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DIAGONAL CYCLES AND EULER SYSTEMS I:
A p-ADIC GROSS-ZAGIER FORMULA

BY HeENRI DARMON aAND VicTorR ROTGER

ABSTRACT. —This article is the first in a series devoted to studying generalised Gross-Kudla-Schoen
diagonal cycles in the product of three Kuga-Sato varieties and the Euler system properties of the
associated Selmer classes, with special emphasis on their application to the Birch-Swinnerton-Dyer
conjecture and the theory of Stark-Heegner points. The basis for the entire study is a p-adic formula
of Gross-Zagier type which relates the images of these diagonal cycles under the p-adic Abel-Jacobi
map to special values of certain p-adic L-functions attached to the Garrett-Rankin triple convolution
of three Hida families of modular forms. The main goal of this article is to describe and prove this
formula.

REsUME. — Cet article est le premier d’une série consacrée aux cycles de Gross-Kudla-Schoen
généralisés appartenant aux groupes de Chow de produits de trois variétés de Kuga-Sato, et aux
systemes d’Euler qui leur sont associés. La série au complet repose sur une variante p-adique de la
formule de Gross-Zagier qui relie I'image des cycles de Gross-Kudla-Schoen par I’application d’Abel-
Jacobi p-adique aux valeurs spéciales de certaines fonctions L p-adiques attachées a la convolution de
Garrett-Rankin de trois familles de Hida de formes modulaires cuspidales. L’objectif principal de cet
article est de décrire et de démontrer cette variante.

1. Introduction

This article is the first in a series devoted to studying generalized diagonal cycles in the
product of three Kuga-Sato varieties and the Euler system properties of the associated Selmer
classes, with special emphasis on their application to the Birch—-Swinnerton-Dyer conjecture
and the theory of Stark-Heegner points. The basis for the entire study is a p-adic Gross-
Zagier formula relating

— the image under the p-adic Abel-Jacobi map of certain generalized Gross-Kudla-Schoen
cycles in the product of three Kuga-Sato varieties, to

— the special value of the p-adic L-function of [19] attached to the Garrett-Rankin triple
convolution of three Hida families of modular forms, at a point lying outside its region
of interpolation.

0012-9593/04/© 2014 Société Mathématique de France. Tous droits réservés
ANNALES SCIENTIFIQUES DE ’ECOLE NORMALE SUPERIEURE



780 H. DARMON AND V. ROTGER

In order to precisely state the main result, let

f= Zan(f)qn € Sk(Nf7Xf)7
9=">_ an(9)q" € Se(Ny, xo),

h=> an(h)q" € Sm(Nn,Xn)
be three normalized primitive cuspidal eigenforms of weights k, £, m > 2, levels Ny, Ny,
Np, > 1, and Nebentypus characters x r, x4, and xp, respectively. Let N := lem(Ny, Ny, Ny,)
and assume that
XfXg Xh =1,
so that in particular k + £ + m is even.

The triple (k, ¢, m) is said to be balanced if the largest weight is strictly smaller than the
sum of the other two. A triple of weights which is not balanced will be called unbalanced, and
the largest weight in an unbalanced triple will be referred to as the dominant weight.

Section 4.1 recalls the definition of the Garrett-Rankin L-function L(f, g, h; s) attached
to the triple tensor product

Vo(f:9,h) = Vo(f) @ Vp(9) ® Vi (h)

of the (compatible systems of) p-adic Galois representations V,,(f), V,,(g) and V,(h) attached
to f, g and h respectively. This L-function satisfies a functional equation relating its values
at sand k + £+ m — 2 — s. In particular, the parity of the order of vanishing of L(f, g, h; s)
at the central critical point ¢ := % is controlled by the sign ¢ € {41} in this functional
equation, a quantity that can be expressed as a product € = Hv‘ Neo Evs €v € {£1}, of local
root numbers indexed by the places dividing Noo. The following hypothesis is assumed
throughout:

H: The local root numbers ¢, at all the finite primes v | N are equal to +1.
This assumption holds in a broad collection of settings of arithmetic interest. For instance,
it is satisfied in either of the following two cases:
— ged(Nyg, Ng, Np,) =1, or,
— N = Ny = Ny = N}, is square-free and a,(f)a,(g)a,(h) = —1 for all primes v | N.
Assumption H implies that ¢ = ¢, depends only on the local sign at co, which in turn
depends only on whether the weights of (f, g, h) are balanced or not:

—1 if (k, £, m) is balanced;
€ =¢€x =
1 if (k, £, m) is unbalanced.

In particular, the L-function L(f, g, h, s) necessarily vanishes (to odd order) at its central
point ¢ when (k, ¢, m) is balanced.

Let & denote the universal generalized elliptic curve fibered over X = X;(N). For
any n > 0, let & be the n-th Kuga-Sato variety over X;(N). It is an n + 1-dimensional
variety obtained by desingularising the n-fold fiber product of & over X; (N). (Cf. [35] for
a more detailed account of its construction.) The p-adic Galois representation V,(f, g, h)
occurs in the middle cohomology of the triple product

(1.1) We=6"2x g2 gm 2
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A p-ADIC GROSS-ZAGIER FORMULA FOR DIAGONAL CYCLES 781

When (k, ¢, m) is balanced and assumption H is satisfied, the conjectures of Bloch-Kato and
Beilinson-Bloch predict (because of the vanishing of L( f, g, h, ¢)) that there should then exist
a non-trivial cycle in the Chow group Q ® CH®(W), of rational equivalence classes of null-
homologous cycles of codimension ¢ on the variety W of (1.1). Section 3.1 introduces cycles
Ay gn € Q@ CH(W)o which are natural candidates to fulfill these expectations, and whose
construction we now briefly summarize.

Setr = W. As explained in §3.1, there exists an essentially unique, natural way of
embedding the Kuga-Sato variety &' in the variety W. Its image gives rise to an element in
the Chow group CH""2(W) which, suitably modified, becomes homologically trivial. In this
way, we obtain a cycle

At om € CH™2(W)o := ker(CH' (W) -5 HZ(W/C)).

In the special case where k = ¢ =m = 2, the cycle Ay, is just the modified diagonal
considered by Gross—Kudla [15] and Gross—Schoen [17].

The cycles Ay 4 p, alluded to above are defined as the (f, g, h)-isotypical component of the
null-homologous cycle Ay, ¢ ,,, with respect to the action of the Hecke operators.

It is natural to conjecture that the heights of these cycles in the sense of Beilinson and
Bloch are well-defined (cf. [15] and [17] for more details on the necessary definitions), and
can be directly related to the first derivative of the triple product L-function L(f, g, h, s) at
the central point:

(1.2) h(Afgn) Z (Explicit non-zero factor) x L'(f, g, h,r + 2).

When (k, ¢, m) = (2,2,2), this was predicted in [15] and has recently been proved by
X. Yuan, S. Zhang and W. Zhang in [40].

REMARK 1.1. — It would be natural to relax assumption H to the weaker condition
(1.3) Heyen: The set of primes v | N for which e, = —1 is of even cardinality.

This is sufficient to guarantee that e = £.,, and can be dealt with at the cost of replacing
Kuga-Sato varieties with more general objects arising from the self-fold products of cer-
tain families of abelian surfaces (or genus two curves) fibered over Shimura curves rather
than classical modular curves. Hypothesis H may thus be regarded as analogous to the clas-
sical Heegner or Gross-Zagier hypothesis imposed in the study of the Rankin-Selberg
L-function L(f ® 6, s) attached to a single eigenform f and the weight one theta series of
an imaginary quadratic field K. Both are meant to avoid having to deal with Shimura curves
associated with a quaternion division algebra, and make it possible to confine one’s attention
to classical modular curves. Much of our study extends to the setting of Heyen by appealing
to the work of P. Kassaei [25] and R. Brasca [6]; in our exposition we have tried to present
our results in a way that suggests the modifications necessary to deal with arbitrary Shimura
curves.

In this work we do not focus on (1.2), but rather on a p-adic analogue. Our main result
relates the image of Ay, , under the p-adic Abel-Jacobi map

(1.4) AJ, : CH2(W)o(Q,) — Fil'?H2H3(W/Q,)Y
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782 H. DARMON AND V. ROTGER

to the special value of a triple product p-adic L-function attached to three Hida families of
modular forms, which we now describe in more detail.

Fix an odd prime number p t N at which f, g and h are ordinary. Let
£:Qr — GClldl, 8:Q —Cpllgll, h:Q — Cpllq]]

denote the Hida families of overconvergent p-adic modular forms passing though f, g and A,
respectively, as constructed in [21] and [20], and briefly reviewed in §2.6 below. The spaces €2,
Qg and 2, are finite rigid analytic coverings of suitable subsets of the weight space

Q= HomCtS(Z; , C; ),

which contains the integers Z as a dense subset via the natural inclusion k +— (z — 2F).
A point z € Qy is said to be classical if its image in €, denoted r(z), belongs to Z=2,
and the set of classical points in 2y is denoted by §2¢ . Part of the requirement that f be
a Hida family is that the formal g-series f;p ) i=¢ (z) should correspond to a normalized
eigenform of weight x(z) onT'y (N)NTy(p), for almost all z € Q. For all but finitely many
such z, the form fép ) is the ordinary p-stabilization of a normalized eigenform on I'y (N),

denoted f,.
The natural domain of definition of the triple product p-adic L-functions is the p-adic
analytic space
Y =08 x Qg x Qp.
LetXq := Q¢,axQg,a %2, a1 C X denote its subset of “classical points”. This set is naturally
partitioned into four disjoint subsets:

Y ={(=z,y, 2) € Xa such that k(z) > k(y) + k(2)};
Y, = {(z,y,2) € T such that k(y) > k(z) + k(2)};
Yn = {(z,y,2) € Eq such that k(z) > k(z) + k(y) };
Yhal = {(z,y, 2) € X such that (k(x), k(y), x(2)) is balanced}.

Section 4 exploits the strategy pioneered by Hida [22] and subsequently extended by Harris
and Tilouine [19] to construct three a priori distinct p-adic L-functions of three variables,
denoted

2,7 (f,g,h), %9(f,egh), L"(fgh):T—C,,

which interpolate the square-roots of the central critical values of the classical L-function
L(fz, 9y, hz,5),as (z,y, z) ranges over Xy, 34, and ¥, respectively. The precise interpolation
property defining the three p-adic L-functions is spelled out in Theorem 4.7 of Section 4.2.

Given (z,y,2) € Xpal, the Heegner assumption H can be used to show that the classi-
cal L-function L(fs, gy, h, s) vanishes at its central point for reasons of sign. The central
critical derivative L' (fy, gy, h-, W) is then a natural object of arithmetic inter-
est. In the p-adic realm, the three distinct p-adic avatars of the classical L-function, namely,
%, (f,g,h), £,9(f,g,h), and .Z,"(f, g, h), need not vanish at the balanced point (z, y, z),
since this point lies outside the region of classical interpolation. The corresponding p-adic
special values can be viewed as different p-adic avatars of the complex leading term, and one

might expect them to encode similar information related to the motive of Vy, @ V,, ® Vj, .
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REMARK 1.2. — One can also envisage a fourth p-adic L-function
LY (£, g,h)(z,y,2,8) : QF x Qg x Q, x Q@ — C,,

involving a further “cyclotomic” variable s and interpolating the classical special values
of L(fz, gy, h~, s)—but not their square roots—in the critical range

(z,9,2) € Zpan, 1<s<k(z)+k(y) +k(2) — 3.
The construction of such an L-function is described in [5] (see also the references therein).
Under hypothesis H, the function L2 (f, g, h) should vanish identically on the “central
critical hyperplane” 2s = k(z) + k(y) + k(z) — 2, and the presence of the cyclotomic variable

is therefore key to ensuring its non-triviality. This “balanced” p-adic L-function plays no role
in this article.

In stating our main result, it will be convenient to assume for simplicity that Ny = N, = Ny,
i.e., that the three eigenforms f, g and h are new of the same level N. (This assumption,
which is too restrictive for most interesting arithmetic applications, will be relaxed in the
body of the text.) To any classical newform ¢ of weight » + 2 on I'; (V) which is ordinary
at p, there corresponds a cohomology class

wy € FiITT HIFN(E7/Q) C FirT HIEN(87/Cy),
where the inclusion is induced from our fixed embedding Q C C,. The ¢-isotypic compo-
nent of H'(&"/C,) is two-dimensional over C,, and (because ¢ is ordinary) it admits
a one-dimensional unit root subspace, denoted H/i'(&"/C,)"*, on which the Frobenius
endomorphism acts as multiplication by a p-adic unit. This unit root subspace is comple-
mentary to the middle step in the Hodge filtration, and hence, there is a unique element
nyt € HF (& /Cp)v satisfying
<w¢7772_r> =1,

where (,) denotes the non-degenerate Poincaré pairing on Hjt"(&"/C,). One thus obtains
a natural basis (wg,ng™) of the ¢-isotypic component of H, H(&"/Cp), for any ordinary
classical newform ¢ € S, 5(I'1(N)).

If (f, g, h) is a triple of newforms of level N and balanced weights

(k,6,m) = (r1 + 2,72 + 2,73 + 2),
then
(1.5 0" Quwy@wy € HiFT(EM) @ FI=THEM (E™) @ Fi* T HRH (67)
CFI"™? (HT (&™) @ HE T (67) @ HgtH(E™))
C Fil"PHIP(W/Qy),

where the last inclusion arises from the Kiinneth decomposition. In particular, the class
N} ® wyg ® wy, lies in the domain of AJ,(A) when (k, £, m) is balanced.

For any f € Si(N, x), we shall always write

(@? = ap(N)z + x5 (P)P* 1) = (z — ag)(z - By), with ord, () < ord,(8y),

so that in particular oy is a p-adic unit when f is ordinary.

The main result of this article is
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784 H. DARMON AND V. ROTGER

THEOREM 1.3. — Given (z,y, z) € Xpa, let

(fag7h) = (fwag:whz)a (k‘,f, m) = (K(l‘),l‘i(y),li(z)),
ci=(k+20+m—2)/2, k=0+m—2-2t (witht>0),

and let A := Ay ¢ m be the generalized diagonal cycle in &2 x 872 x ™72 Then

&(f,9,h)

; =D e e T
% (£8 )@,y 2) = (-1 5= e

X AJp(A) (N} ® wg @ wy),

where
(1.6) E(frg:h) = (1= Braganp™©) x (1 — BrayfBup™°)
x (1= B¢Byanp™°) x (1= B¢ByBrp™°),
(1.7) Eo(f) == (1= Bix; ' (p)p" "),
(1.8) Eu(f) == (1= Bix; (P)p™").

See Theorem 5.1 for a more general statement involving newforms of possibly different
levels. Theorem 1.3 can be viewed as a p-adic analogue of the Archimedean formula sug-
gested in (1.2), and in fact the Euler factor &(f, g, h) that arises in the formula fits within
the general conjectural description of the p-adic L-function of an arbitrary motive given by
Panciskin in [31, p. 285].

One could also envisage a more direct p-adic analogue, relating the cyclotomic p-adic
height of Ay, 4. n. to the derivative in the cyclotomic direction of the p-adic L-function
LY (f,g,h)(z,y, z, s) alluded to in Remark 1.2. Such a formula, which is currently unavail-
able in the literature, would be closer in spirit to the Archimedean formulae conjectured
in [15] and proved in [40], and to the p-adic analogues of the Gross-Zager formula proved
in [32] and [29], while Theorem 1.3 is better adapted to the arithmetic applications that
the authors wish to pursue by exploiting the Euler system properties of p-adic families
of diagonal cycles and associated explicit reciprocity laws in the spirit of Coates—Wiles and
Kato-Perrin-Riou. Let us close this introduction by describing some of these applications.

I. The Euler system of diagonal cycles. Theorem 1.3 is available when f is replaced by g
or h if the latter two forms are also assumed to be ordinary. The Abel-Jacobi image
AJ,(A) therefore encodes the values of the three distinct p-adic L-functions .,Sfpf (f,g,h),
2,9 (f,g,h)and .,Sfph (f,g,h)at (z,y, 2) € Lpar. This suggests that these L-functions should
be viewed as the different projections of a common Euler system obtained by p-adically in-
terpolating the diagonal cycles themselves as (x,y, z) ranges over Xp,. (More precisely:
their images (fs, gy, h.) € H'(Q,Vy, g,.n.) under the p-adic étale Abel-Jacobi map,
where V;_ ;1. denotes the self-dual Tate twist of the triple tensor product Vy, ® V, ® Vj,
of the Deligne representations attached to the eigenforms f., g, and h;.) The sequel [11]
to this paper pieces these global classes together into an element

ﬁ(fa g, h) € Hl (Q7 Vf,g,h)7

where V¢ g 1, 1s a twist of the tensor product V¢ ® Vo ® Vy, of Hida’s A-adic representations
attached to f, g, and h respectively, interpolating the representations Vy, ;. 1.. The three

Garrett-Rankin p-adic L-functions are then obtained from the image of x(f, g, h) under
a homomorphism interpolating the Bloch-Kato logarithms attached to the specializations
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Vi, ®V,, @V}, intherange (x,y, z) € Ypal. The resulting construction of the Garrett-Rankin
p-adic L-functions in terms of diagonal cycles is directly analogous to the construction of
the Kubota-Leopoldt (resp. Katz) p-adic L-function from the p-adic logarithms of circular
(resp. elliptic) units. An application of this point of view to the Birch-Swinnerton-Dyer
conjecture, obtained by considering weight one specializations of g and h, is the implication

L(E7p1 ® P2, 1) 7é 0 = HomG@(pl (24 P2, E(@) & (C) = 05
where F is an elliptic curve over Q and p; and ps are odd irreducible two-dimensional Artin
representations for which p; ® ps has determinant one.

I1. Beilinson-Flach elements. The methods of the present article, transposed to the setting
where h is a Hida family of Eisenstein series, lead to a proof [3] of a p-adic Beilinson
formula relating the p-adic regulators of certain Flach elements in the Higher Chow group
CH?(Xo(N) x Xo(N),1) to values of Hida’s three-variable p-adic L-function attached to
the Rankin convolution of two Hida families f and g of cusp forms. A notable application
of this result (when made to vary in p-adic families, as in the previous paragraph) is the
implication

(1.9) L(E,p,1) # 0 = Homg,(p, B ®C) =0,

where p is an odd, irreducible two-dimensional Artin representation.

I11. Beilinson elements and Kato’s Euler system. The point of view sketched in the two
previous remarks is also consistent with the Kato-Perrin-Riou approach to the Mazur-
Swinnerton-Dyer p-adic L-function attached to a cusp form of weight 2, which one recovers
when both g and h are taken to be Hida families of Eisenstein series, the role of the diagonal
cycles being played by Beilinson elements in the K5 of modular curves, or in the higher
Chow group CH?(X((N),2). Guided by this analogy and relying crucially on the tech-
niques of the present work, the article [1] gives a new proof of the p-adic Beilinson formula
relating the p-adic regulators of the Beilinson elements to the special values at s = 2 of the
Mazur-Swinnerton-Dyer p-adic L-functions. The authors’ study of diagonal cycles and
Flach elements is thus a direct generalization of the approach of Kato which underlies the
proof of (1.9) when p is replaced by a Dirichlet character.

IV. The Euler system of Heegner points, revisited. In part, the authors were led to Theorem 1.3
by the analogy with the main result of [2], in which the images of Heegner points (or more
general Heegner cycles) under p-adic Abel-Jacobi maps are related to the values of certain
anticyclotomic p-adic L-functions at classical points lying outside the range of p-adic inter-
polation defining them. In his forthcoming Ph.D. thesis, F. Castella uses this to construct
these anticyclotomic p-adic L-functions in terms of p-adic logarithms of Heegner points,
leading to a treatment of the Heegner point Euler system entirely parallel to the other exam-
ples alluded to above (namely, circular units, elliptic units, Beilinson-Kato elements, Flach
elements, and diagonal cycles.)

V. p-adic calculations of Chow-Heegner points. The article [28] and the forthcoming Ph.D.
thesis of M. Daub [13] combine Theorem 1.3 with Alan Lauder’s fast algorithm [27] for
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786 H. DARMON AND V. ROTGER

calculating ordinary projections to calculate the “Chow-Heegner points” attached to Gross-
Schoen diagonal cycles (as described in [40] and studied in [12]) by p-adic analytic methods,
thus supplying the p-adic counterpart of the complex calculations carried out in [10].

Notations: Throughout the article, given a power ¢ = p¢ of a prime p, the symbols F, Z,,
and Q, are reserved for the finite field with ¢ elements, its ring of Witt vectors, and the finite
unramified extension of Q, of degree d respectively. For any field extension F'/Q, we will
write Gp = Gal (F/F) for the absolute Galois group of an algebraic closure of F, and if
X is any variety over F, we let X := X X Spec(F) Spec(F') denote the base change of X
to the algebraic closure. We adopt the usual conventions regarding motives and their Tate
twists: for any integer j we write Z(j) = H?(IP;)®~7, so that a geometric Frobenius element
at £ # p (resp. at £ = p) acts on its p-adic étale (resp. cristalline) realisation as multiplication
by 7. If M is a motive over Q, we let M (j) := M ® Z(j) denote its j-th Tate twist, so that
L(M(j),s) = L(M, s+ j), where L(M, s) is the L-function attached to M.

Acknowledgements: The authors thank Ignacio Sols and Dipendra Prasad for many stimu-
lating exchanges about the geometric aspects of diagonal cycles and the analytic properties
of triple product L-functions, respectively. The work on this article began during the sum-
mer of 2010 at the special number theory semester organized by the CRM in Barcelona, and
the authors also gratefully acknowledge the role of this institute in facilitating their collabo-
ration. The first author was funded by an NSERC Discovery grant, and the second author
received financial support from DGICYT Grant MTM2009-13060-C02-01 and from 2009
SGR 1220.

2. Cohomology and modular forms

2.1. The de Rham cohomology of curves over p-adic rings

Let & be an arbitrary smooth proper curve over Spec(Z,) and write X and X for its
special and generic fiber, respectively. Let { P, ..., P} € X(F,) be a non-empty GF,-stable
collection of closed points in its special fiber. Since X is smooth, these points admit lifts
Py,...,P,eX (Oc,) to characteristic zero. It will be convenient (albeit not indispensable)
to fix a choice of such lifts which is stable under the natural action of G, . This determines
the affine scheme

X =%—-{P,..., P}
over Spec(Z,), whose special and generic fiber are denoted X’ and X' respectively. Because
X is proper over Spec(Z,), there is a natural identification X (C,) = X(0c,) and a resulting
reduction map
red : X(C,) — X (F,).
The standard affinoid in X (C,) attached to X' is defined to be
@ := red " (X'(Fp)).

It is a connected affinoid region obtained by deleting from X (C,) a collection of s disjoint
residue discs.

Foreachj =1,...,s,choosealocal coordinate \; at Zf’j, i.e., arigid analytic isomorphism
from the residue disc of Pj in X (C,) to the open unit disc in C,,, sending 15j to the origin.
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These local parameters give rise to a family of wide open neighborhoods of €@, indexed by a
real parameter € > 0 and defined by

We:=14U U{x € red”!(P;) with ord,\;(z) < €}.
j=1
The region W, is obtained by adjoining open annuli 91, ..., ¥, of “width €” to & around
the boundaries of each of the deleted residue discs. Note the obvious inclusions

tcw.cX'(Cp), We, C W, ifer < e3.

One of the main reasons for working with the wide open neighborhoods W, rather than
with the affinoid & itself is that their cohomology is better behaved and a more faithful
reflection of algebraic de Rham cohomology over C,. More precisely, let & and Q' denote
the structure sheaf and the sheaf of differentials on X . The restrictions of these sheaves to &
and to W, viewed as rigid analytic sheaves, are denoted by the same symbols by a slight
abuse of notation. If K is any complete subfield of C,, we will denote by Q* (W, /K) the rigid
differentials on W, that are defined over K. Set

QH(We/K)

1 —
Hrig((WG/K) T d@‘WF/K

Note that, because X' is affine, we have Hlz (X'/K) = %Z«K)' The natural restriction
map QY (X'/K) — QY(W./K) sends exact forms to exact forms and therefore induces a
map

comp, : Hig(X'/K) — Hrlig

(We/K).
For each annulus ¥4, ..., ¥, appearing in the definition of W., let
resy, QYW /K) — K(-1)
denote the p-adic annular residue, as it is described in [7, Ch. 7] for example.

The annular residue vanishes on df)y,_, and is therefore well-defined on cohomology. It is
related to the usual residue of algebraic differential forms through the following commutative
diagram:

@jreSpj )
@.1) Hlp(X'/K) K(-1)* 2= K(~1) —=0
=
1 EBjres(,/j s >
H (We/K) K(-1)* —= K(-1) ——0.

PRrROPOSITION 2.1. — For any € > 0, the map comp, is an isomorphism of K-vector spaces.

Proof. — This follows as in [7] from the long exact Mayer-Vietoris sequence (cf. A.2.
of loc. cit. for instance) associated to the admissible covering of X by wide open subsets
consisting of W, together with the p-adic residue discs in the complement of &. O
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788 H. DARMON AND V. ROTGER

Thanks to this proposition, the de Rham cohomology H} (X k) of the base change of X
to K can be identified with the space of classes of rigid analytic forms on W, over K with
vanishing annular residues (cf. e.g., [2, Prop. 4.11]). This description of H}y (X ) is the basis
for a concrete description of the action of the Frobenius operator on de Rham cohomology.
Let o € Gal (K/Q,) be a Frobenius automorphism and let

®:46— 4

be any characteristic zero lift of the Frobenius morphism on the special fiber X’. This rigid
analytic morphism extends to a morphism ® : W, — WL, for suitable 0 < € < ¢, and
induces o-semilinear maps

®: (W /K) — O(W./K), o QW /K) — QYW /K).

Although the operator ® need not preserve any of the spaces Q' (W, /K) for a given fixed e, it
does give rise to an endomorphism on Hjg (X’/K), which shall also be denoted ® by abuse
of notation. This Frobenius morphism is thus the unique endomorphism of Hjy (X’/K) that
completes the top row in the following commutative diagram:

P

(2.2) Hip (X'/K) - Hig(X'/K)
comp,s comp,
L]
Hy(We /K) — Hyi (We/K).

The endomorphism &, which is compatible with the annular residue in the obvious sense,
preserves the subspace H}g (Xk).

The K-vector subspace of His (Xk) (resp. of Hiz(X'/K)) spanned by the vectors on
which ® acts via multiplication by a p-adic unit is called the unit root subspace and is denoted
by Hlg (X k)" (resp. by Hz (X'/K)"7). More generally, the subspaces spanned by vectors
on which @ acts with slope ¢ € Q (i.e., as multiplication by a scalar A € C;5 with ord,\ = t)
is called the slope t subspace of H}g (X k) and is denoted Hl (X k)%

The de Rham cohomology HJ (Xk) is equipped with the usual alternating Poincaré
duality

(,): Hip(Xk) x Hip(Xk) — Hip(Xk) = K(-1),

1

which in terms of representatives wi,ws € Qp,

described by the formula

(W) for cohomology classes &; and & is

S

<€17£2> = Zres‘Vj (chjl) : w2)7

j=1

where resy, is the p-adic annular residue and FLE{) denotes a local analytic primitive of w; on
the annulus V.

Poincaré duality is compatible with the Frobenius endomorphism in the sense that

(®&1, &2) = ®(&1,&2) = p(&1, &2)-
In particular, Poincaré¢ duality descends to a well-defined non-degenerate pairing

(2.3) (,) Hip(Xg)"™" x Hyp(Xx)™! — K(-1).
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2.2. p-adic modular forms

Denote by S,(cp )(N ) the space of p-adic modular forms of weight k& and tame level NV (as
defined in [36] or [26] for example) and let Sp°(IV) denote its subspace of overconvergent
forms. These spaces are equipped with two non-commuting operators U and V, defined
on g-expansions by the rule

(2.4) UH@) =D apmd”, (V@)= ang™
n=1 n=1

These operators satisfy
UVi=f VU@ =) ang™,
n=1

so that
2.5) fPl=(1-VU)f(g) =D ang”

ptn
has Fourier coefficients supported on the integers prime to p. Note that the operators U
and V do not commute—although, as we will explain later, the operators induced on the
cohomology of modular curves (with coefficients in the relevant local systems) do commute,
and are inverse to each other.

The operator U on the p-adic Banach space of overconvergent modular forms is com-
pletely continuous and gives rise to a slope decomposition on this infinite-dimensional vector
space. A p-adic modular form which belongs to the slope 0 subspace for U is said to be or-
dinary, and the space of all such p-adic modular forms is denoted by S¢*¢ (V). The ordinary
subspace (like all the finite slope subspaces) is finite-dimensional over C,. More precisely,
Coleman’s classicality theorem (cf. [8]) asserts that any ordinary overconvergent modular
form of weight k > 2 is (the p-stabilization of) a classical modular form of weight £ onT'; (V).
In particular, S¢™ (V) is naturally contained in the space S (I'1 (N)NTo(p)) of classical mod-
ular forms (with Fourier coefficients in C,). Hida’s ordinary projector

(2.6) eord := im U™
n

gives a Hecke-equivariant projection from S2¢(N) to S¢™(N).

Let % (V) denote the modular curve over Spec(Z[1/N]) classifying generalized elliptic
curves with a torsion section of order V. (See [25] for a more general scenario.)

Recalling that the prime p does not divide NV, set

X .= %1(N) X SpecZ[1/N] Zp, X=%x Spec(Qp)

for the smooth curve over Z,, (resp. over (Q,,) obtained by change of base.

LetP,...,P, e X (Fp2) denote the supersingular points of the special fiber of /X. These
points are the zeroes of a distinguished mod p modular form of weight (p — 1)—the so-called
Hasse invariant. As in the previous section, we may choose lifts P,...,P, € X(Zy2) of
the supersingular points to characteristic zero. For example, when p > 5, one may do this
by taking the zeroes of the Eisenstein series E,_;, which is the customary lift of the Hasse
invariant to characteristic 0. We continue to write

N =X —{Py,... B}
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for the resulting affine scheme over Spec(Z,), whose special and generic fiber are denoted
X' and X' respectively. The connected affinoid region obtained by deleting from X (C,,) the
s disjoint supersingular residue discs:

G = Gorq == red” 1 (X'(F,))
is called the ordinary locus, or Hasse domain, in X (C,). Note that
2.7 t = {z € X(C,) with ord,E,_1(z) = 0},
where
ordpyEp_1(x) := ordpEp_1(Az,wy),
and

1. A, is the generalized elliptic curve with T’y (IV)-structure attached to z by the moduli
interpretation of X;

2. wy € Q'(A,/C,) is a regular differential on A, chosen so that it extends to a regular
differential over @cp if A, has good reduction at p, or corresponds to the canonical
differential on the Tate curve if z lies in the residue disc of a cusp;

3. the notation E,_; (A, w;) follows Katz’s geometric definition of modular forms as
functions on such pairs, as described in [26, Ch. 1], for example.

While E,,_1 (A, w,) genuinely depends on the choice of wy, its p-adic valuation is indepen-
dent of it since any two such choices differ by multiplication by an element of @ép.

Define a system of wide open neighborhoods of & by choosing a real parameter € > 0
and setting

We = {z € X(C,) with ord,E,_1(z) < €}.

When 0 < € < 1, the region W, does not depend on the choice of lift of the Hasse invariant
to characteristic zero. As suggested by (2.7), the quantity ord, E,,_1 () is (at least, when it is
not too large) a sensible measure of the “degree of supersingularity” of the elliptic curve A,
associated to z. If ord, By, (z) < F7, Katz has shown that the elliptic curve A, although
supersingular at p, continues to admit a canonical subgroup Z,, a connected subgroup scheme
of A, of order p generalizing the canonical subgroup on an ordinary elliptic curve. This
makes it possible to choose a canonical lift to characteristic zero of the Frobenius morphism,

by setting, forallz € W withe < 24,

(2.8) ®(x) = point corresponding to A, /Z,.

The affinoid & and the wide opens W, play a key role in Katz’s geometric description
of p-adic and overconvergent modular forms, which we will now briefly recall.

Modular forms of weight two. We begin with the somewhat simpler case of forms of weight
k = 2, which can be treated by specializing the discussion of Section 2.1 to the case where
X = X1(N) with p 1 N, so that X has good reduction at p. For any complete subfield K
of C,, we have

(29) S (N K) = Qi (A/K),  S3°(N; K) = | Qi (We/K),
e>0
that is to say, the space of rigid sections of Q!(W,/K) is identified with the p-adic Banach

space of overconvergent modular forms of weight two with “annuli of convergence of

rlg
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width €”, and Fourier coefficients in K. Under this identification, a weight two modular
form f with g-expansion f(q) = ), an(f)q"™ corresponds to the differential

dg _ (¢ ) 94
wr=fl@) =D anl)a" )

q ne1 q
By definition of the operators U and V,

d a’n f n
Q) P = -VO@ =g F whee Flo) =3 g
pin

The modular form F(g) is an overconvergent modular form of weight 0 and level N, i.e., an
element of f)q,_for a suitable e > 0. It corresponds to the rigid analytic primitive of w ()
which vanishes at the cusp oo, i.e., it is determined by the properties

aF = (@)L, Fleo)=0.

Define S9¢(N; K)o to be the subspace of S9¢(IV; K) consisting of overconvergent modu-
lar forms with coefficients in K and vanishing residues at the supersingular annuli. Set also
SSM(N; K)g = S9¢(N; K)o N S$™(N; K) and write ¢°™ := e,,q¢ for the ordinary projec-
tion of an overconvergent modular form.

LEMMA 2.2. — If ¢ is an overconvergent p-adic modular form of weight two on I'1(N),
then the class of wg belongs to HY (W )®'. Furthermore, the assignment ¢ — |wg] induces
isomorphisms

S (N; K) = H}

rig

(We/K)™Y, SF(N5 K)o — Hig(Xx) ™'

Proof. — The Frobenius morphism ® : Q'(W.) — Q'(W.,/,) is related to the oper-
ator V' on overconvergent modular forms of weight two by ®(wy) = pwy . The relation
between the operators U and ® on cohomology (relative to the identifications described
above between differentials and weight two modular forms) is therefore given by

O =pV =pU L.
Hence, if ¢ belongs to the slope zero subspace for the action of U, the class of the rigid

differential wy, lies in the slope one subspace H.\,(Wc)®! for the action of ®. The first

statement follows. The second is a well-known result of Coleman: cf. the cases £ = 0 of
Cor. 6.3.1. and Prop. 6.6 of [8] for the injectivity and surjectivity respectively of the maps
induced by restriction. O

PROPOSITION 2.3. — Forany classn € H} (X k)" and any overconvergent modular form
¢ € S9¢(N; K)o, we have
(n,wg) = (N, Wgora),

and Poincaré duality induces a well-defined non-degenerate pairing

(,): Hig(Xg)"" x Sg4(N; K)oy — K.

Proof. — This follows directly from Lemma 2.2 in light of (2.3). O
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Modular forms of higher weight. Turning now to the case of forms of general weight k£ > 2,
let & — Y denote the universal elliptic curve over the affine modular curve Y = Y3 (N)/Q.
Letw := TF*Q}; vy denote the line bundle of relative differentials on & over Y. It extends to a
sheaf over X = X; (), also denoted by w, by setting

HO(SpeC@[[Q]Lﬂ) = @[[Q]] " Wean)

where wean 1= % is the canonical differential on the Tate curve G, /q”.
Let Q% (log cusps) be the sheaf of differentials 1-forms on X with logarithmic poles at the

cusps, for which
d
HO(Spec Q[[q]], 2 (log cusps)) = Q|[g] - ;‘1

A modular form ¢ on X of weight & = r + 2 with Fourier coefficients in a field K (viewed
as a function on “test objects” (E,wg), following the point of view adopted in [26, Ch. 1]
for example) corresponds to a global section of the sheaf w2 over X, by sending ¢ to the
global section ¢(E,wg)wp 2, and hence we can define

Sip(N; K) = H(X1(N) g, w").
Let
P = RI’/T*Q:; /Y
be the relative de Rham cohomology sheaf on Y. It is equipped with a filtration

1

(2.11) 0—ww—9¥—w  —0

arising from the Hodge filtration on the fibers. The sheaf # and its r-th symmetric power
L i=sym" ¥

are vector bundles over Y (of rank 2 and r + 1 respectively) endowed with a canonical
integrable connection:
V: L — L@ Q% (logcusps),
the so-called Gauss-Manin connection. The sheaf ¥, extends to a sheaf on X by setting
(2.12) H°(SpecQ[lg]], £») = Qllal]an + Qllal}ntan wean + -+ - + Qllgl]wians
where nean = V(qdiq)(wcan) is a complementary vector t0 wean in Hig(&6/Z[[g]]), and
similarly at the other cusps of X. The connection V extends by setting
d

(213) VWcan = Ncan & ;qa V"7can =0.

The filtration (2.11) gives rise to an (r+1)-step decreasing filtration on #,., with successive
quotients
(2.14) Lr/Filt P ~ 0™ FilTI LRI P~ " RIS, W

The connection V obeys Griffiths transversality:

VFil" 7 £, c FiI' 7712, @ QL (log cusps).

Furthermore, it induces an isomorphism of € x-modules:
Fil' 7%, Fil"7/7'2,

2.15 : y ~ .
2.13) Fil" 7ty Fil"™7 £,

® Q% (log cusps),
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which gives rise (by setting » = 1 and j = 0 for example) to the Kodaira-Spencer isomorphism
KS: w®? = QL (log cusps).

It follows that a modular form ¢ of weight r + 2 can be interpreted, via this isomorphism,
as a global section of w™ ® Q% (log cusps), while a cusp form can be interpreted as a global
section of w” @ QL i.e.,
Sk(N; K) = H*(Xk,w" ® Qx).
At a geometric point of X attached to an elliptic curve E with I’y (N)-level structure, the
section wy is given by
wg = ¢(E,wp)wp KS(wh).

At the test object (G,,,/ qz, Wean ) corresponding to the Tate curve with its canonical differen-
tial, this leads to the formula for wy in terms of the g-expansion of ¢:

wola) = o) (2.

Let (£, ® Q% )par denote the subsheaf of £, ® ! (log cusps) defined in the neighborhood
of the cusps by

HO(Spec(Q[[q]], (Zr® Q}()par) = VHO(SPGC(Q[[Q]], Lr)
dq

= (Qllgl1nan + Qllantay wean + - + ¢Qllgllwean) .

Note that for r = 0 we have (£, ®Q% ) par = Q4. A standard inductive argument using (2.15)
shows that the natural inclusion w™ — #,. induces an isomorphism

HO(XK (fr ®Ql ) ar)
0 T 1y ~ ’ X /P
(2.16) H (X, @ Q) & —— g = Ao,

We write

Hlp (Xk, 20, V) :=H/ (0 - 2, L QL (log cusps) — 0)
for the j-th hypercohomology of the complex of sheaves on X over K associated to V, and
H}..(Xk, £y, V) for the parabolic cohomology:

Hgar(XK7 £T7v) = HJ(O - f'f‘ l) (fr ® Q%{)par — 0)

(Cf. also Chapter 2.1 of [2] for example.) These algebraic de Rham cohomology groups are
finite-dimensional K -vector spaces. The group H. éar (XK, £r, V) isequipped with a two-step
Hodge filtration given by

Hl:lxar(XK’Z)'r‘av) lf] < 05
(2.17) FiVH), (XK, £, V) =4 H'(Xg,w" @ Q%) if1 <j<r+1;
0 ifj>r+2,
giving rise to the exact sequence

(2.18) 0 — H'(Xg,w" ® Q%) — H., (Xk, V) — H (Xg,w™ ") — 0.

par

We note the Poincaré duality pairing

(2.19) ()t He(Xie, £, V) % Heo(Xic, £,,V) — K(=1 7).

par par
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Since H(Xf,w"” ® Q%) is its own orthogonal complement under (2.19), Poincaré duality
descends to a perfect pairing

(2.20) () H (Xp,w™) x HO(Xp,w” ® QL) — K(=1 - 1),

which is denoted by the same symbol by a slight abuse of notation.

In the sequel, if ¥ is a local system on a variety V, endowed with an integrable connec-
tion V that is clear from the context, we shall write H*(V, £) instead of H*(V, £, V), and
likewise for similar cohomology groups.

2.3. Nearly holomorphic modular forms and the Shimura-Maass derivative

Suppose now that K = C. Hodge theory gives a canonical (real-analytic, but non-
holomorphic) splitting
Splygg 1 £ — w
of the exact sequence (2.11) over the affine modular curve Y. This map can be viewed as
a homomorphism of Oy ¢y, -modules, where Oy (c),, is the structure sheaf of real analytic
functions on Y (C). We will also denote by the same symbol the associated map [ ag—

as well as the resulting map
(2.21) SPlyag : H(Xc, (£r ® Qx)par) — H(Y(Can,w" ® Q%)

restricted to regular (i.e., holomorphic) sections over X of the sheaf (£, ® Q% )par-

DEFINITION 2.4. — The image of Sply4, is called the space of nearly holomorphic cusp
forms of weight k = r 4+ 2 on ' (V).

Nearly holomorphic cusp forms were introduced in [37]; see also [23, ch. 10] for a more
elementary description. The space of nearly holomorphic cusp forms on I'; (V) is denoted
by S2B(N;C). It is contained in the space of real analytic functions on the upper half plane
which satisfy the same transformation property under I'; (N) as (holomorphic) modular
forms of weight k. The following basic facts about nearly holomorphic modular forms, which
we recall without proof, will be useful in the sequel:

(1) The map Spl,q, of (2.21) is injective, and hence induces an isomorphism of finite-
dimensional complex vector spaces:
SPlag + H°(Xc, (7 ® Qi )par) — S (N5 ).

(Cf. equation (5a) in §10.1 of [23].)
(ii) If K is any subfield of C, the image of H%(Xx, (£ ® Q% )par) under Sply 4, yields a
natural K-structure on SP*(N;C), and is denoted by SP(N; K).

(iii) If ¢ = Splyq,(we) belongs to Shh(N; K), then Equation (2.16) allows us to write
meol(¢) € HY(Xr,w" @ QL) = S.(N: K
(2.22) wy = I8¥Y(p) + Vs,  with v (¢) (X, " @ Q%) k(N5 K),
ENS HO(XK,fT).

The modular form T4 (¢) is called the holomorphic projection of the nearly holomor-
phic modular form ¢. (Cf. equation (8a) in §10.1 of [23]; the fact that IT5°!, which is
denoted by H in loc. cit., preserves K-rational structures is stated in (8b).)
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(iv) The inverse of the Kodaira-Spencer isomorphism followed by the Gauss-Manin con-
nection gives a well-defined map

(223) 6 : HO(XK, (f'r ® Q%{)par) — HO(XKa (fr-i-? ® Q%{)par)-

This map corresponds (under the identification Sply, 4, ) to the weight k Shimura-Maass

derivative operator 0 = 5= (- + %), i.e., the following diagram commutes:

2mi

Splhdg

HO(Xx, (Lr @ QY )par) SEM(N; K)

| -
0 1 Splhag nh
HY (XK, (Lri2 ® Qx)par) Sk+2(N3K)-
This follows from a direct calculation based on the identities (in terms of the standard

complex coordinates T € # and z € C/(1,7))
dz —dz

V(2ridz) = 2mi < ) ® dr, Vdz =0, KS((2midz)®?) = 2midr.

Since nearly holomorphic modular forms are closed under taking products and under
applying the Shimura-Maass derivative, it follows that, if g € S;(N; K) and h € S,,(N; K)
are classical cusp forms with Fourier coefficients in K, then for all ¢ > 0, the product §}g x h
belongs to S3F, . (N; K). More precisely, let

(2.24) Viw, @ @n € H Xk, (Lormior—2 © Q% )par)
be the global section obtained by tensoring the sections
Viwg € H'(Xg, (Losar—2 ® Qk )par) and @ := KS™ (wp) € H (X, Lim).
Then
(2.25) 859 X h = Splyg,(Viwy ® @p).
Hodge theory gives a canonical splitting of the exact sequence (2.18):

H!, (Xc, %) = H'(Xc,w" ® Q%) & HO(Xc,w" @ Q%).

par

The Petersson scalar product (, ) of level N on S2P(N; C) is defined by the familiar rule
(2.26)
(s PO x SPVGE) — €, (nflw= [ TG AE)Y
L1(N)\H Y
where the integration is performed relative to the variable z = z + iy on any fundamental
domain in the upper-half plane $) under the action of I'y(/N). Note that this pairing is
Hermitian-linear in the first argument and C-linear in the second, in contrast with the more
customary conventions.

, dzdy
2 )

LEMMA 2.5. — Foralln € S;42(N;C), and all ¢ € S™,(N;C),
(n,6)n = (0, TR (9))v-

The equation of Lemma 2.5 gives an independent definition of the holomorphic projec-
tion, since the Petersson product is a perfect pairing on the space Si(IN; C) of cusp forms.
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2.4. Nearly overconvergent modular forms and the d operator

Recall the ordinary locus & and its system of wide open neighborhoods W, > @ that
were introduced in Section 2.2. We define

HO((Wev (Zr® Q}()par)
VHY(We, 2:) 7
where H(W., —) designates a space of rigid sections. The quotient on the right of (2.27) is

related to overconvergent cusp forms of weight & = r + 2 by noting that any rigid section
n € H(W,, (£ ® QX )par) can be written as

(2.28) n=mn+ Vs, withng € HO(We,w" ® Q%), se H(W., 7).

(2.27) H. (We, £y =

rig

This fact follows from an inductive argument based on (2.15).

Similarly as in (2.9), the spaces of overconvergent modular (cusp) forms of weight k are
(2.29) SP°(N;K) = U HY (W /K,w" ® Q) € M{°(T'1(N),K) = U HO(W./K,w").
>0 >0
It is also known (cf. [8]) that any overconvergent modular form of weight —r, viewed as
a section s € HO°(W.,w™"), admits a unique lift 5 under the projection HO(W,, £,) —
HO(W,,w™") induced by (2.14) satisfying

Viec HY(W,w" ®Q%),

and that V3 corresponds to the overconvergent modular form d™*1s, where d := qd% is
Serre’s operator sending p-adic modular forms of weight m to p-adic modular forms of
weight m + 2. (Note that the operator d does not preserve overconvergence in general, even
though d" ! maps S°¢.(N) to 525, (N).) Thanks to (2.28), Equation (2.27) can be re-written
as

HO(W,,w" Q%) SP42(N)
1 _ ’ X _ r+2
G300 il We ) = G0, 2,) 0 HO (W @ ) ~ 01525 (N)

Just as when r = 0, there is a canonical isomorphism

(231) H;ar(Xé:p’fT) = Hrlig(‘Wﬂff‘)
between the algebraic (parabolic) de Rham cohomology over C, and the rigid de Rham
cohomology. As explained in [2, §4.5], for each supersingular annulus V;, j = 1,..., s, there

is a residue map

(2.32) res: HY,(We, £,) — (HY (Y, £)V=) ~ £,.(P;) ~ (Sym” Hig(E;)) (-1),

rig
where E;/C, stands for the supersingular elliptic curve corresponding to the point Pj.
By|[2, Prop. 4.11], the image of H},,(Xc,, £») in Hp,,(X¢ , ) under the restriction map

par
consists of those classes represented by #,.-valued differential forms w on W, whose residues
at the supersingular annuli 9/, j = 1,..., s, are all zero.

Over %, the slope decomposition arising from the action of Frobenius gives a canonical
splitting

(2.33) Spl,,: ¥ —w
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of the exact sequence (2.11). This map can be viewed as a homomorphism of ©)g-modules,
where Oy is the structure sheaf of rigid analytic functions on &. We will also denote by the
same symbol the associated map #" — w", as well as the resulting map

(2.34) Sply, : |J HO(We, (£, ® QX )par) — HO(G,w" ® Q)

>0
on overconvergent sections. The image of Spl,_, is contained in the space of p-adic modular
forms of weight & = r + 2, and contains the space of overconvergent modular forms, but
is not equal to it in general, because the splitting (2.33) does not extend to a rigid analytic
splitting over any of the wide opens W.. The following definition arises naturally from our
parallel discussion of the complex-analytic setting.

DEFINITION 2.6. — The image of the map Spl,,_, in (2.34), denoted S;°°(N; C,), is called
the space of nearly overconvergent modular forms of weight k£ on I'y (V).

We refer the reader to the forthcoming work [38] of Urban, where this notion has also
been introduced independently.

Note that the weight of a nearly overconvergent modular form always belongs to Z=>2,
by definition. The following basic facts about nearly overconvergent modular forms are
analogous to those that were observed in the complex setting:

(1) The map Spl,_, of (2.34) is injective, and induces an isomorphism of p-adic Fréchet
spaces:
Spl.; U HY(We, (£, ® Q%{)par) — SN Cp)-
e>0

This is a consequence of the main theorem of [9], which asserts that the p-adic modular
form Ej is transcendental over the ring of overconvergent modular forms.

(ii) If K is any subfield of C,, the image of .., H*(W/K, (£r ® Q% )par) under Spl,_,
yields a natural K-vector space Sy °°(N; K) C Sp°°(N;Cp).

(i) Let ¢ = Spl, ,(wy) be an element of Sp°°(N;C,), where wy is a global section
of (£, ® Q% )par over some W.. Equation (2.28) then allows us to write

I3 (¢) € HOY(We,w" ® Q') = S°(N; K),

235 — TISS(¢) + Vs,  with
(235 wo=TI(6)+ Vs, wi {SGHO(WE,&)‘

The overconvergent modular form IISf(¢) of weight k and level N is called the over-
convergent projection of the nearly overconvergent modular form ¢. Note that IS¢ (¢)
is only well-defined modulo d"+1(S5°¢.(NV)), by (2.30).

(iv) If K is a field equipped with simultaneous embeddings into C and C,, then there are
natural identifications

SPlhag Spl,_,
SEB(N; K) =% HO(Xc, (£ ® Q4 )par) — SEO¢(N; K).
It follows directly from the definitions that the holomorphic and overconvergent
projections, restricted to SPB(N;K) and SP°°(N; K) respectively, take values
in Sx(N;K) and are equal (under the above identification of SP'(N;K) and
S (N K)).
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(v) The map V of (2.23) corresponds (under the identification Spl,.,) to the opera-
tord = qd% on p-adic modular forms, i.e., the following diagram commutes:

Sply., n-oc
U5>0 HO((Wey(fr(g)Q%()par) —>Sk (N,(Cp)

| )
SPlur n-oc
Ueso HO(Wer (Lo ® Dic)ps) SEES (NS Cy).
A nearly overconvergent modular form admits a g-expansion, and hence Hida’s ordinary

projector eqrq of (2.6) extends formally to the space S;°°(N;C,). The following lemma
relates this ordinary projection to the overconvergent projection IIS.

LEMMA 2.7. — Let ¢ be a nearly overconvergent modular form on T'y(N). Its image under
Hida’s ordinary projector is overconvergent, and thus classical onT'1 (N)NTo(p). More precisely,

(236) 6ord(yZS = eordH(])\;’:(QS)-
Proof. — If s is any overconvergent section of #,., then a direct calculation using the
relations (2.13) shows that
d
Spl,..(Vs) belongs to d(C, ® Oc, [[q]]) - wean ® ;q

But e,.q annihilates the image under d of any ¢-series with bounded denominators, so
(2.37) €ord (Sply,(Vs)) = 0.
Now write ¢ = Spl,_,(we), with wy a rigid section of (£, ® Q% )par over some W.. By
definition of the overconvergent projection,

we = ¢o+ Vs withgg € H'(W,,w" ® Q%) and s € H* (W, £,).

Applying the operator Spl,,_, to this last identity gives ¢ = II¢(¢)+Spl,_,(Vs). The result
now follows by applying e..q and invoking (2.37). O

Letg € S¢(N;K) and h € S,,,(N; K) be classical cusp forms defined over K, and fix
embeddings of K into C and C,,. The forms g and A can then be regarded simultaneously as
complex and overconvergent modular forms.

PROPOSITION 2.8. — For all t > 0, the modular form d'g x h belongs to S}55% . ,,(N; K)
and
eora(d'g x h) = eoralI8 (859 X h).

Proof. — Recall the global section Viw, @@, € HY(Xfe, (Lotmi2t—2®Q% )par) that was
introduced in (2.24). Since
d'g x h=8pl, . (Viwy, ®@p),  0bg x h = Splyae(Viwy @ @p),
it follows that
I37 (d'g x h) = TI%' (859 x h).
The proposition follows by applying the projector eq.q to this identity and invoking (2.36).
O
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We next turn to the case where the exponent appearing in Proposition 2.8 is strictly
negative. After replacing g by its p-depletion g[P! € S¢°(N; C,), the form d=**glPl x h (with
t > 0)is still a p-adic modular form of weight k := ¢+m—2t—2. (Cf. for instance Théoréme 5
of §2 of [36].) The following proposition shows that it is nearly overconvergent, at least in
certain cases where k > 2.

PROPOSITION 2.9. — Assumethat 0 <t < min({ —2,m —2),so thatk:={+m — 2t —2 > 2.
Then the p-adic modular form d=*~tglPl x h belongs to S2°¢(N; C,), and in particular

eora(d™ gl x B) € SPT(N;C,) € Sk(T1(N) NTy(p); Cyp).

Proof. — Setry = £ —2and r3 = m — 2. Since 1 — VU annihilates H} (W, Zy,),
it follows that the overconvergent section w; of w™ ® QL is V-exact, i.e., there exists
Gl ¢ H (W, £,,) satisfying Wolpl = VGl The g-expansion of the section G[P! can be
written down explicitly in terms of the differentials wc,, and 7.., on the Tate curve. Using
(2.13), one checks that it is equal to

T
(2.38) GPl(g) =) (-1)’;! (T?) A7 g (@)l I

§=0 J
Setr = ro +73 —t,and let f(l), . £ denote r copies of the sheaf #; over X, numbered
consecutively. If S = {i1,...,is} with 4y < is < -+ < igis any subset of {1,...,r}, we set

fs — f(il) QR ® f(is)'

Leteg := & > sex, 5gn(o)o denote the symmetrisation projector and write £s := €s £°,
viewed as a subsheaf of #° in the obvious way.

Choose now two subsets B and C of {1,...,r} of cardinalities r and r5 respectively,
whose union is equal to {1,...,7}. Such a choice is possible, since r = ro + 13 —t < ro + 3.
Put A =BnCand A={1,...,r}\ 4"

Poincaré duality on the fibers of & gives rise to a duality ¥; x 7 — Ox(—1) of sheaves.
Since the cardinality of A’ is ¢, this in turn induces a map of sheaves

(2.39) PP @ ¢ — £A(-1).

The natural inclusions #,, C £ ~ #? and #,, c £ ~ £ allow us to build certain
rigid sections of #P and (fc ® Q% )par out of G [l and wy, respectively, denoted

GP(B) € HY (W, #P),  wi(C) € HOA(W,, (£ ® Q%)par)-

Taking the tensor product of these two sections and applying (2.39) gives an overconvergent
section GIP)(B) @ wp,(C) € HY(W,, (£* @ QL )par), whose symmetrisation can be viewed
as an element €4 (GP/(B) ® wi(C)) € HO(We, (Lr—t ® U )par)- A direct calculation using
(2.38) reveals that

(2.40) Spl, ., (ea(GP(B) ® wi(0))) = (=1)tt!(d~ gl x h)wrL, <c2q> )

which implies that d='~*glPl x h belongs to S}-°¢(N;C,), as desired. O
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The sheaf ¥, equipped with the Gauss-Manin connection is an overconvergent F'-crystal
in the sense of [7, Sec. 10], i.e., the action of Frobenius on the relative de Rham cohomol-
ogy £, induces a horizontal morphism

Py et O (L) W, — (fr)l‘Wem
for suitable €, ¢’ > 0. These give rise to the Frobenius endomorphism
d, = comp;1 o®yp .o 0P ocomp,

of Hiz (X, #,), which is equal to ® when r = 0. By abuse of notation, we will continue to
write ® instead of ®,., since the context will make it clear which Frobenius endomorphism is
being referred to.

The action of ® on Hjg (Xc,, £r) induces a decomposition of its f-isotypic part, for all
ordinary modular forms f of weight k = r + 2:

Hip(Xc,, £, V) = H'(Xc,,w" ® Q%) @ Hig(Xc,, L),

where the superscript u-r denotes the unit-root subspace, i.e., the part of the cohomology on
which the Frobenius endomorphism acts with slope zero. This decomposition plays a role
somewhat analogous to that of the Hodge decomposition in the complex setting.

The following lemma generalizes Lemma 2.2 to higher weight.

LEMMA 2.10. — If ¢ = Spl, . (wg) € Sp°%(N)o is an ordinary overconvergent p-adic mod-
ular form of weight k = r+2 > 20nT'1(N), then the class of wy belongs to Hig (X, £, )®F 1.
Furthermore, the assignment ¢ — [wg] induces an isomorphism

Sr(N) =5 Hip (Xk, £0) PR L

Proof. — The Frobenius morphism & is related to the operator V' on overconvergent
modular forms of weight &k by

®(wy) = p" twyy,

as can be seen from a computation on the Tate object (G,/q%, 4) after noting that (%) = p%.

The relation between the operators U and & on cohomology (relative to the identifications
described above between differentials and weight two modular forms) is therefore given by

P = pk—IV — pk_lU_l.

If ¢ belongs to the slope zero subspace for the action of U, the class of the rigid differen-
tial wy lies in the slope k — 1 subspace of H}\, (W, £,)®*~! for the action of ®. Since  acts
with slope k/2 on the target of the residue map, the class wg automatically has vanishing
residues at the supersingular annuli when k& > 2, and the class of w, can therefore be viewed
as an element of H} (X, £,). The injectivity and surjectivity assertions in the second state-

ment follow from Cor. 6.3.1. and Prop. 6.6 of [§], just as in the proof of Lemma 2.2. O
We also record the generalisation of Prop. 2.3 for k£ > 2.
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PROPOSITION 2.11. — Let 1 be any class in Hig (XK, %)™, and let ¢ be a nearly over-
convergent modular form of weight k > 2 onT'y (N) with vanishing residues at the supersingular
annuli. Then

(n,we) = (N, Wgora), where ¢°™ := egrq .
In other words the expression (n, we) depends only on the ordinary projection of ¢, and Poincaré
duality induces a well-defined pairing

(,): Hig(Xc,, Lr)"" X e0raSp(N) — Cp.

Proof. — The Poincaré pairing of (2.19) is compatible with the Frobenius endomor-
phism ® and hence gives rise to a well-defined pairing
(2.41) ()¢ Hip (X, 20" % Hig(Xie, £,)PF — Cy(=1 - 7).

The proposition therefore follows from Lemma 2.10. O

2.5. Periods of modular forms

The newform f € Siy(Nys,xr; Ky) C Sp(Ny; Ky) generates an automorphic repre-
sentation of GL2(Ag), denoted ;. For any multiple N of Ny and any field K D Ky,
let S, (N; K)[ns] denote the f-isotypic subspace of S, (IN; K), attached to the automorphic
representation ;. The space Si(IV; K)[my] is a finite-dimensional K-vector space of di-
mension oo (N/Ny), where o¢(m) denotes as usual the number of divisors of m, and a basis
for Si(N; K)[ny] is given by
(2.42) {f(d2) = f(a")}ajnv/mvp)-

Similar remarks and notations apply to the modular forms g and h.

Fix from now on a field K D K, endowed with a complex embedding K C C.

LEMMA 2.12. — For all f € Sg(N; K)[r;] and all ¢ € Sy(N;K), the Petersson scalar
product (f, )N is a K-rational multiple of the period (f, f)n.

Proof. — Let T be the Hecke algebra of level N generated over Q by the “good”
Hecke operators T,, with ged(n, N) = 1. The eigenform f corresponds to an idempotent
es € Ty ® Ky which induces a projection of Si(N; K) onto Si(N; K)[ns]. The vector f is
orthogonal to the kernel of ey and therefore ( f,0)n = (f, erp)n depends only on the
projection of ¢ to Si(N; K)[n]. By the remark preceding Equation (2.42), it is therefore
enough to show that, for all divisors dy and dy of N/Ny,

(f(d12), f(d22))n = o(f,dv,d2) - (f, f)n, with o(f,d1,d2) € K.
If d1ds = 1, this s clear. Otherwise, let g be a prime dividing d; ds. The compatibility between
the weight & slash operator and the Petersson scalar product shows that
(2.43) (f(d12), f(d22))n = ¢ *(f(d1/q2), F(d2/q2))n, if g | dyandq|ds.
Otherwise, assume without loss of generality that ¢ divides d; but not do. We then have
(2.44)
1—k .
L (f(di/g2), f(da2))n ifq| d,
1
(£(dr2), f(do2))n = { 21D (f(d1/qz), f(d22))n
= x5 (g (f(di/q%2), f(d22))n, if ¢ | di.
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These relations imply that
(2.45)

a *o(f,d/a,d2/q) if | di and q | da;
o(f dy,dg) = T4 o(£,d, /q, dy) ifq | di and g dy;

L0l o(f,dy /g, d2) — xp(0)aFo(f,di /¢, da), if ¢* | dy and ¢ da.
Equation (2.45), together with the fact that o(f,1,1) =1 and o(f,d1,d2) = o(f,ds, d1)

make it clear (by induction on did2) that o(f,d:,d2) belongs to K for all dy,d, divid-
ing N/N;. O

The above proposition allows us to associate to any (not necessarily new) eigen-
form f € Si(N; Ky), and to any modular form ¢ € Si(N; K), a K-rational period

i o (fv ¢)N
Let
(2.46) ¥ € HO(Xc,w" ® Q) C Hin(Xc, £r)

denote the class of the anti-holomorphic form @y - (f, f )y and let 7 denote its natural
image in H!(X¢,w™") under the projection in (2.18).

COROLLARY 2.13. — The class 1y belongs to HY(Xg,,w™").

Proof. — By Lemma 2.12, for any wg € HO(XKf,gT ® QL) associated to a cusp
form ¢ € Sy (N; Ky) with K ¢-rational Fourier coefficients, we have

(2.47) My, we) = (nj}'h,w¢> = (f,9)w belongs to K.

(.f7 f)N
(Where the first occurrence of (,) designates the pairing of (2.20) induced from Poincaré
duality, with K = C.) But H'(Xg,,w™") can be characterized as the set of n € H'(X¢,w™")
satisfying (2.47) for all ¢ € Si(IN; K¢). Corollary 2.13 follows. O

2.6. Hida families

Fix a rational prime p > 2 and assume that the field K D K of the previous section is
furnished with a p-adic embedding K — C,. Let ) denote the ring of integers of the p-adic
closure of K in C,.

For every p t N write the characteristic polynomial of a Frobenius element at p acting on
the two-dimensional Galois representation over Ky ® Q, associated by Deligne to f as

(2.43) LO(£;T) = (1= ap(NT + x5 (0)p"'T) = (1= oz, T)(1 = By T),
where  is the nebentype character of f and o, and 8y, € Q are the reciprocal roots of the
polynomial L®)(f;T).

The modular form f is said to be ordinary at p if the two reciprocal roots of (2.48) can be
labelled in such a way that o, is a p-adic unit, i.e., belongs to . The modular form given
by

FPa) = f(a) = Brpf(a”)
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is called the ordinary p-stabilization of f; it has level pNV, although it is only new at the primes
dividing N, and it is again an eigenform for all the Hecke operators. To be precise,

FO N Ty = ag())FP, ve#p, FO Uy = agpf®.
SetT' =1+ pNZ, and let A = O[[I']] be the completed group ring of I". The weight space is
defined to be
Q= Spf(A)(@) = Hom@—alg(A7 @)7
which may naturally be identified with the space Hom. (T, 0™) of continuous characters
of I'. The subset of classical characters of € is defined to be

Qa={xx:= (=",  withkeZ>?}.
Given any finite flat extension Ay of A, let
Q= Spf(Af)(0) = Hom(Ay, O).
This space is endowed with a natural p-adic topology and is equipped with a natural projec-
tion
Kk:Qp—Q
to weight space induced by the inclusion A C Ay of @-algebras. A point « € Q for which

k(z) belongs to Q2 will be referred to as a classical point of ¢, and the set of all such classical
points will be denoted ¢ 1.

We will mostly work with the following definition of a Hida family of p-adic modular
forms, which is slightly more restrictive than what can sometimes be found in the literature.

DEFINITION 2.14. — Let Ny > 1 be an integer and let p be a prime not dividing N¢.
A Hida family of tame level Ny is a quadruple (A, Qy, Qg 1, f), where
(i) Ay is a finite flat extension of A;
(ii) Qy is a non-empty open subset of X := Hom(Af,C,) and Q¢ q is a p-adically dense
subset of 2y whose image under & lies in Qq;
(iii) f:=) a,q™ € Af[[g]] is a formal g-series with coefficients in Ay such that, for
all z € Q¢ 1, the power series

5= 3 (o
n=1

is the g-expansion of the ordinary p-stabilization of a normalized newform (de-
noted f,) of weight x(x) on I'1 (Ny).

The collection of { f; }zcq, ., arising from Hida theory can be thought of as a p-adically
coherent collection of eigenforms on I'; (Ny) of varying weights. In particular, the Fourier
coeficients a,,(f,) are analytic functions of  when p { n, (but not when p | n, in general).
The following theorem of Hida reveals the ubiquity of Hida families in the above sense.

THEOREM 2.15 (Hida [20]). — Let f be an ordinary newform in Si(Ny; K¢). There exist a
Hida family (Ay,Qy, Qg a, ) of tame level Ny and a classical point o € Q¢ satisfying

k(zo) = k, Jzo = [
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By shrinking Q if necessary, we can and will assume that x(z) = k (mod p — 1) for
all z € Qy; in particular the integers x(z) and k have the same parity for all classical z € Q5.

It will be also convenient, for later purposes, to dispose of a somewhat more flexible notion
of p-adic families of modular forms, interpolating classical modular forms which are not
necessarily new, or even Hecke eigenvectors; as well, it will be convenient to allow the Fourier
coefficients to belong to more general coefficients rings which are not necessarily finite over A.
This leads to the following definition:

DEFINITION 2.16. — A A-adic modular form of tame level N is a quadruple (R, Q¢, Q4.q1, @),
where
(1) R isacomplete, finitely generated (but not necessarily finite), flat extension of A;
(ii) Q4 is an open subset of Hom(R, C,) and €2 ¢ is a dense subset of 24;
(i) ¢ :=> a,q" € R[[q]] is a formal g-series with coefficients in R such that, for
all z € Q4 1, the power series

‘bg(vp) = Z an(z)q" € Cp|[q]]

n=1
is the g-expansion of a classical ordinary cusp form in Sy ;) (I'1 (V) N To(p); Cp) =

The following examples of A-adic families of modular forms are of importance in our
discussion.

1. Families of old forms. Let f € Si(Ny; Ky) be a newform of level Ny and let N be some
multiple of Ny with p t N. Let feSyN;K £)[m¢] be an element of the old class of level N
associated to f. By the remark preceding Equation (2.42), there are (unique) scalars Ay € K
indexed by the divisors of N/N; and satistying

F= >0 X flah.

d|(N/Ny)

The p-stabilization of the modular form f(q?) is the weight & specialization of the formal

g-series
f(g?) =) ang™,
n

where (Ag, Qg, Q¢ 1, f) is the Hida family of tame level Ny attached to f via Theorem 2.15.
We can then set
(2.49) f(g):= Y. Xif(¢?).

d|(N/Ny)

%

The triple (Af,Qf,Qf.a,f) is a A-adic modular form whose classical specializations are
eigenvectors for the good Hecke operators T,, with ged(n, N) = 1, and for the U operator,
but they are not new at the primes dividing N/N; and specialize to the old-form f at the
weight k point zy € Q¢ alluded to in Theorem 2.15.

2. Products of modular forms. Let (Ay,Q,,g) and (A, Q. h) be A-adic modular forms
of tame level N (for example, Hida families of eigenforms arising from Theorem 2.15 or
families of oldforms constructed as in the previous paragraph). Let Ay, := Ag ®¢ Ap, be
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the finitely generated (but not finite) A-algebra equipped with the natural diagonal embed-
ding A — A, ® A, sending the group-like element [a] € A to [a] ® [a]. Set

Qgh = Qg X Qh, Qgh,cl = Qg’d X Qh,cl-

Then the quadruple (Agp, Qgn, Qgh a1, €ord (& x h)), where the power series g x h is viewed
as an element of Agp[[g]] in the natural way, and e,q is Hida’s ordinary projection operator,
is an example of a A-adic family of modular forms with Fourier coefficients in Agy,.

3. Derivatives of modular forms. Recall the operators U, V defined in (2.4), and the differential
operator d := q%, which induces a map from p-adic modular forms of weight & to p-adic
modular forms of weight k£ + 2. Recall that

Q := Spf(A)(0) = Homg_,,(A, ©) = Hom(T, 0™)
and notice that for any n € Z such that p 1 n, the group-like element [n] gives rise to a function

[n]: Q— O

whose value at a character k € Q represented by v +— ~*, is simply [n](k) = n*.

Let g and h be A-adic families of eigenforms of tame level NV (but not necessarily new of
that level). Assume that p is a prime that does not divide V, and let a,(g) € Ay, ap(h) € Ay
denote the Hecke eigenvalues associated to the Hecke operator T,. Let

gl = (1-VU)g=(1-a,(@V+[lp'V)g=>)_au(g)
pin

be the A-adic counterpart of the modular form defined in (2.5). The spec1al1zat1on gy lof glPl
at a classical point y € €, o can either be viewed as a p-adic modular form of tame level V
asin (2.5), or as a classical modular form of level Np?. Note that g[?! is not ordinary; in fact
it lies in the kernel of the U operator. But the fact that g’ has Fourier coefficients supported
on the integers prime to p allows the formal g-series

(2.50) degl! .= Z[n]an(g)q”
pin
to be viewed as an element of A ®¢ A,[[g]]. The specialization of this g-series at a classical
point (¢,y) € Qa1 X Q4 q is simply
(d°gP) ) = d'glP).

Define Ryp, := A®pAy®¢p A, regarded as a A-algebra by mapping the group-like element
[a] € T to [a?] ® [a] ® [a], so that the map from Hom (R, Cp) = Q x 2, x ), to the weight
space sends the classical point (t,y, z) € Z2° x Qg ol X Qa1 to k(y) + £(2) + 2t.

Let d*g!?! x h denote the product of d*g!”) and h, viewed as a formal series with coef-
ficients in Rgj. Let eqra(d®g x h) denote its image under the ordinary projection operator.
The specialization of ey.q(d*gl?! x h) at (¢,y, 2) is equal to

(2.51) €ora(d°g”! x D)y . = eora(d'glP! x h{P)) = eqra(d'gl?! x h.),

where the last equality is a consequence of the following simple but extremely useful lemma:
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LeMMA 2.17. — If g and h are p-adic modular forms of tame level N, then giP! x (V' h) is in
the kernel of the U operator, and in particular

eord(g[p] x Vh)=0.
Proof. — This follows from the fact that a,, (g!”) x (V'h)) = 0 whenever p | n. O

The above discussion is summarized in the following proposition, which plays a key role
in the construction of the triple Garrett-Rankin p-adic L-function described in Chapter 4.

ProrosITION 2.18. — Let
Qgna ={(t,y,2) €Z x Qg1 X Q. a1, t>—min(k(y), k(2))}.
The quadruple
eora(d®gP) x h) := (Ryn, 2 x Qy X O, Qghcl, €ora(d®gP) x h))

is an ordinary A-adic modular form of tame level N. For all (t,y, z) € Qgp.a1, the specialization
of this family at (t,y, z) is the classical modular form (with coefficients in C,)

eord(dtg?[f’] x h;) € Sp(T1(N) NTy(p); Cp).
This specialization has algebraic Fourier coefficients (lyingin K = Ky Ky, ) whent > 0.

We conclude this section by describing the A-adic interpolation of the periods that arise
in Lemma 2.12. Write S°*4(N; R) for the space of A-adic modular forms with coefficients
in the A-algebra R. A Hida family (A, Qy, f) of eigenforms in the sense of Definition 2.14
gives rise to a subspace

SO(N; Ay = {f € S4(N;A;)  such that T,,f = a,f, forall (n, N) = 1}.

Letting A'; denote the fraction field of the integral domain Ay, the vector space Serd(N; N[
is finite-dimensional over A’; and has for basis the set {f (@) }ajv/n,) of A-adic forms.
Let f € S°"(Ny, A;) be a Hida family of ordinary eigenforms, and let f € S"4(N, A ;)[n¢]
be an associated test vector of tame level V.

Let ¢ = (R, Qy, U1, #) € S4(N; R) be a A-adic modular form, and let (z,y) € Q. X Qp.a
be a pair of points with x(z) = x(y). The specialization gzﬁg(f)) of ¢ at y € Q4 1 need not be
the p-stabilization of a classical modular form, but its projection ey, qﬁz(,p ) to the fz-1sotypic
component is the p-stabilization of a classical modular form, which shall be denoted ¢ ,,.

If R is any flat A-algebra with associated analytic space Qg = Hom(R, 0), the elements of
the ring A} ®a R can be viewed as “rational functions” on the fiber product Q5 xo Qg with
poles at finitely many z € Qf. Given J € A’ ® Rand (z,y) € Qf xq Qg, we write J(z,y)
for the value of J at (z,y), when it is defined. Let (, ) v, denote the Petersson scalar product
on modular forms attached to the group I'1 (V) N Ty (p).

LEMMA 2.19. — Forall f € Sord(N; Ap)[my] and all ¢ = (R, Qp, Vg a1, @) € SY(N; R),
there exists (a unique) J(f', ) € A} ®4a R such that, for all classical points (x,y) € Qa0 Xa, Qé,cl,

( éP)? O(ITITZ)J)NJ) _ (fx7¢x,y)N
( agp)’ ggp))Nm (fmvfac)N

where the last pairing is the Poincaré duality between H*(X¢,,w™") and H*(X¢,,w" ® Q%).

(2.52) J(E, ¢)(z,y) = = (Nfss Do)
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Proof. — Let Ty be the A-adic Hecke algebra of tame level N generated by the Hecke
operators T}, with ged(n, Np) =1 and U acting on S°*4(N;A). The Hida family f cor-
responds to an idempotent ef € Ty ®a A, which induces a projection of Sord(N; A)
to S°4(N; A})[ms]. Hence ergp is a (A, ®x R)-linear combination of the forms f (%)
with d | N/N, while the same is of course true for f. It is therefore enough to show that, for
all divisors dy and dy of N/Ny,

(£ (g™, £ (q%)) np
(fggp), fggp))N .

But the proof of Lemma 2.12 with f replaced by £ and I'1(N) by 't (N) N Ty(p) shows
that o( ;p ), d1,d3) (defined in the obvious way) is a polynomial involving the expressions
", a,(fz), 5 and qﬁ as ¢ ranges over the divisors of d;ds. Since the primes ¢ that arise
are different from p, these expressions all belong to Ay ® Q and hence the same is true

of o(f, dy,d). It follows that the expression J(f, ¢) defined by

= Q(f,dl,dg)(fﬂ), for some Q(f, dl,dg) S Af R Q.

o (ua(cp)u g/p))NP
J(E, ) (,y) == =5
(f&, 13" )N p

belongs to A’f ®a R, and the first equality in (2.52) follows. The second equality follows from
a direct calculation, and the third from the definition of ¢, and the familiar expression for
the Poincaré pairing in terms of the Petersson scalar product. Lemma 2.19 follows. O

3. Diagonal cycles and p-adic Abel-Jacobi maps

3.1. Generalised Gross-Kudla-Schoen cycles

The main aim of this section is to introduce, for each triplet (k,¢,m) of balanced
weights, a distinguished algebraic cycle Ay ., on the product of three Kuga-Sato vari-
eties fibered over the modular curve X = X;(N). When the triplet is (k,¢,m) = (2,2,2),
the cycle As o 5 is the one introduced by Gross and Kudla in [15] and studied in detail by
Gross and Schoen in [17].

Let & denote the universal elliptic curve fibered over X, as constructed in [35]. It is a
projective smooth algebraic surface defined over Q equipped with a proper regular (but not
smooth) fibration

65— X,
whose fiber &, at a point z € Y outside the finite set of cusps is the elliptic curve correspond-
ing to x under the moduli interpretation.

Fix a base point o € X (Q), say the cusp at infinity. Write « for the unique automorphism
on & extending the involution —1 on the fibers with respect to the zero section o of 7.

For any r» > 0, write §” = &1 Xx --- xx &, for the r-th fibered product of & over X.
A generic pointin & is (x; Py, . .., P,) where x € X and P; are points in the fiber &§,. Let

€oym = % Z sgn(o)o € Corr(6") ® Q

" oes,

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



808 H. DARMON AND V. ROTGER

denote the projector in which a permutation o acts on &" by permuting the factors in the
fibration 7 : &" — X. Let also

€iny = (1 _2UI> @ ® (1 _2UT> € Corr(6") ®Q

denote the idempotent in the ring of correspondences from & to itself, in which u; denotes
the involution on the j-th factor in the fibration §" — X . Write

(31) €r = €sym * €inv € COI‘I‘(@T) X Q

for the composition of the two idempotents.
Put (k,4,m) = (r1 + 2,79 + 2,73 + 2) with rg > ro > 71 > 0 and set
g2t > 0.
2
Let us now define a generalized Gross-Kudla-Schoen cycle Ay 4, of codimension r + 2 in

the (2r + 3)-dimensional variety

W=6"xE?xE
introduced in (1.1) of the introduction. We shall regard it as an element in the group
CH' (W) := Z""(W) @ Q/Z; (W) © Q

of rational equivalence classes of cycles of codimension r + 2 with coefficients in Q.

We treat the three cases (k, £, m) = (2,2,2), (2,4, £) with £ > 2, and k, £, m > 2 separately.

DEFINITION 3.1. — Assume (k, £, m) = (2,2, 2). For any non-empty subset I C {1, 2,3},
let

Xr={(P1,P,P5) e X x X xX: P,=Pjforall{i,j} CI,Pj=oforallj ¢ I}.
Then the Gross-Kudla-Schoen diagonal cycle is defined to be

Ao oo = X193 — X12 — X13 — Xoz + X1 + Xo + X3 € CH*(X; x X3 x X3).

To treat the remaining cases, choose three subsets
(32) A:{al,...,arl}, B:{bl,...,brz}, C:{cl,...,cm}
of {1,...,r} of cardinalities 71, ro and r3 respectively, such that AN BN C = &. If some
of the r; is 0, we take the corresponding subset to be the empty set. One readily checks that
such subsets exist, and that they satisfty A = BUC\BNC,B =CUA\CnN A and
C = AU B\ AN B. The choice of the triplet (A, B, C) is unique up to permutations in S..
Since the union of any two of the sets A, B, C'is equal to {1,...,r}, the maps

WYABC : & — & x &7 x 6T37 (.’17; Py, ... 7PT) = ((J}, Pai)’ (x;Pbi)7 (JI; Pcz))
(3.3)
and YBC - 6T B 6T2 X 6r37 (IE;P;[, cee 7PT) = ((x7Pb1)a (mapcl))

are closed embeddings of &" into W (and likewise for the analogous maps ¢ 4p and @ 4¢).

DEFINITION 3.2. — If (k, ¢, m) = (2,4, ¢) for some £ = r + 2 > 2, the generalized Gross-
Kudla-Schoen cycle is defined by

Dopp = (Id, €y, €ry ) (0anc(E7) — {0} X ppc(E7)) € CHT2(X x & x &").
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DerINITION 3.3. — If K, £, m > 2, the generalized Gross-Kudla-Schoen cycle is defined
by
Ak,f,m = (67‘1 s €rgy 67‘3)SDABC(6T) c CHT+2 (W)

By examining the image of these cycles by the cycle class map in each of the Kiinneth
components of the complex de Rham cohomology group HgﬁH(W/ C) of the variety W,
it follows from [2, Lemma 2.2] that the cycles Ay ; ,, we defined for each triple of balanced
weights (k, £, m) are null-homologous, that is to say:

Agom € CHP2(W)g = ker (cl : CH™ (W) — HIRH(W)).
Fix a prime pf N and
(3.4) AJ, : CH2(W)y — Fil" P2 H2r 3 (W)Y
denote the p-adic Abel-Jacobi map, as introduced e.g., in [30, (1.2)], [4].
There are several equivalent definitions of (3.4). Given that Fil"*? H35(W)V is naturally
isomorphic to the group Ext'(Q,, H3rt3(W)) of isomorphism classes of extensions of the

trivial filtered Frobenius module Q, by H35t? (W), the map AJ, sends A to the extension
class given by

(3.5) 0 ——= HIH3(W) Va Qp 0

L CldR

0 —— HEH (W) —— HIE W\ |A]) —— B (W) ——0,

where the lower row is the short excision exact sequence associated with the pair (W, A) and
the upper row is obtained from the lower by pull-back under the cycle class map clyg in de
Rham cohomology.

3.2. A formula for AJ, (A ) in terms of Coleman integration

The goal of this section is to give a p-adic analytic description of (a piece of) the functional
AJ,(Ag,e,m), involving p-adic integration of differential forms, a la Coleman.

Let (k,4,m) = (r1 + 2,72 + 2,73 + 2) with r3 > r9 > r1 > 0 be a triplet of balanced
weights and recall that we set 7 = TE7247s

Our description of AJ, (A ¢.m) rests on the p-adic analytic description of H, éR(Xc,,, £)
that was given in Sections 2.1 and 2.2. In order to keep track of the factors it will be
convenient to write X2 = X, x X3 and likewise write (X’)? = X} x X}, where X’ denotes
the affine subvariety of X fixed in Section 2.1. By Proposition 2.1 and Equation (2.31) we
have

HéR(le sz) ® Hc}R(X/’ frs) = Hrlig((Wﬁﬂ frz) ® Hl (W€7 2?7‘3)'

rig
We fix a choice of lift of Frobenius to W, x W, by setting ® := ®5 x &3, where 5 and P3
denote the canonical lift of the Frobenius endomorphism on W, described in (2.8), viewed
as acting on the first and second factors of X5 x X3 respectively. This choice yields a linear

transformation

D =Py R P3: Qiig(WG,fm) QL (We, Lry) — QL

rig rig

(We, Zr2) ® Quig(We, Zry)

rig
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and induces an endomorphism of Hy (We, £r,) ® HY (W, £r,) which we denote with the

same letter. View £,, ® £,, as a sheaf on X x X. The Gauss-Manin connection on £,., and
on ¥,, gives rise to a connection

v:fr2®f'r2 —>Z)T2®fT3®Q§(XX

on sheaves on X x X, denoted again by V by abuse of notation, and defined on sections by
the rule
V(s2 ® s3) = V(s2) ® 83 + $2 ® V(s3).
Given a class
w2 ®ws € HO(X7 Q,lX ® ﬂm) ® HO(Xa Q_lX ®Qr3)
= Fil"" """ (Hip (X, £,,) © Hip(X, Z0,))
c Hrlig((Wﬁ’ Z)7"2) ® Hrlig((M/ﬂ fT3) C Hﬁg(wé X (Wev frz ® Z/)T3)7
choose a polynomial P € C,[z] satisfying
(i) P(®) = P(®,®3) annihilates the class of wy ® wy in HA (We x We, £r, @ Lpy).
(ii) For each supersingular annulus 9, 5 = 1,...,s, P(®) annihilates the target of the
residue map (2.32), namely (Sym” H]g (E;))(—1).
(iii) None of the roots of P(xz) are of complex absolute value pT2+;3+1 .

The existence of such a polynomial follows from the fact that the eigenvalues of the geo-
metric Frobenius ® acting on H}y (Xc,, £;) (resp. on (Sym” Hjg (E;))(—1)) are algebraic
numbers with complex absolute value p% (resp. pTT“), and hence a polynomial P satisfy-
ing (1) and (ii) can be chosen so that all its roots have complex absolute value either p Frbpat
or p%; such a choice of P automatically satisfies (iii) because the triplet of weights is as-

sumed throughout to be balanced.

See the discussion right after Proposition 3.7 below for a justification of the need of
conditions (ii) and (iii). As for (i), note that a direct consequence of it is the existence of a
rigid analytic primitive of P(®)(ws A w3), as we quote in the following statement.

LEMMA 3.4. — There exist areal e > 0 and an £, ® £,,-valued rigid one-form p(P,ws,ws)
on We x We satisfying

(3.6) Vp(P,wa,ws) = P(®)(w2 A ws).
This one-form is well-defined up to rigid V-closed one-forms on W, x W..

Recall the base point o € X that was chosen to define the cycle A, 5 5. This choice of base
point determines the horizontal and vertical inclusions

3.7 tg: X=X x{o} =X xX, t3: X ={o} x X — X x X.
Let
(38) L23ZX‘—>XXX

denote the diagonal morphism. By abuse of notation, we will denote by the same symbols
the resulting maps

Lo, 13,093 : X — X' x X', Lo, t3,t03 1 We — We x We.
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Finally write
Py 1= Ly — 15 — 13 Qlﬂg((l/l/6 x W) — QY (We)

for the maps obtained by combining the pullbacks of these three morphisms.

LEMMA 3.5. — The map H}Y,

(We x We) — HE (We) induced by @5y is the zero map.
Proof. — This is a direct consequence of the following two facts:
1. The map
¢35 : Hip (X3 x X3/Qp) — Hir(X'/Qp)
is 0. This can be checked by choosing a complex embedding of @, and noting that the
map ¢o3 : H1(X'/C) — Hy (X} x X% /C) vanishes, using topological methods.
2. There is a commutative diagram

o
Hip (X3 x X3/Qp) = Hp(X'/Qp)

comp, comp,

*
P23

Hrlig(ws X WE/QP) - Hrlig((wﬁ/QP)‘ U

To formulate the counterpart of Lemma 3.5 for general weights (k, £, m), recall the sub-
sets A, Band C of {1,...,r} of cardinalities r1, o and r5 > 0 that were chosen in §3.1, and
denote by A’, B’ and C’ their respective complements. Note that

A =BnC, B=AnC and C =ANB.
Recall also the diagonal inclusions
oapc: 6 — E'x E?xE® and ppe & — £ x 57

introduced in (3.3). As in (2.39), the map ¢ ¢ together with Poincaré duality on the fibers
of the projection &" — & induced by A, give rise to a pullback operation on sheaves
(3.9) Ly @ Lrg — La(—t)
where ¢ := |A’| = r — ry satisfies k = ¢ + m — 2 — 2¢. We hence obtain a map
©a,80 * Qig(We X We, L1y ® Lry) — Quig(We, La(-1)).
Set

5 if (k, ¢ = (2,2,2),
(3.10) o = {‘923 if (k,£,m) = (2,2,2)

©% go otherwise.

COROLLARY 3.6. — If o0 € QY (W x W, Ly, ® £r,) is V-closed, then ¢* (o) is V-exact
on W..

Proof. — If (r1,72,73) = (0,0,0), this is just Lemma 3.5. If 3,72 > 0, by the Kiinneth
decomposition we have
H&R(X/ X le Z)Tz ® f?“a) = HéR(le f?“z) ® HgR(le fTs)
@ H((i)R(le f?‘z) ® H;R(le 2?73),
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and these modules vanish because the sheaves ¥, and ¥, have no global horizontal sections
(cf. [2, Lemma 2.1]). In light of (2.31) we deduce that in fact ¢ is already exact, and a fortiori
so is p* (o). O

PRrROPOSITION 3.7. — The element

£(P,ws,ws) := class of ¢*p(P,ws,ws3) in HY (We, La(—t))

rig
does not depend on the choice of rigid differential p(P,wa,ws) satisfying (3.6) of Lemma 3.4
and has vanishing annular residues. In particular, £(P, w2, ws) belongs to Hip (X, £ a(—t)).

Proof. — The first assertion is a direct consequence of Corollary 3.6. In light of (2.32) and
the discussion following it, the second assertion follows the condition (ii) satisfied by P. [

The Frobenius endomorphism @ acts on Hjg (X, #(—t)) with eigenvalues of complex
absolute value \/§1+T2+”. Therefore, since the roots of P have absolute value either p™+! or
VP Tt | the endomorphism P(®) acts invertibly on H (X, £4(—t)). In particular, for
allm € Hig (X, £4(—t)), the class P(®)~'n is well-defined. Furthermore, the class

(3.11) £(wa,ws) == P(®)"LE(P,wy,w3) € HL (We, La(—t))

rig

does not depend on the choice of polynomial P. More precisely, replacing P by a polyno-
mial PQ satisfying the conditions before the statement of Lemma 3.4, one sees that

p(PQ,Wg,CUg) = Q((D)p(Pv (.U2,(.U3), g(PQ,(.U2,UJ3) = Q(¢)£(Pa LUQ,W{}).

We will now describe (part of) the image of the generalized Gross-Kudla-Schoen cy-
cle Ay ¢,m under the p-adic Abel-Jacobi map. More precisely, we will describe the restriction
of the functional AJ,(Ag. ¢ m) to the summand

(3.12) Hip(X, 2,,) ® H'(X,w™ @ Q%) ® H'(X,w™ ® Q%) C Hig (W),

where the inclusion arises from the Kiinneth decomposition as in (1.5).

Let ta4: &% — &™ denote the natural isomorphism between the varieties &% :=
Gay Xx X+t Xx Gq, and &, giving rise to an isomorphism of sheaves between £,
and £4.

THEOREM 3.8. — Let n ® wy ® ws be any class in (3.12). Then
(3.13) AJp(Ake,m) (N ® we @ waz) = (147, {(wa, w3)),
where
(,): Hip(X, £a) x Hig(X, La(~t)) — Cp(=1—1)
arises from Poincaré duality.
REMARK 3.9. — The reader mainly interested in the case (k, ¢, m) = (2,2,2) will notice

that Theorem 3.8 asserts that the image of the Gross-Kudla-Schoen cycle Az 5 o in X 3 under
the p-adic Abel-Jacobi map satisfies

(3.14) AJp(A222)(n ®@ w2 ®w3) = (1, {(wa, w3)),

where (, ) is the usual Poincaré duality pairing on Hjp (X).
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3.3. Proof of the formula: Besser’s finite polynomial cohomology

The goal of this section is proving Theorem 3.8, and to do that we first set some notation.
Let V be a smooth, proper, irreducible variety of dimension d over Q, which admits a smooth
proper, flat model 9 over Z,,. There are syntomic and finite polynomial cohomology groups

Hgy (V,m) © Hip (V)

for every i,n > 0 (cf.e.g.,[4] and the references therein). These groups are related to
the p-adic de Rham cohomology of V' by the following diagram (cf. [4, Prop. 2.5 (1-2))):

(3.15) 0 —— HiZ\(V)/Fil"HiG (V) —2 Hi (Y, n) —2% Fil" Hip (V)

syn

0 —— HFHV)/FI"H'Z (V) i Hi (V,n) —=TFil"H}p (V) —=0,

Pfp

in which the rows are exact. In addition there are compatible cycle class maps

clgp
. Clsyn ; . 1 -
CH'(V) —— HZ, (Vi) —— H(V,1)
| |
Pfp
CH'(V) Fil' B3 (V)

which give rise (by the formalism of e.g., [30, (1.2)]) to the p-adic Abel-Jacobi maps
(3.16)
AJ, : CH'(V)g — ker(peyn) = H2i H(V)/Fil' (H2H(V)) ~ Fil4 1 g24=2 1 (y)Y

that we already introduced in (3.4). Besides the definition of AJ,, given in (3.5), Besser proved
in [4, Theorem 1,2] that the p-adic Abel-Jacobi map may be expressed purely in terms of
Coleman integration.

Namely, let A = 3" a;A; be a representative of a class in CH*(9/)o, with a; € Q and A;
irreducible, smooth proper subschemes of 9 over Z,,. Besser showed that AJ,, sends the null-
homological cycle A to the functional

(3.17) AJ,(A): Fild7i+1H§§_2i+1(V) — Qp, w+— / w = Z a;jtr(e;(©)),
A
where @ € H?pd_Q”l((V,d — i+ 1) is a lift of w under the map pg, appearing in (3.15),
tj : Aj — ¥ is the natural inclusion and
tr: Hpd 724N (A, d—i+1) = Q,

is the canonical trace isomorphism ([4, Prop. 2.5 (4)]).

It is Besser’s Formula (3.17) which we shall apply in order to prove Theorem 3.8. As a final
piece of notation, let

(3.18) (p : Hyp(Vyn) x HEH'7H( Y, d+1-n) — @,
denote the cup product in finite polynomial cohomology described in [4, Prop. 2.5 (4)].
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We first focus in the particular case (k, ¢, m) = (2,2, 2). Set
QAR « = L23,dR,x — L2,dR,x — L3,dR« ¢ Hig(X) — Fil' Hig (X?),
Pip 1= 123,0p+ — L2yt — Lt ¢ Hip(X,0) — HE(X%,1)

to be the maps induced by push-forward by the three embeddings ¢o, t3, to3 introduced in
(3.7) and (3.8) on de Rham and finite polynomial cohomology, respectively.

By [4, Proposition 2.5 (1) and Lemma 5.1], there is a commutative diagram

i1 P1

(3.19) 0 H (X,0) Hip (X) 0
‘/ ‘pr,*t SOdR,*L
2 2 i X
0 Fiﬁ%(:ix)?) - Hf?;(%2’ 1) - FﬂngR(XQ) —0

with exact rows arising from (3.15).
Let7j € Hflp(%, 0) be a preimage of  under p; and @y, @3 € Hflp(%, 1) be preimages of wo
and w3 respectively, so that @, ® @3 is a preimage in pr(%2, 2) of wy ® w3 € Fi?Hg (X?).

LemMA 3.10. — The following equality holds in Qp:
(clip(Agy2,2), 1 @ D2 ® D3)fp = (Prp (1), W2 ® W3)p-

Proof. — The class of the cycle X123 — X190 — X13 — KXoz + X1 + X5 + X3 is an integral,
smooth proper model of Ag 5 5 in CHQ(%3)O. Hence

(clip(D222), 7 @ 2 ® B3)ep = — Y (—1)trg (17 (77 @ @2 @ @3))
I

where I ranges through the seven non-empty subsets of {1,2, 3} and try : Hf3p(96, 2) = Q,
is Besser’s trace isomorphism. For I = 123, 12 and 13, it follows from the very definitions
that the above traces may be recast as the cup-products

troy(L123(7 ® @2 ® W3)) = (7], (D2 ® W3) w0, )1
tro(L12(7 ® W2 @ @3)) = (7], (L2 ® @3) 0, )1
tro(115(7 ® W2 ®@ @3)) = (7], (D2 ® @3) 95 )1p
on X, while try (¢} (7 ® &2 ® @3)) vanishes for the remaining four choices of I.

On the other hand, the push-forward map ¢, . is dual under cup-product (3.18) to the
pull-back homomorphism ¢}, = 155 ¢ — t5 ) — 455+ H2,(X*,2) — H2 (¥, 2), and hence

(ptp +(77), 02 ® W3)p = (7, (W2 ® W3)|Az5)p — (7, (D2 @ D3) 905 ) tp — (7], (D2 ® @3)) 9, ) tp-

This proves the lemma. O

Lemma 3.10 combined with (3.17) yields

(3.20) AJP(A27272)(77 ®ws ®ws) = <90fp «(7), 02 ® ‘D3>fp-

4¢ SERIE - TOME 47 - 2014 - N° 4



A p-ADIC GROSS-ZAGIER FORMULA FOR DIAGONAL CYCLES 815

By the functoriality of [4, (8)], there is another commutative diagram with exact rows

(3.21) 0——= Hl (X?) — = H2(%?,2) —> = Fil’H%, (X%) —= 0
dR fp dR

Pir L Pip J/ PaR

0 ——= Hlp(X) — = H2(¥,2) —— Fil?H2; (X) = 0.
In light of [4, Def. 2.2 and Eq. (6)], a pair
(a, B) € QL (W?) @ Fil2H3, (X?) = QL (W) ® Q*(X?)

rig rig
satisfying da = P(®)(3) gives rise to a class in pr(%2, 2). Since the map p of the upper row
of (3.21) is the projection [« 3] — [B] to the second factor, the class @y ® w3 in pr(%z, 2)

may be represented by the pair
(p, w2 ® w3) € QL (W?) & Q2(X?),

rig
where p := p(P,ws,ws) is as in Lemma 3.4. Since Fil> H3; (X) = 0, the class P (02 ® @3)
has a preimage in H} (X) under the map i of the lower row of (3.21). Such preimage is the
class of £ := £(wo,ws3) € Hig(X), as
(3.22) i(€) = [P(®)E,0] = [¢"p,0] = pp, (@2 ® ©3) € Hi, (X, 2).
From this we find, as desired, that

(i «(71), 02 ® W3)p = (7], Py (W2 ® W3))p = (7], 1(E)) o = (1, E),

where the first equality follows from the functoriality of the cup product, the second is (3.22)
and the third is a direct consequence of [4, (14)].

This concludes the proof of Theorem 3.8 in the case where all three weights are equal to 2.
We turn now to show how a similar approach yields Theorem 3.8 in the remaining cases, that
is to say, when either (rq,72,73) = (0,7,7) with r > 0 or (r1,7r2,73) Withrg > ro > 7r; >0
and rs < rq + 9.

By a slight abuse of notation, let us still denote W the base change of the triple
product ™ x & x & to Q,, which recall has dimension ry + 72 +r3 + 3 = 2r + 3.

Letn € Hiz(X, £,,) C HixM' (&™) and

wy € Hip(X,w™ ® Q%) C Rl T HRT(E?), ws € Hip(X,w™ @ Q%) C Fil» M HEH(£7)

be classes as in (3.12), which we may interchangeably regard either as #,.,-valued 1-forms
on X or as (r; + 1)-forms on &*. We thus have

n®w, @ws € FII=T 203 (X3 £, ® £, ® £,,) C Fil» T2 23 (W),

Denote € the canonical integral, smooth and proper model of & over Z,. Let

i€ HOTH@™, —t), @y € H2TH(€2,ry +1) and @3 € HE* ™ (€7, r3 +1)
be, respectively, lifts of 7, wy and w3 in finite polynomial cohomology, and write Q@@ Qw3 €
HE 3 (W, r + 2) for their tensor product.

Similarly as for g and wapc, write pa : & — &, (z; P1, ..., Py) = (2; Pay, - .., Pa,,)
for the natural projection induced by the choice of the subset A of {1,...,r}.
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LeEmMA 3.11. — We have
(3.23) AJp(Agem)(n ® wa ® w3) = (Pl 1,(7); PBCH (@2 @ D3)) € fp-

Proof. — Cycle Ay, is a linear combination -, a;A;, where a; € Q and A; are
irreducible subvarieties of W, all of which are the image of & under a closed embed-
ding ¢; : & — W; see Definitions 3.2 and 3.3 for more details. These embeddings lift in a
natural way to proper maps ¢; : € <— W, and > a;¢,;(€") is thus a representative of Ay ¢ m,
in CH™2(W),.

By Besser’s Formula (3.17),

(3.24)
ATy (Dkem) (1 ® w2 @ ws) = (cli (A em), 71 ® @2 ® B3)gp = D ajtre (1] (7 @ D2 ® 3)).
J

If £k =2 (and thus £ = m > 3), according to Definition 3.2 then half of the terms in
the above sum correspond to the image of {0} x ppc(&") under some automorphism
of §™ x & x & that acts as the identity on the copy of . Here o is some choice of a
base pointin ™. For such embeddings, it follows that ¢} (7 ® @2 ® &3)) vanishes, and hence
those terms do not contribute to the sum in (3.24).

In view of this and Definition 3.3, for any balanced triple (k, £,m) # (2,2, 2) we conclude
that AJ,(Ak ¢.m)(n ® wa ® ws) is equal to a linear combination of the form

(3.25) D oy asastrer (Ppe 0 (01 ® 02 ® 03)" (7 ® Gy ® 3))

where «; are automorphisms of €™ for ¢ = 1,2, 3 and the scalars a, «,,q, are each equal
to :I:% for some n > 0. We refer to §3.1 for the explicit description of the automorphisms «;
that intervene here; all of them satisfy o} (¥) = +& € H[Ij+1 (&7, ) for the classes in play, so
that trer (0 goo (1 ®as @ a3)* (TR W2 ®W3)) = *trer (@l po (MO W2 ®W3)). Itis a simple
combinatorial exercise to check that the terms in (3.25) sum up to tre- (9% g g, (T®W2 OW3)).

By Besser’s definitions of trace and cup-product in finite polynomial cohomology, it

directly follows that trer (9% po g, (1 ® @2 ® @3)) = (074 1, (1), o gp (P2 ® D3))ergp. O

The class ¢ gp (w2 ® w3) in de Rham cohomology vanishes, because it lies in e Hpt s 2(87)
and the idempotent €, annihilates H: gR(ér) for all j # r + 1; note that indeed ro + 7o +2 #r + 1
because the triplet (k, £, m) is balanced. Hence the pair (¢ (p(P, ws,ws)),0) is a represen-
tative of 93 ¢, (@2 ® @3) in finite polynomial cohomology.

It follows exactly as in (3.22) that P(®) ¢k (p(P,w2,ws)) is a preimage of the class
©Bc.p(@2 ® W3) under Besser’s map

i HE et (&) /R (HE et (ET)) — Hptt2(€7,ry + 13 + 2).
It thus again follows that
(326) (¢l (M), PO (@2 ® D3)) 6o = (Pa.ar (M), P(®) " 0o (p(P, w2, w3))) 6 ar-

Pulling back under the natural immersion ™ < &" induced by A, we obtain that the
right-hand side of (3.26) equals

(L’A%P(q))_lf(Py w2, ws3)) g dR = (Lan, &(wa,w3)) g JdR-

Theorem 3.8 follows.
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3.4. A formula for AJ,(Ayg ¢.) in terms of p-adic modular forms

Let g and h denote modular forms of weights £ = ry + 2 and m = r3 + 2, respectively,
on I'; (N). For the calculations of this section, it is only necessary to assume that g and h are
eigenvectors for the Hecke operator T,; in particular it will not be assumed that they are new
of level N. Let oy and 3, be the roots of the Hasse polynomial 22 — a,(g)x + x4 (p)p*~! for g
at p, ordered in such a way that ord,(ay) < ord,(f8y), and let

(3.27) 9o =9—BVy, gs=9—04Vy
denote the respective p-stabilizations, on which the U, operator acts with eigenvalue «y
and f, respectively. Similar notational conventions are adopted for h. Note that with these
conventions, when g is ordinary then g, is the ordinary p-stabilization of g that was previ-
ously denoted ¢, but that no ordinariness assumption on g or  is made in this section.
Let f denote a modular form of weight k£ = r; + 2 on I'; (V) which is an eigenvector for
all the good Hecke operators, and is ordinary at p (but is not necessarily new of level N) and
letny™ € Hgar(X@p, £y )" be the unique lift to the unit root subspace of the cohomology
class in H (X . w~ ") attached to f as in Corollary 2.13. Recall that e,,q denotes Hida’s
ordinary projector. Let ey~ denote the commuting idempotent in the Hecke algebra giving
the projection onto the f*-isotypic part, where f* is the modular form which is dual to f,
obtained by applying complex conjugation to the Fourier coefficients of f, and set

€fx,ord = €f*€ord-

The goal of the next two theorems is to give an explicit expression for the class &(wg, wp,) €
Hin (X, #,,) that appears in Theorem 3.8, or rather, its image under e+ 4.

Theorem 3.12 below treats the setting where £ = ¢ = m = 2, in which the cycle A 5 5 is
simply the Gross-Kudla-Schoen modified diagonal on X (IV)3. This setting is notationally
simpler and therefore easier to follow, but already brings out the key ideas needed to handle
the general case, which will then be treated in Theorem 3.13.

THEOREM 3.12. — Suppose that k = £ =m = 2, so that §(wg,wp) can be viewed as an
overconvergent modular form of weight 2. The ordinary projection e+ ora(&(wg,wp)) is equal
to the classical modular form

61(f)

ermona(€lweon) = ~z07 0
where &1(f) and &(f, g, h) are defined as in Theorem 1.3 of the introduction.

ef*,ord(d_lg[p] X h)a

Proof. — Let
Py(z) =1—ay(9)p 'z + xo(P)p~'2” = (1 — agp™'2)(1 — Bep~ '),
Pu(z) =1 —ap(h)p~ 'z + xn(p)p~'2? = (1 — anp™'2)(1 - Bup~'z)
denote the Hasse polynomials attached to the forms g and h, and set
Pyn(w) = (1 = aganp™?2)(1 = agfrp~?2)(1 = Byanp™*x)(1 = ByBrp~>a),
Poo(z) = (1 — ayanp™2x) "' Pyp(z), Pos(z) = (1 — ayBnp 2x) ' Py (),
Ppa(z) = (1 = Bganp™ ) ' Pyn(@),  Ppp(z) = (1 = Bybup™?z) " Pyn(2).
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Recall that &5 and &3 denote the canonical lift & of Frobenius operating on the Hasse
domains, viewed as contained in the second and third factors respectively of the three-fold
of X1 (N)3. The operator @ is related to the V operator on (nearly) overconvergent p-adic
modular forms of weight two by the rule ® = pV. After writing &3 = pV; and &3 = pV3,
the operator ® := ®,®3 = p2V, V3 corresponds to the the canonical lift of Frobenius acting

on Q2 (W, x W.).

rig
The operators P,(®;) and Py, (®3) annihilate the classes of wy and wy, in HJj,

precisely, as in (2.10),

(3.28) Py(®2)wg = (1 — ay(9)Va + x,()pV5)g(a) = 9 (q) = dGW,

Py(®3)wn = (1 — ap(h)Vs + xa(p)pVi)h(q) = hP(g) = dHW),

where GIP! and HP! € ©),,_are given by

h)
GPPl(g) = d~1glP! = an(9) n Plg) = g—1plpl — i n.
() =dg" =3 ="q",  HP(g)=d "W =3 ==y
pin pin
These primitives are overconvergent modular forms of level N and weight 0. Note that they
have been normalized so that they vanish at the cusp co.

Equation (3.28) indicates that P,,(®,®3) annihilates the class of the rigid differen-
tial wywy, in H25 (X1(N)?) . Hence, there is a rigid one-form p(P,p, wy, wy,) satisfying
(3.29) dp(Pyh,wg,wp) = Pyp(P2®s3)wyws,.

To describe p(Pyp, wy, wp) more explicitly, we exploit the identities

9= (ag — ﬂg)_l(aggoc — B498), h = (an - ﬂh)_l(ahhoc — Brhg)
expressing g and h as linear combinations of the stabilizations appearing in (3.27). This leads
to an expression for the right-hand side of (3.29) as a sum of four contributions:

(We). More

Pgh(<I>2<I>3)wgwh =0p0 — eag — eﬁa + 9@3,
where 0, is the rigid two-form on W, x W, (for a suitable ¢ > 0 given by
0o, = agathh((p2q)3)(ga ® ha)

(ag = Bg)(an — Br)

_ agahpaa(q)Qq)?))(]- - agah‘/QVé)(ga ® ha)

(3.30) = )
(ag - ﬁg)(ah - /Bh)

and 6, (resp. 83, and 03,) is defined in the identical way, after replacing (o, o) by (ag, Or)
(resp. (Bg, an), (By, Br).) We next observe that

1
(1 = aganV2Vs)(ga ® ha) = 5 (1 = agV2)(1 + anVs) + (1 + agV2)(1 — anV3)) ga ® ha

(3.31) = % (g[p] ® (14 anVa)ha + (1 + agVa)ga ® h[pl) .
It follows from (3.30) and (3.31), together with the fact that d® = ®d, that
(3.32) Ouo = dpoas

where

g Paa(®2®s3) (GP'® (1 + anVz)ha — (1 + ayVa)gs ® HP))

(333)  paa= 2(0rg — By)(an — Bn)
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The rigid one-forms pag, pga, and pgp are defined similarly, after replacing (o, cup,) as before
by (ag,Br), (Bg, an), and (By, Br) respectively, and the differential one-form p(Pyp,, wy, wp,)
of (3.29) can be chosen to be
P(Pgha‘*’ngh) = Paa — PaB — PBa T PBB-

Let nas €08, €8a> and €z denote the pullbacks to the modified diagonal of the one-
forms paa, Pass> PBas and pgg, so that for example

gy Poo () (G[p] X (1+apV)he — (14 a4V )ga X H[p])

2(ag — Bg)(an — Bn)

(W.)) with eigenvalue pa;} = By, and hence,

(3.34) faa =

The Frobenius operator ® acts on e« orq (H, rlig
by Lemma 2.17,

s+ ord ((Paa(@) (G (1 + a1 V)ha)) = Pac(Bp)es- ora(G7R),

7 oxa (Poa(@)(1+agV)ga H) ) = Puc(By)es cra(gH).
Invoking Lemma 2.17 once again, we find
ef*,ord(gH[p]) = 6f*,Ord(g[p]‘ler[p]) = _ef*,ord(G[p]h[p]) = _ef*,ord(G[p]h)y

where the second equality follows by noting that glP! HPl + GPPIplPl = q(GPI HIP)) is exact
and invoking the fact that exact rigid differentials are in the kernel of the ordinary projection.
Hence applying the projector ef- orq to (3.34) gives

(07 ahPaa(/Bf)
3.35 ef ord(aa) = ——2 e s+ ord(GPh).
(3:33) sronallac) = =10 "5 Yan — gy /o (G
The definition of £(wg, wp,) given in (3.11) therefore implies that
(336) ef*,ord(g(wgawh)) = g(lya - féxﬁ - 52304 + g;},@a

where

AgOp,
g =— g €f+ or GIPlp),
“ = oy~ By)lan — A1~ aganBp2) G
and likewise for the other three contributions to es« orq(€(wg,wp)). A direct calculation

reveals that

’ / Qg
o =80 = Ty = By )(1— agenByp 21— g Bufyp )
5/ _ 5/ _ ﬂg
o 208 (g — By) (1 = ByanBsp=2) (1 — ByBrBrp~2)
Subtracting these two equations and invoking (3.36) gives
(1=xs(p)~'B7p7?)
&(f,9,h)

as was to be shown. O

ef* 7ord(C';’[p]h)?

ef+ora(GPIR).

ef*,ord(g(wgawh)) = - Ef*’ord(dilg[p] X h),

We now turn to the case of general weights (k, £, m). Before stating the result, recall that
the triple of weights (k, £, m) is still assumed to be balanced, and that, following notations
similar to those in the proof of Proposition 2.9, we have set

k=f+m—2-2t, witht >0, c=(k+L+m—2)/2,
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so that £(w,,wp,) corresponds to a class in H}g (X, £, (—1)).

THEOREM 3.13. — The projection e g+ ora(§(wg, wy)) is represented by the classical modular
form

—1)t . ¢41.
ef*,ord(g(wwwh)) = _Wef*,ord(d_l_tg[p] X h)7

where &1(f) and &(f, g, h) are defined as in Theorem 1.3 of the introduction.
Proof. — Let w, and wy, be the global sections of w™ ® Q% and of w™ ® Q% over
X = X1(N) attached to g and h respectively. Since these sections are algebraic, they can

also be viewed as £, and £,,-valued rigid differentials on W /C,, for any € > 0. Modifying
slightly the definitions of the weight two setting, we define

Py(z) = (1—agp " la)(1-Fep~ " 'z),  Pu(z) = (1—anp " l2)(1—Bup ™" ).
The operators P, (®;) and P,(®3) annihilate the classes of wg and wy, in HY, (W, £,,) and
Hrlig(%/67 £,,) respectively, and in terms of g-expansions,
Py(®2)(wg) = (1= agVo)(1 = By Vo)g = g,
Py (®3)(wn) = (1= anVs)(1 — BVs)g = AP,
Let Gl and HP! denote the overconvergent sections of #,., and £, satisfying
valrl = Wyl vHP = Whiel

The g-expansions of these sections are given in Equation (2.38) of Section 2.4, i.e.,

(3.37) GlPl(q) = (—1)75! <Tj)d—1—jg“’] (@)W N,
j=0

(3.38) HPl(q) = (-1)75! <T;’)d”h“’] (@)W Nl -
j=0

As in the weight two setting, we let
Pgh(CIJ) = (1 — O‘gahp_”_”’_Qz)(l _ aglghp—r2—7‘3—2x)(1 _ I@gahp—rg—rg—Zm)
X(1 = ByBup~ """ 2x).

Just as before, the operator Py, (®2®3) annihilates the class of wy, ® wy, in the hypercoho-
mology group H3p (X1(N)?, £, ® £,,), so there is a rigid £,, ® £,,-valued one-form
p(Pyh,wq,wp) on We x W satisfying

(3.39) Vp(Pyn,wg,wn) = Pyn(P2P3)wyws.

The same manipulations as in the weight two case allow us to express p(Pyp, wg, wp) as a
sum of four contributions:

P(Pgh,Wg; Wh) = Paa = Pap — PBa + PBA:
where for instance
_ agapPoo(P2P3) (Gl ® (1 + apVs)wn, — (1 + ayVa)w,, ® HP))
S 2(ay — By)(an = Br) ’
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just as in Equations (3.32) and (3.33). Let {na, £ag. £3a. and £z denote the pullbacks to
the generalized diagonal cycle & of the one-forms paas, Pas, Pgas and pgs via the map ¢ pc,
viewed as overconvergent sections of £ 4(—t) ® Q! on W.. Write

€oa’ = Splur(baa), oo = H¥ (€0a°),
for the nearly overconvergent and overconvergent modular forms attached to &,,,. By Equa-
tion (2.35) defining IIS¢, the elements £, and £2¢, have the same image in cohomology, and
therefore the following equality holds in H}g (X, £, (—t)):
g(Pgh’wwwh) = ggfx - ggcﬁ - é-g?x + 53%

Applying ef+ o4 to this equation and invoking Lemma 2.7 gives

ef+,ord(§(Pghs wg, wn)) = €5+ ,0ra (600 — E65° — € + 855 °);
and the same argument as in the proof of Proposition 2.9 (cf. in particular Equation (2.40))
shows that
(3.40) £no¢ = 0ty Poo(®) (a7l x (1 + apV)ha — (1 + agV)ga x d~17thlP))

. o 2(ag — Byg)(an — Bn) '
By exactly the same reasoning used to obtain (3.35) in the weight two case, and using the fact
that ® acts on ey ora(Hig (X, £y, (—t))) with cigenvalue pm +1+ta ! = B;p’, we find after
applying the projector e o,q to (3.40) that

n—oc) (_1)t -t agahPaa(ﬁfpt)

3.41 €feor =— epe ora(d gl x B).
( ) f*, d(é-aoc (ag — ﬁg)(ah — ﬁh) f*, d( g )
It now follows from (3.11) that
(3.42) eford(§(Wg, wn)) = oo — €ap — & T &5
where ,
—1)%%!
g(/xa = - ( ) tagah ef*,ord(d_l_tg[p] X h),

(ag = Bg)(an = Bn)(1 — aganfBsp=)
and likewise for the other three contributions to ef« orq(€(wg, wp)). The result now follows
from a simple direct calculation, as in the conclusion of the proof of Theorem 3.12. O

We can now conclude this section with a (partial) formula for the image of the generalized
Gross-Kudla Schoen cycle Ay, 4, under the p-adic Abel-Jacobi map.

THEOREM 3.14. — With notations as in the statement of Theorems 3.12 and 3.13,

r t- & 1o
AJp(Ak,em)(Nf T wgwn) = (-UtﬂJ(n‘} ,d717tglPl s py,

&(f,9,h)
Jorallnf™ € Hig (X, £,,)" ).

Proof. — Assume first that (k,£,m) = (2,2,2). By Proposition 2.3, the class n}™ is
orthogonal to the kernel of e ¢+ ,q, and hence

(" €wg,wn) = (0f " €5 ora (g, 01))-

Theorem 3.14 therefore follows from Theorem 3.12. The case of general weights (k, ¢, m)
follows from an identical argument using Theorem 3.13 instead of Theorem 3.12. O
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4. Garrett-Rankin triple product L-functions

4.1. Classical L-functions

As in the introduction, let

f € Sk(Ngyxy), g€ Se(Ngyxg)s b€ Sm(Na,xn)

be a triplet of normalized primitive cuspidal eigenforms such that x s - x4 - x» = 1, and let

Qﬁgﬁ = Qf : Qg -Qn = Q({an(f)7an(g)aan(h)}nZI)

denote the field generated by the Fourier coefficients of f, g and h. Write also
N =lem(Ng, Ny, Np,).
The Garrett-Rankin triple product L-function L(f, g, h; s) is defined by an Euler product

L(f,g,h;s) = [[ LW (f,9,hsp™*) 71,

where, for p f N the local factor LP)(f, g, h; T) is the degree 8 polynomial

4.1) LP(f,9,T) = (1 — afpagpan,T) x (1= afpagpBhT)
X(1 = aypBypanpT) x (1 — aypBypBhpT)
X(1 = BrpagpanpT) x (1= BfpogpBpT)
X (1 = BfpBgpanpT) x (L= BrpBepBhpT)-

Piatetski-Shapiro and Rallis have given a precise recipe [33] for the local Euler factors
L®)(f, g, h; s) at the bad primes p | N and have shown that there exists an Archimedean
factor L(>)(f, g, h; s) for which the completed L-function

A(f,9,h;8) = L(f,9,h;s) - L (f,9,h; 5)

satisfies the functional equation

4.2) A(f,g,h;8) =e(f,9,MA(f, g, hsk+L+m —2—3),

where ¢(f, g, h) € {£1}. The sign in this functional equation determines the parity of the
order of vanishing of L(f, g, h, s) at the center of symmetry

E+04+m—2

—

at which there is no pole (cf.[33, Theorem 5.2]). The sign (f, g, h) can be expressed as a
product

4.3) c=cpgn=

e(f.g,h) qu (f,9.h)

of local root numbers ¢,(f,g,h) € {£1} 1ndexed by the places ¢ < oo of Q. As already
anticipated in the introduction, we assume throughout that e,(f, g,h) = +1 for all finite
primes. According to e.g.[34] and the references therein, we then have

—1 if (k,£,m) are balanced.
m (g1 = elfrge) =4 L L™

+1 if (k,¢,m) are unbalanced.

We now recall a fundamental result which relates the central critical value of L(f, g, h, s)
to certain trilinear period integrals. For this, assume that (k, ¢,m) is unbalanced, namely
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(without loss of generality, by eventually permuting f, g and h), that k& = ¢ + m + 2t
with ¢ > 0. Recall also the Shimura-Maass operators &, defined in §2.3 and the space
Si(N)[nf] introduced in §2.5.

For any eigenform ¢ € Si(IN) with character y (not necessarily new at V), we write ¢* for
the dual form obtained by twisting ¢ by the character x . The eigenform ¢* has nebentype
character x~!, and its Hecke eigenvalues are complex conjugate to the Hecke eigenvalues
attached to ¢.

DEFINITION 4.1. — Assume that &k = ¢+ m + 2t with ¢ > 0. The trilinear period attached
to

(f,9,1h) € Sp(N)lms] x Se(N)[g] X S (N) (]

is the expression

One of the main results of M. Harris and S. Kudla [18], conjectured by H. Jacquet and
refined recently by A. Ichino [24] and T. C. Watson [39] is:

THEOREM 4.2. — Let (f, g, h) be a triple of modular forms of unbalanced weights (k, £, m)
withk =0+ m + 2t andt > 0. Then there exist

— holomorphic modular forms f € Si(N)[r], § € Se(N)[m,], and h € S, (N)[mn],

— for each prime q | Noo, a constant Cq € Qy,g,n which depends only on the local compo-
nents at q of the vectors f g and hin the admissible representations of GL(Qy) associated
tomys, mg and Ty,

such that

MLy C .
(4.5) I L(fo g, ho) = 1(F, g, ).

Furthermore, there is a choice of ( f ,J, 7L)f0r which the constants Cy are all non-zero.

REMARK 4.3. — If Ny = N, = Nj, = N, then the space S (N)[ny] is one-dimensional,
and likewise for g and h. In that case there is only one choice (up to scaling) for the vec-
tors f, § and k. Otherwise, the triplet ( f. 4, FL) has to be chosen more carefully: see [16]
and [14] for explicit recipes when at least one of m¢, m, or 7, is not supercuspidal at the
primes g | gcd(Nys, Ng, Np,). It could be tempting to choose f, g and F to be the new vectors
in Si(Ny), Se(Ny) and S, (V) attached to f, g and h respectively, but such a choice may
not always be suitable. For example, if there is a prime ¢ dividing Ny but not IV, or Ny, then
C, = 0 for this choice of test vectors.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



824 H. DARMON AND V. ROTGER

4.2. p-adic L-functions

Let Q denote the algebraic closure of Q in C and fix throughout an odd prime p f N, an
algebraic closure Q, of Q, and an embedding ¢, : Q — Q,. Let ord,, : Q) — Q be the
valuation on Q, normalized so that ord,(p) = 1.

Fix a triple (f,g,h) of newforms and keep the notations of the previous section. As
before we assume that x sxoxn = 1, €4(f, g, h) = +1 for all finite primes ¢ | N, and the
triple (k, £, m) of weights is unbalanced.

Let f € Sp(N;Kp)[nsl, § € Se(N;Ky)[mg) and h € S (N; Kp)[mn] be test vectors
for which the local constants C, of Theorem 4.2 are non-zero and the central critical
value of L(ny, 74,7, s) is (up to elementary non-zero fudge factors) equal to the square
of I(f,4,h).

Assume in addition that f, g and h are ordinary with respect to ¢,, and let
f=(ApQQ0,0), &= (80,2, 20,8, h=(An,2,2a,h)

be the Hida families of (not necessarily new) forms on I'y (V) interpolating f, g and R
in weights k, £ and m respectively, as described in (2.49). Adapting the notations of the
introduction, we write

Y= {(2,y,2) € Qpa X Qg,a1 X W},
and set
Y¢ ={(z,y,2) € ¥ such that 2t := k(x) — k(y) — K(2) > 0},
Ypal = {(z,y,2) € X such that (k(x), k(y), k(2)) is balanced.}.

For each (z,y, z) € X7, we may consider the algebraic number

Fog Y. I(fz, Gy; h2)
e G he) 3= (g gy
which we view in C, via ¢,. In light of the discussion in the previous section, our approach
to defining the p-adic L-function attached to 7y ® 7, ® 7, will be to interpolate (suitable
multiples of) the ratios J( fo, Gy FLZ) as (z,y,#) ranges over Y. In order to do this, we
let ¢ := eora(d®gl?! x fl) be the ordinary family of modular forms attached to g and h
following the recipe in Proposition 2.18.

Furthermore, define the Hida family f* = f ® thl; note that (f*), = (f)* forall z € Q..
Recall that according to the notations settled in §2.6, a classical point corresponds to
a character of the form v +— ~* for some k € Zs,. We warn the reader that the equal-
ity (f*)e = (fz)* does not hold true for arithmetic points corresponding to characters
7 + ()7 for some Dirichlet character ¢ of non-trivial p-power conductor.

€Q,

DEFINITION 4.4. — The Garrett-Rankin triple product p-adic L-function attached to the
triple (f, g, h) of A-adic modular forms is the element

2 (F,8,h) := J(f*, eora(d*gP x h)) € A} @4 (Ag ® A, @ A)

attached to the families f and ¢ following the notations of Lemma 2.19.
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REMARK 4.5. — The definition of fpf (f‘ , 8, fl) depends not just on the p-adic families
of automorphic representations interpolating 7, 74, and m, but also on the choice of a
triple (f, g, h) of test vectors in these automorphic representations. Note also that while

2, (f,8,h) = %, (f,h,g),
the A-adic family f plays an essentially different role from the other two in the definition

of ,%pf (f‘ g, ﬁ). There are thus three a priori distinct p-adic L-functions attached to (f‘ , g, fl),
namely, %,/ (f, g,h), £,7(f,g,h) := £,°(g,f,h), and £, (f, &, h).

Any element £ € A} ®A (Ag ® Ap, ® A) as in Definition 4.4 has poles at (z,y,z2)
for only finitely many « € €2¢, and hence is completely determined by its values at the
points of Q¢ xq (Rg,c1 X Qp,c1 x Q) where it is defined. Furthermore, it is always de-
fined at (z,y, z) when z belongs to Q¢ . By definition, for all (z,y, z) € Xy, after setting
K(z) = K(y) + k(=) + 21,

(f;(p)aeord(dtgép] X FLZ))NJJ
(f;(P), f;(p))N,p

In particular, the special value .pr (f‘ , g, fl)(x, y, z) is algebraic and belongs to the field K
generated by o, and by the Fourier coefficients of o, gy and h,.

(4.6) 2, (£,8,h)(z,y,2) =

The following proposition supplements (4.6) with a formula for the p-adic special value
.,zﬂ,,f(F,g, fn) at a point (z,y, 2) € Tpal.

PROPOSITION 4.6. — For all (z,y,2) € Tva, let (f,g,h) = (fs, 9y, h.) and define (k, £, m,t)
by setting
(k,£,m) = (k(z), k(y), k(2)), k=0+m—2—2t.
Then
2! (&8 0)(2,y,2) = 6o(f) " (0" eorad™ TGP x ha)),
where

— Go(f) is the local factor given in (1.7);
— 77}5;‘ € g} (Xc,, Lr)"" is the unique lift to the unit root subspace of the cohomology

par

class in H (X g, ,w™") attached to f* as in Corollary 2.13.

— the classical modular form eord(dtgg[,p ! x h.) on T1(N) N To(p) is viewed as a class
in H(We, £ ® Q) C H},.(Xc,, £r);
= (,)x denotes the Poincaré duality on H}, (Xc,, £y).

par

Proof. — Let eg» denote the idempotent attached to the eigenform f, set

(bg;)z = ef;‘yord(dtgg[lp] X h2)7

and let ¢y, € Si(N;Cp)[my:] be the classical modular form whose p-ordinary stabilization

isequal to ¢§fy)z. The definition of .,?pf (f, &, h), in view of the last equality in Equation (2.52)
of Lemma 2.19, implies that, for all (z,y,2) € £y U Zpa,

(47) gpf(f.ag7fl)(m7y7z) = <77fxa¢)wyz>
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Since ¢, belongs to Filr+1H;ar(X<c #£,), we can also express this identity in terms of the
Poincaré pairing on H}, (Xc,, #y) by replacing 7 7, by its lift to H, ¢, Lr) under the

par par (
unit root splitting:

(4.8) 2 (£,8,0)(2,y,2) = (NF", bays)-
By Proposition 2.11, we then have
4.9) 2! (1,8,0)(2,9,2) = (0}, Coraduys)-

On the other hand, applying the ordinary projector to the identity quzyz Bayz — BV ayz
shows that

Bix By,
a];i )eord¢xyz = (]— - af

x x

4100 P =(1-

TYz

)eord¢xyz = 50 (fw)eord¢wyza

and therefore

v

gpf(f‘7g7h)($7yaz) = 60(fm)_1<77f 7¢:(KI;)Z> — 60(‘](.1)_1(77;’3_:;ef;,ord(dtgl[lp] % ;/lz)>
= 60(f$)_1<77f1 7eord(d g[p X h )>
The proposition follows. -

9%

The next theorem evaluates .pr (f’ ,&,h) at points (z,y, z) € ¥y and relates these values
to the complex periods I( fas Gy, 712).

THEOREM 4.7. — Let (z,y, z) be a point of ¥y and set

v v

(f’gah) = (fzagyvhz)v (f7§ah) = (fzygyaﬁz)’ (kvgv m) = (K(x)aﬁ(y)vﬂ(z))'
Then

@1 470 = T (7 o

where &(f, g, h), &o(f) and &1(f) are given in Equations (1.6), (1.7) and (1.8) of Theorem 1.3.

REMARK 4.8. — Theorems 4.2 and 4.7 above justify the designation of Epf(f', g, ﬁ) asa
p-adic Garrett-Rankin triple product L-function in that it interpolates the square-roots of
the central critical values of the complex L-series L(f;, gy, h.; s) for (z,y, z) € Xy. Indeed,
assume that

L(f,9,h;c) #0,

so that Theorems 4.2 and 4.7 ensure that .%,” (f, g, h) is non-zero in £; ® A, ® Aj. By
the Weierstrass preparation theorem, .7, (£, g, h) vanishes at a finite number of points and
therefore (f,, § Gy 67 (h )% # 0for all but finitely many (z,y, z) € ;. In addition, Jacquet’s
conjecture as formulated and proved in [18], imply that the hypothesis e4(fz, gy, h>) = +1
for all finite primes g still holds true for all such (x,y, z)! . Hence Theorem 4.2 can again be
applied for the triple (fz, gy, h-), which implies that (4.11) expresses .Z (f g, fl) (z,y,2) as
a non-zero multiple of the square-root of L(fz, gz, ha; s, g,,n.). O
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We now turn to the proof of Theorem 4.7. As before, p is a prime which does not di-
vide N, and Sy °°(NN; C,) denotes the space of nearly overconvergent p-adic modular forms
of level N, as described in Section 2.4. Given a classical newform f =" a,q™ of some
level Ny | N, recall that

e 2 SPA(N; Cp) — SPH(N; Cyp)lmy]
ef+ord = €f+Cord : Sp (N Cp) — SPU(N; Cyp)lmy-]
denote the associated projectors to the f*-isotypic component of the ordinary subspace in
the space of overconvergent p-adic modular forms. The operators U and V whose action

on g-expansions is given in (2.4) also act on the spaces of nearly overconvergent modular
forms of a given level.

LEMMA 4.9. — Let g € S}°°(N;C) and h € Sy;°°(N; C) be nearly overconvergent mod-
ular forms of weights £,m > 2 which are eigenvectors for all the good Hecke operators T,
with ¢4 N. (They are not assumed to be new or to be eigenvectors for the operators Ty,
withq | N.) Let

Gron = ef ora(gh) € ST4(N;C)[ms], (with k = £+ m).
For each r > 0, the modular form
ef+ora((V7g) X h) € SP™(N; C)[ms-]
is a multiple of ¢ ¢4,

Proof. — By Lemma 2.17,
4.12)
0= eord (9! x Vh) = eora(g x V) — ap(g)ecra(Vg x VR) + xg(p)p" ™ ecra(VZg x Vh).

But since
eordV = U_leorda ef*,ordv = a;*lef*,orda
it follows after applying the projector es« to (4.12) that
413)  epeona(g X VR) + x4 (0)p et epe ora(Vg X h) = ap(g)as dron.
The same argument with the roles of g and h interchanged shows that
(4.14) Xn(@)P™ el e ora(g X VR) + epe ora(Vg X h) = ap(h)asl dpgn.
The case r = 1 of the proposition is obtained by simultaneously solving Equations (4.13)
and (4.14) above. The case of general » > 1 can then be treated by induction on r using the
identity
(4.15) e ora(V7gxh) = ol ap(9)es ora(V " gxh) —a; 2xn(p)P™ s+ 0ra(V " gx ),
which follows from Lemma 2.17, more precisely from the fact that e,,q (V"¢ x h[”]) =0. O

LEMMA 4.10. — The following identities, as well as their counterparts with (ag, aup,) replaced
by (ag, Br), (Bg, an, and (By, Br), are satisfied:

L. ef*,ord((vga) X (Vha)) = a;*lef*,ord(gaha);

2. ef*’ord(ga X Vha) = aga;}ef*’ord(gaha);

3. ef*,OTd(VgOé X ha) = aha;*lef*,ord(gaha);
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4' ef*70rd(g[p] X h’) = ef*,ord(g X h[p]) = (1 - O‘gaha;*l)ef*,ord(gaha)~

Proof. — To prove the first assertion, note that

eOrd((Vga) X (Vha)) = €ord © V(gaha),
and that
eord 0V =lmUM oV = lim U} = U, 'eora.

The first assertion now follows from the fact that U, operates via multiplication by s~
on S¢(N; Cp) [7%]. For the second assertion, we invoke Lemma 2.17 to assert that

(9% x (Vha)) = (9= ay(9)V9) X (Vha)

is in the kernel of the ordinary projection to conclude that

eord(9 X Vha) = ap(g)ef-,ora((Vg) x (Vh)),

and the second assertion now follows directly from the first. The third assertion follows from
the identical argument with the roles of g and h interchanged. The last identity then follows
from the previous ones by a direct calculation using the fact that g/”! = g, — gV go. O

ProPoOSITION 4.11. — Let f € Si(N) be a holomorphic form of weight k and let g € S}=°°(N)
and h € S5°°(N) be nearly holomorphic modular forms, with k = £ + m. Assume that f, g
and h are eigenvectors for the good Hecke operators of level N (but are not necessarily new of
this level.) Then for all primes p1 N,

&(f, 9, h)

(4.16) efe ora(gPh) = Tmemrd(gh),

where &(f, g, h) is as in Equation (1.6) of Theorem 1.3 (withc =k —1).

Proof. — The last identity of Lemma 4.10 shows, after setting ¢ 15, := e f*,ord(gp]h),
that

(4.17) ef+ord(gaha) = (1 — agaha;*l)_lqsfg[ﬂh;
(4.18) e ord(gahg) = (1 — agﬂha;*1)71¢fg[p1h;
(4.19) e+ ora(gpha) = (1 = Bganaft) ™ pgirin;
(4.20) epeora(9phs) = (1= BeBrnas) " G-

Combining (4.17) and (4.18) with the identity

h = (an = Br) " (anha — Buhg),
and similarly with (4.19) and (4.20), we obtain

(4.21) epeord(gah) = (1 — agana ) (1 — agBhal) ™ g gimp;

(4.22) ef-ord(9ph) = (1 = Bganay ') (1 = ByBrarl) ™ bpqirin-

The result now follows from these two equations by a direct calculation using the fact that
9= (ag — ﬂg)_l(agga — By98)- O
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REMARK 4.12. — A formula similar to Proposition 4.11 can be found in Proposi-
tion 2.2.2. of [19]. The approach followed there is conceptually sound but more complicated
than the one followed above; possibly for this reason, an error seems to have crept into
the roughly five pages of elementary but tedious calculations in the proof of Prop. 2.2.2 of
loc. cit., and the factor denoted there by Ep(f, g, h) does not agree with the factor &(f, g, h)
of Proposition 4.11. We note that the factor &(f,g,h) occurring in Proposition 4.11 is
consistent with the conjectural recipe for the “correction term at p” arising in the theory
of p-adic L-functions, as described in, e.g., [31, p. 285].

COROLLARY 4.13. — Let f € Si(N), g € S¢(N) and h € S,,,(N) be holomorphic forms,
and assume that k = £ +m + 2t witht € Z2°. Assume that f, g and h are eigenvectors for
the good Hecke operators in level N (but are not necessarily new in this level.) Then for all
primespt N,

h
ef*,ord(dtg[p] X h) = M(if*)ord(dtg X h)

&1(f)

Proof. — This follows from Proposition 4.11 with (f, g, h) replaced by
(f,d'g,h) € Sp(N) x S5, (N) x Sm(N),
in light of the fact that d*(gP!) = (d*g)P!, a4, = ptay and B, = ptB,. O

Proof of Theorem 4.7. — By (4.6), the value of.i”pf(f', g, h)at (z,y,2) € Yyis

(fa®), €f;,ord(dt§g[;p] X b)) Np
(f;(p), f;(p))NW
B gyohe) (2™ eg: ora(d'Gy X Ba))np
61(f2) (£, 5PNy

where the second equality follows from Corollary 4.13. But then by Proposition 2.8,

(4 25) ( ";(p)7 ef;,ord(dtgy X ilz))N,p _ (f;(p)aef;,ordn}]l\?l((stgy X iLz))N,p

(f;(P)’ f;(p))N,p (f;(P)’ f;(P))N@
On the other hand, by Equation (4.10),

(4.23) 2, (£,g,h)(z,y,2) =

(4.24)

)

(2™ e gz orally' (04, X Bo))wop _ (F™, (eps IR (04,  B)) )

(f2, g2y, Eo(Fo) (2@, f2 ) n
_ (f;7ef;H?\?l(6z§y X hz))N

(4.26) Go(fu)(fs F3)N
(4.27) ol f)(fE fE)N
I(fo, ys =)
4.2 BNTATEN O
(4.28) o(f)(fas F3)N
Theorem 4.7 follows. -
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5. The p-adic Gross-Zagier formula

Recall the class n; € H'(Xg,,w™") attached to the test vector f e Su(N; Ky)[my]
following the discussion after (2.46). Thanks to the chosen embedding of Ky into C,, the
class ny can be viewed as belonging to H'(Xc¢,,w™")[rs]. Let

Wt € Hin(Xc,, 2,)

denote its unique lift to the unit root subspace. We can now state and prove the p-adic Gross-
Zagier formula of this paper, relating the image of the generalized diagonal cycles under the
p-adic Abel-Jacobi map to the value of the Garrett-Rankin triple product p-adic L-function
at points corresponding to balanced triples of classical modular forms.

THEOREM 5.1. — Given (z,y, 2) € Xpa, set

(fr9.0) = (for 9o k), (F,9:0) = (far 9 ha), (ki tym) = (w(2), 5(y), 5(2)),
and let A := Ay, g, C W be the generalized diagonal cycle attached to the weights (k, £, m).
Then after writing k = £+ m — 2 — 2t witht > 0,

PR &(f59,h) i
LIE g h)(z,y,2) = (—1) ——= 20 AT (A) (0% @ wy @ wy ).
Proof. — This follows directly from Theorem 3.14 and Proposition 4.6. O
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