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THE LOCAL LANGLANDS CORRESPONDENCE
FOR GL,, IN FAMILIES

BY MATTHEW EMERTON aAND Davib HELM

ABSTRACT. — Let k be a finite field of characteristic p, and let E be an £-adic field for £ # p. Given a
representation p : Gg — GLy (A) where A is a local W (k)-algebra, we study the problem of finding an
admissible A[GL, (E)]-module 7(p) that “interpolates the local Langlands correspondence” for p over
the points of Spec A. We formulate a precise version of this problem and show that it has at most
one solution, up to isomorphism. The first author has shown [6] that when A is a Hecke algebra, and
p : Go, — GL2(A) is the natural representation of Gg, over A, the corresponding A[GL,, (E)]-module
7(p) exists and arises naturally in the completed cohomology of the tower of modular curves.

RESUME. — Soit k un corps fini de caractéristique p et soit E un corps ¢-adique ot £ # p. Etant
donnée une représentation p : Gg — GL,(A), ou A est une W (k)-algébre locale, nous étudions le
probléme de la recherche de A[GL,, (E)]-module admissible 7(p) qui « interpole la correspondance de
Langlands locale » pour p sur les points de Spec A. Nous formulons une version précise de ce probléme
et montrons qu’il a au plus une solution, a isomorphisme prées. Le premier auteur a montré [6] que
lorsque A est une algebre de Hecke, et p : Gg, — GL2(A) est la représentation naturelle de Gg, sur A,
alors le A[GL2(E)]-module 7(p) existe et apparait naturellement dans la cohomologie de la tour des
courbes modulaires.

1. Introduction

The goal of this paper is to extend, for any non-Archimedean local field E of residue
characteristic ¢, the local Langlands correspondence between n-dimensional Weil-Deligne
representations of the Weil group W and admissible smooth representations of GL,,(E)
to a correspondence defined on p-adic families of representations of the absolute Galois
group G of E (for primes p distinct from ¢).

Fix an algebraically closed field K containing QQ,. Then on one side of the local Langlands
correspondence are the n-dimensional, Frobenius-semisimple Weil-Deligne representations
of Wg; that is, pairs (p, N), where p is an n-dimensional, semisimple representation of Wg
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656 M. EMERTON AND D. HELM

over K, and N is a nilpotent endomorphism of the representation space of p such that
p(w)Np(w)~" = q/*IN for all w € WEg.

On the other side are the admissible smooth K-representations of GL,,(E); that is, repre-
sentations 7 of GL,, (F) such that every element of 7 is fixed by some compact open subset U
of GL,(E), and such that, for all such U, the space 7V of U-invariant vectors in 7 is finite-
dimensional.

The most naive thing one could hope for would be the following: given a family of repre-
sentations of Gg over a complete, Noetherian, local, p-torsion free ring A of characteristic
zero and residue characteristic p (that is, a representation p : Gg — GL,(A) for such an A),
one could hope to find an admissible smooth A[GL,,(E)]-module 7 such that, for every
characteristic zero prime ideal p of A, with residue field «(p), the representation 7 ® 4 k(p)
of GL,,(E) corresponds, via local Langlands, with the Frobenius-semisimple Weil-Deligne
representation attached to p ® 4 k().

A moment’s consideration will show that this is far too much to hope for. Indeed, if
p 1s a direct sum of two unramified characters that specializes at a single characteristic zero
point pg to the trivial character plus the cyclotomic character, then the local Langlands
correspondence would tell us that 7 ® 4 k(po) would be one-dimensional. On the other hand
at general points p one would need m ® 4 (p) to be infinite-dimensional.

Indeed, as this example suggests, even formulating a precise statement of a “local
Langlands correspondence in families” is nontrivial. Our approach is motivated by global
considerations, suggested by work of the first author [6].

1.1. Global motivation

In the setting of [6], the ring A is typically a p-adically completed Hecke algebra, and p is
the two dimensional representation of G over A arising from the theory of p-adic modular
forms. For a certain finite set of primes X containing p, the Hecke algebra A acts on a suitable
localization of p-adically completed cohomology H'!(Xsx) of the tower of modular curves of
levels divisible by primes in X. This cohomology is also equipped with commuting actions
of Gg, of GL2(Q,), and of GL2(Qy) for £ a prime of ¥ not equal to p.

What is shown in [6] is that the space H'(Xy) has a natural tensor factorization, and that
the tensor factor corresponding to ¢ interpolates the local Langlands correspondence in a
natural way. More precisely, one has a factorization:

H'(Xs)2peme Q) m
Lex\{p}

where m, is a certain representation of GL2(Q,) attached to plg,, via considerations arising
from the p-adic local Langlands correspondence, and the representations 7, depend only on
the restriction of p to Gg,, and interpolate the local Langlands correspondence in a natural
way. (We refer the reader to Conjecture 6.1.6 of [6] for a precise statement; Proposition 6.2.13
of [6] establishes this conjecture under mild hypotheses.)

The representations 7, have a number of nice properties, which suggest the “shape” that
the desired “local Langlands correspondence in families” should take:
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LOCAL LANGLANDS IN FAMILIES 657

— g is the smooth W (k)-dual of a (unique) admissible smooth A[GL2(Q,)]-module m,
where k is the residue field of A. (Modules with this property are called “coadmissible”
and studied in detail in Appendix C of [6].)

— mg 1s “A-cotorsion free” in the sense of Definition C.37 of [6].

— For a Zariski dense set of characteristic zero primes p of A, the space m,[p] of p-tor-
sion vectors in 7, is the representation attached to p ® 4 k(p) by a “generic” version
of the local Langlands correspondence due to Breuil and Schneider. (This correspon-
dence differs from the usual local Langlands correspondence in several ways. Rather
than being a bijection it is a map from isomorphism classes of n-dimensional represen-
tations of G to indecomposable (but not necessarily irreducible) generic representa-
tions of GLy(E). We refer the reader to Section 4 for the definition and basic properties
of the Breuil-Schneider correspondence.)

— The space (m¢/pm;)[m] (where m is the maximal ideal of A) has an absolutely irre-
ducible generic socle, and no other generic subquotients. (Here recall that the socle of
a k|GL,,(E)]-module is its maximal semisimple submodule; that is, the sum of all of its
irreducible submodules. A generic representation of GL,, (E) is one whose restriction
to the unipotent radical of a Borel contains a generic character; for GL2(Qy) an irre-
ducible admissible representation is generic if, and only if, it is infinite dimensional.)
In the setting above, the genericity of the socle of (m;/pm¢)[m] is a consequence of
Ihara’s lemma.

Given an arbitrary A, and an arbitrary family p : Gg — GL,,(A), it is natural in light of
the above properties to ask if one can attach an A[GL,,(E)]-module 7 to p, with properties
similar to those above, and to ask if such properties characterize such a module uniquely. In
fact, in order to avoid the complication of dealing with the theory of coadmissible modules,
we will work in a setting dual to the above picture.

1.2. The local Langlands correspondence for GL,, in p-adic families

We are now in a position to state our main result. Before we do so, we introduce further
notation: Let K be a field of characteristic zero. Then given p : Gg — GL,,(K) as above, we
write 7(p) for the representation attached to p by the generic local Langlands correspondence
of Breuil-Schneider, and we write 7(p) to denote the smooth contragredient of 7 (p).

1.2.1. THEOREM. — Let A be a reduced complete p-torsion free Noetherian local ring with
maximal ideal m and finite residue field k of characteristicp. If p : Gg — GL,,(A) is continuous
(when the target is given its m-adic topology), then there exists at most one admissible smooth
GL,,(E)-representation V over A, up to isomorphism, satisfying the following conditions:

1. V is A-torsion free.
2. If a is a minimal prime of A, with residue field k(a), then there is a r(a)-linear
GL,, (E)-equivariant isomorphism
T(k(a) ®a p) — K(a) ®4 V.
3. IfwewriteV := k®4V, then the GL,,(E) cosocle cosoc(V') of V is absolutely irreducible

and generic, while the kernel of the surjection V. — cosoc(V') contains no generic Jordan-
Holder factors.
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658 M. EMERTON AND D. HELM

Furthermore, if such a'V exists, then:

4. There exists an open dense subset U of Spec A[%], such that for each prime p in U, there
is a GL,,(E)-equivariant, nonzero surjection

T(k(p) ®a p) — K(p) ®aV,

where k(p) is the residue field of p. Moreover, there is an open dense subset U’ of U such
that if'p lies in U’ then this surjection is an isomorphism.

The admissibility condition on V, together with properties (1) through (3) above, are
(roughly) dual to the properties satisfied by the tensor factors m,. Indeed, we prove a “recog-
nition theorem” (Theorem 6.2.15 below) that states that if the smooth W (k)-dual of V
satisfies the properties listed for 7, above (for a given p), then V is admissible and satisfies
properties (1) through (3).

If a representation V satisfying the conditions of this theorem with respect to a given
Galois representation p: Gg — GL,(A) exists, then we write V :=7(p). (Note that
the theorem ensures that V' is unique up to isomorphism, so that 7(p) is then uniquely
determined by p, up to isomorphism, if it exists.) We justify this notation by thinking of
representations of G over fields of characteristic zero as “families over a single point”,
so that the map p — 7(p), where it is defined, extends the dual of the Breuil-Schneider
correspondence from one-point families to families over local rings A as in the theorem.

Part (4) of the theorem describes the precise sense in which V' interpolates the local
Langlands correspondences attached to the Galois representations k(p) ® 4 p as p ranges
over the points of Spec A[Z%]. Conjecturally, we can take U equal to all of Spec A[%] in
statement (4), although our results fall short of establishing this. (We refer the reader to
Theorems 6.2.5 and 6.2.6 for the precise results.) On the other hand, we will give examples
in Section 6 showing that the subset U’ is, in general, not equal to all of Spec A[%].

1.2.2. REMARK. — Our convention for the generic local Langlands correspondence
is that the GL, (X)-representation mw(p) attached to a continuous Galois representation
p: Gg — GL, (X)) should have generic socle. It is this convention that seems to fit best with
global applications of the type considered in [6] and [7], for example. On the other hand,
when working with families, it turns out to be easier to interpolate representations whose
cosocle is generic. This is because one may work with admissible A[GL,,(E)]-modules,
rather than the less-familiar coadmissible modules of [6]. This explains the appearance of
the various contragredient representations in Theorem 1.2.1, and in our notation for the
representations that it describes.

1.3. Global applications

Although we have used the results of [6] to motivate our formulation of the local
Langlands correspondence in families, in fact Theorem 1.2.1, together with the “recog-
nition theorem” (Theorem 6.2.15) described above, are essential ingredients in the proofs of
the main results of [6].

In the language of Theorem 1.2.1, the results of [6] state that (again, under mild hypothe-
ses) when A is a suitable p-adically completed Hecke algebra, and p : Gg — GL,,(A) is the
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representation arising from Eichler-Shimura theory, then the representations 7 ( p|GQ£) exist
for all £ not equal to p, and one has a tensor factorization:

H' (Xs)2peme Q) Flola,)"-
Lex\{p}

The resulting structure theory for completed cohomology of the modular tower has strik-
ing arithmetic applications; in particular [6] establishes many cases of the Fontaine-Mazur
conjecture as a corollary of the tensor factorization described above (see in particular [6],
Corollary 1.2.2). It thus is natural to attempt to seek a framework in which one can describe
completed cohomology of Shimura towers in as broad a context as possible; a primary goal
of this paper is to develop a language which should apply to the factors of completed coho-
mology at primes £ # p.

It is important to note that the arguments of [6] do not require one to know, a priori, that
representations of the form 7(p) exist. Instead, they rely on Theorem 6.2.15 below to deduce
from considerations at a dense set of points (together with a genericity condition that, in the
setting of [6], essentially reduces to Ihara’s lemma) that a module with an action of GL,,(Qy, )
foreach ¢; in a finite collection of primes admits a tensor factorization as a product of families
of the form 7(p). Whereas the proof of Theorem 1.2.1 is relatively elementary (essentially
relying on an integral version of the Bernstein-Zelevinski theory of the derivative), the proof
of Theorem 6.2.15 requires detailed information about the behavior of the generic local
Langlands correspondence under specialization, which we develop in Section 4.

1.4. Existence of the correspondence: results and conjectures

Just as in the traditional setting, it seems to be easier to characterize the local Langlands
correspondence in families than to prove its existence. However, we make the following
conjecture.

1.4.1. CONJECTURE. — If Ais a reduced p-torsion free complete Noetherian local ring with
maximal ideal w and finite residue field k of characteristic p, and if p : Gg — GL,(A) is
continuous, then T (p) exists.

One instance in which we can verify the conjecture is the case when A is the ring of
integers in a finite extension of Q,. (In this case, it is a consequence of Theorem 3.3.2.)
Forthcoming work of the second author [11], [12] will establish many additional cases of this
conjecture, using the second author’s theory of the integral Bernstein center [9]. In particular
the conjecture holds for n = 2 and p odd, and also for p a banal prime; that is, a prime for
which the integers 1, ¢, .. ., g™ are distinct modulo p, where q is the order of the residue field
of E. (This means that for any fixed n, there are only finitely many p at which the conjecture
can fail.)

1.5. A mod p local Langlands correspondence for GL,,

In [20], Vigneras defines a mod p local Langlands correspondence for GL,,. However, this
correspondence seems ill-suited for arithmetic applications (and in particular for describing
the mod p cohomology of the modular tower.) In particular, it lacks the good behavior of the
Breuil-Schneider correspondence under specialization.
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In Section 5 we define a “modified” mod p local Langlands correspondence, that is more
suited to our needs. It differs from the correspondence of Vigneras in the following ways:

(a) The input is a Galois representation (not a Weil-Deligne representation).

(b) The output is an admissible smooth GL,, (E)-representation that is possibly reducible,
but always generic.

(¢) The correspondence is compatible with reduction modulo p in the direct sense given
by parts (2) and (3) of Theorem 1.5.1 below. (The Zelevinski involution does not
intervene.)

This being said, we rely on the results of [20] for the construction of our correspondence.
The key point, whose proof relies on [20], is that for any deformation p of p, the representa-
tion 7(p) reduces modulo m to a representation whose cosocle is absolutely irreducible and
generic, and is independent, up to isomorphism, of the choice of p. (See the discussion fol-
lowing Corollary 5.1.2 below.)

The key properties of the correspondence of Section 5 are summarized in the following
theorem:

1.5.1. THEOREM. — There is a map p — T(p) from the set of isomorphism classes of
continuous representations Gg — GL,, (k) (where k is a finite field of characteristic p) to the set
of isomorphism classes of finite length admissible smooth GL,,(E)-representations on k-vector
spaces, uniquely determined by the following conditions:

1. For any p, the G-socle soc(ﬁ(ﬁ)) of the associated GL,,(E)-representation 7(p) is
absolutely irreducible and generic, and the quotient 7(p)/ soc(7(p)) contains no generic
Jordan-Holder factors.

2. Givenp : Gg — GL,(k), together with a deformation p : Gg — GL,(0) of p, where
O is a characteristic zero discrete valuation ring with uniformizer w and residue field k'
containing k, there is a GL,, (E)-equivariant surjection ©(p) @, k' — 7(p) /w7 (p). (Note
that 7(p) must exist as O is a finite extension of Qp.)

3. The representation T(p) is minimal with respect to satisfying conditions (1) and (2),
i.e., given any continuous representation p : Gg — GL, (k) and any representation ™
of GL,,(E) satisfying these two conditions with respect to p, there is a GL,,(E)-equiv-
ariant embedding w(p) — .

As with the local Langlands correspondence in families, our motivation for introducing
this modified mod p local Langlands correspondence is that it arises in global contexts.
Indeed, consider the limit H!(Xs, k) of the cohomology of the tower X5, of modular curves,
where the levels of curves in X; are divisible precisely by the primes in . This has an action
of a completed Hecke algebra A, and if one considers the maximal ideal of A corresponding
to a suitable irreducible representation p : Gg — GL2(k), then one has an isomorphism:

H' (X5, k)m] =507 e Q) 7(5la,)-
ex\{p}

Thus the modified mod p local Langlands correspondence gives a framework in which one
may describe the mod p cohomology of towers of modular curves, and one expects that this
should apply to more general towers of Shimura varieties as well.
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The modified mod p local Langlands correspondence admits a completely concrete
description for n = 2 and p odd; we briefly describe some cases of this in Section 5, and
refer the reader to [10] for the complete picture.

1.5.2. REMARK. — One can consider the following stronger form of condition (2) of
Theorem 1.5.1:

2. Givenp : Gg — GLy(k), together with a deformation p : Gg — GL,(A) of p, where
A is a reduced complete Noetherian local W (k)-algebra, flat over W (k), with maximal
ideal m and residue field k, and 7 (p) exists, there is a GL, (F)-equivariant surjection
#(5) - 7(p) /@ (p)-

In some circumstances, we are able to verify that 7(p) is in fact minimal with respect
to conditions (1) and (2’). (In other words, 7(p) contains as a submodule the dual of any
module that arises by specializing a family 7(p) attached to a deformation of p.) This is
essentially a characteristic p analog of Theorems 6.2.5 and 6.2.6. We conjecture that this
stronger minimality property holds in general.

1.5.3. REMARK. — In general, 7(p) is not irreducible, and if this is the case, then it is
not possible to strengthen “surjection” to “isomorphism” in the statement of part (2) of
Theorem 1.5.1.

1.6. The organization of the paper

We begin by establishing some basic facts about admissible smooth representations of
certain topological groups over a Noetherian local ring A; we apply this machinery in Sec-
tion 2.2 to the study of invariant lattices in representations of topological groups over the field
of fractions of a complete discrete valuation ring. The key result we establish is Lemma 2.2.6,
which in certain circumstances allows us to construct an invariant lattice in such a represen-
tation whose reduction has a prescribed socle.

Section 3 establishes results specific to the representation theory of GL,,(E) over certain
local rings A. In 3.1 we construct a theory of Kirillov models over a large class of base rings.
Our approach essentially follows that of [1], but as we are not working over algebraically
closed fields issues of descent arise. In spite of this one recovers almost all of the theory of
the Kirillov functors developed in [1, §4]. Particularly useful for us is the notion of a “generic”
irreducible representation over an arbitrary field.

Section 3.2 introduces an essential concept for our results: that of an essentially absolutely
irreducible and generic representation (“essentially AIG” in short.) These are representations
whose socles are absolutely irreducible and generic, and that satisfy a certain finiteness
property. The importance of these representations stems from the fact that the “modified
Langlands correspondences” we consider send Galois representations to essentially AIG
representations. In Section 3.3 we apply the results of Section 2.2 to establish some basic facts
about the reduction theory of essentially AIG representations.

In Section 4 we study the behavior of the local Langlands correspondence (over fields of
characteristic zero) under specialization. As we have previously discussed, the usual local
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Langlands correspondence is not suitable for our purposes, and we instead consider a mod-
ification of this correspondence due to Breuil and Schneider. Our first main result (Corol-
lary 4.3.3) establishes that the admissible representations of GL,, (E) produced by the Breuil-
Schneider correspondence are essentially AIG. Once we have this, we apply the reduction
theory of Section 3.3, together with ideas from the Zelevinski classification, to establish The-
orem 4.5.7, which relates the behavior of a Galois representation under specialization to a
characteristic zero residue field to the behavior (under the same specialization) of the corre-
sponding admissible representation constructed by Breuil-Schneider.

Section 5 constructs a “modified local Langlands correspondence” in characteristic p, by
analogy with the Breuil-Schneider correspondence; in particular we define this correspon-
dence to be the “minimal” correspondence that satisfies a mod p analogue of Theorem 4.5.7.
We refer the reader to Theorem 5.1.5 for the precise definition.

We finally turn to the study of the local Langlands correspondence for families of admissi-
ble representations in Section 6. Section 6.2 discusses the main results of our theory; to avoid
obscuring this discussion with technicalities we postpone the proofs to Section 6.3. Surpris-
ingly little beyond the theory of Kirillov models is necessary to prove the basic uniqueness
result of Theorem 6.2.1. On the other hand, establishing more precise results about the struc-
ture of the family of admissible representations attached to a given family of Galois represen-
tations (for instance, the interpolation Theorems 6.2.5 and 6.2.6) requires the full strength of
the specialization results in Section 4.
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2. Representation theory—general background

2.1. Admissible smooth representations

Let A be a Noetherian local ring with maximal ideal m and residue field k. In this
subsection we recall some basic facts about admissible smooth representations over A.
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2.1.1. DEFINITION. — An A-linear representation of a topological group H on an
A-module V is called smooth if any element of V is fixed by an open subgroup of H.

Clearly any H -invariant sub- or quotient A-module of a smooth H-representation over A
is again a smooth H-representation over A.

2.1.2. DEFINITION. — A smooth representation of a topological group H on an A-mo-
dule V is called admissible if for any open subgroup Hy C H, the A-module of fixed points
V Ho is finitely generated.

Clearly any H-invariant A-submodule of an admissible smooth H-representation over A
is again an admissible smooth H-representation over A. (For the case of H-invariant quo-
tients, see Lemma 2.1.6 below.)

Consider the following condition on H:

2.1.3. CoNDITION. — H contains a profinite open subgroup, admitting a countable basis
of neighborhoods of the identity, whose pro-order is invertible in A.

Suppose that H satisfies Condition 2.1.3, and let {H,};>o denote a decreasing sequence
of open subgroups of H, each of whose pro-order is invertible in A, and which forms a
neighborhood basis of the identity in H. If V' is a smooth H-representation over A, then for
eachn > 1, we may define the idempotent projector m; : V. — VHiviav — [ g, hvdpi, where
u; denotes Haar measure on H;, normalized so that H; has total measure 1. If we define
V; := ker m; (| VHi+1, then the inclusion V; C V induces an isomorphism of A-modules

(2.1) Ppv. =V

The formation of V; is evidently functorial on the category of smooth representations of H
over A, and thus so is the direct sum decomposition (2.1). In fact one can say something more
precise:

2.1.4. LEMMA. — Suppose that H satisfies Condition 2.1.3. If W is an H-invariant A-sub-
module of the smooth H-representation A over V, then the natural maps W; — V; (W and
Vi/ (Vi W) — (V/W), are isomorphisms.

Proof. — This is evident. O

2.1.5. LEMMA. — Suppose that H satisfies Condition 2.1.3. A smooth H-representation V
over A is admissible if and only if each of the A-modules V; is finitely generated.

Proof. — This follows from the isomorphisms @, V; — V* for each , and the fact
that the sequence { H; } is cofinal in the collection of all of open subgroups of H. O

2.1.6. LEMMA. — Suppose that H satisfies Condition 2.1.3. If V is an admissible smooth
H-representation over A, and if W is a G-invariant A-submodule of V, then V/W is again an
admissible smooth H-representation over A.

Proof. — This follows from the preceding lemma, and the fact that V; — (V/W); is
surjective. O
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664 M. EMERTON AND D. HELM

IfV is an A-module equipped with an admissible smooth H-representation, then typically
V itself will not be finitely generated as an A-module. Nevertheless, the existence of the
decomposition (2.1) allows us to extend many results about finitely generated A-modules to
the situation of admissible smooth G-representations.

2.1.7. LEMMA. — If H satisfies Condition 2.1.3, and if V' is an admissible smooth H-repre-
sentation for which V/mV =0, then V = 0.

Proof. — The decomposition (2.1) yields the isomorphism @, V;/mV; — V/m. Thus
V/mV = 0 implies that V;/mV; = 0 for each value of 4. Since each V; is finitely generated
over A, this in turn implies that V; = 0 for each 4, by Nakayama’s lemma. Thus V' = 0, as
claimed. O

2.1.8. LEMMA. — If H satisfies Condition 2.1.3, and if V' is an admissible smooth represen-
tation such that V/mV is finitely generated over k[H|, then V is finitely generated over A[H)|.

Proof. — Let S C A be a finite subset whose image in V/mV generates this quotient
over k[H], and let W be the A[H]-submodule of V' generated by S. Lemma 2.1.6 implies
that (V/W) is admissible, and by construction we see that (V/W)/m(V/W) = 0. Thus
Lemma 2.1.7 shows that W = V', and so V is also finitely generated. O

It will be technically useful to consider a related notion of admissible representation.

2.1.9. DErFINITION. — If V is an A-module equipped with an A-linear representation
of H, we say that V is an admissible continuous H -representation if:

1. V is m-adically complete and separated.

2. The H-action on V is continuous, when V' is equipped with its m-adic topology (i.e.,
the action map H x V — V is jointly continuous).

3. The induced H-representation on V/mV (which is automatically smooth, by (1)) is
admissible smooth.

2.1.10. LEMMA. — Suppose that H satisfies Condition 2.1.3. If V is a continuous admissible
H-representation over A, then for each n > 0, the induced H-representation on V/m"™V is
admissible smooth.

Proof. — Condition (2) of Definition 2.1.9 implies that the H-action on V/m"V is con-
tinuous, when the latter is equipped with its discrete topology. In other words, V/m™V is a
smooth representation of H. Since the formation of H;-invariants is exact, for any ¢ > 0,
we find that (V/m"V)Hi /m(V/m"V)Hi = (V/mV)H: is finite dimensional over A/m, by
Condition (3) of Definition 2.1.9. Lemma 2.1.16 below (applied to the module (V/m"V):
of the Artinian local ring A/m™) then shows that (V/m"V)#: is finitely generated over A/m".

Consequently V/m™V is admissible. O
2.1.11. DEFINITION. — If V is an A-module, we let V denote the m-adic completion of V.

2.1.12. DEFINITION. — If V is an A-module equipped with an H-representation, we
let Vi denote the subset of V' consisting of vectors which are smooth, i.e., which are fixed
by some open subgroup of H. One immediately verifies that V,, is an A-submodule of V,
closed under the action of H. Thus Vj,, is a smooth H-representation.
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2.1.13. PROPOSITION. — Suppose that H satisfies Condition 2.1.3, and let V' be an admis-
sible smooth H-representation over A.

1. V is a continuous admissible H -representation over A.
2. If A is m-adically complete, then the natural map V- — Vg, is an isomorphism.

Proof. — The H-action on V is smooth, and thus so is the H-action on V/m™V, for each
n > 0. Passing to the projective limit over n, we find that the H-action on Vis m-adically
continuous. Since V/mV = V/mV, it follows from Lemma 2.1.6 that the H-action on V /mV/
is admissible. Thus V satisfies both the conditions of Definition 2.1.9. This proves (1).

We now turn to proving (2), and so in particular, assume that A is m-adically complete.
For each ¢ > 0, we find that

Vs lim(V/mn V) s limV s ey e 2y

(the second isomorphism following from the exactness of the formation of H;-invariants,
and the third following from the fact that V' is finitely generated over A, by assumption,
and hence m-adically complete, since A is m-adically complete). Consequently, the map
VH: — VHijsan isomorphism for each ¢ > 0, and thus, passing to the inductive limit over 4,
we find that V =5 I//\'sm, as claimed. O

2.1.14. PROPOSITION. — Suppose that H satisfies Condition 2.1.3 and that A is m-adically
complete, and let V be an admissible continuous H-representation over A.

1. Vi is an admissible smooth H-representation.
2. The natural map Vg, — V' is an isomorphism.

Proof. — Since V is m-adically complete and separated, we see that Vi is m-adically
complete and separated for each ¢ > 0. Since the formation of H;-invariants is exact, we
see that VHi /mVHi = (V/mV)H: which by assumption is finite dimensional over A/m.
Lemma 2.1.16 below then implies that V #: is finitely generated over A. Since (Vg )i = Vi
by the very definition of Vjy,, we see that Vg, is admissible, proving (1).

If i > 0and n > 0, then

(Vam) ™ fm (Vi) 1t = VI fm VI (Vi V) I

the equality holding (as was already noted above) by the very definition of V;,,, and the
isomorphism following from the exactness of the formation of H;-invariants. Passing to the
inductive limit over ¢, and taking into account the fact that V;,, and V/m"V are both smooth
H-representations, we find that Vi, /m"V,, — V/m"V. Passing to the projective limit
over n, we find that @ -~ V, proving (2). O

2.1.15. REMARK. — It follows from the preceding propositions that if A is m-adically
complete, then the functors V' +— VandV — Vim are mutually quasi-inverse, and induce
an equivalence of categories between the category of admissible smooth H-representations
over A, and the category of admissible continuous H -representations over A.

We close this subsection by recalling a version of Nakayama’s lemma in the setting
of m-adically separated modules over complete local rings.
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2.1.16. LEMMA. — Suppose that A is m-adically complete. If M is an m-adically separated
A-module such that M /mM is finite dimensional over A/m, then M is finitely generated over A.

Proof. — Choose S = {s1,...,8m} C M to be finite, and such that the image of S
in M/mM spans M over A/m, and let N denote the A-submodule of M generated by S.
We then have that M = N + mM, and so arguing inductively, for each v € M we may find,
foreachi =1,...,s, a sequence of elements a; , of A with a;,, € m™ for each n, such that
for each n we have

vE Z(aw +ai1+ -+ ain)s +mt M.
i=1
Writing a; = a;0+a;1+--- (a well-defined element of A, since A is m-adically complete by
assumption), we then find (since M is m-adically separated) that v = »;_, a;s; € N, and
thus that M = N, proving the lemma. O

2.2. Invariant lattices

Let © be a complete discrete valuation ring, with field of fractions & and residue field K
of characteristic different from £. Let w be a choice of uniformizer of @. If V' is a K -vector
space, then by a lattice in V' we mean an #-submodule V° which spans V over & .

2.2.1. DEFINITION. — We say that a representation V of a group H over X is a good
integral representation if V' contains a w-adically separated H-invariant lattice V° with the
property that V° := V°/wV® has finite length as a K [H]-module.

We now prove some basic results pertaining to this definition.

2.2.2. LEMMA. — Any subrepresentation of a good integral representation V of H over K
is again a good integral representation of H.

Proof. — If V° is a w-adically separated H-invariant lattice in V' for which V" is of finite
length over K[H]|, then W° := V° N W is a w-adically separated H-invariant lattice in W,
and since the natural map W~ — V' is injective, we see that W~ also has finite length
over K[H]. O

2.2.3. LEMMA. — LetV be a goodintegral representation of a group H, and fix a w-adically
separated H-invariant lattice V° C 'V such that Vv’ has finite length over K[H). If M is an
H-invariant ©-submodule of V/V°, then either M is of bounded exponent as an ©-module, or
else M contains a non-zero H-invariant divisible O-submodule.

Proof. — If M is not of bounded exponent, then the map M[w"] — M[x™] induced
by multiplication by @™~ has non-zero image for each n > m > 1, and hence, since
each M[ww"] has finite length, we find that limM "] # 0 (the transition maps being given

by multiplication by w). If (my),>0 is @ non-zero element of this projective limit, then the
p-submodule of M generated by the elements m,, is evidently non-zero and divisible. Thus
the maximal divisible submodule of M is non-zero; it is also clearly H-invariant. O

2.2.4. LEMMA. — If H is a topological group satisfying Condition 2.1.3, and if V' is a good
integral admissible smooth representation of H over K, then:
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1. Any two w-adically separated H-invariant lattices in V are commensurable.

2. If V° is a w-adically separated H-invariant lattice in V', then V° is finitely generated
over O[H], the K[H]-module V° := V°/wV® is of finite length, and the isomorphism
class of (VO)Ss (the semisimplification ofvO as a k[H|-module) is independent of the
choice of V°.

Proof. — Since V is good integral by assumption, we may and do choose an w-adically
separated H-invariant lattice V° C V such that V° is of finite length. Then V" is certainly
finitely generated over K[H]|, and so Lemma 2.1.8 implies that V° is finitely generated
over O[H|.

Let V° be another w-adically separated H-invariant lattice in V. We will prove that V¢ is
commensurable with V°. This will prove (1). An easy (and standard) argument then proves
that V° is of finite length over K[H], and that (V°)*s and (V°)** are isomorphic. Also
Lemma 2.1.8 will imply that V' is finitely generated over &[H]. Thus (2) will also follow.

Since V° is finitely generated over @[H|, we may find m > 0 such that V° C @™ ™V°. In
proving the commensurability of V° and V°, it is clearly no loss of generality to replace V¢
by w™™V?, and so we may and do assume for the remainder of the proof that V° C V°.

Consider now the quotient V°/V° C V/V°. If V°/V*° is not of bounded exponent, then
Lemma 2.2.3 shows that it contains a non-zero H-invariant divisible submodule D. The Tate
module 7}, D := limD[w"] (the transition maps being given by multiplication by w) is then a

non-zero w-adically complete and separated £-module, equipped with an action of H, and
an injection

(2.2) T,D — T,(V/V°) =5 Ve.
Now
~ 1
T,D/wT,D — D[w] C ;VO/VO,

and hence T,D/wT, D is an admissible smooth H-representation. Thus 7,,D is an admis-
sible continuous H-representation over ¢), and so by Remark 2.1.15, the injection (2.2) is
obtained from the induced embedding (7}, D)sm — V° by passing to w-adic completions. In
particular (T,D)gm # 0. Also, the image of the composite

K Qg (LpD)gm —»V = V/V®

is precisely D, and so (since D C V°/V°), we conclude that X Q¢ (Tp,D)sm C V°. But
K ®¢ (TpD)sm is a non-zero K-vector space, and hence is not w-adically separated. This
contradicts our assumption on V°, and hence we conclude that V°/V° is indeed of bounded
exponent, and thus that V° and V° are commensurable, as required. O

2.2.5. DEFINITION. — Let H be a topological group satisfying Condition 2.1.3, and let
V be a good integral admissible smooth representation of H over K. If V° is a w-adically
separated H-invariant lattice in V such that V° := V° /wV° is of finite length as a K [H]-mo-
dule (which exists, by assumption), then we write V° to denote the semisimplification of Vv’
asa K[H]-module. (The preceding lemma shows that, up to isomorphism, VZis independent
of the choice of V°.)

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



668 M. EMERTON AND D. HELM

The following lemma will allow us to choose lattices in good integral admissible smooth
representations whose reductions modulo w have certain specified H-socles.

2.2.6. LEMMA. — Let H be a topological group satisfying Condition 2.1.3, and let V be
a good integral admissible smooth representation of H over K. Let J denote the set of
isomorphism classes of Jordan-Hélder factors of V- (as a K [H]-module; the discussion of
Definition 2.2.5 shows that this set is well-defined), let T be a subset of J, and suppose that
V' contains no non-zero subrepresentation W (necessarily also good integral, by Lemma 2.2.2)
such that every Jordan-Hélder factor of w belongs to . Then there exists a w-adically
separated H-invariant lattice V° contained in V° with the property that Ve o= ve JwV*®
contains no subobject isomorphic to an element of .

Proof. — Choose (as we may, by assumption) a w-adically separated H-invariant lat-
tice V° with the property that V° := V°/wV?® is of finite length as a K[H]-module.
Let M C V/V° be the maximal O[H]|-submodule all of whose Jordan-Holder factors are
isomorphic to an element of .

If we form the projective limit limM[ww”] # 0 (the transition maps being given by multi-
plication by =), then lim M [w"] <—n> l}lnﬁ Vve/ve = YA/O, with saturated and w-adically
complete image. If we \T;vrite W =% 72)@ (limM[@"])sm, then Remark 2.1.15 implies that
W vanishes if and only if lim M [w"] does. 07;1 the other hand, by construction W is a sub-
representation of V' with then property that all the Jordan-Holder factors of w belongto 7,
and so by assumption W must vanish. Thus lim M [w"] = 0, and so Lemma 2.2.3 implies that
M is of bounded exponent, say M = M [w"]r.L

Let V° denote the preimage of M in V. Since V° C V° C w "V?°, we see that V° is
w-adically separated. Since V° 5 @~ 1V° /V*® — V/M, our choice of M ensures that

V° contains no subobject isomorphic to an element of & O

3. Representation theory—the case of GL,,

3.1. Kirillov models

Let & be a perfect field. Let £ be a prime distinct from the characteristic of &, and let k be
a Galois extension of k£ containing all £-power roots of unity.

In this section we set G = GL,,(E), where E is a non-Archimedean local field of residue
characteristic £. We will define a notion of Kirillov models for smooth representations of G
over a W (k)-algebra A.

We begin by recalling the basic properties of Kirillov models associated to smooth
W (k)[G]-modules.

In the case of smooth C[G]-modules, these results are found in [1, §4]; over more general
algebraically closed fields they can be found in [17, Ch. III.1]. The extension of these results

to coefficients in W (k) is more or less immediate. We summarize the key facts:
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Define subgroups P,, and N,, of GL,,(E) by setting:

b
p,=4(° a€GL,_1(E), beE"1},
01
Id, ;b
Nn:{< ! > bGEn_l}.
0 1

We consider GL,,_1 (E) as a subgroup of P, in the obvious way, and identify N,, with E"~1,

Note that P, = GL,_;(E)N,. Any character ¢ : E"~* — W(k)* induces a character
of N,, via
Id,_1 b
— (b),
(4

We fix, for the remainder of this section, a character ¢ : E — VV(?%)X whose kernel
is equal to the subgroup @r of E. We consider 1 as a character of E"~! by setting
(et ... ,en_1) = ¥(en_1), and also as a character of N,, via the isomorphism of E"~1
with N,,. The subgroup GL,,_;(F) of P, normalizes N,, and therefore acts on the set of
characters of N,, by conjugation. The stabilizer of ¢ under this action is the subgroup P,,_1
of GL,_1(E).

which we again denote by .

3.1.1. DEFINITION. — For a W (k)-algebra A, let Rep 4(G) denote the category of smooth
A[G]-modules. Define functors U=, ¥+ &= &+ &+ by:

= U7 : Repy, iy (Pn) — Repy, i) (GLyn—1(E)) is given by ¥=(V)) = V,,, the module
of Nyp-coinvariants of V.

A RepW(E)(GLn,l(E)) — RepW(E)(Pn) is the functor that takes a GL,,_1-mo-
dule V' and extends the action of GL,,_1 to P, by letting N,, act trivially.

- o RepW(%)(Pn) — Repw(;)(Pn—ﬂ is given by ® (V) = Vi, where V, is the
largest quotient of 'V on which Ny, acts by 1. (As P,_1 normalizes , Vy, is naturally
a P,_1-module.)

- ot RepW('E)(Pn—l) — RepW(%)(Pn) is given by

OT(V) =cIndpr  n V/,
where V' is the P,_1Ny-module obtained from V by letting N,, act via v, and c-Ind
c{enotes smooth induction with compact support.
- ot Repyy, ) (Pn-1) = Repyy, gy (Pn) is given by
OT(V)=Indp n V'

n

The natural surjections of V onto ¥~V and of V onto &~V are GL,_;(E) and
P,,_i-equivariant, respectively.

3.1.2. REMARK. — Note that these functors differ from the ones defined in [1] in that
they are not “normalized.” More precisely, the functors defined in [1] are twists of the above
functors by the square roots of certain modulus characters. This makes them unsuitable for
most of our purposes, as the descent arguments we make at the end of this section do not
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apply to the twisted functors defined in [1]. We will thus use the “non-normalized” functors
defined above throughout the bulk of the paper.

An unfortunate exception to this is in the proof of Proposition 4.3.2. While it would in
principle be possible to give a proof of Proposition 4.3.2 using the non-normalized functors
that we use elsewhere, the normalization of [1] simplifies the combinatorics immensely. We
have thus chosen to adopt this normalization for the purposes of that proof only.

The arguments of [1, §3.2] carry over to this setting to show:

3.1.3. PROPOSITION. — 1. The functors U=, U+ &= &+ & are exact.

2. ®F is left adjoint to &=, U~ is left adjoint to U, and ®~ is left adjoint to &+ .

3. T =0t = 0.

4. The composite functors O~ U+, &= &+ and ®=®F are naturally isomorphic to identity
functors.

5. One has an exact sequence of functors:

0-®dtd~ - 1d > Tvto~ — 0.

For our purposes, it will be necessary to have versions of these functors for representations
over W (k), rather than W (k). The key difficulty is that the character ¢ is not defined
over W (k). Nonetheless, one has:

3.1.4. PROPOSITION. — The functors U=, U+ &= &+ &% descend to functors defined on
representations over W (k). That is, one has a functor:

U™ : Repyy (1) (Pn) — Repyy () (GLn-1(E))
such that for any W (k)[P,]|-module V', one has
U (V @wy W(k) = U (V) @wy W(k),

and similarly for the remaining functors. Moreover, the statements of Proposition 3.1.3 apply
to these functors.

Proof. — For the functors ¥~ and U™ this is clear, as the character 1 does not intervene
in their definition. We thus begin with the functor ®~.

Note that Gal(k/k) acts naturally on W (k), and fixes W (k). Moreover, W (k) is faithfully
flat over W (k). For o € Gal(k/k), let ¢° be the character o o1 of E*. There exists a unique
e € O} such that ¢?(e) = ¥(eye). The map o — e, is a homomorphism from Gal(k/k)
to 0.

Consider each e, as an element of P,,_; via the inclusions:

@2 Cc E*C GLn_l(E) Cc P,_1.

If we consider 9 as a character of N,,, we have ¢ (u) = (e, ue; ) for allu € N,,.

Now let V' be a smooth P,-representation over W (k), and let V be the representation
V ®@w (x) W (k ) Then we have a W( )-semilinear action of Gal(k/k) on V, that fixes V. By
definition, ®~V is the quotient of V by the W( )[Pr.—1]-submodule generated by all vectors
of the form uv — 4 (u)v, foru € N, and v € V.

The Galois action on V does not descend to =V, but a twist of it does. For an element
[v] € ®V, represented by an element v of V, define ov] = [e,ov]. This is well-defined,
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since if v = uw — ¥ (u)w for some w € Vandu € N,,, we can set w’ = e,ow, u' = e ue; ",
and then e,ov = uw'w’ — ¢(u')w’. We thus obtain a W (k)-semilinear action of Gal(k/k)
on ®~V; we define ®~V to be the invariants under this action. This is clearly functorial with
the desired properties. (Note, however, that the surjection V — &~V does not descend to a
natural surjection of V onto ®~V.)

Now let V' be a smooth P, _;-representation over W (k). Then ®*+V and $*+V can both
be realized as spaces of functions: f : P, — ‘7, such that for any h € P,_; and any u
in N,,, we have f(ghu) = 1 (u)hf(g). Define an action of Gal(k/k) on the space of such
functions by setting (o f)(g) = e, *o f(g). This preserves the identity f(ghu) = ¥ (u)hf(g),
and so defines a W (k)-semilinear action of Gal(k/k) on ®+V and +V. We set ®+V and
®*V to be the invariants of this action in ®+V and &+V, respectively. Note that if V' is
a smooth P,-representation, then the natural maps: te"V — VandV — TV
are Gal(k/k)-equivariant, and hence descend to V.

Using this, one easily verifies the adjointness property (2) of Proposition 3.1.3 for the
functors over W (k). Properties (1), (3), (4), and (5) then follow by base change and the fact

that W (k) is faithfully flat over W (k). O

Note that if A is a Noetherian W (k)-algebra, and V is a smooth representation of P"~!
over A, then the modules U—V, &~V obtained by treating V as a representation of P"~!
over W (k) and applying the appropriate functors inherit an A-module structure. We can thus
define the functors ¥ —, ¥+ &, etc. on suitable categories of smooth representations over A.
It is then clear that if B is a Noetherian A-algebra, one has V= (V ® 4 B) = ¥~ (V) ® 4 B,
and similarly for the remaining functors.

Finally, observe that the functors ¥—, ¥+ &~ &+ & commute with tensor products;
that is, if M is an A-module, then = (V®4 M) = ¥~ (V) ®4 M, and similarly for the other
functors.

We now define the “derivatives” of a smooth P,-representation V. For 0 < r < n, we
set V) = 0= (@) ~1V; V(") is a representation of GL,,_,(E). If A is a W (k)-algebra,
then one has a GL,,_,.(E)-equivariant surjection V' — V(") (but this is not true if A is only
a W (k)-algebra.)

Note that V(™ is simply an A-module. The adjointness properties of Proposition 3.1.3
give, for any V, maps:

V — ((i)+)(n—1)\p+(v(n))_
(<D+)n71\11+(v(n)) N 74
(Note that in the setting of the second of these maps, the ¥+ that appears, and the ¥~ that
arises in the definition of V(™ are both the identity functor, and thus the fact that ¥+ is
usually a right adjoint to ¥~ rather than a left adjoint is not an issue.) The image of V
in (1)~ D+ (V™) is called the Kirillov model of V.
The exact sequence of Proposition 3.1.3 implies that the map
((I)+)n_1\11+(V(")) =V

is injective; we denote its image by J(V'). The space J(V') is often referred to as the space of
Schwartz functions in V.
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3.1.5. LEMMA. — Let V be a smooth P,-module over A. Set A = A Qw (k) W (k), and
let V=V QW (k) W (k). The modules V and 3(V') each contain an A-submodule W such that
W is isomorphic to V™ and W ® 4 A maps isomorphically to V™) under the surjection Voym,

Proof. — It suffices to show that J(V') contains such a submodule, as J(V') embeds in V.
We have
3(V) _ (<I)+)"_1\I/+V(n) — [((I)+)n_1\II+W(k)] Sw (k) 14ON
Moreover, the map J(V) — V™ arises from the surjection:
(@) Nt W (k) — W (k)
by tensoring over W (k) with V(™ _ It thus suffices to construct a submodule W of
[(@T)"~1W*TW (k)] that is free of rank one over W (k) and such that W ®y () W (k)
maps isomorphically onto W(%) under the surjection
(@) Nt W (k) — W (k).
This amounts to simply choosing any element of (&%)~ W+1¥ (k) that maps to an element

of W (k) \ @wW (k), where  is the uniformizer of W (k). Such an element clearly exists, as
otherwise the image of the composition:

(@) W (k)] @wy W (k) = ()" 1T W (k) — W (k)

would be contained in wW (k). O
Over a field, the top derivatives are multiplicative with respect to parabolic induction:

3.1.6. PROPOSITION. — Let V' and W be admissible k-representations of GLy(E)
and GL,,,(E), respectively. Let P C GLy, ., (E) be the parabolic subgroup of G given by:

r={(00)

and consider V.® W as a representation of P by letting the unipotent radical of P act trivially.
Then

a€GL,(E), de GLm(E)} ,

(IndgLn+m(E) Ve W)(ner) . 4G ® w(m)

Proof. — This is a special case of [17, Lem. 1.10]. Note that the derivative functors used
in [17] are normalized differently than ours; this normalization does not affect the top
derivative V(") of a representation V of GL, (E). O

We also have:

3.1.7. THEOREM. — LetV be anabsolutely irreducible admissible representation of GL,,(E)
over a field K that is a W (k)-algebra. Then V™) is either zero or a one-dimensional K -vector
space, and is one-dimensional if V' is cuspidal.

Proof. — This is [17, I11.5.10], over F,, or Q,,; the same argument works over an arbitrary
field containing the £-power roots of unity. The general case follows by extending scalars. [

3.1.8. DEFINITION. — We say that an absolutely irreducible admissible representation V
of GL,,(E) over a field K that is a W (k)-algebra is generic if V™) is one-dimensional over K.
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We now turn to finiteness properties of the derivative.

3.1.9. LEMMA. — Let A be a Noetherian local ring, with maximal ideal m, and suppose
that M is a submodule of a direct sum of finitely generated A-modules. If M /mM is finite
dimensional, then M is finitely generated.

Proof. — Our assumption on M/mM allows us to choose a finitely generated submo-
dule N of M such that N +mM = M, or equivalently such that m(M/N) = M/N.
Nakayama’s Lemma then shows that any finitely generated quotient of M/N must va-
nish. Since by assumption M embeds into a direct sum of finitely generated A-modules, we
may find a finitely generated A-module X, and an A-module Y which is a direct sum of
finitely generated A-modules, and an embedding M C X @Y, such that N C X. On the
one hand M /(M () X) is a quotient of M /N, and hence has no non-vanishing finitely gen-
erated quotients. On the other hand, the projection of X @ Y onto Y induces an embedding
of M/(M(NX)intoY. Thus M/(M (1 X) = 0,and so M C X is finitely generated. O

We note for future reference the following corollary of the preceding lemma.

3.1.10. COROLLARY. — Let A be a Noetherian local ring, and suppose that M is a submodule
of a direct sum of finitely generated A-modules. If M /mM vanishes, then M itself vanishes.

Proof. — The preceding result implies that M is finitely generated. The corollary thus
follows from Nakayama’s Lemma. O

3.1.11. THEOREM. — Suppose that A is a Noetherian local W (k)-algebra with maximal
ideal m. Let V be an admissible representation of GL,, over A, and suppose that (V/mV)(™) js
finite dimensional over A/m. Then V™) is a finitely generated A-module.

Proof. — As derivatives commute with tensor products, we have
V) fmy ™) = (V/my) ™,

On the other hand, we have already observed that J(V') (and hence V) contains an A-sub-
module isomorphic to V(™). As V is a direct sum of finitely generated A-modules, the result
follows from Lemma 3.1.9. O

3.1.12. REMARK. — In the setting of Theorem 3.1.11, if V/mV has finite length, then
(V/mV) (™) is finite dimensional over A/m by Theorem 3.1.7. Thus Theorem 3.1.11 applies
to all admissible representations of GL,, over A such that V/mV has finite length.

Theorem 3.1.11 allows us to establish the following extension of Proposition 3.1.6:

3.1.13. COROLLARY. — Let A be a reduced Noetherian local W (k)-algebra with maximal
ideal m. Let V and W be admissible smooth A-representations of GL,,(E) and GL,,,(E), and
let P be the parabolic subgroup of GLy1.,(E) defined in the statement of Proposition 3.1.6.
Then, if V™) and W™ are free of rank one over A, so is the A-module:

(Ind Gy g ) ntm),
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Proof. — For each minimal prime a of A, let x(a) be its residue field. Set V, = V ® 4 x(a)
and W, = W ®4 k(a). We have isomorphisms:

(mdSE By @ W) ™) @ 4 k(a) =5 (Ind S+ B v, @ W) +m),

and the latter is one-dimensional by Proposition 3.1.6. Thus in particular the annihilator
of (IndgL”’"(E) V ® W)(™*™) as an A-module is the zero ideal of A.

On the other hand, let V = V/mV and W = W/mW. Then we have isomorphisms:
(IndSl By @ W) tm) @ 4 A/m =5 (Ind St B Y @ W) (vtm)|

and the latter is again one-dimensional by Proposition 3.1.6. Theorem 3.1.11 shows that
(IndS"+m ) 17 @ W) (n+m) is furthermore finitely generated over A, and thus it follows by
Nakayama'’s lemma that (IndgL”er (£) V@W)™+™) is a cyclic A-module, and hence (taking
into account that it is faithful, as we proved above) is free of rank one. O

We will also need a generalization of this machinery to a product of GL,,(E;) for various
local fields F; of residue characteristics £;, all prime to the residue characteristic of k. Fix
a finite collection of such F;, indexed by a set S, and let G be the product of the groups
GL,, (E;) for all . Let P, be the product of the subgroups P, (E;) of GL, (E;).

Now if we fix for each ¢ a character ; : N,(E;) — W(k)™, we can define func-
tors Wi, &= YHi i $i as follows: if H is any topological group, and V is a
P, (E;) x H-module, then ¥=*(V) is the GL,,_1 (E;) x H-module defined by applying ¥~
to V (considered as a P, (E;)-module), and then taking the natural action of H on ¥~ (V).
The other functors are defined similarly. Note that if V' is a G-module over A (or even a
module over the product of the P, (E;)), then U —iW 7V = U7 UtV (here the equality
denotes a natural isomorphism), and the other functors have similar commutativity proper-
ties. If S’ is a subset of S, the composition of functors ¥~ for all i € S’ is thus a functor
that takes an A-module V over the product of the groups P, (E;) to an A-module with an
action of P,,_; (FE;) for each i € S’ and of P, (E;) for each ¢ not in S’. This composition is
independent (up to natural isomorphism) of the order in which we compose the functors;
we denote it by U5, Similarly define &5, &5, etc. Finally, if V is an A[G]-module,
define V(™5 to be the representation ¥—5"(®5)»~1V_ Note that the functors 5",
TS etc. satisfy analogues of properties (1)-(4) of Proposition 3.1.3.

When it is clear from the context what S and E; we are working with, we will denote &+,
U5 etc. by &+, ¥+, and so forth.

Similarly, if V' is an A[G]-module, we define J;(V') to be space of Schwartz functions in V
for the action of GL,,(E;) on V; this has an action of P, (E;) and of GL,,(E;) for j not equal
to ¢. Note that J,J3; (V) = J;3:(V), so that we can define, for any S’ C S, the functor Jg to
be the composition (in any order) of the functors J; for ¢ in S’. Then Js/ (V') is the smallest
A-submodule of V, stable under P, (FE;) for ¢ in S’ and GL,,(F;) for ¢ not in S’, such that
the map 35(V)(”)’S' — V5" is an isomorphism. By construction, the functor Jg is
left adjoint to the functor V. — V("):5" (when the latter is considered as a functor from
A[P,]-modules to A-modules).

Now, precisely as in the proof of Theorem 3.1.11, we have:
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3.1.14. THEOREM. — Let V be an admissible representation of G over a Noetherian local
W (k)-algebra A, and suppose that (V/mV)(™ is finite dimensional over A/mA. Then V(™ is
a finitely generated A-module.

We also have an analogue of Theorem 3.1.7

3.1.15. THEOREM. — Let V be an absolutely irreducible admissible representation of G
over k. Then V™) is either zero or a one-dimensional k-vector space.

Proof. — The representation V splits as a tensor product of absolutely irreducible repre-
sentations V; of GL;(E;) for all < € I. It follows that V(") is the tensor product of the Vi(").
Hence this result is an immediate consequence of Theorem 3.1.7. O

3.1.16. PROPOSITION. — Let V be an A[G]-module, and suppose that V™) is free of rank
one over A. Then the map A — Endp, (J(V)) is an isomorphism.

Proof. — By the adjointness properties of the functors ¥+ and ®* we have natural iso-
morphisms:

Endp, (3(V)) = Hom4 (V™ 0~ (®7)""13(V)) == Enda (V™).

The result follows immediately. O

3.2. Essentially AIG representations

Let K be a field of characteristic different from £.

3.2.1. DEFINITION. — We say that a smooth representation V of G := GL,,(E) is essen-
tially absolutely irreducible and generic (“essentially AIG” for short) if:

1. The G-socle soc(V') is absolutely irreducible and generic.

2. The quotient V/soc(V) contains no generic Jordan-Holder factors; equivalently,
(v/ soc(V))(n) = 0.

3. The representation V is the sum (or equivalently, the union) of its finite length submo-
dules.

3.2.2. LemMA. — 1. If 'V is an essentially AIG smooth representation of G, and if
x : E* — k* is a continuous character, then (x o det) ® V is again essentially AIG.

2. If'V is an essentially AIG smooth G-representation, and if U C V is a non-zero smooth
G-subrepresentation, then U is also essentially AIG, and furthermore soc(U) = soc(V).

3. If U and V are essentially AIG admissible smooth G-representations, then restricting to
socles induces an embedding

Homg (U, V) — Homg (soc(U),soc(V)).

4. Any non-zero G-equivariant homomorphism between essentially AIG admissible smooth
G-representations is an embedding.
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Proof. — Claim (1) is clear.

IfU C Visasin (2), then 0 # soc(U) C soc(V). Since the latter is absolutely irreducible,
we find that soc(U) = soc(V), and so in particular soc(U) is absolutely irreducible and
generic. Furthermore, we see that U/ soc(U) <— V/soc(V). Since the latter representation
contains no generic Jordan-Hoélder factors, neither does the former. Finally, every element
of U is contained in a finite length submodule of V'; the intersection of this with U is also finite
length. Thus U is the union of its finite length submodules, and is therefore essentially AIG,
proving (2).

Now suppose that ¢ : U — V is a map of essentially AIG representations, as in (3).
If ¢(soc(U)) = 0, then ¢ factors to induce a map U/ soc(U) — V. But the source of this
map has no generic Jordan-Hoélder factors, while its target has generic socle. Thus this map
vanishes, and hence ¢ vanishes. This proves (3).

To prove (4), suppose given ¢ : U — V as above. If ker¢ # 0, then it has a non-
zero socle. As soc(U) is irreducible, we conclude that soc(U) C ker ¢. Part (3) then implies
that ¢ = 0. O

3.2.3. LEMMA. — If' V is an essentially AIG smooth representation of G over K, and if

U is a non-zero submodule of 'V, then Homg (U, V') is one-dimensional over K. In particular,
Endg(V) = K.

Proof. — Part (2) of the preceding lemma shows that U is again essentially AIG and that
soc(U) = soc(V). Part (3) of the same lemma shows that restriction to socles induces an
embedding

Homg (U, V) — Homg (soc(U),soc(V)) = Endg (soc(V)) = K
(where the first equality follows from the already noted equality of socles, and the second

equality following from the absolute irreducibility of soc(V')). Since Homg (U, V') is non-zero
(as U embeds into V' by assumption), it must therefore be one-dimensional, as claimed. [J

3.2.4. LEMMA. — If' 'V is an essentially AIG smooth representation of G over K, then
V' admits a central character.

Proof. — The preceding lemma shows that Autg (V') = K*. Since the centre Z of G acts
as automorphisms of V, the lemma follows. O

3.2.5. LEMMA. — Let V and W be essentially AIG smooth representations of G over K, and
let K' be a finite separable extension of K. For any map f : V Qg K' — W ®y K', there
exists a scalar ¢ € (K')* such that cf descends uniquely to amap V-— W,

Proof. — We may assume K' is Galois over K, and that f is nonzero (and thus injective).
For 0 € Gal(K'/K), define f by fo(x) = of(c7'x). Then f° = c,f for a scalar
co € (K')*. Thec, giveacocyclein H!(Gal(K’/K), (K')*) and are therefore a coboundary;
that is, there exists a ¢ € (K')* such that ¢, = = for all 0. Then cf is Galois-equivariant,
and thus descends to K. O

3.2.6. DEFINITION. — If V is an essentially AIG admissible smooth G-representation,
then we say that a smooth representation W is an essentially AIG envelope of V' if:

1. W is itself essentially AIG.
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2. There is a G-equivariant embedding V' — W (which Lemma 3.2.3 shows is then
unique up to multiplication by a non-zero scalar).

3. W is maximal with respect to properties (1) and (2), i.e., if V' — Y is any G-equivariant
embedding with Y essentially AIG admissible smooth, then there is a G-equivariant
embedding Y — W.

3.2.7. PROPOSITION. — IfV isanessentially AIG admissible smooth G-representation, then
V' admits an essentially AIG envelope, which is unique up to isomorphism.

Proof. — Let V. — I be an injective envelope of V in the category of smooth rep-
resentations. Let U denote the subrepresentation of I/V obtained by taking the sum of
all the non-generic subrepresentations of I/V (so U is the maximal subrepresentation
of I/V for which U™ = 0), and define X to be the preimage of U in I. Let W be the
sum of all of the finite length submodules of X. By construction, the socle of W' is generic,
(w/ soc(W))(n) =0, and W is the sum of its finite length submodules, so W is essen-
tially AIG.

If V — Y is an embedding as in (3), then (since [ is injective) we may extend the
embedding of V into I to an embedding of Y into I. Since every Jordan-Holder constituent
of Y/V is nongeneric, the image of Y lies in X. Moreover, Y is the sum of its finite length
submodules, so the image of Y lies in W. O

If V is an essentially AIG smooth G-representation, then we write env (V') to denote the
essentially AIG envelope of V' (which by the preceding proposition exists, and is unique up
to isomorphism).

3.2.8. LEMMA. — Let V' be an essentially AIG admissible smooth G-representation. If
x : E* — K™ is a continuous character, then there is an isomorphism

env((x odet) ® V) — (x o det) ® env(V);

i.e., the formation of essentially AIG envelopes is compatible with twisting.
Proof. — This is immediate from Lemma 3.2.2. O

In fact, essentially AIG representations actually have finite length. This will be proven in
forthcoming work of the second author [12]. In this paper, we will content ourselves with
somewhat weaker results whose proofs are more elementary. In the case when K is of char-
acteristic zero, this finiteness follows from Theorem 4.3.9 below, while in the case whenn = 2,
it is easy to establish for arbitrary K. (See Proposition 3.2.18 below.) In the remainder of this
section, we establish a weaker finiteness result for essentially AIG representations that will
suffice for our purposes. The key tool will be the notions of cuspidal and supercuspidal sup-
port; we recall the definitions below.

Let {m,...,m} be a multiset of irreducible cuspidal representations of the groups
GL,,(E),...,GL,, (E), for ny,...,n, such that Y n; = n.
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3.2.9. DEFINITION. — Let 7 be an irreducible representation of G over K. The multiset
{m1,...,m} is a cuspidal support of 7 if there exists a parabolic subgroup P = MU of G,
with M isomorphic to the product of the GL,,,, such that 7 is isomorphic to a quotient of the
normalized parabolic induction

Indgﬂ'l R 7y,

for some choice of ordering of w1, ..., Tp.

It is an easy consequence of the “geometric lemma” of Bernstein-Zelevinski, and adjoint-
ness of parabolic induction and restriction, that every irreducible 7 has a cuspidal support,
and this cuspidal support is uniquely determined (as a multiset of isomorphism classes of
irreducible representations.) We refer the reader to [17], I1.2.4, for the details. By contrast,
the notion of supercuspidal support lies considerably deeper:

3.2.10. DEFINITION. — Let 7 be an irreducible representation of G over K. The multiset
{rm1,...,7} is a supercuspidal support of 7 if each w; is supercuspidal, and there exists a
parabolic subgroup P = MU of G, with M isomorphic to the product of the GL,,,, such that m is
isomorphic to a Jordan-Hodlder constituent of the normalized parabolic induction

Indg7r1®'-'®7rr.

In characteristic zero the notions of cuspidal and supercuspidal support coincide. This
is false, however, in characteristic p, where there are cuspidal representations that are not
supercuspidal. In this setting it is a deep result of Vigneras ([19], V.4) that every irreducible 7
has a supercuspidal support that is uniquely determined by 7.

Let scs(m) (resp. cs(m)) denote the supercuspidal support (resp. cuspidal support) of .

3.2.11. PROPOSITION. — Let P = MU be a parabolic subgroup of G, with M isomorphic
to [1, GLy,. Then:

1. Let m; be an irreducible admissible representation of GL,,, for all i. If 7 is an irreducible
submodule or quotient of

IndIGﬂrl®~-~®7rr,

then cs(m) is the multiset sum of cs(w;) for all i.
2. Letw; be anirreducible admissible representation of GL,,, for alli. If  is a Jordan- Hélder
constituent of
Indgm Q- Qmy,

then scs(m) is the multiset sum of scs(m;) for all i.

3. Let m be an irreducible admissible representation of G over k, andlet 7' = m @ - - - @ 7,
be a Jordan-Holder constituent of Res, w. Then scs() is the multiset sum of scs(m;) for
alli.

Proof. — Statements (1) and (2) are easy consequences of the definitions, together with the
transitivity of parabolic induction. The details of the proof of (1) can be found in [17], I1.2.20,
for instance. Statement (3) follows from the “geometric lemma” of Bernstein-Zelevinski
(which holds in characteristic p as well as characteristic zero by [17], 11.2.19.) O
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3.2.12. PROPOSITION. — Let {my,..., 7.} be a multiset of supercuspidal representations
of GLy,, over K. There exists, up to isomorphism, exactly one irreducible generic representa-
tion 7 of G over K with supercuspidal support equal to {m, ..., m}.

Proof. — A representation 7 with supercuspidal support {1, ..., m,} is isomorphic to a
generic Jordan-Holder constituent of Indg m ® -+ ® m.. By Theorem 3.1.7 and Proposi-
tion 3.1.6, the top derivative of (Ind$ 7, ® - - - ® m,.) is one-dimensional, so it has exactly one
generic Jordan-Holder constituent. O

We are now in a position to show:

3.2.13. THEOREM. — Let w,n’ be irreducible admissible representations of G over K, or
more generally of a Levi subgroup M of G. If Ext'(w, ) is nonzero for some i, then © and ©'
have the same supercuspidal support.

Proof. — By [19, 1V.6.2], the category of smooth representations of M factors as a
product of blocks; two irreducible representations of M are in the same block if, and only
if, their supercuspidal supports are inertially equivalent, that is, if and only if they coincide
up to twisting by unramified characters. We thus reduce to the case where the supercuspidal
supports of m and 7’ differ by at most an unramified twist.

First consider the case in which w and 7’ are both cuspidal representations of G. In this
case, Vigneras’ classification of the supercuspidal supports of cuspidal representations (see
for instance the proof of [19], V.4) shows that 7’ is an unramified twist of 7. In this case, there
exists a maximal distinguished cuspidal type (K, x ® o) (in the sense of [19], Section IV)
contained in both 7 and 7.

We recall some basic facts from [19] about the pair (K, x ® o). In particular, K is a
compact open subgroup of G, with a normal pro-¢ subgroup K;. Moreover, there exists a
finite extension E’ of E, an embedding of GL,.(fg) into K, and an isomorphism of K /K,
with G := GL,(0g/ /wg) such that the composition

GL.(0p) — K — K/K: =G

is equal to the reduction map GL,(®r/) — G. Moreover, x is a representation of K
whose restriction to K is irreducible, and o is a cuspidal representation of G viewed as a
representation of K trivial on K.

The composition

@Ev - GLT(@E') - K

extends to amap (E’')* — G such that the G-intertwining of (K, k ® o) is precisely (E')* K.
It follows that there are extensions 7 and 7/ of k ® o to (E’)* K such that 7 = c—Ind(GE,)X KT
and 7’ = (:-Ind(C’VE,)X KT

The choice of extension 7 defines an action of (E’)* K/K; on Homg, (k|k,, V) for any
representation V' of (E')* K; this makes the functor Homg, (k|x,, —) into an equivalence
between the category of representations of (E')* K whose restriction to K is a direct sum
of copies of x and the category of representations of (E')* K/K;.

Frobenius reciprocity and the Mackey formula yield an isomorphism of Extl(r,7’)
with Exté ENXK/Ky (r,7"). Applying the equivalence of the previous paragraph, and
using the fact that 7/ is an unramified twist of 7, we find that the latter is isomorphic
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to Ext’('E,)xK/Kl (0,0 ® x), for some unramified character x of (E’)* K/K;. On the other
hand, we have an isomorphism of (E’)*K/K; with (wg/)? x G. It is thus clear that
Exté E* K/ K, (0,0 ® X) can only be nonzero if wg acts on o and o ® x via the same scalar;
if this happens then ¢ and ¢ ® x are isomorphic and so 7 is isomorphic to 7’. Then 7 and =’
are isomorphic as claimed.

The case in which m and 7’ are cuspidal representations of M now follows, as any such
representation is a tensor product of cuspidal representations of the factors GL,,, of M.

We handle the remaining cases by induction on ; the case ¢ = 0 is clear. Now assume
exactly one of m and #’ is cuspidal; without loss of generality (taking duals if necessary) we
may assume 7 is cuspidal. We then have a proper parabolic subgroup P’ = M'U’ of M, and
a cuspidal representation ¢ of M’, such that 7' arises as a submodule of Ind¥, o. We thus
have an exact sequence:

0—n' —-Inddo—C—0

where C is the cokernel of the inclusion of 7’ in Ind% o. By Frobenius reciprocity
Ext’ (r,Ind¥ o) = Ext? (Resk; m,0) for all j, and the latter vanishes because m is cusp-
idal. Thus Ext’ (7, 7) is isomorphic to Ext*~!(m, C'). By the inductive hypothesis, the latter
vanishes unless 7 has the same supercuspidal support as some subquotient of C; since every
subquotient of C has the same supercuspidal support as 7’ the claim follows in this case.

Finally, assume that neither 7 nor 7’ is cuspidal. We again fix a proper parabolic subgroup
P’ = M'U’ of M, and a cuspidal representation o of M’, such that 7’ arises as a submodule
of Ind¥, o. Now the exact sequence:

0—7n" —-Ind¥o—C—0
yields an exact sequence:
Ext*~!(x,C) — BExt'(m, ') — Ext'(r,Ind¥. o).

By the inductive hypothesis Ext‘~* (7, C) is nonzero only if 7 has the same supercuspidal
support as 7’. On the other hand, we again have an isomorphism of Ext’(x, Ind} o) with
Exti(Resﬂ m,0), and (as o is cuspidal) the previous case shows that this too vanishes unless
m and 7’ have the same supercuspidal support. O

3.2.14. COROLLARY. — If'V is an essentially AIG representation of G over K, then all the
Jordan-Holder constituents of V have the same supercuspidal support.

Proof. — Suppose otherwise. As V' is the sum of its finite length submodules, there is
then a finite length submodule W of V' that is minimal among submodules of V' that have
a Jordan-Hoélder constituent with supercuspidal support different from that of soc(V).
Let W’ be the kernel of the map W — cosoc(W). The minimality of W implies that
cosoc(W) is irreducible and that every Jordan-Holder constituent of W’ has the same
supercuspidal support as soc(V'). Thus Ext’(W’, cosoc(W)) vanishes for all 4, by the pre-
ceding theorem; in particular cosoc(W) is a direct summand of W. This is impossible, since
Lemma 3.2.3 implies that any essentially AIG representation is indecomposable. O

3.2.15. COROLLARY. — Let V be an essentially AIG representation of G over K. If V is
admissible, then V' has finite length.
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Proof. — By Corollary 3.2.14 there are only finitely many isomorphism classes of Jordan-
Holder constituents of V', and one can bound the number of times any given Jordan-Holder
constituent appears in terms of the dimension of the U-invariants of V for a sufficiently small
compact open subgroup U of G. O

Corollary 3.2.14 has additional finiteness implications for essentially AIG representations.
More precisely, for a smooth representation V' of G, define soc.(V') inductively by setting
soc1 (V) = soc(V), and defining soc. (V') to be the preimage of soc(V/ soc._1(V')) under the
surjection

V — V/soce—1(V).

We then have:

3.2.16. THEOREM. — LetV be an essentially AIG representation of G over K. Thensoc.(V)
has finite length for all c.

Proof. — By induction it suffices to show that soc.(V')/soc.—1(V') has finite length for
all ¢ > 2. The space soc.(V)/soc.—1(V) is semisimple, and every irreducible summand
of soc.(V)/soc.—1(V) is an irreducible non-generic representation of G with the same
supercuspidal support as soc(V'). There are finitely many isomorphism classes of such rep-
resentations. It thus suffices to show, for every irreducible non-generic representation = of G
with the same supercuspidal support as soc(V), that Hom(7, soc.(V)/soc.—1(V)) is finite
dimensional. We have an exact sequence:

0 — soc.—1(V) — soc.(V) — soc.(V)/soc.—1(V) — 0.

As the socle of soc.(V) is generic, we have Hom(m,soc.(V)) = 0. We thus obtain an
injection:
Hom (7, s0c.(V)/soc._1(V)) — Ext!(m,s0c._1(V)).

But soc.—1 (V) has finite length by the induction hypothesis, and so by [18], Corollary 2.12,
Ext! (m,s0c._1(V)) is finite dimensional. O

3.2.17. COROLLARY. — LetV be an essentially AIG representation of G, let ¢ be a positive
integer, and let V; be an arbitrary collection of submodules of V of length less than or equal to c.

Then the sum of the V; has finite length.

Proof. — Each V; is contained in soc.(V'), so their sum is as well. The result thus follows
immediately from the theorem above. O

We close this subsection with the following result treating essentially AIG representations
in the case n = 2.

3.2.18. PROPOSITION. — Any essentially AIG representation over GLo(E) is of finite
length.
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Proof. — Let V be an essentially AIG representation over GLy(E); we must show that
V has finite length. Clearly we may check this after making an extension of scalars, and so
without loss of generality we may and do assume that K = K.

If V/soc(V) is trivial then V' = soc(V) is irreducible, and we are done. Thus we assume
from now on that V/soc(V) is non-trivial. The quotient V/soc(V') contains no generic
constituent, hence its Jordan-Holder factors are all one-dimensional, and so each is of
the form x o det for some character x. Moreover, if there exist Jordan-Holder factors
of V/soc(V') isomorphic to x o det and x’ o det, then Corollary 3.2.14 implies x o det and
X' o det have the same supercuspidal support. From this it is easy to see that x? = (x’)2.
Replacing V' by an appropriate twist, we may thus assume that the center E* of G acts
trivially on each Jordan-Hélder factor of V/ soc(V).

Since V/soc(V) is the sum of its finite length subrepresentations (as V' is; this is one
of the conditions of being essentially AIG), and since each of its Jordan-Holder factors is
one-dimensional, V' is a sum of finite-dimensional representations of GLo(E). The action
of GL2(E) on any finite dimensional representation factors through det, so the action
of GL3(E) on V/soc(V) must also factor through det. In this way we regard V/soc(V)
as a representation of E*. Since V admits a central character, by Lemma 3.2.4, and since
the centre acts trivially on each Jordan-Hélder factor of V/soc(V'), we see that the cen-
tre must act trivially on V. (This is where we use the non-triviality of V/soc(V').) Thus
V/soc(V) is in fact a representation of the group E*/(E*)?. Theorem 3.2.16 shows that
the socle of V/soc(V) is finite length, and it follows from the fact that EX /(E*)? is finite
that V/ soc(V) itself is of finite length, as required. O

3.3. Invariant lattices

We now prove some results about the reduction of finite length essentially AIG represen-
tations of GL,,(E). Let @) be a complete discrete valuation ring, with field of fractions K and
residue field K of characteristic different from £. Fix a uniformizer w of @.

If V is an integral admissible smooth representation of GL,, (E) of finite length, then by
the “Brauer-Nesbitt Theorem” of ([17, Ch. I1.5.11]), V is a good integral representation in
the sense of Definition 2.2.1, and hence Lemma 2.2.4 shows that if V° is a GL,, (E)-invariant
O-lattice in V, then (V°/wV°)* is independent of V°; we denote it V"'

3.3.1. PropPoOSITION. — If' V is an essentially AIG admissible smooth representation
of GL,,(E) over K which is integral and of finite length, then V™ contains a unique irreducible
generic summand.

Proof. — Fix an invariant ©-lattice V° in V. Then (V°)(™ is a finitely generated ©-sub-
module of V™, and the latter is a one-dimensional % -vector space. Thus (V°)(™ is free of
rank one over ). As the derivative commutes with tensor products, it follows that (V™)™ is
a one-dimensional K-vector space; the result follows. O

3.3.2. THEOREM. — If'V isan essentially AIG admissible smooth representation of GL,,(E)
over K which is integral and of finite length, then V' admits a w-adically separated GL,, (E)-in-
variant lattice V° which is admissible as a GL, (E)-representation, and such that
V° = Ve /wV*° is essentially AIG. Moreover, V° is unique up to homothety.
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Proof. — We apply Lemma 2.2.6 to V, taking & to consist of all the nongeneric Jordan-
Holder factors. This yields an ©-lattice V°, such that V° contains no nongeneric subrepre-
sentations. As V°° has only one irreducible generic submodule, this submodule is the socle
of V=", and (V™" /soc(V")) (") — 0.1f H is any open subgroup of G, then (V°) is w-adically
separated, and its E-span coincides with V| which is finite dimensional, since V' is admis-
sible. It follows that (V°)# is finitely generated over ©), and so V° is an admissible smooth
representation of GL,, (E). Thus V* is admissible smooth, and therefore essentially AIG.

Suppose now that V¢ is a second lattice in V satisfying the conditions of the corollary.
Scaling it appropriately, we may assume that V° C V°, but that the induced map VoV
is non-zero. Since both source and target are essentially AIG, this map is necessarily injective
by Lemma 3.2.2, and hence (since source and target are of the same length) an isomorphism.

O

4. The local Langlands correspondence in characteristic zero

Let F be an algebraically closed field of characteristic zero. The local Langlands corre-
spondence for GL,,(E) [8] establishes a certain bijection between the set of isomorphism
classes of irreducible admissible smooth representations of GL,, (E) on F-vector spaces, and
the set of isomorphism classes of n-dimensional Frobenius semisimple Weil-Deligne repre-
sentations over F' (as defined in [5, §8] or [16, §4]).

In fact there are various choices of correspondence, depending on the desired normaliza-
tion. The so-called unitary correspondence is uniquely determined by the requirement that
the local L-and e-factors attached to a pair of corresponding isomorphism classes should
coincide. On the other hand, this correspondence depends on the choice of a square root of £
in F', and (because of this) is not compatible in general with change of coefficients (although
a suitably chosen twist will be; we refer the reader to 4.2 for details).

However, even if we normalize the local Langlands correspondence to be compatible
with change of coefficients, the correspondence as usually defined is not suitable for the
applications we have in mind. In particular, the usual local Langlands correspondence fails
to be compatible with specialization. More precisely, let ) be a complete discrete valuation
ring containing Q,,, with field of fractions A and residue field K, and let p : Gg — GL,,(9)
be a continuous Galois representation. Then the local Langlands correspondence associates
admissible representations 7 and 7 to the Weil-Deligne representations induced by p ® 9 X
and p ®¢ K, but there need not be a close relationship between 7 and the reduction of 7.
(For example, 7 could be a character even if 7 is infinite-dimensional.)

We therefore work with a modification of the usual local Langlands correspondence,
which we describe fully in 4.2. We denote this correspondence by p — m(p), where p is a
continuous n-dimensional representation of G g over an extension K of Q,. The correspon-
dence p — w(p) is essentially the generic local Langlands correspondence introduced by
Breuil and Schneider in [2]. Unlike more standard formulations of local Langlands, the rep-
resentation 7(p) of GL,,(E) will in general be reducible (in fact, it will be an essentially AIG
representation of GL,,(E)). The map p — m(p) will not be a bijection in any meaningful
sense but simply a map from isomorphism classes of n-dimensional representations of Gg
over K to indecomposable admissible representations of GL,,(E) over K. The advantage of
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this choice is that the map p — w(p) will be compatible with change of coefficients (in the
sense that 7(p ® x K') will be isomorphic to m(p) @k K’ for an extension K’ of K), and
also compatible with specialization (in the sense of Theorem 4.5.7 below.)

4.1. Galois representations and Weil-Deligne representations

In order to give a precise description of the map p — w(p), we first recall some basic
facts about Frobenius-semisimple Weil-Deligne representations. Recall that a Weil-Deligne
representation over a field K containing Q, is a pair (p’, N), where p’ : Wg — GL, (K) is
a smooth representation of Wg with coefficients in K and NV is a nilpotent endomorphism
of K™ satisfying p’'(w)Np'(w)~! = |w|N. The representation (p’, N) is called Frobenius-
semisimple if p’ is absolutely semisimple.

We first consider absolutely irreducible representations p’ : Wr — GL,,(K). Let I be the
inertia subgroup of E. Then p'(Ig) is a finite group, and so all of its irreducible representa-
tions are defined over a finite extension Ko of Q,. After replacing K with an algebraic ex-
tension we may assume K contains a subfield isomorphic to K. Then the restriction of p’
to I splits as a direct sum of absolutely irreducible representations 7; of Iy over K.

Let ® be a Frobenius element of Wg, and let V be an I g-stable subspace of K™ isomorphic
to 1 @k, K as an Ig-representation. Then I acts on @V by the conjugate 72 of 71. In fact,
we have:

4.1.1. LEMMA. — Let r be the order of the orbit of 71 under the action of ® on the set of
isomorphism classes of absolutely irreducible representations of Ig over Ky. Then we have a
direct sum decomposition:

r—1
’ ot
p |IE = @Tl K, K
i=0
and the action of ® on this decomposition permutes the summands.

Proof. — As Ig is normal in W, this is a standard result in Clifford theory. O

In particular, the vector space Hom g;,,1(T1 ® k,, K, p’|1,;) is one-dimensional. If we fix an
isomorphism 7; — 72", then we get an endomorphism ¥ of this vector space via:

HomK[IE](Tl R K, K, p/) g’ HOHIK[]E] (T{I)T ® K, K, pl) - HOIIIK[]E](T1 R K, K, p/)'

The action of W is given by a scalar A in K*.

4.1.2. LEMMA. — For any A € K* there is a unique absolutely irreducible represen-
tation p' over K (up to isomorphism) such that p'|r, contains 71 @k, K and U acts
on Homg1,1(11 ®k, K, p') via \.

Proof. — If r = 1, then the restriction of p’ to I is given by 11 ®k, K, and so to
determine p’ it suffices to give an action of ® on the representation space of 7, compatible
with the action of Iz. This amounts to giving an isomorphism 7y @, K — (11 ®, K)?.
As we have already fixed an isomorphism 7; — 7, such an isomorphism is determined
by A.

If r > 1, let E’ be the unramified extension of E of degree r. The restriction of p’ to Wg:
breaks up as a sum of irreducible representations py, ..., p,._; such that the restriction
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of pl to I is isomorphic to 7% " Thus p; is determined by A and 7y, and p’ is isomorphic
to Ind%g pp by Frobenius reciprocity. O

4.1.3. LEMMA. — Let K be a field containing Q,, and let p’ be an absolutely irreducible
representation of Wg over K. Then there exists an unramified character x : Wg — K™ such
that the twist p' @ x is defined over Q,,.

Proof. — The representation 71 is defined over a finite extension of Qy, so it suffices to
show that after a twist we can take the scalar A to be in @p. Twisting by an unramified x
changes A to x(®)"\, so this is clear. O

4.1.4. DEFINITION. — Let p' be an absolutely irreducible smooth representation
Wg — GL,(K), and let d be a positive integer. The special representation Sp,  is the pair

Spya=Vo®: - ®Va-1,N),
where Wg acts on V; by | |'p’ and N maps V; isomorphically onto Vi for 0 <i < d — 2.

The representation Sp,, ; is well-defined up to isomorphism, and is an absolutely inde-
composable Weil-Deligne representation. If K is algebraically closed, then every indecom-
posable Frobenius-semisimple Weil-Deligne representation has the form Sp, ; for a unique
absolutely irreducible representation p’ of Wg over K. Combining this with the previous
lemma, we find:

4.1.5. LEMMA. — Let K be a field containing Qp, and let (o', N) be an indecomposable
Frobenius-semisimple Weil-Deligne representation over K. Then there exists a character
x:Wg — K such that the twist (0" ® x, N) is defined over @p.

In those situations in which we will apply the local Langlands correspondence, we will
be beginning not with Weil-Deligne representations, but with Galois representations. Thus
we recall the recipe of Deligne for associating a Weil-Deligne representation to a continuous
Galois representation, in a slightly broader context than that in which it is usually considered.

Let A be a complete Noetherian local domain of residue characteristic p different from ¢,
maximal ideal m, and field of fractions & of characteristic zero. Let R be any subring of &
containing A and %. (In most applications, R will equal either &, or else a complete discrete
valuation ring @ containing A and contained in X.)

Foranyn > 0, we say that a representation p : Gg — GL,,(R) is continuous if we can find
a finitely generated A-submodule M of R™ that is invariant under p(Gg), spans R" over R,
and such that the induced G g-action on M is m-adically continuous. (Note that if R = KX,
and X is a finite extension of Q,, then this coincides with the usual notion of continuity of
a G g-representation.)

As in [16, (4.2)], we fix a non-zero homomorphism ¢, : Ir — Qp. (When comparing
the present discussion with that of [16], note that the roles of £ and p are reversed.) This
homomorphism is uniquely determined up to scaling by an element of Q,;. The following
result then extends a theorem of Deligne [5, §8], [16, Thm. (4.2.1)] (which treats the case when
the coefficient field is a finite extension of Q).

4.1.6. PROPOSITION. — A continuous representation p : Gg — GL,,(R) uniquely deter-
mines the following data:
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1. arepresentation p' : Wg — GL,,(R) that is continuous when the target is equipped with
its discrete topology;
2. a nilpotent matrix N € M,,(R);

subject to the following condition:
3. p(®"0) = p'(®"0) exp(t,(0)N) for all o € Ig andr € Z.
Furthermore, as a Weil-Deligne representation, the pair (p', N) is independent, up to isomor-
phism, of the choice of t,, and ®.

Proof. — Let (p, N1) and (p}, N2) be two Weil-Deligne representations satisfying the
condition of the proposition. Then there is an open subgroup of Ir on which both p} and p,
are trivial; we can thus find an element o of I'5 for which p! (¢) and p} (o) are the identity but
tp(o) is nonzero. Then Ny = tp(%) log p(0) = N». The identity

p(®"0) = pi(2"0) exp(tp(o) ;)
then forces p}j = pj.

It thus suffices to construct a (p’, N) as above. Choose a finitely-generated A-submo-
dule M of R™ that is preserved by p and spans R™ over R. Then G acts via p on M /m**1 M
for all 4, and these A-modules are discrete with respect to the m-adic topology. In particular
for each i the subgroup H; of I that acts trivially on M /m®M is a compact open subgroup
of IE

The group of automorphisms of M/miT*M that reduce to the identity in M/m¢M is
an abelian p-group for all # > 2. Thus the action of Hy on M factors through the map
t, : Ig — Qp. Let o be an element of H»; the action of o on M yields an element of o
of End(M) that is congruent to the identity modulo m?. The power series log(a) thus
converges in the m-adic topology on End(M); set N = tp(%) log(). Then any 7 € Hs acts
on M via exp(t,(7)N). It follows that for all 7 € Gg, p(1)Np(r)~! = |7|N. In particular
N must be nilpotent.

We can then set p'(®"0) = p(®"0) exp(t,(c)N)~! for all o € I and r € Z; this gives a
well-defined p’ that is trivial on the compact open subgroup Hs of Wg. O

Let @ be a discrete valuation ring containing A and contained in X, with residue field K
of characteristic zero and uniformizer . We will be interested in the reduction mod w of
both Galois representations and Weil-Deligne representations over €. One has:

4.1.7. LEMMA. — Let p' : Wg — GL,(0) be a representation of Wg over O such that
0 ®g K is absolutely irreducible. Thenp' := p' ®¢ K is also absolutely irreducible.

Proof. — By Lemma4.1.1, over a finite extension of K, the restriction of p’ to I'g splitsas a
direct sum of absolutely irreducible representations p) of Iz, each of which factors through
a finite quotient if I is defined over Q,. The representations pj are distinct and cyclically
permuted by conjugation by ®. As K has characteristic zero, the p} remain irreducible and
distinct after “reduction mod w”.

Thus, over a finite extension of K, p’ splits as a direct sum of absolutely irreducible
representations p} which are distinct and cyclically permuted under conjugation by ®. It is
thus clear that p’ is absolutely irreducible. O
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It follows that if p’ : Wg — GL,,(X) is absolutely irreducible and contains an ©-lattice L,
then the mod w reduction of L is independent, up to isomorphism, of the lattice L. We denote
this reduction by p'.

The passage from Galois representations to Weil-Deligne representations commutes with
reduction modulo w:

4.1.8. LEMMA. — Let p: Gg — GL,,(0) be a continuous Galois representation, with
mod w reduction p, and let (p', N) and (p', N) be the Weil-Deligne representations attached
to p and p, respectively. Then (p', N) is isomorphic to (p' @ K, N ®¢ K).

Proof. — This follows immediately from the identities
p(370) = p/(¥70) exp(t, (o))
P87 0) = 7(80) exp(ty (o) N)
and the fact that the latter identity characterizes (p’, N) up to isomorphism. O

Given a Weil-Deligne representation (p’, N) over K, one can associate a natural
Frobenius-semisimple representation (p’, N)¥-** (the Frobenius-semisimplification of (o', N)).
We recall the definition; see [5, 8.5] for details.

The matrix p'(®) factors uniquely as a product su, with s and u elements of GL,,(X)
that are semisimple and unipotent, respectively, and commute with each other. Moreover,
if p'(®) lies in GL,,(0), then so do s and u. The element u then commutes with N, and one
defines (p’)¥*° to be the representation of W that satisfies (p/)¥*%(®"0) = u™"p/(®"0).
Then (p’)F* is a semisimple representation of W over X, and the pair ((p')¥, N) is a
Frobenius-semisimple Weil-Deligne representation which we write (p’, N )F-ss.

It will be necessary for us to understand how Frobenius-semisimplification commutes
with reduction modulo w. Note that even if (p’, N) is a Frobenius-semisimple Weil-Deligne
representation over @), its reduction modulo w need not be, as the mod w reduction of a
semisimple element of GL,,(#)) need not be semisimple.

4.1.9. LEMMA. — Let (p', N) be a Weil-Deligne representation over 0, and let (p', N) be
its reduction mod w. Then (p’, N)¥% is defined over €. Moreover, the reduction mod w
of (p', N)¥-5% has Frobenius-semisimplification (p, N )¥5s.

Proof. — If p/(®) decomposes as su, with s and u as above, then s and u lie in GL,,(9),
so (p/, N)¥=ss is defined over 0. Thus p’(®) = 3u, where 3 and @ are the mod w reductions
of s and u.

The element 3 decomposes uniquely as 3'u’, where 3’ is semisimple and @’ is unipotent
and commutes with 3’. As & commutes with 3, 5 also decomposes as a product of us'%w ~*
with ww'w ~1; the uniqueness of this decomposition shows that these two decompositions
coincide. That is, © commutes with 5’ and @’.

We have p'(®) = s'u'u, and the unipotent element uw'n commutes with 3’. Thus the
Frobenius-semisimplification of (p’, N) sends ® to 5’. On the other hand, the reduction
of (p, N)¥-s takes @ to 5, which equals 5'u’. Hence the Frobenius-semisimplification of the
reduction of (p/, N)F-** takes ® to 5, and therefore coincides with (5, N )F-ss. O
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4.2. The generic local Langlands correspondence of Breuil and Schneider

We are now in a position to describe the “generic local Langlands correspondence” of
Breuil and Schneider [2, pp. 162-164]. This is a map (p’, N) — w(p’, N) from Frobenius-
semisimple Weil-Deligne representations over a finite extension K of Q, to indecomposable
admissible representations of GL, (E) over K. Fix a choice of £ in Q, (and thus a choice
of square root of the character | | o det of GL,,(F), as well as a unitary local Langlands
correspondence for representations over Q). With this choice, the properties of this corre-
spondence can be summarized as follows (cf. [2, 4.2]):

1. For any character x : Wrp — Q), one has n(p’ ® x, N) = 7(p’, N) ® x.

2. If K’ is a finite extension of K, then n(p’ ® x K',N) = n(p/,N) g K'.

3. If (o', N) is a direct sum of representations of the form Sp,, ,, over Q. then (o', N)
is defined by the parabolic induction:

7(p',N) = (| | odet)” " Indg " Sty n, ® -+ ® Str, 1,

where m; corresponds to p; under the unitary local Langlands correspondence, Str, n, 1s
the generalized Steinberg representation (and thus corresponds to Sp,,, ,,, under uni-
tary local Langlands), and @ is the upper triangular parabolic subgroup of GL, (E)

whose Levi subgroup is block diagonal with block sizes (n; dim pf,...,n,dimp..).
The symbol IndgL”(E) denotes normalized parabolic induction. The representa-

tions St,, », are ordered so that the condition of [14, Def. 1.2.4] holds. (As long as
this condition is satisfied, the resulting parabolic induction is independent, up to
isomorphism, of the precise choice of ordering, as well as of the choice of the square
root of £ needed to define (| | o det)z.)

These properties uniquely characterize the generic local Langlands correspondence. We
will need a slight extension of this correspondence to the case of coefficients in an arbitrary
field extension K of Q,. Let (p’, N) be a Frobenius-semisimple Weil-Deligne representation
over K, and suppose that it decomposes over K as a direct sum of representations of the
form Sp ol it Then by Lemma 4.1.5, there exist characters x; : Wg — K™ such that Pi®x; 18
defined over @p. For such representations the unitary local Langlands correspondence is
defined, and we can take m; to be the representation over K such that m; ® x; corresponds
to p} ® x; via the unitary local Langlands correspondence over @p.

Stﬂivn’i = Stwi’.@)xl.,ni ® (X’_l (o) det),

7
-1

7(p/,N) = (| [0 det)™ ™% Indg"" " Str, n, ® - ® St .,

where the St., ,,, are ordered as before. A priori, this is a representation of GL,,(E) over K,
but the argument of [2, Lem. 4.2] shows that 7(p’, N) is defined over K itself. Moreover,
m(p', N) is independent of the choices of x;.

As was the case over finite extension of Q,, the map (p’, N) — 7(p’, N) is compatible
with twists, and also with arbitrary field extensions.

We extend this definition to a map from representations of G g to admissible representa-
tions of GL,, (FE) as follows:
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4.2.1. DEFINITION. — Let p be a continuous n-dimensional representation of Gg over K,
and let (p',N) be the corresponding Weil-Deligne representation. We define w(p) to be

m((p', N)T=).

4.3. Segments and the Zelevinski classification

Our next goal is to establish key properties of the generic local Langlands correspondence
(in particular, we will show that 7(p’, N) is essentially AIG).

Following [21], we define a segment to be a set of supercuspidal representations of the
form: [r, (| | odet)mr,...,(| | odet)"~1x], where 7 is an irreducible supercuspidal repre-
sentation of GL, (E) over K. We think of the segment A given by [, (| | o det)r, ...,
(] | o det)"~1x] as corresponding to the generalized Steinberg representation St .; this
gives a bijection between segments and generalized Steinberg representations. If St , corre-
sponds to a segment A, we will often write St for St .. Similarly, we will write Sp for the
indecomposable Weil-Deligne representation Sp,, .., where p is the irreducible Weil-Deligne
representation corresponding to m under the unitary local Langlands correspondence.

Two segments A, A’ are said to be linked if neither contains the other, and if A U A’
is a segment. The segment A precedes A’ if A and A’ are linked and A’ has the form
[(] | odet)m,..., (] | odet)"~17] for some 7 in A.

We consider the following condition on a sequence J’ of segments A;:
4.3.1. CONDITION. — For all i < j, the segment A; does not precede the segment A ;.

It is clear that any multiset of segments can be given an ordering that satisfies Condi-
tion 4.3.1. If J is a multiset of segments (henceforth referred to as a multisegment), then we
let () denote the normalized parabolic induction

IndgL"(E) Sta, ® -+ ® Sta,,,

where Ay, ..., A, are the segments in J, taken with multiplicities and ordered so that Condi-
tion 4.3.1 holds, and @ is a suitable, block upper triangular parabolic subgroup of GL,,(E).
By [21, Prop. 6.4], the representation 7 () does not depend, up to isomorphism, on the or-
der of the collection of segments in  (as long as Condition 4.3.1 holds). Note that if (o', N)
is an n-dimensional Frobenius-semisimple Weil-Deligne representation that decomposes as
the direct sum of Sp,, for A; € ¢, then 7(p’, N) is isomorphic to (| | o det)= "= 7(J).
By [14, 1.2.5], 7({) admits a unique irreducible quotient Q({), and Q(¢J) is the irreducible
representation corresponding to (p’, N) under the unitary local Langlands correspondence.

4.3.2. PROPOSITION. — If'( is a multisegment, then every irreducible submodule of w({J) is
generic.

Proof. — We will prove a stronger statement—namely, that every irreducible P,,-submod-
ule of the restriction 7 ({J)|p, is generic. (In other words, 7(¢) embeds in its Kirillov model.)
Over the complex numbers this is a result of Jacquet-Shalika [13]. Their argument does not
seem to adapt easily to other fields of characteristic zero. One could reduce this proposition to
their result by choosing an isomorphism of K with C; we instead give an algebraic argument
over K thatis an adaptation of the argument of [1, 4.15]. Their argument necessarily uses ¥+
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and & functors that are normalized differently from ours, to avoid unpleasant combinato-
rial issues. Therefore, for the purposes of this proof only we take the functors ¥+ and ®* to
be normalized as in [1], rather than as in Section 3.1.

Let J be the multisegment (Aq,...,A,), where A; does not precede A; for any j > i.
We can assume without loss of generality that the A; are ordered so that if
A; = [mi, (| | odet)m, ... (] | odet)""1m;], where m; is a supercuspidal representation
of GL,,(E), then (| |odet)™; is not contained in any segment A; with j > ¢; clearly
for such an ordering A; never precedes a A; with j > i. We proceed by induction on the
sum of the lengths of the segments A;. Note that the result is clear for a single segment,
as Sta, is absolutely irreducible and generic. Let ' be the multisegment (A, ..., A,); by
the induction hypothesis every irreducible submodule of (') is generic.

Suppose we have an irreducible, non-generic submodule w of 7(J)|p,. We have () =
Sta, x w(J'), where “x” is the product defined in [1, 4.12]. By [1, 4.13a], we have an exact
sequence:

0— (StA1)|PT1n1 X 71'((/) — 7w(J)|p, — Sta, X 7'1'((J/)|11:»n_rln1 — 0.
In particular, w is a submodule of one of (Sta,)|p,,,,, X m(J') or Sta, X 7r(¢")|pn7nn1 .

Suppose first that w is contained in (Sta,)|p,, ,, X 7(4'). By [21, 9.6], StXi_) is zero if k is
not divisible by n;, whereas StX“:“) is St , (), where A™ is the segment [(| | o det)*rm;, ...,
(| | o det)™=1m,;]. It follows by [1, 4.13c¢], thlat, fori < nq,

(@7) (@)™ (Staylp,,., ) X T(d) = (7)) (Sta, |p,,,, ) x 7(),

so that for such i, (((D‘)knl(StAJp”nl) x ()@ = 0. For i =ny, [1, 4.13c] shows
that the representation (®~)(*+1n1(Stp | Prin,) X m(J') is instead a proper submodule
of (@)™ ((®7)*"1(Stx, 1P, ny ) X 7({")); the quotient of the latter by the former is isomor-
phic to StA§k+1) X ’/T((J/)|pn7nn1 .

ny X (J), we have w® = 0fori < ny. As w has at
least one nonzero derivative it follows that (=)™ ~1w is nonzero. On the other hand, we
have (@)™ ~'w C (®7)"~((Sta,)|p,,,, X 7(J)); by [1,4.13d] it follows that (®~)™ w is
nonzero.

Since w is contained in (Sta,)|p,

Then (®~)™w is a non-generic submodule of (®7)"((Sta,)|p,,,, X 7(¢4")), and is therefore
anon-generic submodule of either (®7)"* ((Sta,)|p,, ., ) X m(J'), or St % W(dl”pn_rlnl.

It is easy to rule out the latter case: by the inductive hypothesis 7(f')| Py, ., hasno non-
generic submodules; by [21, 5.3] neither does St , 1) ¥ 7(J)
1

1Py, -

Thus (7)™ w is a non-generic submodule of (&)™ ((Sta,)|p,, ., ) X 7(¢"). In particu-
lar ((®~)™w)® = 0 for i < ny; it follows as above that (®~)2" ~1w is nonzero, and by [1,
4.13d], that (®7)?w is nonzero. Then (®7)?"™w is a nonzero non-generic submodule
of (7)™ ((27)™ ((Sta,)lp,,., ) X 7(J')), and hence (with another use of the inductive hy-
pothesis and [21, 5.3]), is a nonzero non-generic submodule of (&)™ ((Sta,)lp, ., ) % m(J).

Proceeding in this fashion we find that (®~)*™w is a nonzero non-generic submodule
of (&~ )Fm ((Sta,)lp.,., ) % 7((") for all k, which is impossible since the latter vanishes for
large k.
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x m(J). The
. Suppose this were the case,

We have thus ruled out the possibility that w is contained in (Sta,)|p,

other alternative is that w is contained in Sta, x m(¢')] Porim, his
and let k be the largest integer such that w(*) is nonzero. Then w*) is nonzero and embeds
in the k-th derivative of Sta, X ﬂ(dl)|Pn7T1n1 , which is Sta, x 7(J")®)_ It follows that the
supercuspidal support of w(*) contains that of St ; in particular it contains (| | o det)”x;.
By [1, 4.7b], it follows that (| | o det)" is contained in the supercuspidal support of m(J);

this is impossible by our choice of ordering on the A;. O

4.3.3. COROLLARY. — If'w is an admissible representation of GL,, over a field K of charac-
teristic zero, such that # @ K is isomorphic to w(J) for some  satisfying Condition4.3.1, then
w is essentially AIG. In particular, every representation w(p', N) over a field K of characteristic
zero is essentially AIG.

Proof. — Tt suffices to show that 7 ®x K is essentially AIG, as then the socle of «
must be absolutely irreducible and generic, and 7 must contain no other irreducible generic
subquotients. But 7 ® ¢ K has the form 7 () for some ¢/, so the previous proposition shows
that the socle of 7(¢f) is a direct sum of irreducible generic representations. It thus suffices to
show that 7(f)("™ is one-dimensional; this follows from the fact that St is irreducible and
generic, together with Theorem 3.1.7 and Proposition 3.1.6. O

If J and ' are two multisegments, we say f’ arises from f by an elementary opera-
tion if f’ is obtained from ¢f by replacing a pair of linked segments A, A’ in J with the
pair AUA’, AN A’. We say that J < f if J' can be obtained from ¢J by a sequence of
elementary operations. This partial order contains information about the Jordan-Holder
constituents of a given (). In particular, one has the following:

4.3.4. THEOREM ([15], Theorem 5.3). — If J is a multisegment, then every Jordan-Holder
constituent of w(J) is isomorphic to Q(J') for some J' < , and each such Q(J') appears with
positive multiplicity in 7(J).

In fact, the relationship between 7(f) and 7(J) is considerably stronger than the theorem
above suggests. We will construct maps of 7(¢J') into 7(¢J) for all ' < ¢, and show that any
nonzero such map is an embedding, and unique up to scaling. Before we do so, however, we
need a preliminary result about the partial order <. Let J be a multisegment, and suppose
that /' is obtained from f by a single elementary operation. We say this elementary operation
is primitive if there is no multisegment o’ with f’ < f” < Jother than J” = Jand J" = J'.

4.3.5. LEMMA. — Let J be a multisegment, let A and A’ be two linked segments in 4, such
that A precedes A'. Suppose that the elementary operation that replaces A and A' with AN A,
A U A’ is primitive. Then there exists an ordering on  that satisfies Condition 4.3.1, and in
which A" and A appear consecutively.

Proof. — Choose an ordering on ¢ that satisfies Condition 4.3.1, and that minimizes the
number of segments that appear between A’ and A. Suppose there is a segment A" between
A and A/,

By our assumption on the chosen ordering, the ordering on ( obtained by moving A”
after A fails to satisfy Condition 4.3.1. There must thus be a segment A’ that appears
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between A” and A in the chosen ordering, for which A"’ precedes A”. Similarly, A” must
precede a segment that appears between A’ and A” in the chosen ordering.
Applying these considerations repeatedly we obtain a chain:

A=Ay, A, A=A

such that each A; precedes A;_1, and appears after A;_; in the chosen order on . Moreover,
since A precedes A/, it follows that A precedes A;. The elementary operation on J that
replaces A and A’ with AN A’ and A U A’ then factors as:

1. Replace A and A; with AU A; and AN A;.

2. Replace A’ and AUA; with AUA; UA" and A’N(AUA,). (Note that AUA; UA’
isequal to AUA")

3. Replace A’N (AU A;) and AN A; with [A’N (AU A;)]U[A N A;q] (which is equal
to Aq), and [A' N (AU A1) N [A N A;] (which is equal to A N A).

In particular the elementary operation that replaces A and A’ with ANA" and AUA’ is not
primitive, as required. O

4.3.6. PROPOSITION. — Suppose that § and ' are multisegments, and that ' < . Then
Homg a1, (g (m(J), 7 () is one-dimensional over K, and every nonzero map w(J') — m({f)
is an embedding.

Proof. — As m(¢JJ') and 7(¢J) are essentially AIG, it suffices to show that there exists a
nonzero map 7(¢J') — m(f). Moreover, we may reduce to the case where ¢J' and ¢ differ by a
single, primitive, elementary operation. Let J differ from f by replacing A, A’ with A U A’,
AN A, where A’ precedes A. By the above lemma we may choose an ordering on ¢f that
satisfies Condition 4.3.1 in which A and A’ are adjacent. We obtain from this ordering on J
an ordering on ¢’ in which A N A’ replaces A and A U A’ replaces A’; this ordering also
satisfies Condition 4.3.1. Let J, be the multisegment consisting of the segments that appear
in  before A and A’ in this chosen ordering, and let ¢J; be the multisegment consisting of
the segments that appear in f after A and A'.

By [15, Prop. 4.3], we find that 7(A U A/, A N A’) embeds in 7(A,A’). But 7((') is
isomorphic to

md§ m(dy) ® 7(A U A, AN A) @ n(d)),
for P a suitable block upper triangular parabolic subgroup of GL,,, and m({) is isomorphic
to
IndgL" (o) @ m(A,A') @ w(dy).
The embedding of 7(A U A’, AN A’) in w(A, A’) thus gives rise to a nonzero map of (')
into 7(¢J), as required. O

Moreover, the embeddings of 7(¢') into m(f) constructed above descend to fields of
definition:

4.3.7. PROPOSITION. — Let w and 7' be admissible representations over K, and suppose
there are multisegments J and ', with J <, such that 1 @ K is isomorphic to 7(J)
and ' @ K is isomorphic to w({'). Then Hom g g, (g (7', 7) is one-dimensional over K,
and every nonzero map ™ — 7 is an embedding.
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Proof. — As m and 7’ are essentially AIG, Homg gy, () (7', 7) is either zero or one-
dimensional over K, and every nonzero map ©’ — = is an embedding. It thus suffices to
construct a nonzero map from 7’ to 7. Let ¢ : 7’ @ x K — m™ @k K be an embedding. By
Lemma 3.2.5, a scalar multiple of ¢ descends to the desired embedding of 7’ in 7. O

We immediately deduce:

4.3.8. COROLLARY. — Let p be a continuous n-dimensional representation of Gg over K,
and let T be an admissible representation of G L, (E) over K, such that T @ K is isomorphic
to w(p @k K). Then 7 is isomorphic to 7(p).

The above results allow us to establish some useful facts about essentially AIG envelopes
in characteristic zero, that will be useful in the proof of Proposition 6.2.8.

4.3.9. THEOREM. — Let 7 be an irreducible generic representation of GL,(E) over an
algebraically closed field K of characteristic zero, andlet 71, . . . , w, be the supercuspidal support
of m, ordered so that Condition 4.3.1 holds (when the ; are treated as one-element segments.)
Then the parabolic induction

IndgL"(E) MR- @,
is an essentially AIG envelope of m. (Here P = MU is a suitable block upper triangular parabolic
subgroup of GL,, (E), with Levi subgroup M and unipotent radical U.)

Proof. — By Corollary 4.3.3, the representation
md$"F e @,

is essentially AIG. Its socle is thus an irreducible generic representation with the same su-
percuspidal support as 7, and is therefore isomorphic to «, by Proposition 3.2.12. It thus
remains to show that any essentially AIG representation W whose socle is isomorphic to «
embeds in
IndgL”(E) TR Q.
Note that as any map of essentially AIG representations is injective, it suffices to construct a
map:
W — IndgL”(E) TR Q.

By Frobenius reciprocity, this is equivalent to constructing a map:
ResgLn(E) Wom®- - Qm,.

As every Jordan-Holder constituent of W has supercuspidal support {7y,..., 7.} by
Corollary 3.2.14, it follows that every Jordan-Holder constituent of ResgLn( g W is a su-
percuspidal representation of M, and at least one of these Jordan-Ho6lder constituents is
isomorphic to m; ® - - - ® m,.. By Theorem 3.2.13, 71 ® - - - ® w,. only admits nontrivial exten-
sions (as an M -representation) with irreducible representations isomorphic to 7y ® - - - @ m,..
Thus ResgLn( g) W admits a quotient isomorphic to 71 ® - - - ® .- and the result follows. [

4.3.10. COROLLARY. — Let W be an essentially AIG representation of GL,,(E) over a
field K of characteristic zero. Then W has finite length.

Proof. — Let W' be the essentially AIG envelope of soc(W). By the preceding lemma,
W' ®k K has finite length, so W', and hence W, has finite length. O
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It will be useful later, in the proof of Proposition 6.2.8, to have control over the multi-
plicities of Jordan-Holder constituents of essentially AIG representations. We observe:

4.3.11. COROLLARY. — Let W be an essentially AIG representation of GL2(E) or GL3(E)
over a field K of characteristic zero. Then no Jordan-Hélder constituent of W appears with
multiplicity greater than one.

Proof. — Theorem 4.3.9 above shows that W embeds in some parabolic induction
Ind}ciL"(E) TR Q7

with each 7; cuspidal. Zelevinski’s computations of multiplicities of the Jordan-Holder con-
stituents of such inductions ([21, §11]) show that when r < 3, each Jordan-Holder constituent
of such an induction occurs with multiplicity one. The result follows immediately. O

4.3.12. REMARK. — In contrast to the preceding proposition, if n = 4, and if we choose
a Levi subgroup of the form (E*)* of GL4(E),

mdS® 2|0 |e1

has a Jordan-Holder constituent that appears with multiplicity two.

4.4. Reduction of 7()

We now turn to integrality considerations. We continue to suppose that ¢ is a discrete
valuation ring, with residue field K of characteristic zero, uniformizer =, and field of frac-
tions K. We say an admissible representation 7 over X is @-integral if it contains a w-adically
separated ©-lattice.

4.4.1. LEMMA. — Letw be an absolutely irreducible supercuspidal representation of GL,, (E)
over K. Then  is O-integral if and only if its central character takes values in ©™ . In this case
there is a w-adically separated GL,,(E)-stable O-lattice w° in m, unique up to homothety, such
that the reduction w° /wr® is absolutely irreducible and supercuspidal.

Proof. — Clearly if m is ©-integral, then its central character takes values in £ . Let A’
be a finite Galois extension of %/, such that there exists a character x : EX — %™ whose
nth power is the central character of 7. If the central character of 7 takes values in £, then
x takes values in (0')%, where €)' is the integral closure of @ in &’

The central character of 7@y~ !odet is trivial. By [17, I1.4.9], r®x ! odet is defined over a
finite extension F' of Q,, contained in &’ ’. That is, there exists an admissible representation
over F such that my @ p A’ is isomorphic to 7 ® x~* o det. As &' has residue characteristic
zero, F is contained in ©'. Thus 7° := (m @ ') ® (x o det) is a w’-adically separated
) -lattice in 7 ® 4 K, where @’ is a uniformizer of €'.

The reduction modulo @’ of 7° is (mp ®r K') ® (X o det), where K is the residue field
of € and ¥ is the reduction of x modulo w’. In particular 7° Jwom® is absolutely irreducible
and supercuspidal (and therefore 7° is unique up to homothety.) It follows that 7° is stable
under the action of Gal(%’/%), and hence descends to a GL,,(E)-stable lattice in 7 (which
must also be unique up to homothety.) O
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Given an @-integral absolutely irreducible supercuspidal representation 7 of GL,,(E)
over K, we can thus define 7 to be the reduction mod w of any w-adically separated
GL, (E)-stable O-lattice in . For a segment A = [r, (| |odet)n, ..., (| |odet)"~1x], let A be
the segment [7, (| | odet)T, ..., (| |odet)"~'7]. If J is a multiset of integral segments, define
 to be the multisegment consisting of the segments A; for A; € .

4.42. LEMMA. — Letw be an O-integral, absolutely irreducible supercuspidal representation
of GL,(E) over X, and let A be the segment [r,(| | o det)m,..., (| | o det)"~1nx]. There
is a w-adically separated, GL,, (E)-stable ©-lattice St} in Sta, unique up to homothety, and
Sta /wSty is isomorphic to Stx.

Proof. — This follows by precisely the same argument as in Lemma 4.4.1. O

If we want to consider the reduction mod w of representations of the form 7 (¢f), then the
situation is more complicated, as 7(¢J) typically contains more than one homothety class of
lattices. However, Theorem 3.3.2 allows us to single out a preferred such homothety class.

4.4.3. PROPOSITION. — If J is a multisegment over K that are O-integral, then there is an
O-lattice w(J)° in 7(), unique up to homothety, such that m(J)° /wn(J)° is essentially AIG.
Moreover, 7(J)° Jwn(J)° is isomorphic to 7w (J).

Proof. — Theorem 3.3.2 shows that w(J)° exists and is unique up to homothety.
Let Aq,..., A, be the segments in J, and fix for each ¢ a w-adically separated O-lattice L;
in Sta,. Then L;/wL; is isomorphic to Stz - Recall that

() =IndS" P Sta, @ -+ ® Sta,,

and hence contains the integral induction IndgL"(E) L1 ®---® L, as a lattice. The mod w
reduction of this lattice is clearly isomorphic to 7 (), which is essentially AIG. Thus
IndgL"(E) L ® --- ® L, is homothetic to 7(¢)°, and hence 7(J)°/wn(J)° is indeed

isomorphic to 7(¢), as claimed. O

4.4.4. COROLLARY. — Let K’ be a finite Galois extension of K, and let © be the integral
closure of © in X'. Let 7 be an admissible representation of GL,,(E) over X, and let J be a
multisegment consisting of O -integral segments over X'. Suppose that « ® 4 K’ is isomorphic
to w(J). Then v is O-integral, and there is a w-adically separated O-lattice w° in 7, unique up
to homothety, such that w° [wn® is essentially AIG. Moreover, 7° /wn® @k K' is isomorphic

t0 7().

Proof. — It suffices to show that the lattice 7(f)° constructed in the previous proposition
is stable under the action of Gal(%k"/%). This is clear since 7()° is unique up to homothety.
O
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4.5. Compatibility with specialization

We now use the results of the previous sections to understand the relationship between
m(p®p K) and w(p Ry K), where p : Gg — GL,,(0) is a continuous Galois representation.
The key idea is a geometric interpretation of the partial order < on multisegments, due to
Zelevinski [22].

Let V = @, V, be a finite-dimensional vector space over a field F', “graded” by the set
of isomorphism classes of irreducible supercuspidal representations of GL,,(E) over X,
for all m. We denote the automorphisms of V' as a graded F-vector space by Aut(V'), and
let End* (V') denote the space of F-linear endomorphisms of V' that take V; to V(| |odet)r fOr
all 7. Let Ny be an element of End ™ (V); it is a nilpotent endomorphism of V.

We construct a bijection between the set of isomorphism classes of pairs (V, Ny) and
the set of multisegments J over X, as follows: For any segment A = [r, (| | o det), ...,
(] | o det)""1x], let Va r be the vector space defined by (Va, r) = F if 7’ is in A, and
zero otherwise. We define an endomorphism Na rp of Va p that is an isomorphism
(VA,F)(\ lodet)in — (VA,F)(| lodet)i+1x for 0 < ¢ < r — 1, and zero otherwise.

For a multisegment J, we define:

(Vyrs Nyr) = @(VA,FaNA,F)~
Aed

It is easy to see (for instance, by the structure theory of graded F[N]/N"-modules) that the
association J +— (V5 p, Ny ) yields a bijection between multisegments and isomorphism
classes of pairs (V, Ny).

4.5.1. THEOREM ([22, §2]). — Let J' and J be multisegments over K. Then J' <  if and
only if V5 g is isomorphic to Vg p as a graded F-vector space, and N4 p is in the closure of the
orbit of Ny under the action of Aut(Vy g) on End™ (Vg r)-

As a result, if J = |, then, for all 4, the rank of NQ’F is less than or equal to that of N? ' F
These ranks are equal for all i if, and only if, J' = J.

If (p/, N) is a Frobenius-semisimple Weil-Deligne representation over K, and if  is the
multisegment such that 7(J) = (| | o det)"Tflw(p’, N), then the pair (V; %, N ; ) can be
described easily in terms of (p’, N). Indeed, one has:

4.5.2. LEMMA. — For any supercuspidal representation w of GLyy,(E) over X, there is a
natural isomorphism:

(VJ,%)W - Hom%[WE](p, Pl)a
where p is the absolutely irreducible representation of Wg that corresponds to m under the
unitary local Langlands correspondence. Moreover, under these isomorphisms, the map
Nyz: Ve = (Vi 2)(l lodetyn
is identified with the map
Hom%[WE](p, p)— Hom%[WE]ﬂ | ®p,p')
induced by N.
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Proof. — This is true by construction if (p’, N) is indecomposable, and extends to the
general case by taking direct sums. O

Zelevinski’s result strongly suggests a connection between the Zelevinski partial order and
reduction of Weil-Deligne representations. In order to make this connection precise we need
a compatibility between the reduction mod w and local Langlands:

4.5.3. LEMMA. — Ifp' is absolutely irreducible, and 7 ® 5 K corresponds to p' ® 5 K under
the unitary local Langlands correspondence, then™ @ K and p' ® ¢ K correspond under the
unitary local Langlands correspondence.

Proof. — We first translate this into a statement in terms of the generic local Lang-
lands correspondence. From this point of view the representation m(p’) is isomorphic
to(]|o det)~ "=, and we must show that w(p') is isomorphic to (| | o det) .

There is a finite extension K’ of X, and a character x : Wg — (K’)*, such that
P ® x is defined over Q,; as p’ is integral x takes values in (§/)*, where €' is the integral
closure of ) in K'. In particular, there is a finite extension Ky of Q,, contained in %', and
a representation pg : Wg — GL,,(K)), such that py @k, %' is isomorphic to p’ ® x. If we
let K’ be the residue field of ©', and let ¥ be the reduction mod @’ of the character y, then
Ky is contained in K’ and py ®g, K’ is isomorphic to o’ ® x. It follows that w(p') ® x is
isomorphic to (| | o det) ="z m(po) ® x.

_n—1
2

Let mg = (| |odet) =N m(po). As the generic local Langlands correspondence is compatible
with twists and base change, the representation 7 ® x is isomorphic to mo ® g, X'. Thus T® x
is isomorphic to my ®, K’, and hence to (| | o det) "= (') ® x. The result follows. O

If J is obtained from a multisegment J by reduction mod w, the pairs (V5 ¢, N5 ) and
(V5 5> N ) are related by (V5 2)7 = ©r (Vg p)x, where the sum is over " with T =T.
Now let (p', N) be a Weil-Deligne representation over # such that the restriction
of p' ®y K to Ig is a direct sum of absolutely irreducible representations of Ix over X,
and such that p’ ®y K is a direct sum of absolutely irreducible representations p; of Wg.
(We can always arrange this by replacing K with a finite extension.) Let J be the segment

associated to (p’, N) ® 9 K; we have

(Vg ), = Homy w1 (i, o' @9 K),

where 7; corresponds to p; under unitary local Langlands. We also consider the K-vector-
space Vg K-

Let (7', N) be the Weil-Deligne representation (p’, N) ® K, and let J' be the multiseg-
ment associated to (7', N)¥*. Our goal is to compare ¢’ to J; we will do this by compar-

ing Vg 4 1o Vg . The key difficulty is to construct an ©-lattice in VJ - Stable under Ng %>
whose reduction mod @ is isomorphic to Viy .
By Lemma 4.1.1 there is a finite extension K of Q, and representations 7y, ..., 7, of Ig

over Kjy, each in its own orbit under conjugation by @, such that the restriction p’ ®y K is
a direct sum of ®-conjugates of the 7;, each with multiplicity one. For each i, let L; be the
f-module HOIIIQ[IE] (Ti R K, @, p’)
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For each j such that the restriction of p; to Ir contains a copy of 7; ® i, X, the restriction
map
Hom w1 (0}, p') — Hom (1, (7s @k, K, p')
is an injection. We thus obtain an isomorphism:

Li ®9 K — Homy 1, (1 ®x, K, p') = @ Homy ) (9}, 0),
J
where the latter sum is over those j such that the restriction of p to I contains a copy
of 7, ®k, K. This condition is satisfied if, and only if, the restriction of ﬁ; to Ig contains
a copy of 7; ®k, K. We can thus view L, as a sublattice of @j(ng 4 )7,;» where the sum is
over those j such that the restriction of p; to Iz contains a copy of 7; ® k, K. For any such j,
let L=, be the intersection L; N (VJ, H)7
In fact, this gives a direct sum decomposition of L;. To see this, first observe:

4.5.4. LEMMA. — Let M be a free O-module of finite rank, and U is an O-linear endomor-
phism of M that acts semisimply on M ® oy K. Suppose that all of the eigenvalues of U ® ¢ X lie
in K, and for each eigenvalue X of U ® oK, let M5 be the intersection of M with the \-eigenspace
of U ®y K. Then M decomposes as

M = @ My,

where X runs over the eigenvalues of ¥ : M/wM — M /wM and M)y, is the sum of M 5 Jor
those A congruent to A modulo w. The endomorphism ® acts on My /w M) as the product of \
with a unipotent endomorphism of M /ww M.

Proof. — Let P(t) be the minimal polynomial of ¥, and consider M as an @[t]/P(t)-mo-
dule on which ¢ acts by ¥. The connected components of Spec 8[t]/ P(t) are in bijection with
the roots A of the mod w reduction ¥ of ¥; these are the eigenvalues of ¥. Thus, considered
as a sheaf on Spec O[t]/P(t), M decomposes as a direct sum of sheaves M, supported on
each connected component. On each M, the minimal polynomial of ¥ is a power of t — X,
so A~1W is unipotent on My 0O

4.5.5. LEMMA. — We have a direct sum decomposition: L; = @ L=, where the sum is over
those j such that the restriction of p; to Ig contains a copy of 7; ®k, K.

Proof. — Let r be the size of the orbit of 7; under the conjugation action of ®, and

fix an isomorphism 72" -~ 7;. This isomorphism induces an endomorphism ¥ of

Homy;,, (i ® K, 0, p') via
qﬂ“ s ~
Hom (1, (i ®x, O, p') = Homgr, (78 @k, 0, p") — Homgr, (1 ®k, 0,0).

Let p’; be an absolutely irreducible summand of p’ ® yp & whose restriction to I contains
a copy of 7; ®, K. This copy is unique, and yields a restriction map:

Hom iy (0}, ' @ K) — Homy(1,1(7i, p @9 K).

This restriction map is injective, and its image can be characterized in terms of ¥. In
particular, the endomorphism:

o r ~
Hom (1,1 (s ®k, K, p}) = Homy 1, (7 Rk, K, p}) — Homyr,(7: ®k, K, p})
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is an endomorphism of one-dimensional & vector spaces and is thus given by a scalar X; it
follows by Lemma 4.1.2 that p; is determined by A and 7;, and that the image of the map:

Hom sy, (0, p' ®p K) — Homyr) (i, 0’ @9 K)

is the A-eigenspace of 0.

Now let p; be an absolutely irreducible summand of p ®p K whose restriction to Ig
contains a copy of 7; @k, K, and let 7; be the corresponding admissible representation. Then
the endomorphism ¥ of Hom g;,,1(7; ®k, K, p;) is a scalar A, and, by the same reasoning as
above, (VJ) 4 )=, 1s the sum of the A-eigenspaces of U for those A congruent to A modulo .
Thus, by the preceding lemma, L=, is a direct summand of L;. O

Let L be the lattice in V3« defined by:
L = @fo

Note that as NJ 4 preserves each L;, it also preserves L.

4.5.6. LEMMA. — There is a natural isomorphism L/ww L AN VJ/7K. Moreover, the endo-
morphism Ng 4 of L reduces to Ny g under this isomorphism.

Proof. — Recall that J’ is the multisegment associated to (5, N)¥". Let 5, be any abso-
lutely irreducible Jordan-Holder constituent p; of (p’)®, corresponding to an admissible re-
presentation 7; under unitary local Langlands. Then (Vjy k)=, is equal to Hom gy, (5;, (5)%).
It thus suffices to construct, for each i, a natural isomorphism of (L/w L)z, with (Vg )z, .

Let 7 be an absolutely irreducible representation of Ig over K, such that p, con-
tains 7 @k, K; let r be the order of the orbit of 7 under conjugation by &, and fix
an isomorphism of 7 with 7®". Let A € KX be the scalar giving the action of ®"
on Homy,7, (T ®k, K, p;|1,;) under this identification.

We also have an action of ®" on Homgi;, (T ®k, K, (p')*|1); this yields a linear
endomorphism ¥ of Hom k(1] (T ®K, K, (p')**|1,;)- The natural map

(Vi i )7, = Homg 1) (7 @k, K, (7)™ 1)
identifies (Vg )=, with the A-eigenspace of T,

On the other hand, the previous lemma shows that Lz, is the sum of the A-eigenspaces
of U on Hom O[Ig|(t®K, 0, p'|1,); it follows that Lz, /w L=, is the A-generalized eigenspace
of ¥/w¥ on Hom K [Ig](T ®K, K, 7 |15)-

Finally, observe that U™ is the semisimplification of ¥/w¥, so that the A-generalized
eigenspace of ¥/w V¥ is equal to the A-eigenspace of ¥™, and hence to (Vg k). One verifies
easily that these identifications are all compatible with the monodromy operators. O

By Theorem 4.5.1 it follows that for J and ¢’ as in Lemma 4.5.6, we must have J < .

Moreover, we have equality if, and only if, the ranks of the operators Néf, 4 and N, . agree
for all . We are thus finally in a position to prove:
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4.5.7. THEOREM. — Let p : Gg — GL,(0) be a continuous Galois representation, and
(o', N) the Frobenius-semisimplification of the corresponding Weil-Deligne representation.
Then there is a w-adically separated ©-lattice w(p)° in w(p Q¢ K), unique up to homothety,
such that (p)° /wm(p)® is essentially AIG, and an embedding

m(p)°/wm(p)° — =(p),

where p = p ®¢ K. This embedding is an isomorphism if, and only if, the K-rank of N equals
the K-rank of (N ® 9 K)* for all i.

Proof. — Let (p, N) be the reduction mod @ of (p’, N). Then, by Lemmas 4.1.8 and 4.1.9,
(p', N)¥-ss is the Frobenius-semisimplification of the Weil-Deligne representation attached
to p.

Over a finite extension &’ of ', we may assume that p’ splits as a direct sum of absolutely
irreducible representations of W, and similarly for its restriction to Ix. The corresponding
statements then hold for the semisimplification of p’.

Let € be the integral closure of © in %, and let K’ be its residue field. Let o and ' be
the segments associated to (o, N)®¢ 0 and (7', N)F** @ x K’. We have shown that f < .

On the other hand, we have that 7(p ®y %) is isomorphic to (| | o det)™ 37 (J); by
Corollary 4.4.4 there is, up to homothety, a unique lattice 7(p)° in 7(p ®¢ K) such that
7(p)°/wwn(p)° is essentially AIG; moreover one has an isomorphism

[7(p)°/mm(p)°] @K K" — ().

As 7(p ® K') is isomorphic to (| | o det) 2w ('), and J < ', we have an embedding
of [7(p)°/wm(p)°]®K K' inm(p®k K'). This embedding descends to K by Proposition 4.3.7.

Finally, this embedding is an isomorphism if, and only if, f is equal to ¢§’. This is true if,
and only if, the ranks of Néy K and Néf,  agree for all 4; it is easy to see this is equivalent to

requiring that the ranks of (N ® y K)® and N agree for all 4. O

4.5.8. REMARK. — An alternative approach to some of the above questions is given in [3],
particularly Proposition 3.11. Chenevier constructs, for each Bernstein component 3 of the
category of smooth representations of GL,(E), a pseudocharacter of Wg valued in the
algebra of functions on 9 that “is compatible with the local Langlands correspondence”,
in the sense that if one specializes this pseudocharacter at any irreducible representation
of GL,(E) that lies in B, one obtains the pseudocharacter of the semisimplification of the
corresponding representation of Wx. From our perspective, this result allows us to deduce
that the supercuspidal support of 7 (p) is the reduction modulo @ of the supercuspidal
support of 7(p), but it does not contain any information about the monodromy operator.

In cases where the embedding arising in the previous proposition is an isomorphism, we
say that p is a minimal lift of p. (Such lifts are lifts of p in which the ramification arising from
the monodromy operator is as small as possible.) We will need this language in a broader
context than that of representations over discrete valuation rings:
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4.5.9. DEFINITION. — Let A be areduced complete Noetherian local ring with finite residue
field k of characteristic p, that is flat over W (k), and let p be a continuous representation of Gg
into GLy, (A). Let (p', N) be the associated Weil-Deligne representation over GL,, (A[%]) Ifpis
a characteristic zero prime of A, and a is a prime of A whose closure contains b, we say pq is a
minimal lift of py, if, for all i, the rank of (N ® 4 k(a))" is equal to the rank of (N ® 4 K(p))*.

Note that, for any given a, the locus of p such that p, is a minimal lift of p,, is Zariski open

in the closure of a in Spec A[].

5. The local Langlands correspondence in characteristic p

5.1. Definition and basic properties

We now construct an analogue of the Breuil-Schneider local Langlands correspondence
for representations of G g over finite fields of characteristic p. Such a correspondence should
satisfy an analog of Theorem 4.5.7 for representations over discrete valuation rings of char-
acteristic zero and residue characteristic p. Throughout this section we fix a finite field & of
characteristic p, and let © denote a complete discrete valuation ring of characteristic zero
with field of fractions & and finite residue field k¥’ containing %.

Our starting point is the semisimple mod p local Langlands correspondence of
Vigneras [20]. This is a map p — 7 (p) that associates to each n-dimensional irreducible rep-
resentation p : Wg — GL,,(F,) an irreducible supercuspidal representation 7ss(p) over F,,.
If ¢ denotes the order of the residue field of E, and if k' is a finite field of characteris-
tic p containing a square root of g, then this correspondence is defined over %’; that is,
if b is defined over &/, then 7(p) descends uniquely to a representation over k’. Moreover,
the correspondence is compatible with “reduction mod p” in the following sense:

5.1.1. THEOREM ([20, Thm. 1.6]). — Suppose that k' contains a square root of q. Let (p, N)
be an n-dimensional Frobenius-semisimple Weil-Deligne representation of Wg over O, and let
w be the irreducible representation of GL,,(E) over K attached to (p, N) ® g K by the unitary
local Langlands correspondence. Let p = p ®¢ T, and let

=0 @ P,

be a decomposition of p* into irreducible representations of Wg over Fp,. Then m is O-integral,
and for any GL,,(E)-stable O-lattice L in m, and any Jordan-Hélder constituent 7 of L ®@ o I,
one has:

Ses(7) = {Fas (1), - -, Fusl(P) -

5.1.2. COROLLARY. — Suppose that k' contains a square root of q. Let p : Gg — GL,, (k)
be a Galois representation, and let p : Gg — GL,(0) be a lift of p ® k'. Then w(p @9 K)
is O-integral, and for any O-lattice L in w(p ® ¢ K), the supercuspidal support of any Jordan-
Holder constituent T of L ® ¢ F, depends only on p.
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Proof. — Let (p’, N) be the Frobenius-semisimple Weil-Deligne representation over K
attached to p. Then p’ is O-integral and the semisimplification of its reduction mod p de-
pends only on p. By the definition of the Breuil-Schneider local Langlands correspondence,
m(p®pK) is (up to a twist by an integral character) a parabolic induction of representations
that correspond (via unitary local Langlands) to irreducible summands of p’ ® K. These
summands are integral, so 7(p ®¢ K) is as well, and so is 7(p ® ¢ K). Moreover, (up to a
twist by (| | o det) "7), every Jordan-Hélder constituent of 7(p®p K) corresponds via uni-
tary local Langlands to a Weil-Deligne representation of the form (p’ ®y K, N’) for some
choice of monodromy operator N'.

Now if L is a lattice in 7(p ® g X), and 7 is a Jordan-Holder constituent of L ® F,, then
there exist a Jordan-Holder constituent of 7(p® K ), and a lattice L’ in this constituent, such
that 7 is a Jordan-Holder constituent of the mod p reduction of L’. The result thus follows
from Theorem 5.1.1. O

Let L be a lattice in 7(p ®¢y K), where p : Gg — GL,(0) is a lift of p ®; k' for
some p : Gg — GL,(k). As L ® F, has a unique generic Jordan-Hélder constituent,
and up to isomorphism there is only one irreducible generic representation of G with given
supercuspidal support, the generic Jordan-Holder constituent of L ®¢ F,, likewise depends
only on p.

We will also need to control the length of L/w L, for lattices L of the sort appearing in the
corollary above. We first show:

5.1.3. PROPOSITION. — Let P = MU be a parabolic subgroup of GL,(E), and let
T=m Q- & m, be an irreducible representation of M. There exists an integer c, depending

only on n, such that the length of IndgL"(E) T Q -+ ® m,. is bounded above by c.

Proof. — This follows easily from [17], Proposition III.1.12. O

5.1.4. PROPOSITION. — Let p:Gg — GL,(k) be a Galois representation, let
p: Gg — GL,(0) be a lift of p ® k', and let L be a GL,,(E)-stable lattice in w(p ®¢y K).
There exists an integer c, depending only on n, such that the length of L/w L is bounded above
by c.

Proof. — Thelength of L/w L is independent of L. As m(p®g K) is a parabolic induction
of a tensor product of integral Steinberg representations, we can write

T(p®p K) = IndgL“(E) Stryn, @ @ Str,m,s

where the 7; are integral cuspidal representations of GL,,. For each 4, Str, ,, arises as the
normalized parabolic induction of a tensor product of the form:

(] odet)™ ™ m @@ (| | odet) > .
Thus there is a parabolic induction of a tensor product of irreducible, integral, cuspidal
representations 7 (all of which are twists of the 7;) that maps surjectively onto 7(p ®¢ X);
if we choose a lattice L; inside each of the 7r;», the parabolic induction of the tensor product
of the L; maps into a lattice L in 7(p ®¢ K). We then have a surjection of the parabolic
induction of the tensor product of L; /z L; onto L /w L. As each ' is cuspidal, sois L; /wL;;
as (L;j/wL;)™ is one-dimensional we must have L;/wL; irreducible for all j. Thus the
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length of L/wL is bounded above by the maximum length of a parabolic induction of an
irreducible representation of a Levi subgroup of GL, (F), and the desired result follows by
Proposition 5.1.3. O

We can now prove the main result of this subsection.

5.1.5. THEOREM. — Thereis amap p — 7(p) from the set of isomorphism classes of contin-
uous representations Gg — GL,, (k) to the set of isomorphism classes of finite length admissible
smooth GL,, (E)-representations on k-vector spaces, uniquely determined by the following three
conditions:

1. For any p, the associated GL,,(E)-representation 7(p) is essentially AIG.

2. If K is a finite extension of Qy, with ring of integers O, uniformizer w, and residue field k'
containing k, p : Gg — GL,(9) is a continuous representation lifting p Qx k', and L is
a GL,, (E)-invariant ©-lattice in w(p) such that L/wL is essentially AIG, then there is
a GL,, (E)-equivariant embedding L/wL — 7(p) ®y, k'. (Note that Theorem 3.3.2 shows
that such an L always exists, and that it is unique up to homethety.)

3. The representation T(p) is minimal with respect to satisfying conditions (1) and (2),
i.e., given any continuous representation p : Gg — GL,(k), and any representation ™
of GL,,(E) satisfying these two conditions with respect to p, there is a GL,,(E)-equiv-
ariant embedding w(p) — .

Furthermore:

4. The formation of 7(p) is compatible with extending scalars, i.e., givenp : Gg — GL,(k),

and a finite extension k' of k, one has

T(p®r k') = 7(p) @ K.

5. The formation of 7(p) is compatible with twists, i.e., given p: Gg — GL,(k), and
a continuous character’x : Gg — k*, one has

T(p®X) =7(p) ® (X o det).

6. EndGLn(E) (f(ﬁ)) = k.
n(n—1)

7. The representation 7(p) has central character equal to ||~z (det p).
8. Suppose (p @y k) is the direct sum of irreducible representations py, - . . , p,. Then every
Jordan-Holder constituent of 7(p) has supercuspidal support equal to

1% {Tas(Br)s -+ s T (P1) -

Proof. — We first establish uniqueness: If 7 and 7 are two finite length admissible smooth
representations of GL,, (F) that satisfy properties (1), (2), and (3) with respect to p, then by
property (3) we have embeddings of 7 in 7 and vice versa. As both 7 and 7’ have finite length
these embeddings are isomorphisms.

We now turn to the construction of 7(p). Let p : Gg — GL, () be a lift of p ®; ¥/,
for some @), k' as in property (2). (Choi ([4], Theorem 3.0.13) has shown that the character-
istic zero fiber of the universal framed deformation ring of p is generically smooth of dimen-
sion n2, so such a lift always exists.) Suppose L is an ©-lattice in 7(p) such that L/wL is
essentially AIG. The socle V' of L/wL is absolutely irreducible and generic, and its super-
cuspidal support depends only on p and not the specific lift p chosen. As there is a unique
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generic representation with given supercuspidal support, V' depends only on p up to isomor-
phism. In particular V is defined over k, as we can take ) to have residue field k.

Let env(V5) be the essentially AIG envelope of V' ®, k. For each lift p of p, and each
lattice L in 7(p) such that L/wL is essentially AIG, the socle of (L/wL) ®}, k is isomorphic
to V @ k. Hence (L/wL) @4 k embeds uniquely (up to the action of &) in env(V%).
Let 7(p)z be the sum, in env(V%), of the images of (L/wL) ®y k in env(V%) as p ranges over
all lifts of p.

By construction, Gal(k/k) acts on env(V5). This action preserves 7(p)z, as it permutes
the images of L /w L for various € and p. Thus 7(p);; descends uniquely to a submodule 7(p)
of env(V). Clearly, 7(p) satisfies properties (1) and (2). On the other hand, if 7 is any other
representation satisfying properties (1) and (2), then the socle of 7 is isomorphic to V' and
hence env(V') contains a unique submodule isomorphic to 7. As 7 satisfies property (2),
7T®yk contains the images of L/wL in env(V%) for all lifts p of p, and thus contains 7(p) ® k.
It follows that 7 contains 7(p), so 7(p) satisfies property (3). Finally, 7(p) is of finite length
by Proposition 5.1.4 and Corollary 3.2.17.

Now let &’ be a finite extension of k. Then 7(p) ®j k' clearly satisfies properties (1) and (2)
with respect to p ®, k', and thus admits an embedding of T(p ® k') that is unique up to
rescaling. The above construction shows that 7(p) ®; k and 7(p ®4 k') ®, k coincide as
submodules of env(1%), so this embedding is an isomorphism.

Similarly, if % is a character of E* with values in k>, we can choose a lift x of x to
a character with values in W (k)*. Then if p ® x is a lift of p ® (% o det) to a representation
over B, and L ® x is a lattice in m(p ® x) with (L ® (x o det))/@w(L ® (x o det))
essentially AIG, then L is a lattice in 7(p) with L/wL essentially AIG. Thus L/wL embeds
in7(p) ®x k', so (L/wL) ® () o det) embeds in 7(p) ® (% o det). Thus 7(p) ® (X o det) has
property (2) and hence contains 7(p ® X). Conversely, replacing p with p ® %, we find that
T(p®X) ® (X! o det) contains 7(p). Thus 7(p) and 7(p ® X) have the same length, and so

T(p® %) and 7(p) ® () o det) are isomorphic.

The endomorphisms of 7(p) are all scalar because 7(p) is essentially AIG. In particular
the center of GL, (E) acts on 7(p) (and hence on all of its submodules) via a character.
To compute this character, let p be any lift of p, and let L be a lattice in 7(p ) such that
L/wL is essentially AIG. The center of GL ( ) acts on 7(p) via the character | |~z * det P,
and hence on L /w L via the character | | L/wL embedsin 7(p), this character
is also the central character of 7(p).

As 7(p) is essentially AIG, every Jordan-Hdlder constituent of 7w(p) has the same super-
cuspidal support. To determine this supercuspidal support, let p be any lift of p, and let L be a
lattice in 7(p) such that L /w L is essentially AIG. The representations | |~ e m(p) and p then
correspond under unitary local Langlands, and so, by Theorem 5.1.1, the supercuspidal sup-
port of any Jordan-Hoélder constituent of | |~ L JwLisequal to {Tss(py), - - Tss(p,)}. O

5.2. The local Langlands correspondence for GL- in characteristic p

For GLy(FE), at least in odd characteristic, the correspondence p — 7(p) can be made
fairly concrete. We give a complete picture (for p odd) in [10]; the approach described there
runs into difficulties when p = 2 because the essentially AIG envelope of a cuspidal (but not
supercuspidal) representation is rather complicated in this case. The first thing to observe is:
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5.2.1. PROPOSITION. — Letp : Gg — GLo(IF,) be a representation, and suppose that p** is
not a twist of 1 @ | |. Then T(p) is the unique representation of GLy(E) whose supercuspidal
support is given by part (8) of Theorem 5.1.5.

Proof. — Part (8) of Theorem 5.1.5, together with our hypothesis on p implies that the su-
percuspidal support of any Jordan-Hoélder constituent of () is either a single supercuspidal
representation of GL2(E), or a pair of characters of GL; (E) that do not differ by a factor
of | |. In either case, there is, up to isomorphism, a unique irreducible representation 7 of GLg
that has that particular supercuspidal support; in particular 7 is generic. Thus every Jordan-
Hoélder constituent of env(7) is isomorphic to 7; as 7 is generic and env(7) is essentially AIG
there is only one such Jordan-Holder constituent. In particular 7 = env(7), and so as 7(p) is
contained in env(7), we must have 7(p) = 7. O

When 5* is a twist of 1 @ | |, the situation is more complicated, as 7 (p) will typically
not be irreducible. As the correspondence p — 7(p) is compatible with twists, it suffices
to describe () when * = 1 @ | |. In this case 7 (p) has supercuspidal support {1, | [}. The
details of this will be carried out in [10]; here we content ourselves with summarizing the
results.

First, assume that the order q of the residue field of E is not congruent to +1 modulo p.
(This is the so-called banal situation.) Here there are two irreducible representations of G
with supercuspidal support {1, [}: the character | | o det and the twisted Steinberg repre-
sentation St ® (ﬂ o det). The latter representation is generic, and its envelope is the unique
nonsplit extension of | | o det by St ® (| | o det).

On the Galois side there is, up to isomorphism, a unique nonsplit p whose semisimplifica-
tionis 1 @ | |. Then () is equal to St ® (] | o det) if 7 is nonsplit, and to the unique nonsplit
extension of | | o det by St ® (| | o det) if 7 is split.

Next, assume that p is odd and ¢ is congruent to —1 modulo p. In this case there are three
irreducible representations of G with supercuspidal support {1, | |}: the trivial character, the
character | | o det, and a cuspidal generic representation that Vigneras denotes by 7(1) (see
[17,11.2.5] for a discussion of this). Up to isomorphism, there is a unique nonsplit extension
of the trivial character by m(1) and similarly a unique nonsplit extension of | | o det by m(1).
The envelope env(7 (1)) is the unique extension of 1 @ (| | o det) by 7(1) that contains both
of these nonsplit extensions as submodules.

In this case, 7(p) = env(w(1)) if 7 is split. If 5 is not split, it is either an extension of | |
by 1 or an extension of 1 by | |. In the first case, 7() is the nonsplit extension of (] | o det)
by 7(1); in the second case 7(p) is the nonsplit extension of the trivial character by 7(1).

Finally, assume that p is odd and ¢ is congruent to 1 modulo p. In this case ﬂ is
the trivial character. The only irreducible representations of G with supercuspidal sup-
port {1,1} in this case are the Steinberg representation St and the trivial representation.
Moreover, Ext'(1,St) is two-dimensional, and naturally isomorphic to H'(Gg,1). The
envelope env(St) is isomorphic to the universal extension of 1 by St, and thus has length
three.

In this case, 7(p) is equal to env(St) if p is split. On the other hand, the nonsplit p with
trivial semisimplification are in bijection with the one-dimensional subspaces of H(Gg, 1),
and hence in natural bijection with the one-dimensional subspaces of Ext'(1,St). These
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in turn correspond to the nonsplit extensions of 1 by St. For any nonsplit p, 7(p) is the
corresponding extension of 1 by St.

6. The local Langlands correspondence in families

6.1. The set-up

Throughout this section we will be considering representations over rings A satisfying the
following condition:

6.1.1. ConDITION. — A is a complete reduced Noetherian local ring, with finite residue
field k of characteristic p, which is flat over the ring of Witt vectors W (k).

We will typically write m for the maximal ideal of A. Note that the condition of being
flat over W (k) is equivalent to A being p-torsion free, or again (since A is reduced), to each
minimal prime of A being of residue characteristic 0. We will write x(p) to denote the residue
field of a prime ideal p of A; thus x(p) is the fraction field of the complete local domain A/p.
We write K (A) := [], minima1 £(@) (Where, as indicated, the product is taken over the finitely
many minimal primes of A) for the total quotient ring of A. Since A is reduced, the natural
map A — K(A) is an embedding.

6.2. Statement of the correspondence and related results

Now let £ be a number field. Let v be a non-Archimedean place of E, and let
p:Gg, — GL,(A) be a continuous representation (when the target is equipped with
its m-adic topology). For each prime ideal p of A, let p, : Gg, — GLn(K)(p)) denote the
representation obtained from p by extending scalars from A to x(p). In the particular case
of the maximal ideal, we also write p := py,. If p is a prime of A with residue character-
istic zero, we write 7(p,) for the smooth k(p)-dual of the representation m(p,) defined in
Definition 4.2.1.

In the situations that we will consider below, we will have a finite S of non-Archimedean
places of E, all prime to p, and for each v € S we will have a continuous representation
P : GEU — GLn(A)

We are now ready to describe the local Langlands correspondence for local Galois repre-
sentations over A.

6.2.1. THEOREM. — Let S denote a finite set of non-Archimedean places of E, none of which
lie over p, and suppose for eachv € S that we are given a representation p, : Gg, — GL,(A).
If we write G := [[,cg GLn(Ey), then there is (up to isomorphism) at most one admissible
smooth representation V of G over A satisfying the following conditions:

1. V is A-torsion free (i.e., all associated primes of V' are minimal primes of A, or equiva-
lently, the natural map V. — K (A) ® 4 V is an embedding).
2. For each minimal prime a of A, there is a G-equivariant isomorphism

®%(pv,a) — k(a) ®a V.
veES
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3. The G-cosocle cosoc(V/mV') of V/mV is absolutely irreducible and generic, while the
kernel of the natural surjection V/mV — cosoc(V/mV') contains no generic subrepre-
sentations. (In other words, the smooth dual of V/mV is essentially AIG.)

Any such 'V satisfies the following additional conditions:

4. V is cyclic as an A[G]-module.

5. EndA[G](V) = A

We postpone the proof of the theorem to the following subsection.

6.2.2. DEFINITION. — If in the context of the preceding theorem an A[G]-module V
satisfying conditions (1), (2), and (3) exists, then we write 7({py }ves) := V. (This is justi-
fied by the uniqueness statement of the theorem.) If S consists of a single place v then we
write 7 (p,) rather than 7({p, }ves)-

6.2.3. REMARK. — We don’t consider here the problem of proving in general that a repre-
sentation V satisfying conditions (1), (2) and (3) of Theorem 6.2.1 exists, although we con-
jecture that it does. (This is Conjecture 1.4.1 of the introduction.) When n = 2 and p is odd,
or when p is a banal prime, this conjecture is a result of the second author [11], [12].

In the global applications considered in the work of the first author [6, 7], and in subse-
quent applications, the problem that we will confront will rather be that of having a smooth
G-representation at hand (for a certain ring A), which we wish to show satisfies the conditions
to be 7({py }ves) for an appropriate p. Thus one of our goals in the following subsection is to
establish a workable criterion for recognizing 7 ({p, }ves) (namely Theorem 6.2.15 below).

The following result shows that the existence of 7({p, }ves) is equivalent to the existence
of the collection of representations 7(p, ), and explains the relation between them. We post-
pone its proof to the following subsection.

6.2.4. PROPOSITION. — In the context of Theorem 6.2.1, the A[G]-module T({py}ves)
exists if and only if each of the individual A|GL,,(E,)]-modules 7(p,) exist. Furthermore,
T({pv}ves) is isomorphic to the maximal torsion free quotient of the tensor product (taken

over A) @ ,cs T(pv)-

The following two theorems, whose proofs we again postpone, describe the sense in which
the representation 7({p, }) interpolates the Breuil-Schneider modified local Langlands cor-
respondence over Spec A[%].

6.2.5. THEOREM. — Let p be a prime ofA[%], and suppose that p lies on exactly one irre-
ducible component of Spec A[%]. Then, assuming that 7({p, }ves) exists, there is a k(p)-linear
G-equivariant surjection

Q) F(pup) = £(p) ®a F({pv}ves)-
vES

Moreover, if there exists a minimal prime a of A such that pq is a minimal lift of p,, then this
surjection is an isomorphism.
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It seems likely that the above result holds even when p is contained in multiple irreducible
components of Spec A[%]. Nonetheless we are at present only able to prove a somewhat
weaker statement:

6.2.6. THEOREM. — Assume that T({p,}ves) exists, let p be a prime of Spec A[%],
let a1,...,a, be the minimal primes of A contained in p, for each i = 1,...,r let V; be
the maximal A-torsion free quotient of T({py }ves) ®a A/a;, and denote by W the image of
the diagonal map

K(p) ®a T ({putves) = [ [ #(b) ®asa, Vi-

7

Then there is a k(p)-linear G-equivariant surjection
® T(pu,p) — W.
veS

Moreover, if there exists a minimal prime a of A such that pq is a minimal lift of p,, then this
surjection is an isomorphism.

6.2.7. CONJECTURE. — Under the hypotheses of Theorem 6.2.6, the map
H(p) ®a %({pu}vGS) - W

is an isomorphism. In particular the conclusion of Theorem 6.2.5 holds for all p.

Although this conjecture seems difficult to establish in general, we have the following
result for small n, which we prove in the next section.

6.2.8. PrRoPOSITION. — Conjecture 6.2.7 holds whenn = 2 or n = 3.
In a similar vein, we conjecture:

6.2.9. CONJECTURE. — Assuming that 7({py tves) exists, there is a G-equivariant k-linear
surjection:

Q) 7(P) = k©aT({po}oes)-

veES

One can also describe the behavior of 7({p, },es) under base change. Suppose that B is
another ring satisfying Condition 6.1.1, and that f : A — B is a local homomorphism. If
we are given a Galois representation p, : Gg, — GL,(A) where v does not lie over p, then
we may then apply the preceding considerations to the Galois representations B ® 4 p,,. The
following proposition relates 7(p,) and 7(B ®4 p,). (We again postpone the proof to the
following subsection.)

6.2.10. PROPOSITION. — Suppose that for every minimal prime of Spec B, its image p
in Spec A is contained in a minimal prime a of A such that p, q is a minimal lift of py.p.
(For example, suppose that each component of Spec B dominates a component of Spec A.)
Then if T({pv}ves) exists, so does T({B ®a pv}ves), and there is a natural surjection:

B®a %({pv}UES) - %({B ®a pU}UES)'

We now give some examples illustrating Definition 6.2.2.
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6.2.11. EXAMPLE. — Suppose that A = @ is the ring of integers in a finite extension &
of Q,. If p : Gg, — GL,(0) is continuous (for some place v of E that does not lie over p),
write py 1= K ®¢pp. Then 7(p) exists, and is the smooth contragredient to the lattice w(p«)°
of Theorem 3.3.2.

6.2.12. REMARK. — Suppose given A as in Theorem 6.2.1, and a continuous representa-
tion p : Gg, — GL3(A) for some ¢ # p. Consider a point p € Spec A[%]. If p, is not of the
form x @ | |x for some character x of Gg,, then for any minimal prime a of A, containing p,
pa 1s necessarily a minimal lift of p,, and so (assuming that V' := 7(p) exists), the surjection
of Theorem 6.2.5 is an isomorphism; that is, V} is isomorphic to 7(p,). On the other hand
if p, does have the form x @ | |x, then there exist non-minimal lifts of p,, and so V}, need not
a priori be isomorphic to 7(p, ). We now give an example showing that it can indeed happen

that V}, is not isomorphic to 7(py).

6.2.13. ExXAMPLE. — Suppose that £ and p are distinct, and that £ £ 1 mod p. If A is as
in Theorem 6.2.1, then Ext%p Ga,] (]'|,1) is free of rank 1 over A. Let ¢ denote a generator of
this Ext'-module, and for any a € A, let p,, : Gg, — GL2(A) be the rank two representation
underlying a - ¢. One checks that if a is a regular element, then V' := 7(p,) exists, and in
fact is isomorphic to St 4 (the Steinberg representation of GLy(Qy) with coefficients in A);
in particular, it is independent of the regular element a. Note that if a € p € Spec A[%] (ie.,
the regular function associated to a vanishes at p), then p, , = k(p) ® p, is split and hence
unramified, and thus 7(p, ) is a non-split extension of Steinberg by trivial. In particular, at
such a point p, V}, fails to be isomorphic to 7(pa,p ).

6.2.14. EXAMPLE. — Suppose that ¢ and p are distinct, p is odd, and £ # =£1 mod p.
Let A be the ring W (k)[[a, b]]/ab. Fix a Frobenius element Fr of G, and a generator o of
the p-power inertia in Gg,. Let p be the representation of G, such that p is trivial on the
prime-to-p inertia in Gg,, and such that:

p(Fr) = (q(l(;r Y (1)>

1b
plo) = (0 1)-

Itis not hard to show in this situation that V' := 7(p) exists. On the other hand, V' is principal
series at the minimal prime ideal (b) of A, and Steinberg along the minimal prime ideal (a)
of A. In particular the Iwahori invariants of V have different ranks along these two branches,
showing that V' cannot be free as an A-module.

We conclude with a “recognition theorem” that is useful for verifying that a given A[G]-mo-
dule is isomorphic to 7({ p, }ves). As with the other results of this section, we defer its proof
to the next subsection.

6.2.15. THEOREM. — Let V be an admissible smooth A[G]-module, such that the smooth

dual of V/mV is essentially AIG, and suppose that there exists a Zariski dense subset 3
of Spec A[%] such that:
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1. Forallv € S,andally in%, there exists a minimal prime a of A such that p,, 4 is a minimal

lift of pu.p-

2. For each point p of X2 there exists an isomorphism:

K(p) @4V = (R Fpup)-

veS

V- H ®%(pv,p)

peX veS

3. The diagonal map:

is an injection.

Then'V satisfies conditions (1), (2), and (3) of Theorem 6.2.1; that is, T({py }ves) exists and is
isomorphic to V.

6.3. The proofs of Theorem 6.2.1 and some related results

We develop a series of deductions involving the various conditions of Theorem 6.2.1.
These will be used not only to prove Theorem 6.2.1, and the other outstanding results from
the preceding subsection, but also to provide a criterion for verifying the conditions of
Theorem 6.2.1, which will be useful in applications.

If A is a local ring with residue field K, and V is a representation of F' over A, we let
V denote the representation V @ 4 K.

6.3.1. LEMMA. — Let A be a Noetherian W (k)-algebra that is a local ring with residue

field K. If 'V is an admissible smooth representation of G over A, then V(n) is 1-dimensional
over K if and only if V™) is a cyclic A-module.

Proof. — Theorem 3.1.14 shows that if V(n) is one-dimensional then V(™ is a finitely
generated A-module, and so the lemma follows from Nakayama’s lemma together with the

isomorphism V(" @ 4, K = AR D

6.3.2. LEMMA. — Let A be a Noetherian W (k)-algebra that is a local ring with residue
field K in which all £; are invertible. If V' is an admissible smooth representation of G over A,
then the following are equivalent:

1. For any non-zero quotient K[G]-module W of V, one has w™ o
2. For any non-zero quotient A[G)-module W of V, one has W™ # 0,
3. J(V) generates V over K[G].
4. J(V) generates V over A[G).

Proof. — It is clear that (2) implies (1), as any quotient of V is also a quotient of V.
Suppose that (1) holds and that W is a quotient of V with W (") = 0. Then w™ — 0, and
so (1) implies that W = 0. Then W = 0 by Nakayama’s Lemma, so (1) implies (2).

If W is a quotient of V, then we have that W™ isa quotient of V™ since the derivative
functor is exact. If we let U denote the K[G]-submodule of V generated by J(V), we see
that W™ vanishes if and only if W is a quotient of V' /U. Thus (1) and (3) are equivalent.

4¢ SERIE - TOME 47 — 2014 — N° 4



LOCAL LANGLANDS IN FAMILIES 711

Clearly (4) implies (3), since J(V) is the image of J(V) in V. Conversely, suppose
J(V) generates V over K[G]. Since J(V) maps surjectively onto J(V), Lemma 2.1.7 implies
that J(V') generates V' over A[G]. O

6.3.3. LEMMA. — Let A be a local ring satisfying Condition 6.1.1. If V is an admissible
smooth representation of G over A, and if Va(") is nonzero for each minimal prime a of A, then
if V) is a cyelic A-module, it is in fact free of rank 1 over A.

Proof. — Since (V(™), = (V,)(™), we have that (V (™), is nonzero for all a. Our hypothe-
ses on A imply that A injects into the product of the fields A,; it follows that the annihilator
of V(™ in A is the zero ideal. The lemma follows. O

6.3.4. PROPOSITION. — Let A be a local ring satisfying Condition 6.1.1, let V be an

admissible smooth representation of G over A, and suppose that (V3)™ is nonzero for each
minimal prime a of A, that V(n) is one-dimensional, and that for any non-zero quotient

k[G]-module W of V, one has w # 0. Then:

1. V™ is free of rank 1 over A.
2. J(V) generates V over A[G].
3. EndA[G}(V) = A

Proof. — The first claim follows immediately from Lemmas 6.3.1 and 6.3.3. The second
is a consequence of Lemma 6.3.2.

By Proposition 3.1.16, the natural map A — Endap,)(3(V)) is an isomorphism. This
latter map factors as the composition

A— EndA[G](V) - EndA[Pn](\?(V))’

and restriction of endomorphisms from V' to J(V) is injective because J(V') generates V.
Thus EndA[G] (V) = A. O

The following result gives some equivalent formulations of the hypotheses on V appearing
in the preceding proposition.

6.3.5. LEMMA. — Let K be a field in which all £; are invertible. If V is an admissible smooth
representation of G over K, then the following are equivalent.

1. v
W(n) # 0 (and hence V(n) is isomorphic to W(n), S0 thatW(n) is again one-dimensional).

2. V™ s one-dimensional, and J(V') generates V over K|[G].

3. V is of finite length (and hence has a cosocle), cosoc(V) is absolutely irreducible, and
v s isomorphic to (cosoc(V))(n), with both being non-zero.

4. The smooth K-dual V' of V is essentially AIG.

is one-dimensional, and for any non-zero quotient K[G]-module W of V, one has
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Proof. — The equivalence of conditions (1) and (2) follows from Lemma 6.3.2 (applied
withA=KandV =V).

If condition (2) holds, then V is finitely generated over K[G], and hence of finite length,
by [17], I1.5.10. Write cosoc(V) = €, W, where each W is irreducible. Condition (1)
(which also holds, since it is equivalent to condition (2), as we have already observed) shows
that W;n) is one-dimensional for each j. Since the composition:

AR (cosoc(V))(n) = @W§n)
J
is surjective (the derivative functor is exact), we see that in fact there is only one summand,
and hence that cosoc(V') is irreducible. Proposition 6.3.4 (applied with A = K and V = W)
then implies that Endg (cosoc(V))) = K, and hence that cosoc(V) is in fact absolutely
irreducible. Thus (2) implies (3).

If condition (3) holds, then by assumption (cosoc(V))(”) is nonzero. It is therefore one-
dimensional by Theorem 3.1.15. Thus ARET one-dimensional, giving the first half of con-
dition (1). The second half of condition (1) follows from the fact that cosoc(V') is irreducible,
and satisfies (cosoc(V')) (n) # 0. Thus (3) implies (1).

Now consider the smooth dual V" If V/ is of finite length, the socle of V" is the smooth
dual of the cosocle of V. In particular soc(VV) is absolutely irreducible and generic if
and only if cosoc(V) is. Moreover, the map (soc(Vv))(n) — (V")®™ is dual to the map
v (cosoc(V)) ™) 50 that one is an isomorphism if and only if the other is. Thus (3) is
equivalent to (4). O

6.3.6. LEMMA. — If A is a reduced Noetherian W (k)-algebra, and if 'V is an admissible
A[G]-module, then the following are equivalent:

1. V is A-torsion free, i.e., every associated prime of V is a minimal prime of A.

2. ThenaturalmapV — V ® s K (A) is an injection, where K (A) is the product over minimal
primes a of A of the fields A,.

3. The natural map

V= [[(v/av)H

is injective, where a runs over the minimal primes of A and (V/aV )" is the maximal
A/ a-torsion free quotient of V/aV.

If these equivalent conditions hold, then for any Zariski dense set of primes 3 of Spec A, the
map
V- H V ®a k(D)
pes
is injective.

Proof. — If one replaces V' with a finitely generated A-module M in conditions (1), (2)
and (3), then the equivalence of these conditions is standard commutative algebra. On the
other hand, if U is a sufficiently small compact open subgroup of G, then V'V is a direct
summand of V that is finitely generated as an A-module, and V is the union of the V'V
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On the other hand, it is easy to see that each of conditions (1), (2) and (3) holds for V' if, and
only if, it holds with V¥ in place of V for each sufficiently small compact open subgroup U
of V. As (1), (2) and (3) are equivalent conditions on each such VU, they are equivalent
conditions on V.

Now let X be a Zariski dense set of primes of A, suppose that the equivalent conditions
(1), (2), and (3) hold, and suppose that z is an element of V' that maps to zero in V® 4 x(p) for
all p € X. Choose a compact open subgroup U of G fixing z; then V'V is finitely generated
over A, and = maps to zero in VY ® 4 s(p) for all p in X. It follows that the support of z
(considered as an element of VV) is a closed subset of Spec A contained in the complement
of . In particular that the annihilator of x is not contained in any minimal prime of A,
contradicting condition (1). O

6.3.7. LEMMA. — Let A be a reduced Noetherian W (k)-algebra, and let Vi and Vs be two
admissible smooth A|G]-modules such that:

1. For each 1, Vi(") is free of rank one over A.
2. Foreachi, V; is generated by J(V;) as an A|G]-module.
3. There exists a Zariski dense set 3 of primes of A such that for all p € 3, (V1) is

isomorphic to (Va)y, as A, [G)-modules.
4. The natural map:

Vi = [[ Vi®an(p)
pex
is injective for each i. (This is automatic if V; is A-torsion free.)

Then there is an A-linear G-equivariant isomorphism Vi = Vs

Proof. — Let &' be the product over p € ¥ of the residue fields «(p). Condition (3) gives
us an isomorphism
H Vi ®a4 k(p) — H Vo ®a K(p).
P p
There are natural injections:

V,®a K —>HV@‘®A/$(P)
p
for each ; these are not in general isomorphisms. However, for sufficiently small compact
open subgroups U of G, VU is a direct summand of V; that is finitely generated as an
A-module. For each such U, the induced map:

VV@a &' — ([[Vi®arne)”
p

is an isomorphism. Passing to the limit on both sides, we obtain an isomorphism of V; ® 4 X’
with the space of smooth elements of [ [, V; ® 4 £(p). Thus the isomorphism:

HV1 ®a K(p) — HV2 ®a K(p)
p p
induces an isomorphism of Vi ® 4 &’ with Vo ® 4 K.
Moreover, by Condition (4), V; embeds in V; ® 4 & for each i. We may thus regard V;

and V5 as submodules of V; @ 4 K.
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By (1), (Vi ®a &')™ is free of rank one over %', and Vi(") is a free A-submodule
of (Vi ® 4 £")(™ for each i. There thus exists an element c of (%) * such that cV2(") and Vl(")
coincide as submodules of (Vi ®4 K')(™. It follows that ¢J(Vz) and J(V1) coincide as
submodules of J(V; ®4 K”). Since V; and V; are generated by J(V;) and J(Vz) over A[G],
we must have Vi = ¢Vs; in particular V; and V5 are isomorphic. O

We can now prove the uniqueness claim of Theorem 6.2.1.

6.3.8. PROPOSITION. — Let A be a local ring satisfying Condition 6.1.1, and let Vi and Vy
be two admissible smooth A[G]-modules. Suppose that:

1. The V; are A-torsion free.

2. For each minimal prime a of A, (Vi)ﬁn) is nonzero.

3. For each i, V; satisfies the equivalent conditions of Lemma 6.3.5.

4. For each minimal prime a of A, there is a G-equivariant isomorphism (V1)q — (V2)a.
Then there is an A-linear G-equivariant isomorphism Vi = Vy (wWhich, by part (3) of Proposi-
tion 6.3.4, is uniquely determined up to multiplication by an element of A™).

Proof. — By part (1) of Proposition 6.3.4, we have that Vi(") is free of rank 1 over A for
each i. As the minimal primes of A are dense in Spec A, it thus follows by Lemma 6.3.7 that
V1 is isomorphic over A[G] to Va. O

The purpose of our next collection of results, which are rather technical, is to allow us to
make a tensor factorization in the context of Theorem 6.2.1, and hence work with one E,, at
a time.

6.3.9. PROPOSITION. — Let K be a field in which all £; are invertible. If' V is an admissible
smooth representation of G over K satisfying the equivalent conditions of Lemma 6.3.5, there
exist admissible smooth representations V., of G, (v € S), each individually satisfying the
equivalent conditions of Lemma 6.3.5 (with G replaced by G.,), together with a G-equivariant
surjection @, V., — V.

Proof. — We proceed by induction on the cardinality s of S. In the case when s = 1 there is
nothing to prove, and so we assume that s>1, and write S =wvy,...,vs,
G' =G, x-+xG,,, so that G=G,, x G'. Since cosoc(V) is absolutely irreducible,
there is an isomorphism cosoc(V) — 7,, ® 7, where T, (resp. 7') is a generic absolutely
irreducible representation of G,, (resp. G').

Since V is of finite length, we may and do choose a quotient W of V' which is maximal

with respect to the following property: there is a surjective map
$:V,y ® vV W,

where V,,, and V’ each satisfy the equivalent conditions of Lemma 6.3.5 (with respect to G,
and G’ respectively). Since cosoc(V) satisfies these conditions, we see that W # 0. Thus
cosoc(V) is a quotient of W, and hence V™ is isomorphic to W
dimensional.

Let U be the kernel of the quotient map V' — W, and suppose that U is non-zero.
Extending scalars if necessary, we then may find a non-zero absolutely irreducible quotient
0,, ®0 of U, where 8, (resp. @) is an absolutely irreducible representation of Gy, (resp. G').

, as both are one-
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If we let T denote the kernel of the quotient map U — 0,, ® 8 , and if we write X := VT,
then there is a short exact sequence

(6.1) 00, 80 X — W —0,
which we may pull back via ¢ to obtain a short exact sequence
(6.2) 0—>§v1®§’—>?—>VU1®V’—»0.
Applying the n-th derivative functor to (6.1), (and recalling that the surjections
7™ x™ ™
are in fact isomorphisms), we obtain an isomorphism:
1" 0k @)™ = @, 0 0)™ = 0.

Hence either 57()?) = 0or (§)™ = 0. Also, we conclude that 8,, ® 8 cannot be a quotient
of V, and hence cannot be a quotient of X. Thus (6.1) is non-split, and hence (6.2) is also
non-split (since ¢ is surjective).

The non-split short exact sequence (6.2) corresponds to a non-trivial element of
Exty(V,, ® V',0,, ®0 ), which by the Kiinneth formula admits the description

ExtL(V,, @ V',0,, ®0)
5 Homg,, (Vo,,00,) ® Bxtf, (V,8) @ Bxtg, (V,,,0,,) ® Home(V',0).

Now by assumption, the nth derivative (as a GL,,(E,, )-module) of any non-zero quotient
of V,,, is a non-zero space, while the nth derivative (as a G’-module) of any non-zero quotient
of V' is a non-zero space. Thus if (8,, )™ = 0, then Homg, (V,,8,,) = 0, and thus ¥ cor-
responds to a non-trivial element of the tensor product Exté;1 (Vi 00,) ® HomG/(V/,gl).
Concretely, this means we may form a non-trivial extension E; of V,,, by 6, , and find a non-
zeromap® : V. — 0 (which is then surjective, since 8 is irreducible), so that Y is obtained
as the pushforward of F; ® V' via the map

id®@1: 0, @V — 0, ®0.
Thus Y, and hence X, is a quotient of E; ® V', contradicting the maximality of W. If instead
we had (gl)(”) = 0, then we would similarly conclude that X may be written as a quotient
of V1 ® E3, for some non-trivial extension Ej of Vv by 5,, again contradicting the maximality
of W.
From these contradictions we conclude that in fact U = 0, and thus that V = W. Thus

we may write V as a quotient of V,,, ® V' as above. Applying the inductive hypothesis to V
the proposition follows. O

6.3.10. COROLLARY. — If V' is an admissible smooth representation of G over a local
ring A satisfying Condition 6.1.1, such that V := V/mV satisfies the equivalent conditions of
Lemma 6.3.5, and if S' C S is any subset, then the Gg/-representation V(")-5\5" /my/(n),5\8’
satisfies the conditions of Lemma 6.3.5 (with respect to A[Gg')).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



716 M. EMERTON AND D. HELM

Proof. — Choose a surjection &), oV, — V satisfying the conditions of the preced-

veS
ing proposition. Since V,(Jn) is one-dimensional for each v (and so in particular for each
v € S\ S'), applying the exact functor V V(n)’s\s yields a surjection
DT = @V LT =y s
vES’ ves
The lemma follows. U

We now return to the setting of the previous subsection. That is, for each v in S we
are given a representation p, : Gg, — GL,(A). The above results allow us to establish
Theorem 6.2.1 and Proposition 6.2.4 more or less immediately.

Proof of Theorem 6.2.1. Suppose we have V;, V5 satisfying conditions (1), (2), and (3) of
Theorem 6.2.1. Then for all minimal primes a of A, we have a x(a)-linear G-equivariant iso-
morphism (V}), — (V2)q. Thus V; and V; satisfy all of the hypotheses of Proposition 6.3.8,
and are therefore isomorphic. Moreover, Vl(") is cyclic as an A-module by Lemma 6.3.1. Let
z be any element of V; whose image in Vl(") generates Vl(") as an A-module, and let W be
the A[G]-submodule of V; generated by . Then the image of W (™) in Vl(n) contains the im-
age of z, and hence is all of Vl("). It follows that J(W) is equal to all of J(V7), and hence,
by Proposition 6.3.4, part (2), we must have W = V;. Thus V; is cyclic as an A[G]-module.
Finally, End 4(¢(V1) is isomorphic to A by Proposition 6.3.4, part (3). O

Proof of Proposition 6.2.4. Suppose that for each v, we have a representation 7(p,, ) satisfying
conditions (1), (2), and (3) of Theorem 6.2.1 for p,. Then it is clear that the maximal
A-torsion free part of the tensor product over all v of 7(p,) satisfies the conditions of
Theorem 6.2.1 for the collection {p, }.

Conversely, suppose we have a representation 7({p, }»es) satisfying the hypotheses of
Theorem 6.2.1 for the collection {p,}. Then for any minimal prime a of A, we have an
isomorphism:

T({po}ves) ®a k(a) — ®%(Pv,a)~
veS
Fixing a place v, and taking derivatives at all v’ # v, we obtain an isomorphism:

F{potoes)) TN 5 R (py0).

Moreover (7 ({po }ves)) ™5\ ¥} is A-torsion free, and (by Corollary 6.3.10) satisfies condi-
tion (3) of Theorem 6.2.1. Thus 7({p, }»es) ™\ {?} is isomorphic to 7 (p, ) (so in particular
the latter exists). O

We now turn to Theorems 6.2.5 and 6.2.6. Once we have established these, Proposi-
tion 6.2.10 will be an easy consequence. We first need the following lemma:

6.3.11. LEMMA. — Let A be a normal Qp-algebra that is an integral domain with field of
fractions K, and let (p', N) be a Frobenius-semisimple Weil-Deligne representation over A
that splits (over K) as a direct sum of absolutely indecomposable Weil-Deligne representa-
tions Sp,,, .- There exist characters x; : Wg — A* such that p; ®k X is defined over a finite
extension Ko of Q, contained in A.
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Proof. — By Lemma 4.1.5 we know that such characters y; exist with values in %™ it
suffices to show that they take values in A*. Let © be the localization of A at a height
one prime. Then p’ ® 4 K is O-integral, so each p; is O-integral as well. Thus det p; is a
character with values in ©”. Since this is true for all £, det p; takes values in A*. Moreover,
(det p;) ®4 x: takes values in 765 , and K g is contained in A, so some power of y; takes
values in A*. But then y; must take values in A* as well since A is normal. O

6.3.12. LEMMA. — Let A be a local ring satisfying Condition 6.1.1, let {p, } be a collection
of representations Gg, — GL,(A), and suppose that T({p,}ves) exists. Then, for each
minimal prime a of A, the representation ©({p, ® 4 A/a}yes) exists, and is isomorphic to the
maximal A/a-torsion free part of T({py }ves) ®a A/a.

Proof. — 1t is straightforward to see that 7({p,}ves) ®4 A/a satisfies conditions (2)
and (3) of Theorem 6.2.1, so its maximal A/a-torsion free quotient does as well. This
quotient also satisfies condition (1) of Theorem 6.2.1 by construction. O

Proof of Theorem 6.2.5. — By Proposition 6.2.4, it suffices to consider the case when S has
only one element v. By Lemma 6.3.12 we may assume A is a domain with field of fractions & .
Fix an algebraic extension %’ of & such that &’ contains a square root of ¢, where  is
the residue characteristic of v, and such that the Frobenius-semisimple Weil-Deligne repre-
sentation associated to p, ® 4 K splits as a direct sum of absolutely indecomposable Weil-
Deligne representations Sp,,, v, over K'. Let K be the maximal subfield of &’ that is alge-
braic over Q,,.

Let A’ be the integral closure of A, in &', and let p’ be a prime ideal of A’ over p. Then,
by Lemma 6.3.11, there exist characters x;, with values in (A;,)X, such that for each 1,
pi ® xi_l is defined over K.

Let m; be the admissible representation of GL,,(E,) over X that corresponds to p; ® x; un-
der the unitary local Langlands correspondence. Then for each 4, (St,, n, ®x, X') ® (x; o det)
corresponds to Sp,. y, under unitary local Langlands. Without loss of generality, we assume
that the representations 7; are ordered so that for all ¢ < 7, (Str, v, ®x, k(¥’)) ® x; does
not precede (St N, ®x, £(p’)) ® x;. (It is then also true that (St n, ®x, K') ® x; does
not precede (Str, n, ®x, K ® X;-) Let M be the smooth A;/-linear dual of the module:

n—

= IndgLn(E‘u) ®[(Stﬂ—i,Ni R, A;J,) ® Xi]a

(] | odet)™

where () is a suitable block upper triangular parabolic subgroup of GL,,(E, ). Then, by con-
struction, M ® A, K is isomorphic to 7(p ® 4 K'). Moreover, because of our assumptions
on the ordering of the ;, the smooth x(p’)-dual of M/p’M is essentially AIG by Corol-
lary 4.3.3, and hence J(M) generates M as an Aj,[G]-module. Moreover M (") is free of rank
one over Ay, by Corollary 3.1.13. Finally, M is Aj,-torsion free by construction (in fact, M is
free over Aj,). Thus by Lemma 6.3.7, M is isomorphic to 7(p,) ®4 Ay,

The injection of Theorem 4.5.7 yields a surjection:

(o @ (p) = M @ar, £(p)
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that is an isomorphism if, and only if, p, ® 4 K is a minimal lift of p,, ® 4 x(p). Taking smooth
duals and applying Lemma 3.2.5, we see that this surjection descends to the desired surjection

T(p,p)) = T(pu) ®a K(p)- 0

Proof of Theorem 6.2.6. — As above, it suffices by Proposition 6.2.4 to consider the case
when S has only one element v. By Lemma 6.3.12, for each minimal prime a of A containing p
we have a surjection:

T(pv) ®a K(p) = T(py ®a A/a) @4 K(p).
Then W is the image of 7(p,) ® 4 k(p) in the product

[[7(po ®4 AJa) @4 k(p).

By Theorem 6.2.5 we also have surjections:

fa :T(pup) = T(py ®a Afa) ®4 K(p)

for all minimal primes a of A contained in p. This gives a diagonal map:

F(pup) — [[Flpv ®4 Afa) @4 K(p).

Let W’ be the image of this map. It suffices to show that W' is isomorphic to W'.
The spaces W™ and (W’')(™ are one-dimensional «(p)-subspaces of

[1F(pe ©4 A/a) 04 5(p)]™

a

that project isomorphically onto each factor. There thus exists for each a a scalar ¢, in k(p)*
such that ¢(W”)(™ coincides with W (™ as subspaces of

T[] ®4 Afa) @4 x(p] ™,

a
where ¢ is the automorphism of this product given by multiplication by ¢, on the factor
corresponding to a.
As the K-duals of W ®,,,y K and W' ®,,,) K are essentially AIG, this implies that W
and ¢’ coincide, and thus W and W’ are isomorphic. O

Proof of Proposition 6.2.8. — As usual, we invoke Proposition 6.2.4 to reduce to the case
where S has a single element v. As in the proof of Theorem 6.2.6, let W be the image
of k(p) ®4 T(py) under the diagonal map

Kk(p) ®a T(py) — H K(p) ®aya, Vi

where aj,...,a; are the minimal primes of A contained in p and, for each i, V; is the
maximal A-torsion free quotient of 7(p,) ® 4 A/a;.
As 7(p,) embeds in the product of the V;, every Jordan-Holder constituent of x(p) ® 4 7(p,)
is isomorphic to a Jordan-Holder constituent of x(p) ® 4,4, V; for some 4, and hence to a
Jordan-Holder constituent of W. In particular, every Jordan-Holder constituent of the
kernel of the map
k(p) ®aw(py) = W
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is a Jordan-Holder constituent of k(p) ® 4 7(p,) that appears with multiplicity at least two.
Since the smooth dual of k(p) ® 4 T(py) 1s essentially AIG, Corollary 4.3.11 above shows that
no such Jordan-Holder constituent can exist when n = 2 or 3. O

Proof of Proposition 6.2.10. — By Proposition 6.2.4 we may assume S consists of a single
element. For any minimal prime b of B, we have by Theorem 6.2.6 a surjection:

(o) ®a K(F7(0) = T(py,5-1(5))

and hence (after a base change) a surjection:
7(pu) ®4 K (B) = T(py ®.4 A(0)).
Let V be the image of the composed map:
#(py) ®a B — [[F(po) @4 r(6) = [[F(po @4 k().
b b

One easily verifies that V satisfies conditions (1), (2) and (3) of Theorem 6.2.1 for the repre-
sentation p, ® 4 B over B. O

We now turn to the proof of Theorem 6.2.15. This will require several preliminary lemmas.

6.3.13. LEMMA. — Suppose that Theorem 6.2.15 holds when S has only one element. Then
Theorem 6.2.15 holds for an arbitrary finite set S.

Proof. — Suppose we have established Theorem 6.2.15 in the case in which S has only one
element. We can then establish the general case as follows: suppose V satisfies the conditions
of Theorem 6.2.15 for the collection {p, }. If we fix a place v € S, then V(")-S\{*} satisfies
the conditions of Theorem 6.2.15 for the representation p,,. Thus V(")-5\{*} is isomorphic
to 7(py). It follows by Proposition 6.2.4 that 7({p, }ves) exists and is isomorphic to the
maximal torsion-free quotient of the tensor product of the representations V ("):5\{v},

For any prime p of A lying over a prime of X, we have an isomorphism:
V @ k(p) — Q VST @ 4 k(p).
veS

It thus follows by Lemma 6.3.7 that V and 7({p, }vecs) are isomorphic, as required. O

6.3.14. PROPOSITION. — Let A be a local ring satisfying Condition 6.1.1, let p, be an
n-dimensional representation of Gg, over A, and let V be an admissible A|G]-module such that:

1. V is torsion free over A.

2. The smooth dual of V/mV is essentially AIG.

3. There exists a Zariski dense set of primes Y. in Spec A[%)] such that for each prime p € 3,
V ®a k(p) is isomorphic to T(py.p),

Then V satisfies conditions (1), (2), and (3) of Theorem 6.2.1 with respect to p,, that is,
7 (po) exists and is isomorphic to'V.
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Proof. — Note that conditions (1) and (3) of Theorem 6.2.1 are immediate from the
hypotheses. It thus suffices to construct, for each minimal prime a of A, an isomorphism
Vo = 7(pv.a)-

Fix a minimal prime a of A. The map V' — (V/aV)* becomes an isomorphism after
localizing at any prime p of A that contains a but no other minimal prime of A. Thus,
replacing V with (V/aV)¥, A with A/a, and ¥ with the set of p in ¥ that contain a but
no other minimal prime of A, we reduce to the case where A is a domain with field of
fractions X.

Let &' be an algebraic extension of & such that &’ contains a square root of £, where
£ is the residue characteristic of v, and such that the Frobenius-semisimple Weil-Deligne
representation associated to p, ® 4 K splits as a direct sum of absolutely indecomposable
Weil-Deligne representations Sp,,, y, over K'. Let K be the maximal subfield of & that is
algebraic over Q.

Let A’ be the integral closure of A[%] in &’. By Lemma 6.3.11, there exist characters x;,
with values in (A’)*, such that for each 4, p; ® x; is defined over K g.

Let m; be the admissible representation of GL,, (E,) over K that corresponds to p; ® x; under
the unitary local Langlands correspondence. Then for each 4, (St, v, ® %, ') ® (xi o det)
corresponds to Sp,. y, under unitary local Langlands. Without loss of generality, we assume
that the representations m; are ordered so that for all i < 7, (Stx, n; ®x, X') ® (xi o det)
does not precede (Str, n, ®x, K') ® (x; o det). Then, for all p in an open dense sub-
set Uy of SpecA’, and all i < j, (Str, N, ®x, £(P)) ® (x; o det) does not precede
(Str, v, Gt 1(P)) ® (x5 o det).

Let M be the smooth A’-linear dual of the module:

;1 IndgLn(Ev) ® [(Stﬂ'i,ni ®7Co Al) ® Xz]a

n

(| | odet)™

where @ is a suitable block upper triangular parabolic subgroup of GL,,(E,). Let Us be the
open dense subset of Spec A’ consisting of those p’ such that p, ®4 X’ is a minimal lift
of p, ®4 k(p’). Then for all p’ € Uy, M ® 4+ k(p’) is isomorphic to 7(p, ®4 k(p')).

Now let M’ be the A’[G]-submodule of M generated by J(M). Then (M’)™) is isomor-
phic to M) and the latter is locally free of rank one over A’ by Corollary 3.1.13. The
module M’ is A’-torsion free, as it is contained in the free A’-module M. Moreover, for
all p’ € U; N Us, we have isomorphisms:

M @ k(p') — M @ k(p') — Tpo @4 K(p")).
Set
M = M’ R ((M’)("))_l.
Then (M")(™ is free of rank one over A’.

Let X’ be the set of primes of A’ lying over primes in 3. Then X' N U; N Uy is dense
in Spec A’, and we have isomorphisms: V® 4 k(p’) — M"® a:k(p’) forallp’ € ¥'NU;NU;.
It follows by Lemma 6.3.7 that V ®4 A’ is isomorphic to M”. In particular V @4 K is
isomorphic to 7 (p, ® 4 X"), and hence V® 4 K is isomorphic to 7(p, ® 4 K ), as required. []

4¢ SERIE - TOME 47 — 2014 — N° 4



LOCAL LANGLANDS IN FAMILIES 721

Proof of Theorem 6.2.15. — By Lemma 6.3.13 it suffices to consider the case where S has
a single element. Let V*f be the maximal A-torsion free quotient of V', and let V*°* be the
kernel of the map V' — V. Then V% /mV*°* embeds in V/mV, and the latter has finite
length by Lemma 6.3.5. It follows that VT /mV*" is finitely generated as an A[G]-module,
and (since V is m-adically separated), thus V'*° is finitely generated as well. In particular its
support is a closed subset Z of Spec A. Let U be the complement of Z in Spec A. Then for
all p in ¥ N U, we have isomorphisms:

T(pop) — V @ak(p) — V¥ @4 K(p).

It follows by Proposition 6.3.14 that V* satisfies conditions (1), (2), and (3) of Theorem 6.2.1;
in particular 7(p, ) exists and is isomorphic to V*. Thus, by Theorem 6.2.5, V¥ ® 4 x(p) is
isomorphic to 7(p, ®a k(p)) for all p for which there exists a minimal prime a of A such
that p, o is @ minimal lift of p,, . In particular this holds for all p in 3. Thus we have an
isomorphism:
V @4 r(p) = VT @4 k()

forallp € ¥; by Lemma 6.3.7 it follows that V is isomorphic to V*f, and hence that V satisfies
conditions (1), (2), and (3) of Theorem 6.2.1. O
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