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STOKES RESOLVENT ESTIMATES
IN SPACES OF BOUNDED FUNCTIONS

BY KEN ABE, YosHiIkKAZU GIGA AND MATTHIAS HIEBER

ABSTRACT. — The Stokes equation on a domain @ C R™ is well understood in the LP-setting
for a large class of domains including bounded and exterior domains with smooth boundaries pro-
vided 1 < p < oco. The situation is very different for the case p = oo since in this case the Helmholtz
projection does not act as a bounded operator anymore. Nevertheless it was recently proved by the first
and the second author of this paper by a contradiction argument that the Stokes operator generates an
analytic semigroup on spaces of bounded functions for a large class of domains. This paper presents
a new approach as well as new a priori L°°-type estimates to the Stokes equation. They imply in par-
ticular that the Stokes operator generates a Co-analytic semigroup of angle /2 on Co,» (), or a non-
Co-analytic semigroup on L (Q) for a large class of domains. The approach presented is inspired by
the so called Masuda-Stewart technique for elliptic operators. It is shown furthermore that the method
presented applies also to different types of boundary conditions as, e.g., Robin boundary conditions.

RESUME. — L’équation de Stokes sur un ouvert Q@ C R™ a été bien étudiée dans le cadre de LP
pour 1 < p < oo et pour une grande classe d’ouverts réguliers. La situation est bien différente pour le
cas p = oo, car la projection de Leray n’est pas bornée dans ce cas. Il a été démontré par les premier
et second auteurs de cet article que 'opérateur de Stokes engendre tout de méme un semigroupe
holomorphe sur des espaces de fonctions bornées pour une grande classe d’ouverts. Cet article présente
une nouvelle approche et des nouvelles estimations a priori de type L* pour I’équation de Stokes.
Celles-ci impliquent en particulier que I'opérateur de Stokes engendre un semigroupe holomorphe
d’angle 7/2 sur L () (pas fortement continu) ou Cp »(€2) pour une grande classe d’ouverts €.
L’approche est inspirée par la méthode de Masuda-Stewart. D’autre part, il est démontré que la
méthode s’applique aussi a d’autres conditions de bord, par exemple aux conditions de Robin.

1. Introduction and main results

The investigation of the linear Stokes equations as well as properties and corresponding
estimates are often basis for the analysis of the nonlinear Navier-Stokes equations. In partic-
ular, analyticity of the solution operator (called the Stokes semigroup) plays a fundamental
role for studying the Navier-Stokes equations. It is well-known that the Stokes semigroup
forms an analytic semigroup on L2 () for p € (1,00), the space of LP-solenoidal vector
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538 K. ABE, Y. GIGA AND M. HIEBER

fields, for various kind of domains @ C R"™,n > 2 including bounded and exterior do-
mains having smooth boundaries; see, e.g., [37, 20]. By now, analyticity results are known
for other type unbounded domains, see [17, 18], [4] ([6, 5] with variable viscosity coefficients)
and Lipschitz domains [33]. An LP-theory is developed in [13, 14], [15] for a general domain.
Moreover, LP-theory is investigated in [19] for unbounded domains, for which the Helmholtz
projection is bounded.

It is the aim of this paper to consider the case p = co. Note that the Helmholtz projection
is no longer bounded in L* even if 2 = R™. When Q = R}, the analyticity of the semigroup
is known in L*°-type spaces including Cy ,(£2), the L>-closure of CZ%, (Q2), the space of
all smooth solenoidal vector fields compactly supported in €2 [11] (see also [38, 28]). Their
approach is based on explicit calculations of the solution operator R(\) : f — v = v, of the
corresponding resolvent problem of

(1.1) Aw—Av+Vg=f in Q,
(1.2) divo=0 inQQ,
(1.3) v=0 on 00.

As recently shown in [2, 3] by a blow-up argument to the non-stationary Stokes equations, it
turns out that the Stokes semigroup is extendable to an analytic semigroup on Cj , for what
is called admissible domains which include bounded and exterior domains having boundaries
of class C3.

In this paper, we present a direct resolvent approach to the Stokes resolvent equa-
tions (1.1)—(1.3) and establish the a priori estimate of the form

A4f(v7Q)(va)

= [Mllo(@)] + IAI2[Vo(@)] + N2 V20| Lo o )+ A2V Lo o

@, |A|71/2 2, A=1/2))

for p > n and

(1.4) sup [[Mp(v, @)||=(2)(A) < Cllfllz=(0)
AEZy 5

for some constant C' > 0 independent of f. Here, 2, , denotes the intersection of {2 with an
open ball B, (r) centered at z € Q withradius r > 0, i.e., Q; , = B, (r) N Qand Ly s denotes
the sectorial region in the complex plane givenby £y s = {A € C\{0} | |arg A\| < ¥, |A\| > 4}
for ¥ € (w/2,m) and 6 > 0. Our approach is inspired by the corresponding approach
for general elliptic operators. K. Masuda was the first to prove analyticity of the semi-
group associated to general elliptic operators in Cy(R™) including the case of higher or-
ders[29, 31]([30]). This result was then extended by H. B. Stewart to the case for the Dirichlet
problem [39] and more general boundary condition [40]. This Masuda-Stewart method was
applied to many other situations [7, 26], [22, 8], [9]. However, its application to the resolvent
Stokes equations (1.1)—(1.3) was unknown.

In the sequel, we prove the estimate (1.4) by using the LP-estimates for the Stokes resolvent
equations with inhomogeneous divergence condition [16, 17]. We invoke strictly admissibility
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STOKES RESOLVENT ESTIMATES IN SPACES OF BOUNDED FUNCTIONS 539

of a domain introduced in [3, Definition 2.4] which implies an estimate of pressure ¢ in terms
of the velocity by

(1.5) sug da(z)|Vq(z)| < Ca||W (v)|lL~ o) for W(v) = (Vv — VTv)nQ,
S

where V f denotes (8f;/0;)1<i,j<n and VT f = (V)T fora vector field f = (f;)1<i<n. The
estimate (1.5) plays a key role in transferring results from the elliptic situation to the situation
of the Stokes system. Here, ng denotes the unit outward normal vector field on 902 and dg,
denotes the distance function from the boundary, i.e., do(z) = infycon |z — y| forz € Q.
The estimate (1.5) can be viewed as a regularizing-type estimate for solutions to the Laplace
equation AP = 0 in  with the Neumann boundary condition 9P/dng = divanW on 99
for a tangential vector field W, where divgn = tr Vsq denotes the surface divergence and
Voo =V —nq(ng - V) is the gradient on 9. It is known that P = ¢ solves this Neumann
problem for W = W (v) given by (1.5) [3, Lemma 2.8] and the estimate (1.5) holds for
bounded domains [2] and exterior domains [3]. Note that when n = 3, W (v) is nothing but
a tangential trace of vorticity, i.e., W (v) = —curl v X ng. We call Q strictly admissible if there
exists a constant C' = Cq such that the a priori estimate

(1.6) VP Lz @) < ClIW|| L~ o0)

holds for all solutions P of the Neumann problem for a tangential vector field W € L*°(99).
Here L3 () denotes the space of all locally integrable functions f such that dof is
essentially bounded in Q. The space Lg°(f2) is equipped with the norm [[f||lr=@) =
sup,cq do(x)|f(z)|. The meaning of a solution is understood in the weak sense, i.e., we
say VP € L3 () is a solution for the Neumann problem if [, PApdz = [, W -
Vaapd#™ () holds for all ¢ € C2(Q) satisfying dp/dng = 0 on Q, where #" ' de-
notes the n — 1-dimensional Hausdorff measure; see also [3, Definition 2.3].

We are now in the position to formulate the main results of this paper.

THEOREM 1.1. — Let Q be a strictly admissible, uniformly C?-domain in R™, n > 2.
Letp > n. For ¥ € (n/2,7), there exist constants 6 and C such that the a priori estimate (1.4)

holds for all solutions (v, Vq) € W2P(Q) x (X, (Q)NLF(Q)) of (1.1)~(1.3) for f € Co 5 (Q)
and \ € 219’5.

The a priori estimate (1.4) implies the analyticity of the Stokes semigroup in L*°-type
spaces. Let us observe the generation of an analytic semigroup in Cj(Q2). By
the LP-theory [13, 14], [15] we verify the existence of a solution to (1.1)~(1.3),
(v, Vq) € W2P(Q) x (L}, (Q) N LF(Q)) for f € C2(Q) in a uniformly C2-domain Q.
The solution operator R(\) is then uniquely extendable to Cp (2) by the uniform ap-
proximation together with the estimate (1.4). Here, the solution operator to the pressure
gradient f — Vg, is also uniquely extended for f € Cy ,. We observe that R(\) is injective
on Cy, since the estimate (1.5) immediately implies that f = 0 for f € Cj, such that
vy = R(A)f = 0. The operator R(\) may be regarded as a surjective operator from Co
to the range of R()\). The open mapping theorem then implies the existence of a closed
operator A such that R(\) = (A — A)~%; see [10, Proposition B.6]. We call A the Stokes

operator in Cy ,(€2). From Theorem 1.1, we obtain:

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



540 K. ABE, Y. GIGA AND M. HIEBER

THEOREM 1.2. — Let Q be a strictly admissible, uniformly C*-domain in R™. Then, the
Stokes operator A generates a Cy-analytic semigroup on Cy () of angle /2.

We next consider the space L°(€2) defined by

Ly (Q) = {f € L=(Q)

/ f-Veodz=0 forallpe lel(fz)},
Q

where W11(Q) denotes the homogeneous Sobolev space of the form
WHH(Q) = {p € Lioo(Q) | Ve € LY(Q)}.

Note that Cp (2) C L (2). When Q is unbounded, the space L3°(2) includes non-
decaying solenoidal vector fields at the space infinity. Actually, the a priori estimate (1.4) is
also valid for f € Lg°. In particular, (1.4) implies the uniqueness of a solution for f € LS°.
We verify the existence of a solution by approximating f € L3° with compactly supported
solenoidal vector fields { f,, }5o—; C Cg5,. Note that f € Lg® is not approximated in the uni-
form topology by the elements of C5, in general. We thus weaken the convergence topology
to the pointwise convergence, i.e., f, — f a.e. in Q and || fi|[z (@) < C||fllL () With
some constant C = Cq. When € is a bounded or an exterior domain, this approximation
is known to hold [2, Lemma 6.3], [3, Lemma 5.1]. In the following, we restrict our results
to bounded and exterior domains. By the approximation argument for L°, we verify the
existence of a solution to (1.1)—(1.3) for general f € LS°. We then define the Stokes oper-
ator on LZ° by the same way as for Cj . Since bounded and exterior domains are strictly
admissible [2, Theorem 2.5], [3, Theorem 3.1] provided that the boundary is C?3, we have:

THEOREM 1.3. — Assume that Q is a bounded or an exterior domain with C3-boundary.
Then, the Stokes operator A generates a (non-Cy-)analytic semigroup on L () of angle 7 /2.

REMARKS 1.4. — (i) The direct resolvent approach clarifies the angle of the analyticity
of the Stokes semigroup e*# on Cy .. Theorem 1.2 (and also Theorem 1.3) asserts that et is
angle /2 on Cy , which does not follow from a priori L*°-estimates for solutions to the non-
stationary Stokes equations proved by blow-up arguments [2, Theorem 1.2],[3, Lemma 2.12].

(i1)) We observe that our argument applies to other boundary conditions, for example, to
the Robin boundary condition, i.e., B(v) = 0 and v - ng = 0 on 92 where

B(v) = avan + (D(v)ng)tan  fora > 0.

Here, D(v) = (Vv + V7T)/2 denotes the deformation tensor and fiap the tangential compo-
nent of a vector field f on 992. Note that the case @ = oo corresponds to the Dirichlet bound-
ary condition (1.3); see [32] for generation results subject to the Robin boundary conditions
on L* for R% . The LP-resolvent estimate for the Robin boundary condition was established
in [21] concerning analyticity and was later strengthened in [34] to non homogeneous diver-
gence vector fields. We shall use the generalized resolvent estimate in [34] to extend our result
in spaces of bounded functions to the Robin boundary condition (Theorem 3.6). For a more
detailed discussion, see Remark 3.5.
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(iii) We observe that the domain of the Stokes operator D(A) is dense in Cj . In fact, by
the LP-theory and (1.4), we have

N c .
A = fllLee (@) = |Apv]lLee () < W||Apf||L°°<ﬂ) —0, [AM—o0

forf e C2, C D(A,), where A, is the Stokes operator in L?. Thus, we conclude that D(A) is
dense in Cy . On the other hand, smooth functions are not dense in L> and et f is smooth
fort > 0,e!Af — fast | 0in L does not hold for some f € L. This means e*4 is a
non-Cy-analytic semigroup. We refer to [35, 1.1.2] for properties of the analytic semigroup
generated by non-densely defined sectorial operators; see also [10, Definition 3.2.5].

(iv) For a bounded domain Q, v(-, ) = et“vy and Vq = (1—P)[Av] give a solution to the
non-stationary Stokes equations, v —Av+Vg = 0, dive = 0in 2x (0, 00) withv = 0 on 9Q
for initial data vg € L$°(12). Although for unbounded domains the Helmholtz projection
operator P : L?(Q) — L2 () is not bounded on L even for Q@ = R", we are able to define
the pressure Vg = K[W (v)] at least for exterior domains € by the solution operator to the
Neumann problem (harmonic-pressure operator) K : LS, (02) > W — VP € LP(Q) [3,
Remarks 4.3 (ii)]. Here, LS, (0€2) denotes the space of all tangential vector fields in L™ (992).

(v) We observe that the Masuda-Stewart method does not imply the large time be-
havior for e4. For a bounded domain, the energy inequality implies that maximum
of v(-,t) = et4vy (and also v;) decay exponentially as ¢t — oo [2, Remark 5.4 (i)]. In partic-
ular, e*4 is a bounded analytic semigroup on L. Recently, based on the L>°-estimates [2,
Theorem 1.2] it was shown in [27] that e*4 is a bounded semigroup on LS for Q2 being an
exterior domain with smooth boundary.

In the sequel, we sketch a proof for the a priori estimate (1.4). Our argument can be divided
into the following three steps:

(1) (Localization) We first localize a solution (v, ¢) of the Stokes equations (1.1)—(1.3)in a
domain Q' = By, ((n + 1)r) N Q for g € Q,r > 0 and parameters n > 1 by setting u = v6y
and p = (¢ — ¢.)6o with a constant ¢, and the smooth cut-off function ¢, around Q,, .
satisfying 6y = 1in B, (r) and 6y = 0 in B, ((n + 1)r)¢. We choose parameters n > 1
and r > 0 so that (n + 2)r < rg with some constant rq. We then observe that (u,p) solves
the Stokes resolvent equations with inhomogeneous divergence condition in the localized
domain €. Since we adjust parameters n > 1 later, we take a C?-bounded domain Q" so
that Qg ., C Q7 C Q. Then, ' C Q" for allp > 1 and r > 0 satisfying (n + 2)r < ro. We
apply the LP-estimate for the localized Stokes equations in Q” to get

(A7) Wllullzr gy + A2Vl @ + V26l @) + 9Pl
< Gy (bl o) + 1Vl oy + Alllglhy 0y

where W P (") denotes the dual space of the Sobolev space W' (") with 1/p + 1/p' = 1.
The constant C,, depends on r and a choice of Q" but is independent of n > 1 and r > 0
satisfying (n + 2)r < ro. The external forces h and g contain error terms appearing in the
cut-off procedure and are explicitly given by

(18) h= f90 — 2VvV90 — ’UA90 + (q - qc)Vﬁo, g="uv- VBO

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



542 K. ABE, Y. GIGA AND M. HIEBER

(i1) (Error estimates) A key step is to estimate the error terms of the pressure such
as (¢ — g.)V8y. We here simplify the description by disregarding the terms related to g in
order to describe the essence of the proof. We will give precise estimates for the terms related
to g in Section 3. Now, the error terms related to h supported in Q' are estimated in the form

(1.9 [IhllLr o)
< orn/p <(77 + 1)n/p||f||L°°(Q) + (n+1)~0/P) (7"72||U||L°°(Q) + 7”1||V’U||Loo(n))>-

If we disregard the term (¢ — ¢.)V6y in h, the estimate (1.9) easily follows by using the
estimates of the cut-off function g, i.€., [|0o||oo + (1+1)7|| Vo ||oo + (1+1)%72(| V20| o < K
with some constant K. We invoke the estimate (1.5) in order to estimate the pressure term
by velocity term through the Poincaré-Sobolev-type inequality:

(1.10) le = (@) Lr(9n,.) < Cs"P Vel forallp € Wy (Q),

with some constant C independent of s < r(, where (¢) denotes the mean value of ¢ in Q, ¢
and W™(Q) = {p € LL (Q) | Vo € LF(R)}. We prove the inequality (1.10) in Section 2.
By taking q. = (¢) and applying (1.10) for ¢ = g and s = (n + 1)r, we obtain the
estimate (1.9) via (1.5).

(ii1) (Interpolation) Once we establish the error estimates for h and g, it is easy to obtain
the estimate (1.4) by applying the interpolation inequality,

A1) @l < Crr (10l 0@y o) + 71V Ol o0 0  for @ € WP (@),

and g € Q, r < rg. The constant C7 is independent of zy and r. We give a proof for the
inequality (1.11) in the appendix. Applying the above inequality for ¢ = u and Vu and now
taking r = |A\|~%/2, we obtain the estimate for M, (v, q)(xo, \) with the parameters 7 of the
form,

(112) My(v,0)(20, %) < C ((0+ )"l + (1 4+ 1)~ 07 | My (0, ) | () (V)

for some constant C independent of 7. Note that » = |A\|~/2 and 7 satisfy r(n + 2) < rq for
allp > 1and |\ > §, where §,, = (n + 2)?/r2. The second term in the right-hand side is
absorbed into the left-hand side by letting n sufficiently large provided p > n.

Actually, in the procedure (ii) we take g. by the mean value of ¢ in Q2 (42, and apply the
inequality (1.10) for s = (4 2)r since we estimate ||| |g||W0_1,p. By using the equation (1.1),
we reduce the estimate of ||| g||WO—1,p to the L°°-estimate for the boundary value of ¢ — ¢,
on 9. In order to estimate ||q — gc|| o (o), We use a uniformly local LP-norm bound for V¢
besides the sup-bound for Vv. This is the reason why we need the norm || M), (v, )|| o () ()
in the right-hand side of (1.12). For general elliptic operators, the estimate (1.12) is valid
without invoking the uniformly local LP-norm bound for second derivatives of solutions.

This paper is organized as follows. In Section 2, we prove the inequality (1.10) for uni-
formly C2?-domains. More precisely, we prove stronger estimates than (1.10) both interior
and up to boundary Q,, , of 2. In Section 3, we first prepare the estimates for » and g and
then prove the a priori estimate (1.4) (Theorem 1.1). After proving Theorem 1.1, we also dis-
cuss the estimate (1.4) under the Robin boundary condition.
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REMARKS 1.5. — (i) After this work was completed, it turned out that a perturbed
half space of class C® for n > 3 was also strictly admissible [1, Theorem 2.3.3]. Fur-
thermore, the approximation for f € L3° by {fn}-; C C%, i€, frn — fae inQ
and || finlloo < C||foollee With C = Cq, was proved for a perturbed half space, n > 2, in

[1, Lemma 4.3.10]. Thus, our main theorems (Theorem 1.1-Theorem 1.3) are also valid for
a perturbed half space with C3-boundary for n > 3.

(i1) After this work was completed, the authors were informed of the recent paper by
Kenig et al. [24], where the estimate (1.6) was proved for C17-bounded domains by estimat-
ing the Green function for the Neumann problem (independently of the works [2, 3], [1]).
If one applies their result, one is able to reduce the regularity assumption of boundaries
from C® to C? at least for bounded domains; the assertion of Theorem 1.3 is still valid for
bounded domains with C2-boundary. For elliptic operators, the estimate corresponding
to (1.4) is valid with C1:1-boundary. However, we use the C2-regularity in the proof of the
inequality (1.10). Note that C'-'-boundary is sufficient for the LP-estimate of the Stokes
equations (1.7); see [17].

(iii) After this work was completed, it was proved in [23] that ‘4 is a bounded analytic
semigroup on L°(2), provided that € is an exterior domain with smooth boundary.

2. Poincaré-Sobolev-type inequality

In this section, we prove the inequality (1.10) in a uniformly C?-domain. We start with
the Poincaré-Sobolev-type inequality in a bounded domain D and observe the compactness
of the embedding from W; "°°(D) to LP(D) which is the key in proving the inequality (1.10)
by reductio ad absurdum.

2.1. Curvilinear coordinates

Let D be a bounded domain in R™,n > 2 and p € [1, 00). We prove an inequality of the
form

(2.1 le = (@)llLrpy < ClIV@llLz ) for o € Wy™(D),

where () denotes the mean value of ¢ in D, i.e., (¢) = f;, ¢dz. If we replace the norm
Vel (py by the LP-norm [|[Ve| L»(p), the estimate (2.1) is nothing but the Poincar¢ in-
equality [12, 5.8.1]. We observe that the boundedness of || V|| > () implies LP-integrability
of pin D even if Vp is not in L? (D). For example, when D = By (1), p(x) = log (1 — |z|) is
in L? although |V (z)| = dp(x)~" is not for any p € [1, 00). Since the space W™ is com-
pactly embedded to the space C(D’) for each subdomain D’ of D with D’ C D, we shall
show a pointwise upper bound for ¢ near D’ by an LP-integrable function to conclude that
the space W;’W(D) is compactly embedded to LP(D) by the dominated convergence theo-
rem. We estimate ¢ € W; "°(D) near dD directly by using the curvilinear coordinates. Here,
for a domain Q, 0 # @, we say that 0Q is C* if for each z, € 09, there exist constants
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a, 3, K and a C*-function h of n — 1 variables y’ such that (by translation from z, to the
origin and rotation) we have

U0)NQ={" un) | k() <yn <h@)+8, l¥| < a},
U0) N2 = {(¥ yn) | yn = h(y),1¥| < a},

sup |0l h(y")| < K, V'h(0) =0, h(0) =0,
U<k, |y | <a

where U (0) denotes the neighborhood of the origin of the form
U0) = {(¥',ys) €ER" | h(y) = B < yn < h(y) + B, |y'| < a}.

Here, 8, = 9% --- 0% for a multi-index I = (Iy,...,1,) and 8,, = 0/dx; as usual and
V' denotes the gradient in R™"~!. Moreover, if we are able to take uniform constants o, 8, K
independent of each xy € 9, we call Q uniformly C*-domain of type («, 3, K) as defined
in [36, 1.3.2].

We estimate ¢ € Wdl 1 (©2) along the boundary using the curvilinear coordinates.

ProPOSITION 2.1. — Let D be a bounded domain with C’“—boundary, k>2. Let
I'={ze€dD|z= (2, h(z)), 2| < &'} be aneighborhood of o = 0 € OD.

(1) There exist positive constants p and o' such that (y,d) — X(v,d) = v+ dnp(y) is
a C*=1 diffeomorphism from T x (0, u) onto

NHT) ={X(v,d) €U(0) | (v,d) € T' x (0, )},
i.e., z € N*(T) has a unique projection to D denoted by v(x) € 8D such that

(v(z),dp(z)) = X' (z) forz e A*(I).

(i) There exists a constant Cy such that for any x; € N*(T) and ry > 0 satisfying
Dy, ry, = By, (r1) N D C (D),

dD (.77)
dp(y)

sup dp(2)|Ve(2)|

ZeDml,r

[v(z) —v(y)l )

lo(z) — p(y)] < C1 (’10g max{dp(z),dp(y)}

forx, y € Dy, ,, and p € W™ (D).

Proof. — The assertion (i) is based on the inverse function theorem [25, Lemma 4.4.7].
We shall prove the second assertion (ii). We take points z,y € D,, ,, for z; € #/*(T)
and r; > 0 satisfying D,, ,, C A*('). We may assume dp(y) = d(y) > d(z). By
setting z = X (y(z), d(y)) we estimate

[o(z) — 0] < le(z) — (2)] + le(2) — @ (y)]-
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We connect x and z by the straight line to estimate

o) — ()] = | [ X r(a)tdlo) + (1 = )

/ (d(y) — d(2)) (Vo) (X (v(z), td(x) + (1 = 1)d(y)) - np(v(z))dt

0

1 dt
< (@) = 40) [ ity 2 N7
_ \ o8 Zg S AT

It remains to estimate |¢(z) — ¢(y)|- We connect z and y by the curve

C.y = {X(v(t),d(y)) [ 7(t) = (Y' (), h(v' (1)), ¥'(t) = t7'(2) + (1 = t)¥'(y), 0 < ¢ < 1},

where 7/ denotes the n — 1 variables of . We then estimate

1
o) = o) = | [ §oCXG0.dar

/ i%(t)(l + d(y)Vapno (v()) Ve (X (v(t), d(y)))dt

0
M sup  d(2)|Ve(2)],

< Cll+uk) (v) €D

since |dy(t)/dt] < Cly(z) — v(y)| and |Vopnp| < K with a constant C' depending on K.
The assertion (ii) thus follows. O

REMARKS 2.2. — (i) We observe from the second assertion that ¢ € Wdl’oo(D) is
bounded from above by an LP-integrable function for all p € [1,00) near 9D, i.e., for
each fixed y € D, », such that dp(y) > 0 we have

22)  |p(z)] < Co(|logdp(2)| +1) ( sup dD(Z)lvso(zN) +le(y)| forz € Dy, r,

ZEDml R
with a constant C5 depending on g, 6.

(ii) Note that Proposition 2.1 is also valid for a uniformly C*-domain € of type (o, 3, K),
i.e., there exist constants u, o', depending only on «, 3, K, such that for each zy € 99 the
assertions (i) and (ii) hold. The above constants C; and Cy are depending only on o, 3, K
and 4. In the sequel, we will apply Proposition 2.1 to a uniformly C?-domain to prove the
inequality (1.10).

The estimate (2.2) implies the compactness from Wdl "°(D) to LP(D).
LEMMA 2.3. — Let D be a bounded domain in R™,n > 2, with C?-boundary. Then, there

exists a constant Cp such that the estimate (2.1) holds for all p € W; (D). Moreover, the
space W(il’m (D) is compactly embedded into LP (D).
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Proof. — We argue by contradiction. Suppose that the estimate (2.1) were false for any
choice of the constant C. Then, there would exist a sequence of functions {¢,}5°_; C
W,"*°(D) such that

lm — (<Pm)||Lv(D) > m||V<Pm||L;°(D), m € N.

We may assume (,,) = 0 by replacing o, t0 @ — (¢m). We divide @y, by My, = [|@m | e (D)
to get a sequence of functions {¢m, }5°_1, ¢m = ©m /My, such that

IVémllLe (o) < 1/m,

[¢mllze(py =1 with (¢m) = 0.

We now prove the compactness of {¢,}57—; in LP(D). Since ||Vl (p) is bounded,
there exists a subsequence still denoted by {¢,, }5°_; such that ¢, converges to a limit ¢
locally uniformly in D. By Proposition 2.1, in particular, the estimate (2.2) implies that
¢m 1s uniformly bounded from above by an LP-integrable function near 9 D. The dominated
convergence theorem implies that

ém — ¢ inLP(D) as m — oo.

Since Ve, (x) — 0 as m — oo for each z € D and ||§||z»(p) = 1, ¢ is a non-zero constant

which contradicts the fact that (¢) = 0. We reached a contradiction.

For the compactness of {¢, };7_; in LP(D), we here only invoke the bound for ||V |2 (p)-
This means that the embedding from W;"’O(D) into L?(D) is compact. The proof is now
complete. O

2.2. Estimates near the boundary

We now prove the inequality (1.10) for uniformly C2-domains Q2. When the ball B, (r)
locates in the interior of Q, i.e., Qg » = By, (r), applying (2.1) to o,(z) = ¢(z¢ + rz)
in D = By(1) implies the estimate

2.3) le = (©)llzr () < Cr™/? suwp da,, (2)|Ve()l, r>0.
z zg,r

Since do, . (z) < do(z) for z € Qg ,, the assertion (1.10) follows. However, if By, (r)
involves 912, the boundary of €2, » may not have C!-regularity. We thus prove

24 l = (©)lLr(0.y.) S Cr™/P sup da(2)|Ve(z)| forp e W™ (Q)

2€Q44,r

for zop € Q and r > 0 satisfying dg(z¢) < r, which is weaker than (2.3).

PROPOSITION 2.4. — Let Q be a uniformly C%-domain. There exist constants ro and C such
that for xg € Qandr < v satisfying do(xo) < r, the estimate (2.4) holds for all o € Wdl’w(Q)
with a constant C independent of xo and r.

The inequality (1.10) easily follows from Proposition 2.4.

LEMMA 2.5. — The inequality (1.10) holds for ¢ € VAV;’OO(Q)for all zg € Qandr < rg
with a constant C' independent of xy and r.

Proof. — For r < rg, combining (2.3) for do(xg) > r with (2.4) for do(xzg) < r, the
assertion (1.10) follows. O
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Proof of Proposition 2.4. — We argue by contradiction. Suppose that the estimate (2.4)
were false for any choice of constants ry and C. Then, there would exist a sequence
of functions {¢}°_; C WC}’OO(Q) and a sequence of points {z,,}5_; C Q satisfying
do(xm) < T | 0 such that

) >mry"? sup  da(2)|[Vem(2)|, meN.

lom — (Som)”Lp(Q
ZEQN

Tm,Tm

Tm,Tm

Replacing ¢, by ¢, — (¢n,) and dividing ¢, by T;zn/pHSDm” Lr(Q y (still denoted

by ¢.), We observe that ¢, satisfies

TmTm

Sup da(2)|[Vem(z)| < 1/m,
z€E

Tm Tm

rm_n/p”Som”LP(Qmm,rm) =1 with (¢m,) = 0.

Since the points {z,, }5°_; accumulate at the boundary 952, we may assume by rotation and
translation of Q that z,,, = (0,d,,) with d,,, = dq(x,,) which subsequently converges to
the origin located on the boundary 9€2. Here, the neighborhood of the origin is denoted
by Qi = U(0) N Q with constants «, 8 and C2-function A, i.e.,

Qe = {(2, 2n) € RY | A(z') <z < h(2') + B, || < a}.
We rescale ¢, around the point x,, by setting
Om(z) = om(Tm + rmz) forz e Q™

where Q™ = {z € R" | = (y — &) /Tm,y € Q} is the rescaled domain. Since ¢, = dp /7 < 1,
by taking a subsequence we may assume lim,, o, ¢, = ¢o < 1. We then observe that the
rescaled domain ™ expands to a half space R} _, = {(z',z,) € R" | 2, > —co}. In fact,
the neighborhood Q.. C 2 is rescaled to the domain

1 1
—h(rma’) — em < Tp < —h(rpr’) + ﬁ, |2'| < a}
r

Tm Tm m m

I:)Lc = {(SE’,.’I}n) eR"

which converges to R’ _. by letting m — oo. Note that constants of uniformly regu-
larity of 9€,, are uniformly bounded under this rescaling procedure. Moreover, for any
constants y and o/, the curvilinear neighborhood of the origin ##(T) is in Q, for suffi-

ciently large m > 1, where I = T',+(0) is the neighborhood of the origin on d2™. Then, the
estimates for ¢,,, are inherited to the estimates for ¢,,, i.e.,

sup dom (2)|Vém(2)| <1/m, meN,
zeﬂgfl

||¢m”LP(Q(T1) =1 with (¢m) =f pdx =0,
r,
where Q' = Bo(1) N Q™. From the above bound for V¢,,, there exists a subsequence still

denoted by {¢,, }°_, such that ¢,,, converges to a limit ¢ locally uniformly in (R} _c)o1 =
R’} N By (1).

»—Co
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We now observe the compactness of the sequence {¢,, }oo—; in LP((R} _, )o,1). By Re-
mark 2.2 (ii), we apply Proposition 2.1 to Q™ to get the estimate (2.2) withz; = 0,7 = 1 and
a fixed y € Qg satisfying don (y) > 6, i.e.,

[¢m(2)] < C(|log dg,, ()| + 1) < sup dnm(Z)|V¢m(Z)l> +[¢m(y)| forz e Qg,
z€ gfl

for sufficiently large m > 1. Here, the constant C is independent of m > 1. Since ¢,, is

uniformly bounded from above by an LP-integrable function in Qg’;, the dominated conver-

gence theorem implies that ¢,,, converges to a limit ¢ in LP((R'} _, )o,1). Since V,, (z) — 0

asm — oo foreachz € (R} _, )o1 and ||<;_$||Lp((R11760)011) = 1, ¢ is a non-zero constant

which contradicts the fact that (¢) = 0. We reached a contradiction and the proof is now
complete. O

»—Co

3. A priori estimates for the Stokes equations

The goal of this section is to prove the a priori estimate (1.4) by using the inequality (1.10).
A key step is to establish the estimates for A and g in the procedure (ii) as explained in the in-
troduction. We first recall the LP-estimates to the Stokes equations (1.7) and the interpolation
inequality (1.11). Note that the constant C,, in (1.7) depends on ry and 2” but is independent
of parameters n > 1 and r < rq satisfying (n + 2)r < rg.

3.1. LP-estimates for localized equations

Let Q" be a bounded domain with C2-boundary. For the a priori estimate (1.4), we invoke
the LP-estimates (1.7) to the Stokes resolvent equations with inhomogeneous divergence
condition,

3.1 M—Au+Vp=~h inQ”,
(3.2) divu=g inQ",
(3.3) u=0 onodQ",

for h € LP(Q"),g € WHP(Q") N LE,(Q”) and A € Xy, where 9 € (7/2, 7). Here, L%, (Q")
denotes the space of all functions g in L?(Q") satisfying average zero, i.e., [, gdz = 0.

ProrosITION 3.1 ([16], [17, Theorem 1.2]). — Let o € (w/2,7) and X € Xyo. For
h e LP(Q") and g € WHP(Q") N LE,(Q"), there exists a unique solution of (3.1)—(3.3)
satisfying the estimate (1.7) with the constant C,, depending on 9,p,n and the C*-regularity
of 09",

We estimate the L°>°-norms of a solution up to first derivatives via the Sobolev embeddings
together with the LP-estimates (1.7) for p > n. In order to estimate the L°°-norms of
a solution, we apply the interpolation inequality (1.11). Actually, if Q,, , = By, (r), the
stronger estimate (A.1) holds, i.e., we are able to replace the right-hand side of (1.11) by the
norms for ¢ and Vo on By, (r). However, if B, (r) is near the boundary 052, 89, , may not
be C'-boundary. We thus estimate the sup-norm of ¢ in €2, ,- by the norms for ¢ and V¢
in Qg, 2. In the appendix, we prove the inequality (1.11) with the constant C; independent
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of ¢ and r; see Lemma A.2. In what follows, we fix the constant ry with the same constant rq
given in Lemma 2.5.

3.2. Estimates in the localization procedure

We prepare the estimates for h and g in the procedure (ii). The estimate for ||| g||WO—1,p
is different from that of ||k||z». In order to estimate |)\|||g||WO_1,p, we use the uniformly
local LP-norm bound for V¢ besides the sup-bound of Vv asin (3.7). After establishing these
estimates, we will put the procedures (i)-(iii) together in the next subsection.

Let © be a uniformly C2-domain. Let § be a smooth cut-off function satisfying § = 1
in[0,1/2] and # = 0in [1,00). For zy € Q and r > 0, we set 6y(z) = 6(|x — zo|/(n + 1)r)
with parameters 7 > 1 and observe that §p = 1 in B, (r) and 6y = 0in B,,((n+ 1)r)¢. The
cut-off function 6y is uniformly bounded by a constant K, i.e.,

(3.4) 100lloc + (1 4+ D)7 VOoloo + (1 + 1)2r%| V36 |lee < K, forn > 1.

Let (v, Vq) € W2P(Q) x L. () be a solution of (1.1)~(1.3) for f € L(Q) and X € Ly..
We localize a solution (v, V¢) in the domain Q' = Qg (,,41), by setting v = vfp and p = 6y
where § = g — ¢. and a constant ¢.. Then, (u, Vp) solves the localized equation (3.1)—(3.3)
in the domain €’ with h and g given by (1.8). We take parameters > 1 and r > 0 such
that (n + 2)r < 7. Since we adjust parameters n > 1 later, we take a C2-bounded domain "
such that Qg », C Q" and apply the L?-estimate (1.7) in ”. Note that ' C Q" foralln > 1

and r > 0 satisfying (n + 2)r < ro. We shall show the following estimates for h and g:
(3.5)  IVgllrerny < Crr™P(n+ 1)~ (771 Vo| o () + 772 ]0] Lo () 5

Plle @y < Cor™/P ((77 + l)n/p”f”L"O(Q)
(3.6) + (n+1)"@=n/p) (T_1||VU||LOO(Q) + 7“_2||U||Loo(ﬂ)>) ,
IAlgllyw e @iy < Cyr™/P ((77 + )" fll 1 (0)

(3.7) + 4+ 1)—(1—2n/p) (T_IHVU”LOO(Q) Lpn/p Sug ||Vq||Lp(Qz,T)>> .
zeE

The constants C, Cs and C5 are independent of r and n > 1 satisfying (n + 2)r < rg. Since
hand g are supported in ', we have ||h||L» (o) = |2 ey and Vg ey = [Vl Lr -
For the estimates of the terms f, v and Vv, we use the estimates

(3.8) 1£60ll oy < KCYPr/P(n+ 1)™7| fl| 1 (o),
(3.9) VoVl Loy < KCYPrm/P(n + 1)~ O=/P)r =1 | V)| oo (0,
(3.10) [vV200]| Loy < KCH/Pr™/P(n+ 1)~ 0="Pr=2|ly|| oo ),

forallr > 0and n > 1, where the constant C,, denotes the volume of the n-dimensional unit
ball. Since Vg = VoVl + vV26, does not contain the pressure, the estimate (3.5) easily
follows from the estimates (3.9) and (3.10).
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For the estimates (3.6) and (3.7), we apply the inequality (1.10). We choose a constant ¢,
by a mean value of g in 2, (;,12)r, 1.€.,

(3.11) qe :fﬂ q(z)dz.

zg,(n+2)r

We then observe that the inequality (1.10) implies the estimate

(3.12) 141122 (@, () < TP (0 +2)"7 (V] L (@)
for r > 0 and n > 1 satisfying (n + 2)r < rg, where § = g — ¢..

In order to show the estimate (3.7), we estimate the L°°-norm of § on ' since by using
the equation v = f 4+ Av — Vg, we reduce (3.7) to the estimate of the boundary value
of § on €Y. This is the reason why we take g. by (3.11). We apply the inequality (1.11)
in Qy, r72 C Qpy (ny2)r for z1 € Q" and r < g with p > n to estimate

il @, .2 < Cor™™ (ldll oo, o) + 7l Vall oo, )
(3.13) < O P (o0, 10,0 + 7502 Vallioco, )
Combining the estimate (3.13) with (3.12) and taking a supremum for z; € Q’, we have
(3.14) 1G]l oo 0y < C((U +2)"P|| V|| poe () + 7' P sup ||Vq||LP(Qz,r))'

We now invoke the strictly admissibility of a domain 2 to estimate the norm [|Vg|| L (o) by
the sup-norm of Vv in 2 via (1.5).

PROPOSITION 3.2. — LetQ be a uniformly C%-domain. Assume that Q is strictly admissible.
Then, the estimate

(3.15) 4l Loy < Car™P(n + 2)™P|| V| oo )

holds for all r > 0 and n > 1 satisfying (n + 2)r < ro and p € [1,00). If in addition p > n,
then the estimate

(3.16) 4]l Loy < Cs ((77 +2)MP|| Vol g o) + 7P sup ||VQ||LP(92,T))
ze

holds. The constants Cy and Cs are independent of v and n.
Proof. — By (1.5), (3.12) and (3.14), the assertion follows. O

By using the estimates (3.15) and (3.16), we obtain the estimates (3.6) and (3.7).

LeEMMA 3.3. — Let Q be a strictly admissible, uniformly C*-domain.

Let (v,Vq) € W2P(Q) x (L2 _(Q) N L (Q)) be a solution of (1.1)~(1.3) for f € LP(Q),
X € Xy o andp > n. Then, the estimates (3.5)—(3.7) hold for ' = B, ((n+1)r)NQ, zo € Q,
r > 0andn > 1satisfying (n+2)r < ro with the constants Cy, Co and Cs independent of g, v
and .
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Proof. — As mentioned before, (3.5) follows from (3.9) and (3.10). The estimate (3.6)
follows from the estimates (3.8)—(3.10) and (3.15). We shall show the estimate (3.7). Since
: / 1
||g||W0_1,Ij(Q,,) < ||g||WO_1,p(Q,), we estimate ||g||Wo_1,p.(Q,). Note that 92’ may not be C'* on the
intersection QN By, ((n+1)r). We first show (3.7) with assuming that Q' has C*-boundary.
By using the equation A\g = v - VO = (f + Av — Vq) - Vb, we estimate

|)‘|||9||W0—1vp(9/) <|f- VOOHWO_I*”(Q/) + [|Av- V90||W0—1,p(9,) +Vq- VGOHWO_I*”(Q/)‘
Since || f - V90||W(;1,p(ﬂ,) < I f0ollzr oy for f € L (), it suffices to show the estimates

(3.17)

|Av - VQOHWJLP(Q’) < 067‘"/1’(77 + 1)_(1_n/p)7'_1||V’U||Loo(Q),
(3.18)

IVg - V00l 10y < Cor™P(n+ 1)~ 072D (T_IHVUHLOC(Q) +rmP Sup HV‘JHLI’(QZ,T))'
ze

We first show (3.17). Take o € W' (V') satisfying lellw e @y < 1. By using divo = 0,
integration by parts yields that

Q/

1,j=1

=3 / (8;0° — B;v7)8;000;pdx — / (8;0° — 8;v7)d;000nsdH " (x).
i=17 o

We estimate the second term in the right-hand side by the W!-norm of ¢ in €’ [12, 5.5
Theorem 1.1] to estimate

(3.19) el a0y < Crllellwi @y < 207|Q 7

with the constant Cr depending on the C*-regularity of the boundary 99 but independent
of |©'], the volume of Q'. We thus obtain

Z /Q, ' 000 pdx| < (14 2Cr) Z 180" = 8507)0;60 | Low () V'[P

1,j=1 i,5=1

< An(1+2C7)KC,YPr/P(n + 1)~ =/P)r =1 | V0| oo .-

Thus, the estimate (3.17) holds with the constant Cg independent of r and 7. It remains to
show the estimate (3.18). Since Vg = V¢, integration by parts yields that

Vg Voopdz = — / A(Abop + Vb, - Vip)dz + / Vo - g dH" " (z)
& v aq

=I+1I+1I1I.
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Combining (3.4), (3.19) with (3.16), we obtain
IT + I1I < (14 2C7)[|§V80]| oo (o) [P
< (14 207)KC,MPr™/P(n + 1) =072~ 1§l oo ()

< Cr"/p(n + 1)—(1—2n/p) (r—1||vv||Lm(Q) 4 /P sug ||Vq||Lp(Qz,T)> ,
ze

with the constant C' depending on Cr, K, C,,,p,Cy and C5 but independent of r and 7.
We complete the proof by showing the estimate for I. Applying the Holder inequality,
for s, s’ € (1,00) with1/s 4 1/s’ = 1 we have

I<K@n+1)72r2|lelle@)lldll Lo or)-

Since p > n, the conjugate exponent p’ is strictly smaller than n/(n — 1) for n > 2. By
setting 1/s = 1/p’ — 1/n, we apply the Sobolev inequality [12, 5.6 Theorem 2] to estimate
lellzs @) < Csllellwrr (o) < Cs with the constant Cy independent of [©2'|. Applying the
estimate (3.15) to § yields

I <O/ 2 (n+2)"* 2| Vo] 1)

< Cr™/P(n 4 2)~ P V| oo )

since 1/s' = 1 —1/s = 1/p 4+ 1/n. The constant C is independent of r and n. Thus, we
proved (3.7) with assuming the C*-regularity for 9€Y'.

If 99 is not C, we modify €2’ around the intersection Q2 N By, ((n + 1)r), i.e., we take
a C'-bounded domain €’ C Q" such that Q' ¢ Q' and |Q'| < C|'| with the constant C
depending on the C'-regularity of 9, but independent of |Q’|. For example, we take
a C'-domain € such that Qzo,(n+1)r C QO c Qag,(n+3/2)r- Since Q' cQ and g is sup-
ported in €', it follows that ||g||WO—1,p(Q,/) < ||g||WO_1,p(Q,). Then, we are able to estimate
I g||W{1,p(Q/) in the same way as above. In fact, we are able to show the estimates:

(3.17)

1A - V0]l 10 gy < Clr™/P (1 + 1)~ =/P) =1 | V|| Lo 0,
(3.18")

IVq - V00l gy < Cor™/P( 4 1) 707209 <r-1||w|m> 777 sup ||Vq||mz,r>).
zZE

The estimates (3.7) follows from (3.17") and (3.18’). The estimate (3.17’) follows by the same
way with (3.17) since Q' is C* and || < C|€].
We shall show (3.18'). Since (|Gl oo () < 01z (9, (ys2y) = WPz eq ldllz=(a,, ,/2)»
the stronger estimate than (3.14) holds, i.c.,
141l oo ey < C((ﬂ +2)"7| V|| Lo @) + TP Sup ”vQ”Lp(Qz,r))'

Thus, we are able to replace the left-hand side of (3.15) and (3.16) by ||G| ;. q- Then, the
estimate (3.18’) follows by the same way with (3.18).

We proved (3.7). The proof is now complete. O
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REMARK 3.4. — From the estimate (3.7), we observe that the exponent —(1 — 2n/p)
of (n + 1) in front of the term (r=!(|Vv||p(q) + r~"/Psup,cq IVallzr (o, ,)) is negative
provided that p > 2n. We thus first prove the a priori estimate (1.4) for p > 2n. Once we
obtain the estimate [A[||v]| L (q) < C||flL= (), it is easy to replace the estimate (3.7) with

IAlgllwre @y < CEC, ™™/ (n + 1) f|| 1o ()
for p > n since
RYICE V90||W(;1vp(9/) < [ Mlvboll e ()
< Cl0o|lr )| fll Lo ()
< CKC, VPP ( 4+ 1)"7| f| L= (0

3.3. Interpolation

We now prove the a priori estimate (1.4) for p > n. The parameters n and the constant §
are determined only through the constants C,, C; and C;-Cs. Although we eventually ob-
tain the estimate (1.12) for all p > n, firstly we prove the case p > 2n as observed by Re-
mark 3.4. The case p > 2n is enough for analyticity but, for the completeness, we prove the
estimate (1.4) for all p > n.

Proof of Theorem 1.1. — We set § = 6, = (n + 2)?/ro? and now take r = 1/|\|*/2
for A € X9 5. We then observe that » = 1/|)\|'/? and 1 > 1 automatically satisfy r(n + 2) < o
for A € £y 5. We take a C?-bounded domain Q” such that Q2 ., C Q” C Q. Then, ' C Q"
for all n > 1 and r > 0 satisfying (n + 2)r < ro. We first prove:

Case (1). — Let p > 2n. We apply the LP-estimates (1.7) to u = vy and p = Gy in Q" to get
Ml oy + A2Vl Loy + IVl o + VPl o0
< Gy (Ikll o) + 1Vl oy + Alllglhy o)

where the constant C}, depends on 7y, but independent of n > 1 and r > 0 satisfying
(n + 2)r < ro. Combining the above estimate and (3.5)—(3.7), we obtain

(3200 [Mlllull L@y + INM2 VUl Loy + 1Vl Loy + | VDl Lo (o)
< Gy X722 (7 4+ 12 fll o o + (1 + 1)~ 202 | My (0, 9)]| o (o) () )

with the constant Cg independent of » = 1/|A\|'/2 and n > 1. We next estimate the L°°-norms
of v and Vu in by interpolation. Applying the interpolation inequality (1.11) for ¢ = u
and Vu implies the estimates

ol @) < Crr™™ (Nl o 20y a0y + IV o 01 ))-

190l (0g,0) < Cor™™ (Il 000 ) + 71Vl 200020 )
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Summing up these norms together with [A|"/2P||V2ul| 1o (q, ) and [A[2P||[Vp|| s (o we

have

zq,r .'tO,r)’

(3.21) M, (u,p)(zo, \)
< Cor™/ (Nl 20y 20y + P2V (00 ) + 1920 200y ) + IVP] 200 )

with the constant Cy independent of » > 0 and > 1. Since (u, Vp) agrees with (v, Vq)
in Qg » and Qg 2 C Q”, combining (3.20) with (3.21) yields
(3.22)

My(v, q)(z0,A) < Cho ((77 + 1)n/p||f||L°°(Q) +(n+ 1)_(1_2n/p)||Mp(U7Q)||Lw(Q)()\))

with Cyy = CsCy. We take a supremum for 2y € Q and now fix the parameters n > 1 so that
Cho(n +1)~(1=27/P) < 1/2. Then, we obtain (1.4) with C = 2C}, for p > 2n.

We shall complete the proof by showing the uniformly local LP-bound for second deriva-
tives of (v, q) for all p > n.

Case (I). — Let p > n. Since |)\|||g||W071,;a is bounded for p > 2n, we may assume

(v, Vq) € W2P(Q) x L () for § > 2n. By using |A[|[v]| (o) < C||fllL=(a) for A € Zy s

with § = §; we replace the estimate (3.7) with
gl 100y < CECMPr™P (5 4+ 1)™7| ]| Loe )

by Remark 3.4. Then, we are able to replace the estimate (3.22) to
[ My (v, @)l (2)(A) < C1a ((77 + 1)) fllpoe ) + (0 + 1)_(1_n/p)||Mp(v7Q)||L°°(Q)(>‘)) :

Letting > 1 large so that Cy;(n + 1)~(="/P) < 1/2, we obtain (1.4) for all p > n. The
proof is now complete. O

REMARK 3.5 (Robin boundary condition). — Concerning the Robin boundary condi-
tion, we replace the Dirichlet boundary condition for the localized equations (3.3) to the
inhomogeneous boundary condition with a tangential vector field k,

B(u) = k, u-nqor =0 on o0,
Instead of the estimate (1.7), we apply the LP-estimate of the form

IM[wllzo @y + A2 1Vl Loy + IVl o + VPl o)
< CIhllze @ + IVllze @y + Mgl ey + X201kl Loy + IVEI Lo @),

where k is identified with its arbitrary extension to Q”. Since k = van06/Ing for u = vy
and p = {6y, we observe that the norms of k in the right-hand side are estimated by
the same way with |Vg| r» where ¢ = v - V6,. The above LP-estimate for the Robin
boundary condition is proved by [34] for bounded and exterior domains by generalizing the
perturbation argument to the Dirichlet boundary condition [17]. After proving the a priori
estimate (1.4) for f € Lg° subject to the Robin boundary condition, we verify the existence of
solutions for (1.1) and (1.2). In particular, v € L° (not in Cj ). Then, we are able to define
the Stokes operator A = Ap in LY in the same way as we did for the Dirichlet boundary
condition. Our observations may be summarized as follows:
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THEOREM 3.6. — Assume that §) is a bounded or an exterior domain with C3-boundary
in R™. Then, the Stokes operator A = Ag subject to the Robin boundary condition generates
an analytic semigroup on L () of angle 7 /2.

Appendix

An interpolation inequality near the boundary

In the appendix, we give a proof for the inequality (1.11). The inequality (1.11) holds for
all zg € Q and r < rq in a uniformly C*-domain even if 89, , is not C*.

We prove (1.11) for zp € © and r < ry by a blow-up argument as we did for the in-
equality (2.4). If By, (r) is in the interior of Q, i.e., Qg , = By, (r), the inequality (1.11)
follows from the Sobolev inequality in By(1). In fact, applying the Sobolev inequality
for o (z) = p(zg + rx), 0 € I/Vﬁ)f(f_l) yields

lerllzoe (Bo(1)) < Csllerllwie(soq))-

Since [lgrllzr(zoy) = 7 PI@lLr(Bay ) a0 IVerllLooay) = ' PIVOl Lo (8., ()
we have

(A1) 12l By 1) < Cor ™™ (11103 () + TV o8y o))

for o € Q and r > 0 satisfying do(z¢) > r. The inequality (A.1) is stronger than (1.11).

If B, (r) is located near the boundary, i.e., do(zo) < r, 0§, » may not be C'. However,
the weaker inequality (1.11) holds since we take the norms on 2, o, in the right-hand side
of (1.11). In the sequel, we prove the inequality (1.11) by flattening the boundary 992 by
rescaling and applying the Sobolev inequality around €, ..

PROPOSITION A.1. — Let Q be a uniformly C'-domain in R™, n > 2. Let p > n. Then,
there exist constants ro and C such that

A2 el < O (10lo0ny o) + IV o0y 0))  Sor @ € Wis? (@),

and xg € Q, r < rq satisfying do(xg) < .
From (A.1) and (A.2), for all zg € Q and r < r¢, the inequality (1.11) follows.

LEMMA A.2. — Let Q be a uniformly C'-domain in R, n > 2. Let p > n. Then,
the inequality (1.11) holds for all ¢ € Wlif(f_l) xg € Q and r < ro with the constant C7
independent of o and r < rq where rq is the constant in Proposition A.1.

Proof. — Take arbitrary points zop € Qandr < ro. Ifdg(z9) > r, apply (A.1) to get (1.11)
with the constant Cs. If dg(z¢) < r, we apply (A.2) for (1.11). O

Proof of Proposition A.1. — We argue by contradiction. Suppose on the contrary that the
inequality (A.2) were false for any choice of constants ry and C'. Then, there would exist se-
quences of points {z, }5°_; C 2, r, | 0 and a sequence of functions {¢,,}5°_; C Wlf)’f(ﬂ)
such that

lemllL=@,, ,.)> mr;@n/p (||80m||Lp(Qmm,2rm) + Tm||VS0m||Lp(Qmm,2rm)) .
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Divide the both sides by M, = ||om| L= (a y and observe that @,,, = @, /My, satisfies

Tm,Tm

p—n/pP

l&mllzoe(@ay ) =1 TP (IEmllr o )+ "l VomllLe ., 20,)) < 1/m.

Tm2Tm

Since the points {z,, }5_; C  accumulate to the boundary by d,,, = do(zm) < rm | 0, by
rotation and translation of {2, we may assume z.,, = (0, d.,). Set ¢, = dp, /7 < 1. By choos-
ing a subsequence of {c,, }°°_,, we may assume c,,, — ¢g asm — oo for ¢y < 1. In the sequel,
we rescale the domain €2 around the point z,, € . Since 2 has a uniformly C!-boundary,
there exists uniform constants o, 8, K and C*-function h such that the neighborhood of the
origin is represented by

Doc = {z € R" | h(2) < z,, < h(2') + B,]2'| < o},

where h satisfies h(0) = 0, V' h(0) = 0 and ||h||c1(B6z—1(a)) < K. Here, By ~! () denotes the
n — 1-dimensional open ball centered at the origin with radius a.

We rescale ¢, around z,, by
Om(x) = @m(Tm + rmx) forz e Q™

where Q™ = {z € R" | 2, + rmx € Q}. Then, the rescaled domain 2™ expands to a half
space R’} ={z e R" |z, > —cp}. In fact, Q), is rescaled to

»—Co

h(z') — em < Tp < B (2') — 1 + E, || < a} ,
T r

m

f’gcz{xeR”

where h,, (2') = h(rmz’)/rm. The functions h,, and Vh,, converge to zero locally uniformly
in R™~!. Thus, Qf?_ expands to R _ . Since Q" = Bo(1) N Q™ may not be a C*-domain

loc »—Co

on the intersection Q™ N By(1), we take a C'-bounded domain U™ so that g, C U™ C
Qg’, and the C'-regularity of U™ is uniformly bounded for m > 1. Since the C'-norm
of hyy is locally uniformly bounded for m > 1in R"~!, we are able to take such a C*-domain
um.

Now, we apply the Sobolev inequality for ¢,, in U™ to get
[@mll Lo my < Colldmllwrp@m)

with the constant C?. The constant C’, depends on m > 1 but is bounded for all m > 1 since
the C1-regularity of U™ is uniformly bounded. Since the estimates for (,, are inherited to

[¢mlle@p) =1 l¢mllwir@g,) <1/m,
it follows that

L= |lpmll=(og,) < ¢mllLe@m)
< Cillgmllwewm)

< C;||¢m||W1m(Qg§2) <C./m—0 asm — oo.

We reached a contradiction. The proof is now complete. O
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