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THE INITIAL VALUE PROBLEM
FOR THE BINORMAL FLOW WITH ROUGH DATA

BY VALERIA BANICA anD Luis VEGA

ABSTRACT. — In this article we consider the initial value problem of the binormal flow with initial
data given by curves that are regular except at one point where they have a corner. We prove that under
suitable conditions on the initial data a unique regular solution exists for strictly positive and strictly
negative times. Moreover, this solution satisfies a weak version of the equation for all times and can
be seen as a perturbation of a suitably chosen self-similar solution. Conversely, we also prove that if at
time ¢ = 1 a small regular perturbation of a self-similar solution is taken as initial condition then there
exists a unique solution that at time ¢ = 0 is regular except at a point where it has a corner with the same
angle as the one of the self-similar solution. This solution can be extended for negative times. The proof
uses the full strength of the previous papers [9], [2], [3] and [4] on the study of small perturbations of
self-similar solutions. A compactness argument is used to avoid the weighted conditions we needed in
[4], as well as a more refined analysis of the asymptotic in time and in space of the tangent and normal
vectors.

REsuME. — Dans cet article on considére le flot binormal avec données initiales des courbes
réguliéres partout sauf en un point ou elles ont un coin. On montre sous des conditions appropriées
sur la donnée initiale qu’il existe une unique solution réguliére pour des temps strictement positifs
et négatifs. De plus, cette solution satisfait le flot binormal en un sens faible et peut étre vue comme
une perturbation d’une solution auto-similaire bien choisie. Réciproquement, on montre aussi que si
a temps t = 1 on prend comme donnée initiale une petite perturbation réguliére d’une solution auto-
similaire, alors il existe une unique solution, qui a temps ¢ = 0 est réguliére partout sauf en un point
ou elle a un coin de méme angle que celui formé par la solution auto-similaire. Cette solution peut
étre prolongée aux temps négatifs. La preuve s’appuie sur les résultats des articles précédents [9], [2],
[3] et [4] sur I’étude des petites perturbations des solutions auto-similaires. Un argument de compacité
est utilisé pour éviter les conditions a poids imposées dans [4], ainsi qu'une analyse plus raffinée des
asymptotiques en temps et en espace des vecteurs tangents et normaux.

0012-9593/06/© 2015 Société Mathématique de France. Tous droits réservés
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1424 V. BANICA AND L. VEGA

1. Introduction
We consider the binormal flow equation

(1) Xt = Xe N Xz

which is a geometric law for the evolution in time of a curve x(¢) in R®, parametrized
by arc length z. This model has been proposed in 1906 by Da Rios [7], and rediscovered
in 1965 by Arms and Hama [1], as a model for the evolution of a vortex filament in a 3-D
inhomogeneous inviscid fluid (see also [21], [20] for the history of this equation). It was also
used as a model for vortex filament dynamics in superfluids ([16], [17], [5]). From (1) it follows
that the tangent vector T'(t, z) satisfies the Schrodinger map equation on the sphere S?,

) Ty =T A Tya.

Also using the Frenet equations for the tangent 7', the normal n, and the binormal b,
Equation (1) can be written as

3) Xt = cb,

with ¢(t, ) denoting the curvature. Finally, Hasimoto [10] showed that if the curvature ¢(¢, x)
does not vanish, then the function

(4) w(tax) = C(t,x)ei Jg 7(t,s) ds’

that he calls the filament function, solves the focusing cubic non-linear Schrodinger equation
(NLS)

(5) iy + Yz + % (9> = A@®)) =0

for some real function A(¢) that depends on ¢(0, ¢) and 7(0, ). Here 7 stands for the torsion.
The non-vanishing constraint on the curvature has been removed by Koiso [14], by using
another frame instead of Frenet’s one.

In view of this link with the nonlinear Schrédinger equation, existence results were given
for the initial value problem of the binormal flow with initial data curves with curvature and
torsion in high order Sobolev spaces ([10], [14], [8]). The case of less regular closed curves
was considered recently by Jerrard and Smets by using a weak version of the binormal flow
([12], [13]). Let us mention also that stability of various types of particular solutions of the
binormal flow is a subject of current research (see for instance [6], [15] and the references
therein). Also, to emphasize the great complexity of the binormal flow, we recall that in
the case of closed curves, various aspects of evolutions of knotted vortices by the binormal
flow are studied using geometric and topological methods (as an example, see [18] and the
references therein).

We are interested in solutions of (1) that at a given time are regular except at a point where
they have a corner. One can use the invariance of the equation under translations in time and
in space and assume without loss of generality that the time is ¢ = 0 and the corner is located
at the origin (0, 0,0). Let us also note that the equation is reversible in time. This is because
if x (¢, ) is a solution so is x(—t, —z).

4¢ SERIE - TOME 48 — 2015 N° 6



THE INITIAL VALUE PROBLEM FOR THE BINORMAL FLOW 1425

FIGURE 1. Self-similar solution for negative and positive times, from two different angles.

One relevant class of solutions are the self-similar ones, i.e., those that can be written as

x(t,z) = VG <ji)

for some appropriate G. These solutions have been investigated first by physicists in the 80’s.
In fact it is rather easy to see that, modulo rotations, self-similar solutions are a family of
curves x, parametrized by a € R**, such that curvature and torsion of x,(¢) at = are %
and 7 respectively ([16], [17], [5]). From this it is not complicated to conclude that x,(0) has
acorner at (0, 0, 0). This fact, together with a characterization and detailed asymptotic of the
self-similar solutions was proved in [9]. We reformulate part of Theorem 1 of [9] as follows.
Details will be given in the next section.

THEOREM 1.1 (Description of self-similar solutions [9]). — Let A™ and A~ be any two
distinct non-colinear unitary vectors in R3. Then, there exists a unique self-similar solution x
Jor positive times with initial data at time t = 0

(0.2) Atz >0,
’x =
X Az, <0.

All self-similar solutions are described in this way. Moreover, if we denote a € RY* such
(Af—\Af) —ﬂﬁ a_
2

= e 2
s
curve x(t, ). Also, there exist two complex vectors BT orthonormal to A* such that

B* =

that sin and 3; are respectively the curvature and the torsion of the

lim (n + 2b) (t, x)ei Jy T(t,s)dse—ia2 log Vt+ia? log || )
z—+o0
Up to a rotation, the coordinates of A* and B* are given explicitly in terms of Gamma
functions involving the parameter a (see formulas (55), (57), (47), (48), and (69) in [9]).
Finally, we want to remark that the solution given in the above theorem can be continued
as a self-similar solution in a unique way for negative times. This is done as follows. If x in the
Theorem 1.1 exists for negative times, then x*(¢,z) = x(—t, —z) with ¢ > 0 is a solution for

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1426 V. BANICA AND L. VEGA

FIGURE 2. Comparison between a self-similar solution of the binormal flow and
the experiment of a coloured fluid traversing a delta wing (from [11]).

positive times with initial data x (0, —z). In view of Theorem 1.1 it follows that x* is unique,
and it is obtained by a rotation of x around the axis given by the vector At — A~ and with
angle 7. This rotation can be also seen as a composition of a reflection with respect to the
plane generated by AT and A~, and a change of the sense of parametrization -see Figure 1.

Numerical simulations for self-similar solutions have been done by Buttke in [5] and by
de la Hoz, Garcia-Cervera and Vega in [11], where a similarity at the qualitative level with
the flow across a delta wing is emphasized -see Figure 2.

Last but not least we mention that the binormal flow and its self-similar solution are used
to understand the architecture of the myocardium, as shown by Peskin and McQueen in [19].

Next we are going to recall the results we have obtained in our previous papers [2], [3] and
[4] about the stability of the self-similar solutions. These results will play a fundamental role
in the proofs of the theorems we state in this article.

We start noticing that in the particular case of x, we have that for ¢ > 0 its filament
function is

e
©) valat) =a
which solves (5) with A(t) = L2,
2

Observe that |4,]|> = a2/t and therefore v, does not belong to L2(R), but is just locally
in L2. A simple way of finding a natural function space such that 1, belongs to it is to use
the so-called pseudo-conformal transformation

[

®) v(t.) = Tolta) = o (1 f) .

4¢ SERIE - TOME 48 — 2015 N° 6



THE INITIAL VALUE PROBLEM FOR THE BINORMAL FLOW 1427

If ¢ is a solution of (5) then v solves

. 1
) i+ Vag + o (
In particular for ¢, we obtain the constant solution v, = a. This new equation has the
associated energy

[v|> —a?) v =0.

B0 = [l - 3 (o - ) o,
with £E(t) = — 1 [ (Jv|* — a?))? d, and E(t) = 0 for v,.
We want to consider small perturbations of v,. Then, we write v = u + a so that u must
be a solution of the following equation

. a+u
(10) zut+uww+7(|a+u|2—a2)20.

As a conclusion, understanding the large time behavior of the solutions of (10) is equivalent
to understanding the behavior of the perturbations of ¥, in (7) at time ¢ = 0 which in turn is
related to the behavior of small perturbations of the self-similar solution x, at the time that
the corner is created.

In [2] we start our study of the scattering properties for Equation (10). In particular
we obtain a first result about the existence of the wave operator. For s € N* we denote
H* the usual Sobolev space in R of L? functions with s-derivatives in L?, W*! the space
of L' functions with s-derivatives in L', and H* the corresponding homogeneous space of
functions with s-derivatives in L2. Finally H~2 denotes the set of tempered distributions ¢
such that

(1) JEGIE

9O e
Then, we show in [2] that for any a small and any f, small in H=2 N1 H® 0 W*, there
exists a unique u € G([1,00), H*(R)) solution of (10) having f; as asymptotic state: for
any 1 <k <s,

sup VE [u(t) — e/ 151032 1 || suptfu(e) - efF steiC0% || < C(a, £y).
1<t 1<t

Moreover if f, € H2 N H?> N W3! and 22f, € L? then we construct in [2] some
perturbations x(t,z) of x,, that are solutions of the binormal flow on 0 < ¢ < 1, and
that still have a “corner” at time 0. So in [2] we proved that the development of a singularity
in finite time for the self-similar solutions of (1) is not an isolated phenomena. Although
assumption (11) is very strong, we obtain the extra bonus of proving that not just the
perturbed solution remains close to the self-similar solution but also that the full Frenet
frame is close to the starting one. In particular the binormal vectors also remain close and
therefore from (3) we obtain a much more precise information about the velocity of the
perturbed filament.

In [3] we are able to avoid the assumption (11) and the smallness hypothesis on a. For
doing so we introduce some function spaces that give special consideration to the low Fourier

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1428 V. BANICA AND L. VEGA

modes. More concretely we consider
1 ty .

(12) 1f@)llx;, = < lFllze + =167 F (€)= (e2<1) < +00
td vto

and Y;! the space of functions

>to t(‘)1 3

2
1 to\* ! .
(13) gt 2)llv;, = sup <1||g<t>||L2+(°) go|||§|2Vg<t,s>||mgzgl>><+oo;

for simplicity we shall drop in the notations the subindex ¢, when ¢, = 1. Let us notice that
in view of Lemma 6.1 in [4] the following results are valid in spaces Y¥ where the power a? is
replaced by any § > 0. We have proved global existence and asymptotic completeness for
initial data in X7. More precisely, for s € N and for small initial data 0*u(1,z) € X7,
0<k<s,wthld<~y< i, we proved that there exists a unique solution u of (10), with
O%u € Y N L4((1,00), L>), and there exists f, € H*® for which

;a2
2

sup i7" ‘ u(t) — e’

1<t

st g || < C(a,u(1)),

and 0% f, belongs to X 7", Moreover, we constructed wave operators in the appendix of [3]
without smallness assumption on a: for asymptotic states f, with 9% f, small in X7, there
exists a unique solution u of (10), with & u € Y7 n L*((1,00), L*) such that

a2 )
suptd 7" |fu(t) - % stV g || < C(a, f).
1<t Hs

As a consequence of the asymptotic completeness, at the level of the binormal flow (1) we
have obtained in [3] that in our functional setting a/l small perturbations at time ¢ = 1 of x,
will end up generating a singularity in finite time at t = 0. Nevertheless, we do not get too
much geometric information about the trace x(0, z) of x(¢,z) at t = 0: for instance we do
not obtain the behavior of x (0, z) near z = 0.

In [4] we consider the solutions u(¢) constructed in [3] via asymptotic completeness, and
look at the corresponding perturbations x(¢) of a self-similar solution x,, started at time
t = 1. Adding the extra assumption that the initial datum (1) belongs to an appropriate
weighted space we are able to get a precise asymptotic in space and in time of the tangent
and normal vectors of x(t). This allows us to prove the stability of the self-similar structure
of x4 (%), as well as a complete description of the trace at time ¢t = 0 of x(¢). In particular we
prove that the same corner as the one of x,(0) is created independently of the perturbation.

Two main questions remain open after the paper [4]. One is if it is possible to solve the
binormal flow forward in time starting with a datum that has a corner at one point. In other
words to prove that the initial value problem is well posed for data that are regular except at
one point where they have a corner. The second one is whether or not when going backward
in time, and once the corner has been created, the solution can be continued for negative
times. We answer positively to both questions in this paper. The main obstruction we have to
bypass is the use that we make in [4] of weighted spaces because, as we will see in the appendix,
they are spaces that the scattering operator of the linearized equation associated to (10) does
not leave invariant.

4¢ SERIE - TOME 48 — 2015 N° 6



THE INITIAL VALUE PROBLEM FOR THE BINORMAL FLOW 1429

Our main results are the following ones.

THEOREM 1.2 (The initial value problem). — Let xq be a smooth curve of class &*, except
at xo(0) = 0 where a corner is located, i.e., that there exist At and A~ two distinct non-colinear
unitary vectors in R3 such that

xo(0F) = AT, xp(07)=A".
We set a to be the parameter of the unique self similar solution of the binormal flow with the
same corner as xo at time 0.
We suppose xo to be such that its curvature c(z) for x # 0 satisfies (1 + |z|*)c(x) € L* and
|z|*7e(z) € L, <1y small with respect to a for some 0 < v < 1.
Then there exists

x(t, ) € €([-1,1], Lip) n G([-1,1]\{0}, &),

regular solution of the binormal flow (1) for t € [—1,1)\{0}, having xo as limit at time t = 0.
Above Lip denotes the set of Lipschitz functions.

Moreover, the solution x is unique in the subset of G(|—1,1], Lip) N €([—1, 1]\{0}, €*) such
that the associated filament functions at times £1 can be written as (a + u(£1, w))ei% with
w(£1) small in X7 0 H* with respect to a for some 0 < v < i.

This solution enjoys the following properties:

(1) There exists a constant C' > 0 such that for t € [—1, 1] we have the rate of convergence

(14) sup |x(t, 2) — xo(x)| < CV/[t].

(ii) For all fixed ty,ty € [—1,1]\{0} the following asymptotic properties hold

1 1
(15) X(thx)_X(tan) = @<IE> ) T(t17$)_T(t27$) = Q<I> .
Moreover, there exists T* € S? such that uniformly int € [—1,1], for z positive,
1

16 T, x)—T>® = — .
(16) (t.0) o(=%)

(iii) x is a solution of the binormal flow for t € [—1,1] in the following weak sense

1 1
(17) /_1/Xt(t,m) o(t, x) d:rdt:/_l/xm(t,x)/\xm(t,x) o(t,x) dz dt < oo,

Sor all test functions ¢ € G (R?).

(iv) The tangent vector T = x, satisfies (2) for t € [—1,1]\{0} and tends att = 0
10 T(0) = x4 (z) = To for x # 0, with a rate of decay

(18) sup |T(t,z) — To(x)| < Celt|5
|z|>e>0

(V) The tangent vector T is a solution of (2) through t = 0 in the following weak sense

(19) /_11 /T(t, x) ¢u(t, z) dox dt = /_11 /T(t,x) ANTy(t, ) ¢z (t, z) dzdt < oo,

Sor all test functions ¢ € € (R?).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1430 V. BANICA AND L. VEGA

THEOREM 1.3 (Continuation of solutions through the singularity time)

Let x(1) be a small perturbation of a self-similar solution x, at time t = 1 in the sense
that the filament function (4) of x(1) is (a + u(1, x))ei%, with w(1) small in X7 0 H* with
respect to a for some 0 < vy < %. Then, we can construct a regular solution x for the binormal
flow (1) on t € [—1,1)\{0}, having at time t = 0 a limit xo and enjoying the properties i)-v)
of Theorem 1.2. Moreover, the corner of the self-similar solution is recovered: 8,x(0,0%) =
aSXa/(O? O:l:)

This solution x is unique in the subset of G([—1,1], Lip) N €([—1, 1])\{0}, &*) such that the

associated filament functions at times £1 can be written as (a+u(%1,z))e* T withu(£1) small
in X7 N H* with respect to a for some 0 < y < i.

Let us briefly explain the proof of Theorem 1.2. We recall the notation B* for the complex
vector appearing in the asymptotics of the normals vectors of the unique self similar solution
of the binormal flow with the same corner as x, at time 0 (see Theorem 1.1). We denote
To = xp. We define for z > 0 a complex-valued function g and a C3-valued function Ny
orthonormal to T by solving the system

{TOZ(:U) = R(g(z)No(2)),

20 Y
(20) Noz(z) = —g(x)To(z),

with initial data (A, BT). We define g(x) and Ny similarly for z < 0 imposing (A=, B™)
as initial data in (27). In particular we have the following link with the curvature of xo:
|g(z)| = c(x). Therefore (1 + |z|*)g(z) € L? and |z[*"g(z) € L., are small with respect
to a. Next we define

fo=9g1 (9(2')61'(12 log\2»|> '

In particular f and its first four derivatives are small in X7 with respect to a. This allows
us to obtain u(t) the solution of (10) with asymptotic state f, given by the construction
of wave operators in [3]. We set x to be the corresponding binormal flow solution (for the
construction see for instance the appendix of [2]). It was also showed in [3] that u(1) € X oA
We shall prove that we can carry on u(t) the computations done in [4], so we can define
for x a trace at time zero T'(0, z). We recall that in [4] we were working with solutions w(¢)
generated by initial data at finite time ¢ = 1. We used that the weight condition z?u(t) € L?
holds, something that is satisfied if we assume it at initial time ¢ = 1. But now we have to go
backwards in time from the asymptotic state f to the solution u(¢) and as we already said
there seems to be a serious obstruction for showing that in this case u(¢) is in weighted spaces;
we give the details in the appendix. In §3.1-3.2 we shall perform on u(t) the computations
done in [4], in such a way that we can avoid the assumptions on weights. Finally we shall
prove in §3.3 that the trace 7'(0, x) coincides with Tp(x), which will give us the solution of
Theorem 1.2 for ¢ > 0. Our uniqueness result relies on the existence and uniqueness of the
solution of the associated Frenet system and NLS equations. For negative times we shall do
the same, starting from

g1 <g(_2‘)em2 log|2-|) .

4¢ SERIE - TOME 48 — 2015 N° 6



THE INITIAL VALUE PROBLEM FOR THE BINORMAL FLOW 1431

We shall find similarly a solution x* of the binormal flow with initial data x*(0,z) =
x(0, —z). Then for negative times we shall set x(—t, z) = x*(—t, z) to obtain the solution in
Theorem 1.2 on [—1, 1].

Concerning Theorem 1.3 we recall that its part concerning positive times ¢ > 0 was the
main result in [4], under the assumption that weighted conditions are satisfied for u(1). As
we have said, in §3.1-3.2 we shall remove these conditions. For extending x to negative times,
we shall proceed as explained above for Theorem 1.2.

The paper is organized as follows. In the following section we shall recall the results
in [9] on self-similar solutions of the binormal and describe the continuation through time 0.
In Section 3 we shall give the proof of Theorem 1.2 while Theorem 1.3 will be treated in
Section 4. The appendix will contain results and remarks on the Equation (10) in weighted
spaces, via the so-called J-operators, J(t) = x + it0,.

Acknowledgements. — The first author was partially supported by the French ANR projects
R.A.S. ANR-08-JCJC-0124-01 and SchEq ANR-12-JS-0005-01. The second author was
partially supported by the grants UFI 11/52, MTM 2011-24054 of MEC (Spain) and
FEDER.

2. Self-similar solutions of the binormal flow

In this section we review the known results on self-similar solutions of the binormal flow,

1.e.,
X(t7m)=\/£G<$>, t>0,
Vit

and focus on the issue of their possible extension for negative times. These solutions have
been investigated first by physicists in the 80s ([16], [17], [5]). Using the Frenet equations
they observed that, modulo rotations, self-similar solutions form a one parameter family x,
of curves with a € R** such that the curvature and the torsion of x,(t) at = are 7 and 3;
respectively. The mathematical rigorous description was given in [9]. Using the expressions
of the derivative in time of the tangent and normal vectors of a solution of the binormal flow,
one gets that (T,, 14, b, ) (¢, 0) is constant in time. Therefore by integrating the binormal flow
at t = 0 it follows that

Q1) Xa(t,0) = 2av/tbg(t,0).

In particular, the curve profile G,(z) satisfies G,(0) = 2ab,(t,0), so the only degree of
freedom in constructing a self-similar solution is in the choice of the Frenet frame at x = 0.
Theorem 1 of [9] states that given a € R1* there exists a unique frame (7,,n,,b,)(t, x)
solution of the Frenet system of equations

T, =cn,
(22) ng = —cIT +7b
b, = —7b,

g
2t
of R3 as the initial data at (¢,0). As a consequence there is a unique self-similar solution x,

with the curvature and the torsion (c,, 7,)(¢, z) = (%, ) and taking the canonical basis

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1432 V. BANICA AND L. VEGA

of the binormal flow such that its Frenet frame at z = 0 is the canonical basis of R3. This
solution is written as

23 olt, :\/ZGQ<$>, t>0,

(23) Xa(t, ) i >

with the profile Ga(%) = 2ab,(0,0) + fO% T(t,s)dz. Then (21) becomes
(24) Xa(t,0) = 2av/#(0,0,1), > 0.

Moreover, in [9] a precise description of the profile G, (s) is given for large | s| (here s stands
for the self-similar variable: s = %). This asymptotic plays a crucial role in the proof of
Theorem 1.1 in [4] as well as in the proofs of Theorem 1.2 and Theorem 1.3 of this paper.
More concretely in [9] the following result is proved.

THEOREM 2.1 ([9]). — Given a > 0 then the family of curves

x
a(l,z) = \/ZGa 7 |
xalt:2) (%)
with G, given in (23) (i.e., the Frenet frame (T, nq,b,) at x = 0 is the canonical orthonormal
basis of R?) is a solution of the binormal flow which is real analytic for t > 0. Moreover, there
exist AT and BF such that

(1) |Xa(t,33) - Atz 1[0,00[(75) -Ax 1]—00,0] (SE)| < a\/ia

(1) The following asymptotics hold, for s — too:
2a? 4 1
Ga(s) :Afzt (S+a> - gna+@<>a
s s

83
2a 1
. _ np* i22 iq? log |s| 1
(ng —iby)(s) = Bl e'w e +0 5 )

(iii) The real vectors A = (AE AiQ, Ai3) are unitary and

a,l?

2

+ _ A= TS + _ _A—
Aa,l - “ta,1 T e 2, Aa,2 - Aa,2’

Aly=-A;,, AF L BF,

(iv) The complex vectors BE = (BjE

a,l»

(25) B;l =—-B_ B;Q = B, o, B;fg = B, 3,

a,l»

BE,, BE;) verify |[RBE| = |SBE| = 1 and

(V) The angle of the corner of x4 (0) is determined by

A-l-/_\/l— a2
sin % = Ail =e "7,
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Keeping in mind that the binormal flow is invariant under rotations, Theorem 1.1 is a
reformulation of part of this theorem.

As mentioned in the introduction, there is a unique form to continue the solution  in The-
orem 1.1 for negative times ¢< 0 in a self-similar way. This is done taking
Xa(t,z) = xi(—t,—x), where x} is a solution of the binormal flow for positive times
with initial data x, (0, —). Theorem 1.1 ensures us that x is unique. As a consequence, the
unique way to extend x, for negative times is to perform a rotation of x, around the axis
given by AT — A~ and with angle 7. This rotation, that we shall call p,, can also be seen
as a composition of a reflection with respect to the plane generated by AT and A, and a
change of the sense of parametrization. Moreover, the trajectory of the origin for negative
times is given by

(26) Xa(t,0) = 2a+/|t]| po(0,0,1) t<0.
That is to say, the trajectory x, (¢, 0) is given by two lines that join together at ¢ = 0 with an
angle that is determined by A ,, see Theorem 1 in [9].

a,2°
Hereafter and for simplicity we shall drop the subindex a that we have used so far to
parametrize the family of self-similar solutions.

We denote by II the plane generated by A™ and A~ and by II° the orthogonal plane
generated by At — A~ and A* A A~. We also introduce IT* the plane generated by R B+
and SB*. Since B* | A* we have that IT* is the orthogonal plane to A*. We shall need
the following proposition in the proof of Theorem 1.2 and Theorem 1.3.

PRrROPOSITION 2.2. — The self similar solution x* of the binormal flow with initial data

“0,0) = x(0,—) =4 1 BT
,z) = x(0,—x) =
X X —Atz, 2 <0

has the following properties
AF* = p(A*) = —AT = RT(-AT), B*™* =p(B*) = RTBT,

where R¥ is a rotation of angle 20 in the plane I1T and 0 is the angle between RBT and the
plane I1.

Proof. — We have already seen that x*(t,z) = px(t,z) so that (T*,n*,b*)(t,z) =
p(T,n,b)(t,z) and (¢*,7*)(t,z) = (¢, 7)(t,z). Then, it is easy to see that T*(t,x) goes
to —A~ as z goes to 400, and to —A* as z goes to —co. Since p(A*) = —AF, we obtain
that AT * = — AT, We are left with seeing what is B** in terms of BE.

By definition, since the torsion of x(t, s) is 5;,

B* = lim (n—i—ib)(t,a:)ei%e_ia2 log /|¢] +ia” log 2] _ lim N(¢, ) e—ie” log /[t +ia® log|z]

z—+o0 z—+o0
Since (n*,b*)(¢, z) = p (n,b)(t,z) and 7*(¢, z) = 7(¢, ),
N*(t,z) = (n* + ib*)(t, 2)et 5 7 698 = (pn 4 iph)(t, 2)e'F = p N(t, ).
In particular

B:I:* — pB:I:
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I+

At ANA-

0 RBT
mnit

0|6 RT(RBY)

R*(~SB™) —3B*
FI1GURE 3. The plane IT™.

From (25) we conclude that BT is a reflection of B~ with respect to the plane z; = 0,
which is precisely the plane II°. The rotation p can also be seen as a composition of a
reflection with respect to the plane IT with a reflection with respect to the plane IT°. Therefore
pB~ is a reflection of BT with respect to the plane II. In view of the definition of BT we
obtain ®B+ 1 3BT, It follows then that the reflection of ®B™ with respect to the plane IT
is RTRB*, and the one of BT is RT(—~3B*). As a conclusion B™* = R*tB¥ (see
Figure 3). Moreover, since A7 is orthogonal to IT™, it follows that A™* = —AT = RT(—A™T).
Again, since BT is a reflection of B~ with respect to Ily, the angle between B~ and the plane
generated by AT and A~ is also @ and similarly we get BY* = R B~ and At™* = -4~ =
R~ (—A"). O

3. Proof of Theorem 1.2

As announced in the introduction, we construct a function f; from the curve yg in
Theorem 1.2 as follows. We recall the notation B* for the complex vector appearing in the
asymptotics of the normals vectors of the unique self similar solution of the binormal flow
with the same corner as o at time 0 (see Theorem 1.1). We denote T, = x;. We define
for z > 0 a complex-valued function g and a C3-valued function Ny orthonormal to Ty by
solving the system

(27) {TOm () = R(g(z)No(2)),
Noz(z) = —g(z)To(z),
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with initial data (A, B*). We define g(x) and Ny similarly for z < 0 imposing (A=, B™)
as initial data in (27). In particular we have the following link with the curvature of x:
l9(z)] = c(x). Therefore (1 + |z|*)g € L? and |2[*"g(z) € L3, are small with respect
to a. Next we define

fo=9g" (9(2')61'(12 log\2»|> '

In particular f and its first 4 derivatives are small in X with respect to a. We let u(t, z) be
the solution of (10) with asymptotic state f,, given by the construction of wave operators
in [3]. It was also shown in [3] that u(1,z) and its first 4 derivatives belong to X 7" The
following bounds hold forall0 < k < 4and t; <t3 < o0

(28)

3C(a), C(a), 1905u(1 /)|l Lty 21,11 < Cla ZH@J (Dllx-+ < Cla leajﬁrllxw

Next we define ¢ by the pseudo-conformal transformation (8),

P(t,z) = T(a+u)(t,z) = eﬁm C ‘:) .

Finally we construct x (¢, z) to be the corresponding solution of the binormal flow for ¢ > 0,
i.e., with curvature c(t,z) = |[¢(¢,z)| and torsion 7(¢,x) = 0, arg (¢, =), having as initial
data at time ¢y > 0 the location x(to,0) = (0,0,0) and as Frenet frame (T, n, b)(¢o,0) the
canonical orthonormal basis of R? . The curve x(t) has curvature close to \[ and since it
satisfies the binormal flow it follows that it has a trace at time ¢ = 0. In particular x(0,0) isa
point in R3. We translate x in space such that x(0,0) = x0(0). Let (T, n, b)(t, z) be its (very
oscillating) Frenet frame for ¢ > 0 and consider the following complex normal vectors

N(t,z) = (n +ib)(t,z)etJo &) N = Ne'® with ®(t,2) = —a®log vt + o log |z|.

We shall prove in the next two subsections that for x # 0 the tangent vector T'(¢, ) has a limit
as ¢ goes to 0, and eventually in §3.3 that modulo a rotation this limit is precisely Tp(z), so
modulo a rotation x (0, z) = xo(z). Then we shall show the uniqueness of x. Finally, in §3.4
we shall extend x (¢, z) for negative times and end the proof of Theorem 1.2.

3.1. Asymptotic behaviour in time and space for the tangent vector

We start first with an asymptotic analysis of tangent and normal vectors, keeping track of
both time and space variables.

M We denote (e1, ez, e3) the orthonormal basis of R® and (T, N)(tg,0) = (e1,ea + ies). First, we construct
(T, N)(t, z) by imposing the evolutions laws

Ty = RN), Ny = —¢T, Ty = SN, Ny = —igT +i(|9|*> — A(t)) N.

Then x(t, z) defined as x(to, z) = (0,0, 0) + ftto (T ATze)(7,0)dr + [ T(t, s)ds, is a solution of the binormal
flow. For details one can see for instance the appendix of [2] where the same type of construction is done using the
Frenet frame instead of the (7, N) frame, the link between the two constructions being that the two frames are
related by the normal rotation N (¢, ) = (n + ib)(t, z)e & m(ts)ds,
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PROPOSITION 3.1. — There exist C > 0, TT>® € §2 and N> € C3 such that for all times
0<t<1,andx # 0, the following estimates hold, with the choice between + given by the sign

of x:

1 t
— 4 Cl i,
Vz] |z|

Y 1 t t
N(t,z) —Nioo‘ < C|0zu(1)]] o+ + Cy (\[ + = + \/E> )

IT(t,z) — TE®| < C|0u(1)]| o+

Vx| |z
Moreover,
+oo B
(29) T(t,z) — T + s/ h(t,s) N(t,s)ds = co(t, x),
B +oo
(30) N(t,z) — N¥>® — z/ h(t,s)T(t,s)ds = do(t,z),
with
t t ot
(31) leo(t, )| gcli, do(t,z)| < Co £+—+\/£ ,
|| lz| 2

and the notations

2 2 1 s -
h(t — o iy ; -2 —i®(t,s)
() = % 2 ) (5.5 e,

Co = |u(D)|| x-+ + 10:u(1)| g+, C1=Cla+Cp), Co=Cla+a*+(1+a*)Co+Cy).

Proof. — This result was proved in [4] (see formulas (31) and (32)), provided that
u(1) belongs to some weighted space, which is not the case in the present paper. These
weighted spaces were used in the proofs formulas (31) and (32) in [4] only for showing that
the limit at infinity of the normal vector N (t,z) is independent of time (Lemma 3.4 in [4]),

and more precisely in showing that
/

1
2 — =
(3 ) /t # ’ t t

For getting (32) without using weights conditions, and hence obtaining the Proposition,
we proceed in here as follows. We have
1 =z
A\

! 1 z
L\

so it is enough to prove that®

dt’
- <logt sup
t'€lt,1]

)

1 z x— 400
sup |ul =, = — 0.
, tt
t’'eft,1]
@ Tt is easy to show that
)
sup |u | —,x
t'€[t,1] (t'

tends to zero as x goes to infinity by using the fact that u (tl,,x) € WLP([t, 1] x [0,00)) C L>=(R2) forp > 2,
then use the approximation of WP by € (R?) functions. The issue is thatu (2, &) isnotin WP ([t, 1] x [0, 00)
because when we compute its 9,/ partial derivative we get a factor = and therefore weighted spaces are needed this

way.
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1 x
(1) >

Suppose it does not. Then

Je > 0, dz,, — +00, sup
t'elt,1]

In particular

3, € [t, 1],

Since u (é) is continuous, we obtain
1
ul =
tn
(=)
ul =
tn

Now ¢, € [t,1] so there is a subsequence (that we recall ¢,,) and a number ¢y € [t,1] such
that t, — to. Weuseu € & ([1, ], H') to get

L= (2100)

Moreover, t,, < 1 so
S €
5

L (z,,00)

(&) -G, =
ul— | —ul|— — 0,
tn tO H!
SO
1 1 n—-—+1+0oo
u <> —u <> ~*>0.
tn tO Lo
There exists N, such that for alln > N,
1 1 €
ul— ) —ul — < -.
tn to) || ~ 4
Since
()75
u\ — o)
t” L (xz,,,00) 2

we obtain for alln > N,

>

Lo (zy,,00)

(&)

Since z,, tends to infinity, this is in contradiction with the fact that u (%) belongs to H'.

o

In conclusion, (32) can be proved without weight conditions and the Proposition follows.
O

3.2. The existence of the tangent vector at ¢t = 0

In order to obtain the existence of a trace for the tangent vector at ¢ = 0 we would like to
proceed in a way similar to the one in [4] but avoiding the assumption that u(t) is in weighted
spaces. Hence we will re-express in formula (29) the vector N appearing in the integral by
using (30) to obtain an integral equation on 7. Our plan is then to solve this equation by
iteration as done in [4].

We shall perform the analysis for > 0; the case < 0 goes the same.
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Note that in [4] we were able to iterate this process that generates multiple integrals
because we proved (Lemma 4.1 in [4]) that for ¢ small with respect to x

1

oo t1
/IW@WS@+@—,
T X

with

C3=CCy, C4= C(a)(CO + ||(L'u(1)||L2),
so C3 and Cy are small if (1) and its derivative are small enough in X 7", However, the
proof of this key estimate relied on the fact that u(t) belongs to weighted spaces. In order
to avoid the use of weighted space we shall take advantage of the particular form of h(t, s)
that involves a derivative in space of u. We start by proving a lemma which will be frequently
used in this subsection.

We recall that

2 1 s .
h(t,s) = e "t ——— (ug) [ =, > | e “®®*) with ®(¢, s) = —a®log V't + a? log |s|.
() =52 ) (1.2) (t.5) = ~a”log gl

LeEmMA 3.2. — There exists a constant C > 0 such that foralln e N*,0 <t < 1and0 < x
the following estimate holds

(33)

/oo hil(t,sl)/‘x’ hi2(t752).._/°° i (t,sn) f(t, 5n) dsp - - - dsy

S1 Sn—1
t\"" t t
<o/l (1+5) (14 5) WOl + 10Ot )
where h;, € {h,h} for1 < j <n.
Proof. — Tt will follow from the proof below that we can suppose without loss of gener-
ality that h;, = --- = h;, = h.

We shall prove the lemma by recursion on n. A trivial estimate can be obtained using
Cauchy-Schwarz inequality

(34)
(A“Vwaa>/“34a@>~l/w h(t, 52) (b, 50) dsn - - dsy s'””jg?M5ufumuaLm»

S1 Sn—1

So for > 1 the lemma follows immediately. Eventually in the next subsections we will let ¢
tend to 0, and n to infinity, so such an upper bound is not satisfactory when z < 1.

For z < 1 and n = 1 the lemma was proved in [4], formula (38). For sake of completeness
we recall its short proof here. We split the integral from z to 1 and from 1 to oo, and we
perform an integration by parts on [z, 1],

[ ntes) sy = | h@d%ﬂu$%+2¢k”$‘ww”u(?:)f@J)
T 1

2Vt 22 iee, (12 /1 1 os\ (2VE i ias
_J;e K t’t f(t,l’)— zu tat Se f(t,S) s'
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We use Cauchy-Schwarz and the fact that u belongs to H! to get
(35)

/00 h(t,s) f(t,s)ds

< Clu/0lln ((1+ 5 ) IOl + £ 107020

which proves the bound in (33).

Now we suppose that the lemma holds for all 1 < k < n — 1 and we shall prove it for n.
We denote

fult) = [ b)) [ htsa) o [ Bltsn) St sa)dsa o dss, folt) = £(t,2).

In particular
falts) = [ Rs1) fuitsn) ds.

We perform now an integration by parts in the variable s; on [z, 1],

*° 1 11
Falts) = [ h(t5) umslts0)don + 2 E D (1) )

2Vt 2 1 v Wit 2,
- \[e—z“—zé(t,x)u<t7‘f> fn—l(t7x)_/ ’U,< 8> <;/>e—z4t—7,<l>(t,s) fn—l(ta8)> .

x tt s
It follows by Cauchy-Schwarz that

)] < a1/l ((1+ 5 ) s Ol + £ 10:ucs Ol )

Since again by Cauchy-Schwarz

1
||8sfn—1(tys)||L2(z,l) = ||h’(tvs)fn—2(tv S)||L2(w,1) < C’Hu(l/t)”H1 ; ||fn—2(t)||L°°(w,oo)7

we get

b, < 1/l (14 5 ) L (Oll e+ /Ol 5 a0

From the recursion hypothesis we have forall s >z and1 <k <n -1

¢\ t t
|fr(t, 8)] < CFllu(L/t)|[5 (1 + :c2> <<1 + ;1:2> £ ()| oo (2,00) + - ||8Sf(t)|L2(min{z,1},1)>
and the lemma follows.

We are now able to iterate formulas (29) and (30) as follows.

LEMMA 3.3. — Weset ay(t,z) =T, as(t,z) = —SNT* f;o h(t,s)ds and for k > 1 we
define agp11(t, x) by

(—1)’6%/ h(t,Sl)/ h(t,Sg)%/ h(t,SQk_l)/ h(t,SQk)Too dSQk"'dSl,
x S1 S2k—2 S2k—1
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and asg12(t, x) by

(—1)k+1§}a/:o h(t,s1) /:o h(t,52) -

§R/ h(t, Sgk_l)/ h(t,SQk)%NOO/ h(t,82k+1)d82k+1 . 'dSl.
S2k—2

S2k—1 S2k

Then, there exists a constant C > 0 such that for alln € N*, 0 <t < 1and0 < x the following
decomposition holds

2n

(36) T(t,z) = a;(t, )+ bu(t,z)
j=1

with

balt, )] < C* aC1/0)3 1+ 0+ [ut/0)]22) (1+ 5 )

n—1 2k
t Vvt ot
oS ot (14 5) (Vi)
and

Cs=Cla+a*+(1+a*)Co+ (1+a°)C;+C§),  Co=llu(l)|lxr+ + 0au(L1)]| 5+ -

Proof. — We start by proving the lemma for n = 1. Formulas (29) and (30) obtained in
Proposition 3.1 give

T(t,z) = TT® — GNT® /

x

h(t,s)ds — 3?/ h(t,s)/ h(t,s")T(t,s")ds'ds + by(t, ),
with
+oo
bo(t,x) = co(t,z) + %/ h(t,s) do(t, s) ds.

Therefore - -
b1 (t, x) = —%/ h(t, Sl) / h(t, 82) T(t, 82) dss + bo(t, $)

We use Lemma 3.2 for f = T and the fact that Ty = RN to get

%/ h(t,Sl)/ h(t,SQ) T(t,Sg)dSz
ER:
a u t, n

< C2llu(L/8)[3n (1 + a+ [[u(L/)]|12) (1 N ;) ‘

We are left with estimating by (¢, ). We deduce from Lemma 4.4 in [4] that for some positive
constant C,

< C|lu(1/8) % (1 + m’;) (1 +

Lz(min{w,l},1)>

~ t t2
(37 |bo(t, )| < (C1 + CCy(Cy + a + a* + Co + C3)) <\/5+ % n > ’

x4

therefore we obtain the lemma for n = 1.
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For n > 2 we note that b,, can be expressed as
(38)
n 1

0 —
bn(t,a:) k+1§R/ t 81 / h(t,SQ)"‘/ h(t, 52k) bo(t,Sgk)dSQk d51
S2k—1

—1)"%/ h(t,Sl)/ h(t, 82)%/ h(t,82n_1)/ h(t, Szn)T(t,Sgn) d82n'~dsl.
x S1 San—2 S2n—1

For the second multiple integral we use again Lemma 3.2 for f = T and the fact that
T, = RPN to get the upper bound

2n
t
C’2n||u(1/t || (I4+a+|Ju@/t)]L2) (1 + x2> .

For the first integral we shall use Lemma 3.2 with f = bg:

(39)

(_1)k+1§R/ h(t731)/ h(t782)"'/ h(t; 32k) bo(t,szk)dSQk ---dsy

S1 S2k—1

2k—1
t t t
<o/t (1+5) (14 %) 10l + £ 108 Ol

We have already the L°° bound (37) on by. Since integrating by parts in the space variable
from the quadratic phase of h the integral in (29), one gets (see for instance [4], page 10)

cot,x) = —%—w(tm) (t, ) ?R/ 1/)(75 s)N(tsds—?R/ —wts) s(t, 8)ds,
it is easy to see that
10l i) < (- /) + a1 /l) (L4 L5+ */E) -

So we get by Cauchy-Schwarz and (31)
(40)

t t
;||3sb0(t)||L2(min{m,1},1) <z 10sco(®)l 2 (minfw,13,1) + xﬁ”“(l/t)HHl||d0(t)||L°°(min{x,1},1)

t 2
< Cfa+a?+ [ul1/)m + [/ + (10 Cs) (Vi + vy 5.
Therefore estimates (39), (37) and (40) and
lu(@/D)llgr < CUlu)llx-+ + [10u(1)] x.+) = Co,

yield
‘(—l)kﬂﬂ?/ h(t,sl)/ h(t,SQ)"'/ h(t, Sgk) bo(t,SQk)dSQk "'dSl
2k
t N
< 02k||u(1/t)||%}°1 (1 + m2> Cs (\/Z—i- - + x4> )
so the lemma follows. O
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Our next aim is to replace each occurrence of h(t, s) in a;(t, z) by a function independent
of time h(s),

(41) }Nl(x) = Zﬁ (;) e—ia2 log|x\’

up to getting a small error term. This will lead us to eventually identify the limit of T'(¢, z)
when t goes to 0.

LEMMA 3.4. — There exists a constant C > 0 such that for all g € L with g, € L* N L?,
O<zxr<uz,

@ | [ i) - i) ds

~ Vi 1-
< CG(”Q”L‘”(x,oo) + ”gs”Ll(ac,oo)) ( + s )

T

with
Cs = Cllurll ot + 18zurll ot + 18Zuall o)
The proof of this result goes exactly like the one of Lemma 4.3 in [4] because in that one we

did not use the weight condition. In fact, note that the asymptotic state f, does not belong
in general to weighted spaces.

LeEMMA 3.5. — There exists a constant C > 0 such that for alln e N,0 <t <1and0 < x

we have
/ h(t”sl)/ h(t,Sg)"'/ h(tasn) dsy ---ds;
43) - / h(s1) / h(s3) - / h(sy)dsy - - - ds;
n—1
1 1-
< Cg (1+2> (1+> <ﬁ+te )
T T T

with

Cs = O([lurll -+ + 18surl xo+ + 18Zur ]l o+ )-
Moreover, any ocurrence of h can be replaced by h, provided that the correspondent h is replaced
by h.

Proof. — Lemma 3.4 with g(s) = 1 gives the Lemma for n = 1, by choosing C > C.
For n > 2 we shall proceed by recursion, with a constant C

(44) C > max{1,C,3¢C(a) + C},

where C stands for the constant of Lemma 3.2, ¢ stands for the constant in Cauchy-Schwarz
inequality and C(a) is used in

[l < Cla)([lull xor + [10zuall xq+)-
We write the difference in (43) as

/:Ofl(sl) (/:Oh(t’sQ).../:o h(t,sn)dSn--'d81—/:oil(sz)“'/so:B(Sn)dsn"'d&)

n—1 n

+ /:O (h(t,sl) - ﬁ(sl)) /SOO h(t,s2)--- /:o h(t,sp)dsy---dsy = I1(t,x) + I2(t, ).

n—1
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By the recursion hypothesis

T (Hj)( ) (ﬁ )

cC(a) t\" 2 Vit
@ <1+m2) <1+x>(x .
Let us denote now

falt,z) = /:0 h(t751)/oo h(t, 52)'--/00 h(t,sn)dsy -+ ds1, fo(t,z) =1.

S1 Sn—1

CM»—\

(11 (t, @)

IN

CM»—A

We apply (42) to get

@) )= | [ (A~ Fs0) it dsy

t 1—
< Oolfor Ol (e + 105 ns Dlse) (5487,

Lemma 3.2 with f(¢,s) = 1 gives us for k > 1
k
A t
(40) Ol < O/l (145 )
Since

0008 = 10,90 a0, = () (3.5) | ot

we obtain by Cauchy-Schwarz

1 ¢ n—2
47) 105 fr—1 (&)l L1 (2,000 < 2¢C™ 2 |lu(1/8)]| 77" " (1 + 2) )

x
Therefore by using (46) and (47) in (45) we obtain

|12(t’x)|5< ZCC) C™ Mlu(1/6)17% 106( 2>n_1 (1+31:) (f +té)
<1+ C) <C%( )) or <1+;)n1 <1+i> (*f +té‘>,

and the lemma follows also for n > 2 since choosing C' > C such that (44) holds implies

cOla) | (1 + 2;) ¢C _ 0

C c

PROPOSITION 3.6. — Ifu(l) and its first two derivatives are small in el then for all xz > 0
there exists a limit of T'(t, z) at time t = 0,

lim T'(¢t,z) = T(0, z),

Tr— 00

with the rate of convergence

T(t,z) — T(0,z) = O(t5 ).

Moreover, fort < z2
|T(ta :E) - T(Oa IE)| < C7(t7 x)a
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S
where C(t, ) is a linear combination of powers <%) 1< s< 4.

Proof. — We fix 0 < z. Let @1 (z) = T, as(z) = ~SN*+* [* h(s)ds and for k > 1 set
&2k+1( ) to be

(48) %/ 81 / h(Sg) -R B(SQ}C_]_) / }NL(SQk)Too ngk s dsl,
S2k—1

S2k—2

and dgk42(x) to be

(49) (—1)k+1m/:0 B(sl)/: h(s2)

. ?R/ il(SQk_l) / B(Sgk_g)SNoo / B(52k+1) d82k+1 e dSl.
S2k—2

S2k—1 S2k

Gathering Lemma 3.3 and Lemma 3.5 we can decompose
2n

(50) T(t,z) =Y _a;(z) + Rul(t,)
j=1

with

2n
|Ru(t,2)| < C*lu(1/O)5: (1 + a+ [[u(1/D)] 12) <1 - ;2)

n—1 2k
t Vtoot?
Lo Y Ml (1+ %) (Vie D D)
k=0

+2§:ch (1+ ) 1(1+;> (\fﬂé_).

lu(1/D)l[mr < Cla)(lu(Dllx-+ + [10eu(D)] -+ ),

Recall that

and
Cs = C(llu()]l x»+ + 10xu(D)[lx+ + 103u(1)] o+ )-

Let t < 22. Hence, u(1) and its first two derivatives are small in X 7+; it follows that there
exists n(t, z) large enough such that for all n > n(¢t, x)

t 1 t 1-
|Rn(t, )| < 2Cs (\/E vt + \[> 2 (1 + m) (\g{ +ts ) .
Note also that
a5(@)| < C¥ 1% < C¥C(@) (Ju(@)l ot + [9su(D)] r0)
Therefore, there exists 7i(¢, ) > n(¢, z) large enough such that

|Ri(t,2) (¢, )| + i aj(z)| < 3Cs (\f+\[+t\[) 3(1+;> (fﬂé).

j=27(t,a)

From (50) we get then

m\»—A
v

o0
T(t, ) Zd
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and the first part of the Proposition follows taking T'(0, z) = Z;’il d;(x) and by letting ¢t go
to 0.

Now we shall get some extra-information on 7°(0, z). Note that in view of the definition
of the a; (48)-(49) we deduce that for f, small enough in H*,

ITO)l g < ZCQJ||f+IIH1 < 00,

j=1
&)

I T () 11 + 1T (O)ll 2 < sl D CH N follz: < oo
=1

We get also that for fixed 2 > 0 the complex vector N (¢, z) has a limitast = 0 in the following
way. From Proposition 3.1 we have

N(t,z) — N® — i/oo h(t,s)T(t,s)ds = O(V1).

We have proved above that T'(t, z) = T'(0, )+ O(ts ). Take e > 0 and recall the bound (34).
Then there exists M, large enough such that for M > M,

~ M 1=
|N(t,a:)—N°°—z'/ h(t,s)T(0,s)ds| < O(ts ) +e.

Secondly, T'(0) € L* and T5(0) € L', so we can apply Formula (42) with g(s) = T'(0, s) to
obtain

~ M 1
|N(t,:L‘)—N°°—i/ h(s)T(0,s)ds| < O(ts )+e.

Now, since h € L' and T(0) € L, by choosing M large enough we get

IN(t,z) — N® —i h T(0,s)ds| < O(t5 ) +e.

As a conclusion, there exists a limit of N (¢,z) as ¢ tends to 0 and

(51 N(0,z) = N*® +i/ h(s)T(0, s) ds.
So in particular N (0) € L* and N, (0) € L' N L?, and we can argue similarly for T to get

(52) TO,2) =T - S / b h(s)N(0, s) ds.

Gathering (51) and (52) we obtain an integral equation for 7°(0) :

(53) T(0,z) = —\r/ h(s N“ds—éR/ /h ") ds' ds.

Then the last estimate of the Proposition follows as in the proof of Proposition 4.6 in [4] by
using (29)-(30)-(31), Lemma 3.2 and Lemma 3.4. O
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3.3. Properties of the trace at time ¢t = 0
From (51) and (52) we obtain

T,(0,2) =S (ﬁ(x)N(o,x)) . N.(0,2) = —ih(z) T(0, ).
We recall now that
Pir) = ifo (Z) o—ia®loglal
hiz) =1ify (2> e .
As a conclusion we have that (7'(0), N (0)) satisfy
R

T.(0,2) = ® (5 (3) e el= N (0,2))
(54

N, (0,2) = —fy (&) e~ia®loslel T(0, z).
Moreover, it was shown in §5 of [4], without using any weight condition, that there exists a
rotation R such that
RT(0,0%) = A* | RN(0,0%) = B*.
Finally, since
o = 7 (glage ),

it follows that h(z) = ig(z) so the traces (Tp, Ny) given in (27) and (RT(0), RN(0))
coincide, since they are both solutions to (54) with same initial value. We recall that
we have constructed x(t) with x(0,0) = x0(0) = 0. Now we have obtained also that
RO:x(0,2) = RT(0,z) = To(x) so we get that Ry has trace xo. Therefore we have con-
structed the solution of the statement of Theorem 1.2 for positive times.

3.4. Continuation through time ¢ = 0
We denote x(z) = x(0, —z). Then
Ti (2) = ~T(0, ~2),
and we define g* and N (x) given by the system

55 { T§ o (x) = Ry" (x) {(w)

Ngo(2) = =97 (2)T5 (@),
with initial data p(A*,B*) for z > 0 and p(A~,B~) for z < 0. Note that in view
of Proposition 2.2, the initial data for Tg' makes sense. Also in view of Proposition 2.2,
pA* = RT(—ATF) and pB* = RT B¥ so the solution of (55) can be expressed in terms of
the initial one (27),

N§(z) = RTNo(—z), g¢*(z) = g(—x).

In particular, g* satisfies the same conditions as g, and we can apply Theorem 1.2 for positive
times and initial data x§(z) = x(0,—=z). This yields x*(¢,z) solution of the binormal
flow for positive times obtained with initial data x(0, —z). Then for negative times we shall
extend x(t, z) by

x(t, @) = x"(~t,—=)
and obtain the solution in Theorem 1.2 on [—1,1].
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3.5. Uniqueness of the solution

For proving the uniqueness, suppose that there exists another solution x* of the binormal
flow on positive times, such that x*(0) = xo, with the following regularity. We suppose
x* € 6([-1,1], Lip) N §(]—1,1]\{0}, €*) and assume that its filament functions associated
at times £1 are of the type (a + u* (%1, x))ei% with w*(£1) small in X7 N H* with respect
to a for some 0 < v < %. We shall prove that x* = x on positive time (the same argument
applied to x(—t, —x) and xo(—=z) will show the uniqueness for negative times).

In view of the scattering result from [3] we denote u* (¢, z) to be the solution of (10) with
initial data at time ¢ = 1 the function »*(1), and we denote by f} its asymptotic state. Since

1
(56) X2 A X (T, )] = 16 (r,2)| = —=|(a +wF) (-, -)| <
we can write the Duhamel formula from time 0 to a positive time ¢
t
(57) X (62) = Xol@) + [ XAz ()
0

Differentiating in « we obtain a formulation for the tangent vector, at x # 0,
t
(58) T*(t,x) = To(x) + 805/ X A Xy (T, 2)dT.
0

We define g* by f* = 7 (g“(z.)em2 log |2'|) . From [4], together with the computations
in the previous Subsections 3.1-3.3 for avoiding weighted conditions on the data, we have
that the tangent vector T (¢, ) has a limit 7*(0, ) as ¢ goes to zero, for x # 0. We also get
the existence of a C3-valued function N* orthonormal on 7*(0) such that for z > 0

- { T3 (0,2) = R(g* (=) N*(2),
N;(2) = ~¢*(@)T*(0,2),

with initial data (A™, B¥) (and similar for z < 0). Since T is a solution of the Schrodinger
map (2) we can write for 0 < < ¢,

t ¢
T*(t,x) = T*(t,z) + ﬁ T* ATy (1, z)dr = T* (I, ) + 6}[ X A Xy (T, 2)dT.
7 7

Let ¢ be a compactly supported test function away from x = 0, such that ¢’ € L. Then by
integrating by parts,

/T*(t,x)cz)(x) dz = /T*(f, z)p(z) dz — //; Xa A X (T, 2)dT¢! (2) d.

Then, in view of (58) we obtain

/ (To(z) — T*(0,2))(x)dz = / (T*(F,2) — T*(0,2))é(x) da + / / X5 A e (7, 2)dr ¢ (2)d.

Using Proposition 3.6 and (56) we obtain

@) - 7 0,.2)p(x)dz = 0.
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Since 8,T*(0,x) € L' N L? we obtain that T*(0, z) is continuous for x # 0. The same is
valid for Ty (z). By taking ¢ approximating the Dirac distribution located at x # 0 we obtain
that 7% (0, z) = Tp(x). Therefore using (59) and (27) we get

(R — RN") (&) = [ —(Rg — RgVWTo(y) = = | (Tow, (R — RN"))To(y)dy
0 0
so by using again (27) and Cauchy-Schwarz inequality

(RN, — RN*)(2)] < C / " l9@)l(RFo — RN*)(y)|dy

2

< Cllf s ( IR afeN*xy)de)

We conclude by Gronwall that RNy = RN*. Similary we obtain SNy = SN*, so Ny = N*.
Therefore we get g = g*, and implicitly f, = f7. From [3] we have uniqueness of the wave
operators, so u(t, z) = u*(t, z). Therefore curvature and torsion are the same for x* and x, so
x* and  are the same modulo one rotation (due to the choice of an initial data for the Frenet
frame when integrating the Frenet system to obtain the Frenet frame) and one translation
(due to the choice of the location of the curve when integrating the binormal flow to obtain
the binormal solution). Since the initial data x*(0) and x(0) coincide as oriented curves, it
follows that x* and x coincide.

3.6. Properties of the solution
Recall that by using the Frenet system, the binormal flow (1) can be written as
Xt = cb.

The estimate (14) in part i) of Theorem 1.2 follows from the fact that the solution w(¢) is

small, so the curvature is close to the one of the selfsimilar solutions ¢, (¢, z) = %,

t t ¢
[x(0,2) — xo(z)] < / xe (' z)dt'| = / c(t',z)b(t,z)dt' | < / c(t',z)dt’ < CVt.
0 0 0

To prove ii) we shall use the notations in §2 of [4] on parallel frames:
xt =T AT, =T A (aey + Bez) = aes — Bey = S(YN),
so integrating between two fixed times 0 < t5 < ¢t; < 1 we obtain

2
; T
t1 et

x(t1, 1) — x(t2,7) = / 1 S(YN)(t, z)dt = S (a+u) (1 f) N(t,z)dt.

to to \/E

We perform an integration by parts from the oscillating phase,

2 i "
x(t1, @) — x(t2,2) =S |j;2 7 (a+uw) (1, t) N(t,:c)]

t1

ta

1 22 1z
+ﬁ R e "4t 8t <4t\/¥(a + U) (t, t> N(t,.’E)) dt.

ta
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Since Ny = iy, T — MN and u solves (10) it follows that

nf
\ﬁ

|X(tl7 ) (t27 )| <C

(@ + [[w(1/D)]| Lo (1t2.62).L))

+ C ||32 w(1/t)|| oo ([ta,81],2°0)

1
+ C(a)T\/a(nu(l/t)||L°°([t2,t1],L°°) + ||U(1/t)||?ioo([t2,t1],Loo))

N
+ O 0L/l 2 (s 01.2)

ty
+ C;(a + [[w(1/8) ] oo ((ta,t4), )

ty
+ C*(a + [[w(1/) Lo (82,607, L) N Oxu(1/E) [| Loo (124, £1], L)

+ 0@ (0 4 0L/ oo 1 2)

X (Nu(L/E) | oo 2,021,200y + 1L/ F 0w (12,00, 2%))-
In view of (28) the first asymptotic behavior (15) in ii) follows. The second asymptotic
behavior in ii) was proved in §3.2 of [4], and (16) was displayed in Proposition 3.1.
Let us prove (iii). On one hand, as done above for proving (14) we get

1
‘/ /Xt(t,x)(b(t,x) dmdt‘ < C|||lpeerr
-1

/ \/7 dt < oo.
On the other hand x is a strong solution of (1) on [—1,0[N]0, 1], so (17) of iii) follows also.
Estimate (18) comes from Proposition 3.6, and the fact that 8,T(0) € L' N L? was proved
at the beginning of §3.3, so the assertions in iv) are proved.
Finally, v) follows immediately from (17). The proof of Theorem 1.2 is complete.

4. Proof of Theorem 1.3

Concerning Theorem 1.3 we recall that its part concerning positive times ¢ > 0 was the
main result in [4], under the assumption that weighted conditions are satisfied by «(1). In the
proof of Theorem 1.2 we have removed these conditions, provided that the initial data (or the
asymptotic state) are small in spaces of type 0% f € X7 for 0 < k < 4 and some y < i. For
extending y to negative times, we proceed as explained above in §3.4.

5. Appendix: Analysis in weighted spaces of the NLS equation

We recall that the results in this paper could have been obtained easily from [3], provided
that the initial state u(1) of Equation (10) is in weighted spaces implies that its asymptotic
state f belongs also to weighted spaces and reciprocally. We shall present here a detailed
analysis of the solutions of the linear part of (10) whose data belong to weighted spaces. As
a conclusion, weighted spaces are not an appropriate setting for scattering theory of Equa-
tion (10), that actually is in contrast with the case of the classical linear Schrodinger equation.
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We set w(t) = S(¢,t0)w(to) to be the solution of
2
(60) Wy + Wrg + ;—t(w +w) =0,
with initial data w(tg) at time to. We set then v(t) = J(t)w(t) = (z + 2itV)w(t), which

satisfies
a? a?
61 j o + — 7) = —
(61) v+ Uy + (0 7) =
with initial data v(tg) = J(to)w(to) at time ¢o. Taking the real and imaginary parts, and then
passing in Fourier variables yields

(62) 8 Ru(t,€) = €2 Su(t, £) — 2ia?¢ Ruw(t, €),

Jw — J©) = —2ia’@,,

(63) . Fo(t,€) = ~€ Tolt,€) +  Fo(t,) + 2ia So(1, ).

In the rest of this appendix we shall try to understand how the L2 norm of v(t) = J(¢)w(t)
grows in time. First, recall that the classical linear Schrédinger equation commutes with J(¢).
We have the following result.

PROPOSITION 5.1. — For & # 0 the evolution of J(t)w(t) is described by
J(Ow(t) = St 1)J(Dw(l) + St 1)T <2§2§)§;(1,g)> gt <2229@(t,5)> .

Proof. — From (62) we deduce that we can write

—~ T 2 —~
(64) P -

e ¢
Let us recall that since w solves (60), it follows that
By Reo(t, €) = € Sw(t,€).

Gathering this with (62) and (63) we obtain that ?I/%;)(t, £) satisfies the second order equation

2
(65) o 1,) =& (- + %) 11.9)
with initial data
(66) 1,6 = Ro()(€), 0f(1,€) = ES0(T)(€) — 2ia*Rw(1,€).
Now we notice that if f(¢, &) is a solution of (65) with initial data that satisfies
(67) f(]-ag) = f(17_£)’ 8tf(17£) :atf(la_g)a
then this property is conserved in time, and we have the identity
19+ 2288 g5 g (10,9 +: 259,

This is valid since both functions satisty the equation of the Fourier transform of a S(t, 1)
evolution (see (60)):
2

(68) Ui(t,€) = €U (E) + 3 (U(LE) + UK, -9) =0,

with the same initial data.
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Finally, since the initial condition (66) satisfies the condition (67) it follows that

0 202 —~
Ro+i 8?3” = 78t 1)T <v(1)(£) + Zmu,g)) ,
so in view of (64) the proof is complete. O

So first we shall see in the next Proposition that imposing vanishing condition at the zero-
modes on the asymptotic state we obtain that the solution belongs to weighted spaces. Let
us recall the asymptotic results obtained in §2.1 of [3] for @ with w the solution of (60).
For 4a? < t£2 we denoted
(69)

Ruw Y 9 o et (t€?) o—i¥(t€2) Y2 )
<\$w> (t,6) = (Z) (t6°,¢) = <ia(tf2)ei‘y(t£2) _ia(th)e_N'(t&z) (t&<,¢),
with
a(r) = 1—ﬁ ) \I/(T):T—a;logT—Lwa(s)_l_Fids.

T

We proved that for 7 < 4a?

Yy _ Y2
o (2) o (%) e

with
a2 1 e—2i¥(n)
M(T) - 47‘2@2 (eQi\I/(T) _1 )

and that (Y3, Z3)(7,€) has a limit (Y, Z7)(£) as 7 goes to infinity. Moreover, we obtained
Tim (0(B)(€) — 27 ¢ BT (6)) =0,

with

an ZH(€) = g e s (6), YH(E) = e s ().

For J(t)w(t) we shall use all this information in order to prove the following result.

PROPOSITION 5.2. — The solution w of the linear Equation (60) satisfies for t£? > 2a? that

(8w (t)()] < c(a>§<|a+<f>| + i (~6)1)
and for t€% < 2a? that
TEROE) < Cla) g1 €)1+ i (<€) + Cla.8) gz 14 (O] + s (<))
Therefore
170w ()22 < Cl@)llugll -1 + Cla, 8wl gr-1-s.
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Proof. — Following the first lines of the proof of Proposition A.1 in [3] (using the nota-
tions therein), the same way we have obtained for 4a% < 7

Y2 (7, &)° + 1 Z2(7, §)1? < Clas (&) + a4 (—)?)
we also obtain
10cYa (7, ) + |0¢ Za (7, €)|* < C(|0e(e™™ 5 0, (€))2 + |9 (e 5 € () 2).
For 4a? < t£2 we use (69) to get

TRw(E)() = (106 — 2€)id(t, €) = (10 — 2t) (1 — ) Vs + (1 + ) e 25) (82, €).

For any function f we compute by using 0,® = a and 0, = %,
. 2 : a a2
(72) (0 — 2t¢) (1 — a(t€?) eV £(6)) = i(1 - a)e™ e f — et t§3 évf,
i — ot 1 1£2)) e~ 1% (t6%) — i1 —i¥ g 20* iy oY

(10— 206) (14 (i) "D f(©)) = i1 +a)e™ " 0ef — T e T + e
In particular

o 2a 2 2 )
JOwt)(€) =i (1 —a)e™0rYs + 02t (1 — a) e (M11Ya + M12Z5) — ?e“I’Yg @eﬂ%

) ) 2a2 a’ .

+1 (1 + a) e_“pang + 22t§ (]. + Oé) e_qu(M21Y2 + M22Z2) 5 _Z‘PZ + t£3 _’L\I/Zg.

By using the exact expression of M we obtain that
_— 2a2 , . . . )

73)  J@)w(t)(€) = —% (Vs + e Y Z5) +i(1—a) e Ys +i(1+ a) e Y8y 2,.

In conclusion in the present region 2a? < t£2 we have

C
sw[0(,6)] < 2 (1241 + a4 (=)
2a2<tg2

(74) + C(|0e (e 5 iy (€))2 + |0 (7 B (—€)) )

< §<|a+<f>| + 2 (=€),

so in particular
1) agees 22y < OVl 2.

For the cases t£2 < 2a? we can use energy methods like in Proposition A.1 in [3] to

connect® the time ¢; = t to the time ¢4 = 52 which in turn connects to the asymptotic
state via (74), and it is in here that we encounters the H ! space
. 202 242
[0(t,8)| < C(a)|v(§—2,§)| + |v(§—2, =&
( s ) 1+81+02 R 242 R 242
+ C(a, 51752)T <|7~U(§2,§)| + |w(§2,—§)|) :

3 Tt is also possible to derive backwards pointwise Fourier estimates in the spirit of [4].
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Using (74) and Remark A.2. from [3] we conclude that
06 < Cl@) (1 (O] + [+ (=€)) + Ola8) gz (4 €)] + i (),

and the lemma follows. O

In the next proposition we give a precise result about the asymptotic behavior of Jaw\(t) €3]
for £ # 0 fixed.

PROPOSITION 5.3. — For & # 0 we have the pointwise behavior
—_— - 2 2 - 2 ey 2
Jlim (J(t)w(t)(g) — 21"V 9. 2T (€) + 2%(@“’05 YT (€) + eV )Z+(§))> =0,

where
~ a2
U(t€?) = t€2 — 5 log te2.
Proof. — We write

o —

TOw(t)(€) = (10 — 2t6) (1 — a(t€?) Y H(E) + (14 a(te?)) e~ 1) 2+ (6))

—(7/85 - 2t§) ((1 - Oé) eiq’ / M11Y2 + MlZZZ + (1 + Ol) e_iq)/ Mglyvz + M2222> (t§2)

We denote I the first term and I, the second. Since the entries of M (7) are upper-bounded
by < it follows from (72) that
Cluq)

&3 7

|I2(t7 £)| S

so this term is negligible for the pointwise asymptotics in time. Using again (72) we obtain
that

h6,9) 11— )0y — i1+ e 02" + 2 ey 4 oz < C)
We have a(7) = \/@’ SO
[14(t,€) — 2ie~ 02" + 2 (VY V7)) < Cg;),
and the statement of the proposition is proved, since \i!(r) =U(1) + 0(%). O

Using (71) and the above proposition we conclude that for J(¢)w(t) to be uniformly in L?
it is necessary that the asymptotic state i (£) has a null zero Fourier mode. This property is
not preserved for solutions of the non-linear Equation (10), and therefore weighted spaces
do not seem to be the right functional setting for Theorem 1.2 and Theorem 1.3.
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