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SNOWFLAKE UNIVERSALITY
OF WASSERSTEIN SPACES

BY ALEXANDR ANDONI, AssaAF NAOR AND OrerR NEIMAN

ABSTRACT. — For p € (1, 00) let &, (R3) denote the metric space of all p-integrable Borel prob-
ability measures on R3, equipped with the Wasserstein p metric W,,. We prove that for every ¢ > 0,
every 0 € (0, 1/ p] and every finite metric space (X, dy ), the metric space (X, dg) embeds into &, (R3)
with distortion at most 1 4+ ¢. We show that this is sharp when p € (1,2] in the sense that the ex-
ponent 1/p cannot be replaced by any larger number. In fact, for arbitrarily large n € N there
exists an n-point metric space (Xy, dy) such that for every @ € (1/p, 1] any embedding of the metric
space (Xp,dy) into & (R3) incurs distortion that is at least a constant multiple of (log n)"‘_l/ P These
statements establish that there exists an Alexandrov space of nonnegative curvature, namely 2 (R3),
with respect to which there does not exist a sequence of bounded degree expander graphs. It also
follows that % (R3) does not admit a uniform, coarse, or quasisymmetric embedding into any Ba-
nach space of nontrivial type. Links to several longstanding open questions in metric geometry are
discussed, including the characterization of subsets of Alexandrov spaces, existence of expanders, the
universality problem for %% (Rk ), and the metric cotype dichotomy problem.

RiEsuME. — Pour p € (1, 00) notons &, (R3) I’espace métrique des mesures de probabilité p-in-
tégrables sur R3, muni de la p-métrique de Wasserstein W,,. Nous montrons que pour tout & > 0,
tout 6 € (0, 1/ p] et tout espace métrique fini (X, dx ), ’espace métrique (X, d}?) se plonge dans &, (R3)
avec distortion au plus 1 4+ e. Nous montrons que cela est optimal quand p € (1,2] au sens ou I'ex-
posant 1/p ne peut pas étre augmenté. En fait pour n € N assez grand il existe un espace métrique
a n points (Xp, dp) tel que pour tout @ € (1/p, 1] tout plongement de I'espace métrique (X, dy)
dans & (R3) a une distortion au moins égale 4 un multiple par une constante de (log n)"‘_l/ P Ces
résultats impliquent qu’il existe un espace d’Alexandrov de courbure positive, a savoir 9% (R3), vis- a-
vis duquel il n’existe pas de suite de graphes expanseurs de degré borné. Il en résulte aussi que 2% (R?)
n’admet pas de plongement uniforme, grossier ou quasisymétrique dans un espace de Banach de type
non trivial. Nous discutons le lien avec plusieurs questions ouvertes depuis longtemps en géométrie des
espaces métriques, dont la caractérisation des sous-ensembles des espaces d’Alexandrov, ’existence
d’expandeurs, le probléme d’universalité pour 9% (Rk), et le probleme de dichotomie pour le cotype
métrique.
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658 A. ANDONI, A. NAOR AND O. NEIMAN

1. Introduction

We shall start by quickly recalling basic notation and terminology from the theory
of transportation cost metrics; all the necessary background can be found in [96]. For a
complete separable metric space (X, dx) and p € (0, 00), let &,(X) denote the space of all
Borel probability measures ¢ on X satisfying

/ dy (x. x0)?dpu(x) < 00
X

for some (hence all) xo € X. A coupling of a pair of Borel probability measures (i, v) on X is
a Borel probability measure 7 on X x X such that u(A) = 7(4A x X) and v(4) = n(X x A)
for every Borel measurable A € X. The set of couplings of (i, v) is denoted IT(u, v). The
Wasserstein p distance between pu, v € &, (X) is defined to be

W ® ot (] deeranen)”
XxX

meTl(1,v)

W, is a metric on &, (x) whenever p > 1. The metric space (2, (X). W) is called the
Wasserstein p space over (X, dy). Unless stated otherwise, in the ensuing discussion when-
ever we refer to the metric space &2, (X) it will be understood that &2, (X) is equipped with
the metric Wp,.

1.1. Bi-Lipschitz Embeddings

Suppose that (X, dx) and (Y, dy) are metric spaces and that D € [1, o0]. A mapping
f:X — 7Y is said to have distortion at most D if there exists s € (0,00) such that
every x,y € X satisfy sdx(x,y) <dy(f(x), f(»)) < Dsdx(x,y). The infimum over
those D € [1, oo] for which this holds true is called the distortion of f and is denoted dist( f').
If there exists a mapping f : X — Y with distortion at most D then we say that (X, dx)
embeds with distortion D into (Y, dy). The infimum of dist(f) overall f : X — Y is
denoted c(y,qy) (X, dx), or cy (X) if the metrics are clear from the context.

1.2. Snowflake universality

Below, unless stated otherwise, R” will be endowed with the standard Euclidean metric.
Here we show that &2, (R?) exhibits the following universality phenomenon.

THEOREM 1. — If p € (1, 00) then for every finite metric space (X, dx) we have
1
(@) (X, dX”) — 1.

For a metric space (X, dyx) and 8 € (0, 1], the metric space (X, dg) is commonly called
the 6-snowflake of (X, dx); see e.g., [21]. Thus Theorem 1 asserts that the 6-snowflake of any
finite metric space (X, dx) embeds with distortion 1 + ¢ into Z,(R?) for every ¢ € (0, 00)
and 6 € (0, 1/ p] (formally, Theorem 1 makes this assertion when 8 = 1/ p, but for general
6 € (0,1/p] one can then apply Theorem 1 to the metric space (X, d;p ) to deduce the
seemingly more general statement).
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SNOWFLAKE UNIVERSALITY OF WASSERSTEIN SPACES 659

Theorem 2 below implies that Theorem 1 is sharp if p € (1,2], and yields a nontrivial,
though probably non-sharp, restriction on the embeddability of snowflakes into 22, (R?) also
for p € (2, 0).

THEOREM 2. — For arbitrarily large n € N there exists an n-point metric space (Xn, dx,)
such that for every a € (0, 1] we have

logn)®"7 ifpe 1,2],
(@ @) W) KXo dy,) 2 Eloiniw;—l ifﬁ . EZ,o]o).
Here, and in what follows, we use standard asymptotic notation, i.e., for a, b € [0, c0) the
notation a = b (respectively ¢ < b) stands for a > c¢b (respectively a < cb) for some
universal constant ¢ € (0,00). The notation a =< b stands for (a < b) A (b < a). If we
need to allow the implicit constant to depend on parameters we indicate this by subscripts,
thus a <, b stands for a < ¢,b where ¢, is allowed to depend only on p, and similarly for
the notations 2, and <.
We conjecture that when p € (2, 00) the lower bound in Theorem (2) could be improved
to

C(p @)Wy Xns ) Zp (logn)® =2,
and, correspondingly, that the conclusion of Theorem 1 could be improved to state that
if p € (2.00) then ¢(4, @3 w,) (X, V/dx) <p 1 for every finite metric space (X, dx); see
Question 23 below.
There are several motivations for our investigations that led to Theorem 1 and Theorem 2.

Notably, we are inspired by a longstanding open question of Bourgain [13], as well as funda-
mental questions on the geometry of Alexandrov spaces. We shall now explain these links.

1.3. Alexandrov geometry

We need to briefly present some standard background on metric spaces that are either
nonnegatively curved or nonpositively curved in the sense of Alexandrov; the relevant back-
ground can be found in e.g., [18, 15]. Let (X, dy) be a complete geodesic metric space. Recall
that w € X is called a metric midpoint of x,y € X if dy (x, w) = dx(y,w) = dx(x,y)/2.
The metric space (X, dy) is said to be an Alexandrov space of nonnegative curvature if for
every x, y,z € X and every metric midpoint w of x, y,

(M) dx (x, y)? + 4dx (2, w)? > 2dx (x,2)? + 2dx (7, 2)?.

Correspondingly, the metric space (X, dy) is said to be an Alexandrov space of nonpositive
curvature, or a Hadamard space, if for every x, y, z € X and every metric midpoint w of x, y,

2 dx (x,y)* + 4dx (z, w)* < 2dx (x,2)* + 2dx (y.z)>.

If (X, dx) is a Hilbert space then, by the parallelogram identity, the inequalities (1) and (2)
hold true as equalities (with w = (x 4+ y)/2). So, (1) and (2) are both natural relaxations of a
stringent Hilbertian identity (both relaxations have far-reaching implications). A complete
Riemannian manifold is an Alexandrov space of nonnegative curvature if and only if its

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



660 A. ANDONI, A. NAOR AND O. NEIMAN

sectional curvature is nonnegative everywhere, and a complete simply connected Rieman-
nian manifold is a Hadamard space if and only if its sectional curvature is nonpositive
everywhere.

Following [79], it was shown in [91, Proposition 2.10] and [52, Appendix A] that Z (R") is
an Alexandrov space of nonnegative curvature for every n € N; more generally, if (X, dy) is
an Alexandrov space of nonnegative curvature then so is &% (X). It therefore follows from
Theorem 1 that there exists an Alexandrov space (Y, dy) of nonnegative curvature that
contains a bi-Lipschitz copy of the 1/2-snowflake of every finite metric space, with distortion
at most 1 + ¢ for every ¢ > 0. When this happens, we shall say that (Y, dy) is 1/2-snowflake
universal.

1.4. Subsets of Alexandrov spaces

It is a longstanding open problem, stated by Gromov in [31, Section 1.194] and [32,
§15(b)], as well as in, say, [25, 1, 92], to find an intrinsic characterization of those metric spaces
that admit a bi-Lipschitz, or even isometric, embedding into an Alexandrov space of either
nonnegative or nonpositive curvature.

Berg and Nikolaev [8, 9] (see also [87]) proved that a complete metric space (X, dy) is a
Hadamard space if and only if it is geodesic and every x1, x5, X3, x4 € X satisfy

(3) dx(x1,x3)* + dx (x2,x4)® < dx (x1,x2)* + dx (x2,x3)* + dx (x3,x2)* + dx (x4, x1)*.

Inequality (3) is known in the literature under several names, including Enflo’s “roundness 2
property” (see [23]), “the short diagonal inequality” (see [54]), or simply “the quadrilateral
inequality,” and it has a variety of important applications. Another characterization of this
nature is due to Foertsch, Lytchak and Schroeder [25], who proved that a complete metric
space (X, dy) isa Hadamard space if and only if it is geodesic, every xp, x», X3, x4 € X satisfy
the inequality

4) dx (x1,x3) - dx (x2,x4) < dx(x1,x2) - dx (x3, x4) + dx (x2,x3) - dx (x1, X4),

and if w is a metric midpoint of x; and x, and z is a metric midpoint of x3 and x4 then we
have

) dy(w,z) <

dx (x1, x3) + dx (x2, x4)
7 .
(4) is called the Ptolemy inequality [26], and condition (5) is called Busemann convexity [19].
Turning now to characterizations of nonnegative curvature, Lebedeva and Petrunin [47]
proved that a complete metric space (X, dy) is an Alexandrov space of nonnegative curvature
if and only if it is geodesic and every x, y, z, w € X satisfy

dy (x,y)? + dx(x.2)> + dx (y.2)?
3 .
Another (related) important characterization of Alexandrov spaces of nonnegative curvature

asserts that a metric space (X, dx) is an Alexandrov spaces of nonnegative curvature if and
only if it is geodesic and for every finitely supported X -valued random variable Z we have

(6) Eldx(Z.2/?] <2 inf E[dx(Z.x)’].

dx (x, w)* 4+ dx (y, w)? + dx (z, w)? >
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SNOWFLAKE UNIVERSALITY OF WASSERSTEIN SPACES 661

where Z’ is an independent copy of Z. The above characterization is due to Sturm [89], with
the fact that nonnegative curvature in the sense of Alexandrov implies the validity of (6) being
due to Lang and Schroeder [46]. Following e.g., [99], condition (6) (which we shall use in
Section 3) is therefore called the Lang-Schroeder-Sturm inequality.

The above statements are interesting characterizations of spaces that are isometric to
Alexandrov spaces of either nonpositive or nonnegative curvature, but they fail to char-
acterize subsets of such spaces, since they require additional convexity properties of the
metric space in question, such as being geodesic or Busemann convex. These assump-
tions are not intrinsic because they stipulate the existence of auxiliary points (metric
midpoints) which may fall outside the given subset. Furthermore, these characterizations
are isometric in nature, thus failing to address the important question of understanding
when, given D € (1,00), a metric space (X, dy) embeds with distortion at most D into
some Alexandrov space of either nonpositive or nonnegative curvature. One can search
for such characterizations only among families of quadratic metric inequalities, as we shall
now explain; in our context this is especially natural because the Definitions (1) and (2) are
themselves quadratic.

1.4.1. Quadratic metric inequalities. — Forn € Nand A = (a;;), B = (b;j), n by n matrices
in M, (R) with nonnegative entries, say that a metric space (X, dy) satisfies the (A4, B)-qua-

dratic metric inequality if for every x1,...,x, € X we have
n n n n
IO aydx (xixp)* < Y0 bijdx (xix)).
i=1j=1 i=1,j=1

The property of satisfying the (A, B)-quadratic metric inequality is clearly preserved by
forming Pythagorean products, i.e., if (X, dx) and (Y, dy) both satisfy the (A, B)-quadratic
metric inequality then so does their Pythagorean product (X @ Y),. Here (X & Y ), denotes
the space X x Y, equipped with the metric that is defined by

Y(a,b), (o, B) € X x Y, dixery, ((@.b), (@, B)) = Vdx(a,a)? + dy (b, f)2.

The (A, B)-quadratic metric inequality is also preserved by ultraproducts (see e.g., [39,
Section 2.4] for background on ultraproducts of metric spaces), and it is a bi-Lipschitz
invariant in the sense that if (X, dy ) embeds with distortion at most D € [1, co) into (Y, dy),
and (Y,dy) satisfies the (A, B)-quadratic metric inequality then (X,dy) satisfies the
(A, D? B)-quadratic metric inequality.

def

The following proposition is a converse to the above discussion.

PROPOSITION 3. — Let .F be a family of metric spaces that is closed under dilation and
Pythagorean products, i.e., if (U,dy),(V,dy) € F ands € (0,00) then also (U,sdy) € F
and (U@ V), € Z. Fix D € [1,00) andn € N. Then an n-point metric space (X, dx) satisfies

inf cy(X)< D
Y, dy)eZF

if and only if for every two n by n matrices A, B € M, (R) with nonnegative entries such that
every (Z,dz) € F satisfies the (A, B)-quadratic metric inequality, we also have that (X, dx)
satisfies the (A, D? B)-quadratic metric inequality.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



662 A. ANDONI, A. NAOR AND O. NEIMAN

The proof of Proposition 3 appears in Section 4 below and consists of a duality argument
that mimics the proof of Proposition 15.5.2 in [54], which deals with embeddings into Hilbert
space.

REMARK 4. — It is a formal consequence of Proposition 3 that if the family of metric
spaces .% is also closed under ultraproducts, as are Alexandrov spaces with upper or lower
curvature bounds (see e.g., [39, Section 2.4]), then one does not need to restrict to finite
metric spaces. Namely, in this case a metric space (X, dy) admits a bi-Lipschitz embedding
into some (Y,dy) € .% if and only if there exists D € [1,00) such that (X, dy) satisfies
the (4, D?B)-quadratic metric inequality for every two n by n matrices 4, B € M,(R)
with nonnegative entries such that every (Z,dz) € .% satisfies the (A4, B)-quadratic metric
inequality.

REMARK 5. — The Ptolemy inequality (4) is not a quadratic metric inequality, yet it
holds true in any Hadamard space. Proposition 3 implies that the Ptolemy inequality could
be deduced from quadratic metric inequalities that hold true in Hadamard spaces. This is
carried out explicitly in Section 5 below, yielding an instructive proof (and strengthening) of
the Ptolemy inequality in Hadamard spaces that is conceptually different from its previously
known proofs [25, 17].

Theorem 1 implies that all the quadratic metric inequalities that hold true in every Alexan-
drov space of nonnegative curvature “trivialize” if one does not square the distances. Specifi-
cally, since 9% (R?) is an Alexandrov space of nonnegative curvature, the following statement
is an immediate consequence of Theorem 1.

THEOREM 6. — Suppose that A, B € M, (R) are n by n matrices with nonnegative entries
such that every Alexandrov space of nonnegative curvature satisfies the (A, B)-quadratic metric
inequality. Then for every metric space (X, dx) and every x1, ..., x, € X we have

(7) ZZaijdX(xi,Xj) gzzbijdX(xi»xj)

i=1j=1 i=1j=1

While Theorem 6 does not answer the question of characterizing those quadratic metric
inequalities that hold true in any Alexandrov space of nonnegative curvature, it does show
that such inequalities rely crucially on the fact that distances are being squared, i.e., if one
removes the squares then one arrives at an inequality (7) which must be nothing more than
a consequence of the triangle inequality.

Obtaining a full characterization of those quadratic metric inequalities that hold true in
any Alexandrov space of nonnegative curvature remains an important challenge. Many such
inequalities are known, including, as shown by Ohta [77], Markov type 2 (note, however,
that the supremum of the Markov type 2 constants of all Alexandrov spaces of nonnegative
curvature is an unknown universal constant [78]; we obtain the best known bound on this
constant in Corollary 26 below). Another family of nontrivial quadratic metric inequalities
that hold true in any Alexandrov space of nonnegative curvature is obtained in [3], where it
is shown that all such spaces have Markov convexity 2. By these observations combined with
the nonlinear Maurey-Pisier theorem [58], we know that there exists ¢ < oo such that any
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SNOWFLAKE UNIVERSALITY OF WASSERSTEIN SPACES 663

Alexandrov space of nonnegative curvature has metric cotype ¢. It is natural to conjecture
that one could take ¢ = 2 here, but at present this remains open. For more on the notions
discussed above, i.e., Markov type, Markov convexity and metric cotype, as well as their
applications, see the survey [67] and the references therein.

The above discussion in the context of Hadamard spaces remains an important open
problem. At present we do not know of any metric space (X,dx) such that the metric
space (X, +/dyx) fails to admit a bi-Lipschitz embedding into some Hadamard space. More
generally, while a variety of nontrivial quadratic metric inequalities are known to hold true in
any Hadamard space, a full characterization of such inequalities remains elusive. In Section 5
below we formulate a systematic way to generate such inequalities, posing the question
whether the hierarchy of inequalities thus obtained yields a characterization of those metric
spaces that admit a bi-Lipschitz embedding into some Hadamard space.

1.4.2. Uniform, coarse and quasisymmetric embeddings. — A metric space (X, dy) is said to
embed uniformly into a metric space (Y, dy) if there exists an injection f : X — Y such
that both f and f~! are uniformly continuous. (X,dy) is said [30] to embed coarsely
into (Y, dy) if there exists f : X — Y and nondecreasing functions «, 8 : [0, c0) — [0, 00)
with lim; oo () = oo such that

®) Vx.yeX,  adx(x.y)) <dy(f(x), f(y) < Bldx(x,)).

(X, dy) is said [10, 94] to admit a quasisymmetric embedding into (Y, dy) if there exists an
injection f : X — Y and 5 : (0,00) — (0, 00) with lim;—o n(z) = 0 such that for every
distinct x, y,z € X,

dy (f(x). fV) _ . (dx(x,y))

dy (f(x), f(z)) ~ "\dx(x,2) )"

A direct combination of Theorem 1 with the results of [58, 66] shows that 2% (R3) does
not embed even in the above weak senses into any Banach space of nontrivial (Rademacher)
type; we refer to the survey [55] and the references therein for more on the notion of type of
Banach spaces. In particular, %% (R?) fails to admit such embeddings into any L,(u) space
for finite p (for the case p = 1, use the fact that the 1/2-snowflake of an L;(u) space
embeds isometrically into a Hilbert space; see [97]), or, say, into any uniformly convex Banach
space. [t remains an interesting open question whether or not these assertions also hold true
for 2 (R?).

THEOREM 7. — If p > 1 then 22,(R3) does not admit a uniform, coarse or quasisymmetric
embedding into any Banach space of nontrivial type.

Note that a positive resolution of a key conjecture of [58], namely the first question in
Section 8 of [58], would “upgrade” Theorem 7 to the (best possible) assertion that % (R3)
does not admit a uniform, coarse or quasisymmetric embedding into any Banach space of
finite cotype.

REMARK 8. — Very few other examples of Alexandrov spaces of nonnegative curvature
with poor embeddability properties into Banach spaces are known, all of which are not
known to satisfy properties as strong as the conclusion of Theorem 7. Specifically, in [3]

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



664 A. ANDONI, A. NAOR AND O. NEIMAN

it is shown that 9% (R?) fails to admit a bi-Lipschitz embedding into L;. A construc-
tion with stronger properties follows from the earlier work [38], combined with the recent
methods of [68]. Specifically, it follows from [38] and [68] that for every n € N there exists
a lattice A, € R”" of rank n such that if we consider the following infinite Pythagorean
product of flat tori

9) 7% (@R"/A,,)
n=1

then 7 fails to admit a uniform or coarse embedding into a certain class of Banach spaces
that includes all Banach lattices of finite cotype and all the noncommutative L, spaces for
finite p > 1. Since for every n € N the sectional curvature of R” /A, vanishes, it is an
Alexandrov space of nonnegative curvature, and therefore so is the Pythagorean product 7.
It remains an interesting open question whether or not .7 admits a uniform, coarse or
quasisymmetric embedding into some Banach space of nontrivial type, and, for that matter,
even whether or not .7 is 1/2-snowflake universal. We speculate that the answer to the latter
question is negative.

2

1.4.3. Expanders withrespect to Alexandrov spaces. — Fixing an integer k > 3, an unbounded
sequence of k-regular finite graphs {(V;, E;)}7Z, is said to be an expander with respect to a
metric space (X, dx) if for every j € Nand {xy}yey; € X we have

(10) S TC e UL S A

.12
|V]| (w,v)eV;xV; | J| {u,v}€E;

Unless X is a singleton, a sequence of expanders with respect to (X, dy) must also be a
sequence of expanders in the classical (combinatorial) sense. See [74, 61, 62, 68, 76] and
the references therein for background on expanders with respect to metric spaces and their
applications.

In contrast to the case of classical expanders, the question of understanding when a metric
space X admits an expander sequence seems to be very difficult (even in the special case
when X is a Banach space), with limited availability of methods [53, 80, 42, 43, 61, 50, 68, 62,
64] for establishing metric inequalities such as (10). Theorem 1 implies that &7, (R?) fails to
admit a sequence of expanders for every p € (1, 00). The particular case p = 2 establishes
for the first time the (arguably surprising) fact that there exists an Alexandrov space of
nonnegative curvature with respect to which expanders do not exist.

THEOREM 9. — For p > 1 no sequence of bounded degree graphs is an expander with respect
10 Zy(R3).

To deduce Theorem 9 from Theorem 1, use an argument of Gromov [33] (which is repro-
duced in [61, Section 1.1]), to deduce that if {G, = (V;, E,)}52, were a k-regular expander
with respect to Z2,(R?) then, denoting the shortest-path metric that G, induces on V;, by d,,
(the assumption that G, is an expander with respect to a non-singleton metric space implies
that it is a classical expander, hence connected), the metric spaces {(V,, d»)}52, fail to admit
a coarse embedding into 22, (R?) with any moduli &, 8 : [0, 00) — [0, 00) as in (8) that are
independent of n. This contradicts the fact that by Theorem 1 we know that for every n € N
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the finite metric space (Vy, d,) embeds coarsely into 2, (R*) with moduli a(¢) = t1/7 and,
say, B(1) = 2t/7.

The above question for Hadamard spaces remains an important open problem which goes
back at least to [33, 74]. See [62] for more on this theme, where it is shown that there exists
a Hadamard space with respect to which random regular graphs are asymptotically almost
surely not expanders. We also ask whether or not the Alexandrov space of nonnegative
curvature .7 of Remark 8 admits a sequence of bounded degree expanders; we speculate that
it does.

1.5. The universality problem for 7, (R¥)

A metric space (Y, dy) is said to be (finitely) universal if there exists K € (0, oo) such that
cy (X) < K for every finite metric space (X, dx).

In [13] Bourgain asked whether (£ (R?), W) is not universal. He actually formulated
this question as asking whether a certain Banach space (namely, the dual of the Lipschitz
functions on the square [0, 1]?), which we denote for the sake of the present discussion
by Z, has finite Rademacher cotype, but this is equivalent to the above formulation in
terms of the universality of (7 (R?), W;). It is not necessary to be familiar with the notion
of cotype in order to understand the ensuing discussion, so readers can consider only the
above formulation of Bourgain’s question. However, for experts we shall now briefly justify
this equivalence. For Banach spaces the property of not being universal is equivalent to
having finite Rademacher cotype, as follows from Ribe’s theorem [86] and the Maurey-
Pisier theorem [56]. As explained in [73], every finite subset of Z embeds into & (R?) with
distortion arbitrarily close to 1, and, conversely, every finite subset of Z (R?) embeds into Z
with distortion arbitrarily close to 1. Hence Z is universal if and only if # (R?) is universal.
So, Z has finite Rademacher cotype if and only if Z (R?) is not universal.

Bourgain proved in [13] that (2% (€1), W;) is universal (despite the fact that £; is
not universal), but it remains an intriguing open question to determine whether or not
(2, (R¥), W) is universal for any finite k € N, the case k = 2 being most challenging.
Here we show that Wasserstein spaces do exhibit some universality phenomenon even
when the underlying metric space is a finite dimensional Euclidean space, but we fall short
of addressing the universality problem for 27 (R¥). Specifically, Theorem 1 asserts that
(Z,(R?), W,,) is universal with respect to 1/ p-snowflakes of metric spaces, and if p € (1, 2]
then this cannot be improved to a-snowflakes for any « > 1/p, by Theorem (2). The
1/ p-snowflake of (X, dx) becomes “closer” to (X, dy) itself as p — 1, and at the same time
(2,(R3), W,,) becomes “closer” to (£ (R?), W), but Theorem 1 fails to imply the univer-
sality of (2, (R3), W) because the embeddings that we construct in Theorem 1 degenerate
asp — 1.

REMARK 10. — The universality problem for £ (R¥) belongs to longstanding traditions
in functional analysis. As Bourgain explains in [13], one motivation for his question is an idea
of W. B. Johnson to “linearize” bi-Lipschitz classification problems by examining the geom-
etry of the corresponding Banach spaces of Lipschitz functions defined on the metric spaces
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in question. For this “functorial linearization” to succeed, one needs to sufficiently under-
stand the linear structure of the spaces of Lipschitz functions on metric spaces, but unfortu-
nately these are wild spaces that are poorly understood. The universality problem for 22 (R¥)
highlights this situation by asking a basic geometric question (universality) about the dual
of the space of Lipschitz functions on R¥. Despite these difficulties, in recent years the above
approach to bi-Lipschitz classification problems has been successfully developed, notably by
Godefroy and Kalton [28] who, among other results, deduced from this approach that the
Bounded Approximation Property (BAP) is preserved under bi-Lipschitz homeomorphisms
of Banach spaces. In addition to being motivated by potential applications, the universality
problem for 2 (R¥) relates to old questions on the structure of classical function spaces:
here the spaces in question are the Lipschitz functions on R¥, which are closely related to the
spaces C ' (R¥) whose linear structure (in particular its dependence on k) remains a major
mystery that goes back to Banach’s seminal work. Understanding the universality of clas-
sical Banach spaces and their duals has attracted many efforts over the past decades, notable
examples of which include work [81, 11] on the (non)universality of the dual of the Hardy
space H>(S!), work [95, 82, 40, 14] on the universality of the span in C(G) of a subset of
characters of a compact Abelian group G, and work [93, 83, 16] on the universality of projec-
tive tensor products. Despite these efforts, understanding the universality of 22 (R¥) (equiv-
alently, whether or not the dual of the space of Lipschitz functions on R¥ has finite cotype)
remains a remarkably stubborn open problem.

Our proof of Theorem 1 relies on the fact that the underlying Euclidean space is (at least)
3-dimensional, so it remains open whether or not, say, the 1/2-snowflake of every finite
metric space embeds with O(1) distortion into (%% (R?), W). In [3] it is proved that every
finite subset of the metric space (Z (R?), ~/W;), i.e., the 1/2-snowflake of (2 (R?), W;),
embeds with O(1) distortion into (%% (R?), W,). Thus, if (2 (R?), W) were universal (i.e.,
if the universality problem for 2 (R?) had a negative answer) then it would follow that the
1/2-snowflake of every finite metric space embeds with O(1) distortion into (% (R?), Wa).

REMARK 11. — Another interesting open question is whether or not 22 (R?) (or 2 (R?)
for that matter) is 1/2-snowflake universal. There is a perceived analogy between the spaces
Pp(X) and Lp(pn) spaces, with the spaces &,(X) sometimes being referred to as the
geometric measure theory analogs of L,(u) spaces. It would be very interesting to investi-
gate whether or not this analogy could be put on firm footing. As an example of a concrete
question along these lines, since L, is isometric to a subspace of L,, we ask for a char-
acterization of those metric spaces X for which &% (X) admits a bi-Lipschitz embedding
into &, (X), or, less ambitiously, when does there exist D(X) € [1, oco) such that every finite
subset of 2 (X) embeds into &, (X) with distortion D(X). If this were true when X = R3
or X = R2 (it is easily seen to be true when X = R) and p = 1 then it would follow
from Theorem 1 that 2 (R3) (respectively & (R?)) is 1/2-snowflake universal. By [58], this,
in turn, would imply that 22 (R3) (respectively 2, (R?)) fails to admit a coarse, uniform
or quasisymmetric embedding into L, thus strengthening results of [73] via an approach
that is entirely different from that of [73]. There are many additional open questions that
follow from the analogy between Wasserstein p spaces and L, (1) spaces, including various
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questions about the evaluation of the metric type and cotype of &7,(X); see Question 23
below for more on this interesting research direction.

1.5.1. Towards the metric cotype dichotomy problem. — The following theorem was proved
in [58]; see [57, 63, 60] for more information on metric dichotomies of this type.

THEOREM 12 (Metric cotype dichotomy [58]). — Let (X,dx) be a metric space that
isn’t universal. There exists a(X) € (0,00) and finite metric spaces {(M,, dum,)}5>, with
limy, 00 | M| = 00 and

VneN,  ex(My) > (log|M,)*™.

A central question that was left open in [58], called the metric cotype dichotomy problem, is
whether the exponent «(X) € (0, oo) of Theorem 12 can be taken to be a universal constant,
ie.,

QUESTION 13 (Metric cotype dichotomy problem [58]). — Does there exist « € (0, 1]
such that every non-universal metric space X admits a sequence of finite metric spaces
{(My, du, )35, with lim, o |My| = oo that satisfies cx (M) > (log |M,|)*?

It is even unknown whether or not in Question 13 one could take @ = 1 (by Bourgain’s
embedding theorem [12], the best one could hope for here is & = 1). A positive answer to
the following question would resolve the metric cotype dichotomy problem negatively; this
question corresponds to asking if Theorem 2 is sharp when p € (1,2] and o = 1 (the same
question when @ € (1/p, 1) is also open).

QUESTION 14, — Isittruethatfor p € (1,2] and n € Nevery n-point metric space (X, dx)
satisfies

_1
¢, @3)(X) Sp (logn)' =72

A positive answer to Question (14) would imply that a(Z2,(R3)) < 1 — 1/p, using the
notation of Theorem 12. Taking p — 17, it would therefore follow that there is no o > 0 as
in Question 13.

We believe that Question 14 is an especially intriguing challenge in embedding theory
(for a concrete and natural target space) because a positive answer, in addition to resolving
the metric cotype dichotomy problem, would require an interesting new construction, and a
negative answer would require devising a new bi-Lipschitz invariant that would serve as an
obstruction for embeddings into Wasserstein spaces.

Focusing for concreteness on the case p = 2, Question 14 asks whether ¢ g, g3)(X) S \/@
for every n-point metric space (X, dy). Note that Theorem 1 implies that (X, dx) embeds
into %% (R3) with distortion at most the square root of the aspect ratio of (X, dx), that is

diam(X, dx)
min dx (x,y)’
x,yeX

x#y

but we are asking here for the largest possible growth rate of the distortion of X into % (R3)
in terms of the cardinality of X. While for certain embedding results there are standard

(11) C( @3 Wa) (X, dx) <
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methods (see e.g., [6, 34, 59]) for replacing the dependence on the aspect ratio of a finite
metric space by a dependence on its cardinality, these methods do not seem to apply to our
embedding in (11). See Section 6 below for further discussion.

2. Proof of Theorem 1

In what follows fix n € N and an n-point metric space (X, dx). Write X = {x1,...,X,}
and fix ¢ : {1,...,n} x {1,...,n} — {1,...,n?} to be an arbitrary bijection between
{1,...,n} x {1,...,n} and {1,...,n2}. Below it will be convenient to use the following
notation.

(12) m % min dy(x,y)? and MY max dx (x. )7
x,y€X X, Y€

x#y
Fix K € N. Denoting the standard basis of R3 by e; = (1,0,0), e2 = (0,1,0), e3 = (0,0, 1),

for every i,j € {l1,...,n} with i < j define five families of points in R3 by setting
fors € {0,..., K},

def Ml Mo, j)s

13) 0l j) & Zle 4 2SS,
mk.
(14)  02(, )deszl Mez_,_ﬂ%’
n m mK
19 g3yt MOUZD 2 KD (Kool | MOGD), M,
a6 0t M, M), ME-—y
" m mK
an 0% e, MK =99G.))

mK
Then Qg (i.j) = Q3(i.j). Qx(i.j) = Q5. j) and Q% (i.j) = Q3. ), so the total
number of points thus obtained equals 5(K + 1) —3 = 5K + 2.

Define % C R3 by setting

(18) 2= | @
tje{l ..... n}
i<j
where for every i, j € {1,...,n} withi < j we write
K
(19) i €\ J {01 ). Q2. ). 02 j). Q. /). 036 )} -
§=0

Hence |%;;| = 5K + 2. We also define ¥ C R? by
def .
(20) € = %\%—elzze{l,...,n} .

Note that by (13) we have (Mi/m)e; = Q3G j)ifi,j € {1,...,n}satisfyi < j,and by (17)
we have (Mi/m)ey = Q% (€,i)if£,i € {1,...,n} satisfy £ < i. Thus % corresponds to
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removing from 2 those points that lie on the x-axis. In what follows, we denote N = |€|+ 1.
Finally, for everyi € {1,...,n} we define €; € R3 by

e Mi
1) %idzf%u{—lel}.
m
Hence |%;| = N. Our embedding f : X — £2,(R?) will be given by
. def 1
(22) Vielh ok S =5 Y b
UETG;

where, as usual, §, is the point mass at u. Thus f(x;) is the uniform probability measure
over ;. A schematic depiction of the above construction appears in Figure 1 below.

1
Ay (x5, %,)P
[—Aﬁ

(X OxPp
l_h

X4 dx(x3,%s) X3 M 2M 3au M,
m m 1 m

FIGURE 1. A schematic depiction of the embedding f : X — WP(R3) for a four-
point metric space (X,dy) = ({x1,x2,x3,x4},dx). Here the x-axis is the hori-
zontal direction, the z-axis is the vertical direction and the y-axis is perpendicular
to the page plane. Recall that m and M are defined in (12).

Lemma 15 below estimates the distortion of f, proving Theorem 1.

LEMMA 15. — Fixe € (0,1) and p € (1,00). Let f : X — 2P,(R?) be the mapping
appearing in (22), considered as a mapping from the snowflaked metric space (X, dy ?) to the
metric space (2,(R®),Wp,). Then, recalling the definitions of m and M in (12), we have

5MPn2p
(23) K> (—”

1
—1
re ) = dist(f) < 1 +e.

Proof. — We shall show that under the assumption on K that appears in (23) we have
(24)

Vi, jefl,... nl, (M)p <SW,(f(xi). f(x) < (1 +e)(

mPN

where we recall that we defined N to be equal to |¢’| 4+ 1 for € given in (20). Clearly (24)
implies that dist( /) < 1 + &, as required.

mPN

dx(xi,xj'))‘l’
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To prove the right hand inequality in (24), suppose that i, j € {1,...,n} satisfyi < j and
consider the coupling 7 € IT(f(x;), f(x;)) given by

K—
25 w1 (g3 +8 8
(25) T Z Qé(t 0Ly G, j)) (0%G,/,03G.)) + Z () |

t=1 s=0 UEC\B;;

where for (25) recall (19) and (20). The meaning of (25) is simple: the supports of f(x;) and
f(x;) equal 6; and %}, respectively, where we recall (21). Note that 4; \6; = {Q4(, j)} and
€ \ 6 = {Qx(i. )}, where we recall (13) and (17). So, the coupling 7 in (25) corresponds
to shifting the points in %;; from the support of f(x;) to the support of f(x;) while keeping
the points in ¢ \ %;; unchanged.

Now, recalling the Definitions (13), (14), (15), (16) and (17),

(26)

W, (f (). f()7 < /[ lx — yllZdr(x. y)
R3xR3

5 K- 2 (; 1) _ 3. \|IP
= N Z Z | 0L, j) — QLy G )5 + 0%, j) NQO(ZJ)”2~
t=1 s=0
Note that if s € {0, ..., K — 1} then by (13), (14), (16), (17) we have
Mo, i M
re s = 016, - 0], = R < o

@ mK = mK
te(2.4) = 0L ) - 0L )|, =

Also, by (14) and (15) we have

mK’

dy (v, %) P
(28) 103G /) - 036, ), = XX)”

m

Finally, by (15) for every s € {0, ..., K — 1} we have

MG —i)  dx(xi.x;)? _ Mn
mK mK ~ mK

where in the first step of (29) we used the fact that M (j —i) —dx (x;, xj)l/P > 0, which holds
true by the definition of M in (12) because j —i > 1. A substitution of (27), (28) and (29)
into (26) yields the estimate

dx (x;, x; 5K ’
W (f(x0). f(x})? < %* N (mK)

n 5MPn?P dx (x;, x;)
KP=Vdy (x;,x;) )  mPN

(29) 103G, j) = 031G ), =

)

dX(x,-,xj)
mPN '

< (1 + pe)

where we used the fact that by the definition of m in (12) we have m? < dx(x;, x;), and
the lower bound on K that is assumed in (23). This implies the right hand inequality in (24)
because 1 + pe < (1 + ¢)”?.

4¢ SERIE - TOME 51 —2018 - N° 3



SNOWFLAKE UNIVERSALITY OF WASSERSTEIN SPACES 671

Passing now to the proof of the left hand inequality in (24), we need to prove that for

every i, j € {l,...,n} withi < j we have
? dx (xi, x;)
(30) Ve II(f(xi), f(x))), lx = yllzdm(x, y) > ————.
R3xR3 mPN

Note that we still did not use the triangle inequality for dx, but this will be used in the proof
of (30). Also, the reason why we are dealing with &2,(R?) rather than £, (IR?) will become
clear in the ensuing argument.

Recall that the measures f(x;) and f(x;) are uniformly distributed over sets of the same
size, and their supports ¢; and €; (respectively) satisfy ¢; A 6; = {(Mi/m)e;, (Mj/m)e;}.
Since the set of all doubly stochastic matrices is the convex hull of the permutation matrices,
and every permutation is a product of disjoint cycles, it follows that it suffices to establish the
validity of (30) when & = & D S8ug_ g forsome L € {1,...,N}and uy,...up—1 €%,
where we set ug = (Mi/m)ey and uy, = (Mj/m)e;. With this notation, our goal is to show
that

L

dx (x;,x;)
— p > Ayl
E_l lug —ue—1ll5 = N

1
(31 v

Forevery a € {1,...,n} define ., € R3 by .%, def&“ U.#2, where

n K
(32) 1= U {(0ka.b). 02(a. b},
b=a+1s=0
and
a—1 K
(33) 2 U | {Q3(c.a). Q4(c.a). Q3(c.a)} .
c=1s5=0

Thus, recalling (18), the sets .71, ...,.%, form a partition of & and a € ., for every
a€f{l,...,n}. For every £ € {0,...,L} let a(f) be the unique element of {1,...,n} for
which uy € # ). Then a(0) =i and a(L) = j. The left hand side of (31) can be bounded
from below as follows

1 & 1q
(34) ~ 2 e =l > min {lu— vl
— —/UES G (t—1)
t=1 A= VESL4(0)
We shall show that
d ,
(35) Vabe{l....nh Yu.v) € Sux Ty Ju—v|l > X(x—pxb)
m

The validity of (35) implies the required estimate (31) because, by (34), it follows from (35)
and the triangle inequality for dx that

L

L . .
T 2 e — el > Z "““ = fa) o dxlxi )

mP N
=1 (i=1
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It remains to justify (35). Suppose thata, b € {1,...,n} satisfya < b and (u,v) € .S, X Sp.
Write u = Q%(c,d) and v = QX(y,6) for some s,0 € {0,...,K},t,7 € {l1,...,5} and
c,d,y,6 €{l,...,n}.

We shall check below, via a direct case analysis, that the absolute value of one of the three
coordinates of u—v is either at least M/m or at least dx (x4, x3)'/? /m. Since by the definition
of M in (12) we have M > dx (x,, x3)"/?, this assertion will imply (35).

Suppose first that 7,7 € {1,2,4,5}. By comparing (32), (33) with (13), (14), (16), (17)
we see that (u,e;) = Ma/m and (v,e;) = Mb/m. Since b —a > 1, this implies that
(u —v,e1) = M/m, as required.

If ¢t = t = 3 then by (33) we necessarily have d = a and § = b. Hence (¢, d) # (y,§) and
therefore |¢p(c,d) — ¢ (y,8)| > 1, since ¢ is a bijection between {1,...,n} x {1,...,n} and
{1,...,n%}. By (15) we therefore have |(u — v, e;)| > M/m, as required.

It remains to treat the case r # tand 3 € {¢, t}. If {¢, t} C {1, 3, 5} then by contrasting (15)
with (13) and (17) we see that the third coordinate of one of the vectors u, v vanishes while
the third coordinate of the other vector equals M/m. Therefore [(u — v,e3)| > M/m, as
required. The only remaining case is {z, 7} C {2, 3, 4}.

In this case [(u—v, e2)| = M|p(c,d)—¢(y,8)|/m, by (15), (14), (16). So, if (¢, d) # (v, 6)
then |¢p(c,d)—¢(y,8)| > 1, and we are done. We may therefore assume that¢c = yandd = 4.
Observe that by (33) if {#, 7} = {3,4} then {d, §} = {a, b}, which contradicts d = §. So, we
also necessarily have {z, T} = {2, 3}, in which case, since a < b, by (32) and (33) we see that
¢ =vy=aandd = § = b. By interchanging the labels s and o if necessary, we may assume
thatu = Q2(a,b) and v = Q3(a, b). By (14) and (15) we therefore have

M(s(b—a) +Ka) (K — 5)dx (Xa, Xp) 7 _Ma

(v—uen) = mK mK m
_ dx(ax)? | sM(b—a) = sdx (xa.35)7 _ dy(xa.30)7
- m mK - m ’

where we used the fact that by (12) we have M > dx (x4, x3)"/?, and that b —a > 1. This
concludes the verification of the remaining case of (35), and hence the proof of Lemma 15 is
complete. O

3. Sharpness of Theorem 1

The results of this section rely crucially on K. Ball’s notion [5] of Markov type. We
shall start by briefly recalling the relevant background on this important invariant of metric
spaces, including variants and notation from [68] that will be used below.

Let {Z;}32,, be a Markov chain on the state space {1,...,n} with transition probabilities
aijj = Pr{Z;11=jlZ; =i]foreveryi,j € {1,...,n}. {Z;}?2, is said to be stationary
if ;; = Pr[Z; =i] does not depend on ¢ € {l,...,n} and it is said to be reversible if
ma;j = wjaj; foreveryi, j e {1,...,n}.

Let {Z;}92, be the Markov chain that starts at Z, and then evolves independently
of {Z}32, with the same transition probabilities. Thus Zj = Z, and conditioned on Z, the
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random variables Z, and Z; are independent and identically distributed. We note for future
use that if {Z;}?2, as above is stationary and reversible then for every symmetric function
vi{l,...,n} x{1,...,n} > Randevery ¢t € N we have

(36) E[Y(Z:. Z))] = E[V/(Z21. Zo)]-

This is a consequence of the observation that, by stationarity and reversibility, conditioned
on the random variable Z; the random variables Zy and Z,; are independent and identically
distributed. Denoting A = (a;;) € M,(R), the validity of (36) can be alternatively checked
directly as follows:

37  E[W(Z.Z)] =E[E[Y(Z.Z)|Zo]] = Y. Y 3 mAL ALY (k)

i=1j=1k=1

n n n n n
2y ﬂf(ZAﬁiAﬁk)w(j,m =D D mARY k).
j=lk=1 i=1 j=lk=1
where (x) uses the reversibility of the Markov chain {Z;}?2, through the validity of
m Al = m; AL, forevery i, j € {1,...,n}. The final term in (37) equals the right hand
side of (36), as required.

Given p € [1,00), a metric space (X,dx) and m € N, the Markov type p constant
of (X, dx) at time m, denoted M, (X, dx;m) (or simply M,(X;m) if the metric is clear from
the context) is defined to be the infimum over those M € (0, 00) such that for every n € N,
every stationary reversible Markov chain {Z,}72, with state space {1,...,n}, and every

f:Al,...,n} - X we have
Eldx (f(Zm). f(Zo)?] < MPmE[dx (f(Z1). f(Z))"].

Observe that by the triangle inequality we always have
Mpy(X;m) < ml_%.

As we shall explain below, any estimate of the form M, (X;m) Sx mffor <1—1/pisa
nontrivial obstruction to the embeddability of certain metric spaces into X, but it is especially
important (e.g., for Lipschitz extension theory [5]) to single out the case when M, (X;m) Sy 1.
Specifically, (X, dx) is said to have Markov type p if

My (X, dy) & sup M, (X, dyx:m) < 0o.
meN

M, (X, dx) is called the Markov type p constant of (X, dx), and it is often denoted simply
M, (X) if the metric is clear from the context.

The Markov type of many important classes of metric spaces is satisfactorily understood,
though some fundamental questions remain open; see Section 4 of the survey [67] and the
references therein, as well as more recent progress in e.g., [22]. Here we study this notion
in the context of Wasserstein spaces. The link of Markov type to the nonembeddability of
snowflakes is simple, originating in an idea of [51]. This is the content of the following lemma.

LEMMA 16. — Fix a metric space (Y,dy), m € N, K, p € [1,00) and 0 € [0, 1]. Suppose
that
6(p=1)

(38) M,(Y;m)< Km—»
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Denote n = 2*™. Then there exists an n-point metric space (X, dx) such that

1 —1 1
S [M, 1:| — CY(X, d;) Z E(logn)a_
p

1+60(p—1)
P

Proof. — Take (X,dyx) = ({0, 13*" || - 1), i.e., X is the 4m-dimensional discrete hyper-
cube, equipped with the Hamming metric. Thus |X| = n. Let {Z;}72, be the standard
random walk on X, with Z, distributed uniformly over X. Suppose that f : X — Y satis-
fies

(39) Vx,yeX,  slx—=ylf <dv(f(x), f(y) < Dsllx =y}
for some s, D € (0, 00). Our goal is to bound D from below. By the definition of M, (Y ; m),

(40) E[dy (f(Zu). f(Zo)?] S KPm"HPDE[dy (£(Z)). £(Z0))"].
By the right hand inequality in (39) we have
(41) E[dy (f(Z1). [(Z0))?] < DPsPE[||Z) = Zo||{"] = DPs”.

At the same time, it is simple to see (and explained explicitly in e.g., [72] or [67, Section 9.4])
that E[|| Z,, — Zol|$”] = (nm)®? for some universal constant 1 € (0, 1). Hence,

(39
(42) Eldy (f(Zm), f(Zo)?] = SPE[[|Zm — Zol$"] Z sP (nm)*P.
The only way for (41) and (42) to be compatible with (40) is if
1 - 1 -
Dz Em“_”re(ﬂp 2 E(logn)“_lw(pp 2 O

REMARK 17. — In Lemma 16 we took the metric space X to be a discrete hypercube, but
similar conclusions apply to snowflakes of expander graphs and graphs with large girth [51],
as well as their subsets [7] and certain discrete groups [4, 69, 70] (see also [67, Section 9.4]).
We shall not attempt to state here the wider implications of the assumption (38) to the
nonembeddability of snowflakes, since the various additional conclusions follow mutatis
mutandis from the same argument as above and Lemma 16 as currently stated suffices for
the proof of Theorem 2.

REMARK 18. — Since the proof of Lemma 16 applied the Markov type p assumption (38)
to the discrete hypercube, it would have sufficed to work here with a classical weaker bi-
Lipschitz invariant due to Enflo [24], called Enflo type. Such an obstruction played a role
in ruling out certain snowflake embeddings in [26] (in a different context), though the fact
that the argument of [26] could be cast in the context of Enflo type was proved only later [77,
Proposition 5.3]. Here we work with Markov type rather than Enflo type because the proof
below for Wasserstein spaces yields this stronger conclusion without any additional effort.

The following lemma is a variant of [77, Lemma 4.1].

LEmMMA 19. — Fix p € [1,00) and 0 € [1/p, 1]. Suppose that (X, dx) is a metric space such
that for every two X -valued independent and identically distributed finitely supported random
variables Z, Z' and every x € X we have

(43) Eldx(Z,2')?] < 2%PE[dx (Z.x)"].

4¢ SERIE - TOME 51 —2018 - N° 3



SNOWFLAKE UNIVERSALITY OF WASSERSTEIN SPACES 675

Then for every k € N we have
(44) Mp(x:25) < 2H05),

Proof. — Fix n € N, a stationary reversible Markov chain {Z,}%2, with state space
{1,...,n},and f : {1,...,n} — X. Recalling (36) with v (i, j) = dx(f(@@), f(j))?, for
every t € N we have

p1 36 NP “43) 6p D
Eldx (Za:. Z0)"] = E[dx(Z:. Z))"] < 2°PE[dx(Z1. Zo)"]
<277 My (X; 1) - 20E[dx (Z1, Zo)" ],

(45)

where the last step of (45) uses the definition of M, (X;¢). By the definition of M, (X;2t), we
have thus proved that

M, (X:21) <277 M, (X:1),
so (44) follows by induction on k. O

Corollary 20 below follows from Lemma 16 and Lemma 19. Specifically, under the
assumptions and notation of Lemma 19, use Lemma 16 with m replaced by 2% and 6

replaced by (p — 1)/(p — 1).

COROLLARY 20. — Fix p € [1,00) and 0 € [1/p, 1]. Suppose that (X, dx) is a metric space
that satisfies the assumptions of Lemma 19. Then for arbitrarily large n € N there exists an
n-point metric space (Y, dy) such that for every a € [0, 1] we have

ex (Y,d§) = (logn)®~°.

The link between the above discussion and embeddings of snowflakes of metrics into
Wasserstein spaces is explained in the following lemma, which is a variant of [91, Proposi-
tion 2.10].

LEmMA 21. — Fix p € [1,00) and 0 € [1/p, 1]. Suppose that (X, dx) is a metric space that
satisfies the assumptions of Lemma 19, i.e., inequality (43) holds true for X -valued random
variables. Then the same inequality holds true in the metric space (P, (X ), W) as well, i.e., for
every two P, (X)-valued and identically distributed finitely supported random variables 90T, W
and every 1 € Zp(X),

E[W, (9, M)?] < 2°PE[W,, (9, 11)?].

Proof. — Suppose that the distribution of 9t equals Y ;_; ¢;8,, for some pi1, ..., ity € Pp(X)
and q1,...,qn € [0,1] with 7, ¢; = 1. Our goal is to show that

n

(46) DO aia Wi )P <27 qiWop (i 1)”.

i=1j=1 i=1

The finitely supported probability measures are dense in (%, (X), W),) (see [84, 96]), so it
suffices to prove (46) when there exists N € N and points x;z, xx € X for every (i, k) €
{1,....n} x {1,..., N} such that we have u = % SN 8y and p; = ~ SN 8y, for
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everyi € {l,...,n}. Let {0;}7_, € Sy be permutations of {I,..., N} that induce optimal
couplings of the pairs (u, i;), i.e.,

N
47) Vie{li.oony, Wy, p)? Z dx (X, (k) X1 -

: 1 N
Since the measure 5 > 3y 8(x,,,, WX () is a coupling of (u;, u;),

N
(48) Vi,jell,...,n}, W (Ml,ﬂj < Z X(xtcr,(k),x]aj(k))
Consequently,
ZZ%Q}W (/’Ltv//L] < ZZZQlQ}dX(xzol(k) xjoj(k))
i=1j=1 k 1i=1j=1
(43) 20p N
ZZZQt‘]}dX(xw,(k) xk)p
k=1i=1j=1
4D 6p
=293 " qiW (i, p)”. O

i=1

Proof of Theorem 2. — Let (2, ) be a probability space.
For p € [1,00] define T : Lp(u) — Lp(p x p) by Tf(x,y) = f(x) — f(»). Then clearly
IT Ly 0> Lp(uxy < 2 for p € {1, 00} and

2
VIelow,  ITFI2, gm0 = 20712, 0 —2 [ Fan) <2Uf 1.

Or | T2, ()= La(uxp) < < +/2. So, by the Riesz-Thorin theorem (e.g., [27]),

(49) p € [172] ad ||T||LP(M)—)L’)(MXI,L) < 2;,
and

_1
(50) pE [2,00] = ||T”Lp(u)—>Lp(MXM) < 21=%.

Switching to probabilistic terminology, the estimates (49) and (50) say that if Z, Z’ are i.i.d.
random variables then E[|Z — Z'|?| < 2E[|Z|?] when p € [1.2] and E[|Z — Z'|?] <
2P7'E[|Z|?] when p € [2,00). By applying this to the random variables Z — a, Z' — a for
every a € R, we deduce that the real line (with its usual metric) satisfies (43) with

(51) 0 =6, ma {1,1—1}.

P p

Invoking this statement coordinate-wise shows that 513, = (R3] - ||,) satisfies (43) with
6 = 6. Lemma 21 therefore implies that (7, (£3), W,) also satisfies (43) with & = 6,. Hence,
by Corollary 20 for arbitrarily large n € N there exists an n-point metric space (Y, dy) such
that for every o € (6, 1],

(logm)*™7 if p e (1,2],

Coom r3 Y. d%) > (logn)® % =
@y (Y-dy) 2 (logn) {(1ogn)“+é—1 if p € (2,00).
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Since the £, norm on R? is v/3-equivalent to the £, norm on R?,

(@@ W) Y- dY) = o, 3)w,) (Y- dy )
thus completing the proof of Theorem 2. O

REMARK 22. — In the proof of Theorem 2 we chose to check the validity of (43) with
6 = 6, given in (51) using an interpolation argument since it is very short. But, there are
different proofs of this fact: when p € [1,2) one could start from the trivial case p = 2,
and then pass to general p € [1,2) by invoking the classical fact [88] that the metric
space (R, |x — y|?/?) admits an isometric embedding into Hilbert space. Alternatively,
in [65, Lemma 3] this is proved via a direct computation.

QUESTION 23. — Asdiscussed in the Introduction, it seems plausible that Theorem 1 and
Theorem 2 are not sharp when p € (2,00). Specifically, we conjecture that there exists
D, € [1, 00) such that for every finite metric space (X, dy) we have

(52) ¢y (X V) < Dy

Perhaps (52) even holds true with D, = 1. As discussed in Remark 11, since L, admits
an isometric embedding into L, (see e.g., [98]), the perceived analogy between Wasserstein
p spaces and L, spaces makes it natural to ask whether or not (% (R?), W,) admits a bi-
Lipschitz embedding into (2, (R?), W,,). If the answer to this question was positive then (52)
would hold true by virtue of the case p = 2 of Theorem 1. We also conjecture that the lower
bound of Theorem 2 could be improved when p > 2 to state that for arbitrarily large n € N
there exists an n-point metric space (Y, dy) such that for every o € (1/2, 1],

(53) (@)W (Y. df) Zp (logn)*2.

It was shown in [71] that L, has Markov type 2 for every p € (2,00). We therefore ask
whether or not (2, (R?), W) has Markov type 2 for every p € (2, 00). A positive answer to
this question would imply that the lower bound (53) is indeed achievable. For this purpose it
would also suffice to show that for every p € (2, 00) and k € N we have

>4 My (25(®3), W,): 2) <, 2(377),

Proving (54) may be easier than proving that M>(Z2,(R3),W,) < oo, since the former
involves arguing about the pth powers of Wasserstein p distances while the latter involves
arguing about Wasserstein p distances squared. Note that M, (L,;m) < ﬁml/ 2-1/P by [71]
(see also [68, Theorem 4.3]), so the L,-version of (54) is indeed valid.

We end this section by showing how Lemma 19 implies bounds on the Markov type p
constant M,(X;¢) for any time ¢ € N, and not only when ¢ = 2% for some k € N as in (44).
For the purpose of proving Theorem 1, Lemma 19 suffices as stated, so the ensuing discussion
is included for completeness, and could be skipped by those who are interested only in the
proof of Theorem 2.

Thecase p = 2and 6 = 1/2 of Lemma 19 corresponds to proving that metric spaces that
are nonnegatively curved in the sense of Alexandrov have Markov type 2: this was established
by Ohta in [77], whose work inspired the arguments that were presented above. Specifically,
Ohta showed in [77] how to pass from (44) with p = 2and 8 = 1/2 (i.e., Mo(X,25) < 1
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for every k € N)to My(X) < +/6 = 2.449..., and he also included in [77] an argument
of Naor and Peres that improves this to M>(X) < 1 + +/2 = 2.414... Below we further
refine the latter argument, yielding the best known estimate on the Markov type 2 constant
of Alexandrov spaces of nonnegative curvature; see (57) below. This constant is of interest
since it was shown in [78] that if (X, dy) is a geodesic metric space with M>(X) = 1 then X is
nonnegatively curved in the sense of Alexandrov. It is plausible that, conversely, M, (X) = 1
if X is nonnegatively curved in the sense of Alexandrov, but, as noted in [78], this seems to
be unknown even for the circle X = S!.

For every 6 € (0, 1] define ¢g : [0, 1] — R by
(55) Vsel0 1], o) =5’ —(1-9)".

Then ¢ ([0, 1]) = [—1, 1] and since ¢ (s) = 0s°~1 +6(1—5)9~! > 0, the inverse ¢, ! is well-
defined and increasing on [—1, 1]. The following elementary numerical lemma will be used
later.

LEMMA 24. — For all 0 € (0, 1] there is a unique c¢(0) € (1, 00) satisfying
PN
c®)9; (ZGr) +1

o
-1 (29-1
(¢ (363) +1)
Proof. — The identity (56) is equivalent to hg(c(6)) = 1, where for every s > 0 and
¢ € [1,00) we set

6 _
Yols) & (s +1D° =5’ and he(c)d:efcw((i)el(zcl))'

Observe that because 6 € (0, 1] we have ¥g(s) < 1 for every s > 0. Hence hg(c) < ¢ for
every ¢ € (0,00), and in particular hg(1) < 1. Moreover, ¢y 1(0) = 1/2, so that

. 201 1 30 ]
Jim g | dg C =1/f9(5)=2—9—2—9>0-

Hence lim; o hg(c) = oo. It follows by continuity that there exists ¢ € (0, 00) such that
hg(c) = 1. To prove the uniqueness of such ¢ > 1, it suffices to show that &g is increasing
on (0, 00). Now,

-1 (29-1
) (20 -1 201 Vo <¢’e ( c )) b (NYe(¥) — pa (V)Y (y)
ho(€) =¥ | 9 c T (a1 (26 - Py (») 7
% (95" (%)) o

where we write y = ¢! (2% —1)/c). Since ¢y is increasing, it therefore suffices to show that
dpy(MYe(y) — do(»)¥y(y) > 0forall y € (0, 1). One directly computes that
DR e D Rl (U 0 B

y1—9(1 _ y2)1—9 :
It remains to note that by the subadditivity of 7 - #'~% we have

A+ <a-n"+ e <a-yf+2y0 O

(56) c(6)

2
PNV (y) — P (MVYe(») =0 -
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LEMMA 25. — Fix p € [1,00) and 0 € [1/ p, 1]. Suppose that (X, dx) is a metric space that
satisfies the assumptions of Lemma 19, i.e., inequality (43) holds true for X-valued random
variables. Then

VieN,  My(X:t) <c@:® 7,
where c(0) is from Lemma 24. Thus, if 0 = 1/ p then X has Markov type p with M,(X) < c¢(1/p).

Because, by the Lang-Schroeder-Sturm inequality (6), Alexandrov spaces of nonneg-
ative curvature satisfy the assumption of Lemma 19 with p = 2 and § = 1/2, we have
the following corollary. Note that ¢(1/2) can be computed explicitly by solving the Equa-
tion (56).

COROLLARY 26. — Suppose that (X, dx) is nonnegatively curved in the sense of Alexandrov.
Then the Markov type 2 constant of X satisfies

(57) MZ(X)gc(%)z\/1+«/§+\/4x/§—1=2.08...

Proof of Lemma 25. — We claim that the number ¢(0) of Lemma 24 satisfies

min {1+ c(0)s?.2° + c(O)(1 —5)°}
(58) S:Eﬁ] R =c(0).

Indeed, observe that the function s +— (1 + ¢(8)s?)/(1 + s)? is increasing on [0, 1]
because one directly computes that its derivative equals 6(c(8) — s'=9)/(s1=0(1 + 5)119),
and by Lemma 24 we have c(6) > 1 (recall also that 0 < 6 < 1). Since the function
s (29 +¢(0)(1 —5)%)/(1 + 5)9 is decreasing on [0, 1], it follows that the supremum that
appears in the left hand side of (58) is attained when 1 + ¢(8)s? = 29 + ¢(6)(1 — 5)?, or
equivalently when ¢g(s) = (2 — 1)/c(6), where we recall (55). Thus s = ¢, 1 (29 —1)/c(6))
and therefore (58) is equivalent to (56).

Fix n € N, a stationary reversible Markov chain {Z;}?2, on {1,...,n},and f : {1,...,n} = X.
For simplicity of notation write U; = f(Z;). We shall prove by induction on ¢ € N that
(59) E[dx (Ur, Up)?] < c()?1%PE[dx (Uy, Up)* .

Lemma 19 shows that (59) holds true if # = 2* for some k € N U {0} (since ¢(8) > 1).
So, suppose that 1 = (1 + 5)2F for some s € (0, 1) and k € N U {0}. The triangle inequality
in L,, combined with the stationarity of the Markov chain, implies that

(E[dx (Ur. Up)?])? < (E[dx (Uy. Up)?])? + (E[dx (Use.. Up)?]) ?
(60) = (E[dx (Uypk, UO)P])% + (E[dx (Upk. UO)P])% :
and

(E[dx (Us, Uo)?])? < (E[dx (Us, Upes)?])? + (E[dx (Upes1, Uo)?])
(61) = (E[dx (Ug—opar- Uo)?))” + (E[dx (Uyesr, Uo)?]) 7
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By combining (60) and (61) with Lemma 19 and the inductive Hypothesis (59), we see that

N =

(E[dx (U;. Uo)?))
(E[dx (U1, Uo)?])

< 2% min {c(e)s" F1,e0)(1—s5) + 29}

S

(58)
< 2%000)(1 + 9)? = c(0)1°. O

4. Proof of Proposition 3

Here we justify the validity of Proposition 3 that was stated in the Introduction, thus
explaining why we are focusing on quadratic inequalities in the context of the quest for
intrinsic characterizations of those metric spaces that admit a bi-Lipschitz embedding into
some Alexandrov space that is either nonnegatively or nonpositively curved. The argument
below is inspired by the proof of Proposition 15.5.2 in [54].

Proof of Proposition 3. — If cy (X) < D for some (Y,dy) € % then it follows immedi-
ately thatif A, B € M, (R) have nonnegative entries and (Y, dy ) satisfies the (4, B)-quadratic
metric inequality then (X,dy) satisfies the (A4, D?B)-quadratic metric inequality. The
nontrivial direction here is the converse, i.e., suppose that (X,dy) satisfies the
(4, D? B)-quadratic metric inequality for every two n by n matrices A, B € M, (R) with
nonnegative entries such that every (Z,dz) € # satisfies the (A, B)-quadratic metric
inequality. The goal is to deduce from this that there exists (Y, dy) € .% for which cy (X) < D.

Let & C M,(R) be the set of all n by n matrices C = (c;;) for which there exists
(Z,dz) e #andzy,...,z, € Zsuchthatce;j = dz(z,-,z,-)2 foreveryi, j € {1,...,n}. Since
Z is closed under dilation, we have [0, 00). 7" € % . Since .% is closed under Pythagorean
sums, we have # + % C 2. Thus /¢ is a convex cone.

Write X = {x1,...,x,}. Fix e € (0, 1) and suppose for the sake of obtaining a contra-
diction that there does not exist an embedding of X into any member of .# with distortion
less than D + ¢. Let £ € M, (R) be the set of all n by n symmetric matrices C = (c;;) for
which there exists s € (0, 00) such that sdx (i, j)?> < ¢i; < (D + €)%sdx(i, j)? for every
i,j € {l,...,n}. Our contrapositive assumption means that 2 N . = . Since .# and
£ U {0} are both cones, the separation theorem now implies that there exists a symmetric
matrix H = (h;;) € M,(R), not all of whose off-diagonal entries vanish, such that

n n n n
(62) Cing Zh,,ci, >0> glelﬁ)gz Zh,jc,-j.
i=1j=1 i=1j=1
Define A, B € M,(R) by setting for every i, j € {1,...,n},
a; def } hij %fhij >0, and y def § [Py %fhij <0,
0 lfhij <0, 0 lf]’lij > 0.
The right hand inequality in (62), combined with the definition of J#", implies that every

(Y,dy) € F satisfies the (A, B)-quadratic metric inequality. By our assumption on X, this
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implies that

n n n n n n
(63) Z Za,'jdx(xi, )Cj)2 < D2 Z Z bijdx(xi, )Qj)z < (D +£)2 Z ZbijdX(xi, x]')z,
i=1j=1 i=1j=1 i=1j=1
where we used the fact that not all the off-diagonal entries of H vanish, so all the sums
appearing (63) are positive. Consequently, if we set

D + &)2dy(x;,x;)2 ifhj; <0
Vi,je{l,...,n}, cijd:ef ( + ) X(l j) : ij
dx (xi, x;)? if hijj >0,

then C = (cij) € £ and by (63) we have Y7, > 7_, hijci; < 0. This contradicts the left
hand inequality in (62). O

5. Subsets of Hadamard spaces

As we discussed in the introduction, it is a major open problem to characterize those finite
metric spaces that admit a bi-Lipschitz (or even isometric) embedding into some Hadamard
space. By Proposition 3, this amounts to understanding those quadratic metric inequalities
that hold true in any Hadamard space. In this section we shall derive potential families of
such inequalities.

An equivalent characterization of when a metric space (X, dx) is a Hadamard space is the
requirement that there exists a mapping B that assigns a point B(u) € X to every finitely
supported probability measure p on X with the property that B(6,) = x forevery x € X
(i.e., B is a barycenter map) and every finitely supported probability measure ; on X satisfies
the following inequality for every x € X.

(64) dy (x. B(0))* + /X dx (B(0). y)*du(y) < /X dx (x. y)%dp ().

For the proof that (X, dx) is a Hadamard space if and only if it satisfies (64), see e.g.,
Lemma 4.4. and Theorem 4.9 in [90]. One could extend the validity of (64) to probability
measures that are not necessarily finitely supported, but this will be irrelevant for our
purposes.

Lemma 27 below yields a general recipe for producing quadratic metric inequalities that
hold true in any Hadamard space.

LEMMA 27. — Fixn € Nand p1,...,pn.q1,---.qn € (0,1) such that Y i_, pi =
Z}’:l q; = 1. Suppose that A = (ai;).B = (b;j) € Mp(R) are n by n matrices with
nonnegative entries that satisfy

n n
(65) Vijel{l....nk Y aiu+ Y bij=pi+aq;.
k=1 k=1
If (X, dx) is a Hadamard space then for every x1,...,x, € X we have
(66) > ﬁdx(xi,xpz <Y Y pigjdx (xi.x;)*
i=1j=1 i=1j=1
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Proof. — Writing z = %(Z,’;l p,-SXi), by (64) for every j € {1,...,n} we have

n n
(67) dx (x;,2)* + ) pidx (xi,2)” < Y pidx (xi, x;)%.

i=1 i=1
By multiplying (67) by ¢; and summing over j € {1,...,n} we get

n

(68) Zq,dx<x,,z) + Zpldx(x,,n <Y pigpdx (xi, X)),

j= i=1 i=1j=1

Hence,

69) Y qidx(x;,2)" + ) pidx(xi,2)> = )Y (aizdx (xi,2)” + bijdx (x7,2)°)

=1 i=1 i=1j=1
alj ij

70 / d 9 bl

(70) >3 .,

i=1j=1

where in (69) we used (65), and (70) holds true because dy (x;,z) + dx (x;,z) > dx(x;,x;)
forevery i, j € {l1,...,n}, and for every 5,7,y € [0, 00) we have (by e.g., Cauchy-Schwarz),

(71) min (sa? +12) = s
a,B€[0,00) T +1t
a+B>y
The desired estimate (66) is a combination of (68) and (70). O

The proof of Lemma 27 is a systematic way to exploit the existence of barycenters in
order to deduce quadratic metric inequalities, under the crucial constraint that the final
inequality is allowed to involve only distances within the subset {x1,...,x,} € X. The
barycentric inequality (64) is used in (67), but one must then remove all reference to the
auxiliary point z since it needs not be part of the given subset {x1, ..., x,}. It is natural to
do so by incorporating the triangle inequality dx (x;,z) + dx(x;,z) > dx(x;, xj) for some
i,j € {1,...,n}. This inequality is distributed among the possible pairs i, j € {1,...,n}
through a general choice of re-weighting matrices 4, B, with the final step in (70) being sharp
due to (71). A more general scheme along these lines will be described in Section 5.2 below,
but (an iterative applications of) the above simple scheme is already powerful, and in fact we
do not know whether or not it yields a characterization of subsets of Hadamard spaces; see
Question 31 below.

A notable special case of Lemma 27 is when (p1, ..., pn) = (q1,- - .,q») and there exists
a permutation 7w € Sy such that a;) = b,—1(;; = pi foreveryi € {1,...,n}, while all the
other entries of the matrices A and B vanish. In this case one arrives at the following useful
inequality.

COROLLARY 28. — Suppose that (X, dy) is a Hadamard space. Then for everyn € N, every

X1,..-,Xn, €VEry pi,..., py € [0, 1] with Z;’zl p; = 1 and every permutation & € S,, we have
p p () n n
(72) Z LAy (X0, X)) < Y pipjdx (xin X))
i P 210 i=1j=1
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Whenn = 4 and # = (1, 3)(2, 4), Corollary 28 becomes

COROLLARY 29. — Suppose that (X, dx) be a Hadamard space and fix x1, X2, x3,x4 € X.
Then for every p1, p2, P3, Pa € [0, 00) we have

(73)  p1p2dx(x1,x2)% + papadx (x2,Xx3)* + p3padx (x3,x2)* + paprdx(xa, x1)*

> p1p3(p2 + p4)dx(x1,x3)2 n p2pa(p1 + p3)dx(x2,x4)2.
p1+ p3 D2+ D4
To pass from (72) to (73) note that (73) is homogeneous of order 2 in (p1, p2, p3, p4), SO
we may assume that p; + p» + ps + pa = 1. Now (73) is a direct application of (72) with
the above specific choice of permutation 7, while subtracting from both sides of (72) those
multiples of dy (x1, x3)? and dx (x», x4)? that appear in the right hand side of (72).

When p; + p3 = p2 + psa = 1, Corollary 29 becomes Sturm’s weighted quadruple
inequality [90], which asserts that for every Hadamard space (X, dx), every xp, X2, X3, X4 € X,
and every s, ¢ € [0, 1],

74) s(1-— S)dx(xl,X3)2 +t(1— t)dx(xz,X4)2
< stdy (x1,x2)” + (1 — s)tdy (x2, x3)*
+ (1 =5)(1 = t)dx (x3,x2)* + s(1 — )dx (x4, x1)*.

As explained in [90, Proposition 2.4], by choosing the parameters s,¢ appropriately
in (74) one obtains an important quadruple comparison inequality of Reshetnyak [85]
(see also [36] or [44, Lemma 2.1]), asserting that for every Hadamard space (X, dyx) and
every xi, xa, X3, x4 € X,

(75)  dx(x1,x3)* + dx (x2, x4)* < dx (x1,x2)* + dx (x2,x3)* + 2dx (x3, X4)dx (X4, X1).

The coefficients in (73) have 3 degrees of freedom while in (74) they have 2 degrees of
freedom. This additional flexibility yields a proof of the validity of the Ptolemy inequality (4)
in Hadamard spaces. The fact that the Ptolemy inequality holds true in Hadamard spaces
was proved in [37, 25], and an alternative proof was given in [17]. Both of these proofs rely
on comparisons with ideal configurations in the Euclidean plane (see [15, §II.1]), combined
with the classical Ptolemy theorem in Euclidean geometry. Corollary 30 below shows how
the Ptolemy inequality is a direct consequence of (73), thus yielding an intrinsic proof that
does not proceed through an embedding argument.

COROLLARY 30. — Let (X, dx) be a Hadamard space and x1, x5, x3,x4 € X.
Write d;j = dx (x;, x;) for everyi, j € {1,...,n}. Then

((d12d23 + d3aday) diz — (d12day + da3dss) d24)2

76) di2d34 + dazdar — di3dag >
(76) diadsa + dzzdas = dizdag 2 (d12day + dr3dss) (di2da3 + d3sday)

= 0.
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Proof. — The proof of (76) is nothing more than an application of Corollary 29 with the
following specific choices of py, p2, p3, pa € [0, 00).

oy & d3s dr3 +du 2 & dar diz +dss
| = — —, = —
dy1 dip + dag dip daz +dy
def d12 d23 + dyy def daz  diz + d3y
pyE = paE ==

da3 dip + dss’ dza ' dyz +da1

A substitution of these values into (73) yields

diadrz + d3adsr , diadar + drzdzs

dizday + dazdss P diadas + dagdsy 2

((d12d23 + d3adar) diz — (di2da1 + drzd3zs) d24)2
(d12da1 + da3dss) (d12da3 + d34dar)

2d12d34 + 2dr3day >

= 2dy3d4 +

5.1. Tterative applications of Lemma 27

The case s = t = 1/2 of (73) becomes the roundness 2 inequality (3), i.e., for every
Hadamard space (X, dx) and every x1, x2, x3, x4 € X we have

(77) dX(Xl,X3)2 + dX(X27X4)2 < dX(X1,X2)2 + dX(Xz,X3)2 + dX(X3,X4)2 + dX(X4,X1)2-

In [24], Enflo iterated (77) (while exploiting cancelations) so as to yield the following
inequality, which holds for every Hadamard space (X,dx), every n € N and every
Fii=1,11" > X.

(78)

Do dx (F@), S0P Y dx (F), (X Xim 1, =X, Xig 15 Xn))

xe{—1,1}" i=1xe{—1,1}"

In today’s terminology (78) says that every Hadamard space has Enflo type 2 with constant 1
(see also [78]). The argument in [49] yields a different iterative application of (77) (again,
exploiting cancelations via a telescoping argument), showing that mappings from the iter-
ated diamond graph (see [75]) into any Hadamard space satisfy a certain quadratic metric
inequality. Similar reasoning (as in [48]) yields a quadratic metric inequality for Hadamard
space-valued mappings on the Laakso graphs (see [41, 45]). The value of the above iterative
applications of (77) is that they yield inequalities on metric spaces of unbounded cardinality
(hypercubes, diamond graphs, Laakso graphs) that serve as obstructions to bi-Lipschitz
embeddings of these spaces into any Hadamard space: these inequalities imply that any
such embedding must incur distortion that tends to oo as the size of the underlying space
tends to oo (in fact, these inequalities yield sharp bounds).

We therefore see that by applying Lemma 27 multiple times one could obtain quadratic
metric inequalities that yield severe restrictions on those metric spaces that admit a bi-
Lipschits embedding into some Hadamard space. Specifically, one could apply Lemma 27
to several configurations of points and several choices of weights, and consider a weighted
average of the resulting inequalities. This yields the estimate

idd ckab

(79) ZZZak b Ldx (xi,x))> < )Y Y eplqydx (xi %),

i=1j=1k=1 i=1j=1k=1
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which is valid for every Hadamard space (X, dx), every m,n € N, every xq,...,x, € X,
every {cx}"_, € (0,00), every {p¥.q¥ : i e {1,....n}, k € {l,....m}} € (0, 00) with

(80) dopi=) 4 =1
i=1 j=1

and every choice of n by n matrices {A; = (a )}k By = (blkj)};c”zl C M, (R) with

nonnegative entries, such that forevery i, j € {1,...,n}and k € {1,...,m},
(81) Za,s+2bsj = pF +4F.
By collecting terms in (79) so that for every i, j € {l,...,n} no multiple of dx (x;, x;)?

appears in both sides of the inequality, as was done in e.g., (78), one arrives at the following
estimate.

m kbk
k k 2
(82) ¥ E:(a+w—m%)MMw)
i,j€{l,...,n} k=1
akhk
y k  k
Sy en( kH;k -pfq¥)>0
m k 1k
as.by.
k k -y 2
< > | Pid; — 7 )dx (xi.x;)".
at. + b¥
i, j€{l,..n} k=1 ij T Yij
k. pk.
k Kk
S e ( é’Jr;’lg(j ~pfq¥)<o

To the best of our knowledge, all of the previously used quadratic metric inequalities on
general Hadamard spaces are of the form (82). We therefore ask whether the inequalities
of the form (82) capture the totality of those quadratic metric inequalities that are valid in
Hadamard spaces.

QUESTION 31. — Isit true that for every D € [1, 0o) there exists some c¢(D) € [1, co) such
that a metric space (X, dy) embeds with distortion at most ¢ (D) into some Hadamard space
provided

m k bk
) zck( —pfq;c)dm,-,x,-)z

k
i,j€ll,...n} o \aly b
K pk.
1 k Kk
Zk:lck( {(/'H’lkj —D; q,)>0
5 m afc bk
<D * E § Ck pl qj bk dX(xhx])
i,je{l,...,n} k=1
k k
@bl kK
Zk:l Ck( Z+b[[gj D; q/)<0

forallm,n e N, all ¢, plk,qlk, ffj,blk/ € [0, oo) satisfying (80) and (81), and all xy,...,x, € X?

Recall that there are useful metric inequalities, which are not quadratic metric inequalities,
that hold true in any Hadamard space, such as Reshetnyak’s inequality (75) or the Ptolemy
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inequality (4). However, we already know through Proposition 3 that quadratic metric
inequalities fully characterize subsets of Hadamard spaces. And, in the case of Reshetnyak’s
inequality or the Ptolemy inequality, we have seen above how to deduce them explicitly from
a quadratic metric inequality (the key point to note here is that the various coefficients that
appear in (82) can be optimized so as to depend on the distances {dx (x;, Xj)}i je1,...n})-

A negative answer to Question 31 would be very interesting, as it would yield a new
family of metric spaces that fail to admit a bi-Lipschitz embedding into any Hadamard space,
and correspondingly a new family of quadratic metric inequalities which hold true in any
Hadamard space yet do not follow from the above procedure for obtaining such inequalities.

As discussed in the Introduction, it is not known whether or not for every metric
space (X, dx) there exists a Hadamard space (Y, dy) with ¢y (X, v/dx) < ooc. If this were
true then Question 32 below would have a positive answer. Conversely, a positive answer to
both Question 31 and Question 32 would imply that the 1/2-snowflake of any metric space
admits a bi-Lipschitz embedding into some Hadamard space.

QUESTION 32. — Is it true that every metric space (X, dx) satisfies

m ak pk
i k _k
) ch(w—l’i qj)dx(xi,xj)
i,j€ll,...n} k=1 ~%ij T
bk
Sy e ( s rka¥)>0
1l

m akbk
17)
<Y Rl Jaen

i,je{l,...,n} k=1
k .k
aijbij
>k lck(a;c--&-hlk —Dp; q/) 0

forallm,n e N, all ¢, p qlk, k],blk/ € [0, oo) satisfying (80) and (81), and all xy,...,x, € X?

Question 32 seems tractable, but at present we do not know whether or not its answer
is positive. A negative answer to Question 32 would yield for the first time a metric
space (X,dy) such that (X, +/dy) fails to admit a bi-Lipschitz embedding into any
Hadamard space, in sharp contrast to the case of embeddings into Alexandrov spaces
of nonnegative curvature. In the same vein, a proof that every Hadamard space admits a
sequence of bounded degree expanders would resolve Question 32 negatively. It is true that
inequality (73) is not an obstruction to the validity of Question 32, i.e., for every metric
space (X, dx), every p1, pa2, p3, P4 € [0,00) and every x1, X3, x3, x4 € X we have

(83)  pi1p2dx(x1,x2) + pap3dx(x2,x3) + p3padx(x3,x4) + papidx(xas, x1)

<, P1P3(p2 + pa) dy (1. x3) + p2pa(p1 + p3)dx()€z,x4).
P1+ p3 D2 + pa
Also (actually, as a consequence of (83)), Reshetnyak’s inequality and the Ptolemy inequality
hold true in any square root of a metric space, i.e., for every metric space (X, dy) and

X1,X2,X3,Xx4 € X,

dx (x1,x3) + dx (x2, x4) < dx (x1,X2) + dx (X2, X3) + 2+/dx (x3, Xa)dx (x4, X1),
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and

Vidx (x1, x3)dx (x2, X4) < v/dx (x1, x2)dx (x3, X4) + v/dx (X2, x3)dx (x4, X1).

It is possible (and instructive) to prove these inequalities while using only the triangle
inequality, but this seems to require a somewhat tedious case analysis. Alternatively, one
could verify (83) by using the fact that the square root of any four-point metric space admits
an isometric embedding into a Hilbert space; see e.g., [20, Proposition 2.6.2].

Lemma 33 below asserts that the conclusion of Lemma 27 holds true in any square-root
of a metric space, with a loss of a constant factor. This is a special case of Question 32 that
falls sort of a positive answer in general due to the fact that we want to iterate the resulting
inequality, in which case the constant factor loss could accumulate.

LEMMA 33. — Fixn € Nand p1,...,pn.q1,-...qn € (0,1) such that Y ;_, pi =
Z;':lqj = 1. Suppose that A = (a;j),B = (b)) € M,y(R) are n by n matrices
with nonnegative entries that satisfy (65). Then for every metric space (X,dx) and every
X1,...,Xp € X we have

n n n n
a:ib;:
> #dX(xi,xj) <3) ) pigidx (xi,x)).

i=1j=1 i=1j=1
Proof. — Let F : {x1,...,xn} — Lo be any isometric embedding of the metric space
({x1,...,xn}, dx) into £o,. By convexity we have

S lFen - Y Fe| =3 n S aren - Fan)|
i=1 j=1 i=1 j=1

<Y D pigilIFGa) = F)lloo = DY pigidx (xi, x)),

i=1j=1 i=1j=1

and similarly,

n
>4
i=1

F(xi)—Xn:qj'F(xj)”oo
j=1

n
< Zqz"
i=1

F(xi) _Xn:ij(xj)Hw + H Xn:il’i‘ﬁ(”x") - F(xj))Hoo
j=1 i=1j=1

<2 Y pigilFOa) = F(xp)lleo =2 ) pigjdx (xi, ;).

i=1j=1 i=1j=1
So, if we denote z & > k=1 qk F(xx) then

n n n n
33> pigidx (xi.xj) = Y pil F(xi) = zlloo + Y @i 1 F (X)) — Z]loo
i=1

i=1j=1 j=1

D3 S (@ I F i) — zlloo + by | F(xp) — zlloc)

i=1j=1
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>3 “minfai;. bij} (| F(xi) — 2]l + [ F(x) = 2]loo)

i—lj—l
at] ij
| F(x;) — F(x;)|
Zz+b D= F()le
aijbij
= dx (x;, x;). 0
;;aw—l—bu irXj

5.2. A hierarchy of quadratic metric inequalities

The quadratic metric inequalities of Section 5.1 are part of a first level of a hierarchy of
quadratic metric inequalities that hold true in any Hadamard space. We shall now describe
these inequalities, which quickly become quite complicated and unwieldy. We conjecture that
the entire hierarchy of inequalities thus obtained characterizes subsets of Hadamard spaces;
see Question 34 below. Due to the generality of these inequalities, this conjecture could be
quite tractable. But, even if it has a positive answer then it would yield a complicated, and
therefore perhaps less useful, characterization of subsets of Hadamard spaces, and it would
still be very interesting to find a smaller family of inequalities that characterizes subsets of
Hadamard spaces, in the spirit of Question 31.

Let (X,dy) be a Hadamard space. The barycentric inequality (64) has the following
counterpart as a formal consequence, which is an inequality that allows one to control the
distance between barycenters of two probability measures. Let u, v be finitely supported
probability measures on X. By applying (64) twice we see that

dx (B(v). B(u))* + /X dx (B (). x)dp(x) < /X dx (B(v), 0)%dp(x)

2 - 2
< /X (/X dx (x,y)~dv(y) [de(%(v),y) d])(y)) du(x).

Thus
(84) dy(B(v).B())* + / dx (B (1), x)du(x) + / dx (B(v). y)*dv(y)
X X

<J[ axpancoae.
XxX
Both (64) and (84) will be used repeatedly in what follows.

5.2.1. An inductive construction. — Fixn € Nand x,...,x, € X. Fix also a sequence of
integers {ms}52, € N with mo = n. Suppose that we are given ukH b e [0, 00) for every
ke NU{0},s€{0,....k},aec{l,...,mgtand b € {1, ..., mg41}, such that

k  mg

Vbe{l,...,mk+1}, ZZMk+1b

s=0a=1

We shall now proceed to define by induction on k € N U {0} auxiliary points x; € X
forevery s € {0,...,k} and a € {1,...,ms}. Our construction will also yield for every
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i,je{l,....n},s,t,0,t€{0,....k},ae{l,... mg,a e{l,...,mg},be{l,...,m}and
B € {1,...,m;} nonnegative weights U>"** VS @b ¢ 10, 00) that satisfy the inequality

o,T,a,B°

k mg me

n n
ERRPNEITIED 3590 0 B (RIS By D D
0=07=0a=1p=1 i=1j=1
The induction starts by setting x0 = x, fora € {1,...,n}.
Also, for every a,b,a, f € {1,...,n} set U(?(?;g = 0 and VO 090 — 1w py=(a.p)» thus
satisfying (85) vacuously.

Suppose now that we have defined xJ € X foreverys € {0,...,k}anda € {1,...,my}.
Consider the probability measures

k  mg
Vbel{l,...,mgsr}, kﬂbdefzz kHLbg .
s=0a=1
and define
Vbell,...,mgir}, xlgﬂ D)) (Mk+1,b)‘

Suppose thats € {0,...,k},a € {l,...,ms}and b € {1,...,mg41}. Then by (64) we have

k m¢ k m;
k b k+1,b
dy (e, xp T+ Y 0D g VOt xg)? <Y 0D e M dx (x5, x6).
=0 8=1 t=0c=1

In combination with the inductive Hypothesis (85), this implies that the desired estimate (85)
would also hold true when [{s, ¢} N {k + 1}| = 1 once we introduce the following inductive
definitions.

k+1,s,b,a _ yrs.k+1,a,b
0,1,B,a — Yo,taB
def k m;
def k+1,byrs,t.a,c
= Loaneter ixibixion ki ie g’ + Lo,y D 9 ihe TUSEYS,
t=0c=1
and
d f koo
s,k+1,a,b de k+1,by,s,t,a,c
i,J Z t,e V” )
t=0c=1

It remains to ensure the validity of (85) whens =t =k + 1. So, fixa,b € {1,...,k + 1}
and apply (84) so as to obtain the estimate

k m¢ k mg
d ( k+1 +1)2+Z Mk+l ad (xk+l xﬂ)2+ZZMk+l bd (xk+l XE)Z
=0 pB=1 =0 8=1

Xk:zk: k+1a k+1 bd ( q0)2

t=06=0p=1qg=1
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In combination with the inductive Hypothesis (85), this implies that the desired estimate (85)
would also hold true when s = ¢ = k 4+ 1 once we introduce the following inductive defini-
tions.

k+1k+1,a,b de k+1,
Ua,:,gﬂa = Li(o,a,0)etk+1}x{a,b}x{0,..., k}}/t,;gla

k k m; mg

k+1 a k+1 byt,0,p,q
o micto.ddl D D D D My Hoy TUselhs
t=00=0p=1g=1

and

k m; mg

Vj{cjﬂ-l,k-ﬁ-l,a,b ZZZZMIZC-Ha k+leltJqu'

t=09=0p=1g=1

This concludes our inductive construction of auxiliary points, which satisfy the inequa-
lity (85). We shall now show how to remove the auxiliary points so as to obtain bona fide

quadratic metric inequalities that involve only points from the subset {x;,...,x,} C X.
5.2.2. Deriving quadratic metric inequalities. — Suppose that for every s,z € {0,...,k},
a€f{0,...,mg}and b € {0,...,m,;} we are given a nonnegative weight FZ’Z € [0,00). By

multiplying (85) by F;’Z and summing the resulting inequalities, we obtain the estimate

k mg my

(86) ZZZZE Ldx (x5, xp)> < DO Fy dx (xi.x5)>,

§s=0t=0a=1h=1 i=1j=1
where
def L& o &=
st e Fs,t +Z ZZFUtUSUZTaabﬂ’
0=0t=0a=1B8=1
and
k k mg my
FEDID DD DD I A i
s=0t=0a=1ph=1
Denote

St (x5 s€{0,... kyanda e {l,...,m}} C X.

Any ¢ € U2, Si will be called below a path in S.. If { = (&, ..., ) for some £ € N then
we write £({) = £. The points {o, {¢(r) are called the endpoints of the path ¢. The path ¢ is
called non-repetitive if the points {o, . .., {¢(¢) are distinct. The finite set of all non-repetitive
paths ¢ in S; whose endpoints satisfy {0, {¢)} S {x1,....,x,} will be denoted below by P.
Suppose that for every path { € Py we are given ¢1({), ..., cee)(§) € (0,00) such that for

every s,t €{0,...,k},ae{l,...,mg}and b € {1,...,m;} we have
L)
N4
D2 Ol o=y = Eale
tePr r=1
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Then the inequality (86) can be rewritten as follows.

£() n n
(87) YN e @dx @160 < DY Frjdx (i, x))2.
teb r=1 i=1j=1

By the triangle inequality and Cauchy-Schwarz, every ¢ € Py satisfies
(83)

(@)
dX(é‘O! é‘f(é')) X (

1
LD

By combining (87) and (88) we therefore see that

dx (£0.5u©)? _ = v 2
(89) Yo <UD Fujdx (i x))
EEP]( ZI‘:l cr (%) i=1j=1

L&) 1 14¢9)
3 @))Zcr(wx(cr N3

r= 1

2
Ver(©)dx (§r- l,é‘r) <(

Recall that by the definition of P, the endpoints {o, {(¢) of any path { € Py arein {xi, ..., x,}.
It therefore follows from (89) that if we define for every i, j € {1,...,n}

def 1
(90) Gij < > TR
EPk
(©o-8ee))=(xi.x;) Z
D L, (©)

then the following quadratic metric inequality, which generalizes (82), holds true in every
Hadamard space (X, dx).

Y (Gij-Fijdx(xi.x)> < Y (Fij—Gijdx(xi.x))>.
i,je{l,...,n} i,je{l,...,n}
Gij>Fij Fi j>Gij
QUESTION 34. — Is it true that for every D € [1, 00) there exists some C(D) € [1,00)
such that a metric space (X, dy) embeds with distortion at most C(D) into some Hadamard
space provided

Z (Gi.j — Fi.j)dx (xi.xj)* < D? Z (Fi.j — Gij)dx (xi. xj)*,

i,j€{l,...,n} i,j€{l,...,n}
G; ;>F; F; i>G; ;
for every n € N, every xq,...,x, € X and every {F; ;,G; j}i jef1,..n) as in (90)? Here we

are considering all those {F; ;, G;,j}i jef1,..,n) that are obtained from the construction that
is described in Section 5.2.1 and Section 5.2.2, i.e., ranging over all the possible choices of
weights kaH b FS L p» Cr (§) that were introduced in the course of this construction.

We conjecture that the answer to Question 34 is positive. It may even be the case that one
could take C(D) = D in Question 34. A negative answer here would be of great interest,
since it would require finding a family of quadratic metric inequalities that does not follow
(even up to a constant factor) from the above hierarchy of inequalities.
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6. Remarks on Question 14

Focusing for concreteness on the case p = 2 of Question 14, recall that we are asking
whether every n-point metric space (X, dy) satisfies

1) ¢ o3 (X) S Viogn.

The conclusion of Theorem 1, i.e., the fact that the 1/2-snowflake of every finite metric
space embeds with O(1) distortion into % (IR3), does not on its own imply (91). Indeed,
let +/{o, denote the 1/2-snowflake of £o,. Then the 1/2-snowflake of every finite metric
space embeds isometrically into v/Zo. However, it is standard to check that if for n € N
we let P, denote the set {1,...,n} C R, equipped with the metric inherited from R, then
c @(Pn) > /n. Thus, despite the fact that v/f, is 1/2-snowflake universal, the distortion
of n-point metric spaces in +/£o, can grow much faster than the rate of \/logn that we desire
in (91). Nevertheless, //o, is not an especially convincing example in our context, since
it does not contain rectifiable curves (which is essentially the reason for the lower bound
¢ yis(Pn) 2 /1), while 25 (R3) is an Alexandrov space of nonnegative curvature.

Note that ¢ g, (g3)(X) < logn for every n-point metric space (X, dx), so & (IR?) certainly
does not exhibit the bad behavior that we described above for embeddings into +/Zoc.
This logarithmic upper bound follows from the fact that ¢ g, (jo,17)(X) < logn, so in fact
cz,x)(X) < logn for every metric space (Y, dy) that contains a geodesic segment and
every n-point metric space (X, dy). The bound ¢, o,17)(X) < logn is a consequence of
Bourgain’s embedding theorem [12] combined with the easy fact that every finite subset of £,
embeds with distortion 1 into Z%([0, 1]). To check the latter assertion, take any X C £, of
cardinality n. We may assume without loss of generality that X € R”. Denoting

def
M =1+max max |xj41— Xj|,
xe€X je{l,...n—1} ’

define f : X — A (R) by f(x) Lef >, 8x;+mj. The choice of M ensures that the

sequence {x; + Mj}j_, is strictly increasjing, so for x,y € X the optimal transportation
between f(x) and f(y) assigns the point mass at x; + M, to the point mass at y; + M
for every j € {l1,...,n}. This shows that W,(f(x), f(¥)) = |lx — yl|l2. Since all the
measures { f(x)}xex are supported on a bounded interval, by rescaling we obtain a distor-

tion 1 embedding of X into Z4([0, 1]).

An example that is more interesting in our context than /{o,, though still some-
what artificial, is the space (€2 @ +/foo)2. This space is 1/2-snowflake universal (since it
contains an isometric copy of +/fs) and also every n-point metric space (X,dy) satis-
fies ¢, 072y, (X) < < logn (by Bourgain’s theorem [12], since ({2 @ +/€oo)> contains an
isometric copy of £,). However, we shall prove below the following lemma which shows that
the conclusion of Question 14 fails for ({2 ® v{oo)2-

LemMA 35. — For arbitrarily large n € N there exists an n-point metric space (X,, dx,,)
that satisfies

C(tr@T), (Xn) Z logn.
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Of course, ({2 ® +/loo)2 is still more pathological than &% (R?) (in particular, not every
pair of points in (£, @ +/€oo)> can be joined by a rectifiable curve), and we lowered here the
asymptotic growth rate of the largest possible distortion of an n-point metric space from
the O(/n) of /ls to the O(logn) of (£> @ /ls)2 by artificially inserting a copy of £5.
Nevertheless, the proof of Lemma 35 below illuminates the fact that in order to prove that
Question 14 has a positive answer, one would need to use properties of the Alexandrov
space % (R?) that go beyond those that we isolated so far, and in particular it provides a
concrete sequence of finite metric spaces for which the conclusion of Question 14 is at present
unknown; see Question 36 below.

Before proving Lemma 35, we set some notation.

For a finite connected graph G = (Vg, Eg), the shortest-path metric that G induces
on Vg is denoted by dg. For k € N, denote the k-fold subdivision of G by X (G) =
Vs, 6y Exi(6))- 1.6., Zk(G) is obtained from G by replacing each edge e € Eg by a path
consisting of k edges joining the endpoints of e (the interiors of these paths are disjoint for
distinct e,e’ € Eg). Thus |Vz, )| = |Vg| + (k — 1)|Eg|. Note that the metric induced
on Vg C Vx, (G) by the shortest-path metric dx, () of Zx (G) is a rescaling of dg by a factor
ofk,ie.,

92) Vx,y € Ve CVs6) ds, 6)(x,y) = kdg(x,y).

Suppose that G is d-regular for some d € N. The normalized adjacency matrix of G, i.e., the
Ve x Vg matrix whose entry at u, v € Vg equals 1/d if {u, v} € Eg and equals 0 otherwise,
is denoted Ag. The largest eigenvalue of the symmetric stochastic matrix Ag equals 1, and
the second largest eigenvalue of Ag is denoted A,(G).

Proof of Lemma 35. — Fix d,n € N. We shall show that if G = (Vg, Eg) is an n-vertex
d-regular graph then

. klogn logn
(93) 0@2@m>2(2k(a>)zmm{ S T=1G) - == }

logd logd
In particular, for, say, d = 3 and A,(G) < 99/100, if k < logn then

Clr@/T), (Zk(G)) < logn < log|Vz, ()l
This implies the validity of Lemma 35 because arbitrarily large graphs with the above require-
ments are well-known to exist (see e.g., [35]).

To prove (93), take f : Vx, () — (£2® v/£)2 and suppose that there exist s, D € (0, c0)
such that for every x, y € V5, (g) we have

sds,6)(x.¥) < dy, @1, (f(x). f(¥) < Dsdx, ) (x, y).

Our goal is to bound D from below. Writing f(x) = (g(x), h(x)) for every x € Vx, (), our
assumption is that for every distinct x, y € Vy, (g),

< 18G) = g3 + 1) = h(y)lloo

(94 1< < D2
) s2ds, 6)(x.y)?
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For x,y € Vx, () with {x,y} € Ex, () by (94) we have [|1(x) — h(y)|leo < s?D? =
s2D%dy, ()(x,y). Thus h : Vy, () = Lo is s> D*-Lipschitz, and therefore

1 s2D?
— 2 I =hMlleo < =5 3 ds(x.¥)
x,yeVes x,yeVg
©2) ks?D?
95) = =5 2 dex.y)
x,yeVg
1 3
gkszDz(n—2 > dG(x,y)Z) .
x,yeVg
Consequently, by (94) once more we have
1 ©4) 52 1
= 2 g0 -gMIE > = Y dno@ )’ —— 3 1) ()
x,yeVg x,yeVg x,yeVg
05) k252 1 2
96) P Y dow kD (5 X dotxr?)

x,y€Vg x,yeVg
At the same time, by the equivalent formulation of spectral gap in terms of a Poincaré

inequality (see e.g., [29, Section 9.1] or [53, 61]),

1 1 2
= 2 s —e0B < L lew -2
n —42(6) |Egl 4=
{x,y}eEg
©49  s2D? 2
97) < : ds,(6)(x.y)?
1=12(6) " |Eq] yZV K@
{x.y}eEG

©2) 252k2D?
1 =22(6)
By contrasting (96) with (97) we deduce that

1 1
: 1—2,(G) 2 (k? )
D 2 min (n—2 Y doe?) (5 Y deeyr
x,y€Vg x,yeVg
This lower bound on D implies the desired estimate (93) since by a standard (and simple)
counting argument (see e.g., [53, page 193]) the fact that G has n vertices and is d-regular
implies that

1 5\2  logn
i E >

QUESTION 36. — Suppose that G is an n-vertex 3-regular graph with A,(G) < 99/100.
What is the asymptotic growth rate of

¢ @3) (Ziogn1(G))?

At present, the best known upper bound on this quantity is O(logn), while Question 14
predicts that it is O(4/logn). Obtaining any o (logn) upper bound would be interesting here.
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