ o o,4r—1. But this corresponds to a ramified simple stratum
in the sense of [6, Definition 13.1], and so any representation 7 containing the char-
acter ¥’ o 1x—1 Of Upsk—1 is cuspidal. Namely, £(x) > 0 by [6, 12.9 Theorem] and
7 cannot contain an essentially scalar stratum by [6, 13.2 Proposition (1), 11.1 Proposi-
tion 1], thus is cuspidal by [6, 14.5 Theorem, 13.3 Theorem]. O

Let e be the ramification index of [F;, : Q,], and fix a surjection B, : Of, /@™ — Z/ p™L.
In particular, we get the following corollary.

COROLLARY 7.2. — Let Ay, =Zp[T]/ ((Tpm - )/(T - 1)). Define a character
Ym : Une — A, by composing
Bm © tme : Une — OFp/wme — Z/p"Z

with the map sending 1 € Z) p"Z to T € Ay,. Any automorphic representation of G appearing
in

CUG(F)\G(AF, 1)/ Ume x U, Yrm)[1/ p]
is cuspidal at p. O
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COROLLARY 7.3. — Let T(UP)y be defined as in Section 5, so that it acts faithfully

on HY(U?,Qp/Zp)m. The natural action of T on
wye,m = CUGF\G(AF,£)/UP,Qp/Zp)m
extends to a continuous action of T(UP)y,.

REMARK 7.4. — One can deduce from this corollary the existence of Galois representa-
tions for Hilbert modular forms which are nowhere discrete series, assuming only its exis-
tence for forms which are discrete series at p. Thus, this provides an alternative argument for
Taylor’s construction of these Galois representations, [39], and it seems reasonable to expect
that one could do a similar argument in the compact unitary case, providing an alternative

to the construction of Galois representations of Shin, [37], and Chenevier-Harris, [12], by
reducing directly to the representations constructed by Harris-Taylor, [25].

Proof. — Tt is enough to check this for each group
CUG(F\G(AF, 1)/ K'UP|,Z] p" L) .
We may assume that K’ = U, is of the form seen in Corollary 7.2, as these groups are
cofinal. (As we use only one m, we may have to increase simultaneously m in the coefficients
7./ p™Z for this.) In that case, Z/ p™7Z =~ A, /(T — 1), and v, mod (T — 1) is trivial. Thus,
there is a T-equivariant surjection
CUG(F\NIG(AF, 1)/ UneUP), Ym)m = CU(G(F\NG(AF, )/ UneUP), 2/ p" L) .

We see that it suffices to show that the action of T on

M = CO(G(F)\G(AF,£)/ UneUP]. ¥m)m

extends to a continuous action of T(U®),,. But M is p-torsion free, so it suffices to check in
characteristic 0. There, the result follows by observing that by Corollary 7.2, all automorphic
representations of G appearing in M[1/ p] are cuspidal at p, and thus transfer to D>, where
they show up in the cohomology group

H'(Shk,,uv.c: Zp)m

for K, sufficiently small. As T(U?), — T(K,UP), acts by definition continuously
on H'(Shg,,u» ¢, Zp)m, the result follows. O

Recall that there is a 2-dimensional Galois representation
g Galp,g - GLZ(T(Up)m),
and that by Proposition 5.8, py»  is o-typic, so

PUPm =0 @TUr), PUP (O]

for some T(U?)m[D,]-module pys[o].
Summing up, we have the following result.

COROLLARY 7.5. — There is a canonical T(U®)w[GalF, x D ]-equivariant isomorphism
Hélt(]P)(lc,,’ gnm,.m) = alGalpp ®TWwr), PUr[O].

The T(U?)w-module pyr 0] is faithful. O
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In particular this implies that the localization ny» , determines the representation

a|Ga1Fp : Galg, > GLa(T(UP)m),

at least if 7| Galp is absolutely irreducible.
P

THEOREM 7.6. — Assume that 0| Galp is absolutely irreducible. ® Then
P

o|Gale : Galp, = GLa(T(UP)m)

is determined by wyv . More precisely, the T(U®)n[Galf, |-module
Hélt(]P)(%:p ) C?nUp .m)

is 0| Gal -typic, and faithful as T(UP)y-module, this determines o by Lemma 5.5
p

Galp)J

above. 0

We want to pass from information about the localization 7y7» at m to the m-torsion wy» [m].
For this, observe the following.

ProrosITION 7.7. — For any ideal I C T(U®)w, the natural map
Hi®tys  wyp 1) = Ha®lye Iy )]

is injective, and the action of ()1 on the cokernel is trivial, where (O5)1 C O}, denotes the
subgroup of elements of reduced norm 1.

Proof. — The group

HO(]P)(%?p’ (’?nup.m) = HO(ShUp’Cp’QP/ZP)m

is trivial, as o is absolutely irreducible (as global Galfg-representation). Now note that if
I = (f1,..., fm) is a sequence of generators, then they give an embedding

m
7ue /70w mll] = [ [ 70w m:
i=1

let 7 be its cokernel. The displayed injection implies that
0Pl —
H (]PCp’ gﬂl]p,m/ﬂUF,m[[]) =0,
from which one gets injectivity of the map in the proposition.

To see that (Of); acts trivially on the cokernel, note that the cokernel injects into the
kernel of

1l 1l
Hét(]PCP’ C677”(1!:.m/ﬂup,m[l]) - Hét(P(Cp’ gn;';] ”UP.m)'

But this kernel admits a surjection from H O(P(}:p, F#)- On such groups, () acts trivially
by Proposition 4.7. O

(®) By Theorem 7.8 below, this can be determined in terms of g7p [m].
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THEOREM 7.8. — The 2-dimensional Galf,-representation G| Galn S determined (up to
Fyp

isomorphism) by the admissible GL, (F,)-representation
wys[m] = CU(G(F)\G(AF,7)/UP,Fy)[m].

More precisely, can be read off from the Galf, -representation

OlGalpp

1 (pl
Hét(]P)(Cp , gﬂ(]p [m])v
which is an infinite-dimensional admissible Galf, x D -representation. Any indecomposable
. l l . . . —_ . ” .
Galp, -subrepresentation of H, (IE”(CP , of U [m]) is of dimension < 2, and & |Galy, S determined

P
in the following way.

Case (i) If there is a 2-dimensional indecomposable Gal, -representation

o' CHLPL, . F ryypm))-

— _ /
then 0|Gale =
Case (i) Otherwise, H élt P " o e [m]) s a direct sum of characters of Galp,, and at most
two different characters x1, x2 of Galf, appear; if only one appears, let x» = x1 be the only
character appearing. Then E| G = )1 D x2-
ale

Proof. — Recall that
Hy (Pt F mpypm) C % Gary,, © PUPImI:

with (Cp); acting trivially on the cokernel. Thus, the cokernel is an admissible representation
of D*/(0p)1 = F*; an argument identifying the central character of py»[m] in terms
of the determinant of & then shows that the cokernel is finite-dimensional. Thus, to prove
that Hélt (IP’}CP, f n,,p [m)) 18 infinite-dimensional, it is enough to prove that py» [m] is infinite-
dimensional.

Ty

Assume it was finite-dimensional. Pick a minimal prime ideal m C T(KUP").,, corre-
sponding to some cuspidal automorphic representation & contributing to H!(Shgyr, Zp)m-
Let L/Q, be the finite extension which is the residue field of T(KU?),, at m, and let
@y € Op C L be a uniformizer and its ring of integers. Let mz C Op ®z, T(KU®), be the
kernel of the induced multiplication map to Or. Then H'(Shgy» ¢, L/ Cp)[m] is a divisible
torsion (p-module whose @y -torsion is contained in py» [m] ®F, Op/wr. It follows that
the -part of H(Shgy» ¢, L) is of bounded dimension over L, independently of K and 7.
This implies that the D;‘-representation appearing in 7 is of bounded dimension. On the
other hand, by using suitable cuspidal types one can make this D -representation arbitrarily
ramified, which makes its dimension arbitrarily big, e.g., by [6, 54.4 Proposition].

Any indecomposable Galr, -subrepresentation of
HI(P(EP’ g”Ul’ [m]) C E|Gale ® pur [m]

is isomorphic to a subrepresentation of 7| Galr.’ and in particular of dimension < 2. If
Fyp

is indecomposable, then it occurs as a subrepresentation of Hélt (]P’(lcp, F ), as

%1Gal Fp mye [m]

the cokernel of the displayed inclusion is finite-dimensional. This deals with Case (i).
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If 7 Galp, = X1 @ y» is decomposable, then the displayed inclusion shows that
P

1 1
Hy (P, f zypm)

is a direct sum of characters y; and y,. Moreover, both of them appear (if they are distinct),
by finiteness of the cokernel. This deals with Case (ii). O

8. Patching: The key geometric input

In this section, we will prove a refinement of Theorem 3.2 that will allow us to prove
compatibility with patching. The argument is closely related to the notion of ultraproducts,
but we will take a very algebraic approach.

Fix an infinite set {x;};c; of admissible smooth F,-representations of GL, (F). Assume
that for all compact open H C GL,(0), the dimension of niH (for varying i) is bounded.

Let IT be the subset of smooth vectors in [ [;; 7, that is,

IT= U l_[ niH .
H iel
This is a representation of GL, (F) onan R = [[,; Fp-module. Before going on, it is helpful
to recall some properties of R.

LeEmMA 8.1. — The inclusion
I — Spec R,

sending i € I to the kernel of the projection R — [, to the i-th coordinate, identifies Spec R
with the Stone-Cech compactification of 1. For each x € Spec R, the local ring Ry is F,. There
is an identification

R = C°(Spec R, FFp)

of R with continuous maps Spec R — F,,. The ring R is coherent.

Proof. — The identification of Spec R with the Stone-Cech compactification of [ is stan-
dard. ® For each maximal ideal m C R, the corresponding ultrafilter §,, on I is given by
those subsets I’ C I such that the idempotent element ej- which is 1 ati € I’ and 0 other-
wise, is not in m.

First, we check that all local rings are isomorphic to F,. Take a prime ideal p C R. For
any x € R, the equation

p—1
H(x —a)=0
a=0

holds true (by checking in each factor). Modulo p, it follows that x = a for some a € Fp,
as desired. It follows that all points of Spec R are closed and thus that Spec R is profinite. It
follows that the structure sheaf on Spec R is the constant sheaf IF,,, which implies the equality
R = C°Spec R,F,). As Spec R is profinite, this can be written as a filtered colimit of finite
products of [F,; this is a filtered colimit of noetherian algebras along flat transition maps,
showing that R is coherent. O

© Contrary to some other statements of the lemma, it does not use that IF,, is finite.
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Fix a point x € Spec R\ I; this corresponds to a nonprincipal ultrafilter § on / under the
identification with the Stone-Cech compactification. It follows that

aPh . — T @r R,

is an admissible smooth R, = [F,-representation of GL, (F), which we will call the patched
representation. Here, the word “patched” is used in the sense of Taylor-Wiles patching, where
one builds a new object XP°h from an infinite set {X;};c; of objects such that each “finite
piece” of X looks like a corresponding “finite piece” of X; for infinitely many i. In our setup,
we have for instance the following simple observation.

LEMMA 8.2. — For each compact open normal subgroup H C GL,,(0), there are infinitely
many i € I (more precisely, for alli € I' with I’ € §) such that
(npatch)H ~ j_[H
- 1

as GL,,(0)/H -representations.

Proof. — There are only finitely many isomorphism classes of GL, (0)/ H -representations
of bounded dimension; recall that the dimension of niH was assumed to be bounded. As F is
an ultrafilter, it follows that for i € I’ with I’ € §, all nl.H =~ 1o are isomorphic. But then

HH®R HFp%JT()@]Fp HF s

iel’ iel’

and thus also (7PN H ~ 7, O

In the patching construction of [7], one chooses some representation of GL,,(0)/H which
occurs infinitely often, and then chooses them compatibly for all H. After that, one wants
to extend the resulting GL, (0)-representation to all of GL,(F) by allowing extra Hecke
operators. This is possible only if the previous choices were made carefully; in our setup,
everything works automatically. We leave it to the reader to verify that the representation
constructed in [7] can be obtained as 7P2P for a suitably chosen x € Spec R\ I ; this amounts
to going through their construction, and with every choice made one has to shrink the filter
accordingly.

As before, one can attach to IT a sheaf o of R-modules on (}P”;:l /D) by sending a
D*-equivariant étale U — ]P”}E_l to the set of D™ x GL, (F)-equivariant continuous maps

|U XIP’;}_I WLT,OO| — II.
The result of this section is the following.

THEOREM 8.3. — Assume that all 7t; are injective as H -representations for some compact
open subgroup H C GL,,(F) (independent of i ). 19 For all j > 0 and compact open K C D*,
the cohomology group

H (P K)er. F )
is a finitely presented R-module.
(10) Tt would be enough to assume that they have perfect resolutions by injective H -representations which are of

“bounded complexity” in a suitable sense. As in our application, they will actually be injective, we restrict to this
simpler setup.
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To explain the meaning of this result, we need the following classification of finitely
presented R-modules.

LEMMA 8.4. — LetV;, i € I, be asequence of Fp,-vector spaces of bounded dimension. Then
M=V
iel
is a finitely presented R-module. Conversely, if M is a finitely presented R-module with special-
ization V; over F, ati € I C Spec R, then the V; are of bounded dimension, and the natural

map
M — 1_[ V;
iel
is an isomorphism.
Proof. — For the first part, we may find a finite decomposition I = |_|fi)=0 14 such that
Vi = Fé fori € I5. Then My = [];c;, F4 = R4 is a finite free Ry = [[;¢;, Fp-module,
and

D
M=T]]M
d=0

is a finitely presented R = [[5_, Rg-module.
Assume now that M is finitely presented. Then we may find a presentation

RN 5 RP > M - 0.
The map RY — RP is given by a matrix A = (4;)ic; € Myxp(R) = [lict Mnxp (Fp).
There are only finitely many possibilities for each A;, so after a finite decomposition of /

(corresponding to a clopen decomposition of Spec R), we may assume that A is constant. In
that case, M =~ R is constant, so that the claim is clear. O

In particular, the following follows directly from Theorem 8.3, using that taking coho-
mology commutes with localization on R.

COROLLARY 8.5. — Assume that all w; are injective as H -representations for some compact
open subgroup H C GL, (F). For all j > 0 and compact open K C D>, one has

H/(PE/K)er F ) = [ [ H(PE/ K)st. F ,)-
iel
and thus
HY((PE/ K)sts F moneen) = (1‘[ HI((PE/ K)as 07)) ®R Rx .
iel
Intuitively, the last statement says that patching commutes with the functor
7> H (P K)at: F )-

To prove Theorem 8.3, we follow the proof of Theorem 3.2. In doing so, we need to

establish some properties of R ®r, Oc/p first.

LEMMA 8.6. — The ring R ®g, Oc/p is coherent.
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Proof. — Recall that R = C°(Spec R, F) can be written as R = h_r)n R; where each R; is
a finite product of F,’s. Then also R ®r, Oc/p = li_n)lR j ®r, Oc/p can be written as a
filtered colimit of coherent algebras along flat transition maps, and thus is coherent itself.
Here, we use that O¢ / p is coherent, namely any finitely generated ideal J C O¢/ p is in fact
principal, J = Oc¢/p - x, and those are finitely presented, J = Oc/(p/x). O

CoRrOLLARY 8.7. — Thering R ®r, Oc/ p is almost coherent in the sense that the category
of almost finitely presented R ®r, COc/p is abelian, and closed under kernels, cokernels and
extensions.

Proof. — By the previous lemma, the category of finitely presented R ®r, Uc/ p has these
properties. The corollary follows by approximating almost finitely presented modules (and
maps between them) by finitely presented modules. O

Now, we first prove the analog of the local finiteness result. As in the previous section,
choose some affinoid V' C P%~! which lifts to oMrr,0, and fix such a lift; moreover fix some
strict quasicompact open subset U C V.

LEMMA 8.8. — Assume that all t; are injective as H -representations for some compact open
subgroup H C GL,(F). For any m > 0, there is a compact open Ko C D stabilizing V, U
and the section V- — My .c such that for all K C Ky, the image of the natural map

HY((V/K)a. Fu ® 07/p) — H (U/K)er. Fu ® O/ p)
is an almost finitely presented R ®rx, Oc / p-module for all j = 0,...,m.

Proof. — As before, this statement depends only on IT as a GL,, (0)-representation. We
assumed that all 7r; are injective as H -representations for some open subgroup H C GL,(0);
fix such an H which is pro-p and normal in GL,(0). As F,[[H]] is local, it follows that 7; is
isomorphic to dim 7 many copies of the regular representation nyt of H. As dim xH i

/ s
1 1
bounded, it follows that H|  can be written as a direct summand of (nlr_;g " ®r, R for somen.

Let Vg, Uy C oMyr, g be the preimages of V,U C Myt . There is a Hochschild-Serre
spectral sequence
H\(GLA(O)/H. H>((Vi/K)at. Fn ® 07/ p) = H'" " 2((V/K)er, Fn © O/ p),

and similarly for U. Filtering the inclusion U C V by sufficiently many strict rational subsets
and using the obvious analog of [33, Lemma 5.4] which holds for almost finitely presented
R ®r, Oc/p by using Corollary 8.7, this reduces us to proving that the image of

H (Va/K)e, Fu® 0 /p) — H (Un/K)et. Fu ® OF/p)

is an almost finitely presented R ®g, O/p-module. As [T}, is a direct summand of

()" ®r, R, this image is a direct summand of n copies of the base extension F, — R of

the image of

HI (Vi /K)at, F we ® 07/ p) = H (Un /Kt F wrz ® O/ p).

But the latter is almost finitely generated over Oc/p by Lemma 3.7, thus almost finitely
presented as O¢ / p is almost noetherian, cf. [33, Proposition 2.6]. O
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COROLLARY 8.9. — Assume that all ; are injective as H -representations for some compact
open subgroup H C GL,(F). For any j > 0 and any compact open K C D>, the
R ®r, Oc/p-module

H(BE"/K)a. Fn® O/ p)
is almost finitely presented.

Proof. — By a Hochschild-Serre spectral sequence (cf. proof of Corollary 3.10), we may
assume that K is sufficiently small (depending on j). In that case, the same argument as for
Corollary 3.9 applies, noting as before that the analog of [33, Lemma 5.4] holds for almost
finitely presented R ®r, Oc/p-modules. O

Now we can finish the proof of Theorem 8.3. Note that one has an almost isomorphism
H((PE /K)er. I ) ® Oc/p — HI(BE /K)ew. Fn® O/ p).
Indeed, after each localization R — R, = I, for y € Spec R, this follows by applying
Theorem 3.2 to the admissible smooth R, = IF,-representation I1 ® R,. Globally, the
result follows from the following simple observation applied to the kernel and cokernel of
the displayed map.

LeEmMA 8.10. — Let M be an R ®r, COc/p-module. Assume that for all y € SpecR,
M ®pr R, is almost zero. Then M is almost zero.

Proof. — Take any m € M and nilpotent € € Oc/p. Thenem = 0 € M ®g R, for all
y € Spec R, as M ®g R, is almost zero. But then em = 0 € M, showing that m is almost
Zero. O

Finally, Theorem 8.3 follows from Corollary 8.9 and the following lemma.

LeEmMA 8.11. — Let M be an R-module such that M ®x, COc/p is an almost finitely
presented R ®r, Oc / p-module. Then M is finitely presented.

Proof. — Any almost finitely presented R ®¢, Oc/p-module N has elementary divisors
in the sense of [33, Proposition 2.11] at each y € Spec R. By approximating N with finitely
presented modules, one checks that these assemble into a continuous map

YN : Spec R — (L (N)o

using notation employed there. Applying this to N = M ®p, Oc/p shows that the func-
tion sending y € Spec R to the dimension of M, is locally constant. Thus, after passing to
a clopen decomposition of Spec R, we can assume that for all y € Spec R, M,, is of dimen-
sion d. We claim that in this case, M is locally free of rank d. Pick any y € Spec R, and
choose a map R? — M that becomes an isomorphism after localization at y, and let M’ be
the cokernel. This induces a map

(R®x, Oc/p)* = M ®x, Oc/p

that becomes an isomorphism after localization at y. Its cokernel M’ ®r, Oc/p is then
an almost finitely presented R ®r, Oc/p-module whose localization at y is almost zero.
Repeating for M’ what we know about M then shows that after replacing Spec R by an open
neighborhood of y, we have M’ = 0. This means that R¢ — M is surjective. Checking at all
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local rings implies that RY — M is an isomorphism, as all localizations of M are of rank d.
Thus, M =~ R? is free, as desired. O

REMARK 8.12. — The results of this section imply similar results over a finite base ring A
over Z/ p"Z if all niH are free A-modules.

9. Patching

In this section, we do the analog of the patching construction from [7], in the simplest
possible situation. Our setup here is more restrictive than it should be (in particular, it
forces [F, : Qp] to be even), but we hope that the simplicity of the discussion gives some
justification.

We assume that p is the only place above p in F, and that G is split at all finite places. (1D
Let

o : Galp — GL,(F,)
be absolutely irreducible, and unramified outside p. Let UP = ]_[v?é]D GL,(0f,) C
GLz(A';, f) ~ G(A'}, f). Let m C T be the maximal ideal corresponding to o. More-
over, we fix a character ¢ : Galp, — OZ unramified outside p, for some finite extension L

of Q, with residue field F, and uniformizer @y, such that detoc = V¥ ¢y mod wr. We
assume that

7uem = CUGF\IG(AF,7)/UPL,Qp/ZLp)m # 0.

Comparing central characters and determinants of associated Galois representations, we see
that this implies that also

CUGFNIG(AF, )/ UPL L/ CL)[Ylm # 0.

There are framed and unframed Galois deformation rings RED ¥ and RF'/’, parametrizing

(framed) deformations of o unramified outside p and with determinant v xcyc1, and a local
framed Galois deformation ring RpEI v parametrizing framed deformations of | Galp with

determinant v ycyc1. There is a natural map R,,D"/’ — RE”/’.

To apply the Taylor-Wiles patching technique [41], adapted to the case of totally real fields
in [40], we impose some usual hypothesis, cf. [29, §2.2].

HYPOTHESIS 9.1. — In this section, assume that the following conditions are satisfied.

(i) The prime p > 5.
(i) The representation | Galricy, is absolutely irreducible.

(i) If p = 5 and © has projective image PGL,(Fs), then the kernel of projo does not
fix F(§s).

Under these hypotheses, we have the existence of Taylor-Wiles primes.

(1) The latter hypothesis is only imposed to be able to use the references below without further justification.

4¢ SERIE - TOME 51 — 2018 — N° 4



p-ADIC COHOMOLOGY OF LUBIN-TATE TOWER 851

ProOPOSITION 9.2 ([29, Proposition 2.2.4]). — The integer
g = dimp, H'(GalF y,ad’5 (1)) — [F : Q]
is nonnegative. For each positive integer n, there exists a finite set Q,, of g + [F : Q] primes
of F such that g, =1 mod p" forallv € Q, and Frob, has distinct eigenvalues, and with the
following property. The framed deformation ring RED”IQpn parametrizing framed deformations
of o unramified outside p and Q,, and with determinant ¥ xcyc1 is topologically generated by
g elements over R,,D v

In the following, we fix such a set Q,, foreach n > 1, as well as a non-principal ultrafilter §
on {n > 1}. This choice accounts for all choices needed to make the patching construction,
and in a precise sense it amounts to the choice of g + [F : Q] “infinite primes” v of F such
that g, =1 mod p°.

We continue to follow the discussion in [29, §2.2.5]. For each n > 1, let Ug, (1) C
Ug, (0) C G(A% /) = GLa(A} /) be the compact open subgroups given by

Ug,(1) = [] GL2(CF,) x [] Us(1) CUg,(0) = [] GL2(OF,) x [] Uu(0).
vEOn veQ, vEOp veQy

where
Uy()={(25)c=0 modv,a/d —1¢€A,}

CUy(0)={(25)|c=0 mod v} C GL2(Cr,),
where A, = Z/p"Z is the unique quotient of order p” of the units k,; of the residue field &,
atv. Thus, Ug, (1) C Ug, (0) is a normal subgroup with quotient
Ag, :=Up,(0)/Ug, (1) = (z/p"Z)* T1FU.

If necessary, we replace once Fy by IF 2 in the following step. Doing so, we can fix a root a,
of the polynomial X?—T, X +¢,S, inF, forallv € Q,. For each sufficiently small compact
open subgroup K C GL,(F), let

Sy(KUg, (i), O) = C*(G(F)\G(AF,f)/KUg, (i), OL)[V]

fori = 0,1 be the space of functions with central character ¥. On these spaces, there
is an action by the Hecke algebra T(Ug, (i)) generated by the usual elements 7, and S,
forv & Qn, v # p, as well as operators U, for v € Q, given by the action of the
Uy (i)-double coset of diag(my, 1). Let mgp, (i) C T(Ug,(i)) denote the (maximal) ideal
generated by m N T(Ugp, (i)) and U, — ay for v € Oy. By [29, Lemma 2.1.7], the natural
map

Sy (K, OL)m — Sy (KUg, (0), OL)mo, (0)

is an isomorphism. Moreover, [29, Lemma 2.1.4] implies that
Sy(KUg, (1), CL)mo, (1)
is a finite free Or [A g, ]-module with
Sy(KUg, (1), CL)mp, (1) ®0,180,] OL = Sy (KUg, (0), CL)my, ) -

By the existence of Galois representations, there is an action of the unframed defor-
mation ring R;l' 0, On Sy (KUg, (1), OL)an(l). Moreover, using local deformation rings

at places v € Q,, there is a map Or[[y1.....,yg+[F:ql] = R;f On such that the action
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of OL[[y1, ..., yg+(F:q)ll on Sy (KUg, (1), OL)m,, 1) comes from the Ag, -action via the
fixed surjection

Oyt yeirralll = CLl(Z/ p" )8 T = 01 [Ag,].

The map R;’,Qn — RED,’QW,, is formally smooth of dimension 3, so we can fix

Yeg+[F:Ql+1s -+ s Yg+[F:Ql+3

such that
RE,’S,, = Rg,Q” [Ve+1F:Q+1s- -+ Ye+1F:qr+3]] -

Finally, we fix surjections

RPVIIx1. .. xgll > Ry
and a lifting

OLlyill = Ry V[l x]l.
where we abbreviate O[[yi]] = OL[[y1. ..., Yg+[F:q+3]] here and in the following.
Set

O
Sn(K) = Rsp. Bpy,, Su(KUg, (1), OL)mo, (1)
which becomes a RE i [[x1,...,xg]]-module via the chosen surjection
0, 0,
RV[[x1.....xg]l > RS .
Finally, we can do the patching. Fix an open ideal I C O [[y;]]. Let

(1) = im S, (K) @0, [1y,1] OLllyill/I .
K

Then, for all sufficiently large n so that I contains the kernel of

Ocllyill = CLlAg, l[yg+1F:Q1+1: - - -» Ye+IF:01+3]]-

7n(I) is an admissible GL,(F,)-representation over the finite ring Cp[[y;]]/ such that
7, (1)K is finite free for all sufficiently small compact open subgroups K C GL,(F).
Moreover,

(1) ®g, (171 Ov/@L = COH(GF)\G(AL ,)/ [[ GLA(Cr,). CL/mL)
v#Ep

is independent of 7, so that in particular the ranks of 7, (/)X are bounded uniformly in 7.
Thus, we may take an ultraproduct as in Section 8:
For any 7, we have the map

[T Cellyil/T — Cellyill/ 1,

n>1
which is the localization at the maximal ideal of the product corresponding to the fixed non-
principal ultrafilter §. Define

Too(l) = 111_)11(1_[ (D) @1, oy CLllyill/1 -
K n>1

Then (1) is an admissible GL, (Fy)-representation over O [[y;]]/] such that
Too(DX = (1_[ (D)) ®11,_, ety Cullyill/ 1

n>1
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is finite free. Finally, we can pass to the inverse limit

7P = lim 7oo(/)
1
to get what one may «call a (wr,y1,...,Veg+[F:q+3)-adically admissible
OL[[yi]l[GL2(Fy)]-representation. Using the freeness properties of the situation, one may
also pass to
oo = 50" ® 0, [1yi]) @

where o is the injective hull of Op/wp as O[[yi]]-module. This is an admissible
GL, (F,)-representation over Or [[y;]].

Note that RE Vlx1.....xg]] acts on all objects considered, in particular on 7™

and 7. Using the exact same arguments (and the same ultrafilter §), one also produces a
patched admissible D, -representation poo Over Or [[y:]] from the cohomology groups

H' (Shgu,, (1)> O [Vmo, (1) -

As all these groups carry continuous Galp, -actions, so does poo. Actually, poo is also an
R,,D ad [[x1...., xg]]-module, and if 7 Galp is absolutely irreducible, then p, is o -typic, where
P

o denotes the universal (framed) deformation of | Galp, "
p

COROLLARY 9.3. — There is a canonical Galr, x D, -equivariant isomorphism
Hélt(]P)(%Zp’ (§eroo) = Poo
O,y
of Ry"" [[x1, ..., xg]]-modules.

Proof. — By passing to a colimit afterwards, it is enough to prove that for an open ideal
1 C O[lyi]l,
H(Pe, s F noory) = Poo(l).
By Theorem 6.2, we know that for each big enough n,
Hélt(]P}(%:p’ C?ﬂn(l)) = pn(1),
and the relevant H° vanishes. In particular, we get
HY (P, /K)ets F o)) = pn(D®

for any compact open subgroup K C Dy Let 1 = Upcgr,ry [ 7 (1 YH | the product
running over sufficiently big n. We have the natural map

H'\(®BL, /K)e. Fr) — [ [ on (D

This map is an isomorphism by Corollary 8.5 (or rather its version for finite base rings, and
with fixed central character). Base extension along the fixed map

[T Celvill/ 1 — Cullvill/1

corresponding to § shows that

H' (®L, / K)st. Fraot)) = poo(DX .

Finally, passage to the direct limit over K gives the result. O
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Appendix
Accessible and weakly accessible period domains
By Michael Rapoport

A.1. Introduction

The goal of this appendix is to investigate in which situations the period maps from
RZ spaces towards partial flag varieties are surjective. This question can be posed in two
variants: One can either ask if the map is surjective on classical points, or surjective on a/l
(adic, or equivalently, Berkovich) points. These questions can be translated into the question
whether the weakly admissible, resp. admissible, locus inside the partial flag variety is the
whole partial flag variety. We answer both of these questions below. It turns out that asking
surjectivity for all points is significantly more restrictive and occurs essentially only in the
Lubin-Tate case.

Most of the material presented in this appendix was explained to the author by P. Scholze.
Moreover, we thank S. Orlik for helpful conversations.

A.2. Recollections on period domains

Let (G, b, {uu}) be a PD-triple™® over the p-adic field F. This means that G is a reduc-
tive algebraic group over F, that b € G(F), and that {u} is a conjugacy class of cocha-
racters of G. We will assume throughout that {u} is minuscule. Two PD-triples (G, b, {it})
and (G',b’,{'}) are called equivalent if there is an isomorphism G ~ G’ which takes {u}
into {u’} and b into a o-conjugate of »’. All concepts below depend only on the equiva-
lence class of PD-triples. Let £ = E(G, {i}) be the corresponding reflex field. We denote
by (G, {u}) the corresponding partial flag variety defined over E, and by 5*7 (G, {u}) its
base change to E. We denote by 7 (G, {})™ the period domain associated to the PD-triple
(G,b,{u}), i.e., the weakly admissible subset of éf(G, {u}), which we consider as an open
adic subset. It is defined by the weak admissibility condition of Fontaine on the Lie algebra
of G (semi-stability, cf. [48, Def. 9.2.14]) and the triviality of the degree in 71 (G)r,q.

M In[48, Ex.9.1.22], to (G, b) is associated an augmented affine group scheme G over the category of F -isocrystals,
and in [48, Def. 9.5.1] one considers the PD-pair associated to (G, {u}), rather than the triple (G, b, {i1}).
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DEFINITION A.l. — A PD-triple (G,b,{u}) is weakly accessible if 5F(G,b,{u})%"* =
F(G,{u}), i.e., the period domain associated to (G, b, {j1}) is the whole partial flag variety.

A.3. The admissible set

Let XF be the Fargues-Fontaine curve relative to F (and some fixed algebraically closed
perfectoid field of characteristic p). By Fargues, [50], there is a bijection

(1) B(G) — {G-bundleson Xr}/ ~, b> Ep.
Restricted to basic elements, this yields even an equivalence of groupoids,

G(F )basic — {semi-stable G-bundles on Xr}.

Here the LHS becomes a groupoid via the action by o-conjugacy of G(F). Also, a
G-bundle € is called semi-stable if for all p € Repg mapping the center of G into the
center of GL,,, the vector bundle p« (&) on X is semi-stable in the sense of Mumford (recall
that deg and rank are well-defined for vector bundles on Xr). It is enough to check this
for p the adjoint representation of G.

DEerINITION A.2. — Fix a PD- trlple (G,b,{u}) over F. Let C be an algebraically closed
non-archimedean field extension of F, and use the tilt C" of C to build XF; denote by oo €
XF(C) the corresponding distinguished point of X .

To any point x € ¢ (G,{})(C), there is associated a G-bundle £y, on X which is called
the modification of &y at oo along x.

REMARK A.3. — If £ is a vector bundle of rank n on X, and {u} is a minuscule cocha-
racter class of GL,,, then it is clear how to define the modification & for x € ¢f(GL,, {u})(C).
On the other hand, for non-minuscule {u}, or general G (and then even for minuscule cocha-
racters), it is nontrivial to define the modification €p . Indeed, the definition involves the

+
Byr-Grassmannian Grg‘“‘. One uses the Bialynicki-Birula morphism, valid for any {u},

Grli® | = F(G. ),
which is an isomorphism if {i} is minuscule. We refer to [46, Section 3.4, 3.5] for a precise
discussion of this point, and we follow their normalizations. We note however that on points

defined over a finite extension of F, the Bialynicki-Birula morphism is a bijection (for
all {}).

DEFINITION A.4. — A point x € &F(G,{u})(C) is called admissible with respect to b if
the associated G-bundle €y is semi-stable. Equivalently, the image of €} x under the map in
Corollary A.10 is the unique basic class [b*] with k ([b*]) = «([b]) — u".

REMARKS A.5. — (i) An admissible point x € (G, {u})(C) is automatically weakly
admissible. If x is defined over a finite extension of F, the converse is true. For points defined
over finite extensions of F, these assertions can be reduced to the case of GL, by using
the adjoint representation, for which see [47]. Now the admissible locus is an open subset
of (G, {u}) (cf. below) which on classical points agrees with the weakly admissible locus.
As the weakly admissible locus is maximal among open subsets with given classical points,
it follows that the admissible locus is contained in the weakly admissible locus.
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(ii) Assume that (G,{u}) C (GLn, {1Lqm on-r)}), 1.€., the PD-triple (G, b, {u}) is of
Hodge type. Then Faltings and Hartl have defined the notion of admissibility of a point
in &7 (G, {})(C), cf. [48, ch. XTI, §4] (Faltings’ definition uses base change to Bis(C); Hartl’s
definition uses the Robba ring l?jig(C ); Hartl has shown that these definitions coincide,
comp. [48, Thm. 11.4.11]). The definition of admissibility above specializes in this case to
their definition.

DEFINITION A.6. — Fixa PD-triple (G, b, {u}) over F. The admissible locus 5f (G, b, {i})?
is the unique open adic subset of f (G, {}) whose C-valued points are the admissible points
of F(G,{u})(C), for any algebraically closed non-archimedean field extension of F.

It follows from [53] that the admissible set is indeed an open adic subset of (;Gf (G, {u}),
again using the adjoint representation of G to reduce to the case G = GL,,.

REMARKS A.7. — Whereas we have a fairly accurate picture of what the weakly admissible
locus looks like (and one of the main attractions of the corresponding theory is to determine
explicitly this locus in specific cases, cf. [56, Ch. 1]), the admissible locus seems quite amor-
phous, and is explicitly known in only very few cases. Here are two examples.

() Let (G,b,{n}) = (GLy, b, {itq) on—1)}), where [b] is the unique basic element
of B(G, {u}). This case is called the Lubin-Tate case. In this case, all points of eu? (G, {u}) are
admissible. This follows by Gross/Hopkins [52] from Theorem A.17 below. Another, more
direct proof is due to Hartl, comp. [48, Prop. 11.4.14].

The same holds for (GL,, b, {/L(l(n—l),o( 1))}), where again [b] is the unique basic element
of B(G.{u}).

(i) Let (G,b,{un}) = (D1,b,{qm gw-1y}), where [b] is the unique basic element
of B(G, {u}). This case is called the Drinfeld case. In this case, all weakly admissible points
of (;Gf (G, {u}) are admissible. They form the Drinfeld halfspace inside P*~!. This follows by
Faltings’ theorem [56, ch. 5] from Theorem A.17 below, but has also been shown by Hartl,
comp. [48, Prop. 11.4.14]. The same holds for (D_1, b, {im-1 o)y}), where again [b] is the
unique basic element of B(G, {u}). !

DEFINITION A.8. — A PD-triple (G, b, {j1}) isaccessibleif ¥ (G, b, {u})* = Cu?’(G, b,{u}),
i.e., the admissible set associated to (G, b, {i1}) is the whole partial flag variety.

From Remarks A.5, (i) it follows that an accessible PD-triple is weakly accessible.

PROPOSITION A.9. — Associating to a G-bundle its isomorphism class, we obtain from (1)
a bijection

{iso-classes of G-bundles of the form &1 x | x € (G, {M_l})} — B(G,{u}).

Proof. — Letb € G(I:“ ). If [b] lies in the image of the map, it follows from the construction
of &1 that k([b]) = " in 71 (G)r. Now b represents an element of the image of the map if
and only if &} is of the form € x; equivalently, if and only if £ .+ is the trivial G-bundle
for some x* € (G, {u}). In other words, this holds if and only if there exists x* such that
Cp x+ 1s a semi-stable G-bundle. Hence this is equivalent to o7 (G, b, {u})* # @. This in turn
is equivalent to the condition that ¥ (G, b, {u})"® # @, as these are two open sets with the
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same classical points. By [48, Thm. 9.5.10] this is equivalent to [b] € A(G, {u}). Since we saw
already the equality x(b) = uU, this is equivalent to [b] € B(G, {i}). O

COROLLARY A.10. — Let b € G(F) be basic. Then there is a bijection
{ iso-classes of G-bundles of the form Epx | x € F(G,{u™'})} — B(Jp, {i} + vp).

Here vy, is the central cocharacter associated to the basic element b.

Proof. — This follows by translation with » from the previous proposition, cf. [54, 4.18].
Alternatively, one can apply the functor S#om(Ey, ) to the assertion of the corollary, to
reduce to the previous proposition. O

A.4. Weakly accessible PD-triples

Our first aim is to determine all weakly accessible PD-Pairs. The following lemma reduces
this problem to the core cases. We always make the assumption that the period domain
associated to any PD-triple considered below is non-empty.

LEmMA A.11. — (1) (G, b, {iu}) is weakly accessible if and only if (Gq, bad, {{tad}) is weakly
accessible.

(i) (G1 x Ga,(b1,b2), {(11, u2}) is weakly accessible if and only if (Gy,by,{p1}) and
(G2, ba, {u2}) are both weakly accessible.

(1i1) If {u} is central, then (G, b,{u}) is weakly accessible.

Proof. — (1) Let  : 5;7 (G, {n}) — é_f (Gad, {{taa}) denote the natural morphism. Then
the assertion follows from

F (G AuD™ = 77 (F (Gaa. {1aa})™)

(recall that we are assuming both period domains to be non-empty).
Finally, (ii) and (iii) are obvious. O

After the previous reduction steps, the following proposition gives the complete classifi-
cation of all weakly accessible PD-triples.

ProproSITION A.12. — Let (G, b, {i}) be a PD-triple defining a non-empty period domain,
where G is F-simple adjoint and {j1} is non-trivial. Then the PD-triple (G, b, {u}) is weakly
accessible if and only if the F-group Jy is anisotropic, in which case [b] is basic.

Proof. — We note that, G being of adjoint type, weak admissibility is equivalent to semi-
stability in the sense of [48], i.e, o7 (G, b, {u})™® = F(G,b,{u})%, cf. [48, top of p.272]. We
also note that the last sentence follows because if J is anisotropic, then b is basic. Indeed, if
b is not basic, then the slope vector vy is a non-trivial cocharacter of J defined over F, cf.
[54, after (3.4.1)].

Assume that there exists a point x € (G, {u}) \ (G,b,{u})%. Then, applying [48,
Thm. 9.7.3], we obtain a 1-PS A of J, defined over F which violates the Hilbert-Mumford
inequality. In particular, A is non-trivial, and Jj is not anisotropic.

Conversely, assume that 7 (G,b,{u})*® = F(G,{u}). We claim that then J, is
anisotropic. To prove this, we may change b within its o-conjugacy class [b], since this
leaves the isomorphism class of J;, unchanged. We argue by contradiction. So, let us assume
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that 7 is a maximal torus of Jj, such that X,.(7)T # (0). Here I' = Gal(F/F). Then
T QF F is also a maximal torus of G ®  F. By assumption, for any u € X.(7T) defining
an element x € F (G, {u}), the pair (b, &f,) is semi-stable. To apply the Hilbert-Mumford
inequality, we fix an invariant inner product (, ) on G, cf. [48, Def. 6.2.1]. Hence by the
Hilbert-Mumford inequality [48, Thm. 9.7.3], we obtain

A, u—vp) >0, VAe X (T)F,

where v, € X«(T)g denotes the slope vector of b. Indeed, the LHS is equal to wZ(x, 1), by
[48, Lemma 11.1.3] (in loc. cit., the situation over a finite field is considered; but the lemma
holds in the present situation mutatis mutandum). Replacing A by its negative, we see that
(A, —vp) = 0. Hence (4, ) is independent of u € X, (T) in its geometric conjugacy class.
It follows that for any w, w’ in the geometric Weyl group W of T in G,

(@) (A, wp —w'p) = 0.

We wish to show that this implies that A = 0, which would yield the desired contradiction. We
write G = Resp//r(G'), where G’ is an absolutely simple adjoint group over the extension
field F’ of F. Let F{ be the maximal unramified subextension of F’/F. Then

3) GF)y= [] ¢'(F).
i€Z/f7

where Z/ f 7 denotes the Galois group of Fj/F, and where F, resp. F', denotes the comple-
tion of the maximal unramified extension of F, resp. F’. Furthermore, it is easy to see that
any b € G(F) is o-conjugate to an element in the product on the RHS of (3) of the form
(bg. 1,...,1), and that then

Jb = RCSF//FJ// .

0
Correspondingly, T = Resp//r(T'), where 7" is a maximal torus of J;, defined over F’.
0

Hence

) XMoo= [ X
t€Hom g (F/,F)
with its action by T induced by the action of I'" = Gal(F/F’) on X.(T")q.

Since 0 # A € X, (T)T, all components A, of A in the product decomposition (4) are non-
zero, and are determined by any one of them. Now T’ ® g~ F’is a maximal torus of G’ ® g F’
and, since G’ is absolutely simple, its geometric Weyl group W’ acts irreducibly on X, (T”)q,
cf. [45, Cor. of Prop. 5 in VI, §1.2]. Furthermore, the geometric Weyl group of T is the
product of copies of W’ over the same index set as in (4). Hence the identity (2) implies
that any time the component w, of u is non-trivial, the component A, is zero. Hence the
assumption A € X, (T)! implies A = 0, since the assumption y # 0 implies that . # 0 for
some 7. This yields the desired contradiction. O

COROLLARY A.13. — In Proposition A.12, assume that G is absolutely simple adjoint and
that {} is non-trivial. Then (G, b, {iu}) satisfies the condition of Proposition A.12 if and only
if G is the algebraic group associated to a simple central algebra D of some rank n* over F,
[b] is basic, and the difference between the Hasse invariant of D in Z/nZ ~ 71(G)r and the
class k ([b]) lies in (Z/n)>. O
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REMARK A.14. — Note that the class {i} does not intervene in Proposition A.12. It
does, however, enter in the condition that the period domain &7 (G, b, {i})%* be non-empty.
Indeed, this condition is equivalent to the condition that [b] € A(G,{u}), cf. [48, Thm.
9.5.10], i.e., that [b] be acceptable with respect to {u} in the sense of [55].

A.S5. Accessible PD-triples

Here the classification is much more narrow.

ProPOSITION A.15. — A PD-triple (G, b, {j1}) is accessible if and only if' b is basic, and the
pair (Jp, {i1}) is uniform in the sense of [54, §6), i.e., B(Jp,{|L}) contains precisely one element.

Proof. — The accessibility of (G, b, {i1}) implies its weak accessibility, cf. Remark A.5, (1);
hence b is basic by Proposition A.12. The assumption that (G, b, {it}) is accessible is equiv-
alent to saying that any modification €, for x € F(G,{u}) is semi-stable. Hence, by
Corollary A.10, the set B(Jp, {it"!} + 1) contains only one element, i.e., (Jp, {1} +vp) is
uniform. The assertion follows since (Jp, {t™'} + vp) is uniform if and only if (Jp, {z™1}) is
uniform, if and only if (Jp, {it}) is uniform. O

Kottwitz [54, §6] has given a complete classification of uniform pairs (G, {u}). Applying
his result, we obtain the following corollary.

COROLLARY A.16. — Let (G,b,{u}) be a PD-triple. Assume that G is absolutely simple
adjoint, that {1} is non-trivial, and that [b] € B(G,{u}). Then (G,b,{u}) is accessible if and
only if G ~ PGL,, and {uu} corresponds to (1,0,...,0)or (1,1,...,1,0). O

A.6. An application to the crystalline period map

Let (G, b, {}) be a local Shimura datum over F, cf. [55], i.e., a PD-triple such that {u} is
minuscule and such that [b] € B(G, {u}). Conjecturally, there is an associated local Shimura
variety, i.e., a tower of rigid-analytic spaces over E, with members enumerated by the open
compact subgroups of G(Qp),

®) Mk jx = {M(G, b, {u})k k>

on which G(Q,) acts as Hecke correspondences. The tower comes with a compatible system
of morphisms

(6) ok Mg — F(G,{1}).

The morphism ¢ is called the crystalline period morphism at level K of the local Shimura
variety attached to (G, b, {u}).

THEOREM A.17. — Assume that the local Shimura variety associated to (G, b, {jL}) comes
from an RZ-space of type EL or PEL, in which case the local Shimura variety exists. Then the
image of the crystalline period morphisms coincides with the admissible locus ¥ (G, b, {i1}).

Proof. — See [51] (which uses [49]) and [57]. O
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ExaMPLE A.18. — (i) In the Lubin-Tate case (see Remarks A.7, (1)), Gross and Hopkins
[52] have shown that the image of the crystalline period morphism is the whole projective

space of (G.{u}).
(ii) In the Drinfeld case (see Remarks A.7, (ii)), the image of the crystalline period map is
the Drinfeld half-space, cf. [56, ch. 5].

COROLLARY A.19. — Assume that the local Shimura variety associated to (G,b,{u})
comes from an RZ-space of type EL or PEL, in which case the local Shimura variety exists.
Also, assume that G is absolutely simple. Then the crystalline period morphisms are surjective
if and only if the local Shimura variety is of Lubin-Tate type. O

A.7. Open questions

Here we list some open questions.
QUESTION A.20. — When is (G, b, {u})* = F(G,b,{u})"*?

This question was answered by Hartl in the case where G = GL,,. Besides the Lubin-
Tate case and the Drinfeld case, there is one essentially new case related to GL4. B. Gross
asks whether the PD-triples formed by an adjoint orthogonal group G, its natural minuscule
coweight {1t} (the one attached to a Shimura variety for SO(n — 2, 2)) and the unique basic
element in B(G, {i}) give further examples.

For the next question, recall that for any standard parabolic P* in the quasi-split form G*
of G, there is a subset B(G)p+ defined in terms of the Newton map on B(G). If P* = G*,
then B(G)g* = B(G)pasic. We call the inverse image of B(G)p* under the map in Corol-
lary A.10 the HN-stratum of (G, b, {u})p+ attached to P*. Hence for P* = G* the corre-
sponding HN-stratum is the admissible set.

QUESTION A.21. — For which P* is the HN-stratum non-empty? Does the decomposi-
tion into disjoint sets &f (G, b, {i})p* of (G, {u}) have the stratification property? Which
strata &7 (G, b, {i}) p+ have classical points?

The first question is non-empty, as is shown by the Lubin-Tate case, in which only
F(G,b,{t})g* is non-empty. There are examples of strata 7 (G, b, {u})p* without clas-
sical points: One gets these by looking at cases of weakly accessible, but non-accessible,
PD-triples, in which case all strata with P* % G™* have no classical points, but some of them
are nonempty.

There is also a HN-decomposition of (57 (G, {u}) in the sense of [48]. It does not have
the stratification property. Here we have an understanding of the structure of the individual
strata, in terms of period domains of PD-triples of smaller dimension. However, even for
these simpler strata, the question of the non-emptiness of strata is only partially solved (by
Orlik).

QUESTION A.22. — What is the relation between the two stratifications?
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