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A TWO-PHASE FREE BOUNDARY PROBLEM
FOR HARMONIC MEASURE

BY Max ENGELSTEIN

ABSTRACT. — We study a 2-phase free boundary problem for harmonic measure first considered
by Kenig and Toro [21] and prove a sharp Holder regularity result. The central difficulty is that there
is no a priori non-degeneracy in the free boundary condition. Thus we must establish non-degeneracy
by means of monotonicity formulae.

RESUME. — On étudie un probléme dans la frontiere libre avec deux phases, initialement examiné
par Kenig et Toro [21], et on montre un résultat précis de régularité de Holder. La difficulté essentielle
est qu’il n’y a pas de conditions a priori de non-dégénérescence dans la condition de frontiére libre. Par
conséquent, nous devons déduire la non-dégénérescence en utilisant des formules de monotonie.

1. Introduction

In this paper we consider the following two-phase free boundary problem for harmonic
measure: let QF be an unbounded 2-sided non-tangentially accessible (NTA) domain (see
Definition 2.1) such that log(h) is regular, e.g., log(h) € C**(d9). Here h := % and
w¥ is the harmonic measure associated to the domain QF (2~ := int((27)¢)). We ask the
question: what can be said about the regularity of 92?

This question was first considered by Kenig and Toro (see [21]) when log(h) € VMO(dw™).
They concluded, under the initial assumption of §-Reifenberg flatness, that 2 is a vanishing
Reifenberg flat domain (see Definition 2.2). Later, the same problem, without the initial
flatness assumption, was investigated by Kenig, Preiss and Toro (see [22]) and Badger
(see [6] and [7]). Our work is a natural extension of theirs, though the techniques involved
are substantially different.

Our main theorem is:

THEOREM 1.1. — Let Q be a 2-sided NTA domain with log(h) € C*(0Q) where k > 0 is
an integer and o € (0, 1).

— Whenn = 2: 0 is locally given by the graph of a C*+1:2 function.
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860 M. ENGELSTEIN

— Whenn > 3: there is some §,, > 0 such that if § < 0,, and §2 is §-Reifenberg flat, then
Q) is locally given by the graph of a C*+1% function.

Similarly, if log(h) € C® or log(h) is analytic we can conclude (under the same flatness
assumptions above ) that 92 is locally given by the graph of a C*™ (resp. analytic) function.

When n > 2, the initial flatness assumption is needed; if n > 4,
Q={X eR"|2? +23 >3 +23}

is a 2-sided NTA domain such that w™ = w™ on 9 (where the poles are at infinity). As such,
h = 1 but, at zero, this domain is not a graph. In R3, H. Lewy (see [28]) proved that, for k
odd, there are homogeneous harmonic polynomials of degree k whose zero set divides S?
into two domains. The cones over these regions are NTA domains and one can calculate that
log(h) = 0. Again, at zero, 92 cannot be written as a graph. However, these two examples
suggest an alternative to the a priori flatness assumption.

THEOREM 1.2. — Let Q be a Lipschitz domain (that is, 02 can be locally written as the
graph of a Lipschitz function) and let h satisfy the conditions of Theorem 1.1. Then the same
conclusions hold.

The corresponding one-phase problem, “Does regularity of the Poisson kernel imply
regularity of the free boundary?”, has been studied extensively. Alt and Caffarelli (see [4])
first showed, under suitable flatness assumptions, that log(%2) € C%*(9Q) implies O is
locally the graph of a C'*+* function. Jerison (see [17]) showed s = o above and, furthermore,
if log(‘é—‘;) € CH2(99), then 99 is locally the graph of a C?* function (from here, higher
regularity follows from classical work of Kinderlehrer and Nirenberg, [25]). Later, Kenig and
Toro (see [24]) considered when log(%) € VMO(do) and concluded that 952 is a vanishing
chord-arc domain (see Definition 1.8 in [24]).

Two-phase elliptic problems are also an object of great interest. The paper of Alt,
Caffarelli and Friedman (see [5]) studied an “additive” version of our problem. Later,
Caffarelli (see [10] for part one of three) studied viscosity solutions to an elliptic free
boundary problem similar to our own. This work was then extended to the non-homogenous
setting by De Silva, Ferrari and Salsa (see [12]). It is important to note that, while our
problem is related to those studied above, we cannot immediately apply any of their results.
In each of the aforementioned works there is an a priori assumption of non-degeneracy
built into the problem (either in the class of solutions considered or in the free boundary
condition itself). Our problem has no such a priori assumption. Unsurprisingly, the bulk of
our efforts goes into establishing non-degeneracy.

Even in the case of n = 2, where the powerful tools of complex analysis can be brought to
bear, our non-degeneracy results seem to be new. We briefly summarize some previous work
in this area: let Q" be a simply connected domain bounded by a Jordan curve and Q~ = Qt°.
Then 02 = Gt U ST U N where

- wt(NT)=0.

- wt < H' < wton G,

— Every point of G is the vertex of a cone in Q1. Furthermore, if C is the set of all
cone points for QF, then # ' (CH\GT) = 0 = wH (CT\G™).
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A TWO-PHASE FREE BOUNDARY PROBLEM FOR HARMONIC MEASURE 861

- H(ST)=0.

- Forwta.eQ € S* wehavelimsup,. , w =

+oo and lim inf, o w -0

with a similar decomposition for w™. These results are due to works by Makarov, McMillan,
Pommerenke and Choi. See Garnett and Marshall [13], Chapter 6 for an introductory treat-
ment and more precise references.

In our context, that is where wt < w™ <« wT, Qis a 2-sided NTA domain and
log(h) € C%%(9Q), one can use the Beurling monotonicity formula (see Lemma 1 in [8])
to show limsup,. ., M < oo. Therefore, w* (ST U S~) = 0 and we can write
0Q = I' U N where wt(N) = 0 and T is l-rectifiable (i.e., the image of countably many
Lipschitz maps) and has o-finite # '_measure. This decomposition is implied for n > 2 by
the results of Section 5. In order to prove increased regularity one must bound from below
lim infrlo w
to the literature.

, which we do in Corollary 6.4 and seems to be an original contribution

The approach is as follows: after establishing some initial facts about blowups and the
Lipschitz continuity of the Green’s function (Sections 3 and 4) we tackle the issue of degen-
eracy. Our main tools here are the monotonicity formulae of Almgren, Weiss and Monneau
which we introduce in Section 5. Unfortunately, in our circumstances these functionals are
not actually monotonic. However, and this is the key point, we show that they are “almost
monotonic” (see, e.g., Theorem 5.8). More precisely, we bound the first derivative from
below by a summable function. From here we quickly conclude pointwise non-degeneracy.
In Section 6, we use the quantitative estimates of the previous section to prove uniform
non-degeneracy and establish the C! regularity of the free boundary.

At this point the regularity theory developed by De Silva et al. (see [12]) and Kinderlehrer
et al. (see [25] and [26]) can be used to produce the desired conclusion. However, these
results cannot be applied directly and some additional work is required to adapt them to our
situation. These arguments, while standard, do not seem to appear explicitly in the literature.
Therefore, we present them in detail here. Section 7 adapts the iterative argument of De
Silva, Ferrari and Salsa [12] to get C1* regularity for the free boundary. In Section 8 we first
describe how to establish optimal C'1« regularity and then C%“ regularity (in analogy to the
aforementioned work of Jerison [17]). This is done through an estimate in the spirit of Agmon
et al. ([1] and [2]) which is proven in the appendix. Higher regularity then follows easily.

Acknowledgements. — This research was partially supported by the Department of Defense’s
National Defense Science and Engineering Graduate Fellowship as well as by the National
Science Foundation’s Graduate Research Fellowship, Grant No. (DGE-1144082). We thank
the anonymous referee for several helpful comments and corrections. The author would
also like thank Professor Carlos Kenig for his guidance, support and, especially, boundless
patience.

2. Notation and Definitions

Throughout this article Q C R™ is an open set and our object of study. For simplicity,
QF := Qand O~ := Q°. To avoid technicalities we will assume that Q¥ are both unbounded
and let u* be the Green’s function of QF with a pole at co (our methods and theorems apply
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862 M. ENGELSTEIN

to finite poles and bounded domains). Let w® be the harmonic measure of QF associated
to ut; it will always be assumed that w~ < wT < w™. Define h = ‘jf:—; to be the Radon-
Nikodym derivative and unless otherwise noted, it will be assumed that log(h) € C%*(59).

Finally, for a measurable f:R" — R, we write f*(z):=|f(z)[x{s>0}(x) and
[ (@) = |f(@)|x{r<o0}(z). In particular, f(z) = f™(z) — f~(z). Define u* outside
of Q% to be identically zero and set u(z) := u*(z) — u~(z) (so that these two notational
conventions comport with each other).

Recall the definition of an non-tangentially accessible (NTA) domain.

DEerFINITION 2.1 (See [18] Section 3). — A domain Q C R™ is non-tangentially accessible,
(NTA), if there are constants M > 1, Ry > 0 for which the following is true:

1. Q satisfies the corkscrew condition: for any Q € 0Q and 0 < r < Ry there exists
A= A.(Q) € Qsuch that M~1r < dist(4,00) < |A—-Q| <.

2. QF satisfies the corkscrew condition.

3. Qsatisfies the Harnack chain condition: lete > 0,x1,z2 € QNB(Ry/4,Q) foraQ € 00
with dist(z;,0Q) > ¢ and |v1 — x| < 2Fe. Then there exists a “Harnack chain” of
overlapping balls contained in ) connecting x1 to xo. Furthermore we can ensure that
there are no more than Mk balls and that the diameter of each ball is bounded from below
by M~ min;_ »{dist(z;, 0Q)}

When Q is unbounded we also require that R™\0S) has two connected components and that

Ro = Q.

We say that €2 is 2-sided NTA if both Q and Q° are NTA domains. The constants M, Ry are

referred to as the “NTA constants” of ).

It should be noted that our analysis in this paper will be mostly local. As such we need only
that our domains be “locally NTA” (i.e., that M, R can be chosen uniformly on compacta).
However, for the sake of simplicity we will work only with NTA domains. We now recall the
definition of a Reifenberg flat domain.

DEFINITION 2.2. — For @Q € 0Q andr > 0,
0(Q,r) = inf DN B(Q,r),{P+Q}nB(Q,r)],

PeG(n,n—1)
where D[A, B] is the Hausdorff distance between A, B.

For § > 0,R > 0 we then say that Q is (6, R)-Reifenberg flat if for all Q € Q,r < R we
have 6(Q,r) < . When Q is unbounded we say it is 5-Reifenberg flat if the above holds for all
0<r<oo.

Additionally, if K CC R™ we can define

bi(r) = sup_ 6(Q.r).
QEKNIN
Then we say that §) is vanishing Reifenberg flat if for all K CC R", limsup,.| 0k (r) = 0.

REMARK 2.3. — Recall that a 6-Reifenberg flat NTA domain is not necessarily a Lipschitz
domain, and a Lipschitz domain need not be §-Reifenberg flat. However, all Lipschitz domains
are (locally) 2-sided NTA domains (see [18] for more details and discussion).

Finally, let us make two quick technical points regarding h.
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A TWO-PHASE FREE BOUNDARY PROBLEM FOR HARMONIC MEASURE 863

REMARK 2.4. — For every Q € 09, we have lim, o % = h(Q) (in particular the
limit exists for every Q € 09).

Justification of Remark. — By assumption, ZZ")—; agrees with a Holder continuous

function h where defined (i.e., wt-almost everywhere). For any Q € Q we can rewrite
. “(B(Q,r . w™ . .
hmrlq% = limy o a0 35 (P)dw™ (P) = lim, g f’?@v” h(P)dw* (P). This
final limit exists and is equal to h(Q) everywhere because h is continuous. O

We also note that & is only defined on 092. However, by Whitney’s extension theorem,
we can extend h to h : R — R such that b = h on dQ and log(h) € C*(R™) (or, if
log(h) € C*(8Q), then log(h) € C**(R™)). For simplicity’s sake, we will abuse notation
and let A refer to the function defined on all of R™.

3. Blowups on NTA and Lipschitz Domains

For any Q € 02 and any sequence of r; | 0 and Q; € 012 such that Q; — @, define the
pseudo-blowup as follows:

Q= (- Q)

rj
u* (rjz + Qy)r;*

(3.1 ut(z) = J
0= T B
) = L+ Q)
! wE(B(Qj,75))
A pseudo-blowup where QQ; = @, is a blowup. Kenig and Toro characterized pseudo-

blowups of 2-sided NTA domains when log(h) € VMO(dw™).

THEOREM 3.1 ([21], Theorem 4.4). — LetQF C R™ be a 2-sided NTA domain, u* the asso-
ciated Green’s functions and w* the associated harmonic measures. Assume log(h) € VMO (dw™).
Then, along any pseudo-blowup, there exists a subsequence (which we shall relabel for
convenience) such that (1) Q; — Qo in the Hausdorff distance uniformly on compacta,
(2) u]i — uX uniformly on compact sets (3) cuji — wk . Furthermore, uq, := uk, —uy is
a harmonic polynomial (whose degree is bounded by some number which depends on the
dimension and the NTA constants of Q) and Qs = {uso = 0}.

Additionally, if n = 2 or Q is a §-Reifenberg flat domain with 6 > 0 small enough ( depending
onn), then us (x) = x, (possibly after a rotation). In particular, Q) is vanishing Reifenberg

flat.

This result plays a crucial role in our analysis. In particular, the key estimate in (5.5)
follows from vanishing Reifenberg flatness. Therefore, in order to prove Theorem 1.2, we
must establish an analogous result when §2 is a Lipschitz domain.

COROLLARY 3.2. — Let Q C R™ be as in Theorem 1.2. Then, along any pseudo-blowup we
have (after a possible rotation) that e (x) = . In particular, O* is a vanishing Reifenberg
flat domain.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



864 M. ENGELSTEIN

Proof. — We first recall Remark 2.3, which states that any Lipschitz domain is a (locally)
2-sided NTA domain. Therefore, the conditions of Theorem 3.1 are satisfied. A result of
Badger (Theorem 6.8 in [7]) says that, under the assumptions of Theorem 3.1, the set of
points where all blowups are 1-homogenous polynomials is in fact vanishing Reifenberg flat
(“locally Reifenberg flat with vanishing constant” in the terminology of [7]). Additionally,
graph domains (i.e., domains whose boundaries are locally the graph of a function) are closed
under blowups, so all blowups of 9 can be written locally as the graph of a some function.
Observe that the zero set of a k-homogenous polynomial is a graph domain if and only
if k£ = 1. In light of all the above, it suffices to show that all blowups of 9 are given by the
zero set of a homogenous harmonic polynomial. We now recall another result of Badger.

THEOREM ([6], Theorem 1.1). — If Q is an NTA domain with harmonic measure w and
Q € 99, then Tan(w,Q)) C Py = Tan(w,Q) C Fy for some 1 < k < d. Py is the set
of harmonic measures associated to a domain of the form {h > 0}, where h is a harmonic
polynomial of degree < d. Fy, is the set of harmonic measures associated to a domain of the
Jorm {h > 0}, where h is a homogenous harmonic polynomial of degree k.

In other words, if every blowup of an NTA domain is the zero set of a degree < d harmonic
polynomial, then every blowup of that domain is the zero set of a k-homogenous harmonic
polynomial. This result, combined with Theorem 3.1, immediately implies that all blowups
of 99 are given by the zero set of a k-homogenous harmonic polynomial. By the arguments
above, kK = 1 and 02 is vanishing Reifenberg flat.

That use = =z, (as opposed to kz, for some k& # 1) follows from the fact that
weo(B(0,1)) = lim;w;(B(0,1)) = 1, and that v} is the Green’s function associated
10 Woo- O

Hereafter, we can assume, without loss of generality, that €2 is a vanishing Reifenberg flat
domain and that all pseudo-blowups are 1-homogenous polynomials.

4. wu is Lipschitz

The main aim of this section is to prove that u is locally Lipschitz. () We adapt the method
of Alt, Caffarelli and Friedman ([5], most pertinently Section 5) which uses the following
monotonicity formula to establish Lipschitz regularity for an “additive” two phase free
boundary problem.

THEOREM 4.1 ([5], Lemma 5.1). — Let f be any function in C°(B(zo, R)) N W12(B(x, R))
where f(xo) = 0 and f is harmonic in B(zo, R)\{f = 0}. Then

1/2 1/2
RESTRE N A R L A
’ o2 B(z,r) |.Z' - y|n—2 B(z,r) |.’ﬂ - y|n—2

is increasing inr € (0, R) and is finite for all v in that range.

() 'NB: In this section we need only assume that log(h) € C(89).
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A TWO-PHASE FREE BOUNDARY PROBLEM FOR HARMONIC MEASURE 865

In a 2-sided NTA domain, u € C°(B(Q, R))NW'2(B(Q, R)) for any Q € dQ and any R

(as such domains are “admissible” see [22], Lemma 3.6). This monotonicity immediately

implies upper bounds on W~

COROLLARY 4.2. — Let K CC R" be compact. Thereis a0 < C = Ck,, < oo such that

+

wr(B(Q,r
sup  sup W<C.
0<r<1 QEKNON T

Proof. — Using Theorem 4.1 one can prove that

wh(B(Q,r)) w (B(Q,r))

,rn—l Tn—l

(see Remark 3.1 in [22]). Note that

(wi(B(Q,r»)? wH(B(Q,r)) w™ (B(Q,r)) w*(B(Q,r))

< C||u||L2(B(Q,4))7 Yo <r <1,

sup
1>r>0,QedNNK

= sup

1>r>0,Q€0QNK rnl rnl w¥(B(Q,r))
+(B —(B

S sup h?l(P) sup w ( (fivr))w ( (7Q177n))
PedQ, dist(P,K)<1 1>r>0,Q€00NK rn rr

rn—l

By continuity, log(h) is bounded on compacta and so we are done. O

+
Blowup analysis connects the Lipschitz continuity of u to the boundedness of %.

LEMMA 4.3. — Let K CC R™ be compact, Q € KNOQand1 > r > 0. Then there is a
constant C' > 0 (which depends only on dimension and K ) such that
1

ff lu] < C.
TJoB(Q,r)

Proof. — We rewrite 3 £, 5, .y [ul = 7 fyp (0.1 [u(ry + Q)]do(y). Standard estimates on
NTA domains imply u* (ry+Q) < Cxu*(A+(Q,7)) < C’K% (see[18], Lemmas 4.4

and 4.8). So
1 (B - (B
,][ |u| < CK <w ( n(_cia’r)) + w ( n(_?/’))) .
T 8B(Q,r) r r
Corollary 4.2 implies the desired result. O

We then prove Lipschitz continuity around the free boundary.

ProrosITION 4.4. — If K CC R™ is compact then |Du(z)| < C = C(n,K) < oo a.e.
in K.

Proof. — As u is analytic away from 92 and v = 0 on 92 we can conclude that Du exists
a.e.

Pick z € K and, without loss of generality, let z € QF. Define p(z) := dist(z, 9Q)
and let Q € 99 be such that p(z) = |z — Q|. If p > 1/5, then elliptic regularity implies
|Du(z)| < C(n, K).

So we may assume that p < 1/5. A standard estimate yields

@) Du(z)] < % fm,p) fu(y)ldo(y).
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866 M. ENGELSTEIN

We may pick 3p < o0 < 5psuch thaty € 0B(z, p) = y € B(Q,0). As |u| is subharmonic
and dist(y, 0B(Q,0)) > /3 we may estimate

a2 —|y—QJ? Lem 4.3
ul e [ T uGioe) <of i) K o < o
9B(Q,0) Oly—z|" 8B(Q,0)
This estimate, with (4.1), implies the Lipschitz bound. O

Consider any pseudo-blowup @; — @Q,r; | 0. It is clear that u; is a Lipschitz function
(though perhaps not uniformly in j). If ¢ € C2°(B1;R™) then Corollary 3.2 implies (after a
possible rotation)

[o:vut == [V opt == - [ 0)@* = [ 6 enxns.

Because Vu;IE converges in the weak-+ topology on L™ (Bp;R"), |Vuf| is bounded
in L*°(By). Therefore, |Vujc| converges in the weak-* topology on L*(Bj) to some func-

tion f. However, as VujE X e, xmt it must be true that |Vu]i| converges pointwise to xy+
and thus f = ypg+ (more generally, converges to the indicator function of some half space

which may depend on the blowup sequence taken).

The existence of this weak-x limit allows us to prove that ©" ! (w®, Q) := lim, |, %
exists, and is finite, everywhere on 992 (as opposed to # "1 almost everywhere). Let r; | 0;
one can compute that J(Q,r;) = w (BQury)) wi(fﬁ(f){”)) Jq,r, (0,1) where

T
J

1/2 B 1/2
PRTREY .U Ry I
Qi s \UB(o,s) lyI"2 B(O,s) |YI"?
+2

and u; is a blowup along the sequence Q; = Q and r; | 0. By the arguments above, [Vu;

converges in the weak-* topology to the indicator function of some halfspace. Therefore,

Jq,r,;(0,1) EiniaN c(n), where c(n) is some constant independent of r; | 0 (the halfspace

may depend on the sequence, but the integral does not). Furthermore, by Theorem 4.1
J(Q,0) := lim, o J(Q, ) exists. It follows that

i & (B@Qr) &~ (B@,) _ J(Q.0)

10 rn—1 rn—1 c(n)

In particular, the limit on the left exists for every @) € 0f2, which (given Remark 2.4) implies
0" (w*, Q) exists for every Q € 09.

5. Non-degeneracy of 0" !(w*, Q)
In this section we show "~} (w®, Q) > 0 for all Q € 99 (Proposition 5.10). Let

(5.1) 0@ (z) := h(Q)ut (z) —u (z), Q € ON.

D ratQ) o

For any r; | 0, we define the blowup of v(@) along T; to be v](-Q) (z) == = B@)

us make some remarks concerning v(?) and its blowups.

REMARK 5.1. — The following hold for any Q € 0X2.

— For any compact K, we have supge i nan [|v(@) ||W110,Coo (Rny < 00.
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A TWO-PHASE FREE BOUNDARY PROBLEM FOR HARMONIC MEASURE 867

- vJ(.Q) (z) — x - ey, uniformly on compacta (after passing to a subsequence and a possible

rotation). Additionally (as above), we have |VU§Q)| X 1in L.
— If the non-tangential limit of |Vv(?)| at Q exists it is equal to O™ (w™, Q).

Justification of Remarks. — The first two statements follow from the work in Section 4.
To prove the third statement we first notice
r;-l_IVv(Q)(rj:L’ +Q)
w= (B(Q,r5))
The second statement implies lim;_, o, |VU§Q) (z)| = 1 almost everywhere. The result follows.
O

(5.2) Vol (z) =

5.1. Almgren’s Frequency Formula

Remark 5.1 hints at a connection between the degeneracy of ©"~!(w~, Q) and that of the
non-tangential limit of Vo(®). This motivates the use of Almgren’s frequency function (first
introduced in [3]).

DEFINITION 5.2. — Let f € H (R™) and pick z¢ € {f = 0}. Define

ocC

H(r 20, f) =/ 2,

aBr(zO)
Dirao.f)= [ VIP,
Br(zg)
and finally

N(r,zo, f) = W.

Almgren first noticed that when f is harmonic, r — N(r, zo, f) is absolutely continuous
and monotonically decreasing as » | 0. Furthermore, N (0, zo, f) is an integer and is the
order to which f vanishes at x( (these facts first appear in [3]. See [29] for proofs and a gentle
introduction).

Throughout the rest of this subsection we consider v = v(?) and, for ease of notation, set

@ = 0. v may not be harmonic and thus N(r,0,v) may not be monotonic. However, in the
sense of distributions, the following holds:

h
(5.3 Av(z) = (h(0)dwt — dw™)|sa = hO) _ 1) dw™|aq-
h(z)
Therefore, log(h) € C*(0N) implies that |Av(z)| < Clz|*dw™|sq. That v is “almost
harmonic” will imply that N is “almost monotonic” (see Lemma 5.6).

When estimating N’(r, 0, v) we reach a technical difficulty; a priori v is merely Lipschitz,
and so Vv is not defined everywhere. To address this, we will work instead with v, = v * ¢,
where ¢ is a C* approximation to the identity (i.e., supp ¢ C By and [ ¢ =1). Let
N(r) := N(r,0,v.) and similarly define H, D..
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REMARK 5.3. — The following are true:

lim N(r,0,v) =1
rl0

D.(r) = /a | on(vu)uda - /B o Av.

4

L p.(r) = ”_2/ |Vv5|2d:c+2/ (ve)y — g/ (@, Vve) Avedz
dr r B B
d

. 8B, rJB,

H. (r)=

_lHe(r)+2/ Ve (ve)ydo.

d’f' 8B,

Proof. — The second equation follows from integration by parts and the third (originally
observed by Rellich) can be obtained using the change of variables y = z/r. The final
equation can be proven in the same way as the third.

To establish the first equality we take blowups. Pick any r; | 0. One computes,

fBl |V?}j|2
N(T’j,o,/l)) = ﬁ
0B, U

Recall Remark 5.1; v; — z,, uniformly on compacta and |Vv;| X 1in L (perhaps passing
to subsequences and rotating the coordinate system). Therefore, lim;_,o, N(7;,0,v) =
lim; o N(1,0,v;) = N(1,0,z,). Almgren (in [3]) proved that if p is a 1-homogenous
polynomial, then N(r,0,p) = 1 for all r. It follows that lim;_, ., N(r;,0,v) = 1. O

With these facts in mind we calculate N.(r).

s = ([, s [ o[ wiesa])

+2r/ ngvadx/ vs(vg)yda—2HE(r)/ (x, V) Av.dz
B 9B, B

r T

5.4

Derivation of (5.4). — By the quotient rule
HZ(r)N.(r) = De(r)He(r) + rD.(r)He(r) — rDe(r)H(r).

Using the formulae for H., D! found in Remark 5.3 we rewrite the above as

H?(r)N.(r) = D.(r)H.(r) + rH.(r) <n ~2 /BT Vo, |*da + 2/8 (ve)? — g/B (z, Vve) Avedx>

T T

T s

n—1

Ho(r) +2 / ve(ve)ydo’) .

9B,

—rD(r) <

Distribute and combine terms to get

HS(T)NE’(T) = (Ds(r)Hs(r) +(n— Q)HE(T)/ |Vv5|2dm —(n— 1)DE(T)H€(’I‘)>

r

+2r (He(r) /a BT(vE)Zdo — D.(r) /6 N vs(vs),,do) — 2H.(r) /B (z, Vo.) Av.dz.

r
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The first set of parenthesis above is equal to zero (recalling the definition of D, (r)). In the
second set of parenthesis use the formula for D, (r) found in Remark 5.3. This gives us

HZ(r)NL(r) = 2r (H ") /asr(”f)id" B (/aB (”E)””Ed") 2)

+2r/ vsAvsdm/ vs(vs)ydo—ZHg(r)/ (z,Vve) Avedx. O
B, 9B, B,

The difference in parenthesis on the right hand side of (5.4) is positive by the Cauchy-
Schwartz inequality. Thus, to establish a lower bound on N/(r), it suffices to consider the
other terms in the equation.

LEMMA 5.4. — Let € < r and define E.(r) = fBT (z,Vue) Avedx. Then there exists a
constant C (independent of r,e) such that |E.(r)| < Cri*t*w=(B(0,7)).

Proof. — Since Av. = (Av) * ¢ in terms of distributions, we can move the convolution
from one term to the other:

/ (z, Vve) Avedx = /[(XBT () (z, Vve)) * o] Avdz.

r

Evaluate Av, as in (5.3), to obtain

/ (z, Vue) Av.dx
B

s

-| [0 w0 (B 1)
<orte [ (9ol

r+e
where the last inequality follows from log(h) € C%, and |z| < C(r+¢) < Cr on the domain
of integration. The desired estimate then follows from the Lipschitz continuity of v and that
the harmonic measure of an NTA domain is doubling (see [18], Theorem 2.7). O

LEMMA 5.5. — Lete < r. Then H.(r) > c%@{))zfor some constant ¢ > 0 independent
of rye > 0.

Proof. — By the corkscrew condition (see Definition 2.1 condition (1)) on €2, there is a
point zg € 9B, NN such that dist(xg, Q) > cr (c depends only on the NTA properties of ).
The Harnack chain condition (see Definition 2.1 condition (3)) gives v(zg) ~ v(A,(0)).
The Harnack inequality then implies that, for ¢ <« 7 there is a universal k£ such that
for y € B(zg, kr) we have v.(y) ~ v(zg) ~ v(A,(0)).

Therefore, there is a subset of 9 B, (with surface measure ~ k|0B,|) on which v, is propor-
tional to v(A,(0)). We then recall that in an NTA domain we have v(A,(0)) ~ w (B(Or)

-2

([18], Lemma 4.8), which proves the desired result. O

It is useful now to establish bounds on the growth rate of w* (B(Q,r)). As Q is vanishing
Reifenberg flat, w™® is asymptotically optimally doubling ([23], Corollary 4.1). This implies a
key estimate: for any 6 > 0 and @ € 0f2 we have

) Tn—1+5
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LEMMA 5.6. — Let € < R. There exists a function, C(R,¢), such that

(5.6) VR/4 <r < R, N.(R) + C(R,e)(R —r) > N.(r)
(5.7) C(R,e)R < kR*/?

where k > 0 is a constant independent of €, R (as long as € < R).

Proof. — If C(R,€) = supg sc,<pr(Ne(r)’)”, the first claim of our lemma is true by
definition.

Recall (5.4):

H(N,(r) = 2r </aB ot [ stio =[] oo )

+ 27‘/ vaAvgdx/ Ve (ve)ydo — 2H (1) E. (7).
B 4B,

As mentioned above, the difference in parenthesis is positive by the Cauchy-Schwartz
inequality. Therefore

or fBr veAvedx faBT ve(ve),do
H.(r)?

r

(v < 2| 7

)
|t

r

(A) Estimating 2r [, v.Av.dz [y, ve(ve),do: On 8B, |(ve),| < C,lve| < Cr by
Lipschitz continuity. Therefore, arguing as in Lemma 5.4, we can estimate

27’/ vEAvada:/ Ve (ve)pdo| < Cr”"’l/ |ve e <h(0) — 1) dw™
B, 8B, B,1.NON h(z)
< Cr”+a+2w7(B(O,r)),

where the last inequality follows from |v.|. < Ce < Cr on 99 (by Lipschitz continuity).
From Lemma 5.5 it follows that

2r fBT veAv.dx faBr Ve (ve)do ’

n+a+2,.2n—6 n—1+a/6
Cr r B <r / > aj2—1

He(r)? T w(B(0,1))? w=(B(0,r))
(B) Estimating 2 ‘ flz E:g : Lemma 5.4 and Lemma 5.5 imply

EE(’T’) ,rn72+oc _ 7,,nfl+o¢/2 ,ra/271
2’H€(r) =Y BO) ‘C<w—<B<o,r>>> '

From (5.5) we can conclude
Rn—1+a/2 R3n—3+a/2

R0
w~(B(0,R))’ w=(B(0, R))?
Combine the estimates in (A) and (B) to conclude that C(e, R)R < or(1)R*/2. O

We can now prove a lower bound on the size of N.(r) for small r.

COROLLARY 5.7. — limsup, |, L(N.(r) — 1) > —Cre/2-1,
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Proof. — Aslim,jo N(s) = 1 there is some ' < r such that [N (') — 1| < Cr®/2, Now
pick e < r’ small enough that Lemma 5.6 applies for € and all 7’ < R < r and such that
IN.(r") — N(r')| < Cr®/?(recall N.(p) — N(p) for fixed pas e | 0).

Let j be such that 277 < r’ < 279+1pr Then

Jj—

l\')

Ne(r) = N.(r') = > (I — N.(2757 1)) + N.(277+ ) — N.(+)
£=0
) , 1322
> —C277 )27 r — ') — 5 Y c@tre2tr
£=0
Lemb5.6 il
> —kT‘a/Q Z(Q—Z)Q/Z > _Cara/Q
£=0

Combining all the inequalities above we have that N.(r) — 1 > —Cr®/? for small
e>0. O
5.2. Monneau Monotonicity and Non-degeneracy

Our main tool here will be the Monneau potential, defined for f €
p € C*°(R"™),

(R™) and

loc

58) Mo L) = iy [ (et a) = pPdota).

Monneau, [30], observed that if f is a harmonic function vanishing to first order at zy and
pis a 1-homogenous polynomial then M*° is monotonically decreasing as r | 0.

We follow closely the methods of Garofalo and Petrosyan ([14], see specifically Sections 1.4-
1.5) who studied issues of non-degeneracy in an obstacle problem. Their program, which we
adapt to our circumstances, has two steps: first relate the growth of the Monneau potential
to the growth of Almgren’s frequency function. Second, use this relation to establish lower
bounds on the growth of M and the existence of a limit at zero for M. As before, v = v(?)
and without loss of generality, @@ = 0 € 0€2. Additionally, p will always be a 1-homogenous
polynomial. We drop the dependence of M on @ and v when no confusion is possible. Again
ve = v* ., where ¢ is an approximation to the identity. Naturally, M, (r,p) := M°(r, v, p).

First we derive Equations (5.9) and (5.10).

(5.9) M!(r,p) = r"%/a (ve —p)(z - V(ve — p) — (ve — p))do.

r

2
Derivation of (5.9). — Let x = ry so that Mc(r,p) = [ (m - M) do(y).

T T
Differentiating under the integral gives

M) = [ 2 (O (V.9 o) = plen)] o) — ) ) il

r r

Changing back to = we have that

M) = oo [ (0= )@ V(o =p) = (00 = p))do(a). =

r
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Next we establish a relation between the derivative of M and the growth rate of N (we
emphasize that (5.10) is true only when p is a 1-homogenous polynomial).

(5.10) HT(rl)(Ns( -1 = ——/ p)Av.dx + rM.(r,p)/2

Derivation of (5.10). — Recall for all 1-homogenous polynomials p we have N(r, zg,p) = 1.
We “add zero” and distribute to rewrite

H(r 1 1
Trsz-(ﬂ) (Ne(r) —1) = */ IV (ve = p)I* + 2V - Vpde — m/ (v = p)* + 2vepdo.
B 0B,

/,'-TL

r

Transform the first integral on the right hand side using integration by parts,

H.(r)

S (No(r) = 1)
1 T
=i [ Ve +2 (T ) [ e -pae -
'8 9B, 'S
1 2
+ 2v.Apdz — m/ﬁ T(vs —p)* + 2v.pdo.
Aspisa l-homogenous polynomial, Ap = 0 and z - Vp — p = 0. The above simplifies to
H.(r) 1
-1 e A € 1 : e —\Ve ™ e .
e 0 =) == [ eepas S [ @V ) - 0o ) 0o
In light of (5.9), we are finished. O

The above two equations, along with Corollary 5.7, allow us to control the growth of M
from below.

LeEmMA 5.8. — Let p be any 1-homogenous polynomial. Then for any R > 0 there exists a
constant C' (independent of R and p) such that
M(R,p) = M(r,p) = =(C + Cllpll 1= 25,) ) R*/?
foranyr € [R/4,R].
Proof. — Recall (5.10),

H(r 1
rM.(r,p)/2 = n-('rl) (Ne(r) —1) + TTL/B (ve — p)Ave.

r

Consider first the integral on the right hand side and argue as before to estimate,

1 / 1 h(z) ) _
—_ vs_pAvs Si/ vs_pe(_l dw
" BT( ) ™ JoanB, . | | h(0)

w= (B(0,r))rite

T’I’L

)

<O+ |IpllLe=(am,))

where |v.| < Cr on 0Q because v is Lipschitz and |p(z)| < C||p||(aB,)r because p is

I-homogenous. By Corollary 4.2, % is bounded uniformly in » < 1 and in Q) € 952
on compacta. Therefore, |T% fBT (ve = p)Ave| < C(1+ [|pllzoe(8By))T™
Returning to (5.10),

1
limsup sup (M.(r,p))” <C(1+ ||p||Loo(aBl))Ra_1 +limsup sup —(N(r)—1).
€l0 R/4<r<R €l0 R/4<r<RT
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The bounds on the growth of N (Corollary 5.7) imply
limsup sup (M.(r,p)')” < (C+C|pllL=(op,)R**",
el0  R/4<r<R

which is equivalent to the desired result. O

When it is not relevant to the analysis (e.g., in the proofs of Lemma 5.9 and Proposi-
tion 5.10 below), we omit the dependence of the constant in Lemma 5.8 on ||p|| . (a8,)-

LEMMA 5.9. — Let p be any 1-homogenous polynomial. Then M (0,p) := lim, o M (r,p)
exists.

Proof. — Let a := limsup, o M(r,p). That a < oo follows from Lemma 5.8, applied
iteratively (as /2~ is integrable at zero). We claim that there exists a constant C' < co such
that M (r,p) —a > —Cr®/2 forany 0 < r < 1.

On the other hand, a — M (r,p) > —o(1) as r | 0 by the definition of lim sup. This, with
the claim above, implies that lim, o M (7, p) = a.

Let us now address the claim: take o < r. Let k be such that 2=%7 > r, > 2=5~1 Then,
by Lemma 5.8, we have

M('I‘,p) - M(T07p) = (M(2_€T7 p) - M(2_€_1T, p)) + M(2_kr7 p) - M(To,p)
0

S
Ja

o~
Il

> —CT‘a/2 Z(za/2)—2 > —CQT‘O[/Q.
£=0
The claim follows if we pick r¢ small so that M (rg, p) is arbitrarily close to a. O

Finally, we can establish the pointwise non-degeneracy of "~ (w*, Q).
PROPOSITION 5.10. — For all Q € 0Q we have O™ (w®*, Q) > 0.

Proof. — Tt suffices to assume Q = 0 and to prove "~ (w~,0) > 0.
We proceed by contradiction. Pick some r; | 0 so that v; — p uniformly on compacta
(where p is a 1-homogenous polynomial given by Corollary 3.2). Lemma 5.9 implies

w” (B(0,r;)) p(rjx)>2 do(x).

n—1 .
Tj ,r_]

M(0,p) = jlim M(rj,p) = lim ; <vj(:c)
— 00 Bl

j—o00
As p(:—éz) = p(z) and ©"~!(w™,0) = 0, by assumption, we can conclude M (0,p) = [, p*do.
For any j, the homogeneity of p implies
1
Mryp) - MOD) = o [ w-pP= [ 5
y 831

;" Jos,,

=/ (vj(y)w_(li(w —p> — p’do
OB rr

J

_ 2 B
= /({)B (Ug(y)w(Bn(W> - 2vj(y)wp(y)d0 > _Cr;x/27

Tj Tj

where the last inequality follows from iterating Lemma 5.8 (as in the proof of Lemma 5.9).
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Rewrite the above equation as

w™ (B0, r; w™ (B(0,r; o

OO [y EEID) o iy > —0r 2

T; 8B, T

Divide by w~ (B(0,7;))/ r;”_l and let j — oo. By (5.5) the right hand side vanishes and, by

assumption, w™ (B(0,r;))/r} " — 0.In the limit we obtain —2 Jop, P* > 0,acontradiction.
O

At this point we have proven that co > ©"~1(w™,Q) > 0 everywhere on 99 and that
O 1(w™, Q) is bounded uniformly from above on compacta. Using standard tools from
geometric measure theory this implies, for all dimensions, the decomposition mentioned in
the introduction (for n = 2): Q = I' U N, where w*(N) = 0 and T'is a (n — 1)-rectifiable
set with o-finite #™~" measure.

6. Uniform non-degeneracy and initial regularity

6.1. @™ 1(w*, Q) is bounded uniformly away from 0.

In order to establish greater regularity for 92 we need a uniform lower bound. Again the
method of Garofalo and Petrosyan ([14], specifically Theorems 1.5.4 and 1.5.5) guides us.
Our first step is to show that there is a unique tangent plane at every point.

LEMMA 6.1. — For each Q € 09 there exists a unique 1-homogenous polynomial, p®, such
that for any v; | 0 we have v; — p@ uniformly on compacta (i.e., the limit described in
Corollary 3.2 is unique).

Proof. — We prove it for @ = 0. Pick r; | 0 so that v, — p uniformly on compacta for
some 1-homogenous polynomial p. Let #; | 0 be another sequence so that vz, — p, where
p is also a 1-homogenous polynomial.

By Lemma 5.9, M (0,0"~!(w™,0)p) exists. Therefore,

M(Oa enil(wi’ 0)1)) = hm M(ij @nil(wia 0)p)
J—00

2
6.1) — lim (W% (@) —@"_1(w_,0)p> do
j—o JaB, T
=0.

The last equality above follows by the dominated convergence theorem and that v, — p.
Similarly,

M(O,@"‘l(w_,())p) = lim M(Fj,G"_l(w_,O)p)

j—o0
2
~(B(0. 7
= lim (w (m(f){ ) vr, (z) — 0" (W™, 0)p>
i—oo JaB, 7
— @07 [ (5-pPde
8B,
Again the last equality follows by dominated convergence theorem and that vz, — p. As
©"~1(w™,0) > 0 (Proposition 5.10), we have p = p. O
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We should note that Lemma 5.9 (the existence of a limit at 0) and Lemma 5.8 (estimates on
the derivatives of M) both hold for M®(r, v(?), p) where p is any 1-homogenous polynomial
and (as before) v(?) (y) = h(Q)uT (y) —u~ (y). Furthermore the constants in Lemma 5.8 are
uniform for @) in a compact set. We now prove the main result of this subsection.

PROPOSITION 6.2. — The function Q — p% = O™ (w™,Q)p? is a continuous function
Sfrom 0Q) — C(R™).

Proof. — As @ is a 1-homogenous polynomial, it suffices to show that Q — p% is a
continuous function from 8Q — L?(dB;).

Pick ¢ > 0 and Q € 99Q. Equation (6.1) implies that M<(0,v(?), 59) = 0. In particular,
there is a r. > 0 such that if r < r. then M@ (r,v(@, $9) < e. Shrink r. so that r&/? < e.

We have v(@) ¢ Wli’coo (R™) (uniformly for @ in a compact set) and h € C*(912), so there
exists a § = §(re,€) > 0 such that for all P € Bs(Q) and = € B1(0) we have

(6.2) @ (z+ Q) — v (z + P)| < er..
Since suppe g, (@) loF) (= + P)llz~aB,.) < Te, (6.2) immediately implies that

1

T?+1

MQ(TEa U(Q)7]5Q) -

/ (P (z + P) — p9)?| < Ce, VP € B;s(Q).
By definition, M % (r.,v(?), 5?) < ¢, so it follows that

1

MP('rsa 'U(P)vﬁQ) = 7ﬁ‘?+1

/ WP)(z+ P) — 590 < Ce, VP € Bs(Q).
8B,

Repeated application of Lemma 5.8 yields,
MF (7o, 0P 52) — MP (0,0, 59) > —(C + C||p°|| = (98,))72/?, VP € Bs(Q) =

Ce > MP(0,0P), 59) = / (5" — 59)2, VP € B5(Q).

0B
That the first line implies the second follows from ||15Q||Loo(831) = 0" w7 ,Q) < C

uniformly on compacta, r&/? < & and MP (r.,v("),5?) < Ce. The equality in the second
line follows from the standard blowup argument (see the proof of Lemma 6.1) and allows us
to conclude that @ +— p< is continuous from 0Q — L2(0B;). O

COROLLARY 6.3. — The function Q@ + ©" 1(w™,Q) is continuous. Additionally, the
function Q — {p@ = 0} is continuous (from 9 to G(n,n —1)).

Proof. — Clearly the first claim, combined with Proposition 6.2, implies the second.

For Q1,Q2 € 09, if P, = {p@ = 0}, P, = {p¥2 = 0} are distinct hyperplanes with
normals 721, 71z, then both (7; + 72)* and (i, — fz)* consist of points equidistant from Py
and P,. Elementary geometry then shows that there is some constant ¢ > 0 such that

max{D|[(fy + f2)" N B1(0), P, N B1(0)], D[(A1 — f12)~ N B1(0), P, N B1(0)]} > c.

Let P3(Q1, Q2) be the plane which achieves this maximum. If P; = P, then pick P5(Q1, Q2)
to be any hyperplane such that D[P; N B;1(0), Ps N B1(0)] > c.
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Recall Corollary 3.2, which implies that p@ is a monic 1-homogenous polynomial for all
Q € 090.So0ify € P3(Q1,Q2)NOB;1(0), there is an universal ¢ > 0 such that ¢ < [p@1 (y)| =

P22 (y)|-
Therefore,
159 — 59| 1~ (0,) 210" (w™, Q)P (y) — O™ 1w, Q2)p?* ()]
>E0" ! (w™, Q1) — (sen p? (y)p?* (¥))0" (W™, Q2)|-
If sgn p@ (y)p?2 (y) = —1 (p?* (y) and p?2(y) have opposite signs), then
59" — 59| L= (o,) = E(O" M (w™, Q1) + 0" M (w™,Q2)) = 20" (W™, Q).
Letting Q2 — Q1, the continuity of Q — $% (Proposition 6.2) implies that 0 > é0" 1 (w™, Q1).
This contradicts the non-degeneracy of ©"~1(w™, Q1) (Proposition 5.10).

On the other hand, if sgn p@ (y)p@2(y) = 1 (»9'(y) and p@=2(y) share the same sign),
then

159" — $9 || Lo omy) = €O H(w™, Q1) — 0" Hw™,Q2),
and the continuity of @ — $% implies that Q — O™ (w™, Q) is continuous. O

Uniform non-degeneracy immediately follows.

COROLLARY 6.4. — For any K CC R"™ thereisac = c¢(K) > 0 such that, for all
Q€ Know,
" 1wt Q) > ¢

6.2. 0N isa C' domain
We define for Qg € 02 and r > 0

(6.3) B(Qo, ) = inf1 sup dist(Q, P)
P T QesnnB, (Qo)
where the infimum is taken over all (n — 1)-dimensional hyperplanes through @ (these are
a variant of Jones’ g-numbers, see [19]). David, Kenig and Toro (see [11], Proposition 9.1)
show that, under suitable assumptions, 3(Qo, ) < 7 implies that 9 is locally the graph of
a C17 function for any 1 > v > 0. We will adapt this proof to show that 99 is locally the
graph of a C?! function.
For any Qg € 012,
P(Qo) := {p® =0}

(where p@° is the 1-homogenous polynomial guaranteed to exist by Corollary 3.2 and which
is unique by Lemma 6.1). By the definition of blowups, we know that P(Qo) + Qo approx-
imates OS2 near Q. The following lemma shows that this approximation is uniformly tight

in QQ.

LEmMMA 6.5. — [Compare to [11], Equation 9.14] Let K CC R™ and e > 0. Then there is
an R = R(K,e) > 0 such that r < R and Qo € K N 0N implies

1.
(6.4) sup —dist (@ — Qo, P(Qo)) < e.
QedANB(Qo) T
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Proof. — The proof hinges on the following estimate (see [14] Theorem 1.5.5); for any K
compact there exists a modulus of continuity ox with lim; o ok () = 0 such that

(6.5) (@) (z + Qo) — §9° ()| < ok (|z])|=|

for any Qo € K N of.

Assume this estimate is true; let Q@ € B,.(Qo) N 92 and write Q = Qo + z. As
0" 1(w™,Qp) > cforall Qo € KNI (Corollary 6.4) it follows that dist(Q — Qo, P(Qo)) <
|59 ()|. Then (6.5) yields that dist(Q — Qo, P(Qo)) < [p%°(2)| < |z|ok(|z]) = rox(r).
Set R to be small enough so that r < R implies o (r) < € to prove (6.4).

Thus it suffices to establish (6.5). Let |z| = r and write z = ry with |y| = 1. If we divide
by r, (6.5) is equivalent to

(6.6) (@) (ry + Qo) /r — P (y)| < ok (7).

Asv(@ (ry4+Q)/rislocally Lipschitz (uniformly in Q on compacta), the uniform estimate
(6.6) follows from an L? estimate: for alle > 0, there existsa R = Rk . > Osuchthatifr < R
and Qg € K N 90N then

M (7,09, 59°) = [[0@) (ry + Qo) /r = F%° (W) 720, < -

For each point Q € K N 90 we can find an R = R.(Q) such that R < ¢ and for all
r < R, |[M®(r,v(@,5?)| < /4. Furthermore, for every r > 0 there is a §(r) > 0 such that
for Q, Q" € K NI we have

Q- Q' < 5(r) = M (r,v(?),5%) — MO (r,v(D,59)| < /4.

The existence of §(r) follows from the uniform Lipschitz continuity of v(%), the Hélder
continuity of k and the continuity of Q — p%.

As K iscompact we can find Q1, ..., Q, € KNOQ such thatif §; := §(R(Q1)),...,0, =
§(R:(Qr)) then K N 99 C | Bs,(Q;). By the definition of §;, if @' € Bs,(Q;), then
M@ (R.(z;),v @) p?) < ¢/2. Recall, R.(Q;) < ¢ and Lemma 5.8 to conclude
that for all Q' € Bs,(Q;) and r < R.(Q;), M? (r,v(@),59") < . Therefore, setting
Ry = min;{R.(Q;)} gives the L? estimate r < Ri ., Q' € K NQ = M? (r,0(@) ) < e.

O

We should note, (6.5) (along with the Whitney extension theorem) allows for an alternative
proof that 9Q is a C' domain (see [14] Theorem 1.3.8). We will, however, continue our proof
in the vein of [11].

PROPOSITION 6.6. — Let 2 C R" satisfy the conditions of Theorem 1.1 or Theorem 1.2. If
log(h) € C%*(9Q) then Q is a C* domain.

Proof. — For Qo € 99, Equation (6.4) shows that P(Qo) + Qo is a tangent plane to 9
at QQg. Furthermore, Qo — P(Qp) is continuous (Corollary 6.3). Under the assumptions
of Theorem 1.2, 2 is a Lipschitz domain with a tangent plane at every Q € 052 that varies
continuously in Q; thus we are done.

If we simply assume that €2 is Reifenberg flat (Theorem 1.1), we still need to show that 2 is
a graph domain (in fact we will show it is a Lipschitz domain). Let R = Rx . > 0 be chosen
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later and let » < R. If R is small enough, vanishing Reifenberg flatness (Corollary 3.2), along
with Lemma 6.5, implies

({021 B(Qo,7) — Qo}) D P(Qo) N B(0, )VQoeKﬁaﬂ r<R.

Herem : R™ — P(Qyg) is a projection (for more details see the proof of [11] Lemma 8.3 or [23]
Remark 2.2).

We need only to show that 7—! is a well defined function with bounded Lipschitz norm
on P(Qo) N B(0,7/2). Let ¥ := (02 — Qo) N B(0,r) N w~(B(0,7/2)) and pick distinct
Q1,Q2 € X. Perhaps shrinking R again, the continuity of @ — P(Q), combined with
Lemma 6.5, implies

6.7) ———dist(Q1 — @2, P(Qo)) < €

|Q1 Q2|

Therefore, 7~ is well defined and ||~ ||Lip(p(Qo)nB(0,r/2)) < (1 —€) 71 O

It should be noted that if Q is a C! domain it is not necessarily true that u € C*(Q)
(see [32], pg 45). However, as O™~ (w*, Q) is continuous, we can establish the following.

COROLLARY 6.7. — Let Q,log(h) be as in Proposition 6.6. Then u* € C1(QF).

Proof. — For Q € 09, let v(Q) be the inward pointing normal to Q at Q. We will prove
that
lim Dyu™(X) = (v(Q)-e)0" Hw,Q),Vi=1,...,n

X—-Q
XeQt

The desired result follows from ©" 1 (w™, —),v(=) € C(8Q) (Corollary 6.3 and Proposi-
tion 6.6). The proof for »~ is identical.

Pick 7 small so that B(Q,r) N 9 can be written as the graph of a C* function. Then
construct a bounded NTA domain Q1 C € such that 9Qp N 0N = B(Q,r) N 0N (see [18§]
Lemma 6.3 and [24] Lemma A.3.3). For X, € Qp, let w}B{O be the harmonic measure of Qg
with a pole at Xy. By local Lipschitz continuity, | D;u"| < C on Qg and, therefore, D;u™ has
a non-tagential limit g(P) for wx°-a.e. P in dQp (see Section 5 in [18]). Furthermore, if

K(X,P):= de (P) we have the following representation (see [18] Corollary 5.12),

Dyt (X) = / g(P)K (X, P)dwp°(P).
oNp

Using blowup analysis, one computes g¢(P)= (v(P)-e;)O" 1 (wt,P) for
P e 00 NB(Q,r/2). As g(P) is continuous on B(Q,r/2) N 0N p, there is some s < r/2
such that P € B(Q, s) N 00p = |g(P) — g(Q)| < €. On the other hand, Jerison and Kenig
(Lemma 4.15) proved that limxcq,, x—Q SUPpean,\ B(Q,s) K (X, P) = 0. This allows us to
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estimate,
lim [ Diut(X) = (#(Q) - e)O" (@, Q)]
XeQt
= ii_% |Diu™(X) - 9(Q)]
XeQp
< lim K(X, P)|g(P) - 9(Q)|dw} (P)
)g(gQQB 0Qp\B(Q,s)

+ KX, P)g(P) - 9(Q)ldwif*(P)
90ENB(Q,s)

< lim Cwp°(00p\B(Q,s)) sup K(X,P)+ewn(B(Q,s)) <e.
o P¢B(Q,s)
B
The first equality follows from the fact that any sequence in Q" approaching Q must, apart
from finitely many terms, be contained in Q. The last line follows first from |g(P)| < C and
then from the fact that w3 is a probability measure for any X € Qp. O

7. Initial Holder regularity: 692 is C1*

In this section we will prove that 95 is locally the graph of a C1* function for some
0 < s < a. Note that, in general, the best one can hope for is s = « (if 99 is the graph
of a C1 function then log(h) € C%%).

Here we will borrow heavily from the arguments of De Silva et al. [12], who prove C1Y
regularity for a wide class of non-homogenous free boundary problems. We cannot imme-
diately apply their results, as they assume a non-degeneracy in the free boundary condition
that our problem does not have (see condition (H2) in Section 7 of [12]). It should also be
noted that our main result in this section is not immediately implied by the remark at the
end of Caffarelli’s paper, [10]. Indeed, Caffarelli’s free boundary condition also contains an a
priori non-degeneracy condition (see condition (a) at the top of page 158 in [10]) which our
problem lacks.

7.1. The Iterative Argument

In this section we shall state the main lemma and show how that lemma, through an
iterative argument, implies our desired result. First we need two definitions.

DEFINITION 7.1. — Let g : R®™ — R. Then w € C(B;(0)) is a solution to the free
boundary problem associated to g if:
- we C?({w > 0})NC?*({w < 0})
-weC{w>0})NC{w < 0})
— w satisfies, in B1(0), the following:
Aw(z) =0, z € {w # 0}
(wh)u, (2)g(2) = —(w)u, (2), © € {w =0}

where vy, is the normal to {w = 0} at x.

(7.1)
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One observes that Corollary 6.7 implies that u is a solution to the free boundary problem
associated to h. We now need the notion of a “two-plane solution”.

DEFINITION 7.2. — Lety > 0 and g : R™ — R. Then for any o € B1(0) we can define
the two-plane solution associated to g at -

U,gwo)(t) — »yﬁ‘ —g(zo)yt™, teR.

When no confusion is possible we drop the dependence on x. It should also be clear from context
to which function g our U is associated.

The following remark, which follows immediately from Corollary 3.2 and (6.5), elucidates
the relationship between a two-plane solution and our function u.

REMARK 7.3. — Let g € 0. Asr — 0 it is true that

u(rz + xo)

r - U(ZO) ((E ' Vzo)

Ur,zo (T) 1= On=1(wt o)

uniformly on compacta. Here U is the two-plane solution associated to h. Furthermore, the rate
of this convergence is independent of xo € K N 09 for K compact.

Intuitively, the faster the rate of this convergence, the greater the regularity of 9€2. This
relationship motivates the following lemma (compare with [12], Lemma 8.3), which says
roughly that if u is close to a two-plane solution in a large ball, then u is in fact even closer
to a, possibly different, two-plane solution in a smaller ball.

LEMMA 7.4. — Let oo > Ci,c¢1 > 0 and k > 0. Let v be a solution to a free boundary
problem associated to g such that inf,cp, .,y 9(x) > k > 0 and such that v(zg) = 0.
Lete > 0,Cy >~ > c1,v € S" ! and assume

(7.2) Uﬁ’”f’)(x v—e¢) <v(xz+zo) < U§z°)(3: -v+e¢), z € B1(0).

lg(=)—g(v)| 2

[z—y|~ <eg“.

Then there exists some Ry = Ro(Ci,c1,n) > 0 such that for all r < Ry there is a
E=E&(r,Cq,c1,n) > 050 that if the € above satisfies € < & then

Also, assume that sup,, ,c g, (z0)

(7.3) Uyo)(x V= r%) <ov(z+1z0) < U,(Y?O)(x v+ r%), z € B,(0),
where || =1, — v| < Ce and |y — +'| < C~e. Here C = C(Cy,¢1,n) > 0.
With this lemma we can prove Holder regularity by way of an iterative argument.

PROPOSITION 7.5. — Let Q2 C R™ be a 2-sided NTA domain with log(h) € C%%().

— Ifn =2, then Q is a CY* domain for some s > 0.
— Ifn > 3, assume that either Q is a §- Reifenberg flat domain for some 0 < § small enough
or that Q is a Lipschitz domain. Then Q is a CY* domain for some s > 0.
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Proof of Proposition 7.5 assuming Lemma 7.4. — Without loss of generality let 0 € 02
and e,, be the inward pointing normal to  at zp € B;(0) N 9Q. We will show that
B(xo,t) < C"t* for some s > 0 and some C” > 0 independent of ¢t > 0,z¢ € 902 N B1(0).
A theorem of David, Kenig and Toro ([11], Proposition 9.1) then implies that 92 is locally
the graph of a C1»* function.

Set vy = O™ 1 (w™, x0) and let

Cy:=2 sup O" Hwh 2),c = ! inf O" Hwt,2).
2€8QNB4(0) 2 2€00NB4(0)

By Corollary 6.4 and the work of Section 4 we have co > C; > ¢; > 0.
Lemma 7.4 gives us an Ry. Pick 0 < 7 < Ry small enough so that 7* < i. We then get a
€ > 0 depending on 7. Pick € < & such that

1/2 < <ﬁ(1 — C’s/2k)> < (ﬁ(l + ée/2’“)> <2
k=0 k=0

where C is the constant from Lemma 7.4.

Recall Remark 7.3, that u, 4, () — U, (z,) forz € By asp | 0. Thus, for small enough p,
we have

[tp.wo (2) = Uy (@n)ll L= (B,) < Ke,
where K < min{cy,infep, |h(x)|c1}. This implies
Uy(zn —€) S upgy(x) < Uy(xn +€),2 € B1(0).

Up . 1S @ solution to the free boundary problem associated to g(z) = h(pz + o). In
particular, if p is small enough such that p%||h|co.« < &2 then g satisfies the growth and
lower bound assumptions of Lemma 7.4.

Ifu®(z) := u, 4, (), then we can apply Lemma 7.4 to u° in direction e,, with y, Cy, ¢1, 7, e
as above. This gives usa v; € S*~! and a y; > 0 such that

Uy (z- 1 —F%) <u(z) < U, (z- 1 —l—?%), x € B#(0).

Write = 7y and divide the above equation by 7 to obtain,

g _ _ £
Uy (y-m—3) < w(ry) /T < Uy (y- 11+ 3) ¥ € Bi(0).

Let ul(z) := u®(72) /7 so that
Uy (y-v1 —€/2) Sul(y) S Us(y- 11 +¢/2), y € Bi(0)
Apply Lemma 7.4 to u! in direction v; with Cy, c1,v1,€/2,7 and iterate.
In this way, we create a sequence of u*(y), O, Yk, vx such that
Uy (y v = €/2%) < u¥(y) S Uy (y - v +¢/2"), y € Ba(0)

and |vg — vgy1| < Ce/2F. We must prove that it is valid to apply Lemma 7.4 at each step.
By Lemma 7.4 and construction,

k—1 k—1
1 - ~
o <5y < [I=Ce/2)y < < [T+ Ce/2" )y <2y <y,
i=0 i=0
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SO 7k 1s always in the acceptable range for another application of Lemma 7.4. Also in the kth
step we apply the lemma with /2% < & < ¢ and the same 7.

Finally, in the kth step we have u*(y) = u (y). Thus we need to make sure that

Tk 3o
(o7")2||h]|co.a < (£/2F)2. By construction, p®||h|co.. < €2 and 7F® < ik and so the
conditions of Lemma 7.4 are satisfied for each k.

After k steps,

Uy (y v —/2%) <ul(y) < Uy, (y- v +¢/2%), y € B1(0) =
U, (z - vy, — pie/2F) < u(x + x0) < U, (z - vy, + piie/2%), € B 7 (0).
If z € B,7(0) is taken such that z + ¢ € 02 then the above equation implies
TV — p?k5/2k <0<z-vp+ p?k5/2k =
|z - vi| < pFfe/2F = B(xo, pi*) < g/2F.

If s := —log-(2) > 0, we have shown B(xg, pr*) < p%(p?’c)s < C'(pr*)* (Remark 7.3
implies that we can we can take p uniformly in 2y € B;(0)). If t is such that pr*+! < ¢ < p7*
we can estimate

_L —k —=k —=k !
pr _ pre ., pr pr c
B(wo,t) < Tﬂ(iﬂoaprk) < C/T(Prk)s = C/Tts <t> < 71T t°=C",
where we used that @ <L O

It is worthwhile to note that the condition 7* < 1/4 implies s = — log=(2) < «/2. So this
argument does not give optimal Holder regularity.

7.2. Harnack Inequalities

It remains to prove Lemma 7.4. We first define a subsolution to the free boundary problem
(see Definition 7.1).

DEFINITION 7.6. — Let ) be an open set in R™ and g : R* — R. We say that z € C(0) is
a strict-subsolution to the free boundary problem associated with g in O if:
— {z = 0} is locally the graph of a C? function.
-zeC'{z>0nO)NC{z<0}n0).
— On the set {z # 0} we have Az > 0.
— For xg € {z = 0} we have
9(@0) (27 )u., (w0) + (27)u,, (w0) > 0,
where vy, is the inward pointing normal at zq to {z > 0}.

We define a strict supersolution analogously.

With this definition we need a comparison principle (note that this comparison principle
can also be taken to be the definition of a sub/super solution, see e.g., [12]).

Lemma 7.7. — [Compare to[9] Lemma 2.1, [12] Definition 7.2 ] Let ©) be an open set in R™.
Let w, z be a solution and strict subsolution respectively to the free boundary problem associated
1o a positive g in ©. If w > z in O thenw > z in 0.

The analogous statement holds for supersolutions.
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Proof. — We proceed by contradiction and let Z be a touching point. There are three cases:

Case 1. — & € {z = 0}. {z = 0} is locally the graph of a C? function so there is a tangent
ball B C {z > 0} with BN{z =0} = Z. Since {z > 0} C {w > 0} wehave BN{w =0} =2
and B C {w > 0}. As such {z = 0}, {w = 0} share a normal vector v at Z.

Since w > z, z # w we have that z —w attains a local maximum at z. Thus (2t —w™), <0
and (—z~4+w7)_, = (27 —w™), < 0. Wethenhave 0 > g(Z)(zT —w™), +(z7 —w™), =
9(z)(2%), + (27), > 0 a contradiction.

Case2. — Z € {z > 0}. As{z > 0} C {w > 0}, both —w, z are subharmonic on {z > 0}.
So z — w cannot attain a local maximum on {z > 0} which implies w > z on {z > 0} N 0.

Case 3. — & € {z < 0}. Inthiscase Z € {w < 0}. As {w < 0} C {z < 0}, we have that
—w, z are both subharmonic on {w < 0}. We can then argue as in Case 2. O

With this comparison lemma we can prove a “one-sided” Harnack type inequality.

LemMma 7.8. — [Compare with [12], Lemmas 4.3 and 8.1] Let w be a solution to the free
boundary problem associated to a positive continuous function g on B1(0) (see Definition 7.1).
Let k > 0 and assume inf ¢ g, 0y g(x) > k. Also assume w satisfies

w(z) > U (z - v), € B1(0)

(where v € S"~Y and v > 0) and that at T = v

(7.4) w(@) > UO(1/5 +¢).

Finally, assume that sup,¢ g, |g(0) — g(x)| < 102
Then there exists € > 0 and 0 < ¢ < 1 (which depend only on the dimension and k), such
that if the above € < € we can conclude

w(x) > U (z v+ ce), x € Byy(0).

Analogously, if w(z) < Uy(z - v), & € By andw(Z) < U,(1/5 — ¢) then w(z) < Uy(x - v — ce)
in B]_/Q(O)

Proof. — For ease of notation we will drop the dependence of U on ,0 and let v = e,,.
We prove the inequality from below; the inequality from above, and the result for general v,
is proven similarly. Our first step is to widen the gap between w and U

CraiM. — There exists a universal ¢; > 0 such that w(z) > (1 + ¢1€)yz; — g(0)yz,, for
allz € §19/20(0)'

Proof of Claim. — In By /50(%) there is a universal constant ¢, > 0 such that we have
w(z) — Uy(x) > coye > coyexy, by the Harnack inequality and (7.4).

Define ) = (B N{z, > 0})\B1,20() and let ¢ be the harmonic function in  such that
¢ =00nd(B;N{x, >0})and ¢ =1 0on dBy,%(T).

We have

w(z) — vz, > 0 = yeop(x)e/2,2 € O(By N {z,, > 0}).
Also, note
w(x) — YTn > cove > Yo () /2, € OBy /20(T)-
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As w — vz, and ycped(x)/2 are both harmonic on @ we have that w — vz, > ycoed(x)/2

on all of . Finally, by the boundary Harnack principle there is a ¢ > 0 such that ¢ > ¢z,
on ONBig 0. Therefore, ¢; = min{cy, coé/2, 5/2} is such thatw—~z; > vecyz} on Big a0,
proving the claim.

Recall w(z) — U(Z,) > ve > 0. Thus w(T) — (1 + c18)7(Tn) T > ve — c17e/5 > ve/2.
The Harnack inequality tells us that

w(z) — (1+ce)y(z,)t > ey, z € §1/20@),
for ¢’ universal depending on dimension. If ¢, is small enough that (1 + ¢;€)cq < ¢, then

(7.5) w(z) — (14 c18)y(xn + c26)" > 0, 2 € By/20(7).

Now we create a strict subsolution in the annulus

A= By/4(T)\B1/20(T)
and then use this subsolution to transfer the gap in (7.5) to a neighborhood of 0.
Let
(@) =1-c(le—z[™" - (3/4)™"), z € 4,

where c is such that 1) = 0 on 0B /59(%). Then 0 < ¢ < 1 and —A%y > k(n) > 0in A. We
can extend ¢ = 0 on By 3(7).

For t > 0 we write
(7.6) vi(z) := (1+c1e)y(zn — ecatp(z) +te)* — g(0)y(zn — ecatp(z) + 1), z € Byu(T).
We will prove later that this is a family of strict subsolutions.

By the claim, vo(z) < (1+cie)yzt — g(0)yz, < w(z)forz € By 4(T). So we can define
t* = sup{t | v¢(z) < w(z), Vo € Byu(T)}. If t* > ¢ we get

w(z) > e, (1) > Uy (2n — €2t + c26) > Uy (25 + c€), T € By/2(0)
where ¢ := ¢2(1 — sup,ep, ,, ¥). This is the desired result.

Assume, to obtain a contradiction, t* < c,. There must be some point & € By /4(Z) such
that v (£) = w(&) (and everywhere else in Bj/4(Z) we have v« (z) < w(z)) .

Case 1. — & € 0B3/4(T). As ¥(%) = 1,
v+ (2) = (L4 c18)y(@n + (" = c2)e) ™ — g(0)7(Zn + (¢7 = c2)e)™

< (14 c1e)y(@n)™ — g(0)y(Zn) "

Note, B3 /4(Z) C Big)20, so the claim implies w(Z) > (14 c1€)v(Zn)™ — g(0)7(Zn) ™ > v+ (),
a contradiction.

Case2. — & € Bi2(z). Here ¢ = 050 vy (%) = (1 4 c16)y(Fn + %) T < (14 c16)y(En + c26) 7,
as t* < co. But (7.5) implies w(Z) > (1 + c1€)¥(Z, + c2¢)™, which is a contradiction.
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Case 3. — & € A. If v, is a strict subsolution to the free boundary problem associated with
g in A, then Lemma 7.7 (the comparison lemma) gives the desired contradiction.

Proof that vy is a strict subsolution. — Note that in ({vge« > 0} N A) U ({v < 0} N A) we
have Avy > —mecy A > mecak(n) > 0 where m = ymin{1, k}.

We then need to show that {vs;= = 0} is locally the graph of a C? function. Observe
{vpe =0} = {z, —ecotp(x) +t*'e =0}. As o € C®(A) it suffices to show that
len —ecaVp(z)| # 0 on A. But this is accomplished simply by picking < ﬁ where
M = sup,c 4 |V¥(x)|. M depends only on dimension so  can still be chosen universally.

To verify the boundary condition, let zg € {v; = 0} and v the unit normal pointing into
{vy > 0} at z9. Then g(zo) (v )y + (v; )y = (1 + c18)g(w0)y — 9(0)7)(en — £caVY) - v. As
v points into {v; > 0} it must be the case that (e, —eca V1)) - v > 0. So it is enough to prove
that (1 + c1€)g(xo) — g(0) > 0. By assumption |g(zo) — g(0)| < 102 which means it suffices
to show cieg(zo) > 10e2. By picking £ > 0 small enough (now depending on k) this is true
on B;(0) and we are done. O

Using the one-sided Harnack inequality we can prove a two-sided Harnack type
inequality.

LEMMA 7.9. — [ Compare with [12], Theorem 4.1] Let k > 0 and let g € C(By(0)) such
that inf e p, 0y g(x) > k. Let w be a solution to the free boundary problem associated to g
in B(0). Assume w satisfies at some point o € Ba,

Uéo)(m v+ag) <w(z) < UASO)(:L" -v+bg), Vo € B.(zg) C B(0)
where v € S"™1, v > 0 and by — ag < er,sup,¢p, |g(x) — g(0)| < €2 for some e > 0.
Then there exists some € = g(n, l~§) > 0 such that if ¢ < & we can conclude

UW(O)(ZL" v+ (1.1) < ’LU(.CC) < U'SO)(x v+ bl)) Vz € Br/20(x0)7

where ag < a1 < by < bgandby —a; < (1 — c)er. Here ¢ = ¢(n, k) > 0.

Proof. — Without loss of generality o = 0,7 = 1,v = e,,. There are three cases, each of
which produces a universal 0 < ¢ < 1. Take ¢ to be the minimum of these three.

Case 1. — a9 < —1/5. For small ¢ > 0 we have z,, + by < 0 on By /10 Therefore, by the

assumed inequality on w,

(z) — 9(0)y(zy + ao)
9(0)ye

0 < U(.T) = v < ]., Vx € Bl/lO'

Additionally, Av = 0 on By /1q.
So by the Harnack inequality there are constants 1 > k; > ko > 0 such that k; — ko =
1—¢ < 1 where ¢is universal (though ky, k2 may depend on w) and k1 > v(z) > k2 on By /9.
This implies
Uy(zn + ag + k2e) < w(z) < Uy(zn + ao + k1€), Vo € By /g.

Set a; = Qo +k)2€ and b1 = Qo +k1€, so that ap < aj < bl < b() and bl — Qi < (k)l — kg)E =
(1-2¢)e.
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Case 2. — ag > 1/5. In this case ag + x, > 0 on By /19 and so
w(@) = ¥(@n + a0)

~e
on By /10. The rest of the argument follows exactly as in Case 1.

0<v(z):= <1

Case 3. — |ap| < 1/5. We can rewrite the main assumption as
Uy(zn + ag) < w(x) < Uy(xn +ao +¢€), z € B1(0).
Without loss of generality, assume that
(7.7) w(Z) > Uy(Tn, + ao +€/2)
where T = 4e,, /25 — age,, (the case with the reverse inequality is similar).
If v(x) := w(x — age,) for z € By/5(0), then the above can be rewritten as
Uy(zn) <v(z) < Uy(zn +¢), Vo € Byys(0).
v(4e,/25) > U, (4/25 + ¢/2).
Note that v satisfies the free boundary problem associated to § which is a translate of g.
Thus we can apply Lemma 7.8 with £/2 and inside By5 to get that

(7.8)

v(z) > Uy(z, + Ce),z € §2/5(0) =
w(z) > Uy(zn + ag + &),z € By5(0),
for some universal 0 < ¢ < 1. Letting a; = ag + é and b; = by we have b; — a;

bo—ao—ésg(l—é){i. O

With these lemmata in hand we can prove the following regularity result. This will be
crucial in the proof of Lemma 7.4 (the iterative step).

COROLLARY 7.10. — [Compare with [12], Corollary 8.2] Let w,~, g,v,€,xq satisfy the
assumptions of Lemma 7.9 with r = 1. Define
w(z) —yz-v
ve
w(z) = g(0)yz - v
9(0)ye
Then . has a Holder modulus of continuity at xo outside the ball of radius € /z, i.e., for all
x € Bi(zo) with |x — xo| > /€

, © € By(0) N {w > 0}
(7.9) e =

,$€Bz(0)ﬂ{w<0}

e (x) — e (20)| < Cla — zolX
where C,x depend only n, k.
Proof. — Let v = e,,. Repeated application of Lemma 7.9 gives
Uy(xn + am) < w(z) < Uy(zn + b)), & € Bag-—m(z0),

with b,, — a, < (1 — ¢)™e. However, we may only apply Lemma 7.9 when m is such that
(1 —¢)™20™e < € (as we are taking r = 20~™ at the mth step).

If 207X = (1 — ¢) then we have, for each acceptable m, that € Boy-m (xg)\Bag-m-1(20o)
implies |, (z) — W. (z0)| < Clz — x0|X. As above, m must satisfy 207" > (1 — ¢)™£, which
is true if 207™ > £. So we have the desired continuity outside B (z). O
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7.3. The Transmission Problem and Proof of Lemma 7.4

In order to prove Lemma 7.4, we will argue by contradiction and analyze the limit of
the W, (see (7.9)) as € | 0. This limit will be the solution to a transmission problem which we
introduce now.

DEFINITION 7.11. — We say that W € C(B,) is a classical solution to the transmission
problem at 0 in B, if:

-WelC>*B,N{z, >0})NC>®(B,N{z, <0})
— W satisfies
AW =0, z € B,(0) N {z, # 0}

(7.10) lim Wi, (', ) = lim W, (o/,£) = 0, @ € B,(0) N {w, = 0}

When no confusion is possible, we will simply say that W is a classical solution to the
transmission problem or a classical solution to (7.10).

We can deduce the following immediately from the definition:

LeEmMA 7.12. — Let W be a classical solution to the transmission problem in By. Then there
is a universal constant C' and a constant p (which depend on W ) such that
(7.11)
(W (z) = W(0) = (Vo W(0) - &’ + pzif — pz;,)| < C|[W || (p,)r?, Vo = (2/,20) € Br(0).

Unfortunately, the conditions of Definition 7.11 are too difficult to verify directly. It will
be more convenient to work with viscosity solutions.

DEFINITION 7.13. — Let W € C(B,). We say that W is a viscosity solution to the
transmission problem (7.10) if:

- AW(@') =0, in the viscosity sense, when x € {x, # 0} N B,,.
— Let ¢ be any function of the form

¢(x) = A+ px) — gz, + BQ(z —y)
where

Q@) = ln—1)a% ~ 1212, y = (/,0), A€ R, B >0

andp — q > 0. Then ¢ cannot touch W strictly from below at a point o = (x(,0) € B,,.
- Ifp— q < 0 then ¢ cannot touch W strictly from above on {x,, = 0}.

The following result allows us to estimate the growth rate of viscosity solutions. We will
omit the proof as it is identical to the one provided by De Silva, Ferrari and Salsa in [12].

TueoreM 7.14 (Theorem 3.3 and Theorem 3.4 in [12]). — Let W be a viscosity solution
to (7.10) in By such that ||W||Loo < 1. Then, in By s, W is actually a classical solution to
(7.10). In particular, W satisfies the estimate (7.11).

With this machinery in hand we are ready to prove Lemma 7.4.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



888 M. ENGELSTEIN

Proof of Lemma 7.4.. — It suffices to assume that o = 0 and v = e, (by the rotation
invariance of the conditions). Fix any » > 0 small and let {vx}, {ex}, {wr}, {gx} be such
that Cy > v > c1,ex | 0 and wy is a classical solution to the free boundary problem
associateq to gx. Furthermore, inf ¢, (0) gx(2z) > &, SUP, ye B, (0) % < €2 and
wy () satisfies
(7.12) U (2, — ex) < wi(z) <UD (2, + 1), € B1(0).

However, to obtain a contradiction, assume the desired vy, y;, do not exist.

Define wy, as in (7.9). Then (7.12) implies that {@; = 0} — {z, = 0} in the Hausdorff

distance norm and ||wg ||~ < 1. These observations, combined with Corollary 7.10 and the

Arzela-Ascoli theorem, show that @y, — @ uniformly in C(B1(0)) (after passing to subse-
quences). Furthermore, Corollary 7.10 implies that @ is a C%X function defined on B; /2(0).

CLAIM. — 0 is a viscosity solution in By 5 to the transmission problem.

If this is the case, w satisfies the estimate (7.11). So there is a p such that
|w(z) — 0(0) — (Vp(0) - 2’ + px, —px;)| < Cr?, Vo = (2, z,) € B,.(0).

Because |||~ < 1 we have |p| < 10. We will also pick r small enough so that 8C'r < 1.
As Wy, converges uniformly to @, for large enough k& (depending on r possibly) we have

(7.13) |y (x) — (Vo (0) - &' 4 pxt — px;,))| < 2Cr?, Vo = (¢/,z,) € B,(0).
Let vy == W(ekvz@m), 1) and 7, := (1 + exp). We will now prove
(A) U%;(xq/k—r%c) < wg(z) < U,Y;c(:c-l/k—}—r%), x € B.(0)

and also

(B) ke — Ykl < Ceri, len — vkl < Cey,

for some universal C. This is the desired contradiction.
Proof of (A): Assume wy(x) > 0 (the other case follows similarly). (7.13) implies

w(z) — VeTn
Vk€k
for € B,.(0). Consider the inequality on the left. Some algebraic manipulation yields

Yir + Veex (Ve @(0) - 2’ + pzt — px,) — 2C7?) < wi(z), Vo € B,(0) N {wy, > 0}.

(Vur@(0) -2’ +pz}f —pa,) —2Cr? < <2072+ (V0 (0) -2’ 4+ pat —px;)

We can rewrite this again to obtain

1+ erl Ve (0)PUy, (- vy) — Yepel |V (0) - | — 2CT%yper, < wi(z), Yo € B,(0) N {wy > 0}.
The Cauchy-Schwartz inequality, followed by some more algebraic manipulation, gives

, €k 2p€k|vm/’d)(0)| +4Cr

UvL(I'Vk)—VkT? ( 1+ exp

Recall that r was chosen so that 8Cr < 1. Now pick k large enough so that 20e4|V ,@(0)| < 1/2.
2pe |V .+ w(0)|+4Cr
1+erp

) < wg(z), Yz € B-(0) N {wy > 0}.

Together this implies ( ) < 1. In conclusion,

Uy (2 v — r%’“) < wi(z), Yz € B,(0) N {wy > 0}

’
k
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The upper bound on w;, and the inequalities for when wy, < 0 follow in the same fashion.

Proof of (B). — We compute |y, — vk| = expve < 10epvk. Also [vp — e,]? =

(Vg — eny VK —€en) =2 —2(ep,v) =2 — W. For large k (so that e4| V@ (0)| < 1/2)
Ek ! W

the Taylor series expansion of v/1 + z2 yields the estimate |y — e,|*> < €2|Vw(0)]?.

Let C' = max{|V,w(0)|,10} and we are done.

Proof of Claim. — We want to establish that @ is a viscosity solution to the transmission
problem. As Aw, = 0, wherever {w; # 0}, it is clear that Aw = 0, in the viscosity sense,
when {z,, # 0}. It remains to verify the boundary condition.

So assume, in order to reach a contradiction, that there is a function
¢(z) == A+ pz} — gz, + BQ(z —y),

with p — ¢ > 0, which touches 0 strictly from below at zg = (z(, 0) (the case where p—q < 0
and ¢ touches from above follows similarly). Recall Q(z) = L1[(n — 1)22 — |2'|?],y =
(v',0), B > 0and A € R. We now construct a family of functions which converge uniformly
to ¢. Define

1 —n 1
I(z) := m[(|w|'2 + |z — 1|2)2T — 1] and T'g(z) := B—%F(Bsk(x —y) + ABsie,).

Additionally, let
on(x) = (1 +ep)Tf () — g(0) 1 (1 +exg)Ty, (2) +yk(dyf (2))%ey * +9(0) 1 (dy, (2))%ey”,
where dy is the signed distance from z to 9B _1_ (y+en(Aey —
~ gk
¢ as in (7.9).

A Taylor series expansion gives I'(z) = z,, + Q(z) + O(|z|®) and thus

1

Be,))- Finally, we can define

T'x(z) = Aey, + ©,, + BerQ(z — y) + O(€1), = € By.

Therefore, ¢, converges uniformly to ¢. The existence of a touching point z, implies a
sequence of constants, ¢y, and points, zy € Bj /o, such that ¢ (z) := ¢r(z+ercren) touches
wy, from below at x;. We will get the desired contradiction if v, is a strict subsolution to the
free boundary problem associated to gj.

When ¢, # 0 we have Ay, > Adi(z + excren) > 0. If ¢ = 0 a straightfor-
ward computation shows Iy(z + excren) = di(z + excren,) = 0. Thus, [Vd2| = 0
whenever 1, = 0. We can also compute (VFf)U = +1 on ¢, = 0. Putting this
together,  gi(z)(Vr(z)™)y + (Vr(x) ™)y = gr(@) vk (1 + exp) — 9(0)7k(1 + €xq). Recall,
lge(z) — g(0)] = |gr(z) — gx(0)] < &7 which implies, gx(z) > g(0) — 7. Therefore,
9k(@) (Wr (@) ) + (Wr(2)7)w > g(0)vher(p — ) — ex7k(1 + exp). We are done if this last
term is > 0. It is easy to see

9(0)veer(p — @) — exvu(l + €xp) > 0 < g(0)(p — @) > k(1 + exp)

which is clearly true for k large enough. O
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8. Optimal Holder regularity and higher regularity

Proposition 7.5 tells us that if log(h) € C%(9Q) then 9 is locally the graph of a C'1»*
function for some s > 0. In this section we will introduce tools from elliptic regularity theory

in order to establish the sharp estimate s = «. These tools will also allow us to analyze the
case when log(h) € C*<(99Q) for k > 1.

8.1. Partial Hodograph Transform and Elliptic Systems

We begin by recalling the partial hodograph transform (see [27], Chapter 7 for a short
introduction). Here, and throughout the rest of the paper, we assume that 0 € 99 and that,

at 0, e, is the inward pointing normal to 0€2.
Define F* : Qt — H* by (¢/,z,) = z — y = (', u™ (x)). Because u, (0) = %(O) #0
(Proposition 5.10), DFT(0) is invertible. So, by the inverse function theorem, there is some

neighborhood, 0", of 0in QT that is mapped diffeomorphically to U, a neighborhood of 0

in the upper half plane. Furthermore, this map extends in a C* fashion from 6" to U (by
Corollary 6.7).

Similarly, define F~ : Q= — HT by (z/,z,) = z — y = (z/,u" (z)). Again u,, (0) # 0
so DF~(0) is invertible. We can conclude, as above, that there is a neighborhood, &, of 0
in Q~ that is mapped diffeomorphically to U (perhaps after shrinking U) and that this map

extends in a C?! fashion from ©~ to U.

Lett : U — R be given by ¥(y) = z,,, where F(z) = y. Because F'* is locally one-to-
one, v is well defined. Similarly, define ¢ : U — R by ¢(y) = —x,, where F~(z) = y. Again,
F~ is locally one-to-one, so ¢ is well defined.

If v, denotes the normal vector to €2 pointing into € at y, then u satisfies

Aut(z) =0, 2 € Q
Au(z) =0, z € Q”
(W), (@)h(2) = —(u")y, (2), © € ON.

After our change of variables these equations become
n—1
_1/1 vi)\ 1Y
’=3 (w%)f 2 (_ <w> 3 <¢2>>
n—1
_1/1 ¢\ 1[4
’=3 (¢2>+; < <¢n>i+ 2 (¢2>> ’

with both equations taking place for y € U. On the boundary we have
$(y) +¥(y) =0, y € {ya =0} NT

(8.2) M\ 1 -
(wn(y)> Gu(y) ~ Vv m=010T,

where A((y/,0)) = h((v/, % (v))).

REMARK 8.1. — The following are true of ¢, :

8.1)
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— Assume i, ¢ € C**(U N {y, = 0}) withk > 1,5 € (0,1) Thenu* € C**(0") &
¥, ¢ € C**(U).

— Ifh € CH*(0Q) and ), ¢ € C*+t15(T) for any s,a € (0,1), then h € C**(U N {y, = 0})
with norm depending only on the Holder norms of h and 1), ¢.

— G, >0inU.

Proof. — Let us address the first statement; when & > 2 this follows from standard elliptic
regularity applied to the function @+ (z) = u™(z + ¢(2’,0)) (and a similarly defined @ ™).
When k = 1, a theorem of Kellogg [20] says that Vu* has non-tangential limit everywhere
on 8Q N OF and that this non-tangential limit is in C%*. We can then argue as in the proof
of Corollary 6.7 to see that Vu® € CO*S(@i); the desired result.

To prove the second statement when k=0, one computes |h(y1)— h(ys)| =
(W, % (1)) — B, (u2))] < Cl(wh, () — (W5, B(y2))]* < C'Jys — 2|* where that
last inequality follows because ¢ € C1*(U). So h € C**({y, = 0} NTU). When k > 1 we
note that d;h(y,0) = 8ih(y,¥(y)) + Onh(y, ¥ (y))dit(y). By assumption 8;3(y) is at least
as regular as 9,,h(y, ¥ (y)) so the result follows by induction.

The third claim follows immediately from construction. O

We now recall the concepts of an elliptic system of equations and coercive boundary
conditions. For the sake of brevity, our Definition 8.2 is not fully general—it considers only
a specific type of system in “divergence form”. A comprehensive introduction to elliptic
systems can be found in Morrey ([31]), Chapter 6 (weak solutions in particular are covered
in Section 6.4).

DEFINITION 8.2. — Let u®, k = 1,2, satisfy

[ X dwpupe=[ 3 gk

Ix|<mq Yxi<m,
[v|<ti+s1—ma

/U Z ai7(w)D7u2DXC = Z fiDXC

Ix|<mg U Ix|<mo
[v[<ta+s2—m2

Jorall { € C§°(U). Additionally assume,

2
/ > ( BiX(Dx,Dy,x)uk> DX¢dz = / > g\DXe¢da
o k=1 o

Un{yn=0} 1 <p, Un{yn=0} |y 1<p,
(8.4) IxI<p IxI<p

2
/ ) (Z B,%wa,Dy,x)u’“) DXédz = / > gDxéda
oUN{y,=0} Ix|<pz \k=1 OUN{yn=0} [x|<p2

Jorall § € C3°(OU N {yn = 0}). Throughout, v, x are multi-indices. Let hy, ho, be such that
B,ix is of order < ty, — h1 — p1 and B,%X is of order < ty, — ho — po. This system has a proper
assignment of weights if there exists an ho such that hg and the ty,m;, s;, hy,pr, k, j,r = 1,2
satisfy the following conditions:

(8.3)

- minjxs; +tx > 1andmin; p ty, +s; —m; >0
— minm; > 0 and maxs; = 0.
— minp, > 0andminhg + h, + p, > 1
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— mintg + hg > 0 and min hg — s; +m; > 0.

We say the above system is elliptic if the block diagonal matrix

M= <(a'lyx)lx|=m1,|’)’|=t1+81—m1 0 >

0 (a'%'x)|)(|:m2,\‘ﬂ:t2+82*m2
is an elliptic matrix for any xog € U. Additionally, when n = 2, we require that, for any linearly
independent &,m € R?, half the roots of the equation

det <2X|—m1a7|—t1+81—m1 a”lYX (E+ Zn)X+’Y 0 ) _
0 Z\X|=m27\7|:t2+52—m2 O%X “(§+ 20) x4y
have positive imaginary part and the other half have negative imaginary part.
Finally, we say that the boundary equations are coercive if for all yo € U N {y, = 0} the
system

> aL. (yo) D0 (y) = 0
[x|=ma,|y|=t1+s1—m1
> a.(yo) D" Xv?(y) = 0

[x|=ma,|y|=ta+s2—m2

(8.5) 2,
Z Z B%x(Dm’ Dy7y0)’0k((y/,0)) =0
|x|=p1 k=1
2
Z Z BI%)((DI’ Dyv yO)Uk((yl7 0)) =0
[x|=p2 k=1

has no solutions of the form v*((y,yn)) = e €% (yn),k = 1,2 where o*(y,) — 0 as
Yn — 400 and & € R"~L. Above, By, denotes the part of the operator By, which has order
ty — h, — p, (the principle part ).

DEFINITION 8.3. — We define the h — u-conditions on the coefficients above:
(1) The a{m satisfy the h — p-conditions, 0 < p < 1, in some openT':

L if vl = t; + s; —m; and |x| = m; then ag'(Le C%#(T)

2. ifh—s;+|x| > 0 thenal,, € Ch=sFIxl.n(T)

3. else, the as are in C%#(T).

(2) The operators By, satisfy the h — p-conditions, 0 < u < 1, in some open T', if
BI?;'y(Daca Dy,—) € Chthetert (D N {y, = 0}).

With these definitions in mind, we can state Theorem 6.4.8 of [31] (note the theorem in
Morrey refers to a slightly more general class of elliptic systems). Our wording differs in order
to comport with the notation used above.

THEOREM 8.4. — [Theorem 6.4.8, [31]] Let u*,k = 1,2 satisfy an elliptic and coercive
system of equations on U (a neighborhood of 0 in the upper half plane with C* boundary ) with
a proper assignment of weights ho, hr, py, i, sj,m;. Let T' D U be an open domain. Suppose
the a’s and the coefficients in the By~ satisfy the h — p-conditions on T, 0 < u < 1, and
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suppose the a priori estimates: fJ, € C**(U), p = max{0,h — s; + |a|}, g7 € CT*(U) with
7 = max{0,h + h, + ||} and u* € C*+M1(U). Then

#.6) D luFlgtrnmwy < C | D Nfllconw) + I g5 ey + > lluFllcow
k k

Jo Y

Here C'is, again, independent of u* the f’s and the g's.

8.2. Sharp C1:* regularity and C?* regularity

It should be noted that in [31] it is not explicitly made clear if Theorem 8.4 applies when
h < hg (nor if there should be additional restrictions on h). For the sake of completeness
we include a proof of Theorem 8.4 with hg = 0, h = —1 in Appendix A. This is exactly the
result we need to establish optimal C1* regularity.

PROPOSITION 8.5. — Let Q C R™ be a 2-sided NTA domain with log(h) € C%~(9Q),
a € (0,1). In addition, if n > 3 also assume that ) is 6- Reifenberg flat, for 6 > 0 small, or that
Q is a Lipschitz domain. Then 082 is locally the graph of a CY® function.

Proof. — Recall the functions ¢, which satisfy the system (8.1) with boundary condi-
tions (8.2). For t = (¢/,0) € R™ we consider ul!(z) := ¥(z + t) — ¥(z) and u?!(x) :=
é(z + t) — ¢(x); our plan is to show that u'?t, u?¢ satisfy a system like the one in Defini-
tion 8.2. Repeated applications of Theorem 8.4 will then give the desired result. Our proof
has three steps.

Step 1. Constructing the elliptic and coercive system. — Both ¢ and 1 satisfy
divA(Du) = 0

. 2
where A(Du) := (—Z:L, —E,3 (Z?__ll (:j—n) + ulz>> As such

div/ d%/f(D(d)(w) + s(y(x +t) —¢¥(z))))ds =0=
0

diV/0 aij (D(¥(z) + s(¢(z +1t) — ¥(2)))) Diu'*(z)ds = 0

where a;;(p) = %Ai(ﬁ). ¢ and u?! satisfy an analogous equation. Therefore, u'?, u?*

satisfy (8.3) with a}; () := a;;(Dv(z)) and

1

=3 (aijww(m)) - / ai;(D($(x) + s(t(z +t) - w<x>>>>ds) Dyul

Z 0

(and with corresponding definitions for f2, a? in terms of @).Notem; =mg =1, =t2 =2
a~md s1= 82 = 0. On the boundary u? + u?* = 0 and %h((zﬂ)_t) D,u*t — mDnul*t =
h(z) — h(x + t). Therefore, hy = 2,hy = 1 and p; = pa = 0. Set hg = 0. It is then easy to
see that this is a system with a proper assignment of weights. We will check in Step 3 that our
system satisfies the ellipticity, coercivity and regularity conditions of Definition 8.3.
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Step 2. The iterative process. — By Proposition 7.5, u** € CV*(U). In particular, the af;’s
and the Bs satisfy the h — p-conditions with h = —1 and p = s. It is also easy to see that the
f’sand g’s satisfy the conditions of Theorem 8.4 (we assume, of course, that o > s; otherwise
the result is immediate). We conclude

@7 Nl @

2 n 2
<K Z Z 155l co.s @y + I1h(=) = (= + Dl co.s @y, =oy) T+ Z ||Uk’t||00(ﬁ) )

i=1j=1 k=1
where K is a constant independent of ¢. Some additional justification is needed here: in
Theorem 8.4 the constant may depend on the C%* norm of the a’s and B’s. However, these
coefficients have norms which can be bounded independently of ¢ and so K may be taken to
be independent of ¢.

For any z,y € U,

2||hllo=lz = yI*[t1** > min{2le — y|*[|h] oo, 2/t |[Al| 0w}
> |h(z) = h(z +t) = h(y) + h(y + 1)].

Thus ||A(=) = h(= + ) | co.s @iy, —op) < ClH**. We also claim that if w,v € C%* then

[(w(=) —w(=+1)(v(=) —v(=+1))llcos <4ft]*[lwllco.
(this follows immediately from the triangle inequality and the fact that
sup|w(—=) — w(— + t)| < |¢¥||lw||co.s). From here we conclude ||f}||co,s(ﬁ) < Cltf.
Plugging these estimates into (8.7) we obtain ||ui’t||cl,s(ﬁ) < K(J¢]® + [t]“* + |t]) (as
[u**llcomy < CIED-

Therefore, for j = 1,...,n, we have that
|D;v(z +t) + Djp(z — t) — 2D;9(x)| = |Djub"(z) — Djul’t(as —t)]
<t flons [t* < K (1t + 1¢*).

(8.8)

vl co.s

8.9)
This implies 9|z, —oy € C1# where 3 = min{a, 2s} (see [33], Chapter 5, Proposition 8).
Remark 8.1 gives ¥, ¢ € C1A(U). Iterate until 8 = a.

Step 3. Verifying the conditions of Definition 8.2. — It is easy to calculate the symmetric
(n x n)-matrix

;71 0 0 ... 5
0 =L o ... bz
Pn Pn
DA(p) = 0

: C , :
1 i 1 n—1_9
mon (B (1 nite)
If = D¢, D+, then p,, > 01in U. Thus the matrices DA(D¢) and D A(D+)) are both elliptic

(justifying our above use of the Schauder estimates) and the system is also elliptic (with the
obvious weights t; = t5 = 2,57 = s3 = 0). Additionally, when n = 2 we have the equation

1 1
—— (& +2m)*+ 2%(51 +2m) (&2 + 2m2) — = (1 +pi) (&2 + 2m2)* = 0.
D2 D3 Dy
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All the coefficients of this polynomial are real, so if «, § are its roots it must be the case that
a = 3 which is exactly the desired result.

We must check coercivity at an arbitrary yo € U N {y, = 0}. If u' = ¥ € @' (y,,) solves
a;;(DY(yo))Dijut = 0 then @' (yy,) is a linear combination of functions of the form e™¥»
where r is a root of

1|2
LIEE | 227N iel e - La+ > i)’ =0.
Pn P Y2
This equation has at most one root, call it v, with strictly negative real part (as the sum of the
roots is purely imaginary). That @' (y,,) — 0 as y,, — oo implies @' (y,,) = a1e¥~". Similarly,
we define %2 (y,,) and conclude %% (y,) = ase¥""2, where 7, has strictly negative real part (if
such an r; or ro does not exist then we are done).

As u! + 42 = 0 on the boundary it must be true that a; + ap = 0. Furthermore
h(0)Dpu? — Dyul =0 =

ﬁ(O)aQTQ —ar;=0= B(O)Tg +7ry =0.
But B(O)rg has strictly negative real part and r; has strictly negative real part, so their sum
must have strictly negative real part and the system is coercive. O

If log(h) € C*2 for k > 1, the above argument can be modified slightly to give that 9
is locally the graph of a C*2+= function.

PROPOSITION 8.6. — Let 9Q be a 2-sided NTA domain with log(h) € C1*(0Q)
for0<a< 1 Ifn > 3 also assume either that Q) is §-Reifenberg flat for § > 0 small or
that Q is a Lipschitz domain. Then 8 is locally the graph of a C* ¥+ function.

Proof. — We follow the proof of Proposition 8.5; consider again u'-*, u**. We have already
shown these functions satisfy an elliptic system with coercive boundary conditions. Note, by
Proposition 8.5, u* € C**(U) for all s € (0,1). In particular, the a¥,;’s and the Bs satisfy
the h — p-conditions with h = —1 and p = s € (0, 1) to be choosen later. Furthermore, the
f’s and g’s satisfy the conditions of Theorem 8.4.

Follow Step 2 in the proof of Proposition 8.5 until we reach (8.8). Here we need an estimate
which incorporates the higher regularity of h. By Remark 8.1, h € C**(U N {y,, = 0}). For
any x,y € R™ write, for the sake of brevity,

52f(x) = fz+y) + fz —y) — 2f (2).
We can then estimate, for 2,y € U N {y,, = 0},
510 (62h(x + 1) — 82h(@)| < |l v+ ming3[e], 2ly[+}
' < Cflhllgrsalyl |t~ 5.

Consequently, ||2(—) — h(— + t)||co.» < CJt|'~ .
Proceed as in Step 2 of the proof of Proposition 8.5 until we reach (8.9), which now reads
|Dj¢(z +t) + Djp(z — t) — 2D;9(z)| = |Djut(z) — Djub'(z —t)|

8.11) .
< e 817 < K (2 + ),
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Pick s € (0,1) such that

s 14+«
l1+s———=25=s5= .
14+« 2+«

Then 9 |gn g, —oy € C?2%s . By Remark 8.1 we can conclude that u € C*7+a (Q) and, ergo,
b, ¢ € C*3a (). O

8.3. Higher regularity

Once we have shown ¢,9 € C%*(U) for some s € (0, 1), we can apply classical non-
linear “Schauder” type estimates (which require the C?** a priori assumption). First we need
to define a non-linear elliptic and coercive system.

DEFINITION 8.7. — Let u*, k = 1,2 satisfy
Fi(y,u',u?, Dut, Du?, ... Doyl DP2Fs1y2) = 0,y € U

8.12
(8.12) Fy(y,ut,u?, Dut, Du?, ..., D o2yl Dl2Fs242) =0 ¢y c U

and on the boundary satisfy
Bi(y,u',u?, Dul, Du?, ..., Dti—higt Dt2_h1u2) =0,y € UN{y, =0}

(8.13) _
By(y,ut,u?, Dul, Du?, ... D=2yl Dt2=h2y%) = 0,9 € U N {y, = 0}.

Where, max s; = 0 and min{ty, + s;}, min{t; — h;} > 0.

For a solution, v, to (8.12), we say that the system is elliptic along v at a point yo € U if the
linear system

d
Li(yo, D)¢* + Ly, D)¢* = 2 Fi(yo,v' + 16", D+ (02 +16%))]io
(8.14)

d
Ly (yo, D)¢" + L3(yo, D)¢* = an(yo,v1 +tgh, ..., D2 (0% + 16))|1=0

is elliptic. That is to say, if the block matrix A, where A;; = Z; is elliptic. Here I~/§ is the
principle part of the operator L (for more details see Definition 3.1, Chapter 6 of [27]).

For a solution, v, to both Equations (8.12) and (8.13) we say that the boundary conditions
are coercive along v at a point yo € U N {y,, = 0} if the linear boundary conditions

d
¢)%(y07D)¢1 + q)%(yO)D)()bz = %Bl(y(bful + t¢17 e ath*hl (Uz + t¢2))|t=0
(8.15)

d _
@340, D)6 + 93(40, D)6* = 5 Balyo, v’ + 19", D" (0 4 16)) 1o

are coercive for the (8.14) (see Definition 8.2, above, for the definition of coercive linear boundary

values. See Definition 3.2, Chapter 6 in [27] for more details). Note in all of the above D™v is
short hand for all nth-order derivatives of v.

We now recall the Schauder estimates for non-linear elliptic systems.
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THEOREM 8.8. — [see Theorem 12.2, [2], Theorem 3.3 in Chapter 6, [27] and
Chapter 6.8, [31]] Assume u*,k = 1,2 satisfy an elliptic and coercive non linear system
with proper weights like in Definition 8.7. Let 0 < a < 1 and ¢y = max(0, —h,.) and assume
uk € Clotte(T) for k = 1,2. Then for any £ > by if F; € C*~%% and B, € C**"% in all
arguments, then u* € C*Tt2(T)).

Additionally if F,G are C* (analytic) functions in all of their arguments then u* is C™
(analytic).

Our main theorem follows:

TuEOREM (Main Theorem). — Let Q be a 2-sided NTA domain with log(h) € C**(8Q)
where k > 0 is an integer and o € (0,1). Then:

— when n = 2: 0 is locally given by the graph of a C*+1® function.
— whenn > 3: there is some §,, > 0 such that if § < ,, and Q) is §-Reifenberg flat or if Q is
a Lipschitz domain then 0 is locally given by the graph of a C*T%¢ function.

Similarly, if log(h) € C* or log(h) is analytic we can conclude (under the same flatness
assumptions above) that 09X is locally given by the graph of a C*™ (resp. analytic) function.

Proof. — For k = 0 this result is contained in Proposition 8.5. For & = 1 Proposition 8.6
tells us that 9Q is C?*, ut € C’Q’S(ﬁi) for some 0 < s < «. Theorem 8.8, applied as
below, combined with a standard difference quotient argument, like the ones above, gives
the optimal regularity; 99 given by the graph of a C*® function and u® € CQ’a(ﬁi)

Let & > 2,andset€o = 0,[ = k—l,tl =ty = 2,51 = 89 = 0andh1 = 2,h2 = 1.
First, we will show that v, ¢ satisfy an elliptic and coercive non-linear system with the above
weights (as defined in Definition 8.7). This same method also works to prove C* or analytic
regularity.

Recall both ¢ and ¥ satisfy

divA(Du) = 0

. 2
where A(Du) = (_Z:n -2 ,% <E?__11 (3—) + u12>) Therefore, the associated
linear system at yo is Liv" = g2 A;(¥(yo))vi;, LT = 0, Ly = 0and L3v® = z2-A;(8(yo))v3;-

We have already established, in the proof of Proposition 8.5, that this is an elliptic system.

We have By (y, ¥, ¢,...) = ¢ + ¢ and Ba(y, 9, d,...) = h((¥', ¥(y)))dn — ¥n, which are
unchanged by linearization. Again, in the proof of Proposition 8.5, we have shown that these

boundary conditions are coercive for the above linear equations. Furthermore, the above
values give a proper assignment of weights.

Finally, F}, F5, By are analytic in all arguments (recall that ¢,,, ¢, # 01in U) and By is
analytic in D1, D¢ but has the same regularity in y and + that h has in 2. By assumption,
h € CF> = C%*th22 50 B, has the desired regularity. Additionally, by Proposition 8.6, u has
the required initial smoothness. Thus, applying Theorem 8.8 yields the desired result. O
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Appendix A
Proof of Theorem 8.4 for h < hg

Let us recall the statement we are trying to prove:

Theorem 8.4 Let u* k = 1,2 satisfy a system of coercive and elliptic equations with proper
weights. Suppose the coefficients in (8.3) and the B,y satisfy the h — py-conditions on a domain
' D U, where 0 < p < 1. Additionally, assume the following regularity: f& € CPH*(U),
p = max{0,h—s;+|a|}, gy € CT*(U) witht = max{0, h+h,+|y|} andu* € Ct+rn(U).
Then

(A1) Z [u¥ | gtrsrnory < C DN lconwy + Z ey llomon vy + Z [u* [l oo vy

J,a

Here C is independent of the u*’s, the f’s and the g'’s.

For simplicity’s sake, we establish the above in the special case where hg = 0, h = —1,
ty = ta = 2,81 = s = 0and p; = ps = 0 (which is the case that is applied in the
proof of Proposition 8.5). However, our techniques work for hg > 0,h > hg — 1 and any
proper assignment of weights. To further simplify the proof, we will make the assumptions
that U is bounded and that u* € C*(U\{y, = 0}), i.e, that «* is infinitely smooth
away from {y, = 0}. In the context of the paper, these assumptions are clearly satisfied.
This simplification can be avoided through the use of cutoff functions (e.g., in the proof of
Theorem 6.2 in [1]).

Here we will follow closely the work of Agmon, Douglis and Nirenberg ([1, 2]). Our proof
has three steps; first, we present a representation formula for solutions to constant coefficient
systems and show how this formula implies the desired result in that circumstance. Second,
we analyze the variable coefficient case. Finally, we will justify the representation formula
introduced in the first step.

A.1. The constant coefficient case

We present a formula for solutions to constant-coefficient systems of the form (8.3) with
boundary conditions (8.4).

If every function involved is C* with compact support, then integration by parts and [2]
Theorem 6.1 tell us

(A2) D (s, ) +CF = Dt un) +D | S Kl = ) )~ ()

r=1
foranyi = 1,...,n—1 (this is essentially Equation 6.7 in [2] with the addition of a constant
to compensate for h = hg — 1). We need to define some of the above terms:

— The CFs are constants.
— Let I be the fundamental solution to the linear operator (—1)Xawa7+X. We define

/ > (—1)XTw(Y — X)DX fE(X)dX.

[x|<mp
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Here ff is a smooth, compactly supported extension of f;j to all of R™. How the
extension is created is not particularly important.

— Similarly §"(x) is a smooth, compactly supported extension of g” to all of R*~1. We
will abuse notation and refer to § as g (similarly with f).

- ¢"(2') == Y5, Bi(Dy, Dy, 0¥ (2, 0).

— Ky, are kernels so that if the ¥"s have sufficient smoothness/growth properties and

Uy, yn) = / S Kin(y/ — o/, yn)67 (2')da’
Rn—1

s

then (—1)Xa§7D7+XU’“ =0 and

ZBk Dy, ) U*(y',0) = 4" ().

Classical results imply that I'(Z),DI'(Z) are integrable (at zero) and that DXT' (for
any |x| = 2) is a Calderon-Zygmund kernel which integrates to zero on R™. For the Poisson
kernels, K, we turn to [1], Sections 2 and 3. When s = ord B}, = t, — hy — p, = 2 — h,,
we can deduce that D?® K, is homogenous of degree —(n — 1) (see [1], Equation (2.13)’). In
this case, we can write

A, )
|Y| n+1 ?

As D? Ky, satisfies the same differential equation as u
[ w0t =0
ly’|=1

(see the corollary on pg 645 of [1]). Furthermore, D K has bounded first derivatives away
from zero, so 2 is smooth. In particular, D*Ky,.(y’, 0) is a Calderon-Zygmund kernel.

As the u’s, f’s and g’s are assumed to be C¢°, we can differentiate under the integral sign
and rewrite (A.2) as

Y = (y/a yn)'

k

DSKkr(ylvyn) -

we conclude that

(A3) Dy, yn) + Ck = / T P (Y — X)FH(X)dX

.
B™ |xl<my,

+ Z D?z_hTKkr(y/ _ .Z'/, yn)DZf_l(gT(af') _ (br(xl))dx/
Rn—1
Where we define
Tiy (Y — X) := DYHXT(Y — X)
(depending on the parity of ¢, — h,- — p,- the above equation may be missing some minus signs,

these omissions are irrelevant to future analysis). It should also be noted all the kernels above
are either integrable or Calderon-Zygmund kernels. We now make a crucial claim:

CLAM. — The above (A.3) holds for weak solutions of the constant-coefficient system
(8.3) and (8.4) under the regularity assumptions f5* € C##(U) where p = max{0, || — 1},
gry € CTH(U) with 7 = max{0, h, — 1}, and u* € CH#(U).

From this one can conclude:
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LEMMA A.1. — Letu®, k = 1,2 satisfy a system of constant-coefficient coercive and elliptic
equations with proper weights. Additionally, assume that for some for0 < p < 1: f;‘ e CPH(U)
where p = max{0, |x| — 1}, g» € C™#(U) with T = max{0, h, — 1} and u* € CY*(U). Then

(A4) Z [u¥lcre@wy < Co | D 1K Loy +Z lgrllcru@w) + Z [u* [l cou

J)x

Here, C is independent of the u*’s, the f’s and the g'’s.

Proof assuming the Claim. — Tt suffices to estimate the C** norm of uk|{yn:0} (as each
u® satisfies an elliptic equation in U, the full estimate can be obtained using weighted

Schauder estimates. See, e.g., [15] Theorem 5.1 or [1] Theorem 9.1).
We use the classical fact that

(A.5) [ fllcr < e[Dfla + Ce o sup|f]
where f € CH(R™1) and [fla = sup,y, LE=FWI (see Equations 7.4, 7.5 in [1]).
From here it follows that we need only estimate [D;u*|(, —oy]u. i =1,...,n — 1 in terms

of the norms on the right hand side. That such an estimate exists, follows immediately from
the theory of singular integrals and the fact that the kernels in (A.3) are either Calderon-
Zygmund kernels or integrable at 0. O

A.2. The variable coefficient case

Given Lemma A.1, the standard way to handle variable coefficients is to “freeze” the
coeflicients at a point. For any yo = (y§,0) € U, we write:

/ S 4l (yo) DVl DXCdr = / SO(FL + [k, (vo) — al., ()] D7ul) DXCda

Ix|<mq
I"/|<2 mi

/ > aiﬂyo)DWzD"Cdﬂﬂ:/ > _(F3 + a3, (o) — a (@) D7u?) DX(de
U U

[x|<mg
[v]<2—m2

for all ¢ € C§°(U). On the boundary

<Z Bi(Dyr, D, yp)u >§d:r’ =/{ (¢" + G)gda'

Yn :0}

(A.6)

{yn=0}
(A7) Y

2
/ <Z Bi(Dar, Dzn,y())uk> gda’ = / (9> + G*)¢da’
{yn=0} {yn=0}

forall¢ € C§°(AUN{y, = 0}). Here G” := Y2 _, (B (Dyr, Dy, yh) — B (D, D, , ') ub.

However, naive application of Lemma A.1 will not work as the semi-norms [Du*],, may
appear with large coefficients on the wrong side of the inequality.

(A.5) allows us to argue

1
[Duf]y < S lufllern = [t orn < Cllu|lco,
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for k = 1,2 (which renders our desired estimate trivially true). So, without loss of generality,
it suffices to consider the case
Du*(P) — Du*(Q)|
[P — QI
Let A > 0 be determined later and assume, without loss of generality, P = (0,¢),k = 1.
We have three cases:

(A.8) Ik = 1,2s.t. 3IP,Q € U with |

1
> §||uk||cl»u'

Case 1. — |P — Q| > . This easily implies 2sup |[Du'| > A*1|u'|c1... From here, if X is
sufficiently small, use (A.5) to get
Cllutllco 2 [[utf|orn
which, as stated above, yields the desired estimate.
Case2. — |P— Q| < Abutt > 2X. In this case u*, k = 1,2 are solutions to an elliptic system

of equations in Bgy /2 (P) C U. Interior Schauder estimates for weak solutions (see e.g., [31],
Theorem 6.4.3 or [16] Chapter 8) give

DM llori By uipy < O | Do 15 llconBanae + 2 16Fllcos,s o Py
k .o k

By assumption,

1 |Du'(P) — Dul(Q)|
gl < =—p g s IWlleremaum

and so, once we have fixed A, we have the desired result.

Case 3. — |P — Q| < Aand t < 2. Consider a smooth cutoff function, n € C*°(R™), such
that n(Y) = 1 when |Y| < 3X and n(Y) = 0 when |Y'| > 5X. Additionally,  can be chosen
such that |[D®n| < CA~¢. Now consider V¥ := nu*. V* satisfies equations similar to (A.6)
and (A.7) but with different right hand sides.

We can use the representation (A.3) and thus Lemma A.1 on the V*s. We need to estimate
each term on the right. The term that comes from the interior equations is dominated by

1>~ n(£% + (a5, (o) — afy (@)D uM)[cow + 1| D D lak, (vo) — ak, (@)]u* DIl o

XY lv|=1 x
Note that 7 is supported on Bsy so sup |af_ (yo) — ¥ (x)] < CA*. Also recall that the
h — p-conditions imply the a’;w are Holder continuous. Thus, the first term in the offset
equation above can be dominated by 3-, , || fxllco. + CA#[Du*], + Csup |Du*|, where
the constants above are independent of A. Similarly, the second term can be bounded
by 3= x CA* " Mul, + Csup [uF|A"2 + CX~ " sup [u”].

From the boundary terms we get

T

2
> (II > (B{(Dur, Da, s ) — Bi(Dar, Do) e + ||ngT||cw,u> :
k=1

As we have seen above, we need not worry when the derivatives in the boundary operators
land on 7 (as these terms will all be bounded by the C%* norms of the fs, gs and us and
the C! norm of the us). When the derivatives all land on the u* term, we argue just as above
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(recalling that h — p conditions imply that the Bs are Holder continuous in position) and
conclude that the coeflicient of [Du*],, contains a positive power of .

We can then pick A small enough so that the coefficient of [Du*],, on the right hand side
is less than 1/4. This yields the estimate

1
S Ve < 1 S Du + C D N ey + D Igrllornwy + Y lluFlcow
k k 3x T k

But V¥ = «* on P, Q so we have that

1 |Du'(P) — Dul(Q))|
§||u1||01vM(U) < P_QpF < Ve

1 1
= EHUIHCLWU) <3 S Du 4+ C [ N cenwy + Y lgrlemewy + D IluFlloo
k IX T k

From here the desired estimate follows immediately. As such, we are done modulo the proof
that (A.3) holds for non-C'* functions.

A.3. Justifying (A.3)

It remains to prove our claim above: namely, that the representation in (A.3) is valid
without the a priori assumption of C*° regularity. Here we follow closely the discussion on
pages 673-674 of [1]. It should first be noted that the integrals on the right hand side of (A.3)
converge if f* € C7*(U) and g, € CTH*(U).

Let j(r) be an approximation to the identity and then define

n—1
_ (i —
Jeu(y',yn) =€ ”+1/ H j (yz Z> w(T1, . T 1, Ty )da'.
i=1

3

Similarly, we can define

1 e . n + g — S
Jecu(y' yn) == g/ J <y5> Jeu(y', s)ds.
0

For any w it is clear that J, su is a C*° function in the closed upper half plane.

Now assume the u*’s satisfy a coercive and elliptic system with constant coefficients and
let the f’s and g’s be as in Definition 8.2. Then (as the system has constant coefficients) it is
true that J; su” satisfies (8.3) with J. «f} on the right hand side. So, with v* defined as above,
(A.3) becomes

(A9) Je Dby yn) + CF(e,8) = / D Tin(Y = X)Jo o fF(X)dX

R [x|<mp
2
+ Z 1 D%,_hrKkr(y’ — @' yn)Ge z(2',0)dz’
r=1 Rn=
where
Gee(x',0) == (Jo Dl ™Y Bp(Dar, Dy, ) (Wb (@', 20) — 0¥ (2, 2)) ), =0-

k
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Note that, for H € C%*, J.:H = 4 Je H uniformly (by Arzela-Ascoli). By assumption
fF is Holder continuous. To analyze the boundary terms, note first that DM =1By is an
operator of order 1 and, as such, D7 =* 3°, By(D,/, D, )(u*(a', x,) —v*(2', x,,)) is at least
as regular as C%*. So J. :D"~' 3, Bi(Dy, Dy, )(uF (2, x,) — v*(2',x,)) (and thus its
restriction to {z,, = 0}) converges in the uniform topology.

Let £ | 0 to obtain

(A.10)  J.DjuF(y',yn) + Cr(e / > T (Y = X)JfE(X)dX

|X|<mk

+ Z - DI Ky (y' — 2, yn)Ge (2!, 0)da’

where
Ge(2',0) i= (J.D2 ™" > Bp(Dar, Dy, ) (uF (2, 2) = v* (&', 2n))) =0
k
Since J, is a convolution in only the R®~! directions, we can set x,, = 0 to obtain

Ge(a',0) = J.Dy (9" (2') = 97 (2'))-

We note, by assumption, that g" is at least Holder continuous. As such, we can use the same
argument as above to justify taking e | 0; the validity of our claim follows.
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