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BOUNDARY VALUE PROBLEMS
FOR DEGENERATE ELLIPTIC EQUATIONS
AND SYSTEMS

BY Pascar AUSCHER, ANDREAS ROSEN anp Davip RULE

ABSTRACT. — We study boundary value problems for degenerate elliptic equations and systems
with square integrable boundary data. We can allow for degeneracies in the form of an A, weight. We
obtain representations and boundary traces for solutions in appropriate classes, perturbation results for
solvability and solvability in some situations. The technology of earlier works of the first two authors
can be adapted to the weighted setting once the needed quadratic estimate is established and we even
improve some results in the unweighted setting. The proof of this quadratic estimate does not follow
from earlier results on the topic and is the core of the article.

RESUME. — On étudie les problémes aux limites pour les équations et systemes elliptiques dégé-
nérés avec données au bord de carré intégrable. La dégénérescence est controlée par un poids As. On
obtient représentation et trace pour les solutions dans des classes appropriées, des résultats de pertur-
bation pour la résolubilité, et résolubilité pour certaines situations. La méthode de travaux antérieurs
par les deux premiers auteurs est adaptée a ces dégénérescences une fois démontrée une estimation qua-
dratique et nous améliorons méme certains résultats dans le cas non-dégénéré. La preuve de cette es-
timation quadratique ne se déduit pas en revanche de résultats antérieurs et est la partie centrale de
Particle.

1. Introduction

In the series of articles [21, 19, 20], degenerate elliptic equations in divergence form
with real symmetric coefficients are studied. There, the degeneracy is given in terms of
an A, weight or a power of the Jacobian of a quasi-conformal map. The first article gives
interior estimates, the second article deals with the Wiener test and the third one study
boundary behavior and harmonic measure. Further work along these lines, for exam-
ple [22, 13], has been done. However, little work on the fundamental L, Dirichlet and
Neumann problems in the degenerate setting seems to have been done. Here, we want to
initiate such study of boundary value problems, with L, boundary data, for a large class of
weights, in the case of domains which are Lipschitz diffeomorphic to the upper half space
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952 P. AUSCHER, A. ROSEN AND D. RULE

R = {(t,z) € R x R": t > 0}, n > 1. Thus, our work includes the case of special Lips-
chitz domains. Another difference to earlier work that we want to stress is that we consider
general elliptic divergence form systems, and not only scalar equations, as this is the natural
setting for the methods used. In this generality, interior pointwise regularity estimates fail
in general, even in the uniform elliptic case. However, we emphasize that the methods used
in this paper do not require such pointwise estimates.

We consider divergence form second order, real and complex, degenerate elliptic systems

(1) ZZ@(Aa’ﬂtx)au(tx)):O,oz:l,...,m

1,j=0 =1

in Rf", where 9y = % and 9; = ax , 1 < i < n, which we abbreviate as divAVu = 0,
where

) A=A oS
We assume A to be degenerate in the sense that for some w € A2(R™) and C < oo,
3) |A(t,z)| < Cw(z), for ae. (t,z) € RLT"

and elliptic degenerate in the sense that w ! A is accretive on a space # % that we define below.
This ellipticity condition means that there exists x > 0 such that

4) Re/ (Af(z), f x)dm>f€22/ |f () Pw(z) dz

=0 a=1

forall f € #° and a.e. t > 0. We have set

(Ag,¢) = Z Z AP (t,2)el €

1,j=0 a,8=1

The space #° is the closed subspace of L2(R",w; C™(1+m) consisting of those functions
with curl, (f)i=1,...» = 0 for all @. The case of equations is when m = 1 or, equivalently,
when Azf = A; j0o . In this case, the accretivity condition becomes the usual pointwise

accretivity

) Re Z A; 166 > nZ |&ilw(

1,5=0
forall ¢ € C'*" and ae. (t,z) € RLT". Observe that the function (t,z) — w(z) is
an A, weight in R if w is an A, weight in R™. So, the degeneracy is a special case of
that considered in the works mentioned above. However, for the boundary value problems we
wish to consider, this seems a natural class. To our knowledge, this has not been considered
before.

A natural question is whether weights could depend on both variables or only on
the t-variable. Already in the non-degenerate case there are regularity conditions with-
out which the Dirichlet problem is ill-posed. As for the degenerate case, the well known
example from [14] when A = 17251, 0 < s < 1, leading to representation of the fractional
Laplacian (—A)? as the Dirichlet to Neumann operator, is of a nature that our theory can-
not cover. In fact, our weights need to have a trace at the boundary in some sense. Another
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BVPS FOR DEGENERATE ELLIPTIC SYSTEMS 953

option is to assume the weight depends on the z-variable only and put the ¢-perturbations
in the coefficients. See below in this introduction and Section 4.

The Equation (1) must be properly interpreted. Solutions are taken with u and Vu locally
in L2(R}™", w(z)dzdt), and the equation is taken in the sense of distributions. Note that we
allow complex coefficients and systems, so most of the theory developed for real symmetric
equations does not apply, and even for real coefficients we want to develop methods regard-
less of regularity theory.

The boundary value problems can be formulated as follows: find weak solutions u with
appropriate interior estimates of V; ,u satisfying one of the following three natural boundary
conditions.

— The Dirichlet condition u = ¢ on R", given the Dirichlet datum ¢ € L?(R", w; C™).

— The Dirichlet regularity condition V,u =¢ on R™, given the regularity datum
¢ € L?(R™, w; C™") satisfying curl, = 0. Alternately, ¢ is the tangential gradient of
the Dirichlet datum.

— The Neumann condition 9, ,u = (AV; ,u,e9) = ¢ on R™, given ¢ € L2(R™,w™!;C™).
Here ¢ is the upward unit vector in the ¢-direction.

Observe that the natural space for the gradient at the boundary is L?(R"™, w; C™(1+™) and
since A is of the size w, multiplication by A maps into L?(w~!). Thus the weight w=1! is
natural for the conormal derivative. In order to work with the same weighted space for all
three problems, we shall consider the w-normalized conormal derivative 3uw71AU|t:0 =
w8, uli—o € L*(R™, w; C™).

Boundary value problems can be formulated for L? data with p # 2. This is for later work
and here we restrict our attention to p = 2. We mention that there are also “intermediate”
boundary value problems for regularity/Neumann data in some negative Sobolev spaces
based on L?(w) using fractional powers of the Laplacian —A,, (defined later) that can be
treated by the same methods. One important case is the treatment of variational solutions in
this context, i.e., those with [ leﬁ" Vul|? dw(z)dt < oo, in which these problems are always

well-posed. In the case w = 1, the methods have been worked out completely in [34].

Let us also comment on the corresponding degenerate inhomogeneous problem
divAVu = f, with divAVwu denoting the left hand side in (1). A study of such equations
would be of interest in its own right, but could also prove useful in the study of boundary
value problems of the type we study here. Such applications were implemented in [16, 17] in
the non-degenerate setting where the coefficients of the operator were assumed to satisfy a
Carleson measure condition in place of ¢-independence. In [16] a duality argument reduced
the desired estimate for solutions to the homogeneous equation to an estimate on a solution
to an inhomogeneous equation, which could subsequently be proved. While such investiga-
tions in the degenerate setting would certainly make the theory more complete, studying the
inhomogeneous equation is not our goal here.

We shall obtain a priori representations of solutions and existence of boundary traces (in
the almost everywhere sense) for appropriate solution spaces together with various estimates
involving non-tangential maximal functions, a characterization of well-posedness, a duality
principle between regularity and Dirichlet problems, perturbation results for well-posedness
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954 P. AUSCHER, A. ROSEN AND D. RULE

on perturbing the coefficients, and well-posedness for Hermitian systems and some block-
triangular coefficients.

To this end, we follow the two step strategy developed in [2] and [8] and we assume the
reader has these references handy. The first step is to obtain a priori representations and
boundary traces (in weighted L? and almost everywhere) for solutions in appropriate classes.
Actually, we shall even improve upon known results on almost everywhere convergence
when w = 1. The starting point is to transform the second order equation to a first order
system in the w-normalized conormal gradient

o Oy _,. u
w-1AU = woA ;
4 Viu

and then prove a weighted quadratic estimate and a non-tangential maximal estimate for
functions of a bisectorial operator DB when the coefficients are ¢-independent. Then one
can develop a semigroup representation of those w-normalized conormal gradients. This
semigroup method for ¢-independent A and their ¢t-dependent perturbations is presented in
such an abstract way in [2] that it applies in the weighted space without any change once
the initial quadratic estimate is established. We shall basically define the necessary objects
and prove only what is not mutatis mutandi the same. Here, the discrepancy function should
be renormalized by the weight, so it reads w~'(x)(A(t,z) — A(0, x)), and it is measured by
a weighted Carleson-Dahlberg condition. Also some estimates such as weighted Carleson
embedding require the fact that dw is doubling, which follows from the A condition.

The quadratic estimate for bisectorial DB is also a fundamental ingredient in the proof of
non-tangential maximal estimates and almost everywhere convergence. As in [8], the almost
everywhere convergence is not in a pointwise sense but in some averaged sense on Whitney
regions approaching the boundary. We obtain convergence results for solutions in spaces
relative to the Dirichlet problem, and for solutions, their gradients and w-normalized conor-
mal derivatives for solutions in spaces relative to the regularity and Neumann problems. We
stress that even when w = 1, this convergence at the level of gradients is new in this generality.

Once representations and boundary traces of solutions are obtained, the second step
is to formulate the boundary value problems and show that solvability amounts to invert-
ing boundary operators. As for positive results, we shall obtain well-posedness results
for t-independent A which, in addition, are Hermitian, block-diagonal, block-triangular
or merely satisfy a divergence free condition on the triangular block. Let us remark that
in the non-degenerate case w = 1, all these BVPs are well posed with constant matrices.
Here, constant would mean that A is a constant multiple of w, or that DB comes with
constant B. However, we do not know well-posedness for such B, in particular for the
example below with € ~ 2. As usual, all positive well-posedness results are stable under
perturbation, that is, when w1 (A’ — A) is small in L>°. We also obtain perturbation results
for well-posedness with ¢-dependent coefficients A under smallness of the discrepancy
function w=!(A(t,xz) — A(0, z)) in a weighted Carleson-Dahlberg sense.

The key result is therefore the quadratic estimates for bisectorial operators DB
in Lo(R™ w), stated in Theorem 3.3. The differential operator D, although not explicit
in our notation, depends on the weight w as well. The structure of the operator dictates a
different reduction to a Carleson measure estimate than in the uniformly elliptic case. In
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particular there appears a dyadic averaging/expectation operator E; which acts on vector
valued functions by unweighted averages of some components and weighted averages of
some other components. It seems therefore from the proof that the Ay condition on the
weight is sharp for this quadratic estimate, since the Lo (R™, w) bound of E; requires the
Aj condition. In particular, our method does not apply with the quasi conformal Jacobians
mentioned above.

The quadratic estimate from Theorem 3.3 is the central estimate without which the
method breaks down. We summarize the harvest of results using in an essential way this
quadratic estimate:

1. The estimates of the functional calculus in Proposition 3.19;

2. The non-tangential maximal estimates in L? and almost everywhere convergence in
Theorem 4.9;

3. The estimates, through operational calculus, of the singular integral with operator-
valued kernel Sg in Theorems 4.11 and 4.12;

4. The perturbation results for boundary value problems in Theorems 5.4 and 5.5.

The proof of the quadratic estimate is not an easy matter and will be the hard part of the
article. Let us comment on this. First, it does not follow from available extensions of the proof
of the Kato square root problem such as the ones in [10], [5] or [12]. This is because D will no
longer be a constant coefficient operator. Let us give an example to illustrate the differences.
When w = 1, the basic example is

d
J .
= 0

On R, if B is any constant elliptic matrix, the domain of DB is the Sobolev space H*(R; C?).
This can be seen using a Fourier transform argument. If w # 1, then D becomes

1 d
d
4 9

and (the column vector) (f, g) is in the domain of D if and only if f € H'(R,w) and
wg € HY(R,w™!) (the weighted Sobolev spaces). Note that elements in these spaces are
absolutely continuous functions when w € As. Let B be the constant matrix

=[]

Then for any € # 0, the domain of DB cannot be the same as the domain of D. Indeed,
the conditions to be in the domain of DB are w(g + ¢f) € H'(R,w™ ') and f € H'(R,w).
If wg were in H (R, w~1!), then so would w f, and both f and w f would be continuous on R,
which is a restriction on f.

Moreover, D cannot be coercive on its range. In the previous example, that would lead to
an estimate like ¢’ controlled by < (gw)’, which is absurd.

Nevertheless, Cruz-Uribe and Rios [15] recently proved the Kato conjecture for square
roots of degenerate elliptic operators —divg= AVg~ on R"™, which corresponds here to the
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956 P. AUSCHER, A. ROSEN AND D. RULE

special case of block diagonal, bounded, measurable and accretive B = l ] . The

0w A
preceding example indicates that non-block terms introduce a difficulty that was not in
the above work; indeed, it makes the argument harder. Let us explain where this difficulty
appears in the proof and how we overcome it. As is customary in this area, we look for
a T'b argument to prove a Carleson estimate which proceeds via a stopping time argument
on the averages on dyadic cubes of some test functions. In our situation, averages are taken
with respect to both the unweighted and weighted measure dz and w(z)dz. But if the weight
varies too much on a given cube @, the stopping time does not give useful information. We are
forced to organize the collection of all subcubes of @) in subclasses on which the dx-averages
of w do not vary too much from a parent cube. The ideal situation is that all cubes fall into
one of these subclasses. This is not the case, but the next best thing happens, namely that the
those subcubes which are left out satisfy a packing condition with uniform, possibly large,
constant. This organization of cubes is intrinsic to the given weight and is in fact a weighted
version of a result found in Garnett’s book [24]. Here, it allows us to run the stopping time
on the test functions for the Carleson estimate. In the situation of [15], one can split things
SO as to run two separate stopping time arguments each concerned with one measure so this
step is not necessary.

To conclude this introduction, we discuss two different boundary geometries. First, all
of the results here are invariant under bilipschitz changes of variables. Thus, whenever one
can pull back a boundary value problem on a special Lipschitz domain to one that fits our
hypotheses, one obtains a result for the initial problem. As an example, this shows that
if w € A,(R™), the three boundary value problems for —div, ,(w(z)Vy u)(z,t) = 0 with
appropriate interior estimates (see Section 5) are well-posed on any special Lipschitz domain
Q = {t > ¢(z)} when the corresponding datum is in L?(02;wdo) where o is the surface
measure and @(p(z)) := w(z). Applying the standard pullback (z,t) — (y,t — ¢(y)) = (y, s),
we obtain an equation of the form div, (A(y)V,,sv)(y, s) = 0 that is degenerate elliptic.
Secondly, it is natural to expect results on bounded domains. Bilipschitz invariance implies
that one can look at the case of the unit ball as the non-smoothness is carried by the
coefficients. There, the setup of [8] applies to radially independent weights and degenerate
coefficients, and perturbations of the latter. It will be clear from the present article that it all
depends on the weighted quadratic estimate on the boundary. This requires a proof that is
left to further work.

The first author was partially supported by the ANR project “Harmonic analysis at its
boundaries” ANR-12-BS01-0013-01. The second one was supported by the Grant 621-2011-
3744 from the Swedish Research Council, VR. The first author wants to thank Yannick Sire
for bringing his attention to this problem.
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2. Preliminaries on weights

2.1. Muckenhoupt weights
Recall that for a weight w on R™ and p > 1, the A, condition reads

, p/p’
(][ wd:c) <][ w!™P d:c) <C,
Q Q

for all cubes @ with p’ the conjugate exponent to p. The smallest possible C' is denoted
by [w],. The notation fE means the average with respect to the indicated measure on E.

We identify w with the measure dw = w(z) dz and write w(E) for [, dw while |E| = [, dx.
Recall that w € A, implies w € A, for all ¢ > p — ¢ where ¢ > 0 depends on [w]4,. Every
w € Ap is an A, weight: there exist constants 0 < ¢ < 1 < 7 < oo such that

0 (i) =% = (i)

for all cubes @ and measurable subsets E of @ (actually, 7 = pif w € A, and (1/0)" is
the reverse Holder exponent of w, which can be arbitrary in (1, oo]). In particular, dw is a
doubling measure. There also exists a constant ¢y > 0 such that

(7 ][Q Inw(z)dz < In <][Q w(x)dm) S][Q Inw(z)dz + co,

the first inequality being Jensen’s inequality and the second being a reverse form of it.
Denote L?(w; C%) = LP(R", w; C?) for d > 1, and LP(w) = LP(w; C). If w € A,

1/p
®) ][Q ()] dy < [w]}{? (;[Q |f<y>|Pdw<y)> :

In particular, for w € As, since w € A/, for some p > 1, this implies Muckenhoupt’s theo-
rem: the Hardy-Littlewood maximal operator M with respect to dz is bounded on L?(w).

2.2. A corona decomposition for A, weights

We use the following dyadic decomposition of R™. Let A = U;’;_Oo ANy; where
DNgi = {29(k + (0,1]") : k € Z"}. For a dyadic cube Q € A,;, denote by £(Q) = 27 its
sidelength and by |Q| = 2™ its Lebesgue volume. We set /Ny = Nq; if 2971 <t < 27,

Here we describe a decomposition of a dyadic cube @ € A with respect to a Muckenhoupt
weight w € A,.

We follow a construction of Garnett [24]. For a fixed o,, > 0, to be chosen later, we
consider B*(Q) the collection of those (“bad for In w”) maximal sub-cubes of @ for which

|(Inw)g — (Inw)g| > o4.

In this section, we use the notation fo = (f)g = fQ fdz. We can then define By (Q)
inductively as B}’ (Q) = B¥(Q) and for j = 2,3,... by

BY(@ = |J B“(R), andset BY(Q)=|]JB(R).
ReBY ,(Q) Jj=1

The following proposition shows that the “number” of cubes on which the oscillation of In w
differs too much from the one on some ancestor can be controlled.
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PROPOSITION 2.1. — For a cube R € A, if R C Q is not contained in a cube of B¥(Q)
then |(Inw)g — (Inw)g| < oy We also have that

©) S wR) < Sw(@)

2
REB(Q) Tw

Jor some C < oo which depends only on [w] a,.

Proof. — The first statement of the proposition is clear from the definition of B*(Q), so
we only need to prove (9).
For each R € B¥(Q), there is a unique R’ € B¥(Q) U {@} such that R € BY’(R'), that
is, R’ is the stopping-time parent of R. Thus
_ 12
w(R) S/ |(lnw)g — (Inw)g| dw
R

2
Ow

and so

Y e Y [ e Gw)nfd

REB¥(Q) v ReBw(Q) R
1
== ( > 1R|(lnw)R—(lnw)R/|2> dw,
v YQ \ ReB(Q)

where 1g is the characteristic function of the set R. For any b € L] (R",dz) consider the
square function

1/2
S(b)(x):z( > IR(m)|bR—bR/|2> .

REBY(Q)
For any w € A we have (see Lemma 6.4 in [24] for the unweighted estimate and [30] for
the weighted one) the estimate

2w 2w
JRECIKTE RO

where M is the Hardy-Littlewood maximal operator with respect to dx. Applying this
to b(z) := (Inw(z) — (Inw)g)lg(x) and using Muckenhoupt’s theorem, it suffices to show
that

(10) /Q [Inw — (Inw)g|? dw < w(Q).

This inequality follows from the fact that lnw € BMO(R",dx) when w € A, and the
fact that BMO(R"™,dz) = BMO(R", dw) with equivalent norms for w € A.. The latter
statement is a consequence of the John-Nirenberg inequality and reverse Holder inequality
for w. However, we present a direct proof. It follows from Jensen’s inequality and the A,
condition on w that

/ e|lnw(w)—(lnw)Q| dx 5 |Q|
Q

Setting My = {z € Q; |Inw(z) — (Inw)g| > A}, we can write

o0 | Inw(z)—(Inw)g|
/ €>\|MA|d)\ :/ / 6>\d)\d1,‘ < / e|1nw(z)—(1nw)Q|d:L_7
0 QY0 Q
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SO oo
[ enlas el
0

Similarly,

0
Condition (6), in which we take o < 1 as one can always do, ensures that

[ oo [Cw@ (B2 o

o [ (351 o

0o |M | o oo l—0o
< w(Q) (/ A e’\d)\) (/ (,\e*ﬂ)l/“(f)dx)
o Q] 0
Sw(Q),
which proves (10) and with it the proof of the Proposition. O

oo
/ |Inw — (Inw)g|? dw :/ 2D w(My)dA.
Q

2.3. Review of weighted Littlewood-Paley inequalities

We recall here a few facts of Littlewood-Paley theory. The treatment in Wilson’s book used
in [15] is not completely adapted for our needs. In particular, we use Calderon’s reproducing
formula in a different way. Here w denotes a weight in A;. We begin with approximation
issues.

LEMMA 2.2. — Let ¢ € LYR™) with a radially decreasing integrable majorant &.
Let o.(z) = e "p(x/e) fore > 0.
— Convolution with . is a bounded operator on L?(w), uniformly with respect to e.
— For every f € L?*(w), - x f — cf and 16 * f — 0in L?(w) as e — 0, where
c= fRn SO(:LI) dx

Proof. — For thefirst point, we observe that sup, . o |pe*f| < ||¢]/1M f almost everywhere
(see [25, Corollary 2.1.12]) and recall that M is bounded on L?(w). For the second point, it
is easy to see that LS°(R™), the set of bounded functions with bounded support, is dense
in L2(w). Thus, it is enough to assume f € L°(R™). Then ¢, x f —cf and p1/e* f converge
almost everywhere (for dz, thus for dw) to 0 as e — 0 (see [25, Corollary 2.1.19]). The
conclusion follows using the dominated convergence theorem in L2 (w) as M f € L?(w). O

COROLLARY 2.3. — C§°(R™) is dense in L?(w). Also the space & of functions of the form
fER Y f U where f € C§(R™), 1y (z) = t~™p(z/t) with ¢ € S(R™) with Fourier transform
supported away from 0 and 0o, € > 0, R < oo and fooo 1[3(1?5) % =1 for all ¢ # 0, form a dense
subspace of L?(w). [ Here, § is the Fourier transform of g in R". |

Proof. — As L°(R") is dense in L?(w), choosing ¢ € C§(R") in the previous
lemma proves the first density. Next, with ¢ as in the statement, it is easy to see that
Q&) = [T P(te) L =1- f01 P(t€) % for £ # 0 and $(0) = 1 is a Schwartz class function
and that fER Yy x f % = e x f — pr* f. So the lemma follows. O

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



960 P. AUSCHER, A. ROSEN AND D. RULE

COROLLARY 2.4. — Assume ) and p are integrable functions, that @ is as in Lemma 2.2 with
[ ¢ = 1and that fERzﬂ(tf) 9t = p(e€) — G(RE) forall € € R™,0 < & < R. Set Qf = ¢y * f.
Then the Calderdn representation formula [;° Q.f % = f holds for all f € L*(w) in the sense
that f Qif % converges to f in L*(w) as e — 0 and R — oo.

Proof. — The lemma follows immediately from the formula st Yyx f % =pexf—prxf
and Lemma 2.2. O

Next, we recall that any Calderén-Zygmund operator in the sense of Meyer’s book [33]
is bounded on L?(w) (the sharp dependance of the norm with respect to [w]4, has been
obtained by T. Hytonen [28] but we do not need such a refined estimate). This result extends
to vector-valued Calderén-Zygmund operators, and consequently we have the following
useful corollary.

LEMMA 2.5. — Let ¢ be an integrable function in R™ with [, ¥ (z) dz = 0 and such that
(Ye(x —y))t0 is an L? (R+, 9 _valued Calderén-Zygmund kernel and set Q;f = 1y % f. Then
Sorall f € L*(w),

e dt
| 1@ e F < sl

Proof. — Note that T : f — (Q+f)t>0 is a Calderén-Zygmund operator, bounded from
L?(R™) to L?*(R™, L?(Ry, %)). Thus weighted L? theory for A, weights applies (see [23],
Chapter V). O

To conclude this section, we recall a trick proved by Cruz-Uribe and Rios [15] originating
from the proof of [18, Corollary 4.2].

LEMMA 2.6. — IfT is a linear operator that is bounded on L*(w) for any w € As with norm
depending only on [w] a,, then for any fixed w € Ag, there exists € (0,1) and C > 0 such
that || T|| p(z2(w)) < CHTHGZJ(Lz(dZ))-

2.4. Weighted Sobolev spaces and the gradient operator
For 1 < p < oo, WHP(w) is the closure of C§°(R™) in the norm

([ aspriomya)

For p = 2, we set H!(w) = WhH2(w).
It follows from [21, Theorem 1.5] that w € A, satisfies a Poincaré inequality:

1/p 1/p
(a1 (][ |w—c|pdw) sacz)(][ |v¢|f’dw)

where ¢p € C§°(R™), c is the mean of ¢ with respect to either dw or dz and the implicit
constant depends only on [w]4,, n and p. In particular, this implies that W'»(w) can be
identified with a space of measurable functions imbedded in LP(w). The gradient (taken in
the sense of distributions) extends to an operator on W1 (w), still denoted by V, and the
Poincaré inequality extends to all WP (w) functions. The space of Lemma 2.3 is also dense
in Wh2(w) when w € As.

We shall need the following result.
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PROPOSITION 2.7. — If w € As, the spaces WYP(w) interpolate by the real or complex
methods for r(w) < p < oo where r(w) < 2 is the infimum of exponents p for which w € Ap.

Proof. — This follows from N. Badr’s interpolation theorem [11, Theorem 8.4], using the
Poincaré inequality and doubling of dw. O

We denote the Riesz transforms by R;, j = 1,...,n. Set Rf = (R1f,...,R,f) and
Rg = Rjg1 + -+ R} g, where R} = —R;, the adjoint being for the L?(dx) duality. The
Riesz transforms are bounded on L?(w).

In this paper, if A is an unbounded linear operator on a Banach space, then D(A), N(A4),
R(A) denote respectively, its domain, null space and range. Closure of the range is denoted
by R(A4).

LEMMA 2.8. — Let w € Ag. The following statements hold.

1. The operator V on L?(w) into L*(w; C™) with domain D(V) = H*(w) is densely defined,

closed and injective.
2. Itsadjoint V* := —divy, := —Ldivw is also closed, densely defined and R(V*) = L*(w).
Moreover, =C§°(R™; C™) is a dense subspace of D(div,,).

3. The operator A,, = —V*V = div,,V constructed by the method of sesquilinear forms
from [5, Vu - Vvdw on H' (w) is a negative self-adjoint, injective operator on L? (w).

4. The operator Ry, := V(—Ay) "2 is bounded from L*(w) into L?(w; C™) and its range
is R(V).

5. R(V) = R(L?*(w)).

6. Moreover R(V) = V(C*(R™)) = {g € L*(w;C"); curlg=0}.

As we can see, the closure of the range of V has several characterizations: the one in (4)
comes from spectral theory for the weighted Laplacian, the one in (5) comes from weighted
theory for the usual Laplacian. Both will be useful.

Proof. — To prove (1), observe that V is densely defined by construction and the fact
that it is closed is proved in [21]. Injectivity follows from Poincaré inequalities: indeed
if u € H'(w) such that Vu = 0 implies u constant. As w is doubling and R™ is unbounded,
we have that w(R™) = +o00, so that the constant must be 0.

The first part of (2) follows upon standard functional analysis from (1). To show
the density of LC§°(R™;C") in D(div,), we note that this is equivalent to the density
of C§&°(R™;C™) in D(div) := {f € L*(w™;C"); divf € L*(w™')} (equipped with the
graph norm). This equivalent statement follows using regularization by convolution as in
Lemma 2.2 and smooth truncations.

The construction in (3) is classical (see for example, Kato’s book [31]). The injectivity
follows from that of the gradient. Next, the boundedness of ®,, in (4) follows from the
equality |V || = [|(—=Aw)'/?f||, which itself is obtained using self-adjointness and the form.
The identification of its range follows immediately.

Let us turn to (5). As the Riesz transforms are bounded on L?(w) when w € Aj and
R*R = I, R(L*(w)) is a closed subspace of L2(w;C"). For f in the dense subspace & of
Corollary 2.3, it is easy to see that Rf = Vg with g = (=A)"Y2f € J(R™) using the

properties of the function 9. Thus, (&) C R(V) so that R(L?(w)) € R(V). Conversely,
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if g belongs to this dense subspace & then Vg = Rf for f = (—=A)'/2g € J(R™). Thus
V(&) € R(L?(w)) and, by density, R(V) C R(L?(w)).

We now prove (6). We introduce H'(w) as the closure of Cg°(R") for the semi norm
IV fllL2(w;cn)- We claim that this space coincides with the space of f € L{ (w) such
that Vf € L?(w;C"). In one direction, if one has a Cauchy sequence Vg in L?(w)
with g, € C§°(R"™), then using the Poincaré inequality, if ¢y, is the mean of g;, on the unit ball,
one can see that g — ¢, converges in leoc(w) to some g and thus Vg, converges to the dis-

tributional gradient of g in L?(w; C™). Conversely, if g € L2 (w) and Vg € L?(w; C"), then
set gr, = (g — cx)pr Where ¢y, is the mean of g on the ball B(0,2%+1) and ¢ (z) = ¢(2 %)
with ¢ is a smooth function that vanishes outside B(0, 2) and that is 1 on B(0, 1). It follows
from Poincaré’s inequality that Vg; converges weakly to Vg in L?(w). By Mazur’s theorem,
this implies that a sequence of convex combinations converges strongly to Vg. Noticing
that gx € H'(w) in which C§°(R"™) is dense concludes the proof of the claim. Clearly,
R(V) = V(H'(w)), so this proves the first equality.

Next, we have V(C§°(R™)) C {g € L?*(w;C"); curlg = 0 }. This inclusion is preserved
by taking the closure in L?(w;C™) as the second set is clearly closed. Conversely, using
the boundedness of the Riesz transforms, the idendity g = (I — RR")g + RR"g holds
for g € L?(w;C™). Moreover div((I — RK")g) = 0 and curl(RR"g) = 0 in the distri-
butions sense. Indeed, it is certainly true for ¢ € C§°(R™;C™) and one can use a limiting

argument. If one assumes curlg = 0 then one also has curl((I — RR")g) = 0. Hence
(I — RR")g is constant as a distribution, and this equals to 0 since it is in L?(w; C™). Thus
g=RR" g € R(L?*(w)) and we conclude using (5). O

3. The main quadratic estimate

3.1. Review of the DB formalism

Let S be a separable complex Hilbert space. One uses (, ) and || || for the Hermitian
product and norm on J. Let D be an unbounded self-adjoint operator on . There is an
orthogonal splitting

(12) H =N(D) ® R(D).
Define closed double sectors in the complex plane by

S, ={z € C:|arg(xz)| < p}U{0}.

Consider B € #(J#) and assume that B is (strictly) accretive on R(D), that is, there exists
& > 0 such that

(13) Re(Bv,v) > s|jv||?, Yv € R(D).
In this case, let
p(B):= sup |arg(Bv,v)| < 7/2
vER(D),v#0

denote the angle of accretivity of B on R(D). Note that B may not be invertible on . Still
for X a subspace of #, we set B™'X = {u € #; Bu € X}.

ProOPOSITION 3.1. — With the above assumptions, we have the following facts.

4¢ SERIE - TOME 48 — 2015 — N° 4



BVPS FOR DEGENERATE ELLIPTIC SYSTEMS 963

(i) The operator DB, with domain B~*D(D), is u(B)-bisectorial, i.e., c(DB) C S,y and
there are resolvent bounds ||(\ — DB) ™| < 1/dist (X, S,.) when X ¢ S,,, u(B) <p < m/2.

(i) The operator DB has range R(DB) = R(D) and null space N(DB) = B~*N(D) such
that topologically (but not necessarily orthogonally) one has

# = R(DB) & N(DB).

(iii) The restriction of DB to R(D) is a closed, injective operator with dense range in R(D).
Moreover, the same statements on spectrum and resolvents as in (1) hold.

(iv) Statements similar to (1) and (ii) hold for BD with D(BD) = D(D), defined as the
adjoint of DB* or equivalently by BD = B(DB)B~! on R(BD) N D(D), with
R(BD) := BR(D) and BD = 0 on the null space N(BD) := N(D).

For a proof, see [1]. Note that the accretivity is only needed on R(D). For ¢ € R, we shall
RP = (I +itDB)™*,
1
QF = E(Ri — Rf) =tDB(I + t*DBDB)™",

1
PB = E(Ri +RP)= (I +¢*DBDB)™".

It follows from the previous result that RZ, PP and QF are uniformly bounded operators

on .

3.2. The main theorem

Let us specify in this section the operator D we consider throughout. In C™(*+1) =

v
Cmeo C™ = C™ @ (C™ @ C™), we use the notation v = l L}, with v, € C™ and
Yy

v, € C™ = C™ ® C™ which we call respectively the normal (or scalar) and tangential
parts of v. To simplify the exposition, we carry out the detailed proof only in the “scalar
case m = 1 as it carries in the vector-valued case m > 1 without change. See Section 3.9 for
the notation.

PROPOSITION 3.2. — Let w belong to Ay(R™) and set H equal to L*(w; C*t1) with norm

£l = (fgn 17 dw) /2.

0 divy, D
1. The operator D := Yol with domain (V) is self-adjoint.
— 0 D(div,,
COO RTL

2. 0" (R") is a dense subspace of D(D).

+C&° (R C™)

L2
3. R(D) = w) |
R (L? (w))
4. R(D) = LA(w) = {g € L?*(R",w; C**™"); curl,(g,) = 0}, where the closure is
. %(Lz(w)) s Wy ’ T\l ’

taken in ¥ and R(D) N C§° (R™; C™+1) is dense in R(D).
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The proof is a direct consequence of Lemma 2.8. We omit the details.

Let us specify the required assumption on B: this is the operator of multiplication by an
(n+1) x (n+1) matrix B(z) which has bounded entries and is accretive on R(D). Associated
to B are the constants || B||« and (the best) x > 0 in (13).

In this section, || f|| systematically designates the weighted L?(w; C%) norm with d = 1,
n or n + 1 depending on the context.

THEOREM 3.3. — With the preceding assumptions, one has

> dt
(149 [ 1Bl S <ol foratt ve .
0

Theorem 3.3 differs from previous results in the field. First, D still being a first order
differential operator, no longer has constant coefficients. Secondly, the coercivity assumption
|[Vu|| < ||Dull for u € R(D)ND(D) which is of utmost importance in other proofs cannot be
true here, thus we cannot apply the metric measure space (here R with Euclidean distance
and measure dw) generalization made by Bandara [12] of the Euclidean results in [10] or [5].

10
Note that the block-matrix case B = L) d] in the splitting C**! = C @ C" gives a proof

of the Kato conjecture for degenerate operators, first proved by Cruz-Uribe and Rios [15].
See Section 3.10.

Our strategy to prove Theorem 3.3 is to follow the line of argument in [5] but with
some necessary twists. In particular, we will use different spectral decompositions on the
scalar and tangential parts. Also the stopping-time argument requires the use of the Corona
decomposition for w (Proposition 2.1).

3.3. Reduction to a Carleson measure estimate

LeEmmA 3.4 (Off-diagonal decay). — For every integer N there exists Cy > 0 such that
(15) 115 RPull + |15 QP ul| < Cn(dist (B, F)/[t)) ™ ||ul|
Jforallt # 0, whenever E, F C R™ are closed sets, u € J¢ is such that suppu C F. We have set

(x) :=1+|z|and dist (E, F) := inf{|z —y|; z € E,y € F}.

Proof. — Repeat the argument in [5, Proposition 5.1], which only uses that D is of order 1
and that the commutator [x, D] of D with a Lipschitz function y is bounded on the space 7.
More precisely, it is the pointwise multiplication by

0 —(Vx)!
(16) le . ]

We omit further details. O
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Let A; be the dyadic averaging operator with respect to Lebesgue measure and A}’ the one
with respect to dw. Set

Boula) = lA;vw)] _ [fQ u.(y) dw(y)]
Apuy (x) JCQ w(y)dy |’

where @ is the unique dyadic cube @Q € A\; that contains x. The notation for dyadic cubes is
the same as in Section 2.2. Recall that fQ means the average on @) with respect to the indicated
measure. We also set

U dw
Fgu= lfQ L) (y)] ‘
JCQ uy (y) dy

Observe that F; acts as a linear operator component-wise. Using the inequality (8)
with p = 2, we have that F; is a bounded operator on 4, uniformly in ¢. We also have
the pointwise estimate

sup |Eyu| < Maaw|u. |+ Malu,|

>0

where Mg ., is the dyadic maximal function with respect to dw and M, the dyadic max-
imal function with respect to dz. Both are bounded on L?(w) by the Hardy-Littlewood
theorem for the doubling measure dw and by Muckenhoupt’s theorem since w € As. Thus,
U Supyso | Erul is bounded from # into L?(w).

DEFINITION 3.5. — By the principal part of (QF);~0, we mean the function (z,t) — v;(x)
defined from R} to £(C™*+1) by

1e(@)z = (QF 2)(2)

for every z € C™*1. We view z on the right-hand side of the above equation as the constant
function valued in C**! defined on R™ by z(xz) := z. We denote by |y:(z)| its norm
in £(C"*1) subordinated to the Hermitian structure on C™*!. We identify ~;(x) with the
(possibly unbounded) multiplication operator v; : u(z) — v¢(z)u(z), u € H.

LEMMA 3.6. — The operator QP extends to a bounded operator from L* (w;C"*1) into
Hioe = L2, (w; C™Y). In particular we have v, € LE (w; £(C™Y)) with bounds

loc loc

F )P du) $1
Q

SJor all Q € A Moreover, v E; are bounded on ¢ with | Ewul| < || Eyull uniformly for
allt > 0andu € K.

Proof. — Fix acube Q@ € A;and u € L*®(w;C""!) with |lul|lc = 1. Then write
u = ug+ui+uz+...where ugp = won 2Q and 0 elsewhereand if j > 1,u; = uon27F1Q\27Q
and 0 elsewhere. Then apply QF and use Lemma 3.4 for each term QP u; with N large enough
and sum to obtain

£, @t auw < c
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If we do this for the constant functions with values describing an orthonormal basis of C*+!
and sum, we obtain an upper bound for the desired average of +y;. Next, for a function v € ¢
and Q € Ay, as E;u is constant on @,

[ B dwow) < [ @l dow) x [ 1B duw)
Q Q

Q
< [ 1Ba)? duy).
Q
Thus
Bl < 3 /Q Bru(y)? dwly) = | Bull? < ] 0

QeEN,

As QP vanishes on N(DB), it is enough to prove the quadratic estimate (14) for
v € R(DB) = R(D). Our principal part approximation reads as follows.

ProrosITION 3.7. — We have

> dt
) [ 1By =Bl S S 10l v € ROD).
0

The function from R to R, defined by (z,t) — |v,(2)|?, is a weighted dyadic Carleson
function if there exists C' < oo such that

J[[ et 2P < cruiey

for all dyadic cubes @ C R™. Here @ = Q@ x (0,1(Q)] is the Carleson box over (). We define
the dyadic Carleson norm ||y; || ¢ to be the smallest constant C for which this inequality holds.
The form of Carleson’s lemma that we need and will apply component-wise is the following
(see [9], p. 168 and references therein).

LEMMA 3.8. — Forallu € %,
* 2 dt < 2 2 < 2 2
v Erull N [Vellell sup [Epul[|* < lvelle flwll”
0 t>0

COROLLARY 3.9. — If |v¢(x)|? is a weighted dyadic Carleson function, then Theorem 3.3
holds.

This corollary clearly follows from the above lemma and (17).

3.4. Proof of the principal part approximation

We begin the proof of the principal part approximation (17) with some further notation.
Define
(I—t2A,)7! 0

0 (I —2A) en |

Here A,, = div,,V is the negative self-adjoint operator on L?(w) defined in Lemma 2.8
while A is the usual negative Laplacian on L?(dz). From Lemma 2.2, the convolution
operator (I — t2A)~! is bounded on L?(w) uniformly with respect to t > 0: It is indeed
classical that (I —t2A)~! is the convolution with t =" Gy (z/t) where the Bessel potential G5 is
integrable and radially decreasing (see [25, Chapter 6]). Thus, P, is uniformly bounded on % .

Pt:
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LEmMA 3.10. — For allv € R(D), one has

> dt
(18) | 1epa -yl G < o

Proof. — The key point is that R(D) is preserved by P;. This follows from the characteri-
L*(w)
R(L*(w))

commute and R(—A)'/2 = V. Write v = [g{ ] , with f, g € L?(w). Then,
g

zation of R(D) in Proposition 3.2 as ] , since the Riesz transforms and (I—t2A)~!

1P [—tQAw(I - tQAw)_lf]

—t2A(I —t2A) "1 Rg
 [~82div, V(I — 2A,) 7 f
C2V(—A)2(T - 2A) Yy

D lt(—A)l/Q(I - tZA)lg] |
tV(I — 12A,) "1 f

Thus using that tQZ D is uniformly bounded on %, it suffices to prove

e _ dit
|- eanp g s
and

*° _ dt
| Iay e - ea) ek < ol

The first estimate is a simple consequence of the construction of —A,, as the self-adjoint
operator V*V on L?(w). Indeed, |[V(I —t2A,)7 f|l = [[(=Au)Y2(I —2A,)"1f|
and one concludes using the spectral theorem for the self-adjoint operator A, that
SV = 2AL) T 2% = | f||? with c= [[°t(1+¢*)7'4  The second estimate
is a consequence of Lemma 2.5 as soon as the conditions for the function v defined on the
Fourier transform side by ¢ (&) = |€|(1 + |£]?)~! have been checked. O

LemMaA 3.11. — Forallv € R(D), one has

o dt
[ 1eEPw— BRI S S ol
0

Proof. — We remark that for ¢ > 0 fixed and x € R", we have
(QF Pro — 1By Po)(x) = QF (u — uq)(x),
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where v = Py, @ is the unique dyadic cube in AA; containing = and u is the value of Eyu
on Q. Define Cy(Q) = 2Q and C;(Q) = 2771Q \ 27Q if j € N*. Then,

1QPPeo =~ Bl = 3 [ 1P (u - ug)du
Q

QEN,
2
1/2
< ¥ (S ( [ 1ePaco -k )
Qea, \j>0 2@
2
_ 1/2
S Y (e[ ju-ugPau)
Qen; \j>0 C;(Q)
SY Yo [ ju-ugPde
QEA j>0 Cil
S SERCERTCIE L I 2T
QcA, 150 2i+1Q
tJ]Z
§t222_jN22j2jd2j"/ |Vu|? dw.
520 R
S 82Vl

We used the Minkowski inequality on the second line, off-diagonal decay on the third,
Cauchy—Schwarz inequality on the fourth, Poincaré inequality on the fifth (recalling that
one can take the average with respect to either dz or dw), and a telescoping argument which
produces the doubling exponent d of w, the covering inequality ZQG A, Laitig S 297 and
£(Q) ~ t on the sixth. Finally, we choose N > n + d + 2 in the last. Hence

o dt o dt
[ netrw—mEpoP G s [ levral .
0 0

For the scalar part of v, we have to control the weighted quadratic estimate
for tV (I — t2A,,) v, which we have seen already. Using v € R(D), the tangential part v,
is of the form Rg for some g € L?(w). Hence we have to control the quadratic estimate
of tV(I —t2A)"'Rjg = R; Rt(—A)Y/?*(I — t*A)~'g for j = 1,...,n. We can eliminate R;
and R as the Riesz transforms are bounded on L?(w) and the weighted Littlewood-Paley
estimate for t(—A)/2(I —t2A)~" has been already seen. O

LEMMA 3.12. — There are constants C < oo and 71 € (0, 1) such that for all f € D(div,,)
and all dyadic cubes @Q,

1— T1

VQdivwfdw‘ < ((Qc)ﬁ (][Q|divwf|2dw> 2 (][Q|f|2dw)2.

Proof. — Observe that if f has support contained in @, then |, 0 div,, f dw = 0. Thus this
1/2
Idiv, f? dw)

lemma follows from [12]. Here is a simple proof in our situation. Let A = (fQ

1/2
and B = (fQ |f]2 dw) .If B > A{ a simple application of the Cauchy-Schwarz inequality
gives the result.
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Assume next that B < A{. Let ¢: R™ — [0, 1] be a smooth function which equals to 1
on (1—-1)Q, 0 on Q° with ||[V¢||e < C(tf)~ for somet € (0,1) to be chosen. We can write

][ div,, f dw :][ <pdivwfdw+][ (1—p)divy fdw=1T1+1II.
Q Q Q

Using that —div,, is the adjoint of V (writing the integral as an integral on R"™ thanks to the
support of ),

|I| = b[ Vgofdw‘ < C(t)'B.
Q

For I1, using Cauchy-Schwarz inequality and the right hand side of (6) with E being the
support of 1 — ¢ in Q,

w(Q\ (1= Q)"
w(Q)'”?

Hence, choosing t't7/2 = B/A¢, we obtain the inequality with 7, =

11| < A < C,At°/2.

o/2
1+0/2° O

LeEMMA 3.13. — There are constants C < oo and 1o € (0,1) such that for all g € D(V)
and all dyadic cubes @Q,

C 5 %
Vgdz (7[ |Vg|? dw) (][ lg|? dw) .
b[@ Q)™ Ve Q

Proof. — The proof follows a similar pattern to that of Lemma 3.12.

<

1/2 1/2
Let A = (JCQ |Vgl|? dw) and B = (fQ lg|? dw) .If B > A{ a simple application
of (8) with p = 2 gives the result.

Assume next that B < A{. Let ¢: R™ — [0, 1] be a smooth function which equals to 1
on (1 —1)Q@, 0 on Q¢ with ||[Ve|le < C(tf)~! for some t € (0,1) to be chosen. We can write

][ ngxz][ chgdx+][ (1-9)Vgde=I+11I.
Q Q Q

Interpreting I as a distribution-test function pairing, we may integrate by parts coordinate-
wise, and using that w € A, we find

1| = [][ Vo da
Q

For I1, pick p > 1 such that w € Ay, and use Holder’s inequality with conjugate exponents
p and p’, the support properties of 1 — ¢, and the fact that w € A, to conclude that

< C(té)lj[Q lg| dz < Clw]a, (tl) " B.

1/p
115 (f 1vopae) e < wlfs an.
Q P
Hence, choosing t1+1/? = B/A¢, we obtain the inequality with 75 = LB O

1/

LEMMA 3.14. — Forallu € ¢ = L?(w; C"*1),

o dt
[ e - Dl S S el
0
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Proof. — It follows from Lemma 3.6 that |y E: (P, — DNul| < ||E¢(P; — I)ul|. Given the
definitions of E; and P;, the lemma reduces to the scalar inequalities

o w _ dt
|1 - ean - nap g <1
and
| 1A= ea =0 s e
For the first one, we follow [10] with a minor simplification. Let Q¥ = §2Ae% B,

Then for f € L?(w) we have by the spectral theorem, f = 8 [7°(Q¥)2f % and also
11?2 = 8 [ Q¥ f11? 2. By Schur’s lemma, it is enough to show that the operator norm
of AP (I—t2Ay) ™' =1)QY in L?(w) is bounded by h(s/t) with h > 0and [ h(u) % < oco.
We shall find h(u) = Cinf(u™,u=?).

Ift < s,

IAF (T = £2A8,) 7 = DQYFI S (T = £AL) ™ = D)s*Aye” 2o f|
S C(/s)’II11.
Ifs<t,
IA¥ (T = 220) T QUFI S I = Au) s Ayer 2w f]|
S Cs/0°II1 1.

Thus, it remains to study the operator norm of A}"QY for s < ¢. For this, we remark that
AP QY f(x) is an average with respect to dw of div,, (sg) with g = —sVes*Au f 50 that we can
use Lemma 3.12. Thus,

2

JarQrrz = w(@>[][ diva(sg) du

QeA

< tQTI (7[ |div,, (sg) |2dw) (7[ |sg|? dw>
QeA Q
=§2ﬁ ([razspa) " ([ 1sversesian)

QEA,

| /\

mn QPO e g

2

AP

where we used Holder’s inequality for the sum.

~ t2T1

The proof of the second inequality is as follows. Setting Qs = serSQA, as before we
have that the operator norm of A;((I — t2A)~! — I)Q, on L?(dz) is bounded by h(s/t)
with h similar to above. As this operator is also bounded on L?(w) uniformly in s and ¢
for all w € A; (for the convolution operators, it follows from Lemma 2.2 and for A; this
has been seen before), its operator norm on L?(w) is bounded by h(s/t)? for some power
6 > 0 depending only on w using Lemma 2.6. Thus, we can use the fact that the integral
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f = 8J7°(Qs)*f % converges in L*(w) from Corollary 2.4, Schur’s Lemma and that
fooo Qs fII? % < || fII? from Lemma 2.5. O

Proof of Proposition 3.7. — It is enough to write
QPv —vEw = QP (I — P)v+ (QF P — wEPw) + v Ey(P, — v

and to use successively Lemma 3.10, Lemma 3.11 and Lemma 3.14. O

3.5. Preamble to the Carleson measure estimate
We are now ready to prove that |y;(z)|? is a weighted dyadic Carleson function and so,
via Proposition 3.7, complete the proof of Theorem 3.3. The first step towards this is a
compactness argument. As was seen in the solution of the Kato square root problem ([6]), the
application of a stopping-time argument was made possible by restricting ;(x) so that, once
normalized, it is close to a fixed element in the unit sphere of #(C'*™), the set of bounded
linear transformations on C'*™, We will make use of the same stopping-time argument, but
also require a second stopping-time related to the oscillation of the weight, and with it comes
a second compactness argument which restricts our attention to Whitney boxes on which the
average of the weight is close to that of the top cube.

A convenient way to define the Whitney box Wy, associated to a given dyadic cube Q) is
Wg = {(z,t); x € Q,Q € A}. With our definition @ is the union of all W for which
Q' is a dyadic subcube of Q.

Consider the compact unit sphere in £(C'*™) and the compact interval [0, o], where cg is
asin (7). For each v € £(C'™) such that [v| = 1, 7 € [0, ¢o] and 01,02 > 0, define G ,, as
the union of those Whitney boxes W, for which | In(wg) — (lnw)g — 7| < 02, and

(19) Fu(z) = ve(z) fy(x) #0, ‘7 — V‘ <oy and (z,t) € G 0y,

0 otherwise.

We recall the notation B (Q) from Section 2.2 and set

e@=0\ U &

ReBv(Q)
LeEmMA 3.15. — Suppose that we can show

d dt
K = sup sup // (z)]? —2= w(z) < o0
v, T QEA W(Q) w(Q) t

for some choice of parameters oy and oo depending only on || B||so, K, [w] 4, and n. Then |y, (z)|? is
a weighted dyadic Carleson function.

Proof. — Fix o7 and o9 so that the hypothesis applies. Let @ € A. Observe that the
sets Q¥ (R) form a partition of @ when R runs over elements of B¥(Q) U {Q@}. Thus, by
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the hypothesis and Proposition 2.1,

//@ W”'Qw = D //w(R) %@;)PM

ReBY(Q)U{Q}
<K Y wi) < ST + Ku(@)
ReBY(Q)uU{Q} v
By the compactness of the unit sphere in #(C'*™) and the interval [0, co], there exist a finite
index set A C Nand, foreach j € A, choices of v; and 7; such that |y, (z)[* < 3°,c o 7 (2) [,
where ¥/ (z) = 7;(z) with the choice v = v; and 7 = 7;. This completes the proof. O

3.6. Stopping-time arguments for test functions

We fix an arbitrary vector £ in the unit sphere of C**™, For any Q; € A and o3 > 0 to be
chosen, define a test function

0) 75, = (1 + (0:£@)DB)") " (10,6) = Pyq,)(10,6).

where 1, is the indicator of Q. Note that ||f§21 > < w(Q;) and ||ag,€(Q1)DBff21 I? < w(@)
with uniform implicit constants with respect to [£] = 1, 03 > 0 and @1, as can be seen using
the uniform boundedness in ¢ > 0 of Q2 and PB.

LEMMA 3.16. — There exist a constant c depending only on || B||o, K, [w]a, and n, and a
constant § > 0 depending only on [w] a,, such that for all such &, Q1 and o3,

|EQ1 (fégl) = < CO'g.

Proof. — We have Eq, (f§,) — & = Eq, Du with

-1

wi= _(ggg(Ql)FBDB(I - (ogf(QnDB)z) (10.8)

and notice that Eg, D acts on u = l 1] componentwise by averaging div,, us with respect

U2
to dw and Vu; with respect to dz. Lemma 3.12 says

1—7q

C 2 TTI
divyus dw| < ——n div,u 2dw> (][ n 2d’w)
V ) ? ’ Q)™ (][Q1| 2 Q1| 2

i | 71

<cop (£ te-sg.Paw) " (F iot@inss, Pa)

2
< Co3'

and Lemma 3.13 says

V Vu; dx
Q

< Cop (f@ If—f&Ide)

< Co3?.

o (fpuan) T ([ )
< — Vui|* dw u1|* dw
O Q| 1 Q| 1

2 (][ l050(Q1) DB S, I dw)

T2

2
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So taking § = min(7y, 7o) completes the proof. O
Recall that wq = f,, w dz and similarly for (Inw)q.

LEMMA 3.17. — Fix 7 € [0, co] and £ in the unit sphere of C**™. Let

lee—T—(ln w)Q, 0
0 I|’

e

and define the collection of ‘bad’ cubes B™¢(Q1) to be the set of maximal Q' € A such that
Q' C Qyand

: 0
either |EQ/(fél)| > U% or Re (Sél(g), [wQ {)le ]1 EQ/(fgl)> < 0s.

We can then choose positive o3, o4 and o5 depending only on || B|| oo, k, [w] 4, andn, in particular
independently on T,£,Q1, so that

1) Y w(R) < (1-06)w(Q),
ReB™¢(Q1)

with(0 < og < 1.

Proof. — There are two sets of cubes to consider. The first is the set of those maximal Q'
for which

) Re (5221(5)7 [w@féwcgl ﬂ Eo (fé)) < os.

By (7), we know that
—co <In(wg,) —7— (Inw)g, <co
so 53, 1s a constant self-adjoint matrix with e™*I < S5, < e“I. Applying Lemma 3.16,
Re (53, (€), B, (15,)) = (55,(€),€) +Re (5g, (€), B, (f5,) — £)

1
2

(23) >e"% —ce®g) > e,

on choosing o3 so that 2cod < e~2°. Consequently, setting G = Q; \ (UQ’) and fél = l?] ,
2

we have

Bo,(75,) = lw@) Jo, / d“’]

@fczl fadz

:ZM le//le 0] EQ’(fél)+
Q'

w(él) fG h dw]

Q1] 0o I o Jg f2dx
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where the subcubes Q' are those of (22). Using (22) and (23), we obtain

Lees < Re (53, (6). B, (75,)

Q| . W@kh%b
< +Rel S ;
”5§|Q1| e( @) lQllfcfzdm

#f fi1dw
< +R STlﬁ, w(Q1) J@G ])
05 6<Q()[|Qll|fo2dx

and, using the estimate [, | fél |2 dw < w(Q1) and again the Ay condition for w,
1
1 ’ 1
m fG fg dl‘

<o (G ([ nan) + 0@ ([ 1pan))

<(w«”>wz (w™(G)*w(@1)*(w™*(Q1))"*
~ \w(@) (w1 (Q1)/?|Q]

5(5$3ym+<5jégyﬂ5<sgBY’

for some 6 > 0 by (6) applied to w~" and w. Therefore, for a small enough choice of o5, we

have that
0
( w(Q) > >1
w(Q1)
which implies that w(G) > 206w(Q1) for some small o5 > 0 and so
(24) > w(@) < (1 - 206)w(Q1),

Q/
where the sum is taken over those cubes @’ which satisfy (22).
Now we consider the set of maximal dyadic subcubes Q' of Q; for which
1
25 Eq/(f5)] > —.
(5) B (£)1 > -

Then w(Q') < 0% [, |f§21|2dw and

S @)<Y ah [ 155, Paw <ot [ 155, Pdw S ot w(@)
Q/ Q/ Q/ Ql

where the sum is now over those cubes Q" which satisfy (25). So we can choose o4 so small
that

(26) > w(@) < o5 w(@Q).
Q/
Combining (24) and (26) proves the lemma. O
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3.7. Conclusion of the Carleson measure estimate

Consider 4; () depending on v and 7 as defined in (19). Associate to v a vector £ € C1+7
such that |v(€)| = 1 and |¢] = 1. Such a £ may not be uniquely defined but we pick one. For a
cube @); € A, consider the test function ff?l of (20) and set Q™¢(Q;) = 6/2\1 \URGBva(Ql) R
with B™¢(Q;) defined in Lemma 3.17.

LeMMA 3.18. — Suppose that o3, 04 and o5 are chosen as in Lemma 3.17 so that (21) holds.
Then there exists a choice of 0., 01 and o4 so that for all Qg, Q1 € A with Q1 C Qq, and all v
and T,

7) Fe(@)] < ClvE(f5,)(@)], for (z,t) € Q¥ (Qo) N Q™(Q1),

where C > 0 depends only on the choice of 0, 01, 02, 03, 04 and os.

Proof. — We assume that Q%(Qo) N Q7¢(Q;) is non-empty, otherwise, there is nothing
to prove. Recall that it is a union of Whitney boxes Wy and (27) follows from

%(EQ,(@I))‘ > 1 for (z,t) € Wg with 7,(z) # 0.

For a Whitney box Wgr C Q¥(Qo) N 274(Q1) we have that

[(Inw)qr — (nw)g,| < ow,

1
|Eo(f5,)] < o, ond

, 0
Re (551(5), le g v

EQ'(f&)) 2 0.

The last two inequalities are the definition of Q™¢(Q;). The first comes from the fact Q' is
not contained in a cube of B¥(Q) by Proposition 2.1. As Q' C @1 C Qo, @ is also not
contained in a cube of B (Qq) and we also have

|(1nw)Q1 - (lnw)Q0| < ow-
Moreover, recall that if 4;(x) # 0, then
Ye()
5 ()]
Finally, if 4¢(x) # 0 and (z,t) € W then

—V‘ SO’l.

|In(wg/) — (Inw)g — 7| < o2.
Clearly then, we may assume the six inequalities above.
We begin by observing that

wQ//le 0 eln(wQ/)—'r—(lnw)Q1 0
Sq, =

0 I 0 I
and
|In(wg/) — 7 — (Inw)g,| < |In(wg) — (Inw)g — 7|
+ |(Inw)g — (Inw)g,| + [(Inw)q, — (Inw)q,|
(28) < o9+ 0y + 0y
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Recall that we chose o3 in (23) so that 0 < cag < e72%0/2 < 1/2. Therefore, using
Lemma 3.16,

v (Bar(£6,))| 2 Iv @)1 = |v (Bar (15,) —€) | 2 1 - cof 2 172
and

Re (€ Bq/(f§,)) = (6,6) + Re (& Eq (f§,) —€) < 1+cof <2,

SO

v (B (75,))] = 3 Re (€ Ba (455))

It then follows that for (x,t) € W with 44(z) # 0,

&Ei; (Za (S5, >‘  (Za le>H(|Z§Eg|‘”> <EQ"f£1)>‘
Re

> 1 Re (6, Bq(f,) - 2
~Lge ( e ﬂ am«f&))
. iRe ( 1-— eln<wQ/;T<1nw)Q1 8] §,EQ/(f§1)> B %
> | Re <szgl<f>, [“’Q/g“’@ ﬂ EQ/<f§h>) ~ oat200) =
> 305 - i(og + 204 + 01).

We have used (28) and |1 — e¥| < ew if u is a real with |u| < 1, assuming oo + 20, < 1. We
have already chosen o4 and o5, but we are still free to choose o, 01 and o2 small so that (27)
holds. =

Proof of Theorem 3.3. — By Corollary 3.9 and Lemma 3.15, we know it is enough to show,
for fixed v and 7, and for any cube @, that

(9) I, e S < K@)

Fix Q1 € A with Q1 € Q. Having fixed the parameters in Lemma 3.18, we apply (27) in
the first inequality to obtain

// 17, (a )|2M
Q¥ (Qo)NNQT4(Q1)

</ / (15, )2 L2
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< J[L @psg e

//1 — 1 Er) (le 10,6)(z)? dw(m)dt
//1 = 1E)(1g,8) () dw(z)dt

t

Since Qthgl VIO PB(agé(Ql)DBfQ ), one has that

g o dw@d _ (490 Rlosl@)DBIS I dr
[ erssmr =P s | O T S e@).

and, by Proposition 3.7 because fél —1g,£ € R(D),

I 1@P — 2B, 10, 0@P DY <58 10,607 5 wi@w)

For the last term, using that by definition QP —~,E; annihilates constants and
Ei((1g, — 1)¢)(x) = 0 when (z,t) € @1, we can rewrite

(QF — mE)(10,9)(x) = (QF — nE)((1g, — 1)E)(2) = Q7 (1o, — 1)&)().

Using off-diagonal estimates for Q2 as in Lemma 3.6, one can easily show

JIL 108 (120, - DO)@P P < wigy.

Next decompose 2Q1 \ Q1 = Oq1) U (2Q1 \ 9q(r)) Where a(t) = /t/£(Q1)¢(Q1) and

= {y ¢ Q1;d(y,Q1) < a}. Again, using the off- dlagonal estimates for each t,
the function 15Q,\0.(,, contributes w(Q1). It remains to control the integral corresponding
to 15, - From the uniform boundedness of QF, one has

dw(z)d HQ) d
// 1QF (16,,€)(z)? w(x) tN/ (3a(t)) !

[ Gt

using (6) and “83 i < ( 7 51) ) /2 obtained from elementary observations. Summarizing the

estimates above, we have proved that

- dw(x)dt
/[ A 220 < Q)
Qv (Qo)NQ™¢(Q1)
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We can now prove (29). Define

B7€(Qo) = {Qo}, B7*(Qo) = B™(Qu),
BIS@Q)= | BER) for j=1,2,...,
ReB]*(Qo)
and B7%(Qo) = | B]*(Qu)-
§=0
Using
dw(z)dt - dw(z)dt
N S Fta) P D,
“’(Qo) 01€B7(Qo) w(Qo)NNR™(Q1)
and summing the estimate above together with an iteration of Lemma 3.17 imply

oo @R P s S wiey

Q1€BI%(Qo)

< Z(l —06)w(Qo) S w(Qo),

Jj=0

which proves (29) and with it Theorem 3.3. O

3.8. The case of block matrices

We show how to simplify the argument in this case. Recall that Bisan (n + 1) x (n+ 1)
matrix. Assume here that it is block diagonal, namely

_la(z) 0
Ble) = l 0 d(x)]

with a(x) scalar-valued and d(z) n x n matrix-valued. Define the normal and tangential
spaces

%L: and j{H:

L2(R™, w; C)]

0
L2(R™, w;C")|

In this case, both operators BD and DB swap the normal and tangential spaces. So do Q7
and multiplication by 7,. This means that

|0 au(x)
Y (z) = [ﬂt(x) 0 ]

so that the Carleson function norms for |a;(z)|? and |B:(x)|? can be estimated separately.
The normal and tangential parts of our test functions can be used in two separate stopping-
time arguments, which do not require the Corona decomposition (Proposition 2.1), following
the usual proof in the unweighted case, since for each stopping-time we use the average
against one measure: either dx or dw.

| 2
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3.9. A vector-valued extension

The proof of the main quadratic estimate carries straightforwardly to the case of systems
where

- H = Ly(R™, w; C™(+m) where C™(1+7) = (C™)1+n,

— D acts component-wise on % by (Du)® = D(u®) for & = 1,...,m (in other words,
the new D is D ® I¢m but we shall not use this notation), and

— B(z)is an (n + 1) x (n + 1) matrix whose entries are m X m matrices and the
multiplication by B(z) is assumed to be bounded on # and accretive on R(D).

3.10. Consequences

We gather here some consequences on the functional calculus for the convenience of the
reader.

ProproSITION 3.19. — Let w, D and B be as above. If T = DB or T = BD, then one has
the equivalence

(30) / |¢T(1 + ¢*T72) ! ||2 ~ ||ull?, Sorall uwe R(T).
0

Proof. — First, the square function estimate for BD follows from that for DB. Indeed,
on N(BD), tBD(1 + t*(BD)?)~'u = 0. On R(BD), BD is similar to DB so the square
function inequality for BD follows. We conclude using the splitting % = N(BD) & R(BD).
Now, if one changes B to B*, this means we have proved (14) for both T' = DB (resp.
T = BD)and its adjoint. Itis classical ([1]) that this implies the equivalence on the range. [

The next result summarizes consequences of quadratic estimates that are needed.

PROPOSITION 3.20. — Let T be an w-bisectorial operator on a separable Hilbert space F
with 0 < w < /2. Assume that the quadratic estimate

(1) / [¢T(1 + £2T2)~ u||2d \|w||? holds for all uw € R(T).
0

Then, the following statements hold.

— T has a bounded holomorphic functional calculus on R(T) on any bisector | arg(£2)| < w
Jor any w < p < /2, which can be extended to all 5 by setting f(T) = f(0)I on N(T)
whenever f is also defined at 0.

— The comparison

(32) / (|9 (tT)u|? ? ~ ||u||? holds for all v € R(T),
0

Jforany w < p < /2 and for any holomorphic function 1) in the bisector | arg(£z)| < p,
which is not identically zero on each connected component of the bisector and which
satisfies | (z)| < Cinf(|z|%,|2|~%) for some C < oo and o > 0.

— The operator sgn(T) is a bounded involution on R(T).
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— R(T) splits topologically into two spectral subspaces
33) R(T) = Hy & Hr

with 5‘{% = EEX(R(T)) and Ef; = x*(T) are projections with x*(2) = 1 if +Rez > 0
and x*(z) = 0 otherwise.

— The operator |T| = sgn(T)T = V'T? with D(|T|) = D(T) is an w-sectorial operator and
—|T'| generates an analytic semigroup of operators (e‘Z|T|)| arg 2| <r/2—w-

— Forh € D(T), h € ﬂ% if and only if |T|h = £Th. As a consequence eT*T are
well-defined operators on ¢ % respectively, and e=*T EJ. and e*T EL are well-defined
operators on ¥ for |arg z| < /2 — w.

As announced in Section 3.2, we recall here why this implies the Kato conjecture for block

diagonal
a0
B =

identifying the functions a and d with the corresponding multiplication operators. We have

—adiv,,dV 0
0 —dVadiv,,

0 adiv,

BD =
[—dV 0

) (BD)2= l

so that for u € H'(R™, w; C™), v = [“ € D(BD) = D(|BD|) and

IV —adivydVu| ~ [[[BD[o|| ~ | BDv|| ~ [[dVul| ~ [[Vu].

4. Representations for solutions of degenerate elliptic systems

From now on, we write points in the upper half-space Rff" asx = (t,z),t > 0,z € R".

4.1. From second order to first order

We shall now follow closely [2], and its extension [34], but in the weighted setting. It is
necessary to have these references handy. The estimates of these two articles obtained in
abstract Hilbert spaces evidently apply here. Some other estimates use harmonic analysis
(tent spaces, maximal functions). Thus we shall try to extract the relevant information and
give proofs only when the argument uses a particular feature of the weighted situation.

We recall the notation # = L2(R", w; C™(+™)) and use #° = R(D) where D was defined
in Section 3.9. Beware that in [2], /¢ was taken as R(D). We continue to use || || to denote the
norm in J¢, and occasionally use other notation when needed.

We construct solutions u to the divergence form system (1), by solving the equivalent
vector-valued ODE (35) below for the w-normalized conormal gradient

0, i
= wal u = wola s
f A l < ]

and 8, _, ,u denotes the upward (hence inward for len) w-normalized conormal deriva-
tive of .

4¢ SERIE - TOME 48 — 2015 — N° 4



BVPS FOR DEGENERATE ELLIPTIC SYSTEMS 981

Using the normal/tangential decomposition for C™(1+7?) = C™@C™" = C™@®(C™@C")
(see Section 3.2), we write matrices acting on C™(1+7) ag

V- [MM MM] |
MHJ- M\IH

the entries being matrices acting from and into the various spaces in the splitting.

ProroSITION 4.1. — The transformation
—1
O b [ I o ‘| [Cn CL] _ [ CLl_l _Cﬁctnl
Ci. Cy 0 I C.CIL €y — GO0

is a self-inverse bijective transformation of the set of operator-valued matrices which are bounded
on H and accretive on R(D).

The proof is analogous to that of [2].
We set
w-lA=B

in what follows. Our assumption is that as a multiplication operator, w~! A(t, -) is bounded

on # and accretive on R(D) for a.e. t > 0 with uniform bounds with respect to ¢. In
particular, the matrix w=1A4, , (¢,-) is invertible as an operator acting on L?(R™;w;C™),
hence it is also invertible in L (R", £(C™)), with uniform bounds a.e. in¢ > 0. Thus, B(t, )
is also a multiplication operator.
We now introduce some notation. Let
_ | GE®iTem)
w w—lcgo(R_l:-n;(Cmn) ’
Let Gty o = {f € 9'(R™;C™(+"); curl, f, = 0}, where the curl operator is computed

component-wise. Let #joc = L (R, w; C™(1+m),

PROPOSITION 4.2. — For a pair of coefficient matrices A and B related by A = wB, or
(wilAg)L

gives a one-to-one
9

equivalently B = w~1A, the pointwise map g — [ = l
correspondence, with inverse g = l( )L] , between solutions g to the equations
I

g€ leoc(R+;ﬂ100)7
(34) div; . (Ag) =0,
curl; ,g = 0,

in the sense of distributions on Rf’" and solutions f to the generalized Cauchy—Riemann
equations

35) fe L120C(R+§ﬂloc QEWH,O)v
9:f +DBf =0,
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in the weak sense

(36) | ~tow)+B1.DR =0 Ve D,
0

where (, ) is the complex inner product with respect to dw.

The proof is almost completely identical to the one in [2].

-1

. w A . . . .
Proof. — The transformation g — f = l( g)l] is easily seen to be invertible
I

g
on L (Ry;H 10%) "Consider a pair of functions g and f in L (Ry; ¢ 1) related in this
fashion. Equations (34) for g are equivalent to

01(Ag) . +dive (A 9. +Ayg) =0,
(37) 3tgu - V9. =0,

curlyg, =0,

each in the sense of distributions on Rf’". The last equation is equivalent to
fi = f(t,-) € Gurlyo. Moreover, using that (w™Ag), = f,,g, = fyand g, = (Bf), =
ATY(wf, — AL, f,), the first two equations are seen to be equivalent to the equation
0:f + DBf = 0 in the prescribed sense. O

Next, the strategy in [2] is to integrate the weak differential Equation (36) to obtain an
equivalent formulation in the Duhamel sense. Again, this can be followed almost line by line,
once we have the following density lemma.

LEMMA 4.3. — The space Dy, is dense in H: (R ; #)NL2(Ry; D(D)), where the subscript ¢
means that elements have compact support in Ry Thus, if f € L2 (Ry;H 0), (36) holds for
any ¢ € HX(Ry; ) N L2(R; D(D)) if it does for any ¢ € D,

Proof. — The density of 9,, in H}(Ry;7) N L2(R,;D(D)) can be easily established
using (2) in Proposition 3.2 and standard truncation and regularization in the ¢-variable. If
feL? (Ry;#°) and o € HY(Ry; #)NL2(R,; D(D)) then the integral in (36) makes sense

loc
and vanishes by approximating ¢ by elements in 9. O

In the above proposition, we are mostly interested in having g € L2 (R ;7). Recall that

H° = R(D) = L*(R", w; C™Y*™)) NGl o = H NGk, .
In particular, g € L2 _(R,; %) if and only if f € L2 (R.;#") and we can apply the above

loc loc

lemma. Formally writing 8; f+ DBy f = D(&f), & = Bo— B, where By is now multiplication
by a t-independent matrix, the integration of (36) leads to the following equation

(38) fr=eT"PPOEFRT 4+ (Saf)e,
for a unique h*+ € I}, B, and where S 4 is the vector-valued singular integral operator given

t (]
(39) (Saf)e = /0 e~ (t=IPBo gt D f.ds — /t eVPBop D, fo ds.

Here EX = x*(DB,) are the projections defined in Section 3.10 and . F, By ‘= EXJ( are
the ranges of the respective projections. We also use the notation g; = g(t, -). This operator
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can be rigorously defined using the maximal regularity operator for | DBy| viewed from the
operational calculus point of view as F'(|DBy|) with F(z) being the operator-valued analytic
function given by

t
(F(2)g): := / ze~=9)%g ds Rez > 0,
0
50 (39) becomes
(40) Sa = F(IDB|)Ef &+ F*(IDBo|)E; &,

where E‘gt are bounded operators on # such that EX D = (DBO)EQE. These two representa-
tions and Proposition 3.19 allow us to prove most relevant boundedness results concerning
the regularity and Neumann problems. For the Dirichlet problem, they can be used as well in
an appropriate sense (see [34]) but there is another useful representation using the operator

t o0
(41) (Saf): ::/0 e—“—s)BODEO*ésfsds—/ OB DR £ f ds,

t
where Eoi = x*(ByD), and the vector field defined by

vy = e*tBODES'iLJr + (§Af)t,

for some A . From the intertwining property b(DBo)D = Db(By D) of the functional calculi
of DBy and ByD, one has DS, = Sy, so that the relation DRt = h*, which uniquely
determines a choice ht € H EU p» shows that Dv = f. Solutions u to the second order
equations are related to v in the sense that there exists a constant ¢ € C™ such thatu = c—v, .
This means that the tangential part —v, encodes a conjugate to the solution u. This notion
of conjugate was further developed in [§].

These representations are justified provided one has the operator bounds in the next
section.

4.2. Functions spaces and operator estimates

Here, we give the definition of the functions spaces associated to the BVPs. What changes
compared to [2] is that the Lebesgue measure dz on R™ is replaced by dw and Lebesgue
measure dx = dtdr on R'*T" by dw = dtdw where w is the A, weight on R'*" defined
by w(t, z) = w(z). The only property required for w in this section is the doubling property
of dw, except when we use the quadratic estimate which uses the A, property. Also we incor-
porate the posterior duality and multiplier results of [29] (for dz), which can be extended to
the weighted setting too. See below.

DEFINITION 4.4, — For an LY _function f, 1 < q < oo, define

loc

1/q
Wof(t,z) = (J[W@ | Iflqdw>

with the usual essential supremum definition if ¢ = co and where W (¢, z) := (cj 't, cot) x
B(z; cit) is a Whitney region, for some fixed constants ¢g > 1, ¢; > 0. The weighted non-

. . o 2 . . 1+n :
tangential maximal function of an L; _ function f in R ™ is

N, (f)(z) := sup Wa f(t, z), x € R".
>0

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



984 P. AUSCHER, A. ROSEN AND D. RULE

1
loc

/ Fty)dulty), @ eR
0,£(Q))xQ

The weighted Carleson functional of an Ly _ function f is

1
Cf(x) :=sup ——
(@) Q3x w(Q)
where the supremum is taken over all cubes @ in R” containing z, with £(Q)) denoting their
side lengths. The modified weighted Carleson norm of a measurable function g in Rf" is

lgll = 1C (W (lg[* /)13

We will use the modified Carleson norm to measure the size of perturbations of ¢-indepen-
dent coefficients Ag. The proof of Lemma 2.2 in [2] adapts to show that if there exists Ag(z)
with ||lw™1(A— Ap)|l« < oo, then it is unique and w1 Ay is bounded, and accretive on R(D),
so that we may call Ag the trace of A.

DEeFINITION 4.5. — Define the Banach/Hilbert spaces
X = {f € Li R COH): |INL(f)]) < o0},

loc

€= {f € LL (RLF™; CmHm)y . ||C(Waf)|| < oo},

Y= {f € B ®EmCm ) [T )R at < oo,
0

Y= {f € L2, (RYFm Cmitm) / 15l

with the obvious norms.

t
We use the same notation as in [2], but of course, here all norms are weighted. Note that
%" is the dual space of ¥ with respect to the inner product ( , ), of # = L*(R}™", dw; C™(1+m),

LEMMA 4.6. — There are estimates

1 2t - [e's)
st [ LI as SIS [ I
t>0 t 0

) ds
~
In particular Y* C X.

A fundamental quantity is the norm of multiplication operators mapping X into %" or

Y into G.

LEmMA 4.7. — The dual of X with respect to the pairing { , ), is G. For functions
&R — £(C™A+M) e have estimates

[Ellec SNIENlx ~ sup [|Ef]ly ~ sup [&f

I lla=1 Il y=1

G-

Proof. — When w = 1, the duality was established in [29] and recently another more
direct proof was given in [27]. This second proof passes to the doubling measure setting
(personal communication of Amenta and Huang). Next, the first inequality is proved in a
similar way than in [2]. The equivalences for the pointwise multiplier operator norms were
also established in [29], and reproved in [27] when w = 1, and the latter proof extends in a
doubling measure context as well (personal communication of Amenta and Huang). O
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PROPOSITION 4.8. — Letu € VVlif (RYF™, w) be such that ||N*(Vtmu)|| < 00. Then there

exists ug € HY(R™, w) (as defined in the proof of Lemma 2.8) such that ||u; — uo| < t,
IVauoll S IN«(Vezu)ll, and for dw almost every xy € R™,

“2) ][ o — o) dw < g(z0),
W (t,zo)

with g€ L*(R", w). Comversely, if uo€ HY(R™ w), then u=etwuy satisfies
IN:(Veau)| S [ Vauoll

Proof. — The first part is the weighted version of a result in [32]. First, it is easy to show

lug — up|| < |t — ¢| by using uy — upy = ftt, Osus ds, Cauchy-Schwarz inequality and
the left hand inequality in Lemma 4.6. This gives the existence of ug € L2 (R",w) with

loc
lus —ug|| <t (observe that only the difference is in L?(R™, w)). Next, the Poincaré inequality

and a telescopic sum argument imply

’][ ud@—][ udw’ < CTNY (Vi pu)(20)
W (t,z0) W (t',xo0)

whenever ¢, < 7 up to using a non-tangential maximal function with appropriately large
Whitney regions and N} is the analogue of N, with L!-averages. Thus for every 2o where

ug(zo) exists
][ wdw — ug(zo)
W (t,20)

and N} (Vizu) € L2(R™, w) by equivalences of norms if we change the Whitney regions. By
the Poincaré inequality again,

ool F®
W (t,z0) W (t,z0)

and we deduce (42) on combining the last two inequalities. Finally, note that if zq, yo are
different points and ¢ = 10(co + ¢1)|zo — yo|, then

‘][ wdw —][ udw‘ < Clxg — y0|j\7:(vt,zu)(x0)
W(t,l‘o) W(t/fyl))

SN (Vieu) (o)

2
dw < CtQZ\Nf*(Vtvzu)(:rg)

again with slightly larger Whitney regions in the definition of Nj, so that combining with
inequalities above, we obtain

[uo (o) = o (yo)| < Clao = ol (N (Vezu)(z0) + N (Ve.0u) (%0)).
Using the theory of Sobolev spaces on the complete doubling metric-measure space
(R™, | |, w), it follows that ug € H'(R™,w) (identified with the Hajtash space), see [26].
The converse will be proved after Theorem 4.9. O

At this stage, we do not know if V; ;u has almost everywhere limits or even strong L?(w)
limits in the above averaged sense (although weak L?(w) convergence can be shown as
in [32]). This will be the case, however, when w is a solution of our systems. We remark that
in comparison, the space defined by [ [|V,u:||* tdt < oo does not have a trace on R™.

With the above notation, we can state our main theorem for ¢-independent By, thus for
semigroups only.
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THEOREM 4.9. — Let T = DBg or BoD. Then one has the estimate
(43) le= " hllo ~ 1]l ~ |0ee= " Ih]l, VR € R(T).

Furthermore, for any h € J (not just R(T)), we have that the Whitney averages of e~!1TIh,
converge to h in L? sense, that is for dw almost every o € R",

(44) lim le™*ITIh — h(z0)|? dw = 0.
=0J W (t,z0)
In particular, this implies the dw almost everywhere convergence of Whitney averages
(45) lim e *ITlh dw = h(z).
=0 w(t,m0)
More generally, one can replace e=*\T| by any o (sT) where ¢ is holomophic and bounded in some
bisector containing o(T) and satisfies |o(2)| < |2|7% and |p(2) — a| < |z|* for some a > 0,

a € C. In this case, convergence is towards ah, and only the upper bound ||@(tT)h|ly < ||h]
holds if a = 0.

The proof of this theorem will be given in Section 6. The last equivalence in (43) is nothing
but (32), we put it here for completeness.

“A,
0 —-Vdiv,

VzetZA“’uo _ (De_tzDz Ug > _ <e_t2D2 0 >
L 0 I Vg I

[0
VtetQA‘”uo = (QtDe_tzD2 > .
_kuo L

If By =1I,thenT? = D? = [ 1,sothat

and

Thus, ||JV*(Vt,xet2Aw ug)|| < [|Vauoll follows from this result, proving the converse state-
ment in Proposition 4.8.

We observe that only the weak type bound ||N*(e_t|T|h)||L2,oo(w) < ||k holds if h € N(T).
Concerning the convergence (44), this is new even when w = 1 for T' = D By in this generality.
What was proved in [8] is (44) for |Boe~*PBolh — (Byh)(x0)|? (which is also true in this
situation), and the removal of By was done only when By ' is given by pointwise multipli-
cation. It turns out this is not necessary. This will yield the almost everywhere limits in full
generality in Theorem 4.13 as compared to [§].

REMARK 4.10. — The almost everywhere limit (45) is stated with respect to dw, which is
natural. However, as they are derived from the weighted L?(w) limits (44), using thatw € A,,
we also have unweighted L' averages that converge to 0 almost everywhere. This means that
(45) holds also with Lebesgue measure replacing dw.

The next two theorems are for thej-dependegt S4 and S 4. Note that we may rewrite
Saf = S(&f) := Sgf and Saf = S(&f) := Sgf where & may not be related to A. We
use this notation in what follows.
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THEOREM 4.11. — Assume that ||&]|. < oo. Then we have the following estimates for
arbitrary f € X.

(46) ISeflla < MMM flla-
The function h™ := — [[° e*PBOE; D&, fods belongs to Ey H = H pp, and
(47) IS W&l f s
(48) ISef — e PP Egh™ |y <N £,
2t 2t
(49) lim t_l/ 1(Sgf)s —h™|?ds=0= Jim t! / [(Sef)slds,
- t —oe t
and
(50) lim |Sef —h™(20)|* dw = 0, for a.e. zo € R™.
E=0J W (t,20)
Moreover, h~ := — [ e*BoPEg &, f, ds satisfies Dh™ = h~ € Eg
(51) 1Bf)e = I S 6NN £l

In addition, if || &|| is sufficiently small and & satisfies the t-regularity condition ||t0;&||. < oo,
then

(52) 10:(Se iy < NSl + LSl f o + 1| Elloo 192.f 1l 5,

and one has t — (S¢f)s is continuous into H if || fl|o + ||0: f|| g < 0o with improved limits

(53) lim [|(Sef)e b7l =0 = Jim [[(Sef)l

THEOREM 4.12. — Assume that ||&]|. < oo. Then we have the following estimates for
arbitrary f € ¥.

(54) 1Ssflly S NENNf -

The operator S maps Y into C([0, 00); H) with

(55) sup ISl SN F1ly-
Moreover, h~ = — f0°° eSBoDEO_ Esfsds € Z*NTO_&’{ =Hp,p

(56) tim (S — Rl =0 = Jim (B0l

Furthermore, if p < 2 and N? is the p-modified version of N. by taking W, functionals on
Whitney regions,

(57) INP(SenIl S 1611£ 1y

and

(58) ][ |Sef — h™ (w0)|P dw = 0, for a.e. zy € R™.
W(t,l‘g)
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These two theorems can be proved following the corresponding results in Sections 6, 7, 8,9
and 10 of [2] (some of the arguments were simplified in [34]) and, concerning the almost
everywhere convergence limits (50) and (58), in Section 15 of [§] : they hold in a doubling
weighted context when coming to use maximal functions and Carleson estimates. The
inequality (51) is not proved in [2] and merely sketched in [8, Section 13], but is easy to prove
following the same decompositions as there. We shall not give details. We just mention that
h~ in Theorem 4.11 is not an element of J: it is only defined as a limit of the integrals
truncated away from 0 and oo in the sense that — fER DesBoD Eo_ 6sfs ds converges to h~
in J¢. Thus, only the difference (§é e — h~ in (51) makes sense in #. The scalar part
of h~ belongs to the homogeneous Sobolev space H'(R™, w; C™) (as defined in the proof

of Lemma 2.8) and as such is also an L2 _(w) function.

4.3. A priori estimates

In this subsection, we derive a priori estimates for solutions of divAVu = 0 with
Vu € X or . Again, these are obtained as in [2], together with [8] for the almost everywhere
statements and the improvements noticed in Theorem 4.9.

THEOREM 4.13. — Consider coefficients w™'A € L®(RI™; L(C™O+M)) such that
w LA is accretive on H° and assume there exist t-independent measurable coefficients Ag
such that |w=t(A — Ap)|l« < oo or equivalently that ||&||« ~ ||lw™ (A — Ap)||+ < oo where
&=By—Band B =w-14,By = w14,

Let u be a weak solution of divAVu = 0 in R\ with ||JV*(VMU)|| < 00. Then

2t

2t
lim t_l/ |Vs.2ts — gol|*ds =0 = lim t_l/ Vs 2us||*ds,
t—0 + t—o0 t

for some gy € L2*(R™,w; C™(+™), with estimate ||go| < ||]V*(Vtzu) , which we call the
gradient of w at the boundary and we set V zuli=o := go. Furthermore, one has that for dw
almost every xg € R™,

(59) lim Vs zudw = go(zo).
=0 w(t,20)

All three limits hold with Vu, go replaced by the w-normalized conormal gradient f = V ,-1 g4u

wlA
and fo = [( ( ;gO)J‘ := V-14U|t=0 (in particular, they hold for the w-normalised
9o)
conormal derivative 6Vw_1Au ). Moroever, one has the representation
(60) V-14u=e PBopt 4 6,(Vp-14u).

for a unique h* € H T}, and
(61) Ve-1atli—o =h* +h~, h™ = _/ e PBOET DEL(Voy-1.4u)sds.
0

Finally, there exists ug € Hl(w) (as defined in Lemma 2.8) such that V zuo = (go), and one
has ||us — uo|| < t and for dw almost every xg € R™

(62) lim wdw = up(xo).
t=0J W (t,20)
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Remark 4.10 about replacing dw by Lebesgue measure in the almost everywhere limit applies
here too.

THEOREM 4.14. — Consider coefficients w™'A € L®(RI™; L(C™O+M)) such that
w LA is accretive on H° and assume there exist t-independent measurable coefficients Ag
such that ||lw=1(A — Ag)||« < oo, or equivalently that || 5|« ~ |lw™(A — Ao)|l« < oo where
&=By—Band B =w-14,By = w14,

Let u be a weak solution of diivAVu = 0 in Ry™ and assume that fooo ([Vizul|?tdt < oco.
Then w=u+c almost everywhere, for a unique constant c¢€ C™ and
@ € C([0,00); L2(R™,w; C™)) given by & = —v with
(63) v=e PPt 4+ 8, (Vy-14u),

for a unique h+ € Ear JH. Moreover,
(64) vo=ht +h™ withh™ = —/ eSBODE’O_&(quAu)S ds,
0

and we call —v the conjugate system associated to u. In addition, we have Dv = V ,,-1 qu.
Identifying the functions u and 4 + c, we have limits

lim ||ug — @o —¢|| =0 = lim ||u; — ¢,
t—0 t—o0

for g = —(ht) L € L2(R™, w; C™), and we have the estimates
1/2

ol € max(L. @l sup ) < ([ Vel e
> 0

Finally, for dw almost every xo € R,

(65) lim wdw = ug(xo).
t—0 W(t,xo)

Remark 4.10 about replacing dw by Lebesgue measure in the almost everywhere limit applies
here too.

The representation formula suggests a possible construction of solution given A+ provided
| &]|« is sufficiently small. This is what leads to well-posedness results.

REMARK 4.15. — We also have the representation (60) with both e~*P5Bol and A inter-
preted in a suitable sense with Sobolev spaces of order s = —1. This point of view is devel-
oped more systematically in [34] when w = 1 and with Sobolev regularity —1 < s < 0.
We refer the reader there to make the straightforward adaptation, as it is again an abstract
argument. We just warn the reader that the & in [34] is not exactly the same as ours because
the author assumed pointwise accretivity to simplify matters. One should use representation
(39) for S4 instead.

COROLLARY 4.16. — Assume that A satisfies |w™' (A—Ap) ||« < oo for some t-independent
Ao and is such that all weak solutions u to the system divAVu = 0 in a ball B C Rf” satisfy
the local boundedness property

1/2
sup|u|sc(][ |u|2dw) ,
aB 8B
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Jor any fixed constant o < 8 < 1, with C independent of w and B. Then any weak solution v with
fooo Vi zull? tdt < oo or | Nu(Vizu)| < oo converges non-tangentially almost everywhere to
its boundary trace.

The proof'is a straightforward consequence of the more precise almost everywhere conver-
gences we stated in the previous section. We skip the details. This result applies in particular
to real equations as a consequence of [21].

5. Well-posedness

5.1. Formulation and general results

DEFINITION 5.1. — Fix w € A2(R™). Consider degenerate coefficients A with

w™lA € L (R, £(C™0+M)) such that w' A is accretive on #°.

— By the Dirichlet problem with coefficients A being well-posed, we mean that given
¢ € L>(R™,w;C™), there is a unique weak solution u solving (1), with
IS IV zul? tdt < oo and trace ug = .

— By the regularity problem with coefficients A being well-posed, we mean that given
¢ € L?(R™,w; C™"), where ¢ satisfies curl,p = 0, there is a weak solution u, unique
modulo constants, solving (1), with ||]\~/'*(Vtxu)|| < oo and such that V uli=o = ¢.

— By the Neumann problem with coefficients A being well-posed, we mean that given
¢ € L2(R™, w; C™), there is a weak solution u, unique modulo constants, solving (1),
with ||Z\~/*(Vmu)|| < oo and such that 9, _, , uli=0 = ¢.

We write A € WP(BVP), if the corresponding boundary value problem (BVP) is well-posed
with coefficients A.

We remark that the definition does not include almost everywhere requirements. For the
regularity and Neumann problems, one can make sense of the trace in a weak sense, but for
the Dirichlet problem, the trace may not even make sense. However, as soon as we assume
lw=t(A— Ap)||s < oo, which will be the case here, we know exactly the meaning of the trace
from the results in Section 4.3.

The most important observation following the a priori estimates in Theorems 4.13 and
4.14 is the fact that in the ¢t-independent coefficient case, we completely identify the trace
spaces: J£ JIS p 18 the trace space of w-normalized conormal gradients for solutions with
||N*(Vmu)|| < oo; H§p is the trace space of conjugate systems v for solutions with
I Ve zul|? tdt < co. In each case this is an isomorphism.

This leads to the following characterization of well-posedness.

THEOREM 5.2. — Consider coefficients w™*A € L=®(RI™; L(C™O+M)) such that

w™ LA is accretive on ¥ . Assume that A has t-independent coefficients. Let B = w-1A. Then
A € WP(Reg)/WP(Neu)/WP(Dir) if and only if

ﬂ;B — {g € L*(R", w; C™): curl,g = 0} : f — fis
Hhp — L*R",w;C™) : f — f1,
5‘{;§D — L*(R™,w;C™) : f — f1,
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are isomorphisms respectively.

Observe the change of space in the third line.

Let us mention a connection to so-called Rellich estimates. The isomorphisms imply the
Rellich estimates

Ifl S AL Vf e ﬂ}_)B,
IAll S Ifell, Vfe ﬂEBy
LAl S fell, VF € Hhp,

respectively. Assuming the Rellich estimates is not enough to conclude well-posedness
because this only gives injectivity with closed range. The surjectivity usually follows from
a continuity argument starting with a situation where one knows surjectivity. Thus, if, in a
connected component of validity of a Rellich estimate, there is one B for which surjectivity
holds, then surjectivity holds for all B in this connected component and the corresponding
BVP is well-posed for all B in this connected component. Usually one considers B = I so
that, here, A = wl. See [4] for a discussion which applies in extenso. We remark that this
depends on the continuous dependence on B € L* of the projections Ej and E;, which
follows from Theorem 3.3. Let us mention also the duality principle between Dirichlet and
Regularity, whose proof is the same as that of Proposition 17.6 in [8].

THEOREM 5.3. — Let w™'A € LRI L(C™OF™)Y) such that w= A is accretive
on H°. Assume there exist t-independent measurable coefficients Aq such that
lw™t(A — Ao)ll« < e If e is small enough, then A € WP(Dir) if and only if
A* € WP(Reg).

We now turn to perturbation results for both ¢-dependent and ¢-independent coefficients.
Adapting [3, 4], see especially Lemma 4.3 in [4], one obtains that each WP(BVP) is open
under perturbation of ¢-independent coefficients in w L. We refer to [2] for the proofs of
the ¢t-dependent perturbations, which carry over without change to our setting. We gather
these observations together in the following statement.

THEOREM 5.4. — Assume the Neumann problem with t-independent Ag is well-posed. Then
there exist eg > 0 and e, > 0 such that if ||w™1(A — Ay)|« < &1 and Ay has t-independent
coefficients with ||w™1(A; — Ap)|leo < €0, then the Neumann problem with coefficients A is
well-posed.

The corresponding result holds when the Neumann problem is replaced by the regularity
problem.

Moreover, for all such A, the solutions u of the BV P satisfy
[N+(Vizu)ll = [lgoll = llll,

with ¢ the w-normalized Neumann data or the regularity data, and one has the limits and
regularity estimates as described in Theorem 4.13.

With the duality principle above, we obtain.
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THEOREM 5.5. — Assume the Dirichlet problem with t-independent Ay is well-posed. Then
there exist eg > 0 and g1 > 0 such that if |w='(A — Ay)|l« < 1 and Ay has t-independent
coefficients with |lw™(A; — Ao)|le < €0, then the Dirichlet problem with coefficients A is
well-posed. Moreover, one has

1/2

(@]
1R, @) ~ sup [lue] ~ < / ||vt,zu||2tdt> ~ llell
t>0 0

if @ is the Dirichlet data, and one has the limits and regularity estimates described in Theo-
rem 4.14.

5.2. Well-posedness for t-independent Hermitian coefficients

PROPOSITION 5.6. — Assume that A = A* and that A is t-independent and satisfies the
usual degenerate boundedness and accretivity on F 0= R(D) conditions. Then the regularity,
Neumann and Dirichlet problems with coefficients A are well-posed.

Proof. — Let B = w14 and f € Efd = I}y Theorem 4.13 in the case of t-inde-
pendent coefficients implies that the vector field F; = e *PBf in Rif” is such that

0
0;Fy = —DBF;, lim;_,oo Fy = Oand lim;_,oF; = f. Let N := [O I} and note that

DN + ND = 0. Now, the definition of B = 117171 and the Hermitian condition A* = A
imply B*N = N B. Using the Hermitian inner product ( , ) for dw, we have
8,(NF,, BF,) = (NDBF,, BF,) + (NF,, BDBF)
= (NDBF,;,BF;) + (DB*NF;,BF,;) = ((ND + DN)BF,, BF;) = 0.

Hence, integrating in ¢ and taking into account the limit at co gives us (N f, Bf) = 0. Thus,
separating scalar and tangential parts, we obtain the Rellich equality:

(66) (£, Bf) =2(f1, (Bf)1) = 2(f, (Bf)))-

Consider first the Neumann problem. It follows from (66) and the accretivity of B on #°
that

w|f1* < Re(f, Bf) = 2Re(f1,(Bf)1) S 2lIBlloo I fLII1-
This shows that || f|| < || fL|| for the Neumann map for any Hermitian A, which implies that
this map is injective with closed range. The continuity argument explained above implies that
A € WP(Neu) provided that I € WP(Neu). That I € WP(Neu) can be seen from the equality
IV(=Ay)~"?u]| = [lu] and

0 (—Ay)~2div,,

sgn(D) = V(A 0

Thus, for f € #°, f € # 3 if and onlyif f, = —V(—A,)~'/2f,, which in turn holds if and
onlyif f; = (=A,)~/2div,, f,. This implies that the maps used for solving the Neumann
problem are invertible.

That A € WP(Reg) is proved in the similar way. Then, by Theorem 5.3, it follows that
A= A* € WP(Dir). 0
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5.3. Well-posedness with algebraic structure and ¢-independent coefficients

Recall that we write our coefficients A as a 2 x 2 block matrix. We say that it is block
lower-triangular if the upper off-diagonal block A is 0, and block upper-triangular if the
lower block A4, is 0.

THEOREM 5.7. — We assume that A is t-independent and satisfies the usual degenerate
boundedness and accretivity conditions.

— The Neumann problem with block lower-triangular coefficients A is well-posed.

— The regularity problem with block upper-triangular coefficients A is well-posed. More
generally, it suffices for the off-diagonal lower block of A to be divergence free and have
real entries.

— The Dirichlet problem with block lower-triangular coefficients A is well-posed. More
generally, it suffices for the off-diagonal upper block to be divergence free and have real
entries.

Let us clarify the statements above. The off-diagonal lower block is 4;, = (Azbﬂ f:ﬂlzlnm

Real entries means that all these coefficients are real: it guarantees that A and

0 —At A A+ AL,

A=A- I
AIIL 0 0 AHH

have the same accretivity bounds. The divergence free condition is Y.}, &-Azbﬁ = 0 for
all o, 8. Tt implies that weak solutions with coefficients A or A’ are the same as can be seen by
integrating by parts. In other words, we can reduce matters in the special case where the off-
diagonal lower block is zero. This possibility does not appear to be available for the Neumann
problem because the conormal derivative depends on the coefficients.

The proof of this theorem is obtained by a line by line adaptation of [7] to the weighted
setting using well-posedness of the three problems (modulo constants) in the class of energy
solutions, that is, having finite energy fRf" |Vu|?dw < co. We mention that to carry out the

algebra there, one should replace the standard Riesz transforms by the Riesz transforms %,
defined in Lemma 2.8. We leave details to the interested reader.

6. Non-tangential maximal estimates and Fatou type results

Recall that w is the A, weight on R**" defined by w(t, ) = w(x) and that w and w have
identical A, constants. Writing equations divAVu = 0 as div,, (w™'AVu) = 0 allows one
to carry some proofs to the degenerate case without much change from the non-degenerate
case. We quote two results we will be using. The first is the usual Caccioppoli inequality
with a completely analogous proof: all weak solutions u in a ball B = B(x,r) C Rf”
of divAVu = 0 enjoy the Caccioppoli inequality

(67) / |Vu|? dw < Cr_z/ lu|? dw
aB BB

forany 0 < o < 3 < 1, the implicit constants depending only on [|w~! 4|, the accretivity
constant of w™'A, n, m, o and §.
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The second one is a corollary of this and Poincaré inequalities: there exists 1 < p; < 2
such that for any p; < p < 2, all weak solutions « in a ball B = B(x,r) C R}f”
of divAVu = 0 enjoy the reverse Holder inequality

1/2 1/p
(68) (][ |Vu|2dw) < (][ Vul? dw)
aB BB

forany 0 < a < 3 < 1, the implicit constants depending only on ||w™! Al the accretivity
constant of w™'A, n, m, p, o, 3 and the A, constant of w. The usual proof follows from
Caccioppoli’s inequality applied to u — ugp and using the Poincaré inequality with the
gradient in LP. Here, to be able to do that we need w € A,_. for ¢ > 0 but this can be
done for some € > 0 depending only in the size of the A, constant of w. Then, one can use
[21, Theorem 1.5] which asserts that the gain of exponent in the Poincaré inequality for an
A, weight on R'*™ is at least p2£" . So for p > £ (and p > 2 — ¢) we are done.
We continue with the analogue of Lemma 10.3 in [2].

LEMMA 6.1. — Let B be t-independent, bounded on % and accretive on #° = R(D).
Let T = DB or BD. Then there exists 1 < pg < 2, such that for py < q < pj,

. —N
dist (5, F) (f’F)) T

for all integer N, t > 0 and sets E,F C R" such that supp f C F, with Cy independent
of f,t,E,F. Here dist (E,F) := inf{lx — y|: « € E,y € F} and || ||, are the weighted
L7 norms.

(I +tT)  fll, < Cn <1 +

Proof. — Tt suffices to prove the lemma for 7' = DB as then it holds for T* = B*D, and
hence for BD upon changing B* to B.

For ¢ = 2, this is contained in Lemma 3.4. By interpolation, it suffices to estimate the
operator norm of (I 4 itDB)~! on L(R",w; C™(+™)) uniformly for ¢.

To this end, assume that (I + itDB) f = f. As in Proposition 4.2, but replacing 8,
by (it) ™1, this equation is equivalent to

{(w‘lAg)l +itdivy, (w™1A7), = (w™'Ag).,
gy — itVzg. = gy,

where A, g and § are related to B, f and f respectively, as in Proposition 4.2. Using the second
equation to eliminate g, in the first, shows that g, satisfies the divergence form equation

1 wlA g
~ -—_ y 1 _1 g = . i A ,
Lij, = [1 thlvw:| (w™"A) L.tvj 9+ = {1 ltdlvw} [—U)_IAHQII] .

Let r(w) < 2 be the infimum of those exponents ¢ for which w € A,. For r(w) < ¢ < r(w)’,
L, is bounded from W14(R" w;C™) equipped with the norm |ul, + t||Vu|, into
WL(R, w; C™) = (W4 (R, w; C™))’ for the duality (, ), uniformly in ¢. (Observe
that the A, constant is unchanged by scaling, so we can change variable to reduce tot = 1
up to changing w(x) to w(tz).) The accretivity condition on #° tells us that

Re(Leu, u)w > K(||ull3 + £*[|Vull3).
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Hence L, is an isomorphism for p = 2. Using Proposition 2.7 and the stability result of
Sneiberg [35], it follows that L; is an isomorphism for py < ¢ < p}, for some r(w) < po < 2.
This gives us the desired estimate in the weighted L¢(w) norms,

1fllg = 13llq S NFcllq + tV2golle + llgille S llgllq = 11f1lq- H

We state a simple but useful lemma.

LEMMA 6.2. — Let f be a function satisfying the square function estimate [J" || fy|
Then the Whitney averages of f converge dw almost everywhere in L? sense to 0.

24 < o0

Proof. — Recall that ¢y, c; are the parameters for the Whitney box W (¢, z). Let
dw(s,y)

h(t,m) ::/ |f(3,y)|277

lz—y|<cicos, s<cot sw(B(y, 015))

It is an increasing function of ¢ with

cot ds
/ h(t, ) du(z) < / 1712 % 0
Rn 0 S

ast — 0. Thus h(¢, z) converges to 0 as t — 0 for dw almost every . We conclude observing
that Wy f(t,z)? < h(t, ). O

We now turn to the proof of Theorem 4.9.

Proof of (43).. — Here it remains to show || N, (e~ITIR)|| ~ ||h|| whenever h € R(T) and
T = DB or BD with B being t-independent (we drop the subscript 0). The bound from
below is easy:

1 2t -
I = timy 5 [ e TR ds < 1 (e
t—0 t t

from Lemma 4.6.

Let us see the converse when T = DB. Split h € R(DB) = #°ash = h* + h~
according to h* = x*(DB)h. Then e~ /PBIa* is the w-normalized conormal gradient of a
weak solution u® in the upper-(resp. lower-)half space. Thus one can use (68) and estimate
N, (e~tIPBIp£) by NP(e~tIPBIp%) for some p < 2 which we can take larger than py of
the Lemma 6.1. From here follow the proof of Lemma 2.52 in [3]: decompose e *1PBl =
¥(tDB) + (I +itDB)~! and use the quadratic estimate (32) and Lemma 4.6 to obtain

IN2 DB S [ wepBit P < P
and Lemma 6.1 to obtain the pointwise bound

NP((I 4+ itDB)~'h*) < C M, (|h*[P)"/?,
where M, is the Hardy-Littlewood maximal operator with respect to dw.

The result for T = BD follows from that of DB: If g € R(BD), then B~1g = h € R(DB)
with ||| ~ ||g|| and e"!1BPlg = Be~*PBlp Thus

IN.(e”1PPlg)[| = [N.o(Be 1PEIR)| < || Bllool| N (e~ 1P EIR) || ~ |IA]. 0

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



996 P. AUSCHER, A. ROSEN AND D. RULE

Proof of (44). — This time we begin with T' = BD. We can split h = hy + hr where
hy € N(BD) and hg € R(BD). As e *IBPlhy = hy, the almost everywhere limit
im0 fip 4 4o le=IBPIh N — hy(x0)|? dw = 0 follows from the Lebesgue differentiation

theorem. We can thus assume that h € R(BD).
Pick a Lebesgue point zq for the conditions

(69) lim][ |h — h(20)|? dw = 0 = lim lw™! —w™(z0)]? dw.
t=0J B(z0,t) t=0.J B(xo,t)

2

i.(w) asw € As. As a consequence of (69)

The second equality is possible since w™! € L
and (8) with p = 2, we have

(70) lim wdzr = w(zy), lim wldr = w™ (o)
t—0 B(Eo,t) t—0 B(Zo,t)
and
lim |h — (hw)(zo)w™* dw = 0.

t=0J B(zo,t)
Write as above, e~ *IBPIh = 4(sBD)h + (I + isBD)~'h. The quadratic estimate (32) and
Lemma 6.2 imply that

lim |4 (s BD)h|* dw = 0
t—0 W(t,ilto)

(i

for dw almost every z; € R™. Now the key point is that D [ ] = 0 if cis a constant,

cpw—

thus (I-i—iSBD)_l [ hJ_(Z'O) ] _ [ hJ_('fO)

(hyw)(wo)w ™" (hyw)(zo)w™!
(I +isBD) " h — h(zo)

] . It follows that

:(I—i—z’sBD)_lh—l (o) ]Jr

(hyw)(zo)w™"

.
(hyw)(zo)w™" — hy (o)

hy —hi(zo)

~EDy lh — (hyw) (zo)w"

By the assumption on zg,

2
dw = 0.

lim
=0/ w(t,z0)

(h"w)(xo)[ L ]

w™l — w1 (zg)

Decomposing the inner function of the other term using annuli centered around B(z, ¢) and
using Lemma 3.4, we have that

][W(t,a;o)

) > 2N (B o) [

j>1 B(z0,27t)

2

(I +isBD)™! [ hi = hoi(@o) ]

hy = (hyw)(zo)w™?
is bounded by

[ hi —hi(zo) ] ‘de.
hy = (hyw)(@o)w™*
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The scalar term is bounded by

Zz—ﬂN—dw][ |hy — b (20)]? dw

j>1 B(xo,27t)

Sswp f = b dw + VEML (P o0)
<Vt B(zo,T)

as can be seen using the doubling condition on w (d,, being its homogeneous dimension)

and breaking the sum up at jo with 27 ~ 1/y/tif N > d,, + 1, where M,, is the Hardy-

Littlewood maximal operator with respect to dw. The weak type (1,1) estimate of M, implies

that M, (|h|?)(z0) < oo for almost every xo € R™. Hence, the scalar term goes to 0 ast — 0

at those g which meet all these requirements. The tangential term in (71) is bounded by

St G du

i>1 B(w0,29t)
+> :Q’lehu(fvo)Iz(W(B(ﬂfo,t)))’l/ lw™ (zo) — w™!|? dw.
i1 B(x0,29t)

The first sum can be treated as above. For the second when j < jy, we also do as above.
For j > jo, we write |w™(z¢) —w™|? < 2w~2(z0) + 2w~2. The first term leads to a bound
Vit|hy(zo)|?w=2(z0) if N > d,, + 1. For the second term, observe that

/ w™2dw = w1 (B(z0,27t)) < 27% 1w (B(xo, 1))
B(z0,27t)

and that by (70)
(w(B(xo,t))) 'w™ (B(zo,t)) — 1/w?(z0), t— 0.

Thus, if also N > d,,-1 + 1, then the tangential term in (71) tends to 0.

We now turn to the proof for T = DB. If ¢ € N(DB), (44) is a consequence of the
Lebesgue differentiation theorem for the measure dw on R™ as e~ */PBlg = ¢ for all s. Now

consider g € R(DB). As
lim lg — g(z0)|? dw = lim lg — g(20)|> dw =0
=00 wt,wo) t=0J B(zo,c1to)

for almost every xg € R™, it is enough to show the almost everywhere limit

|efs|DB|

lim g—gl?dw=0.

t—0 W(t,l‘o)
Write e~ *IPBlg — g = 4(sDB)g + (I + isDB)~'g — g. The quadratic estimate (32) and
Lemma 6.2 imply that
lim |4(sDB)g|* dw = 0
=0 w(t,z0)
for almost every zy € R™. Now (I+isDB)~'g—g = —isDh, withh, = B(I+isDB) " lg =
(I +isBD)~1(Bg) and Bg € . Let

hs := (I + isBD)"'(Bg) —

(B) 1 (x0) ] '
((Bg)yw)(wo)w™!
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As above we have that Dh, = Dh,. We now apply the following local coercivity inequality
on R™: for any u € H1oc With Du € # .. and any ball B(z,r) in R™,

(72) / |Du|? dw < / | BDul|? dw + r*Q/ lu|? dw,
B(z,r) B(z,2r) B(z,2r)

where the implicit constant depends only on the ellipticity constants of B, the dimension
and m. (Of course, if B~ is a multiplication operator, this inequality improves considerably.)

Applying this inequality to v = h,, using Dhy = Dh, and integrating with respect to s
implies

][ |iths|2dQ§][~ |isBDhs|2dw+][~ |hs|? dw
W (t,zo) W (t,xzo) W (t,z0)

5][~ (I +isBD)"(Bg) — Bg|* dw
W (t,zo)
+][ B (Bg)J_(ZO) ] 2
W (t,z0) ((Bg)”w)(xo)wfl

where W(t, xo) is a slightly expanded version of W (¢, z) and, in the last inequality, we have
written

=

hs = (I +isBD)"'(Bg) — Bg+ Bg — l (Bg) 1 (zo) ] .

((Bg)yw)(zo)w™*
The last two integrals have been shown to converge to 0 as ¢ — 0 for almost every o € R"
in the argument for BD. It only remains to prove (72).

For this inequality, we let x be a smooth scalar-valued function with x = 1 on B(z,r),

x supported in B(z,2r) and |[Vx| < r~!. Using the commutator identity (16) between x
and D, we have

/ | Dul? duw g/|XDu|2dw5/|D(xu)|2dw+/|vx|2|u|2dw.
B(z,r)

Since B is accretive on R(D) and xu € D(D), we have [ |D(xu)|?dw < [|BD(xu)|? dw.
Now, we use again the commutation between y and D together with || B|| oo . This proves (72).
O
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