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WELL-POSEDNESS FOR THE PRANDTL SYSTEM
WITHOUT ANALYTICITY OR MONOTONICITY

BY DaviDb GERARD-VARET AND NADER MASMOUDI

ABSTRACT. — It has been thought for a while that the Prandtl system is only well-posed under
the Oleinik monotonicity assumption or under an analyticity assumption. We show that the Prandtl
system is actually locally well-posed for data that belong to the Gevrey class 7/4 in the horizontal
variable x. Our result improves the classical local well-posedness result for data that are analytic in x
(that is Gevrey class 1). The proof uses new estimates, based on non-quadratic energy functionals.

REsuME. — 11 a longtemps été supposé que 1’équation de Prandtl n’est bien posée que sous
I’hypothése de monotonie d’Oleinik, ou pour des données analytiques. Nous montrons qu’elle est en
fait localement bien posée pour des données appartenant a la classe Gevrey 7/4 en la variable z. Nous
améliorons ainsi le résultat classique d’existence locale de solutions analytiques en la variable x (classe
Gevrey 1). La preuve repose sur de nouvelles estimations, faisant appel a des fonctionnelles d’énergie
non-quadratiques.

1. Introduction

Our concern in this paper is the well-posedness of the Prandtl system. This system, by now
classical, was introduced by Prandtl in 1904 to describe an incompressible flow near a wall, at
high Reynolds number. Formally, it is derived from the Navier-Stokes equation with no-slip
condition:

Jiu+u-Vu+Vp—ecAu=0, x€,
(1.1) V-u=0, x€Q,
ulaﬂ = Oa

that we consider for simplicity in Q := T x R . We recall that u(¢,x) = (u,v)(¢, z,y) is the
velocity field of the fluid, and p its pressure field. The parameter 0 < € < 1 is the inverse of
the Reynolds number. In the limit case ¢ = 0, one is left formally with the Euler equation,

The first author is funded by ANR project Dyficolti ANR-13-BS01-0003-01. The second author is partially
supported by NSF grant DMS-1211806.
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1274 D. GERARD-VARET AND N. MASMOUDI

for which only the impermeability condition u - n|sq = 0 can be prescribed. Mathematically,
this singular change of boundary condition generates strong gradients of the Navier-Stokes
solution u®, as ¢ — 0. These gradients correspond to a concentration of the fluid flow
in a thin zone near the wall 99Q: the so-called boundary layer. The understanding of the
boundary layer is a great mathematical challenge, that makes the convergence of Navier-
Stokes solutions to Euler ones a big open problem, even for smooth data.

To tackle this problem, Prandtl proposed in 1904 an asymptotic model for the flow, based
on two different asymptotic expansions of u®, resp. outside and inside the boundary layer:

— outside the boundary layer, no concentration should occur: one should have
u®(t,x) ~u’(t,x), the solution of the Euler equation.

— inside the boundary layer, u® should exhibit strong gradients, transversally to the
boundary: more precisely, the asymptotics suggested by Prandtl is

us(t,x,y) ~ u(t,x,y/\@), ’Us(t,fL‘,y) ~ \/gv(t’m7y/\/g)

where u = u(t,z,Y) and v = v(t,z,Y) are boundary layer profiles, depending on
a rescaled variable Y = y/4/e, Y > 0. Note that the scale 1/ is coherent with the
parabolic part of (1.1a).

If we plug the expansion above in (1.1) and keep the leading order terms, we derive the
famous Prandtl system (denoting Y instead of y):

Oru + u0,u + vOyu + Ogp — afju =0,

Oyp =0,
(1.2) Byu+ 8,0 = 0,
Uly=0 =V|y=0 =0, lim w=U, lim p=P,

y—4o0 y——4o00

where U(t, z) := u%(t,z,0) and P(t,z) := p°(t,z,0) are the Euler tangential velocity and
pressure at the boundary. We refer to [18] for the formal derivation of the Prandtl system.
The condition at y = +o0 in (1.2d) is a matching condition near the boundary between the
boundary layer flow and the Euler flow (matched asymptotics). Note that, combining (1.2b)
with the boundary condition on p, we get p = P. Hence, the pressure is not an unknown in
the Prandtl model: v is obtained in terms of w by integrating the divergence-free condition
(1.2¢), so that (1.2a) is a scalar evolution equation on u, which is a priori much simpler than
the original Navier-Stokes equation.

However, this appealing formal asymptotics raises strong mathematical issues: well-
posedness of the limit Prandtl system on one hand, justification of the Prandtl asymptotics
of u® on the other hand. The difficulty comes from numerous underlying fluid instabilities,
that can invalidate the Prandtl model: we refer to [11] for a basic presentation of these
aspects.

The aim of the present paper is to investigate this stability problem, from a mathematical
viewpoint. We shall focus on the limit Prandtl system, namely on its well-posedness. For
simplicity, we shall restrict to homogeneous data: U = P = 0. Extension of our results
to the case of constant U would not raise any problem. Extension to some U = U(t, z)
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WELL-POSEDNESS FOR THE PRANDTL SYSTEM 1275

would require some modifications, see [15] for a similar problem. Hence, we consider here
the following system:

(1.3)

0w + u0u + vOyu — aju =0,
Ozu + Oyv =0,

uly=0 = vly=0 =0, yil_fi_noou =0

with initial condition u|;—g = uo.

Before stating our theorem, let us review briefly known results on the existence theory for

(1.2).

So far, well-posedness has been established in two settings:

— The first results go back to Oleinik [22], who obtained some local well-posedness for

(1.4)

initial data that are monotonic with respect to y: U > 0, 9yu > 0. For such data, one can
use the Crocco transform: in short, using u as an independent variable instead of y and
w := Oyu as an unknown instead of u, one is left with a nonlinear parabolic equation
on w, for which maximum principles are available: see [22] for details. Note that under
the extra condition 8, P < 0 (favorable pressure gradient), one can go from local to
global well-posedness, cf. [26]. From the point of view of physics, this monotonicity
assumption is known to be stabilizing: it avoids the boundary layer separation, see [11].
Without monotonicity, well-posedness has been established only locally in time, for
initial data that are analytic with respect to x. We refer to [25, 17], and to the recent
extensions [15, 14]. The assumption of analyticity can be understood as follows. By the
divergence-free condition, one obtains v = — foy Ozu. Thus, the term v 9yu in (1.3a)
(seen as a functional of u) is first order in x. Moreover, it is not hyperbolic. For
instance, let us consider the linearization of the Prandtl equation around a shear flow

u = (Us(y),0):
dyu+ UsOpu+ Uy — 02u =0,  dpu+ v = 0.

If we freeze the coeflicients at some yg and compute the dispersion relation, we obtain
the growth rate

ks
ok, ky) = Ullyo) 1= — K
Yy

that increases linearly with the wavenumber k.. This kind of growth rate would prevent
any well-posedness result outside the analytic setting.

However, as discussed in [12], this dispersion relation, formally obtained by freezing the
coeflicients, is misleading: for instance, the inviscid version of Prandtl (that is removing the
ﬁju term) is locally well-posed in C*, through the method of characteristics.

In the case of the full Prandtl system (1.3), the situation is even more complex, and was
addressed recently by the first author and Emmanuel Dormy in article [7] (see also [8]). This
article contains a careful study of the linearized system (1.4), in the case of a non-monotonic
base flow Us:

Ja, Ul(a) =0, U!(a)#0.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1276 D. GERARD-VARET AND N. MASMOUDI

In short, it is shown in [7]) that the linear system (1.4) admits approximate solutions with
growth rate

(1.5) o(ky) ~ 6\/kz, §>0, ky> 1.

Let us stress that such growing solutions result from an interplay between the lack of mono-
tonicity of Us and the diffusion term 8§u. It is therefore coherent with the well-posedness
results obtained in the monotonic case, and for the inviscid Prandtl equation.

Of course, the growth rate indicated in (1.5) yields ill-posedness of the Prandtl equation in
Sobolev spaces. Still, it leaves room for well-posedness below analytic regularity. Indeed, the
aim of the present paper is to prove that the Prandtl equation is locally well-posed for data that
are of Gevrey class 7 /4 in variable . Precise statements will be given in the next section. Let us
already point out that the Gevrey classes m, m > 1, contain compactly supported functions,
as opposed to the Gevrey class 1 (analytic functions). Hence, stability in the Gevrey context
has more physical insight that stability in the analytic context: see [21, 2] for similar issues.

2. Statements of the result

Let m > 1. We recall that the Gevrey space G™(T) is the set of functions f satisfying:
3C, 7 > 0 such that

lfO(@)|<CcrGY™, VjeNzeT.
For a reminder on Gevrey spaces, we refer to the paper [6] by Foias and Temam as

well as to the papers [16, 5, 23] where these spaces are used. One has in particular
G™(T) = U,~, G7(T), where

G (T) = {f € C™(T), sup P () (G + 1) FO e < oo}
J

is a Banach space, stable by multiplication. Note that the extra factor (j + 1)° is useful in
proving the stability by multiplication [16, 5] (the exponent 10 is arbitrary, any power greater
than 1 works as well).

In the context of the Prandtl equation, functions depend not only on z, but also on y.
We just require Sobolev regularity and polynomial decay with respect to the y variable. For
s € N,y > 0, we define the spaces

H’f’ = {g S HS(R+)7 (]— +y)’y+k9(k) € L2(R+))k = Oa .. '73} 5

lgllZrs = > 1(1 +4)" g™ | .
k=0

We write L% instead of Hg. Accordingly, we introduce the space

G™(T; H2) = | J G7(T; H)
7>0

(1 As mentioned recently by S. Cowley to the first author, the instability mechanism used in [7] had already been
described at a formal level in [4].
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WELL-POSEDNESS FOR THE PRANDTL SYSTEM 1277

where
Gr (T )= { f € (T, sup % (G G+ 10y < oo} |
J

We shall consider initial data ug satisfying
ug € G (T; H3TY),  wo := Oyug € G (T; HY)

for some m, s, 79 to be fixed later. Our focus will be on data that are non-monotonic with
respect to y. More precisely, we shall assume the existence of a single curve of non-degenerate
critical points:

H)  wolz,y) =0iffy = ao(x), for some curve ag(x) > 0, with Oywo(z, ap(z)) > 0, Vz.

Without loss of generality, we will assume that ag(x) < 3. Besides, to control the behavior
of the flow at large y, we shall need uniform lower and upper bounds on vorticity. We assume
the existence of ¢ > 0 and ¢ > 0 such that

(H)  Forally > 3, for all x, for all o« € N?|a| < 2,

26 1

> a < —.
|W()(ZL’,y)| = ( |a WO(ZI:,y)| = 2(5(1+y)0+a2

14+y)7’

We can now state our main result:

THEOREM 1. — Let 19 > 0,8 >8e¢ven, v > 2,0 > v+ % 6 > 0. Let ug satisfy
ug € GZ&(T; Hjﬂ), wo 1= Oyug € GZ({4(T; H?),
the compatibility condition: ug|y—o = 0, and assumptions (H), (H") above. Then, there exist
T > 0,0 < 7 < 19 and a unique solution
we L®(0,T;GY/4(T; HtY)), we L™(0,T;GY4(T; HY)),

of the Prandtl Equation (1.3), with initial data .

Remark that a solution u of (1.3) with the regularity above automatically satisfies

Oyu € L™ (O,T; G7/4('JT; H:jj)), V1 < T

,T/
This yields continuity in time of » with values in GZ,/ NT; H j:}), 7/ < 7, giving a meaning
to the initial condition.

Let us point out that the solution u of the theorem remains in the Gevrey space G7/* in ,
but does not stay a priori in GZ,{ Yitis likely that the exponent 7 deteriorates with time.

The theorem will be the consequence of the control of some well-chosen Gevrey type
norms that evolve in time. More precisely, introducing the vorticity w := 9yu, we will control
an energy of the form E(¢, 7(t)), with

=, 2
B(t,r) =3 (P G) TG+ D) 10t ) )

Jj=0

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1278 D. GERARD-VARET AND N. MASMOUDI

for some positive function 7(t) decreasing linearly and fast enough with ¢. Actually, it will
be slightly better to consider a variant of the previous energy, namely

+oo

. 2
@.1) Eu(t,r) = (71 G) 4G+ 1) el
§=0 !
with
ol = D 1A +u)"" 20wt )L, -
J=(j1,j2)EN?
[J|=5,0<j2<s

We leave it to the reader to check that: 3¢, C > 0 such that
E(t,7) < E,(t,7), E,(t,7)<CrrE(t,7), VOo<T<7.

Roughly, the choice of E,, upon E is connected with estimates on the hyperbolic part of (1.3),
for which derivatives with respect to « and y have the same cost.

Still, the energy E,, cannot be controlled in a direct manner. As mentioned in [20], there
is a problem with estimating 8Jw . If the 87 hits the v in the transport term v8,w, we end up
with 82v9,w, which gives an a priori loss of one full derivative and requires analytic data.
This is the main trouble with the Prandtl system, already pointed out in the introduction.

To overcome this difficulty, we shall rely on new estimates, notably inspired by the recent
paper [20] by Wong and the second author. This paper is about the well-posedness of the
Prandtl equations for monotonic data, that is when w is increasing with y. As we recalled
in the introduction, in this monotonic case, well-posedness was obtained by Oleinik in the
sixties, using the Crocco transform. The novelty in [20] is to obtain such well-posedness result
without using the Crocco transform, namely performing Sobolev estimates in the original
Eulerian formulation (see also [1] where estimates on the linearized problem were done). The
main point in the proof is to avoid the loss of derivative generated by the v-term. One key
idea is the following: combining properly the velocity formulation (1.3) and the vorticity
formulation (w = Oyu)

2.2) Oww + u0zw + voyw — 3§w =0,
one is left with an equation of the form
0t g™ + ul, g™ — 65 g™ = commutators

on the new nonlinear quantity:

Oyw u

g™ = w — u = wdy,—.
w w

The main point with this new equation is that the function v, responsible for the loss of one

z-derivative, does not appear. Similarly, one can write down equations on

x

2.3) g = Bl — P
w

that do not involve the bad term §7v. Moreover, broadly speaking, one can show that the
control of the family g; in L? amounts to the control of the family 8Jw in L?. Hence, one
can expect to derive a Gronwall type inequality, at the Sobolev level, using the g;’s (see [20]).

4¢ SERIE - TOME 48 — 2015 N° 6



WELL-POSEDNESS FOR THE PRANDTL SYSTEM 1279

Of course, the main difference between the present context and the one in [20] is assump-

tion (H): there exists a curve of critical points, meaning that w vanishes. This critical curve,
that reads initially y = ag(z), with 0 < ag < 3, should evolve into some y = a(¢, z), with
0 < a < 3 for small times. Differentiating the relation w(¢, z, a(t, z)) = 0, one finds that the
function a should be governed by the ordinary differential equation in the variable ¢:
Ow(t, z,a(t,z))
Oyw(t, z,a(t,x))
The quantities g7"*’s are not suitable in a neighborhood of this curve. As we shall see, even
away from it, the 8w’s are not controlled by the gj"*’s in a suitable way, due to nonlocal
phenomena.

Therefore, we need to introduce an additional quantity, that somehow recovers the infor-
mation lost near the critical curve. We stress that in this region, the flow should not be mono-
tonic anymore. However, due to our non-degeneracy assumption, it should remain convex:
d2u = dyw > 0, for t and y — a(t, x) small enough. It turns out that this kind of convexity
assumption has been used in a close context, namely in the study of the hydrostatic Euler
equations. These equations, set in T x (0, 1), read

Ot + u0,u + vOyu + Ozp = 0,0yp = 0,
Ozu + Oyv =0,

2.4) Oal(t, x) + =0, a(0,2)=ao(z).

vly=0 = vly=1 = 0.

Again, for this system, there is a possible loss of z-derivative through the function v. As
shown in Brenier [3], Grenier [9], the well-posedness of the hydrostatic equations requires
some convexity assumption. This fact was emphasized in another recent paper by Wong and
the second author [19]. Starting again from the vorticity equation,

Oww + u0,w + vOyw = 0,
and dividing by /0yw, one is left with an equation of the type
Oh™" + u0 h™" + \/0ywv = commutators

on h™* := —“—_ One can then take advantage of the cancellation

oy

2
e [ Vagawrr= [ wgue- [ = [ 9l
Tx(0,1) Tx(0,1) Tx(0,1) Tx(0,1) 2

to get rid of the bad terms in v. Let us note that the same idea was used by Grenier in [10]
to establish the stability of some characteristic boundary layers. Similar cancellations hold
with higher order derivatives in z, through the introduction of

P w
Voyw
Thanks to these quantities, one can obtain local in time Sobolev estimates, like for the Prandtl
equations in the monotonic case.

In our context, with regards to the previous remarks, it is tempting to replace the original
energy F,, by a modified one, based on functions g; and h; like in (2.3) and (2.6). To be more
specific, one could think of combining two local energies: one away from the critical curve,
based on the g;’s, and one in a neighborhood of the critical curve, based on the h;’s. With

(2.6) Y =

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1280 D. GERARD-VARET AND N. MASMOUDI

regards to the recent works [19, 20], one could even expect to obtain stability in Sobolev
like spaces. However, such localization process is not straightforward. Indeed, the Prandtl
equation, like the hydrostatic one (see recent developments by Renardy [24]) is highly non-
local. This non-locality explains the ill-posedness of the Prandtl equation in the Sobolev
setting, as can be seen from the mechanism described by the first author and Dormy [7].

At the level of the energy estimates that we will perform, this non-locality will be reflected
by some annoying commutator terms. To control such bad commutators, we will use a
functional of the following type:

(2.7) E(a,t,7) = E,(t,7) + En(t,7) + Ey(t,7) + a EL(t, 7)
where a > 0 is a parameter to be chosen later. This functional splits into four parts:

— The first part is a vorticity energy

: i1 (L \—T/4 (; 10)2 2
(28) Bu(t,r) = (v G) G110 el
jEN K
with
2 = >0 A+ 920 w0 o, .
! J=(j1,j2)EN?
[J|=7,0<j2<s
The difference with the original energy E,, (¢, 7) is the restriction j, > 0 which means
that the derivatives 82w are not included here. For each j this energy will provide a
control of all (z,y) derivatives of order j but d2w. For j = 0, one has [wll ;2 =0, but

we keep it in the sum for unity.
— The second part is a hydrostatic energy

. 2
2.9) Bu(t,r) =Y (T GG+ D) () ey
jEN
where
M w
(210) hj(t,xay) = X(y_a’(ta QJ)) (t,x,y),

v/ Oyw

with x = x(p) € C(R) equal to 1 in a neighborhood of p = 0. We take x with small
enough support, so that x(y—a) is compactly supported in (0, 3), and 9,w > 0 over the
support of x. This truncation function corresponds to the localization near the critical
curve mentioned above.

— The third part is a (first) monotonicity energy

. 2
(2.11) El(tr) = (7 GG+ D) g ) e
JjEN
where
@12 gtay) = (Vewltny) +1-v) (az;w - 81‘”6@) (t2.y)

with ¢ = ¢(y) € C(R), equal to 1 in an open neighborhood of [0, 3].

4¢ SERIE - TOME 48 — 2015 N° 6



WELL-POSEDNESS FOR THE PRANDTL SYSTEM 1281

Note that the truncation i makes the quantity g; well-defined for all y, even in
the neighborhood of y = a(t,z). Indeed, for large y, it amounts to the original
Definition (2.3), whereas near the critical curve, it reads

gi(t,z,y) = wdlw — wdlu.
Note that the first term at the right-hand side vanishes near the critical curve, which
leads to a loss of control of d/w in terms of g;. As explained before, this is why we add
the hydrostatic energy to the energy functional. More precisely, we will show that the
sum of the vorticity energy, the hydrostatic energy, and the first monotonicity energy
controls the original functional E,, (¢, 7). However, we are not able to obtain a closed
estimate on this sum.
— Hence, we need to add a second monotonicity energy

. 2
(2.13) B2(t,r) =3 (7 GG+ D) G+ D205 ) e s
JEN
where
(2.14) G;i(t, z,y) = 027° (wiiw — Oywdu)

(with convention 8% = 0 for k < 0). Let us remark that §; is close to g;: for instance, in
the region ¢ = 1, one has §; = g; up to commutator terms. Indeed, the replacement
of g; by g, is only a technical issue, that will be explained in due course. The real key-
point in the definition of this second monotonicity energy is the extra factor (j+1)3/2,
creating an anisotropy in the total energy &(«, t, 7). Such a choice of anisotropic energy
is the main feature that will allow us to prove stability estimates in the Gevrey setting,
below the analytic case.

3. A priori estimates

The key for Gevrey well-posedness is some a priori estimate on the anisotropic
energy &(a,t, 7) introduced in the previous section. This energy involves notably the
functions g;, see (2.12), that contains the factor d,w/w. To control their behavior for large y,
a lower bound on w and an upper bound on dyw are needed. More precisely, we shall work
with vorticities w satisfying: for all y > 3, for all t,z, for all « € N2, |a| < 2,

1
[e3%
A S
Except for a factor 2, this condition is the “all-time” version of condition (H’), the latter
dealing only with the initial time. Of course, in the end, we will only assume (H'): we will
build solutions through an approximation scheme, and doing so, we will show that the
approximations satisfy (3.1) over a uniform time interval.

(3.1 |w(t,z,y)| >

THEOREM 2 (Main a priori estimate). — Let T > 0,0 < 7 < 7¢, 8,7, 0 as in Theorem 1.
Let u be a smooth solution of the Prandtl Equation (1.3) over (0,T), with a single curve of
non-degenerate critical points: y = a(t,z), infa > 0, supa < 3. Assume that the vorticity w
satisfies (3.1) over 10, T, and that

(3.2) E,(t,7) <M, M>0, Vte(0,T).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1282 D. GERARD-VARET AND N. MASMOUDI

Then, there exists 0 < a < 1, C' > 0 such that for allt € (0,T):

0:6(a,t,7) < C O, 6(a,t, 7).

REMARK 1. — One will see through the proof that the constant C depends on the following
parameters: 7, M, inf a, sup a, the § in (3.1),

0o := inf |Oyw|,

t,xz,y=a

61 := inf |w|, fore:=min <
t,x,
ly—a|>e,
y<3

infa 3 —supa inf; g y—q|Oyw] J
b b) 7a
4 4 4sup, ., |02w]

0 ;= inf |wl,
t,x,
ly—al=p,
y<3
where p is a constant depending on M, T 0y, and € (this constant is introduced in Paragraph 3.4,
see “estimate of D; ). More precisely, C' can be taken continuous and increasing in M andsup a,
decreasing in the other parameters. Let us mention again that in the upper bound a < 3 or in

the conditiony > 3 in (3.1), the choice of the value 3 is purely arbitrary.

The constant o € )0, 1] depends also on 7, M, inf a, sup a, the § in (3.1), and 0,, 01, 05.

The estimate of the theorem will yield the Gevrey stability, playing on the radius 7 of
Gevrey regularity. Indeed, taking some time-dependent 7(¢), we observe that

0 6(a, t,7(t)) = 0 6(a, t, (b)) + 7' (£)0: E(a, t, 7(t)) < (C + 7' (t)E(ay t, T(t)) < 0
if 7 is decreasing fast enough with time.

We insist that all this section is about a priori estimates. The construction of solutions will
require a further approximation scheme, on which similar estimates will be shown to hold.
This will be detailed in later sections.

Notations. — As many constants will be involved in the calculations, we shall use the follow-
ing notations for brevity:

— We shall call absolute constant any constant that depends only on the fixed quantities
T0, S, Y, 0.

— We shall denote a <, b, respectively a S- as b whenever a < C b for some constant C
depending on 7, respectively on 7 and M.

— We shall denote @ < b whenever a < C'b for some constant C depending on 7, M,
inf a, sup a, the ¢ in (3.1), and 6y, 01, but not on 6, see Remark 1 for definitions.

— We shall denote a <,y b, whenever a < C'b for some constant C depending on 7, M,
inf a, sup a, the ¢ in (3.1), and 6, 6+, 62, see Remark 1 for definitions.
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3.1. Preliminaries

In order to prove Theorem 2, we need some extra notations. For any p € [1,+oo[, we
introduce the weighted [P space

+oo ) 2
P(1) == < (aj)jen, Z(T]+1(j!)_7/4(j+1)10) laj|P < 400§,
§=0
with norm
1/p
+oo ) 2
”ajHlP(‘r) = Z(T]+1(j!)—7/4 (]+1)10> |aj|17
§=0
1 have F ’ do.E 2 1/2 ’
In particular, we have E, (¢, :H i and 0, E,(t,7) = 2||(j +1 i .
p (t:7) = [lelis | o, (t7) = 26+ 2Nl ...

We shall make repeated use of the following inequality:

LeEmMMA 1. — Forallm <5,

k.

J
| <k> @t bj—klliz(r) S llajllizcry Ibsllier)
k=0

and symmetrically,
L (i
| Z <k> ak bj—ktmliz(r) S llaslliez e 195llzc)-
-

REMARK 2. — In this lemma and in all the text, the notation % that appears as an index in
.. L. . 3 j
the sums is slightly abusive: it stands for the integer part of §.

Proof. — Denoting (1) := 77 (51)~7/4(j 4 1)*°, we find
J
~(j
1> <k> Aktm bj—klliz(r)
k=0

L, —3/4 7/4
j k+m)! _
=) <k> ((k')) (k+m+ 1)k m(T)aksm ik (T)bjk 2
k=0
+oo

T
S Ik m 4+ 1)E 00 () g (T)bj 12
k=0

By a standard convolution inequality for discrete sums, we get

i
2 .
J . To—
1> <k> arem bi-i 2 Sr 116G+ 15771 (0 ()az) o llag ()b -
k=0

Asm < 5, we have EM —10 < —1, and we can use the Cauchy-Schwartz inequality to bound
the first factor, which yields the result. O

The next lemma emphasizes some important relations between our energy functionals.
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LeEmMA 2. — Under the assumptions of Theorem 2

(3.3) E,(t,7) — EBu(t,7) S Ej(t,7) + En(t,7) S Bu(t,7) — Eu(t, 7)

and

(3.4)  0-E,(t,7) = 0-Eu(t,7) S 0-E)(t,7) + 0: En(t,7) < 0-Eu(t,7) — 0-EL(t,7).

These relations, to be proved in the appendix, follow from a direct but crucial representa-
tion of 7w in terms of g; (see (2.12) for the definition of g;):

LEMMA 3. — One can write:
(3.5

w(t, z,y) /Sy (w + ( ;W)l % +C;(t, zx)w(t, z,y), y>alt, ),

w(t,m,y)/oy (1/J+ (1_w)>_ljé, y < a(t,z)

w

Fu(t,z,y) =

with Cj := —dJu(t,z,3)/w(t,z,3).
Proof. — The proof is trivial: integrate the relation

; -1
(3.6) 8, ai“ - <w G ¢)> i

w w?

from 0 to y and from 3 to y respectively. We point out that the choice 3 is arbitrary.

We stress again that v is assumed to be a smooth solution of the Prandtl equation, notably
smooth across the critical curve y = a(t, z). Note also that (3.6) formally yields the relation

u(t,z,y) = w(t,z,vy) /Oy ('¢+ (1 —ﬂ’))l 95

w w?

for all y. However, the right-hand side does not make sense for y > a(t, z): as w degenerates
near y = a, the integral is not properly defined. One cannot use it to bound nicely 87u

in terms of g;, even away from y = a. This is why we substitute to this formula the
decomposition

; Y -9\ "y
otutt,eg) =) [ (v+ C2) & oynate o)
3
with a first term that depends nicely on g; away from y = a, and a second term that, broadly
speaking, will be controlled by the hydrostatic energy. O

Let us conclude this paragraph by a trivial remark: for any energy functional
E=FE,, E,... that will be used in the text, one has £ < %GTE. This will be used many
times without mentioning.
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3.2. Estimate of the vorticity energy

We focus here on the energy E,, (¢, 7) defined in (2.8). We also introduce the functional

—+00
37) Dalt.r) =3 (7 ()74 G4 1) eI,

Jj=0

which will appear due to the viscous term in the Prandtl equation. We shall establish

ProrosiTiON 1 (Estimate on the vorticity energy). — Let T > 0, 7 < 79, 8,7, 0 be as in
Theorem 1. Let u be a smooth solution of the Prandtl equation over |0, T]. Assume that the
vorticity w satisfies (3.1) over |0, T, and that

E,t,7) <M, M>0, Vte]o,T].
Then, for all t € ]0,T):

OB, (t,7) + Dy(t,7) Snrr 07 Eu(t, 7).
The starting point is to write down an equation on wy := 07w, J = (j1,72) € N2,
0 < j2 < s. Differentiating the vorticity Equation (2.2), we find
Owwy + u0zwy + v0ywy — 8ZWJ = —[07,u)0,w — [0, v]Oyw.

After multiplication by (1 + y)27+272w;, integration over T x R, and standard integration
by parts, we get

I+ 9) 2 ws (b )L () + 1A +9) 20wt L2 (o)

DN | =
&=

__ / (14 9)222(07 W]dww,y — / (1+ )2 +22(07 v]d,ww,
TxRy TxRy

—r+2) |

(14 )2+ 2271 (90 —vwy) wy + / Dywywy.
TXR+

Tx{0}
Multiplying by (7!/1+1(|J|)=7/4 (|J| + 1)10)2 and summing over J € N x [|1, s||, we obtain

atEw(t’T) + Dw(tv T)
< (I14jll2cry + 11Bjllizry + (27 + 29)(1C;lli2 ()
+ (27 + 28) | Djlli2(r) G + 1)1/2||w||j{i le2(ry + 1Bl ()

Se (1451l + 1B lliziry + IC5 iz ey + 1D li2(ry) A/ 0 B (£, 7) + |1 Bl ()
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where
1 ,
(338) R T D DR (G L A0 e
J=(j1,j2)EN?
|J|:jjlv (J)z<j2SS
1 ‘
(3.9 Bii=g 2. 0+ 00 vowliame,
J:(ll’l )GNZ
7127, 0% 2 <s
1 L
(3.10) Cl=cry 2 1049 vy, ),
J J=(j1,j2) EN?
[J]=5,0<j2<s
1 .
(3.11) D} = i1 Z 11+ ) 271 yw 172 (rxr, )
J=(j1,j2)EN?
712, 05 ja<s
(3.12) Ei= > Dywywy.
J=(j1.j2)en? * {0}
|J|=3,0<j2<s

Note that the first term at the right-hand side comes from Cauchy-Schwarz inequality, first
in L2(T x Ry), then in I2(N x [|1, s]]).
Estimate on A;. — We first write, for J € N x [|1, s]], |J| = j:
yin gl _ J k2 gk ks fI—K
(1+y) 207 uosw =D i)+ u(l+y) 87 Ko,w.
K<J
|K|>0
As~ > 1, we obtain
. J ,
(14 ) 2|07, uldw] < ( K) |1+ y)7 R 10K u| |(1 4 y) 2 R207 K0
K<J
|K[>0

Then, we write

(3.13) |1+ )07, u]dpwll L2 (rxry)

J J
< ¥ (Wbt X ()i

K<J K<J
Ul>k|>0 J>| K[>
where
ak = |1+ )2 0% || poe (rury ), DY_ g o= (1 + ) T2 R207 K G 0| L2y )
ag = (1 +y) 270 | o (rxryy,  BF_k = (14 9)7 275207 7K 0]| oo (1R, ) -

Treatment of the first sum. — We first notice that () < (\IIJ<I|)’ uniformly for J € N x [|1, s|].
Then, using Sobolev and Hardy inequalities (A.1), (A.2), we obtain easily that

ak < Ca (@l ju + @ll i )
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for an absolute constant C, (only depending on +). Also,

by e < [l gy

Denoting k := | K|, j := |J|, we obtain for some absolute constant C
1 I\ 1 1

o O ( )“K br-x

G+02 = \K

J
Hi>1x(>0

.

C & C &
< G 2 (L)l Wolivo + G ym 32 (1) Wb Bl

1_1 %_1

C 9 c j
< W z:% <k’ n 1) ||w||ﬂ§+1 ||w||ﬂi—k + W kzzo <k + 1> ||W||j{§+2 HWHJ{{F;C

% J
J )
(1)1t (68 )

We finally control the i%(7) norm of the right-hand side using Lemma 1 (we take m = 1 for
the first term, m = 2 for the second term). We end up with
(3.14)

1 J
I Z Z (K)G}K by_klliee - VE,(t,7) /0, E,(t,7)

; 1/2
j+1 —
( ) J=(j1,j2)eN?  K<J
|71=4,0<j2<s > K|>0

ok,
.

J .
<3 (Dol (=01l ) +C
0

k= k=

<, VM+/8,E,(t,7).

Treatment of the second sum. — We proceed as for the first sum, reversing the role of factors
a and b: more precisely, we apply the Hardy inequality (A.2) to a%:

@ < Callwl]

and the Sobolev bound (A.1) to b%_ ;.. Note that, due to the last two terms at the right-hand
side of (A.1), the quantities 8,0’ ~%8,w and 9,07 K 92w are needed to control b%_ . In
the special case where j, = s, ks = 0, they involve s + 1 0,-derivatives. Thus, they cannot
be controlled by ||w|| =K1 similarly to what we did for al- (the definition of # ,Jy spaces
involves only jo < s 0,-derivatives). Hence, in this special case, we rather use the inequality

(1 + )7 927520,07 Ko w]| 12 < C (10,0l 1o-xiom, m=1,2.

. . . [J-K[+ .
We insist that the r.h.s involves the homogeneous space J | | m, because jo — ko # 0
(j2 = s, k2 = 0). This is important to use the dissipation term D,,. Eventually, we find

3
s <0 3 (ollgmion + 10yl w100
7

m=1
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for some absolute constant C,. Then,

1 JY 2 o
TN E < >aK by Kk
(G + 1)/ = K

J>|K|>‘JI

3
(j+1) 1/ Z_
for an absolute constant C. We crudely bound (j + 1)~'/2 by 1, and apply Lemma 1, to find

1 J
”W Z Z <K>a§( b?]—Kle(T)

J=(j1,j2) EN? K<J
|J|=j, 0<ja<s J>|K|> 1L

(3.15) < VEu,(t,7) <\/Ew(t,7') + \/m>

Gathering of the bounds (3.14)-(3.15) leaves us with

45 lls) Sras (VELGE) + VOBt +/Buter))

(D) lat (ol + 10y g0

M-
N,

(3.16)
SeM <\/8E (t,7) + 1/ Do ( tT)
Estimate on Bj. — Let us first point out that v = — [ 8,u does not decay at y = co. When
K = (k,0), one has
(3.17)

400
[0% ]| L = 0%u]lL~ < | / 05+ u| dy o= ()
< Cy 05l g2y < O (105 ull oz ) + 105 2ulazz )
< O (105wl o zz) + 1952w 22z

where the last line comes from (A.3) (constants C,,, C.,, CV/ are absolute). When K = (kq, k2)
with ko > 0, we use that v > 2, which gives

(3.18) [[(L +9)*20% | < [[(1+1) 27205 v o = ||(L + ) 2205 052 L
which, as seen before, can be controlled by [|w|| ;x| + [|w][,ix1+1 through (A.1) and (A.2).
Y vy

Proceeding as for A;, we get

(3.19) (1 +)"2[07,v]0ywl r2(rxry)

J J J
< ¥ (fadar X (Dasar X (5)akthx

K<J K<J, K<J,
Bl>1k[>0 j2—kz<s—2 s—1<ja—k2<s
- J J

J>|K|> 13 T>|K|> 13
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where this time

k1= [0+ 90 vl oinnys Vo = 10+ 807K 0,0 e
afe = |1+ )" 0% vl L2 (rxry), b = 1L+ )27 E O wl| Lo (1,
e = (1 + 920l ey s = L+ 97207 K Dl .

Treatment of the first sum. — Thanks to (3.17) and (3.18), we find (for an absolute constant
C, only depending on )

1
aje < Ca Y wlypimiem.

m=0

Regarding b},_ x> one must take care of the special case: jo = s, k2 = 0, for which 87K Oyw
involves s + 1 derivatives with respect to y. Hence, we write

by ke < llwll yo-mivs + ||3yw||j,|7J—Kl

where the last term at the right-hand side accounts for the special case. Proceeding as for A;,
relying on Lemma 1, we find

1 J
(3.20) ”W > > <K)a}<b3—K||12(T)

J=(j1,j2) EN? ; K=<J
| 71=4,0<j2<s 151> |K[>0

< VI (VOB + /Dt )

Treatment of the second sum. — We handle the second sum similarly: we apply Hardy inequal-
ity to a%, Sobolev inequality to b%.. Remark that we put factor (1+y)*2~! in front of 0¥ v, in
the definition of aﬁ(. It allows the L2 norm to be finite even in the case k; = 0. More precisely,
we apply in this case (A.3), and then (A.2). We get

ajx = afy ) = (1 + y) " 0|

(3.21)
< Call030yvli e = CallOF  ullze < CLlI(1+ )05 wlre < Collwll s

For ks > 0, we can use directly (A.2) to find
(3.22) aje =11 +9)* 707 0y e < Callwl e

(for another absolute constant C,,).

Regarding b2, the factor (1 + y)*2~! in front of 9% v forces a factor (1 + y) 7 +72—k2+1ip
front of /=¥ 8, w, but it is harmless thanks to the extra 9,. Moreover, as we restrict here to
indices satisfying j» — ko < s—2, the control of b% by the inequality (A.1) (which involves for
instance 87~ X 8§w) only requires terms with less than s derivatives in y. We leave the details

2 3
to the reader. We get b5 _, < Cy >0 _; ||U.)||ﬂzlfk+m.

Let us stress that the estimate (3.21) for k; = 0 is not so good as estimate (3.22) for k5 > 0.
Indeed, the upper bound for k; = 0 involves one more x derivative of w. But thanks to the
assumption j, > 0 (together with K < J), one always have k + 1 < j; + 1 < j: one never
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needs more than j z-derivatives. From a practical point of view, this allows to make a change
of index k' := k + 1 in the sum corresponding to indices k; = 0. Namely, we get

1 J
”W > > (K) age b5 lliz(r)

J=(j1,j2)EN? K<Jka=0
Jj=j,  Ja—heSs-2
0<ja<s  J>|K|>1L

(3.23) i \
S c Z (k') (k/)1/2”w||j,{:/ Z ||Ld||ﬂz{7k’+m
k’:% m=2
< VOB (b TV Eu(t7) Se VM A0, Ey(t, 7).
Meanwhile,
(3.24)
1 J
lGroe 2= 2 (K)%{ Vil Sr Bultyr) S0 VM VEL (),
’ J=(j1,j2)EN? K<Jk2>0
|J|=3, Jo—ko<s—2
0<j2<s J>|K|>!
and finally

G25) | Y 3 (}i,)aKbJ izt <o VM BBt 7).

1/2

j+1

( ) J= (J17J2)€N2 K<J,
|J|= Ja—ka<s—2
0<32<s J2|K|>%

Treatment of the third sum. — Note that the third sum is empty except when j; = s (in which
case ko € {0,1}) or when jo = s — 1 (in which case k2 = 0). In both cases, the important
thing to notice is that

. J ||
2 K| = < < — 1 < <s-—1.
3 6)| | k‘1+k‘2_]1+k‘2_|J| s+ 1, and<K>_<|K|+m> Vm < s

Using once again (3.17), (3.18) and (A.1), we end up with

1
ak <Ca ) wll 11+

m=0

whereas

by < 19yl 1551

We get, taking (3.26) into account:

i 7 (-

K<J,
SN !
G 1/2 Z > o @l 18yl -1

m=0 p_— J+1
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We can bound ~—2 by 1, and make a change of index: k&’ = k + m. Then, application of
Gz Y

Lemma 1 leads to

1 J /.
||m Z (K)ai{ b3J7K||l2(7-) 57— V Ew(t,'r) Dw(t,T)

K<J,

(3.27) s—1<j2—k2<s
J> K[>

<, VM \/D,(t,7).
Gathering of the bounds (3.20)-(3.25)-(3.27) leads to

1B oy Sont (¢Ew<t,r> BB + \/wa))
<M (\/(%Ew(t,T) +4/ Du(t,f)) )

Estimate on Cj. — By a combination of (A.1) and (A.3), we get that

(3.28)

(%

”1+y

2
o= < Co 2 ML+ )T wllrs (e,

m=1

for some absolute constant Cj. It follows that

v
G5l < IIWIILmIIwIIj{i Sr VEs(7) [l Sr VMV Bt 7).

Thus,
(329) ||Cj||l2(7') ST,M V Ew(t77—)'

Estimate on D;. — Cleatly,

(3.30) 1D;lli2(ry < \/ Dot 7).

Estimate on E;. — To handle the boundary term, a simple application of the trace theorem
is not enough. One shall adapt ideas from [20]. The main point is to reduce the number of
derivatives in the boundary term dywr wr|y=0, thanks to the equation. For instance, one can
observe that

Oywly=0 = (Oyu + udzu + voyu) |y=o = 0.
Then,
(3.31) 83w|y:0 = 0y (Ow + uOpw + VOYW) |y=0 = Wyw|y=o.
For higher derivatives, one has

LEMMA 4 (from [20, Lemma 5.9]). — For jo > 4 an even number, Oyw ; is a linear combi-
nation of terms of the form

N
o (H aglagtw|y_o>

=1
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with

N
D Bar+ =42 +1,

=1

N
Zal<*—1 > Bi<ja-2,
1=1

al+ﬁz§]2—1, Vi=1,...,N.

Besides this lemma, we need a slight generalization of Lemma 1, whose proof is left to the

reader:
for all j € N. Then, for sequences a ,jeN, I=1,...,N, one has

N
Z o, H ki +m, <CrN H a1y

(kt,v.okw )€K () Hl 1k 1=2 2(r) 1=1

LEMMA 5. — Let N > 2, mo,...,my < 5. Let

2.

Kl(j) = {(kl,...,k‘N)GNN, st.ki+---+kn=4, k1>

We now write

Ej: E / 8wawJ+ / awawJ
JeN*xon, Y Tx{0} JEN* x (2N+1), Y Tx{0}
|J]|=5,0<j2<s |J|=4,0<j2<s

+ 1[|1,...,s|](j)/ . }aflw Hw = EJ1 + Ej2 + E;’
Tx{0

Study of Ej. — Let J € N* x 2N, |J| = 4, 0 < jo < s. We write

/ 8yLUJLUJ
Tx {0}
1/2

< 19ywsly=ollr2(m) ||‘*’J||L2 (TxRy) ||3wa||L2 (TxRy) = < 10ywsly=ollz2(m) ||8yw||%]

< 18yw.sly=ollL2(my llwsly=oll L2 (T

applying the trace theorem and then the Hardy inequality (A.2) to the second factor. Regard-
ing the first factor, one must use the reductions seen above. We focus on the case jo > 4
(and even), which is treated thanks to Lemma 4. The case jo = 2, involving (3.31), is sim-
pler. The L? norm of ||@yw s|y—ol|z2(r) can be bounded by a finite number of terms of the

type ||021 (lel o 851w|y:0> | 2 (T where N and the (o, 8;)’s satisfy the conditions of the

lemma.
As usual, we use the Lebnitz formula to write

N
1o (Haﬂ?’af”'y:") e =1 > iﬂaal*’“aﬂlwu oll 2o

=1 kit tkn=j1 Hl VR

< Z [ Z 1\][;' Haaz+klaﬁzw|y 0||L2(’]1‘) — ZWV

V=1 (k1,...kn)EK (1) [L2 k! =1 =1
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where

Ki(j1) == {(kl»---akN) eNN, stki4-+ky=71, k> ?\1[}

We now bound /'y, the other terms being treated in the same way. We write

. N
Ji!
N < Z P ||3§1+k1851‘0|y:0||m(1r) H ||8§’+kl65lw||m°(1rxnh)-
(k1,..,kn)EK1(J1) Hl:l l 1=2

Note that
G +2<j:<s forall,
a1+ﬂl+kl+1§j7 al+ﬂl+kl+2§j7 l:2u7N
(ki <ji—1forl>2 asky > j—l). We use the trace theorem with the first factor:
1/2 1/2
10225 08 wly=oll2(r) < Co 103> 00wl o, 1055 00 Hwl| ol

< Gy (1 +9)o 107wl L (rxr,y)

for absolute constants Cy, C{,. The last bound comes from (A.2). Using the Sobolev imbed-
ding (A.1) with the second factor, we get:

N
j1!
N1 <Oy Z AJ,;' ||w||5;[a1+,@1+k1+1 H Z ||w||ﬂﬁz+ﬁl+kz+m
(k1,....kN)EK1(d1) Hl:l k! ! I=2m=0
<oy ﬂIHEZWMWM

’l
(k) .. ,kgv)exl(a)nl 1k T 1=2m=0

for an absolute constant C';. The last inequality involved the change of index

K=o+ bi+ki+1, k=oa+B+k, 1>2 j =i+ (+p)+1
=1

From Lemma 5, it follows that
1/2
N
S (@A +00) | S (el lee)
jl vy
Eventually, we point out that 5/ < j. Indeed, from the conditions expressed in Lemma 4, it

is easily deduced that one of the a;’s is non-zero, and from there that Y (a; + 8;) < jo — 1.
It follows that

7_]+1( ) 7/4(]+1)10< T] —0—1(]/') 7/4(.7 +1)
for all j. Hence,
1/2

Z <7.J+1( N7/ 1)10) W12 | S VELT) St VEu(b 7).

By symmetry, the same bound applies to Vs, ..., N n. Thus,

. ; . 1.
1B} 12 (ry Sroma \/Ew(tﬁ) \/Dw(t» ™) Srom Dot 7) + L B (t7)
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for allp € ]0,1].

Study ofE]?. — LetJ e N* x (2N +1), |J| =4, 0 < jo < s. Note that jo < s — 1 (because
s is assumed even). We integrate by parts with respect to x:

/ awa wy = —/ aéjl—l)azrﬁ-lw agﬁ’l-i-la;éw.
Tx{0} Tx{0}

Then, we apply the boundary reduction lemma to the second factor in the integrand. From
there, the treatment is exactly the same as in the first case, and leads to

. 1.
1B ey Seas nDu(t7) + L Bu(t,7)
for all n €]0,1].

Study of E?. — Note that E? is non zero only if j < s. When j = s, one uses Lemma 4.
Otherwise,

s—1 s—1
j j j i n1/2 j 1/2
S| ot < 310y el 10l e, 10,050l s,
j=0 |/ Tx{0} §j=0
We end up with

R R . 1.
1B 11y StV Bolts 7) /Dol 7) Sroar 1Dt 7) + ~E(t.7)

for alln €]0,1].
Eventually,

. 1.
(3.32) 1 Eille(r) Seom Do (t, 7) + EEw(ta 7).
Combining this last inequality with (3.16)-(3.28)-(3.29)-(3.30), we obtain

0B (t,7) + Du(t,7) Somt ( 0, Bt 7) + \/Dw(t,7)> VEu(t, ) + nDult,7)

1.
+ HEw (ta T)

. 1
ST,M an (t7 T) + = a‘rEw (t7 T)
n
for all n € ]0,1]. where C, C,, 07/7' Taking n small enough yields Proposition 1.

3.3. Estimate of the hydrostatic energy

This section is devoted to the hydrostatic energy Ej (¢, 7) defined in (2.9), with its “vis-
cous” counterpart

+o00o ] 9
(3.33) Dalt,7) =D (T4 GG+ 1)) 110kt ) o,

Jj=0

ProposiTION 2 (Estimate on the hydrostatic energy). — Under the same assumptions as
in Theorem 2, one has for all t € ]0,T]:

(3.34) OEn(t,7) + Dp(t,7) S (0-Eu(t,7) + 0, E5(t,7)) .
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The first step of the proof'is to establish the equation on the function h; defined in (2.10):

J
0w

Oyw

a

h] =X ) Xa(tax7y) = X(Z/ - a(tyx))7

with x a truncation function near 0: More precisely, we choose x(z) := xo(z/¢) € C*(R),
0 < xo0 < 1, satisfying

Xo =1lon[-1,1], xo = 0outside [-2,2],
and

(3.35)

. (infa 3 —supa infy, =g |Oyw]
€ := min , , .
4 4 4sup, , , |0Zw]

Let us note that by Sobolev embedding, one has sup, , , |3§w| <; VM, so that ¢ has a lower
bound depending only on M, 7, inf a, sup a. This fact will be implicitly used in the treatment
of derivatives of x“, which involve negative powers of €.

A simple application of Taylor’s formula shows that for all ¢, z,y € [0, T] x T x [—2e, 2¢],
one has

1 1
> - = —
|8yUJ(t,£L',y)| =9 t;gf:alayw| 260

so that h; is well-defined, with |h;| < 4/ %|8§u|. Moreover, with our choice, it is compactly
supported in {0 < y < 3}. Starting from the vorticity equation

0w + u0w + vOyw — 6§w =0,

we get
Buhj + udyh; + 00y — 02h; = —— (0], u)Dyw — —— ([0, 0]Oyw — HIvDyw)
Oyw Oyw
12X 0 4 udy + 08, — 02w — —X_va,w.
Oyw Y v/ Oyw
Note that we have singled out the term dJvd,w = — [ 91 udyw in the commutator with

v0y. This is the hardest term to control, as it involves j + 1 derivatives with respect to z.
We shall use a cancellation property similar to (2.5). However, such cancellation will not be
enough, and we shall rely on the extra regularity offered by the monotonicity energy Eg.

Performing a standard energy estimate on the previous equation, multiplying by
(TGN G+ 1)10)2, summing over j, we end up with

(3.36) %&Eh(t,r) + Di(t,7)

—
< \/;(”Aj”lz(T) + 1Bjllizry + 11C liz(ry) VO En(t, 7) + 1Dl ry + 1B llir (1)
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where
1 x* ;
Aj = (]+ 1)1/2 ||\/7[a;,u]aan[,27
1 .
Bj = (j+1)1/? | \/7 ([0, v]0yw — Dvdyw) | 2,
i
o 1 2 X J
C; = W”(at +udy +v0, — ay)(m) Fgwllze,
Dj = ay X ayaajcw h

Note that h; is compactly supported in {y > 0}, so that no boundary integral is present on
the right-hand side.

Estimate on A;. — We proceed here as for the term A; of Subsection 3.2. The treatment is
actually simpler, as only « derivatives of v and w are involved in the expression of A;. By
use of the Sobolev inequality (A.1), one never encounters more than one y-derivative, in
particular never more than s. For brevity, we skip the details. We find

(3.37) A5l S VO Eu(t,T)

(this upper bound on A; does not actually involve the constant #;, see Remark 1).

Estimate on B;. — Again, the treatment is parallel to the one of Subsection 3.2. Denoting
by K the support of x¢, we find that

1 -
B; S WZ (k) ||5§U 0,07 kWHL?(TxKa)
k=1

1 2 [ i
S g 2 (1) 1980l erce 10,04 olgesice
k=1
1 & [ :
+W > (k)llaivllmmxm) 10,00 *w|| Lo (rx K0y 1= B} + BZ.
k=4+1

For the first term, we set k' := k — 1 and use (3.17) to get (we drop the prime)

)1/2 Z <k + 1)
f) > (Dl ((j k4 1) ol )

k=0m=2

1
BJ

| /\

]l g3 -+

for some absolute constant C'. The second term B]2» is handled in a symmetric way, thanks to
the fact that index k stops at j — 1. Applying Lemma 1, we eventually derive the bound:

(3.38) IBjlliziry S VEuo(t,7) VO-Eu(t,7) S V0, Eult, 7).
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Estimates on C;, D;. — Clearly,

1 .
(339) C] 5 W”a‘%wn[ﬂ('[XKa), ||C]”l2(‘r) 5 Ew(t,'r)
and after integration by parts

1 A
D; 5 Wnaﬁcw”m(wxxa) (15l 2 (rxry) + 10yl L2 (Txr L)) 5

(340)  1D;le S VE&T) (VEET) + VDult 7))
1
/S nDh(ta T) + EEw (ta T)
for all n € ]0,1]. Let us stress that Lemma 2 allowed us to control Ej, by E,,.

Estimates on E;. — 1t remains to handle the bad term:
= [ Geyopelo—— [ o6 oldlu- [ (V00,000
TxR4 TxR4 TxR4
CA . YPAYS
[ aero ([ oot [ aera B
TxR4 0 TxR4 2
a\2 Y j., 9+l a\2 Y i aj a 2(‘%“)2
TXR4 0 TXR4 0

= E] + E.
Clearly,

. 2
G4 1Bl S || 108l

E,(t,7)

] [P PIERsY

with Poincaré inequality allowing to go from u to w.

We are left with the treatment of EJ1 Note that for all ¢ € [0,T], the integrand in
E} = Ej(t) is supported in

{ly —a| 2 e} :={(z,y),|ly — a(t,z)| > €}, e defined in (3.35).
We then recall the decomposition stated in Lemma 3: for all 7,
(3.42) Fu=u! +Cjliysqw

with

uﬂg‘_w(txy/oy( (1_¢)> 95 in {y < a},

) = ta:y/j( )>_ g]m{y>a}

(3.43) [l 2(fe<iy—aly<3p) S I9illL2(ty<s})-

Note that
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For y < a, we write

/ 3y (x*)* (/ 3%”) 8t | = / By (x*)* </ “é) ugtt
{y<a} 0 {y<a} 0

S Ngillzegy<sy Ngi+1llz2(qy<sy)

(3.44)

S Ngsllce(quesy 102wl L2 (gy<ap) -

For y > a, we rather write
(3.45)

y . .
[ o ([ o) o
{y>a} 0

y . . y .
[aeer ([fw)ortus [ aeere ([ v)or
{y>a} 0 {y>a} a

y .
[ oo ([Mo) o,
{y>a} a

Note that although y is away from a, the function [; uJ involves values of uJ near the critical
curve y = a. As the quantity % (involved in the definition of ug) degenerates at y = a,
a control like (3.43) is not obvious. Still, we claim:

y B .
<| /0 | (fare<yzan [0 wllLagrnr, ) +

LEMMA 6. —
y . .
(3.46) I e aresuean < Noslincean < 102liaceneo
Furthermore, we have
(3.47)
IC)lI2emy S N0wli2rxryys  10:Cillezry S 105 w2 (xry) + 102wl L2 (rxrs)-

Finally, using above bounds and the decomposition
8£+1u = Bwug + 0;Cw + C;0,w fory >a

we end up with

y . .
/ 9, (x")? ( / 8;u) ditty
{y>a} 0

Sllgillzequ<ap 182 wll L2 rxry ) +

C? y
[ weroSa([)
TxR, 0

S lgsllez (< 185 wll L2 (oxry ) + 10201172 (rxr,

y .
/ 8y (x")*C; (/ ‘*’) Oy
TXR+ a

+ ||3iw||%2(1er+)

+

after integration by parts of the integral terms at the right-hand side. The structure of the
second integral term is crucial. Indeed, the integrand

00,000 [0 =a,00r0. G ([0
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can be integrated by parts. Note that a more general bilinear term in C; and 0,C; would
generically involve an upper bound like ||C;||L2 ||0:C}|/z2. Such bound would ruin our
strategy, based on anisotropic energy.

From the previous bound, from inequality (3.44) and Cauchy-Schwarz in 1%(7), we get

” G+ D% Nlgill2y<ap

12(r)

1 .
1 <\ J+1
1B}y S || gy l08 T llzs ey e

2

+ H 103wl L2(rxr )

12(r)
Here, we remark that
(3.48)
H¥Haj+lw”L2(T><R ) 2 — +§ # (Tj+1(j!)—7/4(j + 1)10>2 ”w”Q .
(G +1)>/20" Pl = G+ 5

“+oo
SY G+ (PETG ) el

J
S IV + 1wl 1y S 07 Eu(t, 7).

To conclude, it remains to evaluate the 12(7) norm of (j + 1)°/*

following bound, to be proved in appendix

||gj||L2({y§3}). We use the

LEMMA 7. — Foralla > 0,

(3:49) (116G + 1951l 2 qy<ap iz
S IIG + 1 Gillzqy<an oy + 16+ D wllags o -

For o = 5, we find

(3.50) 111G+ 1) g5l L2 (<ap iz S \O-EZ(t,7) + VO Eu(t, 7).

We inject this bound and bound (3.48) in the estimate of || E} [|;1(-), we get

(3.5 E u S Vo Eo(t,1)(/0-E2(t,7) + 8, Eu(t, ™) S 8, Bult, 1) + 8, E2(t, 7).

Combination of this inequality and inequality (3.41) yields
(3.52) IEjlli () S 0-Bu(t,7) + 0 B} (t,7).

Collecting (3.37)-(3.38)-(3.39)-(3.40)-(3.52) leads to
1
OcEp, (ta T) + Dp (ta T) < nDp (ta T) + E 0-E, (tv T) + 8TE§ (t7 T)'
Taking n small enough yields Proposition 2.
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3.4. Estimate of the (second) monotonicity energy

The control of Ej, performed in the previous subsection, has relied on the so-called
monotonicity energy Eg. Its time variations 8tE§ need in turn to be controlled by 9, &,
in order to obtain a closed estimate. The main difficulty comes from the extra factor
(j + 1)*/2 in the definition of E?Z: indeed, naive energy bounds would involve the ?(7) norm

of ((] +1)5/2 ||w||ﬂ§)j6N, which is not controlled by v/, &.

To get a good estimate, we must take advantage of cancellation properties in the equation
for

gi(t,z,y) =07° (w@iw — 8yw32u) .
As mentioned in Section 2, this kind of cancellations was used for the first time in paper [20],
in the case of monotonic data: this paper shows indeed some Sobolev stability, with special
role played by
g;j = wdlw — Oywdlu.

However, in our setting, there is a technical difficulty with using g; (or the g; defined in (2.12),
better suited to large y). Broadly speaking, the equation for g; involves the commutator
term j 87~ 1v 8,0,w, with a factor j in front. This factor is harmless at the Sobolev level
(finite j), but is annoying at the Gevrey level, for which behavior at large j is important.
This is why we rather use §; than g;: &; is somehow replaced by 587~ 'v 9,0,w, with no
bad factor. Roughly, instead of differentiating j times the velocity and vorticity equations,
and combining them to obtain cancellations, we go the reverse way: we first combine the
equations and then differentiate, so as to benefit from “earlier” cancellations.

We shall prove

PROPOSITION 3. — Under the assumptions of Theorem 2, we have
(3.53) 8tE§(t, T)+ Dg(t, T) San 0-EL(t,7) + BTEg(t, T) + Dy (¢, 7).
We recall that Dy, was defined in (3.33), whereas
G54 D)= (FTGY TG+ 1)”)2 (G +D¥210,8;t T2 (rxm, )
JEN
As usual, the starting point is to derive an equation for g;, j > 5. First, we apply wof to

the vorticity equation, 8,wd? to the velocity equation, and subtract one from the other: we
obtain

5 4
. - - - 5 _ 5 .
(3.55)  04gs + udsgs + vOygs — 3;95 = - E <k> O Gs—pt1 — E (k) O G5kt
k=1

k=1
5
— (81 + udy + 00y — 02)0yw Oou + 20}w Dgw — 20w B, 05w = > | C;
=1
with
Gr = wOw — O,wdku,

3.56
(3.56) g = wd W — Owdklw, k>1.
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We finally apply &2 ~° to the equation, which yields
5
(3.57)  Oifj + udn; +v0yG; — 025; = [udz, 0] "1g5 + [v0y, 0, ")gs + » 01"
i=1

We perform an energy estimate: we multiply by (j+1)%/2 (797+1(51)~7/4(j + 1)10)2 and sum
over j:

(3.58)

4
2
OEX(t, ) + Di(t, ) < \/: <||Aj||l2(r) +11Bjllzqy + Y ||Ci,j||12(r)> 0, E2(t,T)
=1
+ [ max(Dy;, 0)|31(r)
with
Aj =+ DY [uds, 82135 L2 (rxr, ), By = (G + 1)*|[[v0y, 01135 L2 (xR, )

Cij =+ DY 0I°Cill2(rxry), Dji=(+ 1)3/2/ 81765
TxR4
Note that
0yGjly=0 = 057" (Bywdiw — 62‘*’82“) ly=0 = 0.
Indeed, dJuly—o = 0, and dywl|y—o = 82ul,—¢ = 0, evaluating the Prandtl equation at y = 0.
In particular, there is no boundary term due to the integration by parts.
Estimate on A;. — We find

j—5

. B I — 5 5
[udy, DI ]G5 = E : (3 . >8§ugjk+1.
k

ey

Thus,
L j=5

A<D AY ( ) )na’;unm ymilie + G4 DY S [0bule [yl = AL+ 42
k=1 k=j/2

Using like before (A.3) and (A.1), we get

1
I05ull e < Cu Y lwllynem,

m=0

2 3
19j—k+1ll < Cy (Z 1Gj—ksmllze + D ||5y§j—k—1+m||L2> :
m=1 m=2

Hence (set k¥’ := k — 1, drop the prime)

i/2-1 . 2
, Jj—5 -
A<+ Y (177) S el laeli
k=0 m=1
i/2 j 2
<032 (1) 2 Il =0 la-sli
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using that for 0 < k < j/2, one has
Jj—9o J—5(j—6 J . 1/4 1/4/ 1/4
- — < < - .
() =35 (- <o (7) ama e < 2
Hence, by Lemma 1

145 2y S Ilwollogs N2y 1G4+ DY 11351122 oy iz oy

(3.59)
Sr VEu(t,7)1/0-E2(t,7) Sr VM 1[0, E2(t, 7).

Finally,
j—5

. 2 3
, J—9 . -
R AR A Ol () [P Sy ARSRES Sy X Ao

k=35/2 m=1 m=2
J j 2 3
<0 3 (3)e ol (Z kel + > ||aygjk1+m||m>
k:j/Q m=1 m=2
using that (%) < (J) and that for j/2 < k < j — 5, (j + 1)}/* < 2Y/4(k 4 1)'/4. Hence,

1/4|

14202y S (M35 z2ncm iz + MOyGi- 2ot lizn) (|G + D il

2(r
We conclude by using v
LEmMA 8. — Foralla >0, foralll =0,1,2,
G+ DN+ 98G5l z2rxr) iz S NG+ D@l iz, @ >0,
For a proof, see the appendix. We get
(3.60) 14312 (r) S VE(t,7) VO Eu(t,7) S VO, Eu(t, 7)
and combining with (3.59),

(3.61) 1 A45lli2r) < \/ 8.,.Eg2(t,7') + VO0-Eu(t, 7).

Estimate on B;. — Leibniz formula gives

j—5 .
. 5 -5 B
00,0705 = 3 (7, ) ku0,,0n

k=1
Proceeding as before, we get
i2 i
B <G+ 073 (%) 105l 10,6,
k=1
. 1/4 =3 ('97121) - 1 2
GV D I e 1+ 985 kll = Bj + BY.
k=j/2+1

For B}, we use (3.17), and the basic inequalities (%) < (1), (7 +1)Y/* < 2Y/4(j —k+1)Y/4
for0 < k < j/2, we find

iz . 2
J ) .
B <G Y (1) 30 Mol G = k4 D7410,55- 1
k=0 m=1
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(with C; an absolute constant) so that

(.62 1Bt Sr VES6) \1G + DV410,85 |z (rxrs 2y S VD21, 7).

For BJQ., we use (3.21), (A.1), (A.2) (and a change of index k' = k + 1) to get

j—4 .
. j—5
Bf<Ca(j+1)'* ) (k' _ 1) leoll e

k'=j/24+1

3 4
: <Z 11+ 9)0y G5k —14mllz + Y 11+ y)azgj—k’—%-m”LZ)

m=2 m=3
J

<cp 3 (1) (e 1 el )

k:j/2+1
3 4
: <Z (X +9)0ygj—rk—1+mllLe + Z (1 + y)azgj—k’—2+m”L2>
m=2 m=3

using that (J23) < (J), (j+1)¥/* < 2/4(k +1)*/* in the range j/2+1 < k < j — 4. Hence,

1B2||i2(ry Sr VO Eu(t, ) (I (1 + )8y 8j-1 ]| 2o 2 ()
(3.63) HIHIQ + 9)82G;-2ll 2 (rxry) 2
< \/@Ew(t,v)\/Ew(t,r) < \/aTEw(t,T)

where we have applied Lemma 8 to go from the first to the second line. Gathering the
estimates on B} and B?,

(3.64) I1Bjlliz(ry S A/ D2(t, 7) + V/O-Eu(t, 7).

Estimates on C; j, 1 < i < 2. — The quantities C; ; and Cs ; involve commutators with the
nonlinearities. As we have manipulated several times such commutators, we shall not detail
the computation of their I2(7) norms. One can check that

5
1CL ey S Il lizery D 1G + DY 108 Gunll 2 crxm ) iz

m=1
5 .
(3.65) 116G+ DY Nl iz D (102 Fmll L2 rxm) 2y
m=1
+ 118402~ Gl L2 (rxrs ) ll12(r))
< VO E,(t,T).
Here, we use implicitly the bound
(3.66) G+ DN +y) 0502 ™ Gl L2 rsry) iz S NG+ 1) lwll gz llez 7

which is valid forall1 < m < 5, a > 0and 0 <[ < 1. Note that the case m = 5 is included
in Lemma 8. We leave the other very similar cases to the reader.
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Regarding C> ;,
(3.67)
4
1C2,5ll2 () Sr I llwll s ez Z G+ DY 1027 Gl L2 (v iz ()
m=1 5
+1G + DY wll e Nz oy DA+ 1) gl z2rxr 2 ()
m=2

+ 1A+ )8y ™ dmll L2 (rxrs) lizer))
SVO-EL(t, 7).
Again, we have applied inequalities of type (3.66) with g replaced by g.

Estimate on Cy ;. — Once more, one can follow closely the previous ideas, and derive

(3.68) 1Cslli2r) Sr VE (&) 1+ 1) lwllggs N2y Sroar VO Eu(t,7)-

Estimate on C3 ;. — We remind that
(O + u0y + v0y — 8§)w =
so that
(8 + udy + vy — 02)0yw = —Byudew — JyvOyw = —dyudyw + Oyudyw.

Hence,
j—5

. i —5 .
07563, = (J L >a§ (=0yudyw + dpudyw) 83 Fu.
k=0

Denoting a; := |87 (—8,ud,w + O,udyw) || gz, we obtain (with (A.1), (A.2)),

/2 -5 j—5

oy 20+ (3 (7 Nt v T (7)) Z -
k=0 k=j/2+1
= 0317] + Cg,]
for some absolute constant C. We get (for another absolute constant C')
i/2

j .
i, <0y (k)a(k_gm (G = ) el
k=0

because (*,.°) < (1) and (j + 1)/4 < 2V4(j — k + 1)/ for 0 < k < j/2. We then use
Lemma 1 (with m = 3) to obtain

(3.69) 1C5 4112y S laj—sllizcry G+ 1) 41wl gz Nz -
Then, we write
j—2 5 4
C??,j =+ 1)1/4 Z (;:3) aj—3 Z ||w||ﬂ¢k+m
k=j/2+3 m=3
j
3 < )6+ 10 3 ol

m=3
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because (~3) < (1) and (j + 1)V/4 < 2(k + 1)¥/4 for j/2 + 1 < k < j. Hence,

(3.70) 1IC5llizry S G+ DY a5-s]li2 o |l lwllges 2y Sema G+ 1)Y4a; |2 r).-
Finally, applying the same type of arguments, it is shown that

laj—sllz@) S 1wl iz Sr vV Eo(E 7)),
G+ DY 405320y Se 116G+ DYl ety S- VO Eult, 7).

Inserting these bounds into (3.69)-(3.70) and summing:

(371) ||C37j||l2(-r) §T,M aTEw(taT)'

Estimate on D;. — We now turn to the most delicate term

D, :—2(j+1)3/2/ G55, = —2(j+1)3/2/ Bywd? Byw G
TxR4 TxR4

—2(5 + 1)3/2/ (0375, 8,w]0, 03w §; := D + D3.
TxR4

Study of DJQ-. — We integrate by parts to find

2 _ . 3/2
D} =2(j+1)¥ /

. [a;—f’,ayw]agwaygj+2(j+1)3/2/ [0)7°,02w)05w §; := D} + D7 .
N

TxR4

Note that there is no boundary term, as (850,w)|y—o = 0¥02ul,—o = 0 for any k, using the
Prandtl equation. We have by Cauchy-Schwarz inequality:

I1D3 Ml < 11+ 14118573, 8yw)3wll 2ol |G+ 1) [10y851| 2 o) 2 () -

We find, by now standard arguments:
1+ 12/ 4[027°, 8ywldgwll 2 (o lizry S G+ D G+ Dllwllya- li2r)-

We notice that [|(j + 1)"/*||w|l gs-1 lliz(r) Sr Illwll s li2(r) to conclude that
v v

/ 1
||1)]2 ||l1(‘r) S/T V Ew(t’T) \/ Dg(t’ T) S/T an(t’T) + ;Ew(t"r)
for all € ]0, 1]. The treatment of DJQ-N is similar: we state

1D 1 (ry S VEL(t,7) [ E2(t,7) S E2(t,7) + Eu(t, 7).

Finally, for all n > 0,

1
(372) ||D12||l1(7') ,S'r an(t7T) + EEw(taT) + E;(t77-)
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Study of D}. — We shall use the decomposition of 8] u recalled in (3.42):
dlu = C; Lyy>ayw + ug.
Let 0 < p < e (with € defined in Remark 1) to be fixed later, and x** € C2°(R) satisfying
x4 =1 over{ly—a|l<u}, x**=0 outside{|y—al>2u}.

We shall keep track of the u-dependence in all inequalities below. We write

XM 0yw B 0,w §; — 2(5 + 1)3/2/ (1= x"*)0yw 8]0yw §j
TXR+

1 _ . 3/2
D} = —2(j +1)¥ /

TXR+
L 1’ 1
:=Dj + D}

Let ¢, := Yw + (1 — 9), see (2.12). As w does not vanish away from y = a, we can write

" . ar Oyw wg; Lo
Dy =2+ 1 [ -2, (42) ooty

TxR, Yo
0
2+ [ o (- 22) Ly,
TR w /) Yy
0, 5
p2( 402 [ e 20,4,
TxR4 Yo
0, .
r2( 402 [ e 20kulug,
TxR4 g

It follows that

I1D5 My < | 16+ 1> gl zz 2oy 1G + 1)/ 10y850 22 a2y

inf; oy—aj>p |

1

pinfy gy—a|>p W]

G+ DY Nl iz ey 116G+ 1) 1G5l 22 iz -

Pondering on Lemma 7, we get

1" ].
e o< - 2 2
15 i S o (VES @0+ VELED) /D3t 7)
! VO, B (t7) /0, E2(t,7)

+ —
pinfe ppy—qg)>p (W]

1

77/1'2 (inft,x|y—a|2,u)2 |w|

< ’)’]D;(t,T) + (87Ew(t,7') + 8TE§(t, T)) .

It remains to handle D}'. Therefore, we introduce
wl = 1y5,C;0,w, wl = Byug.

g
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We emphasize that both ‘UZ and wg are discontinuous across y = a, contrary to 84w = w{; + wg.
We find

Djl-/ =20+ 1)3/2/ xH0yw (%w{; g; — 20+ 1)3/2/ x4 0,w 8yw§ gj
{y>a} {y>a}

2+ [ 0w,

{y<a}
= —2(j+1)3/2/ X" dyw Bywl G +2(j+1)3/2/ By (X" *Oyw) wl G;
{y>a} TxR4
+2u+1ﬁﬂ/ wawmg@@+2@+nwf/ Byw [w] g
TxR {y=a}
=T+ II+IIT+1V.

To go from the first to the second equality, we have integrated by parts the last two integrals:
gathering the boundary terms at y = o™ and y = a~ we have obtained a jump term

[w_zjy] = L")g];'ly:a+ - wg|y:a*
across y = a. Clearly,
1l S 1G+DYHIC 2l 16+ 11851122 oxr 2y

<VO-E,(t,T) 8TE§(t,T)
< 0-E,(t,7) + 0, E2(t,T)

with the last inequality coming from (3.29). Also
1 . ; . ~
M1y S 4 G+ DY wl 2 rxry iz 116+ 1D 41155 1 L2 crxry iz
1 ) ) _
S 4 (|| G+ DYYC)l ey lizery + 1 G + 1)1/4||3iw||L2(1er+)||12(T))

NG+ D851 L2 oxr ez
1

<X o BB <
p (t,7) 2(t,7)

Regarding IV, we have

IV = —2(j + 1)*/2 / Byw Wil 5 = —2(j +1)%/? /{ (@ i3,
y:(l

(BTEw(t, T)+ afEs(t, T)) .

Tl

so that

. . ~ 1/2 . ~ 1/2
IV S 132 Cillam 16+ D350 otne, ) 16+ D 40,3117

and finally
1
1Vl S /0 Bt m) By (6, 7)"* D (6, 1)* S mD (8, 7) + (00 B8, 7) + B (1,7))
To handle I11, we split the integral as follows:

/ X" Oyw wg 0yg; = / X" Oyw “’Z Oyg; + / X" 0yw wé 9y (g5 — g;) =1+il
TXR+ TXR+ TXR+
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As p < g, one has on the support of x*¢:

R J oy — I — J_ J
gj = wojw — dywiiu = ww, — dywuy

so that

- J_— 82uu’
0ygj = woyw] — Oywuy.

We write

i= / x4 Oyw w §8y(wé)2 - / X" *Oyw Ojw wl uf
TXR+ TXR+

1 . 1 i 1 j
_ _5/ XP(B,w)? (wh)? — 5/ X Oyww (w))? — 5/ X" 0w w (w))?
TxR4 TxR4+ TxR4

a2 ,
—|—/ X0 w wy (gj - wwé) .
TXR+

As p < g, one has on the support of x**: |0yw| > %‘). Hence,

1 / a 2 1\ 2 98 a 1\ 2
5 | O <=2 [ X))
2 TxR4 Y g 8 TxR4 g

where 6y := inf; ; ,—, |Oyw|. On the other hand, as w vanishes linearly in y — a at the critical
curve:
1

5 / x”’“@jw w (t.uf]')2
TxR4

For p small enough, depending on M, 7, € and 6y, we can absorb the latter by the former,
resulting in

SeM b / X" (w))?.
TxR4+

: 03 , 1 , .
i< —%/ X”’“(wé)z — 5/ Oy X" Oyw w (w‘{])2 +/ x”’“@jw wy9;-
TXR+ TXR+ TXR+

We fix such a constant p from now on. Note that 9, x** vanishes in a neighborhood of y = a
so that, roughly speaking, wg behaves like g; over the support of 9,x**. More precisely,

/ By Byww (@I)2| San 1951125 o
TxR4

Finally, we apply a Young’s inequality to the last term:

H,a 52 Jq.
/ X0, w wy g;
TXR+

We obtain, for > 0 small enough

. 1
<o / @) + 2512, -
TxR, n

. 03 j
i San _3% . X'u’a(w;)Q + ||gj||%2('ﬂ“><]R+)'
+

Finally, we apply Young’s inequality to ii: for all ’ > 0,

. ; 1 -
i < of / W) + S VXTT0,(5; — 95)| 2 rxmy-
TxR4 n
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Combining with the bound on ¢, we find (for n’ small enough)
max(I11,0) = 2(j + 1)*/? max(i + ii, 0)
San (j +1)%/2 ||9j||%2(1rx]1§+) + ( + P2 || Vx™0, (3, — 9j)||%2(1rx11§+)~
If we gather this last bound with those on I, IT and IV, we conclude that
| max(D}’, 0)lli vy San 0Dy (t,7) + Cy (8- Eu(t, 7) + 0-Ej (1, 7))
G+ 12 Mgl 2 crxm Ior)
+ G+ DY VX, @5 = 99) 22wz ooy

We then use Lemma 7 together with

LEmMMA 9. — We have
1 + 14 V370, (5 — g7z 1B ry S Dalt, ) + Bult, 7).
This last inequality will be proved in appendix . We obtain
| max(D}',0)l[(ry San nD2(t,7) + Dy (t,7) + % (0-E.(t,7) + 0, E2(t, 7)) .
In turn, we can combine this bound with those on Djl-”, D3, to obtain
(3.73) | max(D;,0)lln(r) San nDj(t,7) + Di(t,7) + % (0 Eu(t,7) + 0 Eq(t, 7))

for all n € ]0, 1]. Then, we collect the estimates on A;, B;, C; ;. We find

é%E%(LT)+aD§@,T)§M1(N/Dgﬁ,7)+~v%#E§@,T)+\/6#EL(L7))\/EEQ,T)

1
+ an(ta T) + Dh(t7 T) + E (a-rEw (ta T) + a‘rEﬁ(ta T))

< an(t, 7) + Dy(t,7) + = (0- Eu(t, 7) + 3.,.E'3(t, 7)) .

1
n
This concludes the proof of the proposition (take n small enough).

3.5. Estimate of the (first) monotonicity energy

In the previous paragraphs, we have derived bounds on the time variations of E,,, Ej,
and Egz. These bounds involve the total energy E,, defined in (2.1). By Lemma 2, this energy
is controlled by the sum of E,, Ej, and E;. Hence, to establish our main a priori estimate
(Theorem 2), it remains to control 8tE;. This is the purpose of

PROPOSITION 4. — Under the same assumptions as in Proposition 4, one has for some C > 0
and all t €0, T):

(3.74) OBy (t,7) + Dy(t,7) < CO-E,(t,T).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1310 D. GERARD-VARET AND N. MASMOUDI

Naturally,

. 2
D) =30 (7 )G D) 18,050t e 2
jEN

To prove this proposition, we first write the equation on
/. p) , ~
5= (00 -200), G put-v)
w
We apply the operator 1;8% to the vorticity equation, apply 1/;81‘7”69{ to the velocity equation,
and subtract one from another. A straightforward computation gives

drgj + udpg; + v0yg; — 059,

J . j—1 .
- I) ok u g _ I okw i ik, _ Oy ik
;<k>amugj_k+1 ;(Qazw(ayax w— =0 w)

+ (04 + udy + 00y — 02) D Hw — (9, + ud, + v, — 82) (&‘%}“) 0 u
=0 g ~ Oy y 6
— 20,90,00w + 20, (V=" ) 0w = Z} ..

Then, one multiplies by (79+1 (j1)=7/4 (5 + 1)10)2 (1 + y)*7g; and performs a standard
energy estimate:

(3.75)
0By (1,7 +Dy(t,7) < | 145y + IBsllzny + 3 NCosllary | /8- T)+1Ds )
i#5
where:
4= @y By = 2 |1 +y)a
5= sl A+ o) gl e, 3= Y T 0 s,

1 ~ .
Ci,j = T/QHE?Z'HLZ(LQM § = 1,2,3,4, 6, Dj = / 2(1 + y)278y1/18y8;w gj.
J K TxR,

Again, there is no boundary term at y = 0, as 0,g; vanishes there.

To bound above terms, one can follow the calculations already performed, notably those
related to Proposition 1. Note that to control the behavior at infinity of the &;’s, one must
have information on the behavior of the function (91‘7“ at infinity. Such information is provided
by assumption (3.1). For the sake of brevity, we do not detail the computations. We have

||Aj||l2(f) 5 ma ||Bj||l2(7') 5 \/ Dg(t7 T)'

Regarding the nonlinear terms, we have

1Ci il S VE,(t,7) 0, E,(t,7) S\O-E(t,7), i=1,2,

whereas
||Ci7j||l2(‘r) 5 Ew(t)T)a i=3,4,6.
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Finally, after integration by parts, we find

1
125y < OVELT) (y/Bytm) + /DY) SnDy(67) + - Bult7), W0 >0,

Inserting all these bounds in (3.75) (and taking parameter  small enough) yields the estimate
in Proposition 4.

Conclusion: Main a priori estimate. — On one hand, from Propositions 1, 2 and 4, we infer
that

0:(Ew+ En+ E})(t,7) + (D + Dy + D)) (t,7) S 0-Eu(t,7) + 0, E2(t, T)
<o, (Ew + B+ E;) (t,7) + 0, E2(t, 7),

where we have used (3.4) to go from the first to the second line. On the other hand, Proposi-
tion 3 yields (still with relation (3.4)):

O, E2(t,7) + D2(t,7) San 0- (E'w Y En+ E;) (t,7) + 8- B2(t,7) + D(t, 7).

Thus, we can multiply the last equation by a small factor «, and add it to the first equation,
to end up with

o, (Ew +Ep+ B+ aE§) (t,7) + (Dw + D+ DL+ Dg) (t,7)
,Sall o, (Ew + B + E; + O[Eg) (t,T).
This concludes the proof of Theorem 2.
REMARK 3. — We insist that we can take (and in fact need to take) o < 1, that is with an

upper bound independent of any parameter. This will be important in the effective construction
of solutions.

REMARK 4. — In the whole section, we have considered a fixed T € 10, 19]. Clearly, all the
results of the section also apply to a function T : t — 7(t) € 10, 70|, replacing energies like
E, (t,7) or En(t,7) by E,(t,7(t)) or Ep(t, 7(¢)).

4. Existence of a Gevrey solution

We deal here with the existence part of Theorem 1. The core of the argument is the
energy estimate stated in Theorem 2. Actually, such estimate is derived on a sequence of
approximations of the Prandtl system, that we now present.
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1312 D. GERARD-VARET AND N. MASMOUDI

4.1. Approximate system
We start with an initial data satisfying
(4.1) up € GT/A(T; HITD),  wo = dyuo € GY/(T; HY),

as well as assumptions (H) and (H’), see Section 2. Parameters 7g, s, o, § are as in Theorem 1.
To fix ideas, we assume that the curve of non-degenerate critical points satisfies the constraint
0 < ag < 3. The choice of the value 3 is of course arbitrary.

To construct solutions with all the a priori bounds of the previous section, we need to
find a good approximating scheme: it should not destroy the energy estimates, and should
guarantee that the pointwise bounds (3.1) (which echo those in (H’)) are preserved in small
time, uniformly with respect to the approximation parameters.

The same scheme as in [20, Section 4] works here. It goes through the following approxi-
mate system (regularized Prandtl system)

Opu® + uf0u® + v 0yu® — 8§u5 - sagm =0,

(4.2) Ozu® + 9yv° =0,
u8|y:0 = ’U6|y:0 =0, yLlfﬁ-noo u® = 0.

The big difference with the original Prandtl system is the tangential diffusion —e92u, which
allows to control the loss of x-derivative generated by the v-term. It restores well-posedness
in the Sobolev setting. A detailed construction of solutions of (4.2) is performed in [20]. Let
us denote

H*(T x Ry) i= Mi_oHy (T, HS™"(Ry)).
As a result of [20], for any initial data

ug € H¥" 1T x Ry), wp = dyug € H*(T x Ry)

there is a unique 7 € R U {400}, and a unique maximal solution

uf € LS (0, T H 7 H(T x Ry)), W = 0,0 € L, ([0,T5); H*(T x R.))

loc

of (4.2). By maximal, we mean that

4.3) either T = +oo,  or limsup |[|w®(t)|| gev (Txr,) = +00.
t—T¢

Of course, our Gevrey data ug is regular enough to apply this result. Furthermore, up to some
small time (possibly depending on ), the solution u® (resp. w®) remains in Gz 4(H Ajﬂ) (resp.
GZéLL(H,?)),for any 7y < To.

The fact that system (4.2) preserves Gevrey regularity in small time is somehow classical.

One way to show it is to establish Gevrey bounds on u®", solution of the Galerkin type
approximation

Ou®" 4+ P™ (v 0,u®™ + v 0yut") — qus’" — gagum =0,
Ozu™™ + 0yv=™ =0,
g,n e,n : e,n
uS"y=g = v°"|y=0 = 0, lim «>" = 0.
|y 0 |y 0 ! y=too

P, is the projection over the Fourier modes |k| < n in variable . One can show for this
system uniform (in n) Gevrey bounds for small time 7 (independent of n). As n goes to
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infinity, we get Gevrey bounds for the (unique) solution u® of (4.2). We insist that these
estimates are much simpler than those of the previous section. No special structure or tricky
norm is needed: as the system is fully parabolic, there is no loss of z-derivative. For the sake
of brevity, we do not give further details.

Now, let E,, be the functional defined in (2.1), replacing u by u¢. Let M > E,, (0, 7o), and
t— 7(t) € [, 7] a function over R. We denote

T(1) :=sup{T € [0, TS|, E.(t,7(t)) < M forallt €[0,T]}.

By standard continuity arguments, 7(7) > 0, and lim sup,_, <y Ew (¢, 7(t)) = M.

The point is to show that for a good choice of M and T (independent of € ), there exists T® > 0
(independent of € ) satisfying

T(1) > T° uniformly in e.

Then, the solution u¢ will exist and have uniform Gevrey bounds on [0, 7°]. Finally, standard
compactness arguments will allow to let ¢ — 0, and obtain a solution of the Prandtl equation
with initial data ug at the limit.

We now give a few hints on how to construct 7, M, T° with the inequality 7¢(r) > T°.
Let M > E,(0,7). The key-point is to establish the following: there exists 7° > 0,
depending on M, on the initial data (and on 7y), but independent of e, such that:

- Forallt — 7(t) € [, 7], for all t € [0, min(T°, T*(7))],

1
(4.4) |we (¢, z,y)| > o [0%WE(t 2, y)| < 3

for the same § as in (H').
— There exists & < 1, and a function ¢ — 7(t) € [2, 7] such that:
d
4.5) For all t € [0, min(T°, T¢(7))], a@(a,tm(t)) <0,
with
E(a,t,7) = By (t,7) + En(t,7) + Eg(t,7) + a E2(t, 7),
where the energy functionals E,, E(t,71), E;' are defined respectively in (2.8), (2.9),
(2.11) and (2.13), replacing u by u®.

We shall discuss the bounds (4.4) and (4.5) in the next paragraph. We explain first how
they allow to conclude. From (4.5), we deduce that for all ¢ € [0, min(T°,T¢(7))],

S, t, (1) < (e, 0,7(0)).
As o € (0,1), this implies in turn
Ey(t,7()+En(t, (1) +E, (¢, 7(1)) < Eu(0,7(0))+En (0, 7(0))+Eg (0, 7(0))+E5 (0, 7(0)).
By Lemma 2, see also Remark 4, we get for all ¢ € [0, min(7°,T¢(7))]
Eu(t,7(t) < C (Bu(t, 7(1) + En(t, 7(1)) + E} (t,7(1)))
<cC (EW(O, 7(0)) + Ex(0,7(0)) + EL(0,7(0)) + E2(0, 7(0)))

for some constant C' > 0. As stated in Lemma 2, this constant depends on 7y, 6, M,
inf a, sup a, 6,61 (see Remark 1, with T := min(T°,7¢(7))). A closer look at the proof
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of Lemma 2 shows that M is only involved through Sobolev embeddings, to control the
L norms of w and of some of its low order derivatives, over [0, T:

(46) ||8aw||L°° < Ca,f'o sup Ew(t77—(t)) < Ca,‘T'OM~
t€[0,T)

We claim that by choosing T° small enough (depending notably on M and the initial data),

one can have C to depend only on the initial data (and on 7). For instance, one can control
the L> norm of w over [0, 7] by using the inequality

llw(t, Mlzee < llwollzee + 10wz t < [lwollz> + Car T°,

the L>° norm of d;w being estimated using the vorticity equation and Sobolev embeddings
of type (4.6). We can then take T° < % to obtain (for all ¢ € [0,T7)

llw ()l Loo < 2[|wol[ Lo

Similarly, one can show that for T° small enough,

1
= i > 3 .
0= o e Dro (b 0t ) 2 5 b (2, ao(a)

We leave the details to the reader. Hence, we can take
M > 2 (E,(0,7(0)) + En(0,7(0)) + EX(t,7(0)) + E2(0,7(0) ) .

This ensures that &(a, t, 7(t)) < & over [0, min(T°, T¢(7))], and from there that T¢(r) > T°.

4.2. Uniform bounds

4.2.1. Maximum principle: proof of (4.4). — This paragraph is devoted to the proof of (4.4).
One must show the upper and lower bounds over a time interval [0, min(7°, 7¢)] for some T°
independent of . Note that the Sobolev embeddings and the bound E,, (¢, 7(t)) < M allow
to bound some weighted L°° norms of w® and some derivatives. However, the bounds in (4.4)
cannot be directly deduced from there, due to the weight (1 + y)?, o > . Nevertheless, as
the regularized Prandtl equation is parabolic, it can be deduced from a maximum principle.
This is described in details in article [20]. The proof of the upper bounds

07w (t,2,9)] <

1
W? Vla| <2,

is exactly the same as in [20]: see inequality (5.5), and Section 5.2. Regarding the lower
bound on (1 + y)? w*, there is only a slight modification. In [20], w # 0 for ally > 0, so
that the minimum principle can be applied over domains of the type [0,7] x T x R,. In
our situation, we must place ourselves above the curve of critical points. More precisely, as
wo(z, ao(z)) = 0, Oywo(z, ag(x)) # 0, there exists n > 0, such that wy(z, ag(x)+n) # 0. One
then applies the minimum principle over [0, T] X {(z,y), y = ao(z)+n}, T small enough.
We refer to [20], inequality (5.6) and Section 5.2.
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4.2.2. Energy estimates. proof of (4.5). — The point here is to derive the estimates of Theo-
rem 2, uniformly in e. More precisely, one can show that for any ¢ — 7(¢t) € [%, 7ol

4.7 06t 7(t)) < CO-6(L, T(1))

with a constant C that does not depend on ¢ (but depends on M, the initial data, and
infr = %) Then,

%5((1, t,7(t) = 8:6(a, t, (1) + 7 (1)0; E(a, t, T(2) < (C +7'(t) (e, t, T(2)).

Then, choosing 7(t) = 7 — Ct leads to (4.5) (up to reducing 7° so that the constraint 7 > %"
remains satisfied).

The proof of (4.7), on the approximate system (4.2), mimics the proof of the a priori
estimate in Theorem 2, on the exact Prandtl system. Indeed, the additional term —ed2u does
not raise any problem. There are only two noticeable differences:

— In the energy estimate for E,,, the estimate of the boundary term

E: = / Oywy Wy
! Z Tx {0} Y

J=(j1,j2) EN?
|J|=37,0<52<s

changes slightly. Indeed, we recall that the estimate of E; goes through the Lemma 4:
it uses the Prandtl equation to reduce the number of y derivatives in the expression
of 8§w|y=0, k odd. Due to the regularization, the equation changes, and so the expres-
sion: the modified formula is given in [20, Lemma 5.9]. The new terms in the formula
do not raise any serious difficulty. For the sake of brevity, we leave the details to the
reader.
— In the energy estimate for Eg, a new commutator appears, namely
26077%(0pyw OSu — 260,wA5W).

It can be expanded by Leibniz rule: for brevity, we focus on one of the most difficult
terms in the sum, that is:

€ = —2e0,wd M w.

Proceeding as in Subsection 3.4, we need to evaluate

1+ 1)3/2/ € il S ell G+ 1205wl 2 iz 1 + 1)/ 4110:85] 22 ll2 )

TxRy
+ell(G 4+ DYH05wll 2 lli2 () 1+ 1) 1g51| 2 2 ()
S Coell G+ DY 10wl L2 172 )
+ el (G + V410285l 221172 ¢y

+eVO-Ey(t,T) /O E2(t,T).

Note that we have performed an integration by parts to go from the first to the second
line. The second term can be absorbed for small n by the tangential dissipative term at
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the left-hand side. Regarding the first term, we use that
ell (G + 1)**0Jw| L2 ()
S (NG + 10240kl 22 oy
G+ 124 00gi -1l 21y + NIG + 1)3/433;_IWIIL2||122(T>)

< e (I00uh 1221y + 1025 22 ey + 1100l o ).

Such inequality can be obtained along the lines of Lemma 2. Eventually, multiplying by a
small constant « the energy estimate on E?, this term will be absorbed by the tangential
dissipative terms related to Fy, and E;. For the sake of brevity, we skip the details.

5. Uniqueness

In this section, we prove the uniqueness of the solution constructed in the previous section.
As usual, uniqueness can be derived by some energy estimate in a space weaker than the
space where existence was proved. One can hope to do it in L?. However, due to the loss
of derivative in the equation, we have to do it with the same Gevrey regularity. We will only
use a small loss of Sobolev correction.

We assume that we have two solutions u! and u? of our system (1.3), such that the

functionals &' (a?, ¢,7°) and &(a?, ¢, 7°), defined as in (2.7) with w replaced by w! and w2,
are bounded (in this whole section, w? should not be confused with the square of w). Here,
we can take o’ = 1 and 7° = min(7!, 72). We also assume the lower bound and the upper
bound (3.1) to hold for both solutions w' and w?. Finally, we assume the existence of critical

curves a'(t,z) and a?(t, ) such that for i = 1, 2, we have

o' (t, z,a(t,z))
Oywi(t, z,a(t, z))

(5.1 Ora’(t, ) + =0, a'(0,z)=ag(x).

We also recall that u' and u? should remain convex: dju* = dyw* > 0, for t and y — a*(t, z)
small enough.

Let us denote v = w! — u?, v = v! — v? and w = w! — w?. Hence, we have
(5.2) Au + utdyu + vlayu + udyu? + vayu2 - 8§u =0,
(5.3) Ow + utdw + vlayw + udw? + 'UBwa — 8§w =0.

We are going to perform the same type of estimates as in the existence part: the relevant
energy, still called &(a, t, 7), is defined as in (2.7), but the definition of 4;, g; and g; used to
define Ey, E; and E? need to be changed. Indeed, we take

(54)  hiltay) = x(y— a¥(t,2) — 2 (),
yw

65 gt = (b)ta +1-vw) (0 - 2500) (,2.0),
(5.6)  gi(t,z,y) == 027° (wPw — Iyw?dcu)

QJQ.)
€
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with ) = 9 (y) € C°(R) equal to 1 in an open neighborhood of [0, sup |a?|]. Also, we replace
the constraint j, < s in the definition of E,, by j» < s — 2. Finally, in all energies, we replace
the Sobolev correction term, namely the factor (5 + 1)19, by (j + 1)8.

Now, we follow the strategy used in the proof of the a priori estimates. We do not give all
the details, but just mention the main changes we need to make.

5.1. Estimate of the vorticity energy

We differentiate the vorticity Equation (5.3) J times, J = (j1,52) € N2,0 < jo < s — 2.
We find, for wy := 8’ w:

Bywy + u'dwy + vlﬁwa - 55w1 + [8‘]7 ul]azw + [8J, vl]ayw + 8J(u81w2 + vawa).
Arguing as in the proof of Proposition 1, we deduce that
8tE’w(t,7') + Dw(t,’T) Sem O-E,(t, 7).

We only point out the presence of the extra terms 97 (ud,w? 4 vd,w?) which can be treated
along the estimates of A; and B; in Paragraph 3.2. Note here that  and v can only be hit by
J derivatives. Moreover, due to the difference between the Sobolev correction factors (5 +1)8
and (j + 1)'°, we can estimate 8”7 8,w? and 87d,w? by the new &°, despite the extra  and
y derivative. This is the reason we took a slight loss in Sobolev correction. Also, thanks to
the new restriction j, < s — 2, not more than s derivatives with respect to y hit w?.

5.2. Estimate of the hydrostatic energy
As in Subsection (3.3), we write an equation for h;. It is now:

X“ X

ath]‘ + ulamhj + ’Ulayhj — a;h] = W[Bﬁ, ul]amw + B 2 [8%7 vl]ayw
Y y
X" 1 1 219j X* i 2
+[—~5=.,0+u 0, +v 9, — 00w — O vdyw
[ /;awa t Y y] /781/(4)2 Y
X' o 2 XY 157 5.2
- 0 (ud,w”) — 07, 0ywv.
SO 0?) = 10,0,

Performing a standard energy estimate on the previous equation, multiplying by
(ri(gn~T/4 j8)2, summing over j, we end up with an equation similar to (3.36). The main
term now is

X" 4
E; ::/T 5 28;11 dyw? hj
xRy yW

which can be treated exactly as in Subsection 3.3. Hence, we deduce that the estimate (3.34)
holds with the new definition of u,w and with the change of the Sobolev correction in the
energies.
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5.3. Estimate of the (second) monotonicity energy

As in Subsection (3.3), we apply w?82 to the vorticity Equation (5.3), 9,w?8> to the
velocity Equation (5.2), and substract one from the other:

5 5
- - . - 5 _ 5 .
gs +u' 0,5 + v 0y G5 — 3§g5 =- Z ( )5];“1 95—k+1 — Z ( )35711 95—k+1

k k
k=1 k=1
5 4
5 5
. 8l€ -2 _ 8k ~2
(5.7) g::O (k) 2 U 95— k+1 kZ:O (k) 2V 95— k41

— (8 + vty + v, — 85)8yw2 5u

+ 28Zw2 5w — 20,w* 9,05w

+ (O + u'0y + 00y — 0])w? Ojw
with gk, gk, 97, gi defined as in (3.56), for instance gj :=w?dfw — d,w?dFu and
g2 = w?0%w? — 9,w?d%u? for k < 5. Note that the term that caused a loss of one z deriva-

tive has disappeared. As in the proof of Proposition 3, we apply 82> to the Equation (5.7)
and we conclude in a similar way that (3.53) holds.

5.4. Estimate of the (first) monotonicity energy
As in the proof of Proposition 4, we write an equation for g; defined in (5.5):

0r9; + u' 0,95 + v'9yg; — 8§gj

J . J . 2
J J 7 i Oyw” i
== Z (k) apu' 9j—k+1 — Z (k> dpvt o (3313% Fw — z)igai k“’)
k=1 k=1
L7 k. (N ko2 Oy ik o
g w2
= (D) okugt o - X (1)okod (0,074 - 2oyt
k=0 k=0
+ (00 + 10y + 010y — 02) Y Dw — (8 + u'd, + 00, — 02) (waz“; ) O

— 20,90,00w + 20, («/331“’) Blw
where i) = (w(y)wQ(t, z,y)+1— z/)(y)) Again the main thing here is that in the third line

the term that had a potential loss of x derivative, namely the one involving 87 v was canceled.
As above, we get an estimate similar to (3.74).

Putting all these estimates together, we can easily conclude, as in the a priori estimate
section, by a Gronwall lemma that u = 0.

6. Conclusions

We have proved in this paper the local well-posedness of the Prandtl system for data that
are in the Gevrey class 7/4 in the horizontal variable . We would like to discuss here some
possible extension of this work:
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— First, it is unlikely that the Gevrey class 7/4 is optimal. In particular, the analysis and
numerics performed in [7] (on a simple linearization) suggest that the optimal exponent
may be s = 2. However, we believe that extending our result to the Gevrey class 2 or
even 2 — ¢ for all € > 0 would require some new ideas. Moreover, it remains uncertain
that the index s = 2 is the critical one since there may be more severe instabilities than
those constructed in [7].

— For simplicity, we have considered here homogeneous source terms: U = 0 and P = 0.
However, our work should extend to the case where U is a function of ¢, z, along the
lines of [15]. Also, we have considered data that have polynomial decay when y goes
to infinity. One can adapt the proof to data with exponential decay, using some Hardy
type inequality with exponential weights.

— An important open question is to prove global existence for small data for the Prandtl
system.

— Finally, we recall that the study of the Prandtl system is motivated by the zero viscosity
limit in the presence of a boundary. The present work opens the road to a full justifi-
cation of the Euler-Prandtl description, without analyticity.

Appendix A

Sobolev and Hardy inequalities

We recall classical Sobolev and Hardy inequalities, see [13]: For f = f(z,y), we have

(A.1) IfllLe SN2z + 102 f N2 + 10y fllz2 + |10y 0x £l 2.
If A > —1 and limy_, o f(z,y) = 0, then
2
(A.2) (L +y)*fllre < Il 11+ )10y £l e
If A < —3, we have
A3 A+ 9l < /= [ Flymollze — oo (1 + )10, 112
= 22+ 1T 22 +1 Y
Appendix B

Proof of technical lemmas

B.1. Proof of Lemma 2

The point is to prove that

(B.1) 102wllzz < Nhjllczcoxeyy + llgsllze S 05wl

Inequality on the right. — Clearly, ||hj||L2(’]I‘><]R+) < ||8§;w||L3. Then, by assumption (3.1),
(1 +9)"g;l S A+ ) |0%w| + (1 +y)" ! |0%ul

and from Hardy inequality (A.2), we deduce: ||g;]|r2 < ||8§;w||L3.
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Inequality on the left. — First, from the definition of A,

(B.2) 02wl L2 ({1y—al<2er) S IPsll 2 (s, )-
Then, we use the identities stated in Lemma 3:
(B.3)
y 1_ -1 ..
sty [ (6+822) Brouantan, v> oo,
. 3 w w
Oqu(t,z,y) =

w(t, z,y) /Oy <¢ + (1;1/))) N %, y < alt,z).

Clearly, as w does not vanish away from y = a, the second identity implies

102wl L2 ((y—a<—ech) S 11951l L2((y<a})-

Then, we integrate the first identity for x € T, ¢ < y — a < 2¢. As w does not vanish in this
region, it allows to obtain a control of C;:

1G5 lI2(my S N10%ull L2 ({5 <y—a<ey) + 1951l L2 ({5 <y—a<erp)
S 182wl 22 (o<y<etay) + 95l 2 (ty<3p)
S 182wl L2 ({y—al<ep) + 1020l 2 (ty—a<—e}) + 1951l L2 ((u<a))
(B.4) S Rillzzcrxryy + 1951l L2cez)-
Finally, considering identities (B.3) for |y — a| > £, we get
1@+ 9)8wllaqy-aizen S (G312 + Igsllzaz)) < (Ihsllzsexs) + lgsles))

where the last inequality comes from (B.4). Combining with (B.2) yields the result.

B.2. Proof of Lemma 6
Bound on u). — We denote 9, := wip + (1 —¢). Fora —e <y <3

y o a y y y
[a=fef s fef =
0 0 0 Wy a 3 WYy

e [ e [
= — g+ —— g+ (u|y=a —u(-,y
/0 oo g . 0 g+ ( |y a (vy)) s Wi

after integration by parts. The third term at the right-hand side does not raise any problem,
as the integral only involves values of y e-away from y = a. For the third and second term,
we notice that

U= Uly=a <1 for0<y<3.
Wiy,

y o 3
‘/ u? ,5/ lgl,
0 0

Bound on C;. — From the proof of Lemma 2 (cf. (B.4)), we know that

Finally, we get

and the bound follows easily.

I1Cjll2(ry S Wsllceoxeyy + lgillzecez) S 105wllLzr2)-
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Bound on 0,C;. — We write: fory > a,

Yo
B. C: =0ty — 0,wC; — B, / 9i .
(B.5) w0, C; = 02" u—0,wC; — 0 (w L i

As for C;, we integrate for e <y < 2¢, e > 0. We end up with
10:Cill 2y S NCjllLacry + 185 w22y + llg; L2 (qy<sy) + 182951l 2 (fy<sy)-

Easily, the last two terms are bounded by [|0]w||2(z2) + (|77 w]|L2(£2). The result follows.

B.3. Proof of Lemma 7

It is enough to prove that for all a > 0,
(B.6) G+ 1)@ — 9)lz2qy<sp iz S I1G+ 1)(0‘73)/4”"‘)”%2, 22 (7)-
For y € [0, 3], we have

9 — 95 = (077", wlOfw — [0)7°, Byw]Ou

j—5 i 5
= <J B >a§w 81~k — 8k 8w 8.
k=1

This kind of sums has been considered several times throughout the paper. We get here

ji—5

= . 3
N Jj—5
1~ stz < 3 ("27) > ol ol
-5 o5 2
+ 3 (707) (1l + ollaen) 3 Nolgvon
k=¥ m=0
= Aj + Bj.

We focus on A}, as the other term B; is much better. Through the change of index &’ := k—1,
we find that

21 =5 4
PIED DAY D S s WP
k=0 m=1
j—1
<23 (70 1) 3 lltrn (= Bl
k=0 m=1

using the inequality (1) < (“;")j < 2(’;")(j — k). It follows that
G+ D) A5l S 116G+ D46+ Dllwllys -1l Se 16+ DD 0l -

This leads to the expected bound.
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B.4. Proof of Lemma 8
We only treat the case | = 1:
G+ DA+ )0y G512 rxry) iz S NG+ D @l iz -
The other cases I = 0 and ! = 2 are handled in the same way. We compute

8y§j_1 = 69]6-_6 (w ayagw — ajw 3211,)

Lri-6 Lri-6
- k j—k— - k j—k—
:kz_o< . )azwaya; 1w—k2_0< B )azajwa; Lu.

By now standard computations:

Jj—6
2 /. 4
_ Jj—6
||<1+y>aygj_1||Lz<TxR+>sc&j( . )}jnwnﬂw (el + Nl -+ )
k=0

m=0
j—6 J _6 2
20 2 (170 (el + o) 35 Tollgomron
%_’_1 m=—1
= Aj + Bj

for some absolute constant C.,. On one hand, as (*,.°) < (1), Lemma 1 clearly implies
1+ D*Ajll2ry S 116+ D @l ez -

On the other hand, after the change of index k¥’ := k + 2

J . 4
J
B; <C, E <k> (||w||y/’;-2 + ||w||y/’;) E Mol ggs—rsm

k=1 m=1
notice that (%) < (4)). Still by Lemma 1,
k-2 ke
1+ D*Bjllizry S 16+ D wllgs ez -

Combining the bounds on A; and B; yields the result.

B.5. Proof of Lemma 9

For (z,y) in the support of x**, we have
j_

0y (35 = 95) = 2 (" N 5) (0%wdi ™ By — 002w B3 Fu)
k

=1
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We proceed as we did several times in the paper: we get

Vx#*0y (G5 — 95) llL2(Tx®,)

Jj—5
= 4
<0y 30 S e (VP08 0yl 2grciy + loll o)

k=1m=0

j—5 . 3 2
j—>5
+Cy ) ( B )(nwnﬂgZuwnﬂgk+m+||w||ﬂg+22||w||ﬂ;k+m>
m=1 m=0

=iy
= Aj + Bj.

Note that we did not bound ||/x##84~*0,w|| 2 by ||8yw|| 4s—#: we need to keep track of the
vy
localization to handle this term.

Treatment of Aj. — We set k' := k — 1. Dropping the prime,

. 5
j—5 i1
A0, ) <k+1> > wll s sm (llvx“’“ai ' kaywllmaern+||w||ﬂ;‘*l*k)
m=1

2 . 5
Jj—1 , 1
<C § : ( k > E llwll rem (G =1 =) <||VX”’“355 F0ywl L2 (ks ) + ||w||ﬂg*1*k) :
m=0

k=0
Here, we have used (77) <j (') <2(j — k) (;;'). By Lemma 1, we find
G+ D> 4502y S Mlwllsgs iz (16 + D74V 0wl 2oy liz )
G+ D7 wll g1 llzry)
Sr ||||w||ﬂg||l2(r) (H||\/Waa{ayw”L2(TxR+)||l2(r) + ||||w||ﬂ§||l2(f)) .
Finally, we notice that
IVX#e050ywll L2 (rxry) S 18yhjllLarxr, ) + 03wl L2 (rxry)
so that
16+ 1% 450y S VE(tT) (VD7) + VE(E7)) S VDu(E ) + VEu 7).

Treatment of B;. — Through the change of index k&’ := k + 1 (first term) and &’ := k + 3
(second term), and using that (J~5) < (J), d = 1 or 3, we get:

( )uwnﬂk ZZ [

Mb.

B;<C

k

I
Nl

Thus,
G+ 1**Bjlliz(ry S el s ez 1T + 1)3/4”“’“5%*1 lli2 (7
S Ml Nz G+ 1) " Hlwllgs llizry S VBt 7).

Combining the bounds on A; and B; yields the result.
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