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O-MINIMALITY ON TWISTED UNIVERSAL TORSORS
AND MANIN’S CONJECTURE OVER NUMBER FIELDS

BY CHRISTOPHER FREI AND MARrRTA PIEROPAN

ABSTRACT. — Manin’s conjecture predicts the distribution of rational points on Fano varieties.
Using explicit parameterizations of rational points by integral points on universal torsors and lattice-
point-counting techniques, it was proved for several specific varieties over Q, in particular del Pezzo
surfaces. We show how this method can be implemented over arbitrary number fields, by proving
Manin’s conjecture for a singular quartic del Pezzo surface of type As + A;. The parameterization
step is treated in high generality with the help of twisted integral models of universal torsors. To make
the counting step feasible over arbitrary number fields, we deviate from the usual approach over Q by
placing higher emphasis on the geometry of numbers in the framework of o-minimal structures.

RESUME. — La conjecture de Manin prédit la répartition des points rationnels sur les variétés de
Fano. Elle a été vérifiée pour plusieurs variétés sur Q, en particulier certaines surfaces de del Pezzo,
en utilisant des paramétrisations explicites des points rationnels par des points entiers sur des torseurs
universels et des techniques de comptage de points de réseaux. On montre comment on peut appliquer
cette méthode sur les corps de nombres quelconques, en démontrant la conjecture de Manin pour une
surface de del Pezzo singuli¢re de degré quatre et de type As + A;. La paramétrisation est présentée
d’un point de vue général qui utilise des modéles entiers tordus de torseurs universels. Pour rendre
possible le comptage sur les corps de nombres, on dévie de la procédure usuelle sur Q en mettant
I’accent sur la géométrie des nombres dans le cadre des structures o-minimales.

1. Introduction

Let K be a number field and S the anticanonically embedded del Pezzo surface of degree 4
and type A3 + A; given in P% by the equations

(1.1) Tox3 — TaTy = ToT1 + T123 + 5 = 0.

Let U be the complement of the lines in S, and let H be the anticanonical height on S(K)
induced by the Weil height on P4(K),

H(wg: - :zq) =[] max{|zolo, ..., |zalo},
VEQK
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758 C. FREI AND M. PIEROPAN

where Qg is the set of places of K and the normalized absolute values | - |, are given as
follows: let w be the place of Q below v and K, (resp. Q) the completion of K at v (resp.
of Qatw). Then]| - |, := |NKU|Qw( -)|,,» where | - [, is the usual real or p-adic absolute value
on Q.. We investigate the counting function

Ny (B) = [{x € U(K) | H(x) < B}

Generalized versions [6, 45] of Manin’s conjecture [28] predict an asymptotic formula
Nu,u(B) = cs,uB(log B)°(1+0(1)), as B — oo,

with a positive constant cg g, which has been conjecturally interpreted in [43, 6, 45]. Our first
main result is a proof of Manin’s conjecture for S:

THEOREM 1.1. — Let K be a number field of degree d, let S be given in P4, by (1.1), let U be
the complement of the lines in S, and let ¢ > 0. As B — oo,

Ny #(B) = cs.uB(log B)® + O(B(log B)>~1/d+¢),

with an explicit cg g > 0. This formula agrees with Peyre’s refined version of Manin’s
conjecture [45, Formule empirique 5.1]. The implicit constant in the error term depends on K
and e.

We describe the constant cg g explicitly later in this section. The special cases of
Theorem 1.1 where K = Q or K is imaginary quadratic were proved in [20, 23]. A version of
Manin’s conjecture over arbitrary global function fields was proved for our surface S in [10].

Manin’s conjecture is known in some general cases. For complete intersections of large
dimension compared to their degree, it follows from an application of the Hardy-Littlewood
circle method (cf. [43, 40]). Moreover, it has been proved for certain classes of Fano varieties
with additional structure coming from actions of algebraic groups, using Langlands’ work on
Eisenstein series [28] or harmonic analysis on adelic points (for example, for toric varieties [5]
and equivariant compactifications of additive groups [15]).

Other known cases of Manin’s conjecture concern specific varieties of low dimension.
Del Pezzo surfaces over Q have received the most attention: some milestones here are the
first special cases of Manin’s conjecture for (singular or nonsingular) del Pezzo surfaces of
degrees 5 [11], 4 [13], 3 [14], and 2 [2] that are not covered by [5] or [15]. The method behind
these results and many further proofs of Manin’s conjecture for specific varieties over Q is by
now classical. It is usually referred to as the universal torsor method.

A major drawback of this method is that almost all of its successful applications are
restricted to varieties over Q. Recently, Derenthal and the first-named author started a
project with the aim to generalize the universal torsor method to number fields beyond Q.
So far, they were able to adapt the basic framework to imaginary quadratic fields [22], and
to apply it to some singular del Pezzo surfaces of degrees 4 [23] and 3 [24] over imaginary
quadratic fields. To our best knowledge, the only published proofs of Manin’s conjecture for
varieties over arbitrary number fields that can be interpreted as applications of the universal
torsor method concern projective spaces P [50] and a specific toric variety [29], which are
also covered by [5].

Theorem 1.1 is a first step to overcome this restriction. It is based on the universal torsor
approach and is the first proof of Manin’s conjecture over arbitrary number fields for a
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O-MINIMALITY ON TWISTED UNIVERSAL TORSORS & MANIN’S CONJECTURE 759

variety that is not included in the general results mentioned above (see [26]). One should note
that the surface S is an equivariant compactification of a semidirect product G, x G,,, so
recent techniques of Tanimoto and Tschinkel [52] using harmonic analysis could also apply.
So far, this was worked out only over Q.

1.1. The universal torsor method

Universal torsors were introduced and studied by Colliot-Théléne and Sansuc [16, 17]
to investigate arithmetic properties such as the Hasse principle and weak approxima-
tion. Salberger [49] was the first to apply them to Manin’s conjecture (see also [44]). After
Salberger’s pioneering work, the universal torsor method became a prevalent tool to prove
special cases of Manin’s conjecture over Q.

A typical application of the universal torsor method to a specific del Pezzo surface S
consists essentially of two parts:

(a) Parameterizing the rational points on an open subset U by integral points on a
universal torsor over a minimal desingularization S — S, subject to certain copri-
mality conditions, and lifting the height function to these points.

(b) Counting these integral points of bounded height, essentially replacing sums by inte-
grals and estimating the difference.

A framework covering these parts in some generality was developed over Q in [20] and
generalized in [22] to imaginary quadratic fields.

1.2. Parameterization

The minimal desingularization S of S is a smooth projective variety over K. For such a
variety S and a torsor Y over S under an algebraic K-group G, a classical result of Colliot-
Théléne and Sansuc [17] shows that there is a partition

SEy= || omGY(K)),

[c]eH(K,G)

for twists ,m: oY — S of Y. The finest partitions of this kind are achieved if Y is a universal
torsor. For quantitative problems such as Manin’s conjecture, it is desirable to obtain a
parameterization of §(K ) by points with integral coordinates, which allows us to apply
lattice-point-counting techniques. Such a parameterization was obtained by Salberger [49]
for proper, smooth, split toric varieties X over QQ with globally generated anticanonical sheaf.
In this case, the partition induced by a model « : ) — X of a universal torsor Y — X is
trivial:

(1.2) X(Q) = =(¥(2)).

Here, the fibers of 7 are just the orbits under the action of G}, (Z) = (Z*)", where r is the
rank of the Picard group of X. Hence, we obtain a (2" : 1)-parameterization of X (Q) by
integral points, which reduces Manin’s conjecture to a lattice-point-counting problem. In
almost all applications of the universal torsor method to special cases of Manin’s conjecture
over Q, a parameterization of the form (1.2) is constructed by elementary methods that
essentially consist of removing greatest common divisors between existing coordinates by
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760 C. FREI AND M. PIEROPAN

introducing new ones. With some exceptions (e.g., [11, 7]), the connection to universal torsors
is usually not made precise.

The first case where it was necessary to consider a partition by integral points on more
than one torsor was encountered by de la Bretéche, Browning and Peyre in [12]. In [22],
Derenthal and the first-named author observed that similar disjoint unions (over all r-tuples
ofideal classes) always appear when considering split del Pezzo surfaces over number fields K
of class number hx > 1, even if a trivial partition with just one universal torsor exists over Q.
They interpreted this phenomenon as points on one universal torsor, but with coordinates in
different ideal classes.

We provide a more conceptual explanation in terms of Ok -points on twisted torsors over
the ring of integers Og. This explanation also gives entirely explicit descriptions, which
can be used to apply lattice-point-counting techniques. For split toric varieties, a similar
description was found by Robbiani [48], based on ideas of Salberger. In the function field
case, the parameterization was treated in high generality by Bourqui [8].

The basic idea is as follows. Let Y be an Ox-model of a universal torsor Y over §, such
that ) is a torsor over a proper model S of S under a split torus G”m’ 5 We apply the general
theory of torsors and a properness argument to obtain a partition

S(K) = | oT(oV(0K)).

[o‘]EHélt (Spec(OK),G:n,OK)

The identification Hj (Spec(Ok), Gin.0x) = Cli explains the disjoint union over r-tuples
of ideal classes appearing in the parameterization in [22]. Under some additional technical
conditions, we give an explicit construction of the twists ,7 : ;) — S in terms of fractional
ideals of O representing the classes corresponding to o. This is worked out in a general

context in Section 2 and summarized in Theorem 2.7.

Explicit descriptions of universal torsors over minimal desingularizations S of singular
del Pezzo surfaces S over Q can be obtained from the descriptions of their Cox rings in [21].
In Section 3, we show how to construct from this data a model S of S and a model Y of the
universal torsor over Q. In Theorem 3.3, we give conditions under which ) is a (universal)
torsor over S as above.

In Section 4, we present in detail an application of the results from Sections 2 and 3 to
the quartic del Pezzo surface given by (1.1) and obtain a parameterization of U (K'), where
U is the open subset in Theorem 1.1. As summarized in Remark 4.4, analogous arguments
apply to all other singular del Pezzo surfaces whose universal torsors are hypersurfaces,
classified in [21], allowing us to obtain in each case a good model of the universal torsor and
a parameterization.

1.3. Counting integral points

Using the partition described above, we reduce the problem of counting rational points
on the open subset U to counting Ok -points in the preimages of U (K) under ,7, modulo
the action of G;’ 5(Ok). This action is equivalent to an action of (O%)", which is harmless
when the unit group O is finite (i.e., if K = Q or K is imaginary quadratic). If O is infinite,
however, one needs to count integral points in a fundamental domain for this action. The
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difficulties arising in the treatment of such counting problems are the main reason why the
universal torsor method was so far restricted to Q and imaginary quadratic fields.

To deal with these problems in the case of our specific S given by (1.1), we introduce a
major deviation from the usual strategy in part (b). Instead of summing over the coordinates
on the twisted torsors one-by-one, we start by considering three coordinates at the same
time. The motivation for this departure comes from the specific structure of the action
of G:n’ 5(0 k). This structure is reflected in the shape of our fundamental domain, which we
construct in Section 5.

Let d := [K: Q]. The usual embedding K — K ®g R = R? transforms this first
summation to the problem of counting lattice points in certain subsets of R3¢, depending on
the remaining coordinates, with an error term that can be estimated uniformly with respect
to the remaining coordinates, see Section 6. These subsets are a priori unbounded, and we
need to remove cusps coming from small conjugates of certain coordinates in Section 7.

Even after the removal of the cusps and the exploitation of certain symmetries in Section §,
our sets are of the “long and thin” kind, which makes them resistant to counting arguments
that depend on Lipschitz-parameterizations of the boundary, such as [38, Theorem VI.2.2]
or [41, Lemma 2]. In principle, Davenport’s classical counting theorem [18] would apply, but
its error term depends on certain regularity properties which are hard to control uniformly
in general. In typical applications of Davenport’s theorem, the sets under consideration
are semialgebraic, a condition that is not satisfied in our case due to the restriction to a
fundamental domain.

A natural generalization of semialgebraic sets is given by the model-theoretic frame-
work of o-minimal structures. The celebrated upper bound by Pila and Wilkie [46] for the
number of rational points of bounded height in the transcendental part of sets definable in
an o-minimal structure has led to many applications in Diophantine geometry. We apply
o-minimality in a new way.

In Section 9, we show that the sets whose lattice points are to be counted form a defin-
able family in Wilkie’s [53] o-minimal structure (R; <, +, -, —, exp). This allows us to apply
a recent adaptation of Davenport’s counting principle to definable sets by Barroero and
Widmer [3].

The error term in Barroero and Widmer’s theorem is given, as in Davenport’s result,
in terms of the volumes of the orthogonal projections of our set to all proper coordinate
subspaces of R3?. In Section 10, we establish summable upper bounds for these volumes,
which allow us to perform the first summation over three coordinates in Section 11. The
proof of Theorem 1.1 is completed in Section 12.

1.4. Description of the leading constant

Let us briefly describe the leading constant cg g in Theorem 1.1. Let 7y (resp. r2) be the
number of real (resp. complex) places of K, and let Ax, Ry, hi, i denote the discriminant,
regulator, class number, and group of roots of unity of K. For any nonarchimedean place v
of K, corresponding to a prime ideal p of Ok of absolute norm 9 p, we define

~ 1\° 6 1
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762 C. FREI AND M. PIEROPAN

For any archimedean place v of K and (g, z1,z2) € K3, we write

|l‘0.’I71CL'2|U ) |$i’ v

(1.3) N, ) iz,
. v\ X0, T1,T2) ‘= Max s
|z122 (20 + 22)], , [ToT2(T0 + 22)],

and

3 e
wv(g) _ {2 . va(xo,ﬂfl,Iz)Sl dzgdz;dze  ifvisreal,

12 . .
2. va(wo,mlymz)Sl dzodzidxy if v is complex,

where the integrals are taken with respect to the usual Lebesgue measure on K, € {R, C = R?}.
Then the leading constant in Theorem 1.1 has the form

1 2 (27T)T2RKhK>6 1 ~
c = . . . wy(9).
S,H 3640 ( |ﬂK| |AK|4 vl;[}( ( )

In Section 13, we show that this constant is the one from Peyre’s empirical formula [45,
formule empirique 5.1].

1.5. More notation

Unless explicitly stated otherwise, the symbol K denotes a number field. Let U be the
subgroup of O generated by a fixed system of fundamental units. Then Ug is free abelian
ofrank ¢ := 7 + 7o — 1, and OF = pg x Uk. Let Zx be the monoid of nonzero ideals
of O, let Pk be the group of nonzero principal fractional ideals, and Clg the class group
of Ok. The ideal class of a nonzero fractional ideal a is denoted by [a].

For any v € Qg, we denote by o, the embedding K — K, as well as its component-wise
extensions o, : K™ — K forn € N. Moreover,o : K — Hveﬂm K, denotes the embedding
a + (04(a))veq,, or its coordinate-wise continuation K™ — [], .o Kj',n € N. When it is
convenient, we will also write a(*) instead of o, (a) and |a|, instead of |o,(a)|,, fora € K.

For each place v € Qk, lying over a place w of Q, we write d, := [K, : Q] for the local
degree at v. The set of archimedean (resp. non-archimedean) places of K will be denoted
by Qs (resp. o). The completion K, at v € Q is identified with R (resp. C) if v is real
(resp. complex).

For a prime ideal p of a ring A, we write k(p) for the residue field. Given an inclusion of
rings A C A’ and an A-scheme X, we denote by X 4/ the base change X xgpec(a) Spec(4”).
Moreover, G, x (resp. G, 4) denotes the multiplicative group scheme over X (resp.
over Spec(A)). We denote by Pic(X) the Picard group of a scheme X. Given an ideal I of
aring R, we denote by V' (I) both the closed subset of Spec(R) defined by I and the closed
subscheme Spec(R/I).

All implied constants in Landau’s O-notation and Vinogradov’s «-notation may depend
on K. Additional dependencies are indicated by a subscript.
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O-MINIMALITY ON TWISTED UNIVERSAL TORSORS & MANIN’S CONJECTURE 763

2. Parameterization by integral points on twisted torsors

Torsors over varieties under algebraic groups are known to give partitions of the set of
rational points of the variety in terms of images of rational points on twisted torsors (see [17,
(2.7.2)] and [51, p. 22]). This phenomenon holds also for torsors over more general schemes
as the following proposition shows. For universal torsors of smooth projective split toric
schemes over the ring of integers of a number field it was observed in [48, p. 12]. For the
definition and basic properties of torsors we refer to [42, §I11.4] and [51, § 2.2]. For the notion
of twisted torsors see, for example, [51, p. 20].

PROPOSITION 2.1. — Let Z be a scheme, G an abelian group scheme over Z, X a Z-scheme,
andm :Y — X atorsor under Gx := G xz X. Assume that the twisted torsors wY exist for
all Z-torsors W under G (this is the case, for example, if G is affine over Z ). Then

X(Z)= | ] wr((wY)(2)),

W]eH!, (2,G)

where L][W]e H (Z,G) is a disjoint union running through a system of representatives for the
classes in H}ppf(Z, G)andwm : wY — X isa twist of Y by —[W] € H}ppf(Z7 G).

Proof. — The proof given in [51, p. 22] works also with Spec k replaced by our base
scheme Z. O

Our twisted torsors will be given as open subschemes of closed subschemes of twisted
affine spaces. Hence, we start with a definition of those.

DEFINITION 2.2. — Let A be a Dedekind domain with fraction field K, and assume that
we are given a Z"-grading on K[z, ..., zy] defined by deg z; = m(® € Z". For any r-tuple
a=(ay,...,a,) of nonzero fractional ideals of A, we define the a-twisted affine space over A
as the spectrum AN := Spec(,R) of the Z"-graded ring

R = @ a "R, C K[z1,...,zN],
meZ"

where a=™ = a7 ™

of Alzy,...,zN].

a7 if m = (mq,...,m,), and R, is the degree-m-part

The twisted affine spaces defined above depend, of course, not only on N and a, but also
on the chosen Z"-grading. Here are some simple properties.

PRrROPOSITION 2.3. — The a-twisted affine space over A defined above has the following
properties.

(i) There is a canonical isomorphism AN X gpec(A) Spec(K) = AR
(ii) Let U = Spec(Ay) be an affine open subset of Spec(A) such that the fractional ideals
am Ay, ..., 0. Ay of Ay are principal. Then

N ~ AN
aA” Xgpec(a) U = Ay Xspec(a) U-
(ii1) Via base extension and the canonical isomorphism from (1), we have

AN(A) = {(ay,...,an) € KN |a; € o™ forall1 <i < N}.
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764 C. FREI AND M. PIEROPAN

(iv) AN depends, up to isomorphism, only on the ideal classes of a1, ..., a,.

Proof. — The canonical homomorphism R ®4 K — K[z1,...,zn] provided by the
universal property of the tensor product is an isomorphism, which implies (i). For j € {1,...,7},
let p; be a generator of a;Ay and, with m € Z7, write p™ := p"* ---p*r. Then
WR&4 Ay 2 Aplp~™ 21, ..., p™ " en] 2 Aylas, ..., xy], which implies (ii). For iii),
we observe that every A-homomorphism ¢ : ;R — A extends uniquely to a K-homomor-
phism ¢ : K[zy,...,zy] — K. The K-homomorphisms coming from such A-homomor-
phisms are exactly those with ¢(sR) C A, that is, p(x;) € am” foralli € {1,...,N}.
To prove (iv), let b = (by,...,b,) € (K*)" and a} := bja; for j € {1,...,7}. Then the
K-automorphism of K[z1,...,xzy] mapping z; — b_m(l):ri induces an A-isomorphism
between (R and 4 R. O

Next, we define twists of open subschemes of closed subschemes of A% as certain
subschemes of twisted affine spaces.

DEerINITION 2.4. — With the hypotheses of Definition 2.2, let I, I; be Z"-homogeneous
ideals of A[z1,...,zy], and let Y be the subscheme of ALY defined by Y := V(I1) \ V(I3).
With I ,,, denoting the degree-m-part of I;, we define the ideals

olj = @ a7 m C 4R

meZL"

The twist of Y by a is the subscheme of ;AN defined by
QY = V(gll) AN V(QIQ).

PROPOSITION 2.5. — The twist of Y by a defined above has the following properties.

(1) The canonical isomorphism from Proposition 2.3, (1), induces an isomorphism
gY X Spec(A) SpeC(K) =Yk

(ii) Let U = Spec(Ay) be an affine open subset of Spec(A) such that the fractional ideals
Ay, ..., 0. Ay of Ay are principal. Then

gY X Spec(A) vy X Spec(A) U.

(i) Via base extension and the canonical isomorphism from (1), the set of A-points .Y (A) is
the subset of all a = (a1, ...,an) € KN witha; € gmm foralli € {1,...,N}, such

that
@1 Y. D fl@am=4
MmEL" f€Izm
and
(2.2) gla) =0forallg € I.
(iv) oY depends, up to isomorphism, only on the ideal classes of a1, ..., a,.
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O-MINIMALITY ON TWISTED UNIVERSAL TORSORS & MANIN’S CONJECTURE 765

Proof. — Since the inclusion A — K is flat and Iy ®4 K = I; ®4 K under the

canonical isomorphism  R®4 K = K[z1,...,zn], we see that V(a11) Xgpec(a) Spec(K) =
V(I1) Xgpec(a) Spec(K). Let I, be generated by homogeneous polynomials
fi,oo s fm € Alz1,...,zn], and for every ¢ € {1,...,m}, let b;1,...,b;, be genera-

tors of the fractional ideal a— 48 /i, Then ol2 is generated in 4 R by the elements b; ; f;, and
oY is covered by affine open subsets Spec((aR/al1)s, ,;5,)- Moreover,

(ER/EII)bi,jfi s K= (A[‘Th .- "mN]/Il)fi ®a K

foreveryi € {1,...,m}and j € {1,...,¢;}, which shows (i).
For j € {1,...,r}, let p; be a generator of a; Ay and, with m € Z", write p™ := p** - - p'.

—m® —m ()

Let ¢, : Aulzy,...,zNn] — Aylp L1y P z x| be the isomorphism that sends

T; — B*m(i)zi. For every homogeneous f € I, we obtain
(A[.’El, - ,CL‘N]/Il)f XA AU = (AU[.'El, . 7$N]/(Il ®Ra AU))f
(ep(Avlon, ... an))/ep(l ©4 Av))

= ((ER ®aAv)/ (a1 ®4 AU))p—dcgff :

R

Wg(f)

This proves (ii), since f € Iy ® 4 Ay is equivalent to p~ 98/ f € I, ® 4 Ay . For (iii), we first
consider V(4I71)(A). Via the identification in Proposition 2.3, (iii), these points correspond
to K-homomorphisms ¢ : K[z1,...,zn] — K with ¢(z;) € a™"” whose kernel contains
the homogeneous ideal I ® 4 K = I; ® 4 K, that is, to points a € KN with a; € g’”(i)
satisfying (2.2).

Next, let us consider (AN \V(412))(A). These points correspond to A-homomorphisms
¢ : oR — Asuchthat .Io € ¢~ 1(p) for all prime ideals p of A. That is, p(oI2)A = A.
Keeping in mind that 415 is generated by its homogeneous elements and using the description
of ;AN (A) from Proposition 2.3, (iii), we see that (AN \ V(4I2))(A) corresponds to the set
ofalla € KN with a; € ™" and satisfying (2.1).

To prove (iv), let b = (b1,...,b,) € (K*)" and @} := bja; for j € {1,...,7r}. Then
the K-automorphism of K|z, ...,z y] mapping z; — Q*m(z)xi induces an A-isomorphism
between 4R and 4 R which maps 4I; isomorphically onto o I;, for j € {1,2}. O

and

Now we can focus on the case where Y is a torsor over an A-scheme X under a split
torus Gy, x. Throughout the rest of this section, we assume the following setup.

Let A be a Dedekind domain with fraction field K, and let there be a Z"-grading
on K[z1,...,zy] defined by degz; = m®) € 7.

Let X be a separated scheme of finite type over A that admits an X-torsor 7 : Y — X
under a split torus Gy, . We assume that there are Z"-homogeneous polynomials fi,..., fi,
91,--.,9s € Alzq,...,xn]such thatY = V(g1,...,9s) ~ V(f1,..., fm) as subscheme
of AY. Moreover, we assume that the action of G}, y on Y is induced by the following
action on points:

e ()
(81, 8p) % (a1,...,an) = (8" "a1,...,8™ "an)

forall s = (s1,...,s,) € G}, x(A) and (ay,...,an) € Y (A), where we write s™ := s} - 57"

form = (my,...,m,) € Z". Under these assumptions, we now define the twists of 7 : ¥ — X.
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DEFINITION 2.6. — Under the above hypotheses, let a = (a4,...,a,) be an r-tuple of
nonzero fractional ideals of A, and let .Y be the twist of Y from Definition 2.4. Then the
a-twist of m : Y — X is the morphism 47 : ;Y — X obtained by glueing the following
morphisms:

aTU ZQY X Spec(A) U—-X X Spec(A) Ua
where U runs through an open covering of Spec(A) by affine subschemes U = Spec(Ay)
such that a; Ay, . .., a, Ay are principal ideals of Ay, and 47y is defined as composition of
after theisomorphism ¢, : Y Xgpec(a)U — Y Xgpec(a)U from Proposition 2.5, (ii), induced
by the isomorphism

€8] (N) @)
. —-m —-m —-m
<PE-AU[$1,---,$N]—>AU[£ T1y---5pP TN], Tyt—p Li,

where p; is a generator of a; Ay for j € {1,...,7}, and p™ := pi"* ---pi*r for allm € Z".
As will be shown in the proof below, the definition of 47 does not depend on the choice of
the open subsets U nor on the choice of the generators p.

Now we are ready to state the second main theorem of this article.

THEOREM 2.7. — The a twists o7 : Y — X defined above have the following properties.
() The morphism o7 : oY — X is a torsor over X under Gy, x of class [Y] — [a] belonging
to H} (X, G x)-
(ii) Let C be a system of representatives for the class group Pic(A) of A. If X is proper over A
then, under base extension, the set of rational points on X i decomposes as a disjoint union

Xi(K) = | ] en(cY(4)).
ceCr
(i) As a subset of K™, the set ;Y (A) is equal to the set of all a € K~ whose coordinates a;
lie in the fractional ideals gmm, satisfying the coprimality conditions expressed by

m
Y fila)e Bt = A
i=1
and the torsor equations

gj(a) =0forallj € {1,...,s}.

Proof. — For every choice of affine open subsets U, U’ of Spec(A) as in Definition 2.6, and
corresponding r-tuples p, p’ of generators for the principal fractional ideals over U, resp. U’,
let o, : Aynur[z1,. . ja:N] — Apnurlzi, ...,z N] be the isomorphism induced by the
automorphism of K[z1, ..., zy]| mapping z; — B,mmg,mu) z;,and ¢, , the automorphism
of Y Xgpec(a) (UNU’) induced by ¢, ,,. Then ¢, = ¢, ,» 0 ¢, on Y Xspec(a) (U NT').
We observe that ¢, ,» are the automorphisms induced by the G7, -action of the cocycle
(p1'ph, - py ol )y v that represents the class —[a] € Pic(A)". Thus 7w o ¢,y = 7
on Y Xgpee(a) (UNU'),asm : Y — X is a torsor under G, y, and the morphism 47
is well defined. Since the automorphisms ¢,,,» are Gy, x-equivariant, the X-scheme .Y is
endowed with an action of G7, y, and the morphism 47 is an X-torsor under Gy, x of class
[Y] - [a] € H, (X, Gy, x), via the homomorphism of cohomology groups

Pic(A)" = Hg (Spec(A), G, 4) — Hi(X, G, x),
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where the first isomorphism comes from the fact that étale cohomology commutes with direct
sums (see [42, Remark II1.3.6 (d)]). Here we used étale cohomology groups in place of fppf
because for G, they coincide.

We recall that two torsors with the same class in Hy (X, G}, ) are X-isomorphic, so
the images of their structure morphisms coincide as subsets of X. By the valuative criterion
of properness, Xx(K) = X(A) under base extension. Thus, property (ii) follows from
Proposition 2.1.

Finally, (iii) was already proved in Proposition 2.5, (iii). O

In the case of universal torsors of smooth projective split toric schemes over the ring of
integers of a number field, our Theorem 2.7 recovers the same parameterization via integral
points on twisted universal torsors embedded into twisted affine spaces of [48, p. 15].

3. Models of universal torsors

This section is devoted to descent properties of universal torsors of certain projective
varieties. Let A be a noetherian integral domain with fraction field K of characteristic 0, and
let K be an algebraic closure of K.

Given an integral, smooth, projective variety X over K, whose Cox ring Cox(X) is finitely
generated and defined over A, we construct an A-model X of X and an A-model Y of a
universal torsor Y of X contained in the spectrum of Cox(X) that turns out to be a universal
torsor over X under some additional conditions.

CONSTRUCTION 3.1. — We assume that Pic(X) =2 Z", and that the Cox ring of X is
Cox(X) = K[n1,...,nn]/I, where n1, . ..,y are Pic(X)-homogeneous and I is generated
by polynomials g1,...,9s € A[ni,...,nn]. We denote by Y C Spec(Cox(X)) the char-
acteristic space defined in [1, Constructions 1.6.1.3, 1.6.3.1]. Then Y is a universal torsor
of X by [1, Proposition 6.1.3.9]. By [1, Corollary 1.6.3.6], we know that Y is an open subset
of Spec(Cox(X)), whose complement is defined by monic monomial equations

f17"'7fm6?[7717""77N]\I-

Fix an isomorphism between Pic(X) = Z" given by a basis ¢1,...,¢, of Pic(X).
Forie€ {1,...,N}, let m(®¥ € Z" be the degree of ;. By [1, Construction 1.6.1.3], the
action of G”  onY is induced by the action of G’ — on Spec(Cox(X))(K) defined by the
homomorphism
Cox(X) — Klz1,21 'y oy 2,2, Y] @ Cox(X), 15— @ ;.

T

Without loss of generality, we can assume that I N A[ny,...,nn] = (91,.-.,9s). Let

R:= A, ...,nnl/(91, -5 9s),

and let Y be the complement of the closed subset of Spec(R) defined by fi,..., fm.
Fori € {1,...,m}, let U; := Spec(R[f; !]) and

U, :=U; X Spec(A) Spec(K) = Spec(Cox(Y)[f[l]).

Then {U;}1<i<m is an affine open covering of Y, the family {U;}1<i<., is an affine open
covering of Y, and Yz 2 Y
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The Pic(X)-grading of Cox(X) induces a Pic(X)-grading on R by assigning the degrees
of n1,...,nn. We assume that (R; f1,. .., fm) satisfies the following condition:

for every 4,5 € {1,...,m}, there is a homogeneous invertible element

3.1) of R[f; '] of degree a multiple of deg f;.

Fori € {1,...,m}, let R; be the degree-0-part of the ring R[f; ] and V; := Spec(R;). Then
R; ®4 K is the degree-0-part of Cox(X)[f; '] for alli € {1,...,m}, and by construction of
the universal torsor structure Y — X (see [36, Remark 1.25]), gluing the family of schemes
{Spec(R; ®a K)}1<i<m yields a variety isomorphic to X. Let X be the A-scheme obtained
by gluing {Vi}1<i<m. Then X is a model of X over A and comes endowed with a natural
morphism 7 : ¥ — X induced by the inclusions R; — R[f; '] fori € {1,...,m}. Since

the inclusions R; — R[f;!] induce surjective morphisms U; — V; for alli € {1,...,m},

K3
the morphism 7 is surjective. Moreover, 7 is of finite presentation because X is noetherian
and R| fi_l] is a finitely generated R;-algebra for every ¢ € {1,...,m}. Since fi,..., f, are
Z"-homogeneous, the homomorphism
_ _ &)
R—>A[Zlazlla"'az’r'azrl](gAR» ﬂjHémJ ® nj

induces an action of G7, x on'Y which is given by
(3.2) s*(ay,...,an) = (gm(l)al,...,§m(N)aN)
on A-points s = (s1,...,s:) € G}, 4(A)and (a1, ...,an) € Y(A), where s™ := s7*' - - - 57
forallm = (mq,...,m,) € Z".

Moreover, 7 is an X-torsor under G, y (compatible with the universal torsor structure
of Y over X) if and only if 7 is flat and the morphism of schemes ¢ : G7,, 4 Xspec(a) Y =¥ xx V
that sends (s,a) — (s * g, a), obtained by gluing the morphisms

_ _ _ _ _ @
@i Rlf7 ®@r, RIfTY — Alz, 27t o 2 2 @A R, mij@me 2™ @nimy

for 1 < ¢ < m, is an isomorphism.

REMARK 3.2. — If A= K, then7 : Y — X is a universal torsor by fpgc descent, see [17,
§2].

In his proof of Manin’s conjecture for toric varieties, Salberger introduced universal
torsors for certain schemes defined over noetherian base schemes [49, Definition 5.14]. Under
reasonable hypotheses, the following theorem shows that 7 : ¥ — X is indeed a universal
torsor according to Salberger’s definition.

THEOREM 3.3. — Let 7 be as in Construction 3.1. If (R; f1, ..., fm) satisfies the condition
that

every element of Pic(X) is the degree of a homogeneous invertible element

of R[f "), foralli € {1,...,m},

then 7 is an X-torsor under G, . If we additionally assume that X(A) # @, that X is
smooth, projective, of constant relative dimension, and with geometrically integral fibers over A,
that Pic(Xg) = Pic(X), and that for every prime ideal p of A the cohomology groups
H (Xy(p)> Ox,,,) vanish for i € {1,2}, then w is a universal torsor of X.

(3.3)

4¢ SERIE - TOME 49 — 2016 — N° 4



O-MINIMALITY ON TWISTED UNIVERSAL TORSORS & MANIN’S CONJECTURE 769

Proof. — Flatness of 7 is equivalent to flatness of all the inclusions R; — R[f; '], i.e,
to injectiveness of the induced morphisms J ®p, R[f; '] — R[f; '] for all ideals J of R;.
Fix i € {1,...,m}. Let J be an ideal of R; and J ®g, R[f; '] — R[f; '] the induced
morphism. A general element in the kernel of this morphism is h = E;‘:l h; ® h}, where
h; € J has degree 0 and h; € R[f;!], and such that Z?:l hjh; = 0in R[f;!]. Since
R fi_l] is a graded ring, it is enough to consider homogeneous elements A, i.e., with all A,
homogeneous of fixed degree deg h € Z". Since the degrees of the homogeneous invertible
elements of R[f; '] generate Pic(X) = 7", there exists f € R[f; ']* of degree deg h. Then
h = (Z?:l hjh;‘f_l) ® f=0inJ Q, R[fi_l]'

In order to prove that ¢ is an isomorphism, it suffices to prove that all ¢; are isomorphisms.

Foreveryi € {1,...,m}and k € {1,...,r}, let h; x € R[f; ']* be a homogeneous element
of degree ¢.. Then the morphism

wi : A[zla Zl_la ey Rpy R r ] ®A R[f ] [fi_ll ®Ri R[fz_l]
that sends

1®n;—1®n; and zk®1»—>hi,k®h;,i
forallj € {1,...,N}and & € {1,...,r}, is well defined and inverse to ¢;, for all
1e{l,...,m}.

By [47, Proposition 2.1] the relative étale Picard functor of X over A is representable
by a twisted constant A-group scheme Picx/4. Since Pic(Xg) = Pic(X5), the group
scheme Picx 4 is constant and represented by Z" by ¢tale descent. By [35, Corollary I11.12.9],
R2f.Ox = 0, where f : X — Spec(A) is the structure morphism. Since Y is a universal
torsor of X i by Remark 3.2 and the morphism

HOHIA(E:—”)\A, Picx,4) — HomK(@—m\K, Picx, /k)

is injective, the torsor Y — X is universal, as the exact sequences [49, 5.13] are functorial.
O

REMARK 3.4. — A geometric interpretation of (3.3) is the following equivalent formula-
tion: the open subset complement to the support of the effective divisor defined by f; has
trivial Picard group for all ¢ € {1,...,m}.

The rest of this section provides criteria to check the various hypotheses of Theorem 3.3.
We start by showing that the model X of Construction 3.1 is independent of the choice
of f1,..., fm under some conditions.

LEMMA 3.5. — Let fi,...,f, € Kn,...,nn] ~ I be monic monomials such that
(R; f1,-- s fms 1.+, f1o) satisfies the condition (3.1). Let Ca and C'y be the ideals
of Alm,...,nn) generated by f1,..., fms91,---,9s, and fi,..., fl..,91,...,9s, respectively,

and assume that \/C', = \/C4. Then X is isomorphic to the A-model X' of X constructed
using f1,..., fr., in Construction 3.1.

Proof. — Foreveryi e {m+1,...,m+m'} let f; := fz’ m» and V; := Spec(R;), where
R is the degree-0-part of R[f;™']. Foreveryi,j € {1,...,m +m'}, let h;; € R[f;]* be
a homogeneous element of degree —n; ; deg f; for some positive integer n; ;, and let
V;.; = Spec(R;[(f n”h”) 1) C Vi. Since \/C,, = +/Ca, the ideal of R; generated
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bY frt1" " Rt 1y - - frtms ™™ Ry gy contains ff;7" = 1 for some positive
Vijforeveryi € {1,...,m}. Likewise, V; = Uj-, Vi ; for

7
integer n. Hence, V; = U;”:t,ﬁl

everyi € {m+1,...,m+m'}.

The identifications Ry[(f;""hi;)~'] = R;[(f]""h;i)~"] inside R[(fif;)~"] induce
isomorphisms V; ; = V;;, forall4,j € {1,...,m + m'}, that are compatible on the
intersections. The schemes X and X’ are the gluing of {V;}1<i<m, and {V;}m+1<i<mtm’
respectively, along the isomorphisms mentioned above. Since {V; j}1<i<m m+1<j<m-+m’ 18
an open covering of X, {V; i }1<i<mm+1<j<m+m’/ 18 an open covering of X', and all the
isomorphisms V; ; = V; ; are compatible on the intersections, they glue to a global isomor-
phism X = X', O

The next three propositions provide sufficient conditions for X having geometrically
integral fibers, and being smooth and projective over A.

PROPOSITION 3.6. — If Spec(R) — Spec(A) has geometrically integral fibers, then
X — Spec(A) has geometrically integral fibers.

Proof. — Let p be a prime ideal of A, and let & be an algebraic extension of the residue
field k(p). Since R ® 4 k is an integral domain by hypothesis, the ring R; ® 4 k is an integral
domain for all ¢ € {1,...,m}. Thus, X is covered by a family of integral open subsets
{W; := Spec(R; ® 4 k) }1<i<m such that W; N W; is nonempty for all nonempty W; and W;.
Indeed, for ¢,j € {1,...,m}, the intersection W, N W} is the spectrum of the degree-0-part
of the ring (R ®4 k)[(fif;) ], which is nonzero whenever f; and f; are nonzero elements
of R4 k.

Given any nonempty open subset U of X}, and nonzero sections s, s2 € Ox, (U), there
exist iy, is € {1,...,m} such that sj|UmWij # 0for j € {1,2}. Therefore, siluvnw,, aw,, #0
for j € {1,2} as W;,, W,, are integral, and U N W,,, W;, N W,, are dense in W;,. Thus,
(8182)|U0Wilﬁwi2 7é 0 and S182 75 0in OXk(U) O

PROPOSITION 3.7. — Assume that A is a Dedekind domain, Spec(R) — Spec(A) has
geometrically integral fibers, and w is flat (the last holds, for example, if (3.3) is satisfied).

If the Jacobian matrix
9g;
(on®) s

1<G<EN

has rank N — dim X — r for all a € Y (k(p)) and p € Spec(A), where k(p) is an algebraic
closure of the residue field k(p), then X is smooth over A.

Proof. — We prove first that Y is smooth over A. By [34, Proposition 17.8.2], the scheme
Y is smooth over A if and only if Y — Spec(A) is flat and Y}, is smooth over k(p)
for all p € Spec(A). Since Cox(X) is an integral domain (see [1, Theorem 1.5.1.1]) and
InAm,...,nn] = (91,-..,9s), the ring R is an integral domain. Moreover, A — R is
injective. Thus, R is a flat A-algebra by [39, Corollary 1.2.14] as A is a Dedekind domain,
and in particular Y is flat over A.

Since® : Y — X is a torsor under any, the fiber Y, of 7 at a point z € X is

a trivial k(z)-torsor under G” where k(z) is the residue field of X at z, (see [42,

m,k(x)?
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Corollary I11.4.7 and Lemma I11.4.10]). Hence, Y ,, =2 Gk @) has dimension r forallz € X,
and Y has dimension dim X + r by [35, Exercise I1.3.22]. Then dim Y}y > dim X + r for
allp € Spec(A) by [33, Lemme 13.1.1]. Let p € Spec(A). By the assumptions on the Jacobian
matrix and [35, Theorem 1.3.2 (c), Theorem 1.5.1 and Proposition 1.5.2A], we conclude that

dim Yy, = dim X + r and YW is regular at all its closed points. Then Y}, is smooth

over k(p).
Therefore, X is smooth over A by [34, Proposition 17.7.7], as Y is smooth over A and 7 is
flat and surjective. O
PROPOSITION 3.8. — Assume that fi,..., fm have all the same degree [D], which is an

ample class in Pic(X). Let C and Ca be the ideals of K[n1,...,nn) and Alm, ..., nn]

generated by fi, ..., fm, 91,1 9s. If \/Cg N A[m,...,nn] = VCa then X is projective
over A.

Proof. — Since R is a finitely generated A-algebra, the subring €, .y Rnip}, Where
R, p) denotes the degree n[D]-part of R, is a finitely generated A-algebra by [1, Proposi-
tion 1.1.2.4]. By [32, Lemme 2.1.6], there exists a positive integer d such that
R':= @, cy Rnqip) is generated by Rgp) as A-algebra. Let fi,...,f],, be generators
of the A-module Rg|p;.

For alli € {1,...,m’}, denote by R] the degree-0-part of R'[f] ~1, which is generated
by f1f! -, £l ft ~! and coincides with the degree-0-part of R[f! 1. We recall that
Proj(R') is defined as gluing of {V; := Spec(R})}1<i<m’ along the isomorphisms on prin-
cipal open subsets induced by the identifications R}[f] fj’»_l] = Ri[fifi _1] inside R[(f] f]’»)_l]
forl1 <i,7<m.

Let C, be the ideal of A[ny, ..., ny] generated by f1,..., f,,g1,...,9s. Since V/Ca = 1/C4
and C’fl C (', by construction, there is an inclusion of radical ideals v/Cy C V4.
By [1, Corollary 1.6.3.6], the polynomials fi,...,f/, and g¢1,...,9s generate an ideal

of K[n1,...,nn] whose radical is /C%. Hence, \/C’y C v/Ca. Since (R; f1,..., fms fls---s Fhr)
satisfies the condition (3.1), there is an isomorphism X = Proj(R’) by Lemma 3.5. O

In the applications that we have in mind, X is obtained from IP’% by a chain of blowing-ups
at closed points. The next proposition provides some conditions that make Construction 3.1
compatible with such blowing-ups. This can be used to verify the cohomology conditions of
Theorem 3.3.

In the situation of Construction 3.1, we assume that X is a surface. We assume that
the effective divisor on X corresponding to the section 7; is an integral curve E; for
alli e {1,...,N}, and that Ey is a (—1)-curve on X. Letb : X — X be a birational
morphism that contracts exactly Ey according to Castelnuovo’s criterion. For every
i € {1,...,N — 1}, let E! = b(E;). Assume that z = b(Ey) belongs to E! exactly
fori € {1,2}, and E; N E; = @. Then Cox(X') & Cox(X)/(nn — 1) by [37, Proposi-
tion 2.2], and the canonical pull-back of sections is defined by

mny  ifi e {1,2};

b : Cox(yl) — Cox(X), i .
M otherwise.
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Let Y C Spec(Cox(X')) be the characteristic space of X , and let f/,..., f/, belonging
to K[n1,...,7v_1] be monic monomials that define the closed subset of Spec(Cox(X ))
complement to Y. Let I be the ideal of K[n1,...,nn]| generated by g1,...,g, and ny — 1.
Assume that I' N A[ny,...,nn] = (91,---,9s,M8 — 1). Let R” = R/(nn — 1), and
let Y/ — X’ be the A-model of the universal torsor Y — X defined in Construction 3.1.
Let C4 and Cy be the ideals of Afn,...,nn] generated by fi,..., fm,01,...,9s, and
b (f1)my -, 05 (fL)m, 0 (f1)n2, - -, 0*(f),. )2, 91, - - ., gs, Tespectively. We assume that
VC4 = /C’,, that (3.3) holds for (R; f1,..., fm) and (R'; f{,..., f’.,), and that (n1,72) is
a prime ideal in Cox(X ).

PROPOSITION 3.9. — Under the hypotheses listed above, X is a blowing-up of X' with center
the closed subscheme defined by 11, ns.

Proof. — Let f' € {f],...,f.,} and f := b*(f’). Since Pic X = Pic(y/) ® Z[EN] and
degn; = degb*n; — [En] for j € {1, 2}, the degrees of the homogeneous invertible elements
of R[(fn;)~"] generate Pic(X) for j € {1,2}. Hence, (3.3) holds for (R;b*(f{)n1,---,
o* (fr )mn, b (f1)m2, - - s 0 (f7,,)n2). Let X}, be the spectrum of the degree-0-part R of the
ring R’/ [f’_l], and let Xy, be the spectrum of the degree-0-part R[(fn;)~']o of the ring
R[(fn;)~ 1] for j € {1,2}. Let Y}, be the complement in X of the support of the effective
divisor corresponding to the section f’, analogously we define X ; and anj for j € {1,2}.
By [1, Corollary 1.6.3.5], Y}, = Spec(Ry ®4 K).Since E\NEy =@ in X, X=Xy UXyy,.

Let hy,hy € R'[f'71]* be homogeneous elements of degrees — degn,, — deg s respec-
tively. Then (n1hy, n2h2) is the ideal of R) ® 4 K defining {z} N Y}/.

If f' € (m,m2) in R, then z ¢ Ylf/, and b induces an isomorphism between X § = b‘l(flf,)
and Y/f,. That is, b* induces an isomorphism between the degree-0-part of COX(Y,)[ i
and the degree-0-part of Cox(X)[f ~!] that descends to an isomorphism between R} and the
degree-0-part R[f ']y of R[f~'] with the quotient morphism as inverse. Moreover, X s, is
the spectrum of the degree-0-part of R[(fn;nn) '] for j € {1,2}, as f is a multiple of nx
in R. Then X¢,, U Xy, = Spec(R[f o), as 1 € (mnnb*(h1), m2nnb*(h2)) in R[f .

If f' ¢ (m,m2) in R, thena € X, and X; = b=*(X,) is the blowing-up of X ;, with
center . The blowing-up of X }, with center V' (n1h1,m2h9) is covered by two open subsets
that are the spectra of the degree-0-parts of the localizations of @ ;- (151, nohs)? at its
degree-1-elements n;h; for j € {1, 2}, respectively. Such an open covering is isomorphic to
the gluing of the spectra of R{[n;h;(n;h;) ™), for {i,5} = {1,2}. Since, for {i,5} = {1,2},
b* induces an isomorphism R{[n;h;(n;h;) "] — R[(fn;)~*]o with the quotient morphism
as inverse, the gluing of Xy, and Xy, is the blowing-up of X, with center V' (111, n2h2).

By Lemma 3.5, the scheme X is isomorphic to the gluing of Xy- (s, for f € {fi,..., f}..}
and j € {1,2}. Hence, it is a blowing-up of X’ with center the closed subscheme defined
by m,nN2. O
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4. Parameterization of rational points on S

We recall that S is the anticanonically embedded del Pezzo surface of degree 4 and
type Az + A; given by (1.1). Let K be an algebraic closure of K, and :S% the minimal
desingularization of Sz as in [21].

The aim of this section is to apply Theorem 2.7 to an O -model of a universal torsor of §f
obtained by Construction 3.1 in order to get a parameterization of the set of K -rational
points on the open subset U complement of the lines in S via integral points on twisted
torsors. An elementary application of the results in [22] would lead to the same parameter-
ization.

We start by describing the universal torsor of gf inside the spectrum of its Cox ring. By
the data provided in [21, §3.4], §f is a blowing-up of ]P’% in five points in almost general
position with Picard group Pic(gf) =~ 765, and the Cox ring of 5? is a Pic(g%)-graded
K -algebra with nine generators and one homogeneous relation:

Cox(Sg) = K, - ., 0]/ (mnoe + n2ns + nsnining).

Fori € {1,...,9}, the degree of »; is [E;] € Pic(gf), where [E;] are the divisor classes
listed below. Let £y, . .., {5 be the basis of Pic(Sy) given in [21]. Then the intersection form
is defined by £2 =1,¢? = —1for1 <i <5,and ¢;.¢; =0 forall 0 < i < j < 5. The classes

[E1] = {5, [Eo] =44, [Es]=1{3

are the (—1)-curves on §f,

(B3] =11 —ta, [Ea]=4ly— L3, [Eg|=4Lo—b1—Ly—Vl5, [Er]=4ly—Lt1—L2— L3
are the (—2)-curves on 5?, and

[Es] = 4o — 4y, [E9] =Ly —Us.

F1GURE 1. Configuration of curves on :S%.

The Dynkin diagram in Figure 1 encodes the configuration of curves on §f. Foranyi # j
the number of edges between E; and E; is the intersection number [E;].[E;].

To construct an Ox-model of the universal torsor Y — §f which is a universal torsor
over a projective Ox-model of g’f, we consider the following monomials. Forall 1 <14 < j <9,
let 4, ; == Hle{l,...,9}\{i,j} m, and Az g9 1= min2nsnansne. Let J be the ideal of Cox(gf)
generated by the following monomials:

(41) A7,8797 Al,ﬁa A1,95 A2,63 A2,87 A3,4) A3,67 A4,57 A5,77
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which are obtained from the Dynkin diagram in Figure 1 by considering the subsets of
vertices that are pairwise connected by at least one edge.

Since E; N Eg N Ey # @ by [21], the open subscheme Y complement to V(J)
in Spec(Cox(gf)) is a universal torsor of §f by [9, Remark 6].

We denote by f1,..., fo the monomials in (4.1). Let

R := Oklm, - - nm0]/(mno + n2ns + nsnin3ng)
and let Y — S be the O x-model of the universal torsor Y — 5? defined by fi,..., fo in

Construction 3.1. Some properties of this model are described in the following proposition,
which is an application of the results of Section 3.

ProposiTiON 4.1. — (1) The scheme S is smooth, projective, and with geometrically
integral fibers over Og.
(i1) For every prime ideal p of Ok, the fibre gk(p) is obtained from Pi(p) by a chain of
5 blowing-ups at k(p)-points.

(ii1) The morphism Y — S is a universal torsor under an 5

)

Proof. — We start by proving that the model S is obtained from IP%K by a chain of five
blowing-ups. By the data provided in [21], gf is a blowing-up of a split toric K -variety S’?

at a closed point and with exceptional divisor corresponding to the section 7; € Cox(S%).
The center of the blowing-up b : Sz — S is the intersection of the prime divisors of 57
corresponding to the sections 7g, 79 € Cox(S’f) under the identification

Cox(8%) 2 Cox(S%)/(m — 1) = Kna, ..., mo] /(19 + nans + nanining)

provided by [37, Proposition 2.2]. The rays of the fan A defining S’? correspond to the
generators 7, .. ., 1 of Cox(S%). We denote them by ps, ..., ps (see Figure 2). Let S’ be

P8
P2 p7
Pe P3 P4 P5

FiGURE 2. The fan A.

the Ok -toric scheme defined by A as in [49, Remarks 8.6 (b)], and

R’ := Ok[na,...,m9l/(ne + mans + mamzning) = Ok|[n2, ..., ns).

The fan A has seven maximal cones. For 1 < < 7, let f/ be the product [ | n; running over
the indices j € {2,...,8} such that the ray p; does not belong to the i-th maximal cone.

By [49, §8], the monomials fi,..., f7 define the complement of the universal torsor of 57
contained in Spec(Cox(S5%))-
Forevery i € {1,...,7}, the open affine toric subvariety of S’f corresponding to the i-th

maximal cone has trivial Picard group, and its complement consists of the effective divisor
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defined by the section f;. Hence, (R'; f1, ..., f7) satisfies (3.3) by Remark 3.4, and &' is the
Ok -model of S’ defined by Construction 3.1.

Recall the notation before Proposition 3.9. Since the radical of the ideal of Ok [n1, . . ., 9]
generated by fi,...,fo is the radical of the ideal generated by b*(f])ns,-..,
b*(f3)ne, b*(f1)n9, - - -, b*(f7)n9, the model S is a blowing-up of &’ with center the closed
subscheme defined by 74, 9 by Proposition 3.9. We observe that S’ is obtained from ]P%K
by a chain of four toric blowing-ups, which correspond to adding the rays ps, p3, p4, p5,
respectively, to the fan of IE%K with rays ps, p7, ps. Hence, the model S is obtained from
IP%K by a chain of five blowing-ups, and it is projective (cf. [31, Proposition 13.96].

To prove (ii), let p be a prime ideal of Ok, and k(p) an algebraic closure of the
residue field k(p). Since the closed subscheme of S’ defined by 7,79 is flat over Ok,
the variety §k(p) is the blowing-up of S,’c(p) in the k(p)-point defined by ng, n9. Moreover,
S,’c(p) is the split toric k(p)-variety defined by A, which is obtained from Pi(p) by four toric
blowing-ups at k(p)-points. Therefore, S has geometrically integral fibers over Ok, and
Hi(gk(p), (’)gk(p)) = 0 for ¢ € {1, 2} by [35, Proposition V.3.4] and [30, p. 74].

Simple computations show that the degrees of the variables n; appearing in f; generate
Pic(Sg) for all i € {1,...,9}. Since these ; are invertible in R[f; '], the condition (3.3)
holds for (R; f1,..., fo).

The Jacobian matrix (8g/0n;)1<i<g is

(19, T8, MaNsT7, 2N3N4N5M7, 3N3N3NEN7, O, N3NIN3, N2y M),

and has rank 1 on Y(k(p)) because the monomials fi, ..., fo belong to the ideal generated
by 11, n2. Then S is smooth by Proposition 3.7. Hence, all the hypotheses of Theorem 3.3 are
satisfied. O

REMARK 4.2. — The projectiveness and integrality of the fibers of the Ox-model S
can be verified also using Propositions 3.6 and 3.8, which are not restricted to the case
of surfaces. To show a concrete application, we verify their hypotheses for our surface S.
Since g := m179 + M2ns + N3n3NEn; is irreducible in k(p)[n1,...,mn] for all prime ideals p
of Ok, the O-scheme S has geometrically integral fibers by Proposition 3.6. To verify the
hypotheses of Proposition 3.8, we define C”f and Cf,  as the ideals of K[n,...,n9] and
Oxk|[n,-..,n|, respectively, generated by f1,..., fo and g. One can check that C’? has a
Grobner basis {h1,...,l} C Cf  consisting of polynomials whose coefficients are all
equal to 1. This implies that C% N Ok [n1, ..., no] = (h1,..., ) = Cp, . According to [21,
§3.4], the surface g’f is a blowing-up of }P’% in five points. Such a description of §f allows
us to determine the irreducible curves and the intersection pairing on gf (see [35, §V.3)),
and to show that the divisor class

[D] = gfo — 351 — 262 —zg —[4 —€5

is ample by the Nakai-Moishezon criterion. Let C and Co,, be the ideals of K[n, ..., o]
and Oxklni,...,n9], respectively, generated by g and by the following monomials of
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degree [D]:

NN NS NANENg, MaNaNANE I NaNe, Mo NA A TIsTINS s Mo T3 TATI N8 g, T 32T N6

4.2) N M2ms 638G 3 T3 TATS TS , TN AN 78 g » 111 MM TATIA TS g -

We observe that these monomials are obtained from fi, ..., fg by increasing the exponents
of some variables. Hence, the @ -model of the universal torsor Y — §g defined by the
monomials (4.2) in Construction 3.1 is the same as the one defined by f1, ..., fg, namely S,
and the radical of the ideal C% (resp. Co, ) coincides with the radical of C’? (resp. of Cy, ).
Thus, S is projective over Ok by Proposition 3.8.

The action of GS, ,, (Ok) = (0%)® on Y(Ok) is given by (3.2), where m™), ... . m®) € 76
denote the degrees of 7i,...,1n9, respectively, under the identification Pic(§?) ~ 78
provided by the basis £, . . . , £5. Namely,

mOK

m® = (0,0,0,0,0,1), m® =(0,0,0,0,1,0), m® =(0,1,-1,0,0,0),
m® = (0,0,1,-1,0,0), m® =(0,0,0,1,0,0), m® =(1,-1,0,0,—1,-1),
m(7) = (]-,_L_l; _17070)’ m(S) = (1707070u _170)7 m(g) = (1’0’070’07_1)'

Before we apply Theorem 2.7 to obtain a parameterization of U (K) by integral points on
twists of )V, we describe the preimage of U inside the universal torsor, and we fix some more
notation.

Let S := gK, Y =YVg,and7w:Y — S the base change of the torsor morphism under
the inclusion Ok C K. We observe that 7 is a universal torsor of S by Remark 3.2.

Let U : Y — Sz be the composition of the universal torsor morphism ¥ — §f
with the minimal desingularization morphism Sz — S%. According to [21, §3.4], the map
U :Y(K) — S#(K) sends a point (ag,...,a )EY( )tothepomt

2 2 2 2.2 2 2
4.3) (azasaqasagaras : a1a2a3a4ag 1 G102050545a507 © G1030405060709 © G70809)

in Sz(K) C P*(K). Since U is defined over K, it induces a morphism ¥ : ¥ — S C P
which is given by (4.3) on K -rational points.

Sincer : Y — Sisa geometric quotient, the invariant morphism ¥ factors through a
minimal desingularization ~y : S — S, which is a model of the minimal desingularization
Sz — Sg.

We recall that U is defined as the complement of the lines in S. By [21, Table 6], the
surface Sz contains exactly three lines of IP’%. These are defined over K and an easy compu-
tation shows that

S U= {1‘0{51 = 2X9x3 = T1T3 = Lo = O}
Then U=1(S N\ U) = {mn2nznansnens = 0}, and
(4.4) U HUK)=Y(K)N (K*)" x K2.

From now on, C refers to a fixed system of integral representatives for Clg, that is, it
contains exactly one integral ideal from each class. For any given ¢ = (co,...,¢5) € CS,
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we denote by (7 : Y — S the twist of Y constructed as in Definition 2.6. We write

ue = N(cger -5 h), 0; = gm(j) forl1 <j <9,
07 ifje{1,...,1},
and Oj, = J 1 A }
Oj ifje {8,9}

Fora; € Oy, let
a; = aj(’)j_l.
Forv € Qg and (z1,...,73) € K& with z; # 0, we write

2.2 2 3
|$2$3$4$5$6$7w8|v , ‘$1w2$3$4x6|v )

|(L‘1CL‘2£U§(E?1£B§£U§(E7|U 5
Ny(z1,...,7s) := max ’x314x5x6x7(x3xixgx7 + azgzg)}v ,

Tox7TE + T3TiTITiTS

x1
Let F be a fundamental domain for the action
of Uk x (0F)® on (K*)"x K2,
induced by (3.2), where u = (uo, . .., us) maps (a,...,ag) to
(4.5) W™ -ar, ..., u™” - ag).
After all these preparations, we define M. (B) as the set of all
(a1y...,09) € (014 X -+ X Ogu) N F
that satisfy the height conditions

(4.6) H Ny(oy(ay,...,as)) < u.B,
VEQ oo

the torsor equation

4.7) aiag + asag + agaiagaq =0,

and the coprimality conditions

4.8) a; + a; = Ok for all distinct nonadjacent vertices E;, Ey in Figure 1.

We can now reduce our counting problem to counting the M (B).

LEmMA 4.3. — With the sets M (B) defined as above and Ny, g (B) as in Theorem 1.1, we
have

1
Nu,u(B) = Tl > IM(B)].
ceCs

Proof. — Since U is contained in the smooth locus of S, the minimal desingularization
v : S — S induces an isomorphism 4~ (U) — U, so

Nuu(B) = {z € v '(U)(K) | H(y(x)) < B}
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By Theorem 2.7, (ii), there is a disjoint union

Y HUNK) = || en(P(0k) N ETHU(K))).

ceCs

Let ¢ € CS. By (4.4) and Theorem 2.7, (iii), we see that .V (Ox) N ¥~ (U(K)) is the set
of all

((11,...,(19) € (01* X - X 09*)
that satisfy (4.7) and

9
(4.9) Z fi(a) = Ok.
i=1

By fi(a), we mean the ideal ai* - - - ag?, if f; is the monomial n7* - - - ng°. Let us show that (4.9)
is equivalent to the coprimality conditions (4.8). These are certainly equivalent to

(4.10) I (si+a)=0k
1<i<j<9
[E7].|E;]=0
The ideal
I= H (niv ﬂj)
1<i<j<9
[E:].[E;]=0
in K[ny,...,n] is generated by t := 225 monic monomials A1, . .., hs, obtained by choosing

for each of the 25 factors (n;,n;) one of the generators n;,7; and multiplying them all. Due
to the distributive property of ideals, condition (4.10) is equivalent to

t

(4.11) > hi(a) = Ok.

i=1

The radical of I is generated by f1, ..., fg. Since the f; and h; are monic monomials, this
implies that for each h; there is an f; such that a power h]" is divisible by f;, and vice versa.
Therefore, (4.11) is equivalent to (4.9).

Next, we consider the height condition. Let (a1,...,a9) € Y(Ok). Using the torsor
equation (4.7) to eliminate ag, we see that
H(\Il(a‘la sy a9)) = H Nv(av(alv cee 7a8))'
VEQK
Moreover, the coprimality conditions (4.8) imply that
H Ny(oy(ar,. .., as)) = MazazasasagaragOp + - - - + aragagOx ) ™' = ug '
VEQQ
Thus the condition H(¥(a4,...,a9)) < B is equivalent to our height conditions (4.6).

Let 7/ C F be a fundamental domain for the action of G5, ,, (Ox) = (Ok)® on (K*)7 x K*
and consider the set M{(B) of all

(al,...,ag) S (01* X+ X (99*)0.7:/
that satisfy (4.6), (4.7) and (4.8).
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Since the action of (05 )® on (Y (Ok) is free, each orbit is the union of |ux| orbits of the
induced action of Ux x (O} )5. Each of these orbits has exactly one representative in F, so
IMc(B)| = |ux| - |ML(B)].

Finally, we observe that the fibers of .7 are the orbits of the action of an gon Y. Hence,

there is a bijection between the sets U(K) and | | ¢ ((V(Ox) N1 ({U(K)) N F'), so

, 1

Nuu(B) = Z |M¢(B)| = Torl Z |Mc(B)|. O
cecs cecs

REMARK 4.4. — Our surface S is one of 30 types of del Pezzo surfaces (over Q) whose
universal torsors are hypersurfaces, classified in [21]. It is not hard to adapt our arguments
to the remaining 29 cases. Indeed, in each case we checked that applying Construction 3.1
to the universal torsor given by the monomials obtained from the Dynkin diagram (like the
monomials (4.1) for S) provides us with Og-models of the surface and the universal torsor,
for which the analogues of Proposition 4.1 and Lemma 4.3 hold. That is, these monomials
satisfy condition (3.3), the equation defining the Cox ring as a hypersurface is irreducible
modulo every prime, and the hypotheses of Proposition 3.7 and of Proposition 3.9 are
satisfied. Regarding the last one, we recall that blowing-down a (-1)-curve on a weak del
Pezzo surface produces another weak del Pezzo surface of smaller degree. Hence, we checked
the hypotheses of Proposition 3.9 going down step by step for the chain of blowing-ups of P2
that define the del Pezzo surfaces in [21].

The verification of these facts in each case requires straightforward but lengthy compu-
tations entirely analogous to the arguments from this section. Since they are not needed for
our main result, we omit the details here.

During the verification of our claims, we found the following two misprints in [21]: in
the description of the del Pezzo surface of degree 5 of type A, at page 656 the class of the
curve B, is By = £y — £1 — {3 — £4, and in the description of the del Pezzo surface of degree 2
of type D5+ A at page 671 the curves E5 and Fg must be exchanged in the second and third
line.

5. Construction of a fundamental domain

In this section, we choose our fundamental domain F for the action (4.5). Our main
objective is to find a fundamental domain that lends itself well to lattice point counting. In
a much simpler case, such a fundamental domain was constructed by Schanuel [50]. Our
notation is inspired by [41].

Let ¥ be the hyperplane in R> where the sum of the coordinates vanishes, and
6 := (dy)ven,, € R%=. By Dirichlet’s unit theorem, the usual logarithmic embedding
1: 05 — %,

l(u) := (log|ow ()], )veeu
has px as its kernel and a lattice [(O%) = I(Uk) in X as its image.

Let us fix, once and for all, a fundamental parallelotope F for this lattice and denote the

vector sum F' + Rd by F'(c0). Then

(5.1 F(00) is a fundamental domain for the additive action of I(Ugk) on R
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For fixed @’ := (a1,...,a5) € (K*)%, we define N, (a/;-) : (K)? x K,, — (0,00) by
N, (d; z6, x7,28) = Nu(agv), . aév),xg,m,zg).
Let Sr(a’; 00) be the set of all
(Tjv)jeq6,7,8) € H (KX)* x Ky)
V€€ vEQeo
such that
= (108 N,(&'s 760, 070, 750) Yo, € F(o0).
Since all terms of the maximum in N,, are homogeneous of degree 3 in x¢, x7, g, the relation
(log N,y (a';u'™) - (€60, T70, T80)) )venn, = 3L(u) + (10g Ny (@' Tow, 70, T8u) Joean,
holds for all u € Uk . Due to this and (5.1), the set
Fo(d') := {(as, a7, as) € (K*)* x K | 0(as,ar,as) € Sp(a’;00)}

is a fundamental domain for the action of Ux on (K *)? x K by scalar multiplication.

Let F; be a fundamental domain for the multiplicative action of O} on K, chosen in
such a way that
(5.2) N(a)*/? < |a|, < N(a)®/?

holds for alla € F; and all v € Q. By ignoring the last coordinate, the action described by

(4.5) induces an action of U x (O )® on (K *)7 x K. Basic linear algebra with the exponents

m®, ..., m® shows that this action is free and has the fundamental domain
F= {(al,...,as)G(KX)7><K a7, }
(ag,ar,ag) € Fola')
Therefore, we may choose
F=FxK
as our fundamental domain for the action of Ux x (O5)5 on (K*)7 x K2.

The main advantage of this fundamental domain is that it allows a natural incorporation
of the height conditions (4.6). Indeed, let

F(B) := F + (—o0,log B] - 4.
It follows immediately from the definitions that a tuple (z,);., € Sr(a’, 00) satisfies

N7 /
H N’u(@ ;xﬁ‘vaxﬁnm&u) <B
VEQ oo

if and only if it is an element of the subset
Sr(a'; B) := {(xjv)j,v

of [Tyeq. (K))? x K,). Let Fo
(4.6). Then

Fola';ueB) = {(ag, ar,as) € (K*)* x K | 0(as,ar,as) € Sp(a’;u.B)}.

- (log Ny (a5 Zew, 70, Tw) ven., € F(Bl/(3d))}

Wl

—~

a’;u.B) be the set of all (ag, az,as) € Fo(a') that satisfy
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The following observation will be crucial for all our upcoming error estimates. Our
construction of F'(co) implies that

- 1/d, S . 1/dw <o 1/dy
Nv(gax&nzhﬂx&)) / <<Nw(an6wax7w’x8w) / <<Nv(Q7x6v,x7vam8v) /

for all (z;,);., € Sr(d;00) and all v, w € Q. In particular,
(53) Nv(gl;x6v5x7mx8v) < de/d

holds for all (z;,);, € Sr(a’;u.B) and all v € Q.

If we identify C with R? then [] ., K7 = R3. Hence, we define the volume of a
(measurable) subset of [[,.q K3 as its usual Lebesgue measure. As one would expect,
the volume of Sg(a’;u.B) will appear at a later point as part of an asymptotic formula.
Therefore, we compute it here.

LEMMA 5.1. — For B > 0, the set Sp(a’; B) is measurable with volume
T2

VEQ oo

Proof. — First of all, we observe that Sp(a’; B) = BY(39Sk(a’;1) is homogeneously
expanding, so it suffices to compute vol(Sr(a’;1)). For v € Q,, we define a scaling factor
I, = |a1a2a3aia§ |U. We transform the coordinates z;, in Sp(a’;1) to

oo =15/, (a3) - 75,
Yo = 170G 5 (a1a5a3a405) - 26,
Yoo = 151/(3‘1”)%(&3@421@%) AR

for v € Q. The Jacobi determinant of this transformation has absolute value | N (acasasas)| ™,
and we easily verify that N, (a’; Zey, 70, Zsw) = Ny (Yous Y10, Y2v ). Thus,

1

1 )= o

vol(Sr(a; 1)) |N(aza3a4as)| (¥50)5,0 € yenq, (Ko x(K))%) H dyjo
1/3:(10g Nu (you 10,920 Jvenioe €F (1), U0 )

Let f: [[,eq. Ko — Rgff be given by

f((yj'u)j,v) = (Nv(yOv»ylvvym)))verc-

Then f is Lebesgue-measurable and

1
vol(Sr(a’;1)) = m—————— - f«(vol)(exp(3F(1))),
(Sr(@'51)) = [y (o) (exp(3F(1)
where exp is the coordinate-wise exponential map. Let us compute the pushforward measure

fi(vol). For T > 0, let S, (T') := {(y0,¥1,¥2) € K3 | Ny(yo,¥1,y2) < T}. Since

Ny(t- (50,91, 92)) = |t Ny (o, v1,92)

forallt € K,, we have S, (T) = T/ (342) 8, (1), and vol(S,(T")) = T vol(S,(1)). Hence, for
any cell E:=[],cq_(ay,By]in Rgg", we have

(volof ~')(E) = H / dyo dy, dy2 = H (Bo — ) vol(Sy(1)).

VEQ oo v (Y0,Y1,92) € (v, 6] VEQ
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We conclude that
2\ /72 ~
«(vol) Uel;[ vol(S -vol = (3) <E) v!;[ (wy(9)) - vol.

To finish the proof, we need to compute vol(exp(3F(1))). To this end, choose w € 2, and
transform the coordinates by

z, = 33t fory e Qo ~ {w},

Ty = 6_3(2”5900\{1”} yv)+3dwt7

with Jacobi determinant 31%=ld ] ., =z, = 3/%=lde?¥. We obtain

0
/ / I dw / 319lde®t dt = 31917 1R. O
exp(3F (1)) UEQ VEQ N {w}
6. Mobius inversions
In this section, we fix ¢ € C% and reduce the task of counting, for fixed a1, ..., as, the set
of all (ag, a7, as, ag) with (a1, . .., ag) € M (B) to alattice point problem. The main job here

is to deal with the coprimality conditions (4.8) for ag, az, ag, ag. We write

Ql = (al,...,ag,)
O, = 014 x -+ x O,
@ = (ag,...,as).

To encode the coprimality conditions (4.8) for ¢’ € O, we define the function 6y(a') :=
I1, 0,5 (Jy(a")), where Jy(a') := {j € {1,...,5} : p|a;}and

Oo,p(J) == {1 if J = a,{1},{2}, {3}, {4}, {5}, {3,4},{4,5},

0 otherwise.

The product over p runs over all nonzero prime ideals of O . Clearly, 6y(a’) = 1 if and only
if (4.8) holds for all j,k € {1,...,5}, and fp(a’) = 0 otherwise. We rewrite the coprimality
conditions (4.8) as follows.

LEMMA 6.1. — Let (a1,...,a9) € O1 X - - - x Og satisfy the torsor equation (4.7). Then the
coprimality conditions (4.8) hold if and only if the following conditions are satisfied:

(6.1) fo(a’) =

(6.2) ag + aga5 = Ok
(6.3) ar + ajagaszay - ag = Ok
(6.4) ag + azasas - ag = Ok
(6.5) ag + ag = Og.
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Proof. — The conditions (4.8) are equivalent to (6.1), (6.2), (6.3), and
(66) ag + ajaszasds - g = Ok
6.7) ag + asasasas - ag = Ok.

We show that the torsor equation (4.7) and conditions (6.1), (6.3), and (6.4) already imply
(6.6). Assume that p | ag + a1. Then in particular,

agascgl = agag C p and alagcgl =aya9 C p.

Using (4.7),
azajasa; = agaiagmcal = (agag + alag)cal - agasco_l + alagcgl Cp.
We conclude that p | a3 + agaZadar, which contradicts (6.1) or (6.3). Similarly, one can show
that (4.7), (6.1), (6.3), (6.4), and (6.5) imply (6.7). O
We use the following notation for certain 6-tuples of nonzero ideals:
0 := (067, V68, 069, 06, 07, 08),
i (9) = pk (967) K (V6s) 1 (D69) i (96) i (97) 11k (Ds),

where px (a) is the Mobius function for nonzero ideals a of Ok . In the next lemma, 9 runs
over all 6-tuples of nonzero ideals satisfying the conditions (depending on a’):

067 + aragazaqas = Ok,

06 + arazagas = Ok,

(6.8) 069 + azagasas = Ok,
068 + 069 = Ok,
and
06 | asas,
(6.9) 07 | ajazazay,
0s | agaqas.

For any fixed ¢, @', 0 satisfying 6y(a’) = 1 and the above conditions, we define the fractional
ideals

be := 06(d67 N (V68069)) s
b7 1= 0706707
bg := a108063806905.
Conditions (6.8) and (6.9), together with 6y(a’) = 1, imply that
020806801 C2C3 + A1069C1C2C3 = C1C2C3.
Moreover, aza3aiOx = a3a3a3030203 = azajadcicacs, 50 azaZal = 0mod cyeacs.

Unique ideal factorization in Ok allows us to apply the Chinese remainder theorem with
not necessarily coprime moduli to conclude that the congruence

{O mod as08068¢1C2C3,

3

(6.10) N =
8 —a3a421a5 mod a1069C1C2C3
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has a solution v (¢, a’,9) € O, which is unique modulo
2080681 Co€3 N 010691 C2C3 = 010208680691 23 = a20; 'bg.
Let vg := 73 /a2. Then we define G(c,a’,d) as the additive subgroup of K3 consisting of all
(ag, ar, ag) with
ag € bg
a7 € by
asg € vs - a7 + bs.
Note that G(c, a’, ) does not depend on the choice of v5.

LEMMA 6.2. — Let ¢ € C® and B > 0. With G(c,d’,0) as defined above and Fy, Fo(a'; u.B)
as defined in Section 5,

IMc(B)l = > bola) D wux(@I9(e,d',0) N Fo(d;uB)|-

a/€F5NO. 2
(6.8),(6.9)

Proof. — For now, let us fix o’ with 6p(a’) = 1 and write F := Fo(a'; u.B). We define
M = M(c,a, B) := |{(as, ar, as, a9) | (a1, ..., a9) € Mc(B)}|.
Mobius inversion for the coprimality condition (6.5) shows that

{ (ag, a7, as,a9) € (06906 x O7 x Og) N Fy) X 06909)}

M= " pnx(e) L (4.7),(6.2) — (6.4)

060€LK

There is a one-to-one correspondence between (ag, a7, as, ag) as above satisfying the torsor
equation (4.7) and triples (ag, a7, as) € (06006 x O7 x Og) N Fy satisfying the congruence

(6.11) agaiag(m + azags =0 mod a106909 = Vgoat1¢o.

Moreover, (6.11) and (6.2)—(6.4) imply that 09 + acasasas = Ok. We apply Mobius
inversion to resolve the coprimality condition ag + ag = O resulting from (6.4). As a result,
M is equal to

)

Z pi (968, D69)

068,069€TK
de9tazazasas=0k

:(6.11),(6.2),(6.3), ag + azasas = O

{ (a6,a7,a8) (S ((068 ﬁD(,‘g)O(j X 07 X 06808) ﬂfo}

where  px (96s,069) := i (06s) i (V69). Clearly, the summand is 0 whenever
068 + azaqgas # Ok . Moreover, due to (6.11) and (6.3), we see that 0gg + 06901 = Ok. One
further application of Mobius inversion to resolve the coprimality condition between ag
and ay; resulting from (6.3) shows that

M = Z pi (967, D68, D69)-

067,068,069€LK
Destarazasas=0k
Vde9tazazasas=0x

068 +060=0K

(as, a7, as) € ((067 N (968069)) s x 06707 x d630s) N Fo
: (611), (62), a7 + ajasazay = Ok, as + azagas = Ok

)
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with px (967,068, 069) defined similarly as above. Clearly, we may add the condition
067 + a1asasasas = Ok under the sum. After three more applications of Mobius inversion
to resolve the remaining coprimality conditions,

(as,ar,ag) € (bg x b7 x Dg6803) m7:0} |

M= 3 “K(°)|{ L (6.11)

o

(6.8),(6.9)

The conditions ag € 0g0650g and (6.11) are equivalent to the system of congruences
aza8 = 0 mod a208068€o
(6.12) B 5 3
G208 = —A3a,0507 mod D91 co.
Recall that «§ is a solution to the system (6.10). Multiplying by a7, we see that asas = v3ar is
a solution to (6.12). Hence, (6.12) is equivalent to
asa8 = 7§a7 mod (CLQDSD(;gto n Degalto) = a1a208368369C0.

Dividing by a5 proves the lemma. O

7. Small conjugates

From the conditions ag, a7 # 0 in Fy(a'; u.B), we see that every (ag, az, ag) belonging to
G(c,a',0) N Fo(a'; u B) satisfies N (ag) > Mbg and N(a7) > 91 b7. We would like to replace
these by the stronger conditions

las], > ‘ﬁbg”/‘i and |a-|, > ‘ﬂbg”/d for allv € Q.
If || = 1 then there is nothing to do. Let us first prove some auxiliary results.

LEMMA 7.1. — Let a be a nonzero fractional ideal of K and b € K. For each v € Q,,
let y, € K, and ¢, > 0. Define

B:={acK||a"™ +y,| <c,forallve .}

Then

|(b+a)N B <<mia < 11 cv> +1.

VEQ oo

Proof. — Replacing y,, by y, + b(*), we may assume that b = 0. Denote by B_,, (c,) the
closed ball in K, (with respect to |-[,) with center —y, and radius c,. Let M := ][, cq_ B—y, (cv).

Letc:= ([l eq.. cy)t/4, and let 7 : [l,ca. Kv — [l,cq. Ko be the R-linear transforma-
21/d,

tion of determinant 1 given by 7(z,) = ccy - Z. Clearly,
lanB| =|o(a) N M| =|r(c(a)) NT(M)|.
With the usual identification [[,., K, = R?, the boundary of 7(M) is Lipschitz-

parameterizable with Lipschitz constant < ¢ (cf. [41], [38, V, §2]) and 7(o(a)) is a lattice
in R? with determinant 2° 9t a+/|Ax| and first successive minimum X\; > 9ta'/? (cf. [29,
Lemma 5.1]). A classical counting argument (cf. [41, Lemma 2]) shows that

d
c

Iro(@) N ()| < o

+ 1. O
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LEMMA 7.2. — Let a be a nonzero fractional ideal of K and ¢, > 0 for all v € Q.

Fora €0,1),
1 1
Z Lo = H 01()170‘).
0#a€a N(a)a Na v€EQ
la],<cy YVEQ
Fora >1,

1 1 .
2 Nap Sema AT

0#a€a VEN
la|,>cy YVEQ

Proof. — Write ¢ := Hveﬂoo ¢cy- Let us start by proving the assertion for o € [0,1). We

have
O P
- b
osaea  N@* o Obe
la|, <cy YVEQ bCa
Nb<lc
with

n(b) :=[{a € K* | aOg = b, |a|, < ¢, forallv € Q. }|.

Let us find an upper bound for n(b). Let b € K* with bOg = b, write q := |Q| — 1, and
let ui, ..., uq be a system of fundamental units of Og. Then

n(b) = [{u € OF | Jub|, < ¢, forallv € Qo }|
= luxc| - H(ers - yeq) € 29 | [u§t ---use| < ¢,/ b, forallv € Q).

Choose w € Q. Taking logarithms and using the fact that [N (u;)|] = 1 to express the
condition for w, we see that n(b) is || times the number of solutions (e1,...,eq) € Z2 of
the system

e1loglui|, + -+ eqlog|ug|, <log(c,/[b],), forve Qo ~\ {w} and

er1 | — Z logluil, | +---+eq | — Z log |ug], | <log(cw/[b],)-
VEQ oo N{w} VEQ oo N {w}

For every v € Qs ~\ {w}, we add the first inequality for all vy # v to the second one and
obtain

log(c,/ [bl,) — log(c/ Mb) < e1logus], + - -~ + e, log |u,, < log(c,/ B],).

The fundamental units uy, . .., uq can be chosen such that the (log |u;l,)veq. < fw}> 1 <0 < g,
are a basis of a lattice in R? of determinant and first successive minimum >> 1. Hence, we
need to estimate the number of lattice points in a box of edge-length log(c/91b). With
e:=(1—a)/2 >0, we have

n(b) < log(c/Mb)T+1 <K, (c/Tb)".
We conclude that

n(b) c* c* 1 c ¢\l
Z N b La Z Mbate = M axte Z N pote < NMaote . (‘ﬁia) '

bggx bbeg’x bela™NTk
Ca Ca
MNb<c MNb<c Mb<c/Na
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The second assertion follows analogously. This time,

I n*(b)
Z N(a)a - Z Mpe’

O0#aca bePxk
la|,>cy YVEQ 6Ca
Nb>c

with

n*(b) :={a € K* | aOk =, |a|, > ¢, forallv € Q. }|.
The same argument as before with reversed inequalities shows that n*(b) can be estimated
by the number of lattice points in a box of edge-length log(91b/c), so n*(b) <o (9b/c)¢
fore:= (a —1)/2 > 0. Thus,

n(b) e 1 N S b
Z Moo <a Z Mbo—<  Nao—c Z Npo—c <Ka Nao—-c (m—a) .

"EEK bbegk bela NIk
Ca Ca
Nb>c Nbo>c Mb2c/Na

O

The following technical lemma provides conditions under which certain error terms are
summable. We use it in our error estimates here and later in Sections 10 and 11. Recall the
definitions of @ and of the b; from Section 6. For 8 € R7?, let sgn() € {£1} be its sign.

LEMMA 7.3. — Let ¢ € CS, let €, a6, 7,8 > 0, and o € [0,1]. Let ey, ..., e5 € Z, not all
equal to 0, and B € R#C. Consider norm conditions

N(a$ .“ags)sgn(ﬁ) < BsevB) ynd

(1.1)

N(aj) < Bforall j € {1,...,5}.
Ir
(7.2) aag+ar>1 and (1—a)ag+ag>1

then the sum

) 3 |k (@) ' B . ( B )'B
vero o VoGt Mb7TNbE® [N (a1)['me|N(azazasas)| \[N(ai' ---as?)]
T T (6.8),6.9)

is < B(log B)**¢, for B > 3. The implicit constant depends on K, ¢, ag, ar, ag, a, e1,. .., es, 3
and on the implicit constants in (7.1).

Proof. — From the definitions of the b;, we see that
M bZ® MBI NI > NI NI N0GE NG T N(Vgg069) L~V 6T N (ap)s.
By (7.2),

1
Y e <1
aogtar )

067€TK m067

and similar estimates hold for the sums over dgg, 969. To sum over the 9;, we use the assump-
tion that a;; > 0. Let €’ := min{e/35,1}. For j = 6, for example, we have

Z W;JI:T(ZS‘,” = H (1+mp_a6) < H (1+6,) —_ (1_’_6/)0.11{(5[45[5)7

vglasas plasas plasas
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where w (a) is the number of distinct prime ideals dividing the ideal a. Similar bounds hold
for j = 7,8. Since

(1_|_EI)uK(a4a5)+wK(a1a2a3a4)+wK(a3a4a5) S (1 _}_6/5)0.)1((Cl1Cl2C!»3Cl4£15)7

the sum in the lemma is
) (14 ¢/5)wx(mazasaias) ( B )5
< .
s |N(a1a2a3a4as5)| IN(ai*---a5?)]
= 1 *
(7.1)

If a; runs through F; N O, then a; = a; C’);l runs through all nonzero ideals in the class
of (’)j_l. Moreover, Ma; < N(aj) < 9aj , so the above sum is

1 _|_ 6/5)(4)}((&1(12&304&5)3 < B >_B
7.3 ,
(7.3) < ZJ N (aiazasa4as) N(ail . -~a§5)
a €Ty
(1.4).(1:5)
where a’ runs through all 5-tuples of ideals (a1, ..., a5) € Z3 with
(71.4) N(a§*---ag)en®) « psen(®) and
(7.5) N(a;) < Bforallj € {1,...,5}.

All of the following summations are elementary applications of partial summation. For
details, see [22, Lemma 2.9, Lemma 2.4].

Let us first consider the case where 8 > 0. If e; < 0 for all j then the sum in (7.3) is
< B'B(log B)**t*¢/5. Hence, we may assume without loss of generality that e; > 0. Using
(7.4) to sum over a1, we see that the sum in (7.3) is

(1 5) wi (42030405) B(1oe B)E/°
< Z (1+¢/5) (log B)

(7.6) N(azazasas)

< B(log B)***.

az,...,as
7.5

Now we assume that 8 < 0. If e; < 0 for all j then the sumin (7.3)is <« 1. If e; > 0 then we
may use (7.4) again to sum over a; and obtain (7.6). O
For w € Q, let
RE(¢,a',0; B) := {(as, a7, a5) € G(c,a’,2) N Fo(a; ucB) | |ag|,, < Nbg"/"},
R (¢,a’,0; B) := {(as, a7, a5) € G(c,a’,2) N Fo(as uB) | |as|,, < No5"/"}.
We show that the contribution of all R and R™™ to |G(c,a/,0) N Fo(a'; ucB)| is
insignificant. To this end, we note some conditions satisfied by all (ag, a7, ag) belonging to

G(c,a’,0) N Fo(a';ucB), which follow from (5.3) and the definition of N,,. For all v € Q...
we have

(1.7) |azazag + asaiaiadas|, < |aa|, B™/4,
(7.8) |a§aia§a6a$|v < B&/4,
(7.9) |afa§a§a4ag|v < B/,
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Moreover, any a’, d with G(¢, a’,9) N Fo(a’; u. B) # o satisfies
(7.10) N(a;) < Bforallj € {1,...,5},
(7.11) N(a}a3a3a4) < B.
In our calculations, we will encounter the new height condition
(7.12) N(a3ajal) < N(ajaz)v.B,
with v, := N(O20508071051), 50 1 < v, < 1.

LEMMA 7.4. — Letc € C® and € > 0. Then, for B > 3,

ST b)) Y |uxk®@)]- RS (¢,a',0; B)| <. B(log B)*te.

a'€EFPNO, 2
(6.8),(6.9)

Proof. — Let us first fix @', 9, ag, a7 and find an upper bound for the number of ag with
(ag,a7,ag) € ng)(g, a’,9; B). Condition (7.7) implies that, for all v € ., one of

Bdv/(2d) |al|i/2 asaZadar Bdv/(2d) |a1|112/2

|a8|v < or ’ag —+

|a2a7|11)/2 az v |(120/7|11;/2

holds. By Lemma 7.1, the number of such ag in ygar + bg is
1 (BN(a)\"?
7.13 — [ —= .
(7.13) < Nbg <N(a2a7)>
If there is an ag with (ag, a7, ag) € Réw) (¢,d’,0; B) then this expression is indeed > 1: Since
068069 | ag and 0g | asaygls, WE have m(bgassa(;g) < N(a3a4a5a6). Thus,
MbIN (a7 tazar) < N(ajazar) M(0g068060) < N(ajazaiaiaiaiar) < B,

by (4.6).

Next, we still fix a’, 9, ag and sum the expression in (7.13) over all a7 € bfo with (7.8) for
allv € Q. By Lemma 7.2, the result is

<! <BN(a1)>1/2 1 ( B >1/4
Mbg \ N(az) MNb; \ N(aZajaias) ’
dw/d

We use Lemma 7.2 again to sum this over all ag € b7 ° with lagl,, < Mbg*’ " and (7.9) for
all v € Q4 ~ {w}. Keeping (5.2) in mind, we see that |Réw)(g, a/,0; B)| is

d

o1 (BN(a1)>% 1( B )1 1 ( B )i—é‘i
MNbg \ N(az) Nb; \ N(a2aia?) mbé_% N(a2a3a3as)

B B T
< _3dy < 2,22 ) :
MbL™ 4 Moy Nbs N (azaza0a5) 1V (01020504)
Lemma 7.3 with (7.10) and (7.11) now shows the claimed estimate. O

LEMMA 7.5. — Letc € C® and e > 0. Then, for B > 3,
Yo to@) Y Ink@)]- IR (a2 B)| < B(log B)*te.

a/ EFPNOY, 2
(6.8),(6.9)
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Proof. — If |Qs| = 1 then the left-hand side is 0. Hence, assume that [Q2o,| > 2. As
in the previous lemma, we start by fixing a’, 9, ag, a7 and see that the number of ag with
(ag,a7,ag) € Rg") is bounded by (7.13). We apply Lemma 7.2 to sum this over all a; € bfo
with |a7|, <N bg“"/d and (7.8) for all v € Q4 ~ {w}. This gives the bound

1 1 dyw
1 (BN(a)\?® 1 B i 1
0w < g N(a2) ) o (Ma%aiaé)) oo
Our further procedure depends on a’. We first consider all o' that satisfy the additional
condition (7.12).
In this case, we note that [, _,, |a6|;1 = N(ag) ! |as],, and estimate |ag],, by (7.9) and
(5.2). Hence, the expression in (7.14) is

L1 <BN(a1))5. 1 ( B )( B ) 1
oy \ N(ea) ) g%t \N(aialed) N(tdeen))  N(aw)®
Using Lemma 7.2 again to sum this over all ag € bfo with (7.9), we get the upper bound
B ‘<N(a1a2)B)_c‘£’l‘lij
Nbe N6~ 7 NbgN(asasasas) “N(03aie8)/

We sum this over all ¢’ with (7.10) and (7.12) and all ? using Lemma 7.3.
Now, let us consider all ¢’ with the additional condition

(7.15) N(a3ajal) > N(ajaz)B.

We already know that the number of (a7, ag) for fixed a’, 9, ag is bounded by (7.14). For the

existence of an a; € bfo with |a7[, <N b‘;‘”/d and (7.8) for all v # w, it is required that

<

5d
4(d—dw)

[%

day

1 1
B il 1 B il 1
e (o2 ) T e ()
N(a3ajas) I N (a3ajas) 11 lag|

VAW |a’6 |E vEW

Hence, we may further estimate the expression in (7.14) by

1 (BN(al))5 1 < B )56< B >48<Z‘“‘aw> 1
Nbs \ N(az) ‘ﬂb;_% N(a3a3a?) N(a2a3a3ay) N(%)ﬁ'

The exponent of N (ag) is in (0,1) since || > 2 and d,, < 2. Hence, we can sum this over
all ag € be © with (7.9) using Lemma 7.2. We obtain the bound

B N(aya2)B\ >
< 1—du ) N(a2a%af) :
N bG N [‘17 240 ng(a2a3a4a5) 37475
Again, we use Lemma 7.3 to sum this over o’ satisfying (7.15) and all . O

To recapitulate the results of Lemma 7.4 and Lemma 7.5, we introduce the sets
Si(c,',0; B) = {(#j0);0 € Sr(as B) | Yo : [agul, = Mbg""", |ora], > N7/}
and

Fi(e,d,0;ucB) := {(ag,ar,ag) € (K*)? x K | o(ag,ar,as) € Sp(c,d',; u.B)}.
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We have just proved that, for ¢ € C® and € > 0,

(7.16) @/erno; (6.8)%(6.9)
+ O.(B(log B)*™).

The lower bounds for the |as|,, |a|, allow us to introduce (7.12) as an additional height
condition:

LEMMA 7.6. — Forc € CS and e > 0, we have

IM(B)l = > bo(a) D wux(®)-16(c,d',0) N F(c a0 uB)

’ 5 ’
(7.17) “ Ef}go* (6.8)%(6.9)
+ O.(B(log B)*™).

Proof. — It is enough to prove that
(7.18) o ote(@) D> lex@)16(cd',0) N Fy(c,d',;u.B)| < B(log B)*T*.

PFadaleld 2
(7.15) (6.8),(6.9)

Again, we fix d,0,a6,a7 and bound the number of ag with (ag,ar,ag) belonging to
G(c,a',0) N F5(c,a’,0;ucB) by (7.13).

We sum this over all ag € b?o with (7.8) and obtain an upper bound

1 <BN(a1)>1/2 1 B 1

< Sos \ N(an) " MNbg N(a2a3al) N(ar)5/?
By Lemma 7.2, the sum of this expression over all a7 € bfo with |a7|, >N b?”/ 4 for all v is
- B <N(a1a2)B > 1/2 .
NbgN 53/2 N bg N (azazasas) N(a3ajaf)
We apply Lemma 7.3 with (7.15). O

8. Symmetries
In this section, we consider ¢, a’, 0 as fixed. From here on, it will be convenient to write
g = g(£7 Q/ag)s ‘Fg = ‘Fg(£7gl7ga ugB)s and S}k:‘ = S;‘(£7Ql7ga ugB)

In Lemma 7.6, we established that in order to find an asymptotic formula for | M, (B)|, we
need to count |G N F§|. The embedding o : K3 — [] K3 transforms this to

0(G) N SE.

We use some symmetries of S to facilitate our counting problem. For any M C Q,
let S¥ = S¥(¢c,a’,d;uB) be the set of all (z,);., € S} with

VEQ o

low(a2)Tsy|, > |ow(az)zsy + 0y(asajad)zr, |, forallv € M

low(az)zsy, < |av(a2)x8,, + Uv(a3aia§)x7v|v forallv ¢ M.
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Of these sets, Sy, is the most convenient to count lattice points in it. Let ¢as : [], ca. Ko —
[Tocq. K3 be the R-linear involution given by ¢as((4)5,0) := (#5,);,0, With

Tg, = Tey for v € Neo

o Ty forve Qe ~M
v T
Y —x7, forve M

o )8 forv € Qoo ~ M
by 1=
v Ty + 0y (agaiad/ag) - x7, forve M.

Then |det ¢as| = 1, and one readily verifies that

Nv (Q/; Tev; LTvy -7:81)) = Nv(gl; ZL'/G,U, xl7va x/Sq))

for all v € Qo and all (w6, T7,, Tg,) € K3. Therefore, ¢, induces a bijection between Sﬁ/f
and Sp.

Let 7 : [[,eq K2 — [1,cq_ K: be the R-endomorphism of determinant det 7 = 91(bsb7bg) ™"
given by

~1/d
T((@jo)j0) = (M, "7 Tju) 0

Define Apr = Apr(c,a’,0) := 7(dar(0(G))).

LEMMA 8.1. — Forany ¢,a’,0 as in Lemma 7.6, we have

GnF5l= 3 Mnnr(SPI+0 || max |Awnr(SEnSY)
MCQeo N#£@

Proof. — Since S}, is the union of the sets Sl{y , M C Q, we have

IGNFil=10(G)NSk| = Z |a(g)ms£!|+o< max |a(g)msymsﬁ>.

M#NCQoo
MCQo

To prove the lemma, we apply 7o¢j, to each summand and to the argument of the maximum
in the error term. O

Let us collect some information about A/ (c, a/,d).

LEMMA 8.2. — The subset Apr(c,a’,0) C Hveﬂoo K, = R3 js a lattice of rank 3d and
determinant (2772 +/|Ax|)3. Let Ay be its first successive minimum in the sense of Minkowski,
with respect to the unit ball in R3¢. Then A\, > 1.

Proof. — Tt is well known that o(bg X b7 x bg) is a lattice in |
determinant (2772/]Ak])% MN(bgbrbs).

It is clear from the definition of G(¢, a’, 0) that o(G(c, a’,d)) arises from this lattice via the
R-endomorphism ¢ : [| K2 —T] K? of determinant 1 defined by

vea.. K of rank 3d and

vEQ VEQ o

W if ¢ 67 7 )
P((Tj0)j.0)iw = {m(w e e

Vs )a:7w + zg, ifi=38.
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Hence, o(G(c,a’,0)) is a lattice of the same rank and determinant. Since 7 o ¢,/ is a linear
transformation with | det(7 o ¢)| = M(bgb7bg) ™! # 0, the set Aps(c,a’, ) is a lattice, and its
rank and determinant are as claimed.

We still need to consider A;. To thisend, let 0 # (ag, a7, as) € G(c,a’,0). We show that (7o
¢no0)(as,ar,ag) haslength > 1. Assume first that ag # 0. Since 7(¢pas (o (as, ar, ag)))ey =
Nbg /- al”) forall v € Qup, we have

Im(éar (o (as, az, ag)))| = | Mbg /Yo (ag)| > 1.

In the second inequality we used the fact that the first successive minimum of o (bg) is at
least O bé/ d (cf. [41, Lemma 5]). A similar argument shows the statement if a7 # 0, and if
a6:a7:03nda87é0. O

9. Definability in an o-minimal structure

In Lemma 8.1, we reduced our counting problem to controlling the quantities
[Ax NT(SE NSH),
for M, N C Q. We already know the determinant and a lower bound for the first successive
minimum of the lattice Ay = Aps(c, @/, ).
To count the lattice points in T(S? N S¥), we use a technique going back to Daven-
port [18], which was recently adapted to the framework of o-minimal structures by Barroero
and Widmer [3]. We will apply [3, Theorem 1.3], so our sets T(S? N SN should be fibers

of definable families Z(¥) with bounded fibers in an o-minimal structure. For a quick
introduction to o-minimal structures, we refer to the survey [54].

By (5.2), there is a constant ¢; > 1 such that |a|, > ¢; forallv € Qo and a € F; N Oy,
with j € {1,...,5}.
Let Z(N) be the set of all
(B, Bs, B, Bs (Tju)1<j<s) € R* x H K3
Ve Ve
that satisfy the conditions
B, Bs, Br, Bs > 0,
|z, > c1forallj e {1,...,5},v € Q,
|Z6o], » |T70], > 1forallv € Qu,
|20 BsTs0 |, < |T20Bs%80 + T30T3, T8, Bra7y |, forallv € Qoo N N,
|20 BsTs0, = |T20Bs%80 + T3uT3, T3, Bra7y|, forallv € N,

(Nv (xlv, ey 50, B6T6vs BrT70, /381'81))1/3)126Q € exp(F(ﬂl/(?’d)))a

oo

where exp : R%> — Rgg" is the coordinate-wise exponential function. For

T = (B, B3, B, Bs, (Tju)1<j<5) € R* x H K3,
VEQ Ve,
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we define the fiber
ZyN) = {(xjv)je{6,7,8} e [ K2| (8,85, 67,85 (wj0)1<)<s) € Z<N>} :
VEQ oo vEN VEQ o

We see immediately from the definitions that 7(Sp N S¥) is just the fiber ZFEFN), where
T:= (U‘LBv N bflj/dv N b;/da N bé/da (a‘g‘v))je{l,“.,S})'
VEQ oo

Hence, the following lemma allows us to apply [3, Theorem 1.3]. Recall that we identify
[Tocq_ K$ with R® by identifying K, with R or R?.

LEMMA 9.1. — For any N C Qq, the subset Z(N) C R**t84 is definable in the o-minimal
structure Rexp = (R; <, +, -, —, exp). Moreover, the fibers Z(TN) are bounded.

Proof. — O-minimality of the structure Rex,, is a well-known consequence of Wilkie’s
theorem [53]. After recalling the definitions of F and F/(B) C R%~ = R?*+! from Section 5, it
is clear that Z(") is definable in Rey,. Since exp(F(3/(39))) is bounded for any fixed 8 > 0,
boundedness of the fibers follows at once. O

10. Volumes of projections

For any coordinate subspace W of [, K2 = R3?, obtained by equating some
coordinates in R3? to 0, we write Vi = Viy(c,d,; ucB) for the (dim W)-dimensional

volume (i.e., Lebesgue measure) of the orthogonal projection of 7(S% ) to W. By convention,
the zero-dimensional volume of a point is 1. The following lemma summarizes our progress
of the last sections.

LeEmMA 10.1. — For any ¢,a’,0 as in Lemma 7.6, we have
2372 yol S%
NFyl = F o) Vv | .
|g 0| |AK|3/2 m(bsb7bg) + (; W)

The implied constant in the error term depends only on K, and W runs over all proper coordinate
subspaces of R3%.

Proof. — We start from Lemma 8.1. By the results of the previous section, the
sets 7(Sp N SYN) are fibers of families Z(V) definable in the o-minimal structure Reyp.
Hence, by [3, Theorem 1.3] and Lemma 8.2,

vol(7(S2 N SN 341
Ay NT(SENSY)| = (T(Sp F))+O ZVJ-(N) ,
=0

det AM

where Vj(N) is the sum of the j-dimensional volumes of the orthogonal projections
of 7(Sg N SY) to all j-dimensional coordinate spaces of R34

If N # @ then vol(1(Sg N SN)) = 0. Moreover, 7(Sp N SY) C 7(S7), so the same
inclusion holds for the projections.
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For N = @, we have vol(1(SZ)) = vol(Sp)/M(bgbrbg) = vol(SM)/M(bgbrbsg) for
all M C Q. Since S} is the union of all S and the intersection of any two of them has
volume zero, the lemma follows immediately. O

Our next goal is to find good estimates for the Viy. Recall that all (z;,);,, € Sy satisfy

|wgul, > Mbg,
|x7v|v 2 mbgv/da
oy (a2)Tsy|, < |ow(az)zsy + 0v(asajal)zr|

N, (s Bov, T70, T80) < B/,

forallv € Q. Let

- B 1/3 - B 1/2 - N(al)B 1/2
“ T\ N(@@a2a2ar)) T T \N(@aad)) 0 T\ Nw) )

Using (5.2), we see that every (z;,);, € Sy satisfies in particular, for v € Q,

(10.1) Nog/ < Jagl, < ca/?,
1
Y d,/d
(10.2) Nb7 < Jog], < e/ 172
1
(10.3) s, < g/ - /2’
|z7],
(10.4) Moyt < g/ e /2
Z7

v

Here, (10.1)—(10.3) follow directly from the properties listed above, and (10.4) follows simi-
larly as in the paragraph after (7.13).

For fixed ¢, a’, 0, and v € Q, let S;f’) = Sl(m“)(g7 a',0;u.B) be the set of all (6, 77, 73) € K
that satisfy (10.1)-(10.4).

Let 7, : K2 — K2, (z6,z7,78) — (N bgl/dx(;,‘ﬂb;l/d:w,‘ﬂbg_l/dzg). Then

(10.5) 7(52) < I (S8

VEQ oo

Hence, each projection of 7(S7) to a coordinate subspace is contained in a product of
projections of the TU(SI(,U)) to coordinate subspaces in K3 = R34v. Let us investigate these
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projections. In our estimates, we will use the quantities

adld B
O NbgMb; Nbs  IMNbg Nby Nbs N (azasasag)’
ol Z (samim)
’ 1 2 2 2 )
MNbg'” Nbr Nbs  NbZ Nby NbsN(apazasas) 1V (0105a504)
o e cgct/Acl/® _ B (N(QIGQ)B)JZ
’ 1 2.4 ’
MNbs Moy Nbs  Nbg Nb2 NbsN(azazasas) \(@332a5)
c;/zcgﬂlcg/g B N(aza%a?)B =5
s 72 = I N(a2a2)
O be Nb7 Nby M be N b7 NbZ N (a1)2 N (azazasas) 143

10.1. Real places
Here, we investigate 7, (S\")) when v is a real place, so K3 = R3,
LEMMA 10.2. — Let v € Qo be a real place. For any P = (pg,pr,p8) € {0,1}3, let Vp

be the (3 — (pg + pr + ps))-dimensional volume of the orthogonal projection of 7,(S\) to the
coordinate subspace of R? given by

(10.6) xzj =0forall j € {6,7,8} withp; = 1.
Then
Sé/d ifp3 =pr =pg =0,
Sé/d ifpe =1, pr =pg =0,
Vp < 1/d .
Se lfp7:17p8:07

s/t ifps=1.

REMARK. — The bounds s; are adapted to the complex case (Lemma 10.3), so the
following proof is more complicated than it could be with different bounds.

Proof. — We may assume that SI(;U) # &. Let Wp be the projection of S}v) to the subspace
given by (10.6), which we identify with R3~P1=P2=Ps_Since 7, is just a rescaling of the
coordinates,

VOI(WP)

(107 T T TS TY S I

For any x" = (z;) 6,7,y € Wp, we consider the point y(x’) = (ys, y7, ys) With

;=0
Z; lfpj = 0,
Yj = .
’ nel/ ifp; =1.

4¢ SERIE - TOME 49 — 2016 — N° 4



O-MINIMALITY ON TWISTED UNIVERSAL TORSORS & MANIN’S CONJECTURE 797

Then it is not hard to see from (10.1)—(10.4) that y (x’) is an element of the set D C R? defined
by the following conditions:

(10.8) Nbg' ! < Jysl, < g,
L 1/d

(10.9) Mo, < yr|, < | 6|1/2,
JL/d

(10.10) lysl, < =375
lyzl,

In the following integrals, dy; indicates the usual Lebesgue measure on R if p; = 0, and the
Dirac measure at the point 0N b;/ 4 if p; = 1. Then

vol(Wp) < / II dz; = / dye dyr dys.
y(x')eD (10.8)—(10.10)

p;=0
If P = (0,0,0), this implies vol(Wp) < cg/%cr/ D3/ 4D which, together with (10.7),
proves the lemma in this case. Next, let p; = pg = 0 and pg = 1. Then
oL/ 1/ (2d) Cé/dc;/(%)cé/(‘ld)

VOI(WP)S/ dy dys < 87 <
Moy yr,ys)ED o b/ (4D 9L/ @D

Again, together with (10.7), this provides the desired bound. Now let us investigate the cases
with pg = 0 and p; = 1. Here, with D; denoting the set of all (yg, y7) € R? that satisfy (10.8)
and (10.9),

1/d

ol 1/d1/(4d) 1
vol(Wp) €« ———— / dys < / dys
N by@d) (y6,91061/4)eDy N b;/@d) (10.8) |y6|i/8
cb/ /) [ (16D ifp =0,  cl/4cl/Ud) T/ 6D
< oD ‘ﬁb VED =1 /O gy e/

Finally, let us consider all P with pg = 1. We have

o/ 1
vol(Wp) < / dye dyr < / dye dys.
(yo,y7,Mby/*)eD mb;/@d) D |y7|11)/4
For fixed ys,
1 dy; < (7 wsl,/*)>/* i pr =0, < &
(10.9) | /4 yr mb—l/(‘ld) lf -1 m p7/d 3/8
vl g pr 677/ lyol:
o)
1/(2d) 3/(4d)
Cs Cr 1
V) € S8 2T o T
< w 5/(8d) if pg = 0, Cé/(2d)0§/(4d)cg/(8d) -
‘ﬁbé/@d)mbﬁ”/d ‘ﬁb 3/(8d) ifpg =1 mbé/@d)mb?”dfﬂbgﬁ/d'
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10.2. Complex places

Now, we consider TU(S;—.U) ) for complex places v. Then d, = 2 and K2 = C?, which we
identify with R®. The following lemma and its proof are similar to the real case, but more
complicated. Recall that | - |, = | - | on C.

LeEMMA 10.3. — Let v € Qo be a complex place. For any P = (pg,p7,p8) € {0,1,2}3,
let Vp be the (6 — (ps + p7 + ps))-dimensional volume of the orthogonal projection of T, (Sg’))
to one of the coordinate subspaces of C* = R® given as follows: for every j € {6,7,8} with
p; = 1, we take one of the equations

Rx; =0 or Sz;=0,
and for every j € {6,7,8} with p; = 2, we take the equation
z; =0
to define the coordinate subspace. Then

2/d
So

2/d
6

ifpe = pr = ps =0,

ifpe € {1,2}, pr =ps =0,
57/ ifpre (1,2}, ps =0,

sg/d if ps € {1,2}.

Vp <

Proof. — Again, we may assume that Sl(p”) # &. Clearly, Tv(Sg))) is invariant with respect
to swapping real and imaginary parts, so it suffices to consider projections to Sz; = 0 and
z; = 0. Then every P € {0,1,2}3 describes a unique coordinate subspace. Let Wp be the
projection of Sl(;”) to this subspace, which we identify with R6~Ps=P7—Ps Then

VOI(WP)

10.11 Vp = .
( ) P (;ﬂ bgfps m b?*m mn bgfps)l/d

Let x' = (2%)c(6,7,8y € Wp, i.e, there is an element (z¢, 7, 7s) € ng) with
p;€{0,1}

,  JzjeC=R? ifp; =0,
7| Rz eR ifp; = 1.

Similarly as in the real case, we consider the point y(x’) = (ys, y7, ys) with

. x’ if p; € {0,1},
’ nel/ ifp; =2.
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Let K; := Cifp; = 0and K; := Rifp; € {1,2}. Then y(x’) is an element of the subset
D C Kg x K7 x Kg defined by

(10.12) max{9bg'%, |ys|, } < cg’*,
2/d
C
(10.13) max{967/%, y,|,} < ]
4 max{M bl/d lys |1/2}
2/d
C
(10.14) lysl, < 3
max{N bl/d |y7|1/2}

In the following integrals, dy; indicates the Lebesgue measure on C = R? if p; = 0, the

Lebesgue measure on R if p; = 1, and the Dirac measure on R at the point 0N bl/ d

Then
vol(Wp) < / dzy = / dys dy7 dys.
y (10.12)—(10.14)

As in Lemma 10.2, we consider first the trivial case P = (0, 0,0). Using polar coordinates,
we see that vol(Wp) <« (CSC%/ ch/ 4)2/ 4, which, together with (10.11), proves the lemma in

this case. Next, let p; = pg = 0 and pg € {1, 2}. Here we obtain

1
|1/4 dyﬁ

lfpj = 2.

(x")eD p;€{0,1}

vol(Wp) < (cs 01/2)2/d/
(10.12) |yg

2d . 1/2 1 4
< ( 1/2)2/d /( ) lfpa =1, - (080 / / )2/d
7 mb—l/@d) if pg = 2 mb(ﬁe 1)/

The last estimate holds by (10.12). Together with (10.11), this provides the desired bound.
Now let us investigate all P with pg = 0 and p7; € {1,2}. Then
1

2/d/
(10.12),(10.13) max{ b;/d, |y7|i/2}

vol(Wp) < cg

dye dyr.

For any yg with c7/ / max{N bl/d |y6|1/2} > 1, we have

/ dys log(c2/?/ max{Mby/% |ys|L/*} +2) ifpr =1
(10.13) max{‘ﬂb7 ,|y7|1/2} ‘)’tb71/d

ifp7 =2

1 2/d 1/4 1/(2d) 1
< <
mﬁ(lﬁ 1)/d <max{m b6/d7 |y6|1/2}> mb(P7—1)/d§TtbP6/(8d) |y |(2 p6)/16 "

Thus,

(cser’ )4 / 1
vol(Wp) < ————71c W
mb;m—l)/d;ﬂbgs/(sd) 10.12) |y |1()2_P6)/16
7/(4d)
1/4 Ce if pg =0, 1/4 7/8

( (68()3;(/1 )2/d - Z/(Sd) ifps = 1, < (‘isc7/ )(;g/ )2/d/d,
Mo~ ot pke/ . Lo el

7 6 1 if pg = 2 7 6
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Finally, let us consider all P with pg € {1,2}. We have

[ aw< (cg// max{Mbz/", |yel,*D? ifps =1,
(10.14) 1 if pg =2

1/d cé/d 1

< < : )
mb(ps UMmax{‘ﬁb /d yr |1/2}1/2 mbéps—l)/d Nb§7/(4d) |y7|1()2—p7)/8

due to (10.14). Then
1 (¢ max {5, lyol,/*})** i pr =0,
/ W dy'? < (07/ /max{‘ﬂ bl/d |y6|11}/2})3/8 1fp7 = 1,
10.13) |yz|, )
1 1fp7 =2

3/(2d) 3/ (2d) 1

< N b3;v7/(4d) max{m bl/d, |y6|11,/2}3/4 < mn b3p7/(4d) m b3ps/(8d) |y6|i(2—106)/16 ’

by (10.13). Hence,

1/2 3/4
vol(Wp) < — _1)(cdg/ 4 /)d?/d _— / 3(21_ s dye
m[.JSPB / mblﬁ mbGZ)ﬁ/ 10.12) |y | P6)/
5/(4d) -
1/2 3/4 2/d CG/( ) if ps = 0, 1/2 3/4 5/8 2/d
< (cs ) 5/(8d) e (cg' "7 )

pg— 3pe 6 1I pg = 17 < pg—1 P6
‘ﬂbsd ‘thﬁ MNb 1 if pg = 2 M<Mbg ¢ Jb MNby’

Next, we use the bounds from Lemma 10.2 and Lemma 10.3 to show that the sum over
all ¢,a’,0 of the error term in Lemma 10.1 is sufficiently small. We have already seen in
Lemma 7.6 that it suffices to sum over all @’ with (7.12). Moreover, it is clearly enough to

sum the error term over all ¢, a’,d with
(10.15) St (¢c,a',0;ucB) # @,

since otherwise |G N F| and the main term are both 0.

LEMMA 10.4. — Let ¢ € C8. Let W be a proper coordinate subspace of T], 0. K3 =

and let Viy (¢c,d',0;ucB) be the dim(W)-dimensional volume of the orthogonal prtyectzon

of T(Sg(c,a',0;ucB)) to W. For € > 0, we have

(10.16) Y (@) D Ink@)-Viw(e,d,05ucB) <. B(log B)* /4t
a €FINOL 2
(7.12) (6.8),(6.9)
(10.15)

Proof. — Fori € {0,6,7,8}, let

D=y > ek @) si.

deFino, 2
(7.12)  (6.8),(6.9)
(10.15)
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Let us start by estimating the ¥; from above. Condition (10.15) has the consequences
(10.17) N(a;) < B foralli,j,
(10.18) N(a2a3a2as) < M(O?02020,)B
N(aja3) < N(asa3ag)B.

Using these and (7.12) with Lemma 7.3, we see that ¥; <. B(log B)**€ holds for i € {6,7,8}.
A simple computation using just (10.17) shows that 3¢ <. B(log B)5Jre

Now let us prove (10.16). By (10.5), the projection of 7(Sf7 (¢, a’,d;u.B)) to W is
contained in a product of projections of TU(SE;‘)(E,Q ,0;ucB)) to subspaces of K2. The

volume of each such projection is bounded by an s;i(’;)/)d, )

dy/d
V(e ducB) < ] s/’
vEQ

Since W' is a proper subspace of [],.  Kj, there is at least one v € Qg with i(v) # 0.
Using Holder’s inequality, we see that the sum in (10.16) is

< ¥ Z @) T sl < 11 =)

ad €FINO!. vEQo VEQ oo
. 12) (6. 8) (6 9)
(10.15)
<<e (B(log B)5+€)(d—1)/d(B(log B)4+E)1/d — B(log B)5—1/d+5. D

11. Completion of the first summation

We have already seen in Lemma 7.6 that we may restrict ourselves to ¢, a’ with (7.12).
Moreover, S5(¢,a’,0;u.B) = @ unless (10.18) holds.

Let us first show that, under these conditions, Sy (¢, a’, 9; u.B) is not much smaller than
Sr(a’; ucB), whose volume we have already computed in Lemma 5.1.

LeEmMA 11.1. — Letc € C8 ande > 0. Then

VOI(SF(Ql§ ucB) \ St(¢c,d',9;u.B)) 4
: 3 3 . B(log B)**.
> Z lux (@ Si(babrba) <. B(log B)

a'e ]-' no’,

(7.12),(10.18) (6. 8) (6.9)

Proof. — Forw € Qq and fixed a/, 9, u.B, let Vu@ (resp. V(7)) be the volume of the subset
of Sp(a’; ucB) where |26y, < ‘ﬂbd w/d (resp. |T7wl,, < ‘ﬂbd /d) Let

H / dx6v d$7v de’U'
N,

vEQ (@/;%6v, 70,280 ) K Bv/d
vFEW

Then (5.3) implies that, for j € {6, 7},

Vif,J) < Ry, - /Vw(a o 7 e ) < B0/ dzew dz7y ATy -
lajuw], <6/

Let us bound R,,. For each v # w, we use the last term in the maximum in N, (a; Zoy, T7p, Ty)
to bound the integral over x7,, s, (cf. [20, Lemma 5.1, (5)] for real v and [22, Lemma 3.4, (4)]
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for complex v) and the second term in the maximum to bound the integral over zg,. With
(5.2), this leads to

B 1—dy/d
Ry« | ——"——= .
(N(a2a3a4a5)>

Recall that Ny, (a'; Zw, T7w, Tsw) < B%/% implies

| | - < B >dw/(2d) 1

T7wly, ~ I 7
N(a3aja3) |T |2/

Using the first term in the minimum in [20, Lemma 5.1, (4)] resp. [22, Lemma 3.4, (2)] to

bound the integral over zg,, and the above inequality to bound the integral over x7,,, we

obtain

dw day
3dy B 4 (N(ap)B\ *¢
dzey A7y d N b, 2 ,
/ o G0 Csw < 50 (N(a%aia‘é)) <N(a2>
N, (ﬂ’;z6waz7wym8w)<<3dw/d

|a6w|w<‘ﬁ bgw /d

Therefore,

11()6) < 1 B ( B )_dw/(4d)
N(bebrbs) o, bé_gdW/(4d) N(brbsg) N(azazasas) \N(aia3a3as) '

We sum this over ¢/, ? with Lemma 7.3. Similarly,

dw dw

B St 4w (BN(ay)) 2t
dxgy A7y dTsw —_ N6 [ ————= ,
/ Pow ATw Csw < (N(a%a%a%ao) 7 <N<a2>>

N’w (E,;xﬁw >m7w1x8w)<<BdW/d

[ @70, <M bIw/
and thus
{7 1 B N(aia2)B —dw/(6d)
N(bobrbs) Mor~ 4/ D N (bgbs) " N(azasasas) (N(a%aia?)) '
Again, we sum this up using Lemma 7.3. O

In the rest of this article, a product over p runs over non-zero prime ideals of O

Let 61(a’) be the arithmetic function defined by 61(a’) := T[], 1,,(Jp(a’)), where
Jp(@) i= {j € {L,...,5} :p | a;} and

(1—;;%,,)2(1+g%) ifJ=o,
(1- o) (14 ) if7=01) 02},
D7) = 1 (1 - m%f if J = {3}, {5},
(1- ﬁ)g it J = {4}, {3,4}, {4,5},
0 otherwise.
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LEMMA 11.2. — For any o’ € I3, we have

00(2/) Z 123¢ (Q) _ 01 (g,)

M(060708067068069 (V67 N V68069))
(6.8),(6.9)

Proof. — For any ideal a € Ik, let ¢ (a) := ][,,(1 + 1/9p). For fixed a’, we have

> K Ooliizc(Or)iixcPs) _ Pk (a405) P (a1020304)PF (d30405),

06,07,08 m(0607a8)
(6.9)

and

) px (V67) 115 (D68) 11 (V69)
M(V67063069 (067 N V6s069))

067,068,069
6.8

S (o) T () T ()

pla plaz ptaiazazasas
pfa2a3u4a5 p+a1a3a4a5
A simple comparison of Euler factors proves the lemma. O

LEmMma 11.3. — Lete > 0. Then, for B > 3,

2" (2m)2hgR 6:1(a')B
- FEEH (1) 50

VEQos a/ €Ty (a1 ---as)
(11.1)
+Oc(B(log B)>1/4*°),
where the sum runs over all 5-tuples of ideals ' = (a1, ...,a5) € I} satisfying
(11.1) MN(a3ajal) < N(aya2)B  and MN(a?aZalay) < B.

Proof. — By Lemma 4.3, Lemma 7.6, Lemma 10.1, Lemma 10.4, Lemma 11.1, and
Lemma 5.1, the quantity Ny g (B) is
(11.2)
2m (271’ T2RK ;LK(U)’U, B
3-|uxl - |Ak[3/? <U61;[ il )g;i egoﬂoa zb: MN(bebrbg) N (azazasas)
(; 12),(10.18) (6.8),(6.9)

+ O.(B(log B)>~1/d+¢),
From the definitions of the b;, O;, we see that
px (@)ucB B L (D)

N(bebrbg) N (azazasas)  M(ay---as) . M(060708067065069 (V67 N Vp8069))

We evaluate the sum over @ by Lemma 11.2. Moreover, we observe that the O;, j €

{1,...,5}, are independent from ¢q. Hence, the main term in (11.2) is
27 (21) 2 hg R ( ) 6:(a')B
3/2 H w” Z Z R ’
5 |uK| |AK| V€0 (c15-5¢5) o' €FPNOL m(al Cl5)

ec5 (7.12), (10 18)
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When (c1, . .., ¢s5) runs through all of C° then ([O4],...,[Os]) runs through all 5-tuples of
ideal classes. When a; runs through F; N Oy, then a; = ajOj_l runs through all integral
ideals in the class [O,]. Furthermore, the a; satisfy (11.1) if and only if the a; satisfy (7.12)
and (10.18). O

12. The remaining summations

All that remains to be done is the evaluation of the sum over @’ in Lemma 11.3. We proceed
asin the proof of [22, Proposition 7.3], except that we start at » = 5 instead of r+1. Using[22,
Proposition 7.2] inductively, we see that

5
"\B 271 (27)"2
3y O(@)B _ (2m)"™ Richic 80Vo(B) + O(B(log B)*loglog B),
ooz N(ay -+ as) IV IAK]
7(11.11){
where
60 = A(Gl(g’),a5,.. .,Cll)

is the iterated “mean value” of 6, (a) as defined in [22, Section 2], and
Vo(B) := /tl,u.,t521
t

22431,<p 117 ts
t2t4t5<t1t2 B

dty -- - dts.

By [22, Lemma 2.8], we compute

bo-T[(1- L) (145 + L
° Np Np ' Np2/)

b
Let a(S) be the constant defined, for example, in [45, Définition 4.8]. We evaluate V;(B)
in terms of «(S). The negative curves [E1], ..., [E;] generate the effective cone of S, and
[—Kg] = [2E1 + 2Fs + 2E3 + E4 + 3E6], [E7] = [El + Ey — By — 2F5 + E6]. As in
the proof of [22, Lemma 8.1], we see that
a(8) = %/ T1yes5>0 dzy --- dws.
2x1+2x2+2x3+24<1

—x1—x2+2x3+4x4+625<1
We substitute ¢; = B*i to obtain
3a(S) - B(log B)® = Vi(B).

Let us compute the numerical value of «(.S). By [25, Theorem 1.3], we have
. OZ(S()) 1
S = = —
()= W) ~ w610’
where Sy is a split smooth del Pezzo surface of degree 4 (with «(Sy) = 1/180 by [19,

Theorem 4]) and |[W(R)| = 2 - (3 + 1)! is the order of the Weyl group of the root system
A3 + A associated to the singularities of S.

Together with Lemma 11.3, this shows the asymptotic formula in Theorem 1.1, with the
constant cg g described in Subsection 1.4.
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13. The leading constant

Let~: S — S be the minimal desingularization defined in Section 4. Neither S nor S are
Fano, so the original conjectures of Manin [28, 4] and Peyre [43] do not apply. However, [43,
Remarque 2.3.2] already suggested generalizations of Manin’s conjecture that cover S, and
such a generalization was formulated, for example, by Batyrev and Tschinkel [6]. For our
purpose, Peyre’s variant [45] is the most convenient. Indeed, S satisfies [45, Hypotheses 3.3],
so we can compare our result to the formula [45, Formule empirique 5.1].

Let Siee be the smooth locus of S, that is, the complement of the rational points
(0:0:0:0:1)and (0:1:0:0:0), and let U be as in Theorem 1.1. As we have already
observed in the proof of Lemma 4.3,

Nuu(B) = {z € v"'(U)(K) | H(y(x)) < B}|.

We construct an adelic metric (||-]|,)ven, on the anticanonical line bundle ws in the
sense of [45] such that the Arakelov height (wgl, (]Il )venx ) induces the height function

1

H o~ on S(K). We start by relating the canonical sheaves of S and S to each other. The
surface S is a complete intersection defined in ]P’}l( by the forms hy := zgz3 — X224, he =
xoz1 + 7173 + 2. Hence, we may define the canonical sheaf of S as

ws = det(Csppe. ) ®0s Dos |5,

where Cgps is the conormal sheaf of the immersion S — P}, and Qiﬁ%( is the sheaf of
differentials of degree 4 of P} over K (see [39, Definition 6.4.7]). Then wg is invertible and
is the dualizing sheaf of S. Moreover, wg is isomorphic to Og(—1). Let us specify such an
isomorphism.

We write S(‘) for the affine open subset where z; # 0, with coordinates xgi) = x;/x;
D, 2929y =

ey Z yeey

for j # 4. Then S(Z) is defined by the polynomials A
h;/x2 € K[x(’) o 5”, a2, j € {1,2}. Observe that U = 5(2).

Since S is a complete intersection, we have an isomorphism Og(—2) & Os(—2) — Cgjps
defined on S(;y by (a1, az) — a1hi+azhs, and hence an isomorphism Og(4) — det(CsM( W
defined on S;) by =} — (hgi)/\héi))v. Moreover, we have an isomorphism Og(—5) — Q%{ ls
given on S(;) by

z7° (—l)i dméi) Ao A dxy) Ao A dxff).

This gives an isomorphism Og(—1) — wg defined on S(;) by
1 o ; 4 —= ;

— 5= (1) (B ARV @ dzD Ao A Azl A A dal).

x;

On the smooth locus S.g, we can canonically identify ws,,, with QQSreg by taking the deter-

minant of the conormal sequence

—>Qé — 0.

1
0= Csolpt, = Pt [S.cs

Forany k <1 € {0,...,4} ~ {3}, this leads to the identification
(13.1) si = (~1)*ATL del? A da?
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Nwse =ws,.,.c = Q%,( s)> Where ¢ is the generic point of S, A; 1 is the determinant of the
Jacobian matrix (8h§i) / dz )) j,n With the k-th and I-th columns removed, and ¢ := k + [ if
k<i<l andt:=k+1— 1 otherwise.

Since ~ is an isomorphism on v7!(S.g), the pullback of differential forms
gives an isomorphism y*wsl|y-1(s..,) = wWgly-1(s,.,)- This induces an isomorphism
ws = 7*ws ® Og(P), where P is a divisor supported on the complement S~ ¥ (Sreg)-
Since S is split and both singularities of S are rational double points, [P] = 0 (see [27,
Proposition 8.1.10]). We conclude that

*
wg =7 ws,

with an isomorphism whose restriction to 7! (Syeg) is given by the pullback of differential
forms. In the following, we use this isomorphism to identify wg with v*(ws) and its dual to
identify wgl with v*wgl.

For every i € {0,...,4}, let 7; be the global section of w§1 >~ Og(1) dual to s;. Then
70, ..., 74 define the embedding S < P4. The morphism § — S < P4 is given by
the sections y* 7o, . .., y*14 € H(S, wgl). Consider the Arakelov height (wgl, (-l veax)

defined by these global sections: for allv € Qg, x € §(KU), and T € wgl(m), we use the
Ty = Oglilgll ’Y*TZ(JJ)

v-adic metric
¥ 7i(2) 70 ”}

The corresponding height function on S(K) (see [45, Définition 2.3]) is H o v, as desired.

According to [45, Formule empirique 5.1], the leading constant in Theorem 1.1 should
hence have the form

CS,H = a(§)ﬂ(§)7-H(§),
with a(S), 8(S), 75 (S) as in [45, Définition 4.8].

We have already seen at the end of the last section how the factor «(S) appears in our
leading constant. Moreover,

B(S) == |H' (Gal(Q/K), Pic(Sy))| = 1,
since S is split.

By [45, Définition 4.6, Définition 4.8], and using the properties of the model S proved in
Proposition 4.1, the Tamagawa number 7 (.5) is given as

TH(§)=§13(3_1)6L(3 Pic(S. |AK| I o lwna(S(K)),

VEQK
where
- Ly(1,Pic(Sg)) ifv € Qo,
1 ifve Qg

Note that the closure of S(K) in the set S(A k) of adelic points coincides with S(A k), since
the rational variety S satisfies weak approximation.
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By Proposition 4.1, (ii), the Frobenius morphism associated to any non-archimedean
place v corresponding to a prime ideal p acts trivially on the vector space Pic(SR) ® Q of

dimension 6. Therefore, L, (s, P1c(S ) =(1—-Np~*)"%and
L(s,Pic(Sg)) = [] Lu(s,Pic(Sg)) = Cx(s)°.
vEQR

By the analytic class number formula,

, 1 2" (2m)"2 Richie \© 1
hms—16LsPlc ( ) . .
lim (s — 1)°L( (S, ))IAKI r] A

Let us compute the v-adic measures wH,U(g(KU)) defined in [45, Notations 4.3]. By
Proposition 4.1, (i), the base change §Ou of our model satisfies the hypotheses of [49, Corol-
lary 2.15] for all v € Q. If v corresponds to a prime ideal p of Ok, we may thus conclude
that _

_ 15(k(p))|

MNp2
Moreover, Proposition 4.1, (i) shows that |S( ()| = 9p? + 69p + 1. Thus, we see
that A\, va(S(KU)) = wy(S), with w,(S) as in Subsection 1.4. It remains to compute
wH,U(S( v)) forv € Qg

Since U = S is smooth, its set of rational points U(K,) has the structure of a

“’H,v(g(Kv))

K, -analytic manifold, and + : S — S induces an analytic isomorphism v~} (U)(K,) — U(K,),
which we again call ~.

The preimage y~1(S \ U) is the union of the negative curves on S. As a union of finitely
many submanifolds of strictly smaller dimension, v~ 1(S ~\ U)(K,) has measure 0, and
Wi, (S(Ky)) = wi (v U)(Ky))

The local coordinates xéz) -1, x§2> at the rational point p = (1, —1,0,0) of U define an
analytic isomorphism v : U(K,) — W := {(z0,23) € K2 | 20 + 23 + 1 # 0}. Since the
restriction of 7y to y~1(U) is an isomorphism, the functions yy : (a:((f) 1)oy,ys3 = (m:(f))oy
form a system of local coordinates at v~ (p), defining an analytic isomorphism ¢ := 1) oy :

v Y U)(K,) — W. By definition,

o D = [ (5 ) (67 20

Oyo  Oys v
0 0
= V| =3 —a | @ ' (20,23))
/W <8xf}2) 8x§2)> o
-1
= / min ®) 7-2(?2) (20, 23)) dZQ ng,
w v Gozen20 | | (2§ + 2§7)7) (0 (20, 28)) |,
since 8/(8:5(()2)) A 8/(:%:(,2)) = _A2_,(1),37'2 = —(;c((f) (2 )~ 175 due to (13.1). Together with

the relation 7; = xl(-z) - 79, this shows that w H,U(g (KU)) has the explicit form

/ dZO ng
k2 max{1, |20 + 23|, , [20(20 + 23)l, s |23(20 + 23)1, ; |2023(20 + 23)|,}

dZO d23

dZO ng

v
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We assume now that v is a complex place. We transform to variables tg = —zg, t1 = zg+21

and use the identity
1 1
Ty
S t>s t2
for s € R~ {0} to obtain

dto dt; dts

(to,t3)€C? 2
ta>max{1,]t1]%,]tot1|?,[t1 (bo+t1)[%,[tots (Fo+t1)[*}

wi.o(S(K,)) =4

Recall that Peyre normalizes the Haar measure on K, to be twice the usual Lebesgue measure
on C = R?, which leads to the factor 4 in front of the integral.

We apply the transformation to = 1/y3, to = vo/\/¥2, t1 = y1/4/y2 of Jacobian
determinant —3/y$ and replace y2 by a complex variable via polar coordinates to see that
w H,U(§ (K,)) = wy(S). By a similar argument, the same equality holds for real places v.

This shows that the constant cg g in Theorem 1.1 is as expected.
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