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SMOOTH FOURIER MULTIPLIERS
IN GROUP ALGEBRAS VIA SOBOLEV DIMENSION

 A GONZÁLEZ-PÉREZ, M JUNGE
 J PARCET

A. – We investigate Fourier multipliers with smooth symbols defined over locally com-
pact Hausdorff groups. Our main results in this paper establish new Hörmander-Mikhlin criteria for
spectral and non-spectral multipliers. The key novelties which shape our approach are three. First,
we control a broad class of Fourier multipliers by certain maximal operators in noncommutative Lp
spaces. This general principle—exploited in Euclidean harmonic analysis during the last 40 years—is
of independent interest and might admit further applications. Second, we replace the formerly used
cocycle dimension by the Sobolev dimension. This is based on a noncommutative form of the Sobolev
embedding theory for Markov semigroups initiated by Varopoulos, and yields more flexibility to mea-
sure the smoothness of the symbol. Third, we introduce a dual notion of polynomial growth to further
exploit our maximal principle for non-spectral Fourier multipliers. The combination of these ingredi-
ents yields new Lp estimates for smooth Fourier multipliers in group algebras.

R. – Nous étudions des multiplicateurs de Fourier à symboles réguliers sur des groupes lo-
calement compacts. De nouveaux critères de Hörmander-Mikhlin pour des multiplicateurs spectraux
et non spectraux sont établis. Notre approche se base sur trois nouveaux résultats clés. Premièrement,
nous utilisons certains opérateurs maximaux dans des espaces Lp non commutatifs pour obtenir un
contrôle sur de larges classes de multiplicateurs. Ce principe général — exploité en analyse harmo-
nique euclidienne ces 40 dernières années — présente un intérêt indépendant et pourrait admettre de
nouvelles applications. Deuxièmement, en établissant une version non commutative de la théorie de
plongement de Sobolev pour les semigroupes de Markov initiée par Varopoulos, la dimension de co-
cycle utilisée auparavant est remplacée par la dimension de Sobolev. Ceci permet plus de flexibilité sur
la régularité du symbole. Enfin, nous introduisons une notion duale de la croissance polynomiale pour
exploiter davantage notre principe du maximum sur des multiplicateurs de Fourier non spectraux. La
combinaison de ces ingrédients produit de nouvelles estimations Lp pour des multiplicateurs de Fou-
rier réguliers dans des algèbres de groupe.

Introduction

The aim of this paper is to study Fourier multipliers on group von Neumann algebras for
locally compact Hausdorff groups. More precisely, the relation between the smoothness of
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880 A. GONZÁLEZ-PÉREZ, M. JUNGE AND J. PARCET

their symbols andLp-boundedness. This is a central topic in Euclidean harmonic analysis. In
the context of nilpotent groups, it has also been intensively studied in the works of Cowling,
Müller, Ricci, Stein and others. In this paper we will consider the dual problem, placing
our nonabelian groups in the frequency side. Today it is well understood that the dual of a
nonabelian group can only be described as a quantum group, its underlying algebra being the
group von Neumann algebra. The interest of Fourier multipliers over such group algebras
was recognized early in the pioneering work of Haagerup [11], as well as in the research
carried out thereafter. It was made clear how Fourier multipliers on these algebras can help
in their classification, through the use of certain approximation properties which become
invariants of the algebra. Unfortunately, the literature on this topic does not involve the
Lp-theory—with a few exemptions like [21] and the very recent paper of Lafforgue and de la
Salle [25]—as it is mandatory from a harmonic analysis viewpoint. In this respect, our work
is a continuation of [18, 19] where 1-cocycles into finite-dimensional Hilbert spaces were
used to lift multipliers from the group into a more Euclidean space. This yields Hörmander-
Mikhlin type results depending of the dimension of the Hilbert space involved. Here, we shall
follow a different approach through the introduction of new notions of dimension allowing
more room for the admissible class of multipliers. These notions rely on noncommutative
forms of the Sobolev embedding theory for Markov semigroups, which carrie an ‘encoded
geometry’ in the commutative setting. Prior to that, we need to investigate new maximal
bounds whose Euclidean analogs are central in harmonic analysis. In this paper we shall limit
ourselves to unimodular groups to avoid technical issues concerning modular theory.

This text is divided into three blocks which are respectively devoted to maximal bounds,
Sobolev dimension and polynomial co-growth. Let us first put in context our maximal
estimates for Fourier multipliers. Given a symbol m W Rn ! C with corresponding Fourier
multiplier Tm, there is a long tradition in identifying maximal operators M which satisfy the
weighted L2-norm inequality below for all admissible input functions f and weights w

(WL2)
Z
Rn
jTmf j

2w .
Z
Rn
jf j2 Mw:

It goes back to the work of Córdoba and Fefferman in the 70’s. This general principle
has deep connections with Bochner-Riesz multipliers and also with Ap weight theory. The
Introduction of [2] gives a very nice historical summary and new results in this direction.
The main purpose of this estimate is that elementary duality arguments yield for p > 2 thatTm W Lp.Rn/! Lp.Rn/

 . M W L.p=2/0.Rn/! L.p=2/0.Rn/
 12 :

The most general noncommutative form of this inequality would require too much termi-
nology for this Introduction. Instead, let us just introduce the basic concepts to give a reason-
able but weaker statement. Stronger results will be given in the body of the paper. Let G be
a locally compact Hausdorff group. If we write � for the left Haar measure of G and � for
the left regular representation � W G ! B.L2G/, the group von Neumann algebra LG is
the weak operator closure in B.L2G/ of �.L1.G//. We refer to Section 1 for a construction
of the Plancherel weight � on LG, a noncommutative substitute of the Haar measure. Note
that � is tracial iffG is unimodular—which we assume—and it coincides with the finite trace
given by �.x/ D hıe; xıei when G is discrete. In the unimodular case, . LG; �/ is a semifi-
nite von Neumann algebra with a trace and it is easier to construct the noncommutative
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SMOOTH MULTIPLIERS VIA SOBOLEV DIMENSION 881

Lp-spaces Lp. LG; �/ with norm kxkp D �.jxjp/1=p, where jxjp D .x�x/p=2 by functional
calculus on the (unbounded) operator x�x. Given a bounded symbolm W G ! C, the corre-
sponding Fourier multiplier is densely defined by Tm�.f / D �.mf /. Alternatively, it will be
useful to understand these operators as convolution maps in the following way

Tm.x/ D �.m/ ? x D .� ˝ Id/
�
ı�.m/ .�x ˝ 1/

�
;

where ı W LG ! LG˝ LG is determined by ı.�g/ D �g ˝ �g and � W LG ! LG

is the anti-automorphism given by linear extension of �.�g/ D �g�1 . The first map is
called the comultiplication map for LG, whereas � is the corresponding coinvolution. Our
next ingredient is the Lp-norm of maximal operators. Given a family of noncommuting
operators .x!/! affiliated to a semifinite von Neumann algebra M , their supremum is not
well-defined. We may however consider their Lp-norms through sup

!2�

Cx!


Lp.M /

D
.x!/!2�Lp.M IL1.�//

;

where the mixed-norm Lp.L1/-space has a nontrivial definition obtained by Pisier for
hyperfinite M in [31] and later generalized in [15, 20]. This definition recovers the norm
in Lp.†IL1.�// for abelian M D L1.†/, further details in Section 1. Finally, condi-
tionally negative lengths  W G ! RC are symmetric functions vanishing at the identity e
which satisfy

P
g;h agah .g

�1h/ � 0 for any family of coefficients with
P
g ag D 0. Due

to its one-to-one relation to Markov convolution semigroups, they will play a crucial role
in this paper. In the classical multiplier theorems, the symbols m are cut out with func-
tions �.j�j/ for some compactly supported � 2 C1.RC/. Our techniques do not allow us
to use compactly supported functions in RC. Instead, we are going to use analytic func-
tions decaying fast near 0 and near 1. We will call such � an H10 -cut-off, see Section 1
for the precise definitions. The archetype of such functions will be �.z/ D z e�z . When
such function is real-valued for every z 2 RC we will say that � is real. We will denote
by Lıp. LG/ the noncommutative Lp-space Lp. LG/ modulo the functions supported
in G0 D fg 2 G W  .g/ D 0g, see Section 1.1.7 for details.

T A. – Let G be a unimodular group equipped with any conditionally negative
length  W G ! RC. Let � be a real H10 -cut-off and m W G ! R an essentially bounded
symbol satisfying that m.g�1/ D m.g/ for every g 2 G. Assume Bt D �.m�.t // admits
a decomposition Bt D †tMt with Mt positive and satisfying Mt D �Mt , and consider the
convolution map R .x/ D .jMt j

2 ? x/t�0. Then the following inequality holds for 2 < p <1

kTmkB.Lıp. LG// ..p/
�

sup
t�0

k†tk2

�R W L.p=2/0. LG/! L.p=2/0. LGIL1/
 12 ;

By duality, a similar stamens holds for 1 < p < 2. Moreover, the assumptions of �
being real, of m satisfying that m.g�1/ D m.g/ and of Mt being positive and satisfying that
Mt D �Mt can be removed if we allow slight modifications in the statement of the theorem,
like framing the conclusion in terms of noncommutative Hardy spaces. Theorem A combines
in a very neatly way noncommutative generalizations of (WL2) with square function esti-
mates. In the particular case of Hörmander-Mikhlin symbols—as we shall see along this
paper—the decomposition splits the assumptions. Namely, the L2-norm of †t is bounded
using the smoothness condition while the maximal R is bounded through the geometrical

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



882 A. GONZÁLEZ-PÉREZ, M. JUNGE AND J. PARCET

assumptions regarding the dimensional behavior of  . Apart from the direct consequences
given in the present paper, this result is of independent interest and admits potential appli-
cations in other directions to be explored in a forthcoming publication.

Given a conditionally negative length  W G ! RC, the infinitesimal generator of the
semigroup �g 7! exp.�t .g//�g is the map determined by A.�g/ D  .g/�g . In particular,
 -radial Fourier multipliers fall in the category of spectral operators of the formm.A/. These
maps are known as spectral multipliers and play a central role in the theory. Our aim in
this second block is to find smoothness criteria on m which implies Lp-boundedness of the
spectral multiplier Tmı .

It is well understood—specially after [6, 38]—that if we want to obtain Lp boundedness
form.A/ from the smoothness ofm, for every semigroup, we need to impose analyticity onm.
To obtain a smoothness condition with a finite number of derivatives our space needs to
be finite-dimensional. Indeed, it is known that the optimal smoothness order may growth
with the dimension. This indicates the necessity of defining a notion of dimension in the
non-commutative setting. We will take as dimension the value d > 0 for which a Sobolev
type embedding holds for A. Recall that there is a Sobolev embedding theory for Markov
semigroups introduced by Varopoulos [42]. More precisely, given a measure space .�;�/ and
certain elliptic operatorA generating the Markov process St D exp.�tA/, one can introduce
the Sobolev dimension d for which the equivalence below holds

kf kL 2d
d�2

.�/ .
A 1

2 f

L2.�/

”
Stf L1.�/ . t�

d
2 kf kL1.�/:

The property of the right hand side is known as ultracontractivity. When it holds for the
semigroup generated by an invariant Laplacian on a Lie group, it forces �.Bt .e// � td .
Thus, we can understand ultracontractivity as a way of describing the growth of balls. With
that motivation we introduce general ultracontractivity propertiesSt W L1.M /! M


cb .

1

ˆ.
p
t /
;

where cb stands for completely bounded. The function ˆ will measure the “growth of
the balls”. Since doubling measure spaces are widely recognized as a natural setting for
performing harmonic analysis, we will impose ˆ to be doubling, i.e.,:

sup
t>0

�
ˆ.2t/

ˆ.t/

�
<1;

and our doubling dimension will be given by

Dˆ D log2 sup
t>0

�
ˆ.2t/

ˆ.t/

�
:

In the classical abelian setting, apart from the ultracontractivity—or on-diagonal behavior
of St—we need to impose off-diagonal decay on St , typically Gaussian bounds. Let
.G; ;X/ be a triple formed by a locally compact Hausdorff unimodular group G, a
conditionally negative length  W G ! RC and an element X in the extended positive
cone LG^C, see [12, 13] for precise definitions. We will say that the triple satisfies the standard
assumptions when:
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SMOOTH MULTIPLIERS VIA SOBOLEV DIMENSION 883

i) Doublingness

ˆX .s/ D �.�Œ0;s/.X// is doubling.

ii) L2 Gaussian upper bounds

�
�
�Œr;1/.X/

ˇ̌
�.e�s /

ˇ̌2�
.

e�ˇ
r2

s

ˆX .
p
s/

for some ˇ > 0:

iii) Hardy-Littlewood maximality sup
s�0

C
�Œ0;s/.X/

ˆX .s/
? x


Lp. LG/

..p/ kxkLp. LG/ for every 1 < p <1:

We will also require the inequality iii/ to hold uniformly for matrix amplifications. As we
shall see, inequality ii/ implies ultracontractivity with ˆX as growth function. We will omit
the dependency of X from ˆX when it can be understood from the context. It is also
interesting to point out that, in the classical case, Gaussian bounds can be deduced from the
ultracontractivity in the presence of geometrical assumptions like locality or finite speed of
propagation for the wave equation, see [35, 36] and [34, Section 3]. Generalizing such results
to the noncommutative setting will be the object of forthcoming research. The connection of
standard assumptions with smooth  -radial Fourier multipliers is nearly optimal.

T B. – Let .G; ;X/ be any triple satisfying the standard assumptions which we
considered above. Given an H10 -cut-off function � and a symbol m W RC ! C, the following
inequalities hold for 1 < p <1 W

i) If s > .Dˆ C 1/=2

kTmı k CB.Lıp. LG// . sup
t�0

m.t �/�.�/
W 2;s.RC/

:

ii) If s > Dˆ=2 and  2 CBPlanˆq for some q � 2

kTmı k CB.Lıp. LG// . sup
t�0

m.t �/�.�/
W q;s.RC/

:

The last inequality holds with q D1 under the sole assumption of s > Dˆ=2.

The term CB also stands for “completely bounded” and the property CBPlanˆq plays the
role of the q-Plancherel property introduced by Duong-Ouhabaz-Sikora [41], see the body
of the paper for concrete definitions. The proof of Theorem B is the most technical in this
paper. It will explain the decoupling nature of Theorem A. The †t are controlled using the
Sobolev smoothness (via the Phragmen-Lindelöf theorem) for any degree s > 0, whereas the
maximal bound determines optimal restrictions in terms of the Sobolev dimension Dˆ.

Theorem B should be illustrated with interesting examples. The existence of natural triples
satisfying the standard assumptions for nonabelian groups is the subject of current research,
which will appear elsewhere. In this paper we shall construct such triples out of finite-
dimensional cocycles. This permits to recover the results in [18, 19] for  -radial multipliers.
In fact, we should emphasize at this point that the notion of dimension in the previous
approach was limited to the Hilbert space dimension of the cocycle determined by the
length  . Working with finite-dimensional cocycles is an unfortunate limitation which we
could remove for noncommutative Riesz transforms in [19]. Theorem B allows to go even
further for smooth radial multipliers.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



884 A. GONZÁLEZ-PÉREZ, M. JUNGE AND J. PARCET

In our third and last block of this paper, we consider general (non-spectral) Fourier
multipliers. Apart for the semigroup over LG generated by  we will endow G with two
semigroups S 1=S 2 W L1.G/! L1.G/ of left/right invariant operators. The intuition here
is that Sj will describe the geometry of G while the semigroup generated by  will describe
the geometry of its dual. IfA denotes the infinitesimal generator of a semigroup overL1.G/,
we use the standard notation for its nonhomogeneous Sobolev spaces

kf kW p;s
A

.G/ D
.1C A/ s2 f 

Lp.G/
:

When S is left invariant there exists a positive densely defined operator bA affiliated to LG

such that �.Af / D �.f /bA for all f 2 dom2.A/. In a similar way we obtain �.Af / D bA�.f /
when S is right invariant, see Proposition 3.3 for the proof. Then we define the polynomial
co-growth of bA as follows

cogrowth.bA/ D inf
n
r > 0 W

�
1C bA �� r2 2 L1. LG/

o
:

Our choice for the term “polynomial co-growth” sits on the intuition that bA behaves like j�j2

in the case of the Laplacian � on RD and therefore cogrowth.b�/ D D follows from the
fact that large balls grow like rD . Further in Section 3 we will characterize polynomial co-
growth by relating the behavior of small balls inG with “large balls” in LG, see Remark 3.8
for further explanations. It is also worth mentioning the close relation between polynomial
growth and Sobolev dimension as it will be analyzed in the body of the paper. Our main result
in this direction is the following criterium for non-spectral multipliers.

T C. – Let G be a unimodular group equipped with a conditionally negative
length  . Let S 1=S 2 be respectively left/right invariant submarkovian semigroups onL1.G/
whose generators Aj satisfy cogrowth.bAj / D Dj for j D 1; 2. Consider an H10 -cut-off
function � and a symbolm W G ! C. Then, if sj > Dj =2 for j D 1; 2, the following inequality
holds for 1 < p <1

kTmk CB.Lıp. LG// ..p/ sup
t�0

max
n�.t /m

W
2;s1
A1

.G/
;
�.t /m

W
2;s2
A2

.G/

o
:

Theorem C establishes a link between the, a priori unrelated, geometries which deter-
mine and Sj . Indeed, we use the length to cutm—determining the size of the support—
and use Aj to measure the smoothness ofm. It is interesting to note that passing to the dual
requires a size condition on bA, reinforcing the intuition that duality switches size and
smoothness. The main difference with Theorem B is that in this general context we have
been forced to place the dilation in the cut-off function � instead of the multiplier m. We
conclude the paper illustrating Theorem C for Lie groups of polynomial growth by means
of the subriemannian metrics determined by sublaplacians, see Corollary 3.9.

1. Maximal bounds

1.1. Preliminaries

Although the material here exposed is probably well-known to experts, let us review some
notions and results in the interface between harmonic analysis and operator algebra that we
will need throughout this section. We will start with a brief exposition of noncommutative
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SMOOTH MULTIPLIERS VIA SOBOLEV DIMENSION 885

integration theory, including the construction of noncommutative Lp spaces. Our main
example will be the group von Neumann algebra of an unimodular Lie group equipped with
its canonical Plancherel trace. Then we will review some basics of operator space theory
as well as the construction of certain mixed-norm spaces. Finally we will consider Markov
semigroups with an special emphasis on semigroups of convolution type. We will revisit
Hardy spaces and square function estimates associated with a semigroup.

1.1.1. NoncommutativeLp spaces. – Part of von Neumann algebra theory has evolved as the
noncommutative form of measure theory and integration. A von Neumann algebra M [24,
39, 40], is a unital weak-operator closed C�-subalgebra of B.H /, the algebra of bounded
linear operators on a Hilbert space H . We will write 1 M , or simply 1, for the unit. The posi-
tive cone MC is the set of positive operators in M and a trace � W MC ! Œ0;1� is a linear
map satisfying �.x�x/ D �.xx�/. Such map is said to be normal if sup˛ �.x˛/ D �.sup˛ x˛/
for bounded increasing nets .x˛/; it is semifinite if for x 2 MC n f0g there exists 0 < x0 � x
with �.x0/ < 1; and it is faithful if �.x/ D 0 implies x D 0. The trace � plays the role of
the integral in the classical case. A von Neumann algebra M is semifinite when it admits
a normal semifinite faithful (n.s.f. in short) trace � . Any x 2 M is a linear combination
x1� x2C ix3� ix4 of four positive operators. Thus, � extends as an unbounded operator to
nonpositive elements and the tracial property takes the familiar form �.xy/ D �.yx/. The
pairs .M ; �/ composed by a von Neumann algebra and a n.s.f. trace will be called noncom-
mutative measure spaces. Note that commutative von Neumann algebras correspond to clas-
sical measurable spaces.

By the GNS construction, the noncommutative analog of measurable sets (characteristic
functions) are orthogonal projections. Given x 2 MC, its support is the least projection q
in M such that qx D x D xq and is denoted by suppx. Let SCM be the set of all x 2 MC

such that �.suppx/ <1 and set S M to be the linear span of SCM . If we write jxj D
p
x�x,

we can use the spectral measure dE of jxj to observe that

x 2 S M ) jxj
p
D

Z
RC
sp dE.s/ 2 SCM ) �.jxjp/ <1:

If we set kxkp D �.jxjp/
1
p , we obtain a norm in S M for 1 � p <1. By the strong density

of S M in M , the noncommutative Lp space Lp.M / is the corresponding completion
for p < 1 and L1.M / D M . Many basic properties of classical Lp spaces like duality,
real and complex interpolation, Hölder inequalities, etc hold in this setting. Elements
of Lp.M / can be described as measurable operators affiliated to .M ; �/, we refer to
Pisier/Xu’s survey [33] for more information and historical references. Note that classicalLp
spaces Lp.�;�/ are denoted in this terminology as Lp.M / where M is the commutative
von Neumann algebra L1.�;�/.

1.1.2. Group algebras and comultiplication formulae. – Our main example of noncommu-
tative measure space in this paper is that of group von Neumann algebra. Let G be a locally
compact and Hausdorff group (LCH group in short) equipped with its left Haar measure �,
throughout this text we will assume G to have a numerable base for the topology. Let
� W G ! B.L2G/ be the left regular representation. We will also use � to denote the linear
extension of � to the space L1.G/. We will denote by C �

�
G the norm closure of �.L1.G//

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



886 A. GONZÁLEZ-PÉREZ, M. JUNGE AND J. PARCET

and by LG the closure of C �
�
G in the weak operator topology. LG is usually referred to as

the group von Neumann algebra associated to G. There is a distinguished normal faithful
weight � W LGC ! RC such that � W L1.G/ \ L2.G/ ! LG extends to an isometry from
L2.G/ to L2. LG; �/, the GNS construction associated to � . Such weight is unique and it is
called the Plancherel weight. When the function f belongs to the dense class Cc.G/�Cc.G/
we have �.�.f // D f .e/. The Plancherel weight is tracial if and only if G is unimodular.
In this case it is called the Plancherel trace. From now on we will focus on unimodular
groups. We will often work with the spaces Lp. LG; �/ although the dependency on � will
be dropped in our terminology.

LG has a natural comultiplication given by linear extension of ı.�g/ D �g ˝ �g which
extends to a �-homomorphism ı W C �

�
G ! C �

�
G ˝min C

�
�
G. There is a unique normal

extension ı W LG ! LG˝ LG. This is a consequence of the fact that if ı is normal
then ı� W LG� b̋ LG� ! LG�. Here ˝min and b̋ represent respectively the minimal and
projective o.s. tensor products [32] and ˝ denotes the weak operator closure of the algebraic
tensor product. Identifying L .G �G/� with LG� b̋ LG� we have

ı�

� Z
G�G

f .g1; g2/�.g1;g2/d�.g1/d�.g2/
�
D

Z
G

f .g; g/�gd�.g/;

for every f 2 Cc.G � G/ � Cc.G � G/. The boundedness of ı� is then a consequence
of the Herz restriction theorem [14]. It is interesting to note that the Plancherel weight can
be characterized as the unique normal, nontrivial and ı-invariant weight, where ı-invariant
means that

.� ˝ Id/ıx D �.x/1:

Analogously, Fourier multipliers are characterized as ı-equivariant maps

ıT D .T ˝ Id/ı D .Id˝ T /ı:

We will denote by � W LG ! LG the anti-automorphism given by linear extension
of �.�g/ D �g�1 . The quantized convolution of two elements x; y affiliated to LG is defined
by

x ? y D .� ˝ Id/
�
ıx .�y ˝ 1/

�
:

Observe that given m 2 L1.G/, the corresponding Fourier multiplier has the form

Tm.x/ D �.m/ ? x D .� ˝ Id/
�
ı�.m/ .�x ˝ 1/

�
:

1.1.3. Operator space background. – The theory of operator spaces is regarded as a noncom-
mutative or quantized form of Banach space theory. An operator spaceE is a closed subspace
of B.H /. LetMm.E/ be the space ofm�mmatrices with entries inE and impose on it the
norm inherited fromMm.E/ � B.Hm

/. The morphisms in this category are the completely
bounded linear maps (c.b. in short) u W E ! F , i.e., those satisfying

kuk CB.E;F / D
u W E ! F


cb D sup

m�1

IdMm ˝ u


B.Mm.E/;Mm.F //
<1:

Similarly, given C�-algebras A and B, a linear map u W A! B is called completely positive
(c.p. in short) when IdMm˝u is positivity preserving form � 1. When a c.p. mapu W A! B is
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contractive (resp. unital) we will say it is a c.c.p. (resp. u.c.p.) map. The Kadison-Schwartz
inequality for a c.c.p. map u W M ! M claims that

u.x/�u.x/ � u.x�x/ for all x 2 M :

Ruan’s axioms describe axiomatically those sequences of matrix norms which can occur
from an isometric embedding into B.H /. Admissible sequences of matrix norms are called
operator space structures (o.s.s. in short) and become crucial in the theory. Given a Banach
space X and an isometric embedding � W X ! B.H / we will denote by X� the corre-
sponding operator space. Central branches from the theory of Banach spaces like duality,
tensor norms or complex interpolation have been successfully extended to the category of
operator spaces. Rather complete expositions are given in [8, 30, 32]. Two particular aspects
of operator space theory which are relevant in this paper are the following:

A. Vector-valued Schatten classes. – We will denote by Sp the Schatten p-class given by
Sp D Lp.B.`2/;Tr/ with Tr the standard trace in B.`2/. Similarly, Smp stands for the same
space over m � m matrices. Vector-valued forms of these spaces can be defined as long as
we define an o.s.s. over the space where we take values. Given an operator space E, we may
define the E-valued Schatten classes Smp ŒE� as the operator spaces given by interpolation

Smp ŒE� WD
�
Sm1ŒE�; S

m
1 ŒE�

�
1
p

WD
�
Sm1 ˝min E; S

m
1
b̋E� 1

p

:

These classes provide a useful characterization of complete boundedness

kuk CB.E;F / D sup
m�1

IdMm ˝ u


B.Smp .E/;S
m
p .F //

for 1 � p � 1:

For a general hyperfinite von Neumann algebra M the construction ofLp.M IE/ is carried
out by direct limits of E-valued Schatten classes. We refer to Pisier’s book [31] for more
on vector-valued noncommutative Lp spaces. The space Lp.M IE/ for nonhyperfinite M

cannot be constructed without losing fundamental properties like projectivity/injectivity of
the functorE 7! Lp.M IE/. Fortunately, this drawback is solvable for the vector-valuedLp
space we shall be working with.

B. Operator space structure of Lp. – Given an operator space E, its opposite Eop is the
operator space which comes equipped with the operator space structure determined by the
o.s.s. of E as follows mX

j;kD1

ajk ˝ ejk


Mm.Eop/

D

 mX
j;kD1

akj ˝ ejk


Mm.E/

;

where ejk stand for the matrix units in Mm. Alternatively, if E � B.H /, then Eop D E>

� B.H /, where > is the transpose. The op construction plays a role in the construction of
a “natural” o.s.s. for noncommutative Lp spaces. If M is a von Neumann algebra we will
denote by M op it opposite algebra, the original algebra with the multiplication reversed.
It is a well-known result that M op and M need not be isomorphic [5]. For every operator
space E the natural inclusion j W E ! E�� is a complete isometry. This allows us to build
an operator space structure in the predual M � as the only operator space structure that
makes the inclusion j W M � ! M � completely isometric. The operator space structure
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of Lp.M / is given by operator space complex interpolation between L1.M / D .M op/�
and M . In particular, it turns out that

Lp.M /� ' Lp0.M op/

is a complete isometry for 1 � p <1, see [32, pp. 120-121] for further details.

1.1.4. L1-valuedLp spaces. – Maximal inequalities are a cornerstone in harmonic analysis.
Unfortunately, the supremum of a family of noncommuting operators is not well-defined,
so that we do not have a proper noncommutative analog of maximal functions. Neverthe-
less, this difficulty can be overcome if all we want is to bound is the maximal function in
noncommutative Lp, as usually happens in harmonic analysis for commutative spaces. In
that case we exploit the fact that the p-norm of a maximal function can always be written as
a mixed Lp.L1/-norm of the corresponding entries. This reduces the problem to construct
the vector-valued spaces Lp.M IL1.�//. This construction can be carried out without
requiring M to be hyperfinite, relaying in the commutativity of L1.�/. Lp.M IL1.�// is
defined as the subspace of functions x 2 L1.�ILp.M // which admit a factorization of
the form x! D ˛ y! ˇ with ˛; ˇ 2 L2p.M / and y 2 L1.�I M /. The norm in such space
is then given by.x!/!2�Lp.M IL1.�//

D inf
n
k˛k2p

�
ess sup
!2�

ky!kM

�
kˇk2p W x D ˛yˇ

o
:

When x! � 0 the norm coincides with

(1.1)
.x!/!2�Lp.M IL1.�//

D inf
n
kykLp.M / W x! � y for a.e. ! 2 �

o
:

Its operator space structure satisfies

Smp
�
Lp.M IL1.�//

�
D Lp

�
Mm ˝ M IL1.�/

�
:

It is standard to use the following notation for the noncommutative Lp.L1/-norm sup
!2�

C x!


Lp.M /

D
.x!/!2�Lp.M IL1.�//

;

where the sup is just a symbolic notation without an intrinsic meaning. In the proof of
Theorem B we will use the fact that if .�!2/!22�2 is a family of finite positive measures in�1
and .R!1/!12�1 is a family of positivity preserving operators, then the following bound holds
for x 2 Lp.M /C

(1.2)
 supC
!22�2

n Z
�1

R!1.x/d�!2.!1/
o
p
�

�
sup
!22�2

k�!2kM.�/

� supC
!12�1

R!1.x/

p
:

When M is hyperfinite, this definition of Lp.M IL1.�// coincides with the corre-
sponding vector-valued space as defined by Pisier [31]. This approach to handle maximal
inequalities in von Neumann algebras has been successfully used in [15] to find noncommu-
tative forms of Doob’s maximal inequality for martingales and the maximal ergodic inequal-
ities for Markov semigroups [23]. The predual can be explicitly described as the L1-valued
spaceLp0.M IL1.�//. Indeed, letSp.�/ be the Schatten class associated to the Hilbert space
L2.�/. Note that there is a hermitian form q W L2p.M /˝ Sc2 .�/ � L2p.M /˝ Sc2 .�/!

Lp.M /˝ L1.�/ given by

q.x ˝m; y ˝ n/ D x�y ˝ diag.m�n/;
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where diag W S1.�/! L1.�/ is the restriction to the diagonal. Define

kxkLp.M IL1.�// D inf
n
kakL2p.M ISc

2
.�// kbkL2p.M ISc

2
.�// W q.a; b/ D x

o
:

This space satisfies that Lp.M IL1.�//
� D Lp0.M opIL1.�// for 1 � p <1.

1.1.5. Hilbert-valued Lp spaces. – For certain operator spaces whose underlying Banach
space is a Hilbert space we can define vector-valued noncommutative Lp spaces for general
von Neumann algebras. Indeed, let H be a Hilbert space and Pe� D he; �ie for some e 2 H

of unit norm. We define the following two Hilbert-valued forms of Lp.M /

Lp.M I H c
/ D Lp.M ˝ B.H //.1 M ˝ Pe/;

Lp.M I H r
/ D .1 M ˝ Pe/Lp.M ˝ B.H //;

called the Lp spaces with H -column (resp. H -row) values. Their o.s.s. are the ones inher-
ited from Lp.M ˝ B.H //. If H D `n2 , then we can identify Lp.B.H /˝ M / with
Lp.M /-valued n � n matrices. Under that identification Lp.M I H c

/ (resp. Lp.M I H r
/)

corresponds to the matrices with zero entries outside the first column (resp. row) and we
have that  nX

jD1

xj ˝ ej1


Lp.M˝B.`n

2
//
D

� nX
jD1

x�j xj

� 1
2

Lp.M /

;

 nX
jD1

xj ˝ e1j


Lp.M˝B.`n

2
//
D

� nX
jD1

xjx
�
j

� 1
2

Lp.M /

:

The same formulas hold after replacing the finite sums by infinite ones of even by integrals.
For every 1 � p � 1 we can embed H isometrically in Sp by sending cp.ej / D e1 j
or rp.ej / D ej 1, where fej g is an orthonormal basis of H . Such maps are called the
p-column/p-row embeddings. These isometries endow H with several o.s. structures.
Observe that, as an o.s, Lp.M I H c

/ (resp. Lp.M I H r
/) coincides with Pisier’s vector-

valued Lp-space Lp.M I H cp / (resp. Lp.M I H rp /) for M hyperfinite. For 1 � p < 1

the duals are given by Lp.M I H c
/� D Lp0.M I H c

/ and Lp.M I H r
/� D Lp0.M ; H r

/.
The duality pairing can be expressed asDX

j
xj ˝ ej ;

X
k
yk ˝ ek

E
D

X
j
�.x�j yj /:

The spaces Lp.M I H r
/ and Lp.M I H c

/ form complex interpolation scales for p � 1�
L1.M I H r

/; Lp.M I H r
/
�
�
D Lp

�
.M I H r

/;�
L1.M I H c

/; Lp.M I H c
/
�
�
D Lp

�
.M I H c

/:

In order to treat square functions and Hardy spaces we will need to control sums and inter-
sections of these Hilbert valued noncommutative Lp spaces. The algebraic tensor product
Lp.M /˝H embeds inLp.M ˝ B.H // by Id˝r and Id˝c. Taking direct sums we obtain
an embedding in X D Lp.M ˝ B.H //˚Lp.M ˝ B.H //. The space Lp.M I H r\c

/ is
defined as the norm closure (or weak-� closure if p D 1) of Lp.M /˝ H inside X . Such
space comes equipped with the norm given by

kxkLp.M IHr\c/ D max
n
kxkLp.M IHr /; kxkLp.M IHc/

o
:
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The embedding also gives Lp.M I H r\c
/ an o.s.s. We will denote the dual spaces by

Lp.M I H rCc
/ D Lp0.M opI H r\c

/� for 1 < p � 1. Since the subspace

L1.M opI H r\c
/ � .1˝ Pe1/.M op˝ B.H // ˚ .M op˝ B.H //.1˝ Pe1/

� M op˝ B.H / ˚ M op˝ B.H /

is weak-� closed, L1.M opI H r\c
/ inherits a natural weak-� topology through the inclu-

sion. The space L1.M I H rCc
/ is defined as the subset of weak-� continuous functionals

in L1.M opI H r\c
/�. The sum notation comes from the fact that

kxk
Lp.M IHrCc/

D inf
n
kykLp.M IHr / C kzkLp.M IHc/ W x D y C z

o
:

We will denote by Lp.M I H rc
/ the spaces given by

Lp.M I H rc
/ D

(
Lp.M I H rCc

/ when 1 � p < 2;

Lp.M I H r\c
/ when 2 � p � 1:

The spaces Lp.M I H rc
/ are crucial for the noncommutative Khintchine inequalities [27,

28], the noncommutative Burkholder-Gundy inequalities [22], noncommutative Littlewood-
Paley estimates [16] and other related results.

1.1.6. Markovian semigroups and length functions. – A semigroup S D .St /t�0 over a
Banach space X is a family of operators St W X ! X such that S0 D Id and StSs D StCs .
Let .M ; �/ be a noncommutative measure space, we will say that a semigroup S over M is
submarkovian iff:

i) each St is a weak-� continuous and c.c.p. map,
ii) each St is a self-adjoint, i.e., �.Stx�y/ D �.x�Sty/,

iii) the map t 7! St is pointwise weak-� continuous.

S is Markovian if each St is a u.c.p. map, ie St .1/ D 1. Markovian operators satisfy
� ı St D � while submarkovian ones satisfy � ı St � � . Sometimes these semigroups
are called symmetric and Markovian, where symmetric is synonym with self-adjoint. All the
semigroups in this paper will be symmetric, so we will drop the adjective. Using the first two
properties it is easy to see that St extends to a c.c.p. map on L1.M /. By the Riesz-Thorin
theorem St is a complete contraction over Lp.M / for 1 � p � 1. The third property
implies that t 7! St is SOT continuous in L1.M /. By interpolation between the pointwise
norm continuity on L1.M / and the pointwise weak-� continuity on M we obtain that
t 7! St is SOT continuous on Lp.M / for 1 � p < 1. For every 1 � p < 1 there is a
densely defined and closable operator A whose closed domain is given by

domp.A/ D
n
x 2 Lp.M / W 9 lim

t!0C

x � Stx

t
in the norm topology

o
:

When p D 2 we have that St D e�tA and St ŒLp.M /� � domp.A/ for 1 � p < 1. In
the case p D 1 we have that A is densely defined and closable with respect to the weak-�
topology with domain given by those x 2 M such that limt!0C.x � Stx/=t exists in the
weak-� topology. We will call A the infinitesimal generator of S .

We are interested in those (sub)markovian semigroups over M D LG which are of
convolution type. In other words, each St is a Fourier multiplier. It can be proved that
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St D Te�t for some function  . Let us recall a characterization of these functions. First,
recall some definitions. A continuous function  W G ! C is said to be conditionally
negative (c.n. in short) iff  .e/ D 0 and for every finite subset fg1; : : : ; gmg � G and vector
.v1; ::; vm/ 2 Cn we have

mX
iD1

vi D 0 )

mX
i;jD1

Nvi .g
�1
i gj /vj � 0:

When  W G ! RC is symmetric ( .g/ D  .g�1/) and c.n. we will say that  is a condi-
tionally negative length. Let H be a real Hilbert space. Given an orthogonal representation
˛ W G ! O.H / we say that a continuous map b W G ! H is a 1-cocycle (with respect to ˛)
iff it satisfies the 1-cocycle law

b.gh/ D ˛.g/b.h/C b.g/:

The following characterization is proved in [1, Appendix C] or [4, Chapter 1].

T 1.1. – Let S D .St /t�0 be a semigroup of convolution type over the group
algebra LG. Then, the following statements are equivalent:

i) S is a Markovian semigroup,
ii) there is a c.n. length  W G ! RC such that St D Te�t ,

iii) there is a real Hilbert space H , an orthogonal representation ˛ W G ! O.H / and a
1-cocycle b W G ! H , such that  .g/ D kb.g/k2H and St D Te�t .

1.1.7. Holomorphic calculus and noncommutative Hardy spaces. – We now introduce
the Hardy spaces associated with a submarkovian semigroup on .M ; �/ as well as the
corresponding H1-functional calculus. Both tools were introduced in the noncom-
mutative setting in [16]. If S is a submarkovian semigroup, the fixed point subspace
Fp D fx 2 Lp.M / W St .x/ D x 8 t � 0g coincides with kerA � domp.A/ and it is a subal-
gebra when p D1. It is also easily seen to be a complemented subspace for 1 < p <1with
projection given by Qp.x/ D limt!1 Stx where the limit converges in the weak-� topology
of Lp, for 1 < p < 1. In that range of p we will denote by Lıp.M / D Lp.M /=Fp
which is also a complemented subspace with projection given by Pp D Id � Qp. Note
that Lp.M / ' Lıp.M / p̊ Fp. When St are Fourier multipliers over M D LG with
symbol e�t we define G0 D fg 2 G W  .g/ D 0g. In that case it is easy to see that Fp
coincides with the space bellow˚

x 2 Lp.M / W x D �.�/ with supp.�/ � G0
	k�kp

:

Indeed, let us denote the space above by Bp. The inclusion Bp � Fp is trivial. For the other
we are going to distinguish between two cases. The first is when 1 < p � 2. In such range the
operator �� W Lp. LG/! Lp0.G/ is contractive and so, if St .x/ D x, we have that x D �.f /
and that e�t  f D f . Which implies that f jGnG0 D 0. In the range 2 < p < 1, assume
that x0 2 Fp but not inBp, then by the Hahn-Banach theorem, there is a y0 2 Lp0. LG/ such
that hy0; x0i > � and hy0; xi D 0 when x 2 Bp. We have that y0 D �.f0/ and by the second
condition we have that

0 D hy0; �.�/i D

Z
G

f0 d�;
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for every � with suppŒ�� � G0 which in turn implies that f0jG0 D 0. As a consequence
e�t f0 ! 0 pointwise. On the other hand, since x0 satisfies that St .x0/ D x0 for every t , we
can change y0 by St .y0/ keeping the separation properties. The same holds for every element
in the weak-� closed convex hull of such family

C D hullw
�˚
�.e�t  f0/ W 0 � t

	
:

But, the limit e�t .g/f0.g/! 0 implies that 0 2 C , which contradicts hy; x0i > �.

In a similar way we find that �.�/ 2 Lıp.M / if and only if the support of the measure �
doesn’t intersect G0. It is also worth recalling that for G0 of measure zero Lıp. LG/ D Lp. LG/.

For any given x 2 M we define the function T x W .0;1/! Lp.M / given by
t 7! t @tStx. We can see x 7! T x as a map from certain domainD � M intoLp.M I H r

/,
Lp.M I H c

/ or Lp.M I H rc
/, where H D L2.RC; dt=t/. The induced seminorms

on D � M are called the row Hardy space, column Hardy space or Hardy space semi-
norms. Observe that the map T has as kernel those elements fixed by S . Quotient out the
null space and taking the completion with respect to any of those norms when p < 1

(resp. the weak-� topology for p D 1) gives the Hardy spaces H r
p .M I S /, H c

p .M I S / or
Hp.M I S /. We can represent such norms as follows

kxkHcp .M IS / D

� Z
RC

�
t
d

dt
Stx

���
t
d

dt
Stx

�dt
t

� 1
2

Lp.M /

;

kxkHrp .M IS / D

� Z
RC

�
t
d

dt
Stx

��
t
d

dt
Stx

�� dt
t

� 1
2

Lp.M /

:

We will drop the dependency on the semigroup and write H c
p .M / whenever it can be

understood from the context. These spaces inherit their o.s.s. from that of Lp.M I H r
/ or

Lp.M I H c
/. Therefore we have the following identities

Snp ŒH
c
p .M I S /� D H c

p .M ˝ B.`n2/I S ˝ Id/;

Snp ŒH
r
p .M I S /� D H r

p .M ˝ B.`n2/I S ˝ Id/:

The duality is obtained from that of Lp.M I H c
/ or Lp.M I H r

/, resulting in the cb-
isometries H r

p .M I S /� D H r
p0.M opI S / for 1 � p < 1. The same holds for the column

case. Finally let us recall that by [16, Chapters 7 and 10] we have that if 1 < p <1 then

(1.3) Hp.M I S / ' Lıp.M /;

with the equivalence as operator spaces depending on the constant p. The result fails
for p D 1;1 and H1.M I S / is smaller in general than Lı1.M /. Observe that t@tStx D
�.tA/x where �.z/ D ze�z . Due to the results in [16] we can change � by other analytic func-
tions in certain class obtaining equivalent norms. We will say that a holomorphic function
� defined over the sector †� D fz 2 C W j arg.z/j < �g is in H1.†� / iff it is bounded and
we will say that it is in H10 .†� / � H1.†� / iff there is an s > 0 such that

j�.z/j .
jzjs

.1C jzj/2s
:

We will denote by H1 or H10 the spaces
T
0<�<�=2 H1.†� / or

T
0<�<�=2 H10 .†� /

respectively. If needed, we will equip these spaces with their natural inverse limit topologies.
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We have that for any � 2 H10 the following holds

(1.4)
kxkHcp .M / �.p/

� Z
RC

�
�.tA/x

��
�.tA/x

dt

t

� 1
2

Lp.M /

;

kxkHrp .M / �.p/

� Z
RC
�.tA/x

�
�.tA/x

�� dt
t

� 1
2

Lp.M /

:

The equivalence also holds after matrix amplifications. This type of identities also hold for
wider classes of unbounded operators A satisfying certain resolvent estimates, see [16] for
further details.

1.2. The general principle

We are now ready to prove our maximal bounds in Theorem A. In fact, we shall obtain a
more general principle in Theorem 1.3 which decouples in terms of row and column Hardy
spaces.

D 1.2. – Let .Bt /t>0 be a family of operators affiliated to LG. We say that
.Bt /t�0 has an Lp-square-max decomposition when there is a decomposition Bt D †tMt

such that W

(SMp)
sup
t�0

k†tk2 < 1;sup
t>0

C� jMt j
2 ? u


p
..p/ kukp:

Similarly, .Bt /t�0 has an Lp-max-square decomposition when Bt DMt†t with W

(MSp)
sup
t�0

k†tk2 < 1;sup
t>0

C� jM �t j
2 ? u


p
..p/ kukp:

When we say that .Bt /t�0 has a max-square (resp. square-max) decomposition we mean
that it has an Lp-max-square (resp. Lp-square-max) decomposition for every 1 < p <1.

T 1.3. – Let G be a LCH group equipped with a conditionally negative length
 W G ! RC. Let S D .St /t�0 be the convolution semigroup generated by  and pick any
� 2 H10 . If m W G ! C is a bounded function satisfying that Bt D �.m�.t // has an
L.p=2/0 -square-max decomposition Bt D †tMt for some 2 < p <1, then Tm W H c

p . LG/!

H c
p . LG/ and

kTmkB.Hcp / ..p/
�

sup
t�0

k†tk2

� .Rct /t�0 W L.p=2/0. LG/! L.p=2/0. LGIL1/
 12

where Rct .x/ D � jMt j
2 ? x. Similarly, when .Bt /t�0 admits an L.p=2/0 -max-square decompo-

sition Bt D Mt†t for some 2 < p <1, we get Tm W H r
p . LG/! H r

p . LG/ and the following
estimate holds

kTmkB.Hrp / ..p/
�

sup
t�0

k†tk2

� .Rrt /t�0 W L.p=2/0. LG/! L.p=2/0. LGIL1/
 12

where Rrt .x/ D � jM
�
t j
2 ? x. By duality, similar identities also hold for 1 < p < 2.
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C 1.4. – If G,  , � and m are as above and Bt D �.m�.t // admits both
a L.p=2/0 -max-square and a L.p=2/0 -square-max decomposition, then it turns out that
Tm W L

ı
p. LG/! Lıp. LG/ boundedly. Furthermore, if m � c in G0 D fg 2 G W  .g/g

then Tm is a bounded map on Lp. LG/.

Proof. – The first assertion follows trivially from (1.3). For the second we use that
Lıp. LG/ is a complemented subspace, and so

kTmxkp � kPpTmxkp C kQpTmxkp

D kTmPpxkLıp. LG/ C kTmjG0
Qpxkp ..p/

�
kTmkB.Lıp. LG// C c

�
kxkp:

Proof of Theorem 1.3. – Assume that Bt D �.m�.t // has an L.p=2/0 -square-max
decomposition. According to (1.4) with �.z/ D �.z/%.z/ for some % 2 H10 , and using
that Tm commutes with the spectral calculus of A (the generator of S ) we obtain

kTm.x/kHcp �.p/
��.tA/%.tA/Tmx�t�0Lp. LGILc

2
/

D
��.tA/Tm%.tA/x�t�0Lp. LGILc

2
/

D
�Tmt .xt /�t�0Lp. LGILc

2
/
;

where mt .g/ D m.g/�.t .g// and xt D T%.t /x. Recall also that the L2-space involved is
L2 .RC; dt=t/. Now we may express the term on the right hand side as follows�Tmt .xt /�t�02Lp. LGILc

2
/
D

 Z
RC
jTmtxt j

2 dt

t


p
2

(1.5)

D �
�
u

Z
RC
jTmtxt j

2 dt

t

�
D

Z
RC
�
�
ujTmtxt j

2
�dt
t
;

where u 2 L.p=2/0. LG/C is the unique element realizing the Lp=2-norm, which exists by the
weak-� compactness of the unit ball ofL.p=2/0. LG/. Now we have to estimate the term inside
the integral. As u � 0, we may write u D w�w for some w 2 L2.p=2/0 and˝

u; jTmt .xt /j
2
˛
D �.wjTmt .xt /j

2w�/ D �
�
w
ˇ̌
.� ˝ Id/

�
ıBt .�xt ˝ 1/

�ˇ̌2„ ƒ‚ …
Lt

w�
�
:

As Lt 7! wLtw
� is order preserving, any bound of Lt gives a bound of the above term. By

the complete positivity of the canonical trace we can apply Proposition 1.1 in [26], i.e.,

hx; yi� hx; yi � khx; xikhy; yi

to the operator-valued inner product hx; yi D .� ˝ Id/.x�y/. This yields

Lt D
ˇ̌
.� ˝ Id/

�
ı†tıMt .�xt ˝ 1/

�ˇ̌2
�
.� ˝ Id/.ıj†t j2/


LG

.� ˝ Id/
�
.�x�t ˝ 1/ıM �t ıMt .�xt ˝ 1/

�
�

�
sup
t>0

k†tk
2
2

�
.� ˝ Id/

�
ıjMt j

2.�.x�t xt /˝ 1/
�
D

�
sup
t>0

k†tk
2
2

��
jMt j

2 ? x�t xt
�
:
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We have used the ı-invariance of the trace in the second inequality and the definition of the
noncommutative convolution in the last identity. Now, substituting inside the trace and using
the identity for the adjoint of the noncommutative convolution operator gives˝

u; jTmt .xt /j
2
˛
� K2�

�
u.jMt j

2 ? x�t xt /
�
D K2�

�
.� jMt j

2 ? u/x�t xt
�
;

where K is the supremum of the L2 norm of †t . This gives rise to

kTm.x/k
2
Hcp
..p/ K

2

Z
RC
�
�
.� jMt j

2 ? u/x�t xt
�dt
t

� K2 inf
� jMt j

2?u�A
�
�
A

Z
RC
x�t xt

dt

t

�
� K2 inf

� jMt j2?u�A
kAkL.p=2/0

 Z
RC
x�t xt

dt

t


p=2

..p/ K
2
.Rct /t�0 W L.p=2/0 ! L.p=2/0.L1/

 kxk2Hcp
by using Fatou’s lemma in the second line and the definition of the Lp. LGIL1/ norm for
positive elements in the last inequality. Taking square roots gives the desired estimate. The
calculations for the row case are entirely analogous.

R 1.5. – Throughout this paper we construct max-square and square-max
decompositions of Bt D �.m�.t // by choosing an smoothing positive factor Mt with
Mt D �Mt D M

�
t and satisfying the appropriate maximal inequalities. Then we extract Mt

from the left and from the right of Bt as

Bt D .BtM
�1
t /Mt ;

Bt D Mt .M
�1
t Bt /:

If the family †t D BtM�1t is uniformly bounded in L2 and Bt is self-adjoint then the other
is automatically uniformly in L2 by the traciality of � . Most of the times it will be enough to
check one of the two decompositions.

Proof of Theorem A. – The assumptions on m and � ensure that Bt is self-adjoint, simi-
larly we know by assumption that Mt is symmetric and positive. The result follows easily
from Theorem 1.3 and Remark 1.5.

R 1.6. – The technique employed here gives complete bounds assuming that the
maximal inequalities are satisfied with complete bounds. In order to prove that assertion, let
us express the matrix extension .Tm ˝ IdMn/ as a matrix-valued multiplier whose symbol
takes diagonal values. Indeed

.Tm ˝ IdMn/.Œxij �/ D .Id˝ � ˝ IdMn/
� �
ı�.m/˝ 1Mn

�„ ƒ‚ …
K

�
1˝ Œ�xij �

��
;

where K is the corresponding kernel affiliated with LG˝ LG˝C1Mn . Clearly, any
square-max decomposition Bt D †tMt of Bt D �.m�.t // yields a diagonal decom-
position .ı†t ˝ 1Mn/.ıMt ˝ 1Mn/ of Kt D ıBt ˝ 1Mn . On the other hand recall
that Tm W H c

p ! H c
p is c.b. iff Tm ˝ IdMn W S

n
p ŒH

c
p � ! Snp ŒH

c
p � is uniformly bounded

for n � 1 and that Snp ŒH
c
p . LGI S /� D H c

p .Mn ˝ LGI Id˝ S /. That allows us to write the
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norm of Snp ŒH
c
p . LGI S /� as an Lp=2-norm like in (1.5). Then, using [26, Proposition 1.1]

for hx; yi D .Id˝ � ˝ IdMn/.x
�y/ as in the proof of Theorem 1.3, gives for 2 < p <1

kTmk CB.Hcp / ..p/
�

sup
t�0

k†tk2

� .Rct /t�0 W L.p=2/0. LG/! L.p=2/0. LGIL1/
 12

cb
:

The row case is similar. The discussion of Corollary 1.4 generalizes to c.b. norms.

2. Spectral multipliers

2.1. Ultracontractivity

Let .M ; �/ be a noncommutative measure space and consider a Markov semigroup
S D .St /t�0 defined on it. Given a positive function ˆ W RC ! RC and 1 � p < q � 1,
we say that S satisfies the Rp;q

ˆ ultracontractivity property when

(Rp;q
ˆ )

St W Lp.M /! Lq.M /
 . 1

ˆ.
p
t /
1
p�

1
q

8 t > 0:

Similarly, S has the CBRp;q
ˆ property when the above estimate holds for the c.b. norm

of St W Lp.M / ! Lq.M /. These inequalities have been extensively studied for commuta-
tive measure spaces [43, Chapter 1]. In the theory of Lie groups with an invariant Rieman-
nian metric (equipped with the heat semigroup generated by the invariant Laplacian)
ultracontractivity holds for the function ˆ.t/ D �.Bt .e// which assigns the volume of a
ball for a given radius. Influenced by that, we will interpret the above-defined properties
as a way of describing the “growth of the balls” in the noncommutative geometry deter-
mined by S D .St /t�0. For that reason, we will work with doubling functions ˆ. Doubling
functions are increasing functions ˆ W RC ! RC with ˆ.0/ D 0 and satisfying

sup
t>0

�
ˆ.2t/

ˆ.t/

�
< 1:

The doubling condition forˆ is a natural requirement since metric measure spaces .�;�; d/
with ˆx.t/ D �.Bx.t// uniformly doubling in x constitute an adequate setting for
performing harmonic analysis in commutative measure spaces. Given a Markov semigroup
S D .St /t�0 over a noncommutative measure space .M ; �/, let us recall the following:

i) If S satisfies Rp0;q0
ˆ , it satisfies Rp;q

ˆ for 1 � p0 � p < q � q0 � 1.
ii) If ˆ is doubling and S satisfies Rp0;q0

ˆ for some 1 � p0 < q0 � 1, then it satisfies
Rp;q
ˆ for 1 � p � q � 1.

The same holds for the CBRp0;q0
ˆ ultracontractivity property. The proof follows the same

lines than [43, Theorem II.1.3]. In the noncommutative setting a similar result is stated in [17,
Lemma 1.1.2 ] for ˆ.t/ D tD . As a consequence, all the ultracontractivity properties Rp;q

ˆ

are equivalent for doubling ˆ. We shall denote them simply by Rˆ and similarly CBRˆ. As
a corollary, we obtain that if M is an abelian von Neumann algebra CBRp;q

ˆ and Rp;q
ˆ are

equivalent for doubling ˆ since Rp;q
ˆ is equivalent to Rp;1

ˆ and any bounded map into an
abelian C �-algebra is completely bounded. For any doubling function ˆ we may define its
doubling dimension Dˆ as

Dˆ D log2 sup
t>0

�
ˆ.2t/

ˆ.t/

�
:
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It is quite simple to show that any doubling ˆ W RC ! RC admits upper/lower polynomial
bounds for large/small values of t > 0. More precisely, we have the bounds

(2.1)
ˆ.t/ ..Dˆ/ t

Dˆ ˆ.1/ when t > 1;

ˆ.t/ &.Dˆ/ t
Dˆ ˆ.1/ when t � 1:

Of course, the converse of this assertion is false. Whenever a Markovian semigroup S

satisfies Rˆ (resp. CBRˆ) for doubling ˆ we will call Dˆ the Sobolev dimension (resp. c.b.
Sobolev dimension) of .M ; �/ with respect to S . The reason for this name is based on
the well-known relation between ultracontractivity estimates for a Markov semigroup and
Sobolev embedding estimates for its infinitesimal generator. One of the first contributions
to that relation is in the work of Varopoulos, who proved in [42] that when ˆ.t/ D tD the
property Rˆ is equivalent to a whole range of Sobolev type estimates for the infinitesimal
generator of the semigroup. See also [43] for more on that topic. Whenever ˆ.t/ D tD we
will denote the ultracontractivity properties by RD or CBRD . By adding a zero, like Rˆ.0/,
we will mean that the inequality Rp;q

ˆ is satisfied for t � 1 for every p < q. This notation
is borrowed from [43, II.5]. Recall that if S satisfies Rˆ (resp. CBRˆ) for some doubling
function ˆ then, by the polynomial bounds in (2.1), we have RDˆ.0/ (resp. CBRDˆ.0/).

Our characterization of co-polynomial growth in Section 3 bellow requires the following
equivalence for Sobolev-type inequalities in term of the ultracontractivity properties RD.0/.
We did not find the proposition below in the literature, but it could be well-known to experts.
We include a sketch of the proof.

P 2.1. – Let S be a submarkovian semigroup acting on a noncommutative
measure space .M ; �/. Let A denote its infinitesimal generator. Then, the following properties
are equivalent W

i) for every " > 0, S satisfies the RDC".0/ property,
ii) for every " > 0, we have that

k.1C A/�D=4�" W L2.M /! M k .."/ 1:

Similarly, S 2 CBRDC".0/ for all " > 0 iff .1C A/�s W L2.M /
cb
�! M for all " > 0.

Proof. – The implication i/) ii/ follows from the identity

.1C A/�s.x/ D
1

�.s/

� Z
RC
t se�tSt .x/

dt

t

�
:

The integral in Œ0; 1� may be estimated applying the RD.0/ property, whereas the integral
for t > 1 is easily estimated using the semigroup law. This gives the desired implication. For
the converse, we now take s D D=4C " and use that kf .A/kB.L2/ � kf k1St W L2.M /! M

 D .1C A/� s2 .1C A/ s2St
B.L2.M /;M /

�

.1C A/� s2 
B.L2.M /;M /

.1C A/ s2St
B.L2/

..";s/
� s
2

�. s2 /
e�

s
2
et

t
s
2

:
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R 2.2. – Observe that if RD.0/ is satisfied then ii) also holds. Nevertheless the
converse is not true since the norm kSt W L1.M / ! M k could be comparable to, say,
tD.1 C log.t// for 0 � t � 1. The original result proved by Varopoulos [42] established a
equivalence between RD.0/ and the bounds

.1C A/�s W Lp.M /! L pn
n�sp

.M /

for every 0 � s < n=p. When s > n=p the image space of Lp.M / is certainly much smaller
thanL1.M /, for example in Rn with the usual Laplacian the image space lies inside spaces
of Hölder functions. Therefore, by describing the behavior of .1CA/�s in L1.M / we lose
information and we can no longer recover RD.0/.

We will denote byW p;s
A .M /, or simplyW p;s.M / when the semigroup St D e�tA can be

understood from the context, the closed domain inLp.M / of the unbounded operator .1C
A/s=2, with norm given by

kxkW p;s
A
D
.1C A/s=2f 

p
:

These are called the fractional Sobolev spaces associated with S . They satisfy the natural
interpolation identities. Namely, if we set 1=p3 D .1 � �/=p1 C �=p2 we get�

W
p1;s
A .M /;W

p2;s
A .M /

�
�
' W

p3;s
A .M /;�

W
p;s1
A .M /;W

p;s2
A .M /

�
�
' W

p;s1�Cs2.1��/
A .M /:

Point ii) in Proposition 2.1 may be rephrased as W 2;s
A .M / � M for every s > D=2.

2.1.1. L2 bounds for CB.L2. LG/; LG/multipliers. We shall work extensively with Marko-
vian convolution semigroups over LG with the CBRˆ ultracontractivity property for
doublingˆ. In general, determining the c.b. norm of a multiplier between general Lp spaces
is a problem that nobody expects to be solvable with a closed formula. Despite that, we
can obtain characterizations in some particular cases. One of these cases is that of the c.b.
multipliers Tm W L2. LG/ ! LG. That will allow us to express the CBR2;1

ˆ property
of S D .Te�t /t�0 as a condition over  . The next theorem is probably known to experts.
Since we could not find it in the literature, we include it here for the sake of completeness.

T 2.3. – If T denotes the map m 7! Tm W

i) T W Lr2.G/! CB.Lc2. LG/; LG/ is a complete isometry.
ii) T W Lc2.G/! CB.Lr2. LG/; LG/ is a complete isometry.

The image of T is the set of multipliers Tm W L
�
2. LG/

cb
�! LG for � 2 fc; rg resp.

Proof. – Let V and W be operator spaces and pick x ˝ y 2 V � ˝ W �. According
to [32, Theorem 4.1] the map I x˝y.w/ D xhy;wi extends linearly to an isomorphism
I W .V b̋W /� ! CB.W; V �/. Using the pairing h ; i W Lr2. LG/ � Lc2. LG/ ! C given
by hy;wi D �.y �w/ we obtain as a consequence that

I ız.w/ D .Id˝ �/
�
ız .1˝ �w/

�
D z ? w;

where ız denotes the comultiplication map acting on z. This yieldsTm W L�2. LG/! LG


cb D
ı�.m/

. LG� b̋L�2. LG//�
;
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where � 2 fr; cg is either the row or the column o.s.s. We now claim that the natural map

� W L1. LGIL
�op

2 . LG// ,!
�

LG� b̋L�2. LG/
��

is a complete isometry with �op
D r for � D c and vice-versa. This is all what is needed

to complete the argument since we have the following commutative diagram of complete
isometries

L
�
2.G/

T //

�
��

CB.L
�op

2 . LG/; LG/

L
�
2. LG/

ı

''

. LG� b̋L�op

2 . LG//�

I

OO

L1. LGIL
�
2. LG//:

( �
�

55

Let us therefore justify our claim. According to [8]

. LG� b̋L�2. LG//� ' LG ˝F L
�op

2 . LG/

where ˝F stands for the Fubini tensor product of dual operator spaces. Bear in mind
that if V � and W � are dual operator spaces, there are weak-� continuous embeddings
V � � B.H1/ and W � � B.H2/ and we can define the weak-� spatial tensor product
V �˝W � as

V �˝W � D .V � ˝W �/w
�
:

Such construction is representation independent and V �˝W � embeds completely isomet-
rically in V � ˝F W �. Since the column and row embeddings of L2. LG/ into B.L2. LG//

are weak-� continuous, L1. LGIL
�op

2 . LG// D LG˝L
�op

2 . LG/. This proves that � is a
complete isometry and so is the map m 7! Tm D I �ı�.m/.

R 2.4. – Since Lr2. LG/ and Lc2. LG/ are isometric as Banach spaces, the norms
for multipliers in CB.Lr2. LG/; LG/ and CB.Lc2. LG/; LG/ coincide too, even if their
matrix amplifications do not. Indeed we obtain that

kTmk CB.Lr
2
. LG/; LG/ D kmkL2.G/ D kTmk CB.Lc

2
. LG/; LG/:

For non-hyperfinite LG, the space of Fourier multipliers in CB.L2. LG/; LG/, may be diffi-
cult to describe as an operator space. Nevertheless, as a consequence of the above identities,
its underlying Banach space is the Hilbert space L2.G/.

R 2.5. – As a consequence of the above, if G is a group and S D .Te�t  /t�0 is
a semigroup of Fourier multipliers satisfying CBR2;1

ˆ for some function ˆ, then G is
amenable. To see it just notice that e�t 2 L2.G/ and so e�2t 2 L1.G/ for all t > 0. But
a group is amenable iff there is a sequence of integrable positive type functions converging
to 1 uniformly in compacts.
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2.2. Standard assumptions

Let LG^C denote the extended positive cone of LG. As it will become clear along
the paper, we shall treat unbounded operators X in LG^C as noncommutative or quantized
metrics over LG. Note that ifG is LCH and abelian, any translation-invariant metric over its
dual group can be associated with the positive function � W � 7! d.�; e/. The metric condi-
tions impose that� is symmetric, does not vanish outside e and�.�1�2/ � �.�1/C�.�2/.
Here we will only require X to be symmetric, i.e., to satisfy �X D X . Recall that
the anti-automorphism � extends to LG^C. Following the intuition relating symmetric
operators in LG^C to metrics, we will say that X 2 LG^C is doubling iff the function
ˆX .r/ D �.�Œ0;r/.X// is doubling. When the dependency on the operator X can be under-
stood from the context we will just write ˆ. In a similar fashion, we will say that X satisfies
the Lp-Hardy-Littlewood maximal property when

(HLp)
sup
r�0

C
n�Œ0;r/.X/
ˆX .r/

? u
o
p
. kukp:

If we say that X has the HL property, omitting the dependency on p, we mean that the HL
property is satisfied for every 1 < p � 1, with constants depending onp. When the property
HLp holds uniformly for all matrix amplifications, we will say thatX satisfies the completely
bounded Hardy-Littlewood maximal property (CBHLp in short). Let  W G ! RC be a
conditionally negative length generating a semigroup S . We will say that S hasL2 Gaussian
bounds with respect to X when there is some ˇ > 0 such that

(L2GB) �
n
�Œr;1/.X/j�.e

�t /j2
o
.

e�ˇ
r2

t

ˆX .
p
t /
:

D 2.6. – A triple . LG; S ; X/, where S is a Markov semigroup of Fourier
multipliers generated by  W G ! RC and X 2 . LG/^C, is said to satisfy the standard
assumptions when

i) X is symmetric and doubling.
ii) S has L2GB with respect to X .

iii) X satisfies the CBHL property.

Since LG is determined by G and S by  we shall often write .G; ;X/ instead.

R 2.7. – If S has L2GB then it admits CBR2;1
ˆX

ultracontractivity. Namely if we
take r D 0 in (L2GB), it follows from Theorem 2.3 and Remark 2.4. If X is in addition
doubling, S has the whole range of ultracontractivity properties CBRˆX .

2.2.1. Stability under Cartesian products. – It is interesting to note that the standard
assumptions are stable under certain algebraic operations, the most trivial of them is prob-
ably the Cartesian product. Stability under crossed products also holds under natural
conditions, see Remark 2.10 below.

L 2.8. – Assume that

S j
D .Sj!j /!j2�j W Lp.Mj /! Lp.Mj IL1.�j //

is completely positive for j 2 f1; 2g. Then S 1
˝ S 2 is also c.p. and
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˝ S 2

W Lp.M 1˝ M 2/! Lp
�

M 1˝ M 2IL1.�1/˝min L1.�2/
�

cb

.
Y

j2f1;2g

S j
W Lp.Mj /! Lp.Mj IL1.�j //


cb
:

Proof. – It follows from S 1
˝ S 2

D .S 1
˝ Id/ ı .Id ˝ S 2

/ and (1.1), details are
omitted.

T 2.9. – Let .Gj ;  j ; Xj / be triples satisfying the standard assumptions for
j D 1; 2 and consider the Cartesian product G D G1 � G2 . Then .G; ;X/ also satisfies
the standard assumptions with the c.n.length  .g1; g2/ D  1.g1/ C  2.g2/ and X 2 LG^C
determined by the formula X2 D X21 ˝ 1C 1˝X22 .

Proof. – Proving that X is doubling and that the semigroup generated by  has Gaus-
sian bounds amount to a trivial calculation. Indeed, ˆX is controlled from the inequalities
�Œ0;r=2/.a/�Œ0;r=2/.b/ � �Œ0;r/.a C b/ � �Œ0;r/.a/ �Œ0;r/.b/, which are valid for positive
and commuting operators a; b. On the other hand, the L2GB follow similarly from the
inequality �Œr;1/.aC b/ � �Œr=2;1/.a/C�Œr=2;1/.b/. Let us now justify the CBHL property.
Letm W Lp. LGIL1 ˝min L1/! Lp. LGIL1/ be the map given bym.x˝f ˝g/ D x˝fg,
which is c.p. By Lemma 2.8

R
1
˝ R

2
D
�
R1s ˝R

2
t

�
s;t�0

W Lp. LG/! Lp
�

LGIL1.ds/˝min L1.dt/
�
;

where Rjs .x/ D ˆXj .s/
�1 �Œ0;s/.Xj / ? x is c.p. As a consequence m ı .R

1
˝ R

2
/ is also

completely positive. Therefore, by the doubling property we obtain the following estimate��Œ0;r/.X/
ˆX .r/

? x
�
r�0
..Dˆ1 ;Dˆ2 /

��Œ0;r/.X1/
ˆX1.r/

˝
�Œ0;r/.X2/

ˆX2.r/
? x

�
r�0
D m ı .R

1
˝ R

2
/.x/

for x � 0. This is all what we need to reduce CBHL of X to that of X1 and X2.

R 2.10. – Let H and G be LHC unimodular groups and � W G ! Aut.H/
be a measure preserving action. Let .H; 1; X1/ and .G; 2; X2/ be triples satisfying the
standard assumptions. It is possible to prove that, under certain invariance conditions onX1
and  1, the semidirect product K D H o� G satisfies the standard assumptions for some
X 2 LK^� and certain c.n. length function  W K ! RC built up from X1; X2 and
 1;  2 respectively. Since the techniques required to prove this result are quite involved and
of independent interest, we postpone its proof to a forthcoming paper were we shall explore
other applications involving Bochner-Riesz summability and related topics.

2.3. Hörmander-Mikhlin criteria

In this subsection we shall give a proof of Theorem B i) by means of a suitably chosen
max-square decomposition. The key is to prove that, if Bt D �.m�.t //, then

Bt D Bt

�
1C

X2

t

� 
2

ˆ.
p
t /
1
2„ ƒ‚ …

†t

ˆ.
p
t /
� 12
�

1C
X2

t

�� 2„ ƒ‚ …
Mt

(2.2)

is a square-max decomposition for  > Dˆ=2. Breaking the symbol m into its real and
imaginary parts and using Remark 1.5, we obtain a max-square decomposition by placing
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the smoothing factor .1 C X2=t/=2 on the left hand side of Bt . The proof of the maximal
inequality consists in expressing the maximal operator as a linear combination of Hardy-
Littlewood maximal operators associated to X and apply (1.2). For the square estimate we
will use the smoothness condition.

L 2.11. – Assume that Ft 2 C0.RC/ is a family of bounded variation functions
parametrized by t > 0. Let @Ft be its Lebesgue-Stjelties derivative and j@Ft .�/j its absolute
variation, then for every doubling operator X , we have:�sup

t>0

CFt .X/ ? x
�
Lp
�

�
sup
t>0

kˆkL1.jdFt j/

��sup
r>0

C
�Œ0;r/.X/

ˆ.r/
? x

�
Lp
:

Proof. – By integration by parts we have that

Ft .s/ D

Z
RC
Ft .r/dıs.r/ D

Z
RC
Ft .r/@�.s;1/.r/

D �

Z
RC
�.s;1/.r/@Ft .r/ D �

Z
RC

�Œ0;r/.s/

ˆ.r/
ˆ.r/@Ft .r/:

By functional calculus, the same holds for Ft .X/. Applying (1.2) ends the proof.

According to Theorem A, the right choice for the square-max decomposition is given
by Ft .s/ D jMt j

2.s/ D ˆ.
p
t /�1.1 C s2=t/� . It will suffice to pick here  > Dˆ=2, the

condition in Theorem B i) will be justified later on. In order to prove the finiteness of the
maximal bound in Theorem A, we just need to verify the condition of Lemma 2.11 for this
concrete function.

L 2.12. – For any doubling ˆ, we findZ
RC
ˆ.s/

ˇ̌̌ d
ds

�
1C

s2

t

��DˆC"2
ˇ̌̌
ds ..Dˆ;"/ ˆ.

p
t /:

Proof. – Changing variables s 7!
p
tv, we obtainZ

RC
ˆ.s/

ˇ̌̌ d
ds

�
1C

s2

t

��DˆC"2
ˇ̌̌
ds �.Dˆ/

Z
RC
ˆ.s/

�
1C

s2

t

��DˆC2C"2 2s

t
ds

D

Z
RC
ˆ.
p
t
p
v/
�
1C v

��DˆC2C"2 dv

D

� Z 1

0

C

1X
kD0

Z 4kC1

4k

�
D AC

1X
kD0

Bk :

The monotonicity of ˆ gives A � ˆ.
p
t /, while its doublingness yields

Bk � ˆ.
p
t / 2Dˆ.kC1/

Z 4kC1

4k

�
1C v

��DˆC2C"2 dv

�.Dˆ/ ˆ.
p
t / 2Dˆ.kC1/2�.DˆC"/k

�.Dˆ/ ˆ.
p
t / 2�"k :

Since the sequence of Bks is summable, we have proved the desired estimate.
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For the estimate of the square part, let us start by extending the Gaussian bounds to the
complex half-plane H D fz 2 C W Re.z/ > 0g. We need the following version of the
Phragmen-Lindelöff theorem, see [7] for the proof.

T 2.13. – If F is analytic over H and satisfies

jF.jzjei� /j .
�
jzj cos �

��ˇ
;

jF.jzj/j . jzj�ˇ exp
�
� ˛jzj��

�
;

for some ˛; ˇ > 0 and 0 < � � 1, then we find the following estimate

jF.jzjei� /j ..ˇ/
�
jzj cos �

��ˇ
exp

�
�
˛�

2
jzj�� cos �

�
:

We may now generalize the Gaussian L2-bounds to the complex half-plane.

P 2.14. – Let G be a unimodular group,  W G ! RC a c.n. length and
X 2 LG^C a doubling operator satisfying L2GB. If we set hz D �.e�z /, the following bound
holds for every z 2 H

�
n
�Œr;1/.X/jhzj

2
o
.

1

ˆ.
p

Refzg/
e
�
ˇ
2
r2

jzj
Refzg
jzj :

Proof. – Let x be an element ofL2. LG/with kxk2 � 1. Assume in addition that x D px
for p D �Œr;1/.X/. Then we define Gx as the following holomorphic function

Gx.z/ D e
� zt ˆ.

p
t /�.hzx/

2:

Then, the estimate below holds in H

jGx.z/j D e
�

Refzg
t ˆ.

p
t /j�.hzx/j

2
� e�

Refzg
t ˆ.

p
t /�.jhzj

2/

D e�
jzj cos�
t ˆ.

p
t /khRefzgk

2
L2. LG/ . e�

Refzg
t ˆ.

p
t /=ˆ.

p
Refzg/:

Note that the second identity above follows from Plancherel theorem and the last inequality
from L2GB for r D 0. On the other hand, since ˆ is doubling it satisfies ˆ.s.1 C r// .
ˆ.s/.1C r/Dˆ for every r > 0 and

jGx.z/j . e
�

Refzg
t

ˆ.
p
t /

ˆ.
p

Refzg/
. e�

Refzg
t

�
1C

p
tp

Refzg

�Dˆ
.
� t

jzj cos �

�Dˆ
2

;

by using that e�s
2
.1C 1=s/a . .1=s/a in the last inequality. We also have

jGx.jzj/j D e
�
jzj
t ˆ.
p
t /
ˇ̌
�.hjzjx/

ˇ̌2
� e�

jzj
t ˆ.
p
t / �

˚
p h�
jzjhjzj

	
. e�

jzj
t
ˆ.
p
t /

ˆ.
p
jzj/

e
�ˇ r

2

jzj

. e�
jzj
t

�
1C

p
tp
jzj

�Dˆ
e
�ˇ r

2

jzj .
� t
jzj

�Dˆ
2

e
�ˇ r

2

jzj :

The Phargmen-Lindelöf theorem allows us to combine both estimates, giving

jGx.jzje
i� /j . t

Dˆ
2

�
jzj cos �

��Dˆ2 e�ˇr22 cos�
jzj :
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Taking the supremum over all x with kxk2 � 1 and x D p x we get

sup
x
jGx.z/j D e

�
Refzg
t ˆ.

p
t /�.p jhzj

2/:

Our previous estimate then yields

e�
Refzg
t ˆ.

p
t / �.p jhzj

2/ . t
Dˆ
2

�
jzj cos �

��Dˆ2 e�ˇr22 cos�
jzj :

Choosing the parameter t � 0 to be t D Refzg gives the desired estimate.

L 2.15. – If X 2 LG^C is doubling and  W G ! RC has L2GB, then

�
n�

1C
X2

t

��
jht.1�i�/j

2
o 1
2

..�/
1

ˆ.
p
t /
1
2

�
1C j�j

�� for all � > 0:

Proof. – Writing z D t .1 � i�/ in Proposition 2.14 gives

�
�
�Œr;1/.X/jhzj

2�Œr;1/.X/
�
.

1

ˆ.
p
t /
e
�
ˇ
2
r2

t
1

.1Cj�j2/ :

Using the spectral measure dEX of X and since .1C s2/� ..�/ 1C s2�

�
n�

1C
X2

t

��
jht.1�i�/j

2
o
..�/ �

˚
jht.1�i�/j

2
	
C �

n
jht.1�i�/j

2t��X2�
o

.
1

ˆ
�p
t
� C �njht.1�i�/j2 Z

RC

�s2
t

��
dEX .s/

o
„ ƒ‚ …

A

:

To estimate the term A we use integration by parts

A D
Z
RC

�s2
t

��
�
˚
jht.1�i�/j

2dEX .s/
	

D

Z
RC

�s2
t

��
.�@s/�

˚
jht.1�i�/j

2�Œs;1/.X/
	

D

Z
RC

d

ds

�s2
t

��
�
˚
jht.1�i�/j

2�Œs;1/.X/
	
ds:

In the second line, by �@s�fjht.1�i�/j2�Œs;1/.X/g, we mean the Lebesgue-Stjeltjes measure
associated with the increasing function g.s/ D ��fjht.1�i�/j2�Œs;1/.X/g and the third line
is just an application of the integration by parts formula for Lebesgue-Stjeltjes integrals. A
calculation gives the desired result

A .
Z
RC

�
2�s2��1

t�

�
1

ˆ.
p
t /
e
�
ˇ
2
s2

t
1

.1Cj�j2/ ds

�.�/
.1C j�j2/�

ˆ.
p
t /

Z
RC
s2��1e�

ˇ
2 s
2

ds �.�/
.1C j�j/2�

ˆ.
p
t /

:

P 2.16. – Let Bt D �.m. /�1.t // where �1.z/ D �.z/ e�z for some
� 2 H10 . Assume also that X is a doubling operator satisfying L2GB, then the following
estimate holds for every ı > 0 and � > 0

�
n�

1C
X2

t

��
jBt j

2
o 1
2

..�;ı/
1

ˆ.
p
t /
1
2

m.t�1�/�.�/
W
2;�C

1Cı
2 .RC/

:
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Proof. – By Fourier inversion formula

m.s/�1.ts/ D m.s/�.ts/„ ƒ‚ …
mt .ts/

e�ts D
� 1
2�

Z
bR bmt .�/ei�tsd��e�ts :

Thus, by composing with  and applying the left regular representation

Bt D
1

2�

Z
bR bmt .�/ht.1�i�/d�:

Triangular inequality for the L2-norm with weight .1CX2=t/ and Lemma 2.15 give

�
n�

1C
X2

t

��
jBt j

2
o 1
2

D �
n�

1C
X2

t

�� ˇ̌̌ 1
2�

Z
bR bmt .�/ht.1�i�/d�

ˇ̌̌2o 12
�

1

2�

Z
bR jbmt .�/j �n�1C

X2

t

�� ˇ̌
ht.1�i�/

ˇ̌2o 12
d�

..�/
1

ˆ.
p
t /
1
2

Z
bR jbmt .�/j.1C j�j/�C 1Cı2 .1C j�j/� 1Cı2 d� D A:

Höder’s inequality in conjunction with the definition of Sobolev space then yield

ˆ.
p
t /
1
2A �

� Z
bR
�
1C j�j

��.1Cı/
d�
� 1
2 m.t�1 �/�.�/k

W
2;�C

1Cı
2 .RC/

The integral above is dominated by .1C ı�1/
1
2 and the assertion follows.

Proof of Theorem B i). – LetBt D �.m. /�1.t //with �1.s/ D e�s�.s/ andBt D †tMt

be the decomposition (2.2) with  > Dˆ=2 . Since we are assuming X to be symmetric, we
have that � jMt j

2 D jMt j
2 and, by Lemma 2.11 and Lemma 2.12, Mt satisfies the maximal

inequality of (SMp). By Proposition 2.16 we have that

sup
t>0

k†tkL2. LG/ ../ sup
t>0

m.t�1 �/�.�/ 
W
2;C

1Cı
2 .RC/

:

Therefore Bt D †tMt is a square-max decomposition. By similar means we obtain a
max-square decomposition Bt D Mt†t . Since our maximal bounds trivially extend to
matrix amplifications, we may apply Theorem 1.3 in conjunction with Remark 1.6 to
deduce complete bounds of our multiplier Tmı in both row and column Hardy spaces.
Finally, arguing as in Corollary 1.4 and noticing that m ı  � m.0/ on the subgroup
G0 D fg 2 G W  .g/ D 0g, we deduce the assertion.

R 2.17. – It is interesting to observe that the proof given here can be adapted
to the classical case. Indeed, let St D e�tA be a Markovian semigroup acting on L1.X; �/.
Assume further that the metric measure space .X; d� ; �/, where d� is the gradient metric [34,
Definition 3.1], is doubling, i.e.,:

ess sup
x2X

sup
r>0

�
�.Bx.2r//

�.Bx.r//

�
<1

and that its integral kernel kt .x; y/ has Gaussian bounds with respect to the gradient
distance, i.e.,: �Œr;1/.d�.x; �// kt .x; �/22 . e�ˇ

r2

t

�.Bx.
p
t //
:
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In that case we can apply the well known covering arguments for doubling spaces to prove
that the Hardy-Littlewood maximal operator is of weak type .1; 1/ and by interpolation the
HL inequalities hold. Since .X; d� ; �/ is a doubling metric measure space with bounded
Hardy-Littlewood maximal inequalities and Gaussian Bounds we can apply the results above
to reprove the classical spectral Hörmander-Mikhlin theorem as stated in [41]. We shall
consider this a new proof of the classical spectral Hörmander-Mikhlin. Interestingly, some
of the steps of the proof are parallel to that of [41] even when the main idea of our approach
is to use maximal inequalities instead of Calderón-Zygmund estimates for the kernels.

2.4. The q-Plancherel condition

In this subsection we shall refine our results by proving Theorem B ii). Our first task is to
introduce the noncommutative form of the Plancherel condition assumed in the statement.

D 2.18. – Let .M ; �/ be a noncommutative measure space and let S be a
submarkovian semigroup generated by A. We say that S satisfies the completely bounded
q-Plancherel condition, denoted by CBPlanˆq , where ˆ is some increasing function and
q 2 .2;1�, whenever

kF.A/k CB.L2. LG/; LG/ .
1

ˆ.
p
t /
1
2

kF.t�1 �/kLq.RC/;

for every t > 0 and for every function F W RC ! RC with supp.F / �
�
0; t�1

�
.

R 2.19. – In the context of this paper M D LG for some LCH unimodular
groupG endowed with its canonical trace and S D .Te�t /t�0 is a semigroup of convolution
type. In that case F.A/ D TF. / and by Theorem 2.3 and Remark 2.4 we have that

kTF. /k CB.L2. LG/; LG/ D kTF. /k CB.Lr
2
. LG/; LG/

D kTF. /k CB.Lc
2
. LG/; LG/ D kF. /kL2.G/:

Thus, the CBPlanˆq condition can be restated as a bound on the CB.L
�
2. LG/; LG/ norm,

where � is either the column or the row o.s.s. of L2. LG/, or as a bound in the L2.G/-norm
of the symbol F. /. Furthermore, since  determines S we will sometimes say that  has
the CBPlanˆq .

For every F with supp.F / �
�
0; t�1

�
we have that F.t�1 �/ is supported in Œ0; 1�. Using

that Lq.Œ0; 1�/ � Lp.Œ0; 1�/, with contractive inclusion, we see that CBPlanˆp ) CBPlanˆq
for p � q.

P 2.20. – Let .G; / be a pair formed by a LCH unimodular group and a c.n.
length. Letˆ be a doubling function. If satisfies the utracontractivity estimates CBR2;1

ˆ then
it satisfies CBPlanˆ1.

Proof. – We pick s > 0, to be chosen later, and notice that

F. .g// D F. .g//es .g/e�s .g/ D Gs. .g//e
�s 

where Gs is a bounded function with kGsk1 � kF k1es=t . Therefore

kTF. /k CB.L2. LG/; LG/ D kTGs. /Ss k CB.L2. LG/; LG/

4 e SÉRIE – TOME 50 – 2017 – No 4



SMOOTH MULTIPLIERS VIA SOBOLEV DIMENSION 907

� kTGs. / k CB.L2. LG//kSsk CB.L2. LG/; LG/

. kF k1e
s=tˆ.

p
s/�

1
2 :

Making s D t and noticing that kF k1 D kF.t�1 �/k1 gives the desired result.

The terminology of the q-Plancherel condition comes from the so-called spectral
Plancherel measures which arise in the study of spectral properties of infinitesimal genera-
tors of Markovian semigroups over some measure spaces [35, 41]. In the case of a semigroup
of Fourier multipliers generated by a c.n. length we can define the Plancherel measure � ,
as the only � -finite measure over RC satisfying that for every F 2 Cc.RC/

(2.3) kTF. /k CB.L2. LG/; LG/ D

� Z
RC
jF.s/j2 d� .s/

� 1
2

:

It is trivial to see that d� .r/ D @r�.fg 2 G W  .g/ � rg/, where @r represents the Lebesgue-
Stjeltjes derivative of the increasing function g.r/D�.fg 2 G W  .g/ � rg/.

2.4.1. Characterization of the q-Plancherel condition. – By formula (2.3) the
CB.L2. LG/; LG/ norm of TF. / can be expressed as an integral of F . The following
lemma (whose proof is straightforward and we shall omit) allows to express the CBPlanˆq
property as a L.q=2/0.RC/ bound on � .

L 2.21. – Let .�;†/ be a measurable space and consider two measures �, � on it.
Assume in addition that � is a positive measure. Then, we have the inequality

(2.4)

ˇ̌̌̌Z
�

f .!/d�.!/

ˇ̌̌̌
� Kkf kLp.d�/

if and only if � � � and � D d�=d� satisfies k�kLp0 .d�/ � K. Furthermore, the optimal K
in (2.4) is precisely k�kLp0 .d�/. If � is also positive, it is enough for (2.4) to hold only for positive
functions.

P 2.22. – Let G be a LCH unimodular group equipped with a c.n. length
 W G ! RC. Then, this pair satisfies the CBPlanˆq property with respect to some increasing
function ˆ W RC ! RC if and only if d� .r/ D @r�fg 2 G W  .g/ � rg fulfills the following
conditions W

i) d� � dm.

ii)
d� 
dm

�Œ0;R�


L.q=2/0 .RC/

. ˆ.R�
1
2 /�1R�

2
q for every R > 0.

Proof. – Let t D 1=R and G.s/ D jF.s/j2. By (2.3), CBPlanˆq is equivalent toZ R

0

G.s/ d� .s/ . ˆ.R
� 12 /�1

� Z 1

0

jF.t�1s/jq ds
� 2
q

D ˆ.R�
1
2 /�1R�

2
q

� Z R

0

jG.s/j
q
2 ds

� 2
q

:

Then, the result follows applying Lemma 2.21 to .�; d�; d�/ D .RC; d� ; dm/.
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The result above uses the crucial fact that the spectrum of the semigroup S generated by 
can be identified with G. Therefore, spectral properties of the semigroup can be translated
into geometrical properties of G. It is also interesting to note that the characterization in
Proposition 2.22 can be expressed as a bound for the size of the spheres associated to the
pseudo-metric d .g; h/ D  .g�1h/1=2.

2.4.2. Stability under direct products. – Consider two pairs .Gj ;  j / of LCH unimodular
groups equipped with c.n. lengths for j D 1; 2. Then it is clear that  W G1�G2 ! RC given
by  .g; h/ D  1.g/C  2.h/ is also a c.n. length. Notice thatTF. /2CB.L2. LG/; LG/

D

Z
G1�G2

ˇ̌
F. 1.g/C  2.h//

ˇ̌2
d�G1.g/ d�G2.h/

D

Z
RC

Z
RC

ˇ̌
F.� C �/

ˇ̌2
d� 1.�/ d� 2.�/

D

Z
RC
jF.�/j2d .� 1 � � 2/.�/:

Thus, the Plancherel measure is � D � 1 � � 2 and we obtain the following result.

T 2.23. – Assume .Gj ;  j / satisfy CBPlan ĵ
qj for j D 1; 2. Then the pair

.G1 �G2;  / defined above satisfies the CBPlanˆq property with ˆ D ˆ1ˆ2 and with

q D max
n
2;
� 1
q1
C

1

q2

��1o
:

Proof. – The result is a simple consequence of Young’s inequality for convolutions and
we shall just sketch the argument for the (slightly more involved) case where 1=q1 C 1=q2 > 1=2,
so that q D 2. According to Proposition 2.22, it suffices to see thatd 1

dm
�
d 2

dm


L1.0;R/

�
1

Rˆ1.R�1=2/ˆ2.R�1=2/
:

The CBPlanˆ1q1 property of .G1; �1/ impliesd 1
dm
�
d 2

dm


1
�

d 1
dm


.
q1
2 /
0

d 2
dm

 q1
2

�
1

R
2
q1 ˆ1.R�1=2/

d 2
dm

 q1
2

:

Now, since 1=q1 C 1=q2 > 1=2 it turns out that

1

q1=2
D

1

.q2=2/0
C
1

r
)

d 2
dm

 q1
2

� R
1
r

d 2
dm


.
q2
2 /
0
:

The result follows from the characterization of CBPlanˆ2q2 in Proposition 2.22.

R 2.24. – A result along the same lines can be obtained for crossed products
under invariance assumptions on  1. This goes in the same spirit as Remark 2.10.
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2.4.3. Refinement of the smoothness condition. – Here we are going to see how we can prove
the optimal smoothness order in the Hörmander-Mikhlin condition of Theorem B ii) when
 satisfies the CBPlanˆq property. We need several preparatory lemmas. In the next one we
denote by W p;s

� .RC/, where � 2 H10 , the Sobolev space given by completion with respect
to the norm

kf kW p;s
� .RC/ D

.1 � @2x/s=2.�f /p:
L 2.25. – Given f; g W RC ! C, the following holds:

i) For every " > 0.1 � @2x/s=2.fg/2 ..s;"/ .1 � @2x/.sC1C"/=2f 1.1 � @2x/s=2g2:
ii) If �.z/ D zse�z and � 2 H10.1 � @2x/s=2.��f /2 ..s;"/ .1 � @2x/.sC1C"/=2.�f /1:

Equivalently, we find the embedding W1;sC1C"� .RC/ �.s;"/ W 2;s
�� .RC/.

Proof. – The second point follows immediately from the first one by noticing that
�.z/ D zse�z has finite W 2;s.RC/ norm. We are going to prove the first point for s 2 N and
use interpolation. Given s 2 N, we have.1 � @2x/s=2.fg/2 � sX

kD0

k@kx.fg/k2

D

sX
kD0

 kX
jD0

 
k

j

!
.@jxf /.@

k�j
x g/


2

..s/
�

max
0�j�s

k@jxf k1

�� sX
kD0

k@kxgk2

�
�

�
max
0�j�s

k@jxf k1

�.1 � @2x/s=2g2:
Thus, all we have to see is that for every j 2 f0; 1; 2; : : : ; sg@jx.1 � @2x/�.sC"C1/=2f 1 ..s;"/ kf k1:
Recall that if the symbol of a Fourier multiplier is given by the Fourier transform of finite
measure, then it is bounded in L1.R/. Thus, we just need to see that there is a finite
measure �j;s such that

b�j;s.�/ D �j

.1C j�j2/
sC"C1
2

D sgn.�/j
1

.1C j�j2/
sC"�jC1

2

j�jj

.1C j�j2/
j
2

D .HŒj �.�s;j / �mj /
^.�/;

where HŒj � is the Hilbert transform for j odd and the identity map for j even. By [37,
V.3, Lemma 2] mj is a finite measure. Therefore, it is enough to see that if b�s;j .�/ D
1=.1C j�j2/.sC"�jC1/=2, then HŒj �.�s;j / is a finite measure. Applying the Hilbert transform
or identity map to [37, V.(26)] gives the desired result.
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L 2.26. – Assume G is a LCH unimodular group,  W G ! RC is a c.n. length and
that they satisfy the CBPlanˆq property. If �1, �2 2 H10 .†� /, with �1 satisfying that there is
 > 0 such that j�1.z/j . e�Re.z/ for all z 2 †� , then the following estimate holds for all
m 2 L1.RC/��m. /�1.t /�2.t /�L2. LG/

..Dˆ;q;/
1

ˆ.
p
t /
1
2

m.t�1 �/�2.�/Lq.RC/:
Proof. – Using integration by parts we obtain��m. /�1.t /�2.t /�L2. LG/

D

 Z
RC
�
�
m. /�01.r/�2.t /�Œ0;r/.t /

�
dr

L2. LG/

�

Z
RC
�01.r/

��m. /�2.t /�Œ0;r/.t /�L2. LG/
dr:

Nos, applying the CBPlanˆq property, we obtain��m. /�1.t /�2.t /�L2. LG/

..q/

Z
RC
�01.r/

1

ˆ.
p
t=r/

1
2

m..r=t/�/�2.r �/Lq.Œ0;1�/dr
D

� Z
RC
�01.r/

r�1=q

ˆ.
p
t=r/

1
2

dr
�m.t�1 �/�2.�/Lq.RC/:

So, we just need to estimate the integral in the right hand side termZ
RC
�01.r/

r�1=q

ˆ.
p
t=r/

1
2

dr D
n Z 1

0

C

1X
jD0

Z 4jC1

4j

o
�01.r/

r�1=q

ˆ.
p
t=r/

1
2

dr D AC

1X
jD0

Bj :

The first term is bounded as follows

A �
1

ˆ.
p
t /
1
2

Z 1

0

�01.r/r
�1=qdr ..q/

1

ˆ.
p
t /
1
2

:

For the rest of the terms, we apply the doubling condition to obtain

Bj � 3 � 4
j
k�01kL1.Œ4j ;4jC1//

2
D
ˆ
2 .jC1/

ˆ.
p
t /
1
2

D
3 � 2

Dˆ
2

ˆ.
p
t /
1
2

k�01kL1.Œ4j ;4jC1// 2

�
Dˆ
2 C2

�
j
:

The function �1 decreases exponentially and so does �01. Therefore �01.z/ . e�z for Refzg
large enough. That allows us to sum up all the terms in the series obtaining

P
j Bj . ˆ.

p
t /�

1
2

up to a constant depending on .Dˆ; /, as desired.

P 2.27. – AssumeG is a LCH unimodular group, W G ! RC is a c.n. length
and that they satisfy the CBPlanˆq property. Assume in addition thatX 2 LG^C is doubling and
admits L2GB. Then, we find for �; ı; " > 0

�
n�

1C
X2

t

��
jBt j

2
o 1
2

..Dˆ;q;�;ı;"/
1

ˆ.
p
t /
1
2

m.t�1 �/�.�/
W p;�Cı.RC/

;

where Bt D �
�
m. /�.t /e�2t .t /a

�
, � is a H10 -cut-off and a D 2�=ı C .1C "/=2.
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Proof. – Fix �; ı; " > 0 and a D 2�=ıC .1C "/=2. We define the linear, unbounded map
Kt W D � L1.RC/! L2. LG/ byKt .m/ D �.m.t /�.t /e�2t .t /a/. Using Lemma 2.26
with �1.z/ D zae�2z and �2.z/ D �.z/ gives that

(2.5)
Kt W W q;0

� .RC/! L2. LG/
 ..Dˆ;q/ 1

ˆ.
p
t /
1
2

:

Let us denote by �t;� the family of weights given by �t;�.x/ D �f.1 C t�1X2/�xg and let
L2. LG; �t;�/ be the Hilbert spaces associated to the GNS construction of �t;� . We know
from Proposition 2.16 thatKt W W 2;sC 1C"2

�� .RC/! L2. LG; �t;s/

 ..�;ı;"/ 1

ˆ.
p
t /
1
2

;

where s D 2�=ı and �.z/ D zae�z . Composing with the inclusion

W
q;sC 1C"2 C1C"

0

� .RC/ �.s;"0/ W
2;sC 1C"2
� � .RC/;

which follows by interpolation from Lemma 2.25 for q D 1 and the trivial inclusion for
q D 2, gives

(2.6)

Kt W W q;sC 1C"2 C1C"
0

� .RC/! L2. LG; �t;s/

 ..�;ı;";"0/ 1

ˆ.
p
t /
1
2

:

Notice that the spaces obtained through GNS construction L2. LG; �t;�/ are well behaved
with respect to the complex interpolation method. In particular, the expected identity below
holds �

L2
�

LG; �t;�1
�
; L2

�
LG; �t;�2

� �
�
D L2

�
LG; �t;.1��/�1C��2

�
:

Therefore, interpolating (2.5) and (2.6) with � D ı=2 yieldsKt W W q;�C ı2 .
1C"
2 C1C"

0/
� .RC/! L2. LG; �t;�s/

 ..Dˆ;q;�;ı;";"0/ 1

ˆ.
p
t /
1
2

:

Finally, choosing " and "0 such that ..1C "/=2C 1C "0/ � 2 givesKt W W q;�Cı
� .RC/! L2. LG; �t;�/

 ..Dˆ;q;�;ı/ 1

ˆ.
p
t /
1
2

:

Therefore, applying this bound to the function m.t�1�/ proves the assertion.

Proof of Theorem B ii). – Let s > Dˆ=2. For any � 2 H10 and ı; " > 0 we can define
�1.z/ D �.z/e

�2zza, where a D 2s=ıC .1C "/=2. Set Bt D �.m. /�1.t // and apply (2.2).
By Proposition 2.27

sup
t>0

k†tkL2. LG/ ..Dˆ;q;s;ı;"/ sup
t>0

m.t�1 �/�.�/
W p;sCı.RC/

:

Once this is settled, the argument continues as in the proof of Theorem B i).
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2.5. An application for finite-dimensional cocycles

Our aim is to recover the main result in [18] for the case of radial multipliers to illustrate
how the Sobolev dimension approach is, a priori, more flexible than the one used in [18].
We will start proving that c.n. lengths coming from surjective and proper finite-dimensional
cocycles satisfy the standard assumptions. Then we will reduce the case of general finite-
dimensional cocycles to surjective and proper ones.

Let b W G ! Rn be a finite-dimensional cocycle. Assume that b is surjective and
proper (i.e., b�1ŒK� is a compact set for every compact K). Then the pullback of the Haar
measure b��.E/ D �.b�1ŒE�/ in Rn is translation invariant and therefore satisfies that
d b��.�/ D cd �. Indeed, let ˛ W G ! O.Rn/ be the orthogonal action naturally associated
to b. Given a Borel compact set E � Rn with b�1.E/ D A � G and since b.gA/ D
˛g.b.A//C b.g/, we conclude that

b��.E/ D �.A/ D �.gA/ D b��.˛g.E/C b.g//:

Note that �.A/ is well-defined and finite since b is continuous and proper. Applying this
identity to the ˛-invariant sets E D Br .0/ and using the subjectivity of b, we conclude the
assertion. By rescaling b if necessary we will assume, without loss of generality, that b�� is
the Lebesgue measure over Rn. An important consequence of this fact is that

kStk
2
CB.L2. LG/; LG/ D

Z
G

je�t .g/j2 d�.g/ D

Z
Rn
e�2t j�j

2

d .b��/.�/ D
1

ˆ.
p
t /
;

where S D .St /t�0 is the semigroup associated with  .g/ D kb.g/k2 andˆ.t/ � tn. There-
fore, the semigroup associated to any proper and surjective finite-dimensional cocycle satis-
fies the CBRˆ property. In the same way, the measure � defined in (2.3) can be expressed
(using polar coordinates) as in terms of b�� and a trivial calculation gives that  has the
CBPlanˆ2 property. We need to find a suitable Xb 2 LG^C. We shall prove that b induces a
natural transference map from functions f W Rn ! C into operators x 2 LG given by

J .f / D �. bf ı b/:
Therefore, if R is a distribution in Rn such that cR .x/ D jxj, our choice will be Xb D �.R .b//.
Before proving Xb 2 LG^C we will need the following auxiliary result.

L 2.28. – If 'j W Rn ! C are radial L1-functions

�.'1 ı b/ �.'2 ı b/ D �
�
.'1 � '2/ ı b

�
for any group G equipped with a proper and surjective cocycle b W G ! Rn.

Proof. – We know that d.b��/ D dm, so that

.'1 ı b/ � .'2 ı b/.g/ D

Z
G

'1.b.h//'2.b.h
�1g// d�.h/

D

Z
G

'1.b.h//'2.˛h�1.b.g/ � b.h/// d�.h/

D

Z
G

'1.b.h//'2.b.g/ � b.h// d�.h/

D

Z
Rn
'1.�/'2.b.g/ � �/d .b

��/.�/
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D

Z
Rn
'1.�/'2.b.g/ � �/d � D .'1 � '2/.b.g//:

Taking the left regular representation at both sides yields the assertion.

It is straightforward to restate Lemma 2.28 in terms of the transference operator J . We
shall be working with the following subclass of radial functions in the Euclidean space Rn

A.Rn/rad D
˚
� W Rn ! C

ˇ̌
� radial; O� 2 L1.Rn/

	
:

The norm on A.Rn/rad given by k�kA.Rn/rad D k
O�k1 makes such space a Banach algebra. If

needed,A.Rn/rad will be given the o.s.s. inherited from the Fourier classA.Rn/. Observe that
Lemma 2.28 implies that

(2.7) J .�1 �2/ D J .�1/ J .�2/;

for any �j 2 A.Rn/rad. In fact, we have the following.

L 2.29. – Let b W G ! Rn be a proper and surjective cocycle. Then,

i) J W A.Rn/rad ! LG is contractive, a �-homomorphism for the natural conjugation and
positivity preserving,

ii) for every radial function � 2 A.Rn/rad, we have that kJ .�/k LG D k�k1.

Proof. – Let us start with i/. It is trivial that J is bounded since

kJ .�/k LG D k�. O� ı b/k LG � k
O� ı bkL1.G/ D k

O�kL1.Rn/:

The multiplicativity follows from (2.7) and the fact that the map is �-preserving is trivial. To
see that the map is positivity preserving just notice that if 0 � � 2 A.Rn/rad, then O� is of
positive type. But, if that is the case, then

O�.b.g�1 h// D O�.˛g�1.b.g/ � b.h/// D O�.b.g/ � b.h//

and so O� ı b is also of positive type over G.
For ii/, let M � LG be the weak-� closure of A D J ŒA.Rn/rad�. Clearly, since

�.J .�// D .b� ı b/.e/ D Z
Rn
�.�/ dm;

we have that � jM is also semifinite and faithful. As a consequence we get

(2.8) kxkM D sup
�2Ball.L2.M ;� jM //

kx �k2

and by the Plancherel identity L2.M / Š L2.Rn/rad. We are also going to use that if
A � M is a weak-� dense �-subalgebra of M , then L2.M / \ A is norm dense
inside L2.M /. Those two facts yield that

kJ .�/k LG D sup
�2Ball.L2.M //

kJ .�/ �k2

D sup
J . /2A\Ball.L2.M //

kJ .�  /k2

D sup
 2Ball.L2.Rn/rad/

k�  k2 D k�k1;

for any radial � and that concludes the proof.
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In order to define Xb as an element of LG^C, we need to express it as the supremum of
positive operators in LG. We use

1 D

Z
RC
s j�j2 e�sj�j

2 d s

s
;

and think of �s.�/ D j�j2 s e�sj�j
2

as a continuous partition of the unit. Note that �s 2 A.Rn/rad.
Hence

j�j D

Z
RC
j�j �s.�/

d s

s
 �";R.�/ WD

Z R

"

j�j �s.�/
d s

s
 Xb WD sup

0<"�R<1

J .�";R/;

where, again, �";R 2 A.Rn/rad. This presents Xb as a well-defined element of the extended
positive cone LG^C.

T 2.30. – Let G be a LCH unimodular group and consider an n-dimensional
proper and surjective cocycle b W G ! Rn equipped with the conditionally negative length
 .g/ D kb.g/k2. Then .G; ;Xb/ satisfies the standard assumptions.

Proof. – We will start by proving the L2GB. By noticing that � 7! �Œr;1/.�/ is an
increasing function and the normality of the weight x 7! �

˚
x j�.e�t /j2

	
we obtain that

�
n
�Œr;1/.Xb/ j�.e

�t /j2
o
D sup
0<"�R<1

�
n
�Œr;1/.J .�";R// j�.e

�t /j2
o
:

If P is a polynomial, (2.7) gives P.J .�// D J .P.�//. The function �Œr;1/ may not be a
polynomial but we can approximate it by analytic functions as follows. Let F be

(2.9) F.�/ D
1

2
C

1
p
�

Z �

0

e�s
2

ds:

We define the function �n;r � 0 by

�n;r .�/ D
�
F.n .� � r// � F.�n r/

�2
:

For r > 0, the positive functions �r;n converge pointwise and boundedly as n!1 to �Œr;1/
except at r , where the value is 1=2. Furthermore, �n;r .0/ D 0 and �n;r is a real analytic
function with arbitrarily large convergence radius. By the analyticity it holds that, for any
radial � in the Schwartz class,

�n;r .J .�// D J .�r;n.�//:

The right hand side is well-defined since �r;n.�/ is again a Schwartz class function and so its
Fourier transform is integrable. By [9, Proposition 1.48] if �n;r converges to �Œr;1/ pointwise
and boundedly then �n;r .x/ converges to �Œ0;1/.x/ is the SOT topology for any positive
x 2 LG. We have that

�
n
�Œr;1/.Xb/ j�.e

�t /j2
o
D sup

0<"�R<1

�
n

SOT-lim
n!1

�r;n.J .�";R// j�.e
�t /j2

o
D sup

0<"�R<1

lim
n!1

�
n

J .�r;n ı �";R/ j�.e
�t /j2

o
� lim
n!1

sup
0<"�R<1

�
n

J .�r;n ı �";R/ j�.e
�t /j2

o
:

4 e SÉRIE – TOME 50 – 2017 – No 4



SMOOTH MULTIPLIERS VIA SOBOLEV DIMENSION 915

Moreover, �.e�t / D J .ht / for the heat kernel ht in Rn and

�
n
�Œr;1/.Xb/ j�.e

�t /j2
o
� lim
n!1

sup
0<"�R<1

�
n

J .�r;n ı �";R/ jJ .ht /j
2
o

D lim
n!1

sup
0<"�R<1

�
n

J
�
.�r;n ı �";R/ jht j

2
�o

D lim
n!1

sup
0<"�R<1

Z
Rn
�r;n.�";R.�// jht .�/j

2d �

� lim
n!1

Z
Rn
�r;n.j�j/ jht .�/j

2d �

D

Z
Rn
�Œr;1/.j�j/ jht .�/j

2d � .
1

ˆ.
p
t /
e�

r2

2t :

The CBHL inequality will follow from the L1 Gaussian lower bounds

(L1GLB)
��Œ0;r/.Xb/ �.e�t / �Œ0;r/.Xb/��1�1

1
&

e�ˇ
r2

t

ˆ.
p
t /
:

Recall that if x 2 MC and p is a projection, then pxp 2 .pMp/C and, since any positive
element can be inverted in the extended positive cone, it holds that .pxp/�1 2 .pMp/^C.
We have pk.pxp/�1k�11 � pxp, where the L1-norm is taken in pMp and the left hand
side may be zero. So, we can understand the right hand side of (L1GLB) as a lower bound
on �Œ0;r/.Xb/ �.e�t / �Œ0;r/.Xb/. The L1GLB allow to bound the noncommutative Hardy-
Littlewood maximal operator by the maximal operator associated with the semigroup.
Indeed, since Xb and �.e�t / commute from (2.7) we deduce that (L1GLB) yield

�Œ0;t/.Xb/

ˆ.t/
. �Œ0;t/.Xb/ �.e

�t2 / �Œ0;t/.Xb/ � �.e
�t2 /:

This implies
�Œ0;t/.Xb/

ˆ.t/
? x . St2.x/;

for every positive x. Now, using the maximal inequalities for semigroups of [23] gives the
boundedness of the noncommutative Hardy-Littlewood maximal for every 1 < p <1. The
fact thatSt˝Id is again a Markovian semigroup gives the complete bounds and so the CBHL
inequality holds. To prove that (L1GLB) holds we use that J W A ! LG is a complete
contraction. Justifying the calculations like in the case of upper L2 Gaussian bounds and
using (2.7) we obtain that��Œ0;r/.Xb/�.e�t /�Œ0;r/.Xb/��1

1
D
�.e�t /� 12 �Œ0;r�.Xb/ �.e�t /� 12 1

�
�.e�t /� 12 e�r .Xb/ �.e�t /� 12 1

D
J

�e�r h�1t � 1
D
e�r h�1t L1.Rn/ . t

n
2 eˇ

r2

t ;(2.10)

where �Œ0;r�.jxj/ � e�r is a radial and analytic function approximating �Œ0;r�.jxj/ such that

h�1t e�r . t
n
2 eˇ

r2

t . One can safely take e�r .x/ D F.M.1 � jx=r j2//F.M.1 C jx=r j2//
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for large enough M , where F is defined like in (2.9). The analyticity is used to ensure thate�r .J .�// D J .e�r .�//. In Line (2.10) we used the second point in Lemma 2.29.

C 2.31. – Given a LCH amenable unimodular group G, let b W G ! Rn be a
finite-dimensional cocycle with associated c.n. length  .g/ D jb.g/j2. Then, given a symbol
m W RC ! C and 1 < p <1, the following estimate holds for any H10 cut-off function � and
any s > n=2 Tmı  CB.Lıp. LG//

..p/ sup
t>0

m.t �/�.�/
W 2;s.RC/

:

Proof. – If the cocycle b is surjective and proper the result follows from Theorem B.
Indeed, in that case we know from Theorem 2.30 that .G; ;Xb/ satisfies the standard
assumptions withˆ.s/ D sn and Sobolev dimensionDˆ D n. Moreover, the CBPlanˆ2 prop-
erty also holds as we explained before Lemma 2.28. In the general case take Go D Rn o˛ G
where ˛ W G ! O.n/ is the orthogonal representation that makes g 7! .x 7! ˛gx C b.g//

an affine representation. The function bo W Go ! Rn given by bo.�; g/ D � C b.g/ satisfies
the cocycle law with cocycle action ˇ W Go ! Rn given by ˇ.�;g/ D ˛g . Indeed, we have

bo.� C ˛g�; g h/ D � C ˛g� C b.gh/

D � C ˛g� C ˛gb.h/C b.g/

D ˇ.�;g/.bo.�; h//C bo.�; g/:

Furthermore bo is clearly surjective but it may not be proper. In that case, we shall take
the associated affine representation �o W Go ! Rn o O.n/ and note that the quotient
representation �ıo W Gıo D Go= ker.�o/ ! Rn o O.n/ satisfies that its associated
cocycle bıo W Gıo ! Rn is always proper (even if it is not injective). To see that, let
p1 W Rn oO.n/! Rn be the natural projection into the first component and consider a
compact set K � Rn. Then

.bıo/
�1ŒK� D .�ıo/

�1Œp�11 ŒK�� D .�ıo/
�1ŒK �O.n/�

and the last term is compact since K � O.n/ is compact and �ıo is continuous bijection
between second countable locally compact groups and hence a continuous group isomor-
phism. Summing up, we have the following commutative diagram

G
b //� _

��

Rn

Rn o˛ G D Go

bo

==

����

.Rn o˛ G/= ker.�o/ D G
ı
o:

bıo

NN

According to Theorem 2.30, for the last cocycle we can use that .Gıo;  
ı
o; Xbıo/ satisfy the

standard assumptions, where ıo is the c.n. length naturally associated to bıo. By Theorem B,
this implies Tmı ıo CB.Lp. LGıo//

..p/ sup
t>0

m.t �/�.�/
W 2;s.RC/

:
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Now, using de Leeuw’s type periodization [3, Theorem 8.4 iii)] we obtain the same complete
bounds for Tmı o inLp. LGo/ for every 1 < p <1. In order to prove the assertion, we just
need to restrict to the subgroup f0g � G � Go.This follows from the de Leeuw’s restriction
type result in [3, Theorem 8.4 i)].

2.6. Foreword

During the exposition of the contents of Section 2 several natural questions arise.

1. The first question is whether all finite-dimensional proper cocycles, not necessarily
surjective, such that their associated c.n. length satisfy CBRˆ have L2GB for some
X 2 LG^C. We have only been able to prove it in the easier case of surjective cocycles.
To that end, our intuition is that a (probably nontrivial) generalization of (2.7) will be
required.

2. The second point sprouts from the annoyance of the fact that we have not been able
to produce explicit examples of infinite-dimensional cocycles with L2GB. We are not
confident about their existence. It will be of great interest for us to either construct
infinite-dimensional cocycles havingL2GB or to prove that all c.n. lengths admittingX
with L2GB come from finite-dimensional cocycles. A way of relaxing such problem is
to change the family of c.n. lengths arising from finite-dimensional to the family of
(real) analytic c.n. lengths (in order to make sense of analyticity we will require G to
be a Lie group). Note that every finite-dimensional cocycle b W G ! Rn over a Lie
group G induces a group homomorphism of Lie groups � W G ! Rn o O.n/. Such
homomorphisms are automatically analytic. Therefore, the function  W G ! RC is
real analytic. It is reasonable to conjecture that every  W G ! RC defined on a Lie
group and with L2GB is analytic.

3. A possible strategy for constructing conditionally negative lengths coming from
infinite-dimensional cocycles withL2GB is to extend the stability results (announced in
Remark 2.10) for crossed products to non � -invariant  1 W H ! RC and X1 2 LH^C .
If either G is amenable or � W G ! Aut.H/ is an amenable action, some sort of
averaging procedure may give new c.n. lengths having L2GB if the original ones do
haveL2GB. It will also be desirable to extend the stability of the standard assumptions
to extensions of topological groups.

3. Non-spectral multipliers

3.1. Polynomial co-growth

As we have seen, elements in the extended positive cone LG^C can be understood as
quantized metrics over LG. Indeed, when G is abelian, any invariant distance over its dual
group is determined by the (positive unbounded) function d.e; �/ affiliated to L1.bG/, since
d.�1; �2/ D d.e; �

�1
1 �2/. It may seem natural to requireX to satisfy properties analogous to

the triangular inequality, the faithfulness and the symmetry. Nevertheless, such assumptions
will not be necessary here since we will need just “asymptotic” properties of X . Indeed, one
of our main families of examples will come from the unbounded multiplication symbols of
invariant Laplacians over G. In order to match the classical case of Rn with the standard
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Laplacian, whose multiplication symbol is j�j2, we will use the convention that X behaves
like d.e; �/2. That will explain the 1=2 exponent in some of the formulas.

D 3.1. – Given X 2 LG^C, we say that X has polynomial co-growth of order D
iff

D D inf
n
r > 0 W

�
1CX

��r=2
2 L1. LG/

o
<1:

The definition is motivated by the fact that if we are in an abelian group and X is the
unbounded positive function given by d.e; �/2, where d is a translation invariant metric then,
defining ˆ.r/ D �.�Œ0;r2/.X// D �.Br .e//, we get�1CX��D=2�"

1
D

Z
RC

1

.1C r2/
D
2 C"

dˆ.r/ D
�D
2
C "

� Z
RC

2rˆ.r/

.1C r2/
D
2 C1C"

dr:

In particular the last expression is finite whenever �.Br .e// . rD .

R 3.2. – In the proof of Theorem C we are only going to use that the convolution
operator u 7! u ? .1 C X/�ˇ is completely bounded on Lp. LG/ for ˇ > D. Any element
in L1. LG/ induces such bounded operator. Indeed we could have defined a similar notion
of polynomial co-growth alternatively as

D D inf
n
r > 0 W .1CX/�r=2 2 CB.L1. LG//

o
<1;

where .1C X/�r=2 is identified with the operator x 7! .1C X/�r=2 ? x. This condition is a
priori weaker than co-polynomial growth although they coincide for amenable groups. We
will stick to the original since it is a condition general enough to allow us to prove Theorem C
and restrictive enough to be fully characterized.

Now we are going to prove the existence of unbounded operators affiliated to LG

behaving like multiplication symbols for left or right invariant Laplacians. Recall that a
submarkovian semigroup S acting on L1.G/ is respectively called left/right invariant when
St ı �g D �g ı St or St ı �g D �g ı St accordingly.

P 3.3. – Let G be a LCH unimodular group and consider any submarkovian
semigroup S over L1.G/. Let A denote its positive generator. Then, the following properties
hold:

i) If S is left invariant then there is a densely defined and closable unbounded positive
operator bA affiliated to LG such that, for all f 2 dom.A/ � L2.G/

�.Af / D �.f /bA:
ii) If S is right invariant then there is densely defined and closable unbounded positive

operator bA affiliated to LG such that, for all f 2 dom.A/ � L2.G/

�.Af / D bA�.f /:
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Proof. – We start by proving ii/. Notice that A W dom.A/ � L2.G/ ! L2.G/ is densely
defined. It is affiliated with LG iff for every unitary u 2 LG0 D RG we have that uA D Au.
Since St is � invariant and we can approximate in the SOT topology every element in RG by
linear combinations of elements in .�g/g2G , we obtain that St commutes with any element
x 2 RG. A function f 2 L2.G/ is in dom.A/ when

lim
t!0C

Id � St
t

f

exists in L2.G/ and we then have

lim
t!0C

Af � Id � St
t

f

2
D 0:

This implies u dom.A/ � dom.A/ for any U.RG/. Multiplying by u we obtainuAf � Auf 
2
� lim
t!0C

uAf � Id � St
t

uf

2
C lim
t!0C

 Id � St
t

uf � Auf

2
D 0

for every f 2 dom.A/. This proves that A is affiliated with LG. Notice that � W L2.G/! L2. LG/

unitarily. We will define bA D �A��. By definition bA is an unbounded operator on L2. LG/

affiliated with .�RG��/0 D � LG�� which is also equal to the von Neumann algebra LG

acting by left multiplication in the GNS construction associated to its trace. The operator bA
is densely defined and closable since A is densely defined and closable. The identity of ii/
follows by definition. The construction for i/ is somewhat analogous. We need two trivial
observations:

1. The anti-automorphism � W LG ! LG extends to a unitary operator �2 W L2. LG/!

L2. LG/ since � ı � D � . If �r W LGop ! B.L2. LG// and �` W LG ! B.L2. LG//

are the right and left GNS representations, then �2 ı �r .x/ D �`.�x/ ı �2.
2. The anti-automorphism � extends to an automorphism of the extended positive

cone LG^C. We are going to denote such extension again by � .

Notice that, since�`Œ LG�0 D �r Œ LG�, any element in x 2 �`Œ LG�0 can be expressed as�r .x0/
for some x0 2 LG. By point 1, the map that sends x to x0 is given, after identifying LG with
its GNS representation �`Œ LG�, by x0 D �.�2 x �2/. Let S be given by S D �A��. Then
S is affiliated with .� LG��/0 D �`Œ LG�

0. If we define bA as bA D �.�2 S �2/, where � is the
extension of point 2, we obtain i/.

R 3.4. – Since G is unimodular, the unitary � W L2.G/ ! L2.G/ given by
f .g/ 7! f .g�1/ is an isometry that intertwines �g and �g . We can characterize the pairs of
left and right invariant operators A1; A2 whose left and right multiplication symbols, bA1 andbA2 respectively, coincide. By a trivial calculation those are the operators such that A1� D �A2.
Indeed, using that � W L2.G/! L2. LG/ satisfies �ı� D �2ı� and that ifA is the infinitesimal
generator of a submarkovian semigroup then A> D A, we obtain that

�.�A1�
�/ D �2�A2�

��2 D ��A2��
�;

but the right hand side satisfies that �.�A1��/ D �A>1 �
� D �A1�

�.
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Now we are going to characterize those semigroups whose infinitesimal generator has
polynomial co-growth. In order to prove the characterization we will need the following
two lemmas. Recall that the Fourier algebra AG is defined as those f W G! C such that
�.f / 2 L1. LG/ with kf kAG D k�.f /kL1. LG/. We will use below the straightforward
inequalities for f 2 AG

(3.1) j�.�.f //j � kf k1 � �.j�.f /j/:

Indeed, both follow from the identity �.��g�.f // D f .g/ which is valid for f 2 AG.

L 3.5. – Let G be a LCH unimodular group and S a submarkovian semigroup of
right .resp. left/ invariant operators satisfying that St W C0.G/! C0.G/. Let A be the positive
generator and assume further that bA has polynomial cogrowth of orderD. ThenW 2;s

A .G/\AG is
dense inside W 2;s

A .G/ for every s > D=2C ".

Proof. – We will prove only the right invariant case. Notice that AG is closed by left and
right translations. The fact that St W C0.G/! C0.G/, together with the Riesz representation
theorem gives that for every g 2 G there is weak-� continuous family of unit measures onG,
.�
g
t /g2G;t�0 such that

Stf .g/ D

Z
G

f .h/d�
g
t .h/:

Applying the right invariance gives us that d�gt .h/ D d�
e
t .hg

�1/. This yields

(3.2) Stf .g/ D

Z
G

�gfd�
e
t D �

��et � f .g/;

where .���et /.E/ D �et .E
�1/. It is clear that kStf � f kL2.G/ ! 0 as t ! 0C. Recall

that the same is true for f 2 W 2;s
A .G/ in the W 2;s

A .G/-norm for every s > 0. Suppose that
f 2 W

2;s
A .G/, then, applying the formula (3.2) together with the polynomial co-growth, we

have that

Stf D �
��t � f D �

��t � .1C A/�
s
2 .1C A/

s
2 f D ht;s � g;

where g D .1C A/s=2f . We have that kgk2 D kf kW s;2
A

and

kht;sk2 � k�
e
t kM.G/

.1C bA/�s=2
L2. LG/

<1:

This proves that Stf 2 AG \W
2;s
A .G/. Making t ! 0C completes the claim.

T 3.6. – Let G be a unimodular LCH group and let S be a right .resp. left/
invariant submarkovian semigroup over G. Let A be its infinitesimal generator and assume
further that St W C0.G/! C0.G/. Then, the following assertions are equivalent:

i) The multiplication symbol bA of A has polynomial co-growth of order D.
ii) S satisfies the following inequality for every " > 0.1C A/�.D4 C"/ W L2.G/! L1.G/

 .."/ 1:
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Proof. – To prove i)) ii), pick f 2 AG \W 2;s.G/ for s D D=2C 2" and note

kf k1 �
��.1C A/�s=2.1C A/s=2f �

1

D
�1C bA��s=2��.1C A/s=2f �

1

�
�1C bA��s=2

2

��.1C A/s=2f �
2

D
.1C bA/�s1=2

1
kf k

W
2;s
A

.G/
.."/ kf kW 2;s

A
.G/
:

We have used (3.1) in the first inequality, Proposition 3.3 in the first identity and the polyno-
mial cogrowth in the last inequality. By the density Lemma 3.5 we conclude that W 2;s

A .G/

embeds in L1.G/ which is a rephrasal of ii/. For the implication ii) ) i) we note that
from (3.1) ˇ̌̌

�
��

1C bA��D4 �"�.f /�ˇ̌̌ � �1C A��D4 �2"f 
1
.."/ kf k2:

Taking the supremum over f 2 L2.G/ with norm 1 gives the desired result.

R 3.7. – Due to Proposition 2.1 we obtain that the point ii/ is equivalent to satisfying
the ultracontractivity property RDC".0/ for every " > 0. Since RD.0/ implies RDC".0/ for
every " > 0, it is sufficient to prove RD.0/ in order to have polynomial co-growth of order D.

R 3.8. – Sobolev inequalities involving powers of 1C A are sometimes called local
[43, II.X] since they are tightly connected to the ultracontractivity estimates for 0 < t � 1

and in many contexts that amounts to describing the growth of ball of small radius. Therefore
Theorem 3.6 relates the behavior of the large balls of LG with the behavior of small balls
in G. This goes along the common intuition that taking group duals exchanges local and
asymptotic/coarse properties.

Proof of Theorem C. – Let Bt D �.m�.t // and let bA1 be the multiplication symbol
associated with the generator of the right invariant semigroup S 1 which is determined by
Proposition 3.3. Then

Bt D
�
1C bA1�� s12„ ƒ‚ …

Mt

�
1C bA1� s12 Bt„ ƒ‚ …

†t

is a max-square decomposition. By the definition of co-polynomial growth we have that
� jMt j

2 D .1 C � bA1/�s1 2 L1. LG/ and therefore it is a c.b. multiplier in every Lp. LG/

for 1 � p � 1. Since Mt does not depend on t , the maximal inequality (MSp) is satisfied
trivially. By the construction of bA1 we have

sup
t>0

k†tkL2. LG/ D sup
t>0

�1C bA1� s12 �.m�.t //L2. LG/
D sup

t>0

km�.t /k
W
2;s1
A1

.G/
:

The square-max decomposition is manufactured in exactly the same way.
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3.2. Sublaplacians over polynomial-growth Lie groups

Here we are going to work with left (resp. right) invariant submarkovian semigroups
over L1.G/ generated by sublaplacians. Let M be a smooth manifold, X D fX1; : : : ; Xrg
be a family of smooth vector fields and � a � -finite measure over M . Let us denote
by .�j .t//t2.�"j ;"/j the one-parameter diffeomorphism generated by Xj and assume further
that� is invariant under .�j .t//t2.�"j ;"j /. Then, the semigroup whose infinitesimal generator
is given by the sublaplacian associated to X

�X D �

rX
jD1

X2j

is submarkovian. This is a consequence of the theory of symmetric Dirichlet forms [10]. If
M D G is a Lie group, � its left Haar measure and X D fX1; : : : ; Xrg left invariant vector
fields. By the invariance under the one parameter subgroup generated byXj of�we have that
St D e

�t�X is a submarkovian semigroup of left invariant operators. The same construction
can be performed using right invariant vector fields if G is unimodular. Any sublaplacian
carries a natural subriemannian metric given by

dX.x; y/ D inf
 WŒ0;1�!M

.0/Dx;.1/Dy

n� Z 1

0

rX
jD1

jaj .t/j
2 dt

� 1
2 ˇ̌
 0.t/ D

rX
jD0

aj .t/ Xj ..t//
o
:

This metric coincides with the Lipschitz distance given by the gradient form, also known as
Meyer’s carré du champs [29]. Observe also that, ifG is a connected Lie group, then its subrie-
mannian distance is finite iff X generates the whole Lie algebra. Similarly, f 2 Kerp.�X/ iff
f 2 Lp.M/ and f .x/ D f .y/ whenever the subriemannian distance dX.x; y/ is finite.

The main family of illustrations of Theorem C comes from Lie groups endowed with right
and left invariant sublaplacians. Indeed, let V D fv1; v2; : : : ; vrg � TeG be a collection of,
linearly independent, vectors generating the whole Lie algebra and X1 D fX1; : : : ; Xrg and
X2 D fY1; : : : ; Yrg be its right and left invariant extensions respectively. Then their associated
sublaplacians satisfy ��X1 D �X2 � where we use �f .g/ D f .g�1/. Hence, it suffices to study
the polynomial co-growth for b�X1 . By Remark 3.7 we just need to show that St D e�t�X has
the RD.0/ property and by [43, Theorem VIII.2.9] we known that if G is a Lie group of
polynomial growth, then

e�ˇ1
dX1 .x;y/

2

t

�.Be.
p
t //
. ht .x; y/ .

e�ˇ2
dX1 .x;y/

2

t

�.Be.
p
t //

;

where ht is the heat kernel associated with St , dX1 is the subriemannian distance associated
to X1 and Be.r/ are the balls of radius r with respect to that metric. It is a well known fact,
see [43], that

�.Be.r// � t
D0 ;

for t small. Here D0 is the local dimension associated to X1, given by

D0 D

1X
jD0

j dim.FjC1=Fj /;
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where F0 D f0g, F1 D X1 and FjC1 D spanfFj ; ŒFj ;X1�g. As a consequence St has the
RD0.0/ property and therefore b�X1 , and so b�X2 , have polynomial co-growth of order D0.
As a corollary we obtain the following theorem.

T 3.9. – Let G be a polynomial growth Lie group equipped wit a c.n. length
 W G ! RC. Let � 2 H10 and consider a generating setX D fX1; X2; : : : ; Xrg of independent
right invariant vector fields. Let us write�X for its sublaplacian. Then, the following inequality
holds for every 1 < p <1 and any s > D0=2

kTmk CB.Lıp. LG// ..p/ sup
t�0

max
n�.t /m

W
2;s
�X

.G/
;
�.t /�m

W
2;s
�X

.G/

o
:
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