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MICROLOCAL LIMITS OF PLANE WAVES
AND EISENSTEIN FUNCTIONS

BY SEMYoN DYATLOV aAnD CorLIiIN GUILLARMOU

ABSTRACT. — We study microlocal limits of plane waves on noncompact Riemannian mani-
folds (M, g) which are either Euclidean or asymptotically hyperbolic with curvature —1 near infinity.
The plane waves E(z,£) are functions on M parametrized by the square root of energy z and the
direction of the wave, £, interpreted as a point at infinity. If the trapped set K for the geodesic flow has
Liouville measure zero, we show that, as z — +o00, E(z, £) microlocally converges to a measure y¢, in
average on energy intervals of fixed size, [z, z + 1], and in £. We express the rate of convergence to the
limit in terms of the classical escape rate of the geodesic flow and its maximal expansion rate—when
the flow is Axiom A on the trapped set, this yields a negative power of z. As an application, we obtain
Weyl type asymptotic expansions for local traces of spectral projectors with a remainder controlled in
terms of the classical escape rate.

RESUME. — Dans ce travail, nous étudions les mesures microlocales des fonctions de type ondes
planes sur des variétés non compactes (M, g) qui, pres de 'infini, sont euclidiennes ou asymptotique-
ment hyperboliques avec courbure —1. Les ondes planes E(z, £) sont des fonctions sur M paramétrées
par la racine carrée de 1’énergie z et la direction & de I'onde, interprétée comme un point a I'infini. Si
I’ensemble capté K pour le flot géodésique est de mesure de Liouville nulle, nous montrons que, quand
z — 400, E(z,£) converge microlocalement vers une certaine mesure ¢, en moyenne en ¢ et en éner-
gie z sur des intervalles de taille fixe. On exprime la vitesse de convergence vers la limite en fonction de
la vitesse de fuite du flot géodésique et de son taux maximal d’expansion. Quand le flot est Axiom A
sur K, la vitesse de convergence est une puissance négative de z. Enfin, en guise d’application, nous
donnons des développements asymptotiques de type Weyl a plusieurs termes pour les traces locales de
projecteurs spectraux, avec un reste dépendant de la vitesse de fuite du flot.

For a compact Riemannian manifold (M, g) of dimension d whose geodesic flow is ergodic
with respect to the Liouville measure py,, quantum ergodicity (QE) of eigenfunctions [48,
58, 7] states that any orthonormal basis (e;);en of eigenfunctions of the Laplacian with
eigenvalues 2]2, has a density one subsequence (e;, ) that converges microlocally to iy, in the
following sense: for each symbol a € C°°(T* M) of order zero,

1
(L.1) <Ophjk (a)ej,., €. )2 (M) — (S 3D /S*Mad,uL.
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372 S. DYATLOV AND C. GUILLARMOU

Here S*M stands for the unit cotangent bundle, Op; (a) denotes the pseudodifferential
operator obtained by quantizing a (see Section 3.1), and we put h; = z]-_l. The proof uses
the following integrated form of quantum ergodicity [25]:

1
(1.2) A%t Z (Opy(a)ej, €5)r2 — W/S*Madl%

h=1<z;<h=141

—0 ash—0.

See Appendix D for a short self-contained proof of this result using the methods of this paper.

In the present paper, we consider a non-compact complete Riemannian manifold (M, g)
and show that generalized eigenfunctions of the Laplacian on M known in scattering theory
as distorted plane waves or Eisenstein functions, converge microlocally on average, similarly
to (1.2), with the limiting measure p, depending on the direction of the plane wave {—see
Theorem 1. We also give estimates on the rate of convergence in terms of classical quantities
defined from the geodesic flow on M—see Theorem 2.

Our microlocal convergence of plane waves is similar in spirit to the QE Results (1.1)
and (1.2). However, unlike the case of QE where ergodicity of the geodesic flow is essential,
our result is based on a different phenomenon, roughly described as dispersion of plane waves.
This difference manifests itself in the proofs as follows: instead of averaging an observable
along the geodesic flow as in the standard proof of quantum ergodicity, we propagate it. See
Section 2 for an outline of the proofs of Theorems 1 and 2.

Geometric assumptions near infinity. — The manifold M has dimension d = n + 1. For our
results to hold, we need to make several assumptions on the geometry of (M, g) near infinity
and on the spectral decomposition of its Laplacian A. They are listed in Section 4 and we
check in Sections 6 and 7 that they are satisfied in each of the following two cases:

1. there exists a compact set Ko C M such that (M \ Ky, g) is isometric to R"*1\ B(0, Ry)
with the Euclidean metric go for some Ry > 0; here B(0, Ry) denotes the ball centered
at 0 of radius Ry,

2. (M, g) is an asymptotically hyperbolic manifold in the sense that it admits a smooth

compactification M and there exists a smooth boundary defining function z such that

in a collar neighborhood of the boundary M, the metric has the form
dz? + h(z)
9=—"pm

(1.3)

)

where h(z) is a smooth 1-parameter family of metrics on 9M for z € [0, ¢). We further
assume that g has sectional curvature —1 in a neighborhood of 9M .

In case (1), we call (M, g) Euclidean near infinity, while in case (2), we call it hyperbolic near in-
finity. Case (2) in particular includes convex co-compact hyperbolic quotients I'\H"*1—see
Appendix A. Other possible geometries are discussed in Section 2.1.

Distorted plane waves/ Eisenstein functions. — Let A be the (nonnegative) Laplace-Beltrami
operator on M. In the study of the relation between classical dynamics and high energy
behavior it is natural to use the semiclassically rescaled operator h2A, with A > 0 small
parameter tending to zero.

The operator h2A has continuous spectrum on a half-line [coh?, 00) (here ¢ is 0 for the
Euclidean and n?/4 for the hyperbolic case) and possibly a finite number of eigenvalues
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MICROLOCAL LIMITS OF PLANE WAVES AND EISENSTEIN FUNCTIONS 373

in (0, coh?). The continuous spectrum is parametrized by distorted plane waves (or Eisenstein
Sfunctions in the hyperbolic case) Ex (), &) € C™ (M), satisfying for A € R,

(1.4) (h3(A — co) = A2)En(),€) = 0.

Because of the h-rescaling, the effective spectral parameter is A/h. Here £ lies on the bound-
ary OM of a compactification M of M. We can think of an element of 9M as the direction
of escape to infinity for a non-trapped geodesic; then £ is the direction of the outgoing part
of the plane wave Ej, (), £) at infinity.

For instance, in the case of manifolds Euclidean near infinity, cg = 0, 9M = S" is the
sphere, and form € M \ Ko ~ R"™1\ B(0, Ry),

En(\&m) = e 4 By,

where Ej,. is incoming in the sense that there exists f € C°°(S™) such that
[Einc(\, &§m) — |m|_%6_i%|m|f(%)]|M\K0 € L?, or equivalently Ej,. lies in the image
of C&°(R™*1) under the free incoming resolvent (h2A — (A — i0)2)~! of the Laplacian
on R"*1). These conditions provide a unique characterization of Ej(),£). We can also
write Ej, (X, &) = E(M/h, &), where E(z,&) is the nonsemiclassical plane wave, and rewrite
the results below in terms of the parameter z, as in the abstract.

We will freely use the notions of semiclassical analysis as found for example in [62], and
reviewed in Section 3. We denote elements of the cotangent bundle T*M by (m, v), where
m € M and v € T;;, M. The semiclassical principal symbol of h?A is equal to p(m, v) = [v|2,
where ||, is the length of v € T M with respect to the metric g. Therefore, the plane
wave FEj, should be concentrated on the unit cotangent bundle (see [62, Theorem 5.3])

S*M = {(m,v) e T*M | |v|, = 1}.
If g : T*M — T* M denotes the geodesic flow, then the Hamiltonian flow of p is etff» = ¢2¢.

Semiclassical limits of Ey, when the trapped set has measure zero. — In scattering theory
trajectories which never escape to infinity play a special role as they can be observed only
indirectly in asymptotics of plane waves. The incoming tail (resp. outgoing tail) T'_ C S*M
(resp. T'y. € S*M) of the flow is defined as follows: a point (m, v) liesin I'_ (resp. I'y) if and
only if the geodesic g*(m, v) stays in some compact set for ¢ > 0 (resp. t < 0). The trapped
set K := T'y NT_ is the set of points (m, v) such that the geodesic g*(m, v) lies entirely in
some compact subset of S* M.

Our first result states that if x4z (K) = 0, then plane waves Ej, (), £) converge on average
to some measures supported on the closure of the set of trajectories converging to & in M:

THEOREM 1. — Let (M, g) be a Riemannian manifold satisfying the assumptions of Sec-
tion 4 and suppose that the trapped set has Liouville measure pp,(K) = 0. For Lebesgue almost
every £ € OM, there exists a Radon measure pg on S* M such that for each compactly supported
h-semiclassical pseudodifferential operator A € WO (M), we have as h — 0,

(1.5) !

— 0,
Lt ,(OMx[1,14h])

(AW €, BaO ) 2on — [ o) de

S*
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374 S. DYATLOV AND C. GUILLARMOU

where a(A) is the semiclassical principal symbol of A as defined in [62, Theorem 14.1]. The
measure [ig has support

(1.6) supp(ue) C {(m,v) € S*M | t_l}grnoo gt(m,v) = £},

and disintegrates the Liouville measure in the sense that there exists a smooth measure d¢ on OM
such that, if py, is the Liouville measure generated by \/p = |v|, on S*M, then

(1.7) /aMug d€ =y

The limiting measure p, is defined in Section 4.3. Implicit in (1.7) is the statement that for
any bounded Borel S C S*M, we have p¢(S) € Lé(@ﬂ). In Lemma A.1, we show that for
hyperbolic manifolds p¢ is well defined for all £ € OM and it is likely that the same is true
when the curvature of g is negative near the trapped set, but we believe that this does not hold
in the general setting of Theorem 1.

In the case when WF,(A)NT_ = & (in particular when g is non-trapping), we ac-
tually have a full expansion of (AFE, E;) in powers of h, with remainders bounded
in g L (OM x [1,1 + h])—see (5.14). It is likely that for K = @, this can be strengthened to
uniform convergence in £, A, using nontrapping estimates on the resolvent.

The now standard argument of Colin de Verdiére and Zelditch (see for example the proof
of [62, Theorem 15.5]) shows that there exists a family of Borel sets @(h) C OM x [1,1+ h]
such that the ratio of the measure of @(h) to the measure of the whole M x [1,1 + h] goes
to 1 as h — 0, and for each A € U°(M) as in Theorem 1 with o(A) independent of h,

(18) <AEh()‘a£)7Eh()\7§)>L2(M) - /S*M U(A) dlj’f unlformly in ()‘ag) € g(h)

This statement can be viewed as an analogue of the quantum ergodicity fact (1.1), though as
explained above, it is produced by a different phenomenon.

Estimates for the remainder. — We next provide a quantitative version of Theorem 1, namely
an estimate of the left-hand side of (1.5). We define the set & (t) of geodesics trapped for
time ¢ > 0 as follows: let Ky be a compact geodesically convex subset of M (in the sense
of (B.1)) containing a neighborhood of the trapped set K, then (see also Section 5.2)

(1.9) I(t) == {(m,v) € S*M | m € Ky, n(g'(m,v)) € Ko},

where 7 : T*M — M is the projection map. A quantity which will appear frequently with
some parameter A > 0 is the following interpolated measure
(1.10) r(h,A) == sup h'Cur(T(0A|loghl)),

0<6<1
where h > 0 is small. This converges to 0 as h — 0 when py,(K) = 0 and it interpolates
between h (when # = 0) and the Liouville measure of the set of geodesics that remain trapped
for time A~1|log h| (when § = 1). When the measure ur, (7 (t)) decays exponentially in ¢,
as in (1.14), 7(h, A) can be replaced by simply O(h) + pr,(7 (A=t logh|)). The O(h) term
here is natural since one can add an operator in h¥°(M) to A, which will change (AE},, E,)
by O(h), but will not change o(A) (which is only defined invariantly modulo O(h)).
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MICROLOCAL LIMITS OF PLANE WAVES AND EISENSTEIN FUNCTIONS 375

We next define the maximal expansion rate as follows (see also (3.17)):

(1.11) Amax := lim sup 1 log sup | dg‘(m,v)]|.

tl—too [t (mu)e(t)
We can estimate the left-hand side of (1.5) in terms of the (interpolated) measure of the set
of all trajectories trapped for the Ehrenfest time, see (2.7) for the definition of the latter. If
we pair with a test function in £ instead of taking the Lé norm, then the estimate becomes
stronger, corresponding to the set of all trajectories trapped for rwice the Ehrenfest time:

THEOREM 2. — Let (M, g) be as in Theorem 1. Take Ao > Amax. Then for each compactly
supported h-semiclassical pseudodifferential operator A € VO (M) and for each f € C>(0M),

(1.12) Rt = O(r(h,2M0)),

L (OMx[1,14h))

/8Mf(£)<<AEh,Eh> - /S*MO'(A) d,u§> de

<AEh,Eh> —/S*MO'(A) d,u,g

(1.13)  h7!

= O(r(h,Ay)).

L3 ([1,14h])

The proof of Theorem 2 actually gives an expansion of (AE},, E}) in powers of h, with
remainder puz (7 (A~ loghl)) instead of r(h, A)—see (5.43) and the proofs of Proposi-
tions 5.11 and 5.13. This full expansion is cumbersome to write down, therefore we only
do it for the trace estimates (1.16) below.

Remainder in terms of pressure. — When the trapped set K has Liouville measure 0 and is
uniformly partially hyperbolic in the sense of Appendix B.1, we estimate using [57]

(1.14) pr(T(t) = O(etPI e,

for each € > 0, where P(J*) < 0 is the topological pressure of the unstable Jacobian—see
Appendix B.1. When K is a hyperbolic basic set (Axiom A flow), then P(J*) < 0 by [3], and
the remainders in (1.12) and (1.13) are then polynomial in A:

r(h,A) = O(h + A~ (PUDF/AY

and one can get rid of € here by slightly changing Ay. In the special case where g has
constant sectional curvature —1 near K, the boundsin (1.12) and (1.13) become respectively,
O(h+h"=9/2=) and O(h+h™~~), where K has Hausdorff dimension dim g (K) = 26+1.0
See Appendix B.2 for details.

In all cases, if K is nonempty, then it has Minkowski dimension at least 1; since g*/2(7 (t))
contains an e~*0*/2 sized neighborhood of K, there exists ¢ > 0 such that for all small & > 0

(1.15) (7 ((200) " loghl)) > ch™?, (7 (Ag*|loghl)) > ch™.

(M The notation O(h~“~) means O(h~*~¢) for any fixed ¢ > 0.
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376 S. DYATLOV AND C. GUILLARMOU

Local Weyl asymptotics for spectral projectors. — It is possible to express the spectral measure
of h2 A in terms of the distorted plane waves (see (4.5)), and using (1.13), we obtain an expan-
sion in powers of h for local traces of spectral projectors up to an explicit remainder. We only
write it here for the case where the flow is partially uniformly hyperbolic with P(J*) < 0,
but a more general result with the Liouville measure of 7 (A5 | log h|) holds—see Theorem 4
in Section 5.3. In the theorem below, we use a quantization procedure Op;,, on M mapping
compactly supported symbols to compactly supported operators; alternatively, one can con-
sider operators of the form x Op,,(a)x, where Op,, is any quantization procedure, a(z, §) is
compactly supported in the x variable, and x € C§°(M) is equal to 1 near 7 (supp a).

THEOREM 3. — Let (M, g) be as in Theorem 1, let Ao > Apax and assume that the trapped
set K isuniformly partially hyperbolic with ur,(K) = 0 and that the topological pressure P(J")
of the unstable Jacobian on K is negative. Then there exist differential operators® L; of order 2]
onT*M, with Lo = 1, such that for each compactly supported zeroth order classical symbol a,
we have for each s > 0 and N € N

N u
(1.16) Tr(Opy(a) 1y 4 (h2A)) = (2zh) "1 Z h? / Ljadu, +h*”9(h_%o) +hN)

=0 pzgs

where p., is the standard volume form on T* M and 1y g (h2A) denotes the spectral projector
of h2 A onto the frequency window [0, s). The remainder is uniform in s when s varies in a compact
subset of (0, c0).

In particular, if g has constant sectional curvature —1 near K and the Hausdorff dimen-
sion of K is given by 26 + 1, then the remainder in (1.16) becomes &(h=%~), for N large
enough.

Applications. — In a separate paper [12], we show that Theorem 3 implies new asymptotics
for the spectral shift function (or scattering phase) with remainders in terms of P(J*) when
the trapped set has Liouville measure 0 and the manifold is Euclidean near infinity with
uniformly partially hyperbolic geodesic flow near K.

Previous works. — Let us briefly discuss the history of Quantum Ergodicity (QE) and explain
its relation to the present paper. The original QE statement was proved by Shnirelman [48],
Zelditch [58], and Colin de Verdieére [7] in the microlocal case, by Helffer-Martinez-
Robert [25] in the semiclassical case (with the integrated estimate using an (k) spectral
window like in the present paper, rather than the £)(1) window used in the microlocal case),
and by Gérard-Leichtnam [16] and Zelditch-Zworski [61] for manifolds with boundary
(ergodic billiards). Quantum ergodicity for boundary values and restrictions of eigenfunc-
tions to hypersurfaces was studied by Hassell-Zelditch [24], Burq [5], Toth-Zelditch [52, 53],
and by Dyatlov-Zworski [13].

The first result on noncompact manifolds, namely for embedded eigenvalues and Eisen-
stein functions on surfaces with cusps, was proved by Zelditch [59]. For the special case of
arithmetic hyperbolic surfaces, a stronger statement of Quantum Unique Ergodicity (QUE),

@ In this paper, the symbols L; will denote different operators in different propositions.
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saying that the whole sequence of eigenstates microlocally converges to the Liouville mea-
sure, was proved by Lindenstrauss [31] and Soundararajan [49] for Hecke-Maass forms and
by Luo-Sarnak [32] and Jakobson [29] for Eisenstein functions. For further information on
the topic, the reader is directed to the recent reviews [39, 47, 60].

As remarked above, our result differs from the above works in that it uses dispersion of
plane waves instead of the ergodicity of the geodesic flow. This dispersion phenomenon was
used to study microlocal limits of plane waves on convex co-compact hyperbolic quotients
satisfying § < n/2 by Guillarmou-Naud in [20], and on surfaces with cusps at complex ener-
gies by Dyatlov [11]. Both [20] and [11] guarantee microlocal convergence of the Eisenstein
functions that is uniform in A and &, rather than the (weaker) Li, ¢ estimates of the current paper;
these statements are formally similar to QUE, while our statement is formally similar to QE.
In [20], uniform in X\ and & estimates are possible because Lagrangian states, when propa-
gated by the Schrodinger group U(t) = e®#2/2, would disperse faster than they fail to be
approximated semiclassically, a phenomenon similar to the one studied by Nonnenmacher-
Zworski [40]. In fact, it is plausible that the result of [20] is true when the condition 6§ < n/2
is replaced by the negative pressure condition of [40]. As for [11], the energy being away from
the real line makes the measure corresponding to Fj, exponentially increasing, rather than
invariant, along the flow; in a way, this paper relies on damping of plane waves rather than
dispersion.

We see that the uniform convergence in [20] and [11] is possible because one has better
control on the propagated Lagrangian states. Such better control is directly related to having
a polynomial bound on the scattering resolvent. In the less restricted situation of our paper,
however, it is not clear if such a bound would hold; therefore, we need to average in A and &
to pass to trace (or, strictly speaking, Hilbert-Schmidt norm) estimates, just as in the proof
of Quantum Ergodicity.

The expansions for local traces of the spectral measure as in Theorem 3 were studied by
Robert-Tamura [46] for nontrapping perturbations of the Euclidean space, yielding a full
expansion in powers of A in that setting.

2. Outline of the proofs

In this section, we explain the ideas of the proofs of Theorems 1 and 2, in the case of
manifolds Euclidean near infinity. We also describe the structure of the paper.

We start with Theorem 1. Take ¢ > 0; we will use lim;_, o, limp_.o limits, therefore
remainders that decay in h with constants depending on ¢ will be negligible. Since Fj, is
a generalized eigenfunction of the Laplacian (1.4), we have for A > 0

@.1) B (), €) = e MU (1) B (), €).

Here U(t) = eM*/2 is the semiclassical Schrodinger propagator, quantizing the geodesic flow g*.
Since E}, does not lie in L2(M), we cannot apply the operator U () to it; however, (2.1) can
be made rigorous, with an £)(h°°) error, by using appropriate cutoffs—see Lemma 3.10. We
will not write these cutoffs here for the sake of brevity.
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378 S. DYATLOV AND C. GUILLARMOU

Take a compactly supported and compactly microlocalized semiclassical pseudodifferen-
tial operator A on M; then by (2.1),

(2.2) (AEy,, Ey) = (AU(t)Ey, U(t)Ey) = (A™'Ey, Ey),

where A~ := U(—t) AU (t) is a pseudodifferential operator with principal symbol o(A)og™?.

(It is not compactly supported, but we ignore this issue here.) We now use the following
decomposition of plane waves (see (6.5)): for a fixed A > 0,

(23) Ep=xoE’+E}, E%m)=e"¢™ El = _—R,(\)Fh, Fj, = (h2A — X?)xoEY.

Here EY is the outgoing part of the plane wave, defined in a certain neighborhood of infinity
and solving (1.4) there, while xq is a cutoff function equal to 1 near infinity and supported
inside the domain of EY; then
Fy, = [hW*A, x0] E},

is compactly supported and we can apply to it the semiclassical incoming resolvent Ry, ()
defined by Ry ()\) := lim._o4 (h2A — (A — ie)?)~! when acting on compactly supported
functions, where (h2A — 2)~! is bounded on L? for z ¢ [0, co)—see (6.2) for the definition in
the Euclidean case and (7.8) for a similar description in the hyperbolic case. For A = 14+ 0(h),
the function F}, is microlocalized inside the set

We == {(m,v) | m € supp(dxo), v = £} C S*M.

In general, we cannot expect the resolvent Ry, (A) to be polynomially bounded in A, and
thus cannot determine the wavefront set of E}. However, we will show the following weaker
propagation of singularities statement: the function

1 - Ei(A’ g)
B = B O O T
where Ko C M is a sufficiently large compact set, is polynomially bounded in A and for each
(m,v) € WFh(E}L), the geodesic g*(m, v) is either trapped as ¢ — +oo or passes through We
for some ¢ > 0. For the case of manifolds Euclidean near infinity, this follows directly from
the explicit formula for the scattering resolvent on the free Euclidean space; for manifolds
hyperbolic near infinity, we use the microlocal properties of the resolvent established in [54].
See Assumption (A6) in Section 4.2, Section 6.2, and Proposition 7.4 for details.

If A and 1—yx, are both supported in the ball of radius R, let ¢ € C§°(M) be independent
of t and equal to 1 in the ball of radius R + 1. Then we write

ATt = AJT+ AT AGT = AT, ATT = ATHL - o).

Now, each (m,v) € WF,(A]") has the following properties: [m| > R+ 1, and for
(m/,v'") = g t(m,v), |m’| < R. (See Figure 1.) Therefore, the geodesic g*(m,v) escapes
to infinity for s > 0 and never passes through W¢; it follows from the discussion of the
wavefront set of E}L in the previous paragraph that

AT Byl = O(h® (1 + || Enll 22 (x0)))-
Therefore, we can write

(2.4)  (AEy, En) = (AT"X0ER, X0 ER) + (A En, Er) + O(h*° (1 + || Enl| 32 k,))-
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FIGURE 1. A phase space picture of the main argument. The right side of each
picture represents infinity; xo = 1 in the lighter shaded region and dyo is supported
in the darker shaded region, while ¢ = 1 to the left of the vertical dashed line.
The horizontal dashed lines on the right represent the wavefront set of E}L; they
terminate at the solid arrows, which denote the set We.

The first term on the right-hand side is explicit, as we have a formula for E?; we can calculate
for Lebesgue almost every € and A = 1 + O(h),
2.5) lim_lim (A7 X0 B (0, €), o B (A, €)) = /S adue.

*M

t—+o0o0 h—

It then remains to estimate the second and third terms on average in A and £. For this, we use
the relation (4.5) of distorted plane waves to the spectral measure of the Laplacian to get for
any bounded compactly supported pseudodifferential operator B,

26 FTUBENAONL:  rxomrxpacny < CPIB Ay (B A) s

Here HS denotes the Hilbert-Schmidt norm. One can estimate the right-hand side of (2.6)
uniformly in h—see Lemma 3.11 and the proof of Proposition 4.5. Then h™! || Ep |72 g, )
when integrated over A € [1,1 + h] and &, is bounded uniformly in A; this removes the third
term on the right-hand side of (2.4).

Finally, the average in A, ¢ of the second term on the right-hand side of (2.4) can be
bounded, modulo an ©;(h) remainder, by the L? norm ||o(Ag")||12(s ) of the restriction
of the principal symbol of A" to the energy surface S* M, with respect to the Liouville
measure. Now, 0(Ay ") = (0(A) o g7*)¢p converges to zero as t — +oco at any point which
is not trapped in the backwards direction. Since we assumed ur, (K) = 0, by the dominated
convergence theorem ||o(Ag*)|| 2 (s~ ar) converges to zero as t — +oo; this finishes the proof
of Theorem 1.

For the estimate (1.12) in Theorem 2, we need to take ¢ up to the Ehrenfest time:

2.7 t =t.:= Ay log(1/h)/2,

replacing the lim;_, o limp,_,¢ limit in the argument of Theorem 1 by just the limj,_,¢ limit,
but with ¢t depending on h. The operator A~ is then still pseudodifferential, though in a
mildly exotic class. To avoid a quantization procedure uniform at infinity, we give an itera-
tive argument, propagating A for a fixed time for ~ log(1/h) steps, applying t-independent
cutoffs and removing the microlocally negligible terms at each step. The proof then works
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as before, with the term (Ay tE, E}) bounded by the Liouville measure of the microsup-
port of Ay* (see Definition 3.1), which depends on h and is contained in g*(7(t)), where
9 (t) is defined in (1.9); this proves (1.12). The interpolated quantity r(h,A) from (1.10)
appears because of the subprincipal terms in (2.5).

For (1.13), we have to propagate to twice the Ehrenfest time: t = 2¢t,. The operator A~¢
is not pseudodifferential, but we can use (2.1) to write

(2.8) (Ag"En, En) = (U(=t/2)AU(t/2) - U(t/2)oU (~t/2) Ey, En).

The operators U(—t/2)AU(¢t/2) and U(t/2)pU(—t/2) are both pseudodifferential in
a mildly exotic class; multiplying them, we get a pseudodifferential operator whose full
symbol is supported inside ¢g*/2(7(t)), and thus (2.8) can be estimated by the Liouville
measure of this set, giving the remainder (1.13).

A problem arises when trying to get a rate of convergence in (2.5) for ¢ up to twice the
Ehrenfest time. We are unable to propagate the Lagrangian state E? (), £) pointwise in £
and X for time ¢, therefore we do not get an Lé estimate in (1.13). However, for f € C>°(0M)
we can still approximate the integral

(2.9) - FE(AT X0 B, xoER) dE
as follows. Define the operator

() = / O K0ELNE) ® (0B, ) de.
oM

Here ® denotes the Hilbert tensor product; that is, if u, v € C*°(M), then u®w is the operator
with the Schwartz kernel

(2.10) Ku®v(m7m,) = u(m)v(m’).

We can show that if X is a pseudodifferential operator with compactly supported Schwartz
kernel and microlocalized in a compact subset of 7% M, satisfying certain conditions, then
X H‘}X * is a Fourier integral operator associated to the canonical relation

{(m,v;m’, V) | (m,v) € S*M, (m',V") = g°(m,v) for some s € (—Tp,Tp)},
for a fixed Ty > 0 depending on X. (For comparison, for the spectral measure of h2A
we would have to formally take all possible values of s, which would destroy any hope on
microlocally approximating it when the geodesic flow is chaotic. The use of EY instead of Ej,

here puts us in a ‘nontrapping’ situation M = R", where the cutoff X restricts the range of
times s we have to consider.) We can then write

~ ~ TO N2
XY\ X* = (2rh)" / . e~/ (5)B, ds,
—40
where B, is a smooth family of pseudodifferential operators, compactly supported in
s € (—To,To)—see Lemma 5.12. We then write the integral (2.9) as

Tr(U(—t)AU(t)(1 — )T} (X)) = Tr /_ TT e~/ () AU (£)(1 — @)U (s)B, ds

=Tr /TO e~ NS/ (4 /2) AU (¢/2) - U (t/2)(1 — @)U (s)BsU(—s — t/2) - U(s) ds.
—To
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The operators U(—t/2)AU(¢t/2) and U(t/2)(1 — ¢)U(s)BsU(—s —t/2) are pseudodifferen-
tial in a mildly exotic class; thus their product is also pseudodifferential and (bearing in mind
that s varies in a bounded set) one gets a microlocal expansion for (2.9) through a local trace
formula for Schrodinger propagators—see Lemma 3.12 and Proposition 5.13.

2.1. Other possible geometric assumptions

Our results should be true for asymptotically hyperbolic manifolds without the constant
curvature assumption near infinity. The main difficulty here is constructing a good semiclas-
sical parametrix for the Eisenstein function Ey, (A, £) near £ € M this can be done by WKB
approximation, and the phase is a Busemann function ¢, (m) near {, however one would need
a good understanding of the regularity of ¢¢(m) as m — &. This is in a way related to the
high-frequency parametrix of [36] in the non-trapping setting. For asymptotically Euclidean
or asymptotically conic ends, this might be more complicated as we would need a parametrix
of Ep (X, €) in a large neighborhood of ¢ € OM, essentially in a region with closure contain-
ing a ball of radius 7/2 in M. In particular, the Lagrangian supporting the semiclassical
parametrix of E}, (X, &) would not a priori be projectable far from £, which would make the
construction more technical. We leave these questions for future research.

The convergence result in Theorem 1 should be true in the case where M has a boundary,
for instance M = R™*1 \ Q with Q a piecewise smooth obstacle. In fact, it should be straight-
forward to check that the method of proof applies when combined with the idea of [61], based
on the fact that the region in phase space near the boundary where the dynamics is compli-
cated is of Liouville measure 0 (since we assume uz,(K) = 0). To get a good remainder in
that setting would be more involved since one would need to care about the amount of mass
of plane waves staying in the regions near the boundary where the dynamics is complicated,
as we propagate up to Ehrenfest time. A reasonable case to start with is that of strictly convex
obstacles.

2.2. Structure of the paper

In Section 3, we review certain notions of semiclassical analysis and derive several tech-
nical lemmata; in particular, in Section 3.2, we review the local theory of semiclassical
Lagrangian distributions and Fourier integral operators and in Section 3.3 we study mi-
crolocal properties of Schrodinger propagators, including the Hilbert-Schmidt norm bound
(Lemma 3.11). In Section 4, we formulate the general assumptions on the studied manifolds
and derive some immediate corollaries; Section 4.1 contains the geometric assumptions and
the definition of the trapped set and Section 4.2 contains the analytic assumptions on dis-
torted plane waves. In Section 4.3 we construct the limiting measures ¢ and in Section 4.4
we prove averaged estimates on Eisenstein functions.

In Section 5, we give the proofs of our main theorems. Section 5.1 contains the proof
of Theorem 1, Section 5.2 contains the proof of the estimate (1.12) in Theorem 2, while
Section 5.3 contains the proof of the estimate (1.13) in Theorem 2. Section 5.3 also contains
the Tauberian argument proving an expansion of the local trace of a spectral projector
(Theorem 4). Sections 6 and 7 study the Euclidean and hyperbolic near infinity manifolds,
respectively, and show that the general assumptions of Section 4 are satisfied in these cases.
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Appendix A provides a formula for the limiting measures in the case of a convex
co-compact hyperbolic quotient, which generalizes the limiting measure of [20] to the
case § > n/2. Appendix B discusses the classical escape rate, in particular explaining (1.14).
Appendix C gives a self-contained proof of Egorov’s theorem up to the Ehrenfest time
(Proposition 3.9). Finally, Appendix D contains a short proof of (a special case of) quantum
ergodicity in the semiclassical setting, which is simpler than that of [25] because it does not
rely on [9, 43].

3. Semiclassical preliminaries

In this section, we review the methods of semiclassical analysis needed for our argument.
Most of the constructions listed below are standard: pseudodifferential operators, wavefront
sets, local theory of Fourier integral operators, and Egorov’s theorem. However, Section 3.3
contains the propagation result for generalized eigenfunctions (Lemma 3.10) and a Hilbert-
Schmidt norm estimate in an @)(h) spectral window (Lemma 3.11), which the authors were
unable to find in previous literature.

3.1. Notation

In this subsection, we briefly review certain notation used in semiclassical analysis. The
reader is referred to [62] (especially Chapter 14 on semiclassical calculus on manifolds) or [8]
for a detailed introduction to the subject.

The phase space. — Let M be a d-dimensional manifold without boundary. We denote
elements of the cotangent bundle T*M by (m,v), where v € T3 M. Following [54, Sec-
tion 2], consider the fiber-radial compactification T"M of T* M, with the boundary defining
function given by (v)~! for any smooth inner product on the fibers of 7*M. The bound-
ary 8T M, called the fiber infinity, is diffeomorphic to the cosphere bundle S*M over M.®

Except in Propositions 3.2 and 7.4, we will use compactly microlocalized operators, for
which the fiber-radial compactification is not necessary.

Symbol classes. — For k € R and p € [0,1/2), consider the symbol class SS(M ) defined as
follows: a smooth function a(m,v; h) on T*M x [0, ho) lies in S% (M) if and only if for each
compact set K C M and each multiindices «, (3, there exists a constant C,gx such that
(3.1 sup 1020 a(m,v;h)| < CagKh7P(|a|+‘ﬂ|)(l/)kf‘m.

meK, veT} M
These classes are independent of the choice of coordinates on M. Note that we do not fix the
behavior of the symbols as m — oo. The important special case is p = 0, which includes
the classical symbols studied in [54]. The class S§(M), denoted simply by S*(M), would
be sufficient for the convergence Theorem 1. The classes S}’; with p > 0 will be important
for obtaining the remainder estimate of Theorem 2; these classes arise when propagating
symbols in S¥ for short logarithmic times, as in Proposition 3.9.

3 Unlike [54], we do not use the notation S*M for fiber infinity—we reserve it for the unit cotangent bundle
{lvlg =1}y C T*M.
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Since plane waves are microlocalized on the cosphere bundle, away from the fiber infinity,
we will most often work with the classes S;°™P, consisting of compactly supported functions
satisfying (3.1); we have Spo™P C Sf,f for all k.

Pseudodifferential operators. — Following [62, Section 14.2], we can define the alge-
bra Wk(M) of pseudodifferential operators with symbols in S¥(M). (The properties of
the symbol classes Sﬁ required for the construction of [62, Section 14.2] are derived as
in [62, Section 4.4]; see also [27, Chapter 18] or [18, Chapter 3].) As before, denote U* = Wk,
Since our symbols can grow arbitrarily fast as m — oo, we do not make any a priori as-
sumptions on the behavior of elements of \Il’p“ near the infinity in M. However, we require
that all operators A € W*(M) be properly supported; namely, the restriction of each of the
projection maps T, T : M x M — M to the support of the Schwartz kernel K 4(m,m’)
of A is a proper map. See for example [27, Proposition 18.1.22] for how to obtain properly
supported quantizations on noncompact manifolds. Then each element of W*(M) acts
Hp (M) — H, ,‘i‘lfc(M ), where Hj, (M) denotes the space of distributions locally in the
semiclassical Sobolev space H; (see for example [62, Section 7.1] for the definition of semi-
classical Sobolev spaces). We also include properly supported operators that are O(h% )y - o
into all considered pseudodifferential classes, see for example [27, Definition 18.1.20].

We have the semiclassical principal symbol map
.ok k 1-2p gk—1
oV (M) — S;(M)/h==PS;~ (M)
and its right inverse, a non-canonical quantization map
Op, : SE(M) — Tk ().

For A € \Il’; (M), we often use o (A) to denote any representative of the corresponding equiv-
alence class, hence the remainder terms below. The standard operations of pseudodifferential
calculus with symbols in S¥ have an ©(h'~?#) remainder instead of the (k) remainder valid
for the class S§. More precisely, we have for A € ¥%(M) and B € U (M),

o(A*) =o(A) + @(hl_Q”)ngl(M),
0(AB) = o(A)o(B) + @(hl—QP)qu ()’
o([A, B]) = —ih{o(4),0(B)} + OB ) gy

(M)

Here {-, -} stands for the Poisson bracket and the adjoint is with respect to L2(M). The O)(-)
notation is used in the present paper in the following way: we write u = ), (F) if the norm
of the function, or the operator, v in the functional space ¥ is bounded by the expression
F times a constant depending on the parameter z.

Wavefiront sets. — If A : C®(M) — C*(M) is a properly supported operator, we say
that A = O(h*®°)g-« if A is smoothing and each of the C*°(M x M) seminorms of its
Schwartz kernel is ©(h>). For each A € W*(M), we have A = Op,,(a) + O(h*)y-= for
some a € S’;(M ). Define the semiclassical wavefront set WF,(A) ¢ T M of A as follows:

a point (m,v) € T M does not lie in WF},(A), if there exists a neighborhood U of (m, v)
in 7" M such that each (m, v)-derivative of a is ©(h°° ()= in U N T* M.
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Operators with compact wavefront sets in 7% M are called compactly microlocalized; those
are exactly operators of the form Opy,(a) + O(h*)y-~ for some a € S;°™P. We denote
by W6 (M) the class of all compactly microlocalized elements of ¥% (M); as before, we put
yeomp (M) = WP (M). Compactly microlocalized operators should not be confused with
compactly supported operators (operators whose Schwartz kernels are compactly supported).

We will need a finer notion of microsupport on h-dependent sets, used in the proofs in
Sections 5.2 and 5.3, for example in Proposition 5.8:

DEFINITION 3.1. — An operator A € WS*™P(M) is said to be microsupported on an
h-dependent family of sets V (h) C T*M, if we can write A = Opy,(a) + O(h™)g-o, where for
each compact set K C T*M, each differential operator 0% on T* M, and each N, there exists
a constant Co N i such that for h small enough,

sup |0%a(m,v;h)| < Conrh™.
(m,w)eK\V (h)

Since the change of variables formula for the full symbol of a pseudodifferential opera-
tor [62, Theorem 9.10] contains an asymptotic expansion in powers of h, consisting of deriva-
tives of the original symbol, Definition 3.1 does not depend on the choice of the quantization
procedure Op,. Moreover, if A € W{°™P is microsupported inside some V'(h) and B € \II’;,
then AB, BA, and A* are also microsupported inside V (k). It follows from the definition of
the wavefront set that (m, v) € T* M doesnot liein WF,(A) for some A € WP, if and only
if there exists an h-independent neighborhood U of (m, v) such that A is microsupported on
the complement of U. Note however that A need not be microsupported on WF,(A4), though
it will be microsupported on any h-independent neighborhood of WF; (A). Finally, it can be
seen by Taylor’s formula that if A € W5°™P (M) is microsupported in V (h) and p’ > p, then
A is also microsupported on the set of all points in V' (k) which are at least h*" away from the
complement of V' (h).

Ellipticity. — For A € Uk(M), define its elliptic set ell(A) C T" M as follows: (m, v) € ell(A)
if and only if there exist a neighborhood U of (m,v) in T M and a constant C such that
lo(A)] > C~Y{v)* in U N T*M. The following statement is the standard semiclassical
elliptic estimate; see [27, Theorem 18.1.24°] for the closely related microlocal case and for
example [10, Section 2.2] for the semiclassical case.

PROPOSITION 3.2. — Assume that P € Wk(M), A € WX (M), and WF,(A) C ell(P).
Assume moreover that A is compactly supported. Then there exist a constant C and a function
X € C§° (M) such that for each s € R, each u € Hinc (M) and each N, we have

[Aullmy < ClixPull geswr—i + OR)lIxu] g

Moreover, if P is a differential operator, then we can take any x such that the Schwartz kernel
of A is supported in {x # 0} x {x # 0}.
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Semi-classical wave-front sets of distributions. — An h-dependent family u(h) € 9'(M) is
called h-tempered, if for each open U compactly contained in M, there exist constants C
and N such that

(3.2) lu(P)l = 1y < ch.

For a tempered distribution u, we say that (mg, vp) € T" M does not lie in the wavefront set WEFy (u),
if there exists a neighborhood V (mg,vo) in T" M such that for each A € W°(M) with
WF,L(A) C V, we have Au = O(h*)c~. By Proposition 3.2, (mg,vy) € WFp(u) if
and only if there exists compactly supported A € W°(M) elliptic at (mq,vo) such that
Au = O(h*)ce. The wavefront set of « is a closed subset of T M; it is empty if and
only if u = O(h*)ce(ar). We can also verify that for u tempered and A € Wk(M),
WFh(AU) - WFh(A) n WFh(U)

3.2. Semiclassical Lagrangian distributions

In this subsection, we review some facts from the theory of semiclassical Lagrangian
distributions. See [21, Chapter 6] or [56, Section 2.3] for a detailed account, and [28, Sec-
tion 25.1] or [18, Chapter 11] for the closely related microlocal case. However, note that we
do not attempt to define the principal symbols as global invariant geometric objects; this
makes the resulting local theory considerably simpler.

Phase functions. — Let M be a manifold without boundary. We denote its dimension by d; in
the convention used in the present paper, d = n + 1. As before, we denote elements of 7% M
by (m,v),m € M,v € T); M. Let ¢(m, #) be a smooth real-valued function on some open
subset U, of M x RE, for some L; we call m base variables and 0 oscillatory variables. We
say that ¢ is a (nondegenerate) phase function, if the differentials d(9y, p), ..., d(dg, ¢) are
linearly independent on the critical set

(3.3) C, :={(m,0) | dgp =0} C U,.
In this case
Ay = {(m,0mep(m,0)) | (m,0) e C,} CT*M

is an (immersed, and we will shrink the domain of ¢ to make it embedded) Lagrangian
submanifold. We say that ¢ generates A,.

Symbols. — Let p € [0,1/2). A smooth function a(m, 8; h) is called a compactly supported
symbol of type p on U,, if it is supported in some compact h-independent subset of U,,, and
for each differential operator 8 on M x R, there exists a constant C,, such that

sup |8%a| < Couh P,
U

[~}

Similarly to Section 3.1, we write a € S5°™P(U,,) and denote S°°™P := S°"P.
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Lagrangian distributions. — Given a phase function ¢ and a symbola € S;°™P(U,,), consider
the h-dependent family of functions

(3.4) u(m;h) = h—L/2/ "m0/ g (m, 0; h) d.

]RL
We call uw a Lagrangian distribution of type p generated by ¢. By the method of non-stationary
phase, if supp a is contained in some h-independent compact set K C U, then

(3.5 WEF(u) C {(m, Omp(m,0)) | (m,0) € C,LNK} CA,.
The principal symbol o, (u) € S5°™P (A, ) of u is defined modulo O(h'~27) by the expression
(36) U<P (u) (ma 3m<P(m7 6)7 h) = a(m7 9; h)a (m7 9) € C@‘

That o, (u) does not depend (modulo &(h'~2F)) on the choice of a producing u will follow
from Proposition 3.3 and (3.9).

Following [18, Chapter 11], we introduce a certain (local) canonical form for Lagrangian
distributions. Fix some local system of coordinates on M (shrinking M to the domain of this
coordinate system and identifying it with a subset of R%) and consider

(3.7 Arp ={(m,v) |m=-0,F(v), veUr} CT"M,

where F is a smooth real-valued function on some open set Ur C R?, such that the image
of —9, F is contained in M. Then Ap is Lagrangian; in fact, it is generated by the phase
function m-v+ F(v), with v the oscillatory variable. One can also prove that any Lagrangian
submanifold not intersecting the zero section (which is always the case for the Lagrangians
considered in this paper) can be locally brought under the form (3.7) for an appropriate
choice of the coordinate system on M—see for example [18, Lemma 9.5].

If b(v; h) € S;°™P(Ur) and x € C§°(M) is equal to 1 near —9, F'(supp b), then we can
define a Lagrangian distribution by the following special case of (3.4):
(3.9) v(m;h) = X(m)hfd/z/ ei(m'”+F(”))/hb(V; h) dv.
Ur
We need x to make v € C5°(M); however, by (3.5) (or directly by the method of nonstation-
ary phase), if we choose x differently, then v will change by O(h*°)cg- .

If v is given by (3.8), then we can recover the symbol b by the Fourier inversion formula:

(3.9 Ty h) = (2m) " R Y? / e~/ My (m; h) dm + O(h™) 5 (ray-

M
Note that if v = O(h*°)cge, then b(v;h) = O(h™)cge. Moreover, if v € C§°(M) satis-
fies (3.9) for some b € S5°™P(UF), then v is given by (3.8) modulo £)(h*°)cge . Following [18,
Chapter 11], by the method of stationary phase each Lagrangian distribution can be brought
locally into the form (3.8):

PROPOSITION 3.3. — Assume that ¢ is a phase function, and the corresponding Lagrangian
A = A, canbewrittenin the form (3.7). For a(m, 0; h) € Sg™P(U,) andb(v; h) € S;°™P(Ur),
denote by u, and vy the functions given by (3.4) and (3.8), respectively. Then:
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1. For each a € S5°™P(U,), there exists b € S5o™P(Ur) such that ug = vy + O(h™)cge.
Moreover, we have the following asymptotic decomposition for b.
(3.10) b(vih) = > hiLja(m,0;h) + OO geomn 17,

0<j<N

where each L; is a differential operator of order 2j on U, and (m,0) € C,, is the solution to
the equation (m, Omp(m, 0)) = (=0, F(v),v). In particular, if o, (u) is given by (3.6), then
G.11) 04 () (=0, F (v),v;h) = forb(v;h) + O(h' =) geome 17,y
where f,p is some nonvanishing function depending on ¢ and the coordinate system on M.

Adding a certain constant to the function F', we can make f,p independent of h.
2. For each b € S5°™P(Up), there exists a € S;°™P(Uy,) such that vy = ug + O(h>)cse.

DEFINITION 3.4, — Let A C T*M be an embedded Lagrangian submanifold. We say
that an h-dependent family of functions u(m;h) € C§ (M) is a (compactly supported and
compactly microlocalized) Lagrangian distribution of type p associated to A, if it can be
written as a sum of finitely many functions of the form (3.4), for different phase functions ¢
parametrizing open subsets of A, plus an O(h™)gse remainder. Denote by IS*™P(A) the space
of all such distributions, and put I°°™P(A) := I°™P(A).

By Proposition 3.3, if ¢ is a phase function and u € I5°™P(A,), then u can be written
in the form (3.4) for some symbol a, plus an &(h>)cse remainder. The symbol o, (u), given
by (3.6), is well-defined modulo O(h=2¢).

The action of a pseudodifferential operator on a Lagrangian distribution is given by the
following proposition, following from Proposition 3.3 and the method of stationary phase:

PROPOSITION 3.5. — Let u € I®™(A) and P € UE(M). Then Pu € IF™(A).
Moreover,

1. If A = A, for some phase function o, then
0o (Pu) = 0(P)la, - 04 () + O(R' "2 ) geomo ().

2. Assume that A = A is given by (3.7) in some coordinate system on M. Let b(v; h) and
b (v; h) be the symbols corresponding to u and Pu, respectively, via (3.8). Let also P = Opy, (p)
Jfor some quantization procedure Opy,. Then

vP(vih) = Z W L (p(m, Vs h)b(v; b))y =, me—p, F(v) + @(hN(l_Qp))s;"f"P(UF),
0<j<N

where each L; is a differential operator of order 2j on M x Ur x Up.

Finally, we give the following estimate of the L? norm of a Lagrangian distribution,
following from the boundedness of the Fourier transform on L?:

PROPOSITION 3.6. — Assume that u € I;°™P(Afp), where Ap is given by (3.7). Let u be

given by (3.8), with b(v; h) the corresponding symbol. Then for some constant C' independent
of h,

(3.12) [u(m; h)[L2 < Cllb(v; B)ll L2 (i)
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Fourier integral operators. — A special case of Lagrangian distributions are Fourier integral
operators associated to canonical transformations. Let M, M’ be two manifolds of the same
dimension d, and let k be a symplectomorphism from an open subset of 7% M to an open
subset of T*M'. Consider the Lagrangian

A = {(m,v;m/, V") | k(m,v) = (M, V)} CT*M x T*M' = T*(M x M’).

A compactly supported operator U : 9'(M’) — Cg°(M) is called a (semiclassical)
Fourier integral operator of type p associated to &, if its Schwartz kernel Ky (m,m') lies
in h=% 2150 (A,). We write U € IS°™P (k). Note that we quantize a canonical transfor-
mation T*M — T*M’ as an operator 9'(M') — Cg§°(M), in contrast with the standard
convention, which would quantize it as an operator @' (M) — Cg°(M’). The h~%? fac-
tor is explained as follows: the normalization for Lagrangian distributions is chosen so
that ||u|lL2 ~ 1, while the normalization for Fourier integral operators is chosen so that
1Ul| L2 (ary— 2y ~ 1.

After sufficiently shrinking the domain of x and choosing an appropriate coordinate
system on M’ (which is possible for all k whose graph does not intersect the zero section
of T*M’, see the remark following (3.7)), we can find a generating function S(m,v’) for &;
that is,

(3.13) k(m,v) = (m',vV) <= 0,,S(m,V") =v, 8,,S(m,V)=m'.

Here (m,v’) vary in some open set Us C M x R<. The phase function S(m,v') —m' - v/,

with v/ the oscillatory variable, parametrizes A, and for U € I;°™P(k), we write similarly
to (3.8),

(3.14) Ky(m,m') = h’dx(m')/ e (S )= s ) dv' + O(h) e,
Rd

for some symbol b € S;°™P(Us) and any x € Cg§°(M’) such that x = 1 near the set
9,/ S(supp b). The function b is determined uniquely by U modulo )(h>) geome 17, similarly
to (3.9). Note that if & is the identity map, then S(m,v') = m - v’ and we arrive to the
quantization formula for a semiclassical pseudodifferential operator.

Similarly to Proposition 3.5, we have

PROPOSITION 3.7. — Assume that U € ISP (k) and P € WE(M'). ThenUP € IS™ (k).
If moreover  is given by (3.13), b(m, v'; h) and b* (m, v'; h) are the symbols corresponding to U
and U P, respectively, via (3.14), and P = Opy,(p) for some quantization procedure Op,,, then
we have the following asymptotic decomposition for b¥ :

bP m I/ h Z h]L )b( ,))|l7=l/’,m’=6y15(m,l/’) + @(hN(l_zp))Szomp(Us).
0<j<N

Here each L; is a differential operator of order 2 on M’ x R¢ x Ug. In particular,
bP(m, v'sh) = p(8,/S(m, V),V ; h)b(m, Vs h) + @(h1_2p)sgomp(US).

A similar statement is true for an operator of the form PU, where P € \Il’pc (M) and the terms
of the asymptotic decomposition have the form h Lj(p(m, v)b(m,v"))|s=m, =B S (")
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3.3. Schrodinger propagators

Let (M, g) be a complete Riemannian manifold, A = A, the corresponding (nonnega-
tive) Laplace-Beltrami operator, and p(m,v) = |v|2 the semiclassical principal symbol of
h2A € W2(M). We use the notation S*M = p~1(1) C T*M for the unit cotangent bundle.
The geodesic flow g* on T*M is related to the Hamiltonian flow e*f» of p by the formula
gt = e'f»/2_ The operator A is essentially self-adjoint on L?(M) by [6] and its domain is
given by the Friedrichs extension. Let

U(t) = eithA/2 _ e%(h2A/2)

be the semiclassical Schrodinger propagator; it is a unitary operator on L?(M). The basic
microlocal properties of U (¢) are given by the following

ProPOSITION 3.8. — Foreacht € R,

1. (Egorov’s Theorem) For each compactly supported A € Ve°™P(M), there exists com-
pactly supported A* € W™ (M) such that

(3.15) U(t)AU(—t) = A* + O(h™) 1> 1>

Moreover, WF,(A?) C g~*(WF},(A)) and o(A?) = o(A) o gt + O(h1=2F).
2. (Microlocalization) U (t) is microlocalized on the graph of g~t, namely if A, B € \IJ’;(M)
are compactly supported and at least one of them is compactly microlocalized, then

(3.16) §"(WF,(A) NWF,(B) = @ = AU(t)B = O(h™) 12,

3. (Parametrix) If A € U™P(M) is compactly supported, then U(t)A is the sum of a
compactly microlocalized Fourier integral operator (of type 0) associated to g*, as defined in
Section 3.2, and an O(h>°) 2, 1> remainder.

The proofs are standard; part 1 can be found in [62, Theorem 11.1] (with the mildly exotic
classes ¥2°™P handled as in Appendix C), part 2 follows directly from part 1, and part 3 is
proved similarly to [62, Theorem 10.4]. The operator U(¢) A quantizes g*, not g, because
of the convention adopted in Section 3.2 that a canonical transformation T*M — T* M’ is
quantized as an operator @' (M') — C$°(M).

Egorov’s theorem until the Ehrenfest time. — Proposition 3.8 is valid for bounded times ¢;
as t — oo, the constants in the estimates for the corresponding symbols will blow up.
However, it is still possible to prove Egorov’s Theorem for ¢ bounded by a certain multiple
oflog(1/h), called the Ehrenfest time. To define this time, we fix an open bounded set U ¢ M
with geodesically convex closure in the sense of (B.1) and define the maximal expansion rate

1
(3.17) Apmax = limsup —log  sup | dg‘(m,v)].
ltl—oo [t meu, jv],=1,
g'(m,v)eU
Here ||dg*(m, v)|| is the operator norm of the differential dg*(m, v) : Ty, ) T*M — Tyt () T*M
with respect to any given smooth norm on the fibers of T'(T*M). Since we will work on
a noncompact manifold, we introduce cutoffs into the corresponding propagators:
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PROPOSITION 3.9. — Assume that X1, Xs € U°(M) satisfy | X;||z2—r2 <1+ O(h) and
are compactly supported inside U. Let €, > 0 and take Ao, Ay > 0 such that Ay > Af > (14 2¢¢) Amax-
Fix tg € R. Then for each integer

(3.18) L € [0,1og(1/h)/(2[to|Ao)],

and each compactly supported A € W™ (M) with WF,(A) C &, :={1 —e. < |v|g < 14¢€c},
the compactly supported operator AV = (XU (t0))' A(U(—to)X1)" lies in WEo™P(M),
modulo an O(h*°) r2_ 12 remainder, with

(3.19) o1 = l|to|Agy/ log(1/h) < 1/2.

Moreover, the S;>™P seminorms of the full symbol of AW are bounded uniformly in 1, in the
following sense: the order k derivatives of this symbol are bounded by Ch™*°t where C is
a constant independent of h and 1. The principal symbol of AY is
-1
o(A) = (o(4) 0 g") [[(0(X1)o(X2)) 0 g7 + O(R' 2.
7=0
The wavefiont set of AD, for 1> 0, is contained in WFy,(X1) N WF,(X2) N &... Finally,
if Ua and Ux are open sets such that WF(A) C Ua and WF(X1) NWF,(X3) C Ux, then
AW is microsupported, in the sense of Definition 3.1, inside the set
-1
V(l) = g_lto(UA) n m g_th(Ux).
§=0
The set VY does not depend on h directly, however it depends on 1, which is allowed to depend
on h, and our microlocal vanishing statement is uniform in l.

Proposition 3.9 is the main technical tool of obtaining the polynomial remainder bound
of Theorem 2; it is also the reason why the classes Wi°™P appear. Its proof, following the
methods of [1, Section 5.2] and [62, Theorem 11.12], is given in Appendix C. See also [44,
Theorem 7.1] for a more refined estimate in the more restrictive setting of two-dimensional
manifolds with hyperbolic geodesic flows. We do not impose any restrictions on the set U
at this point, however in our actual argument it will have to contain a neighborhood of the
trapped set—see the beginning of Section 5.2.

Propagating generalized eigenfunctions. — The following fact, similar to [11, Proposition 3.3],
will be used to propagate the Eisenstein functions by the group U (t):

LEmMA 3.10. — Assume that v € C*® (M) solves the equation
(R*A —2)u=0, |1 — 2| < Ch.

Let x € C°(M), take t € R and assume that x; € C§° (M) is supported in the interior of
a compact set Ky C M and satisfies

(3.20) dg(supp x,supp(1 — x¢)) > [t].

Here dg denotes Riemannian distance on M. Then

xu = xe” MU () xu + Oh®||ull L2 (x,)) L2 () -
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Proof. — Without loss of generality, we assume that ¢ > 0. For 0 < s < ¢, define
us = x(u — e~/ CM T (s)x,u). We need to prove that

(3.21) lurllze = OR)|ullL2(x,)-
Since x = xx:, we have ug = 0; next,
2hDgus = —xe = CWU (s)(h2A — 2)xu = —e ™/ CW\ U (s)[h2A, xi]u.

Let B € U™ be compactly supported inside K; x K;, equal to the identity microlocally
near supp x: N .S* M, but microlocalized in a small neighborhood of S* M so that by (3.20),

g9°(supp x) N WFx(B) Nsupp(l — x¢) = &.
Note that WF,([h2A, x:¢]) C supp(1 — x¢). Then by part 2 of Proposition 3.8,
(3.22) XU ()[W2A, xe] Bull 2 = O(h™) [ull (a0 < s <.
Moreover, by Proposition 3.2
(3.23) IXU(8)[R*A, xe)(1 = B)ullz2 = O(h%)Ju]| 2(x,)-
Combining (3.22) and (3.23), we get [|0sus||L> = O(h™)|ul|12(k,); it remains to integrate
in s to get (3.21). O

Hilbert-Schmidt norm estimates. — We now prove Hilbert-Schmidt norm estimates for the
product of a pseudodifferential operator with a spectral projector. (See [27, Section 19.1]
for the properties of Hilbert-Schmidt and trace class operators.) To simplify notation, we
consider a spectral interval of size h centered at A = 1; similar statement is true for the
interval [A 4+ c1h, A + coh] with A > 0, replacing S*M by AS*M.

LEMMA 3.11. — Fixci,co € Randlet Wy c,n,14c,m) (h2A) be defined by means of spectral
theory. Assume that A € Vi°™P (M) is compactly supported. Then

(3.24) Rd=1/2| Uitern,itean) (B A)Allus < Cllo(A)||p2cs=ary + O(R' 7).

Here C is a constant independent of A (if WF,(A) is contained in a fixed compact set ), however
the constant in ©(h'=2P) depends on A. We take the L? norm of o (A) on the energy surface S* M
with respect to the Liouville measure py,.

Moreover, if WF},(A) is microsupported, in the sense of Definition 3.1, in some h-dependent
Jamily of sets V(h) C T*M, then

(3.25) R D2 A1 epn) (B2 A) Allus < Cpr(V(h) N S*M)Y2 + O(R>).
Here pr,(V(h) N S*M) denotes the volume of V (h) N S* M with respect to the Liouville mea-

sure on S* M and the constant C depends on a certain S;°™P-seminorm of the full symbol of A.

Proof. — Take a function x € “(R) such that } is compactly supported in some in-
terval (—7,T) and x does not vanish on [c1, co] (for example, take nonzero ¢ € C§°(R)
with ¢ > 0, then |¢| > 0 in an interval [c; €, ca€]; set x(x) := ¢(ex)). Then

]l[1+c1h,1+czh] (h2A) = ZX((th - 1)/h)a
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where Z is a certain function of h?A and it is bounded on L?(M) uniformly in h. It then
suffices to estimate the Hilbert-Schmidt norm of

T
B =hl4=D/2y (WA —1)/h)A = (27r)_1h(d_1)/2/ R(t)e /MU (2t) A dt.

-7
Let Ag € W°™P(M) be compactly supported and equal to the identity microlocally
near WF, (A). By part 3 of Proposition 3.8, for each ¢ we have U (2t) Ay = Us; + Ra¢, Where
Ugt € Icomp(92t) and Rgt = @(hOO)LZ_,L2. Then

(3.26) (U(2t) = Un) A = O(h™)ps.
Indeed, we can write the left-hand side of (3.26) as the sum of Ry A and U(2¢)(1 — Ag)A4;
it remains to note that Ry = ©(h™)r2_r2, ||Allus is polynomially bounded in A, and

(1 — Ao)Allus = O(h>).

By (3.26), we can replace U(2t) by Us; in the definition of B. Now, ||B||lus is equal
to the L?(M x M) norm of the Schwartz kernel K p. Using the local normal form (3.14),
we can write K g, up to an £)(h>°)¢e- remainder and an appropriate cutoff in the m’ variable,
as a finite sum of expressions of the form (in a fixed coordinate system on M)

T
(327) h—(d+l)/2/ / ei(S(m,V’ﬂt)—m'.y/_t)/hb(m, l/,,t; h) dv' dt.
_7 JRd

Here S(m, v'; 2t) is a generating function for g¢ and b is a certain symbol in SpomP. More-
over, b admits an asymptotic expansion in terms of the full symbol of A, by Proposition 3.7.
The fact that S and b can be chosen to depend smoothly on ¢ follows from the proof of part 3
of Proposition 3.8. By [62, Lemma 10.5], S satisfies the Hamilton-Jakobi equation

(3.28) g (m,v) = (m',v') = 9,(S(m,V;2t)) = p(m, 0;nS(m,v'; 2t)).
It follows that ®(m,m’,v',t) = S(m,v';2t) — m' - v/ — t is a nondegenerate phase
function (with m,m’ as base variables and v/, ¢ as the oscillatory variables) and generates
the (immersed) Lagrangian

A= {(ma V;m/, _V/) | p(ma V) =1,3dte (_Tv T) : g2t(m7 V) = (mlv Vl)}'
Then (3.27) lies in 7;°™P(A). By the local normal form (3.8) of a Lagrangian distribution, we

can write (3.27), up to an &(h>) g remainder and an appropriate cutoff in the (m, m') vari-
ables, as the sum of finitely many expressions of the form

(3.29) h_d/ gilmvtm vV E@ )N /hp o, b dudy/,
R2d

where F' parametrizes some open subset of A by (3.7) and b is a symbol in Spemp. By
Proposition 3.7 and Proposition 3.3, we see that the symbol b has the following asymptotic
expansion in terms of the full symbol a of A:

(3.30) b(v,v'sh) = Y W Lja(m/,v';h) + O(hN72)) geomn,
0<j<N
where each L; is a differential operator of order 2j and m,m’ are given by the relation
(m,v,m’,—v") € A; in particular, (m’/,v") € S*M.
We now use Proposition 3.6 to estimate the L2 norm of (3.29); as B is, modulo &(h*°)gs,
a sum of operators with Schwartz kernels of the form (3.29), this would give an estimate on
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the Hilbert-Schmidt norm of B. For (3.24), we can write b(v, v'; h) as a multiple of a(m’, v")
plus an ©(h'~27) remainder and note that (m/, ) always lies in S* M. For (3.25), we use
that b = ©(h™) outside of the preimage of V (h) under the map (v, v’) — (m’, '), and that
sup |b| can be estimated by a certain SgemP-seminorm of a. O

Local traces of integrated Schrodinger propagators. — We give the following version of
the Schrodinger propagator trace formula when there are no contributions from closed
geodesics:

LEMMA 3.12. — Assume that M is a d-dimensional complete Riemannian manifold and
By is a family of compactly supported pseudodifferential operators in U™ (M), smooth and
compactly supported in s € (=T, To), where Ty > 0 is fixed. Assume also that all By are
microsupported, in the sense of Definition 3.1, in some h-dependent family of bounded sets
V(h) C T*M, and the following nonreturning condition holds:

(3.31) (m,v) € V(h), |s| < Ty = d((m,v),g°(m,v)) > C~t|s|h’.

Here C is some constant and d denotes some smooth distance function on T*M. Let
B; = Op,(b(s)) + O(h*™®)y-o for some family of symbols b(s,m,v) and some quantiza-
tion procedure Op;,. Then for each N and each X > 0, we have the trace expansion

To .
(3.32) (2mh)*! / e~s/Ch) (U (5)B,) ds
—T,
= >y hj/ L;b(0,m, Av) dpr(m,v) + O(hN172)) oo
0<j<N S M
where g, is the Liouville measure and each Lj; is a differential operator of order 2j
onT* My, )y x (=To,To)s, independent of Bs and smooth in \. In particular, Ly = A2,

Proof. — As in the proof of Lemma 3.11, we can reduce to computing the trace of the
operator with the Schwartz kernel (in some fixed local coordinates)

TO i !’ 7 ’ ~
K(m,m') = (27rh)*1/ / e (S(miis)—m’y 7>\25/2)b(m7 V' s;h)dv'ds,
—Ty JR
where S(m, v'; s) is a local generating function for ¢g° in the sense of (3.13) and I;(m, V', s;h)
is a certain symbol in S, having an asymptotic expansion in terms of the jet of b, at the point
(8,:S(m,v';s),v"). The trace of the corresponding operator is

To
/K(m, m)dm = (2rh)~! / / e (Smwss)=mv' =X/ ) g b dmdy/ds.
M —To M xRd

We now use the method of stationary phase. The stationary points of the phase are solutions
to the equations g*(m,v’) = (m,v’) and |[V/|, = A; they occur at s = 0 and may also occur
for A|s| > r;, where r; > 0 is the injectivity radius of M. For A|s| > r;/2, we see by (3.31)
that the expression under the integral can be split into two pieces, on one of which the
symbol is ©(h*°) and on the other, the differential of the phase function has length at
least C~1h?; by repeated integration by parts, the latter integral is ©(h°).
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It remains to evaluate the contribution of the stationary set {s = 0} N AS* M. The phase
function is degenerate on these points; however, one can pass to polar coordinates v/ = rw,
with |w|, = 1 and r > 0, and apply the method of stationary phase in the (r, s) variables,
resulting in the expansion (3.32). See for example the proofs of [45, Théoréme V-7 and
Proposition V-8] or [46, Lemma 3.1] for details of the computation. O

4. General assumptions

In this section, we list general geometric assumptions on the manifold M and analytic
assumptions on its Laplacian required for our results to hold. As noted in the introduction,
they are satisfied in particular if outside of a compact set, M is isometric to either the
Euclidean space (studied in Section 6) or an asymptotically hyperbolic space of constant
curvature (studied in Section 7). We also derive some direct consequences of the general
assumptions, including averaged estimates on plane waves and the existence of limiting
measures fig.

4.1. Geometric assumptions

In this subsection, we specify the geometry of the manifold M at infinity.

Let us introduce some notation and terminology first. On a complete Riemannian man-
ifold (M, g) we denote by g* the geodesic flow of the metric g, considered as a map on the
cotangent bundle 7% M. Any smooth function f on M can be lifted to a function on T*M;
denote by f, fec> (T* M) the derivatives of f with respect to the geodesic flow:

j:(m7 V) = dtf(gt(mv V))|t=07 f(m’ V) = d?f(gt(m’ V))|t=0'
We denote by S* M the unit cotangent bundle {(m,v) | [v|, =1} C T*M.
A boundary defining function on a smooth compact manifold M with boundary is
a smooth function z : M — [0,00) such that z > 0 on M and x vanishes to first order
on OM.

We make the following assumptions:

(G1) (M, g) is a complete Riemannian manifold of dimension d = n + 1. Moreover, there
exists a compactification of M, namely a compact manifold with boundary M such that
M is diffeomorphic to the interior of M. The boundary M is called the boundary at
infinity;

(G2) There exist a boundary defining function = on M and a constant g9 > 0 such that for
any point (m,v) € S*M,

4.1 if z(m,v) < gp and &(m,v) = 0, then (m,v) < 0;

(G3) For each (m,v) € S*M such that z(m) < g¢ and &(m, v) < 0, the geodesic g*(m, v)
(projected onto the base space M) converges as t — -+oo0, in the topology of M, to
some point £ o, (m, ) € M. The function ¢, o, depends smoothly on (m, v), and we

extend it naturally (as the limit of the corresponding geodesic) to a smooth function
on S*M \T'_, with I'_ given in Definition 4.1 below;
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A

§+oo

oM oM
FI1GURE 2. Illustrations for (G2) and (G3). Left: (G2) is not satisfied. Right: (G2) is

satisfied. The point (m, v) does not escape directly in the forward direction, but the
point (m’, ") does, illustrating (G3).

(G4) There exists an open set Uy, C M x OM such that U, contains a neighborhood
of {(£,€) € M x OM | £ € OM} and a smooth real-valued function ¢(m, ) = ¢¢(m)
on U, such that |8,,¢¢(m)|, = 1 everywhere and the function

4.2) 7(m, §) = (m, Omde(m)) € S*M, (m, ) € Us,
is a diffeomorphism from U}, onto V! with inverse given by
T (m,v) = (m, Eroc(m,v)), (m,v) € VE
where the sets UL and V5 are defined by
U = {(m,€) € U | 2(m) < &g, &(1(m,¢€)) <0},
VEi={(m,v) € S*M | z(m) < &g, 2(m,v) <0, (M, &100(m,v)) € Us};
(G5) if (m,v) € V£, then g*(m,v) € V} forallt > 0;
(G6) if ¢ € OM and m,m’ € M are such that (m, €), (m’,€) € US,, then d¢p¢(m) = depe(m/)

if and only if 7(m, &) and 7(m/,¢) lie on the same geodesic. Moreover, the matrix
Om Ot ¢¢(m) has rank n.

Escaping trajectories and the trapped set. — We now define the incoming/outgoing tails '+
and the trapped set K:

DEFINITION 4.1. — Let ~(t) be a unit speed geodesic. We say that it escapes in the
Jforward, respectively backward, direction, if (t) goes to infinity in M ast — +o0, respec-
tively t — —oo. If v(t) does not escape in some direction, we call it trapped in this direction.
Denote by T'y C S*M the union of all geodesics trapped in the backward direction, by T'_
the union of all geodesics trapped in the forward direction, and put K = T'y NT'_; we call K
the trapped set.

An escaping geodesic could potentially spend a long time in the compact part of the
manifold. It is helpful to consider geodesics that escape in a straightforward way (with the
boundary defining function x decreasing along them); they appeared in Assumption (G3)
for instance.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



396 S. DYATLOV AND C. GUILLARMOU

DEFINITION 4.2. — Wesay that (m,v) € S*M directly escapes in the forward, respectively
backward, direction, if x(m) < eg and £(m,v) < 0, respectively ©(m,v) > 0. Here g is the
constant from (G2). Denote by D&, respectively Dé_, the set of all points directly escaping
in the forward, respectively backward, direction.

One can verify that I'1 are closed sets and the trapped set K is compact (see [15, Ap-
pendix)); in fact, since S*M N {x < e} C DEL U DE_, we have K C {z > go}.

For the example of M = R™*! discussed below, we have 'y = &. The point (m,v) lies
in P&, if and only if x(m) < egand m - v > 0.

Comments on the geometric assumptions. — A basic example to have in mind for a manifold
satisfying our assumptions is M = R"*! with the radial compactification M being a closed
ball and the boundary at infinity &M equal to the sphere S™. We will often use this example
to illustrate the somewhat abstract assumptions of this section. (A more general version will
be considered in Section 6.)

An important corollary of the Assumption (G2) is that for ¢ < &, the compact set {z > ¢} C M
is geodesically convex in the sense of (B.1). For the example of M = R"*! we can take
z = (14 |m|~2)~/2, where |m| is the Euclidean length of m € R%; the corresponding sets
{z > £} are balls centered at zero.

It also follows from (G2) that for (m,v) € D&, the function z(gt(m, v)) is decreasing
for ¢ > 0. One can show that z(g*(m,v)) — 0 as t — +oo and thus g*(m, v) escapes in the
forward direction; we do not give a proof of this fact as it follows from the more restrictive
Assumption (G3). Also, if a geodesic (¢) escapes in the forward direction, then for ¢ large
enough we have y(t) € DE. For M = R" ™1, we have £, o (m,v) = v € S".

Assumption (G4) means that for m sufficiently close to the infinity, the covectors v such
that (m,v) € D&, are in one-to-one correspondence with the limit points 1 . (m, ), and
the inverse correspondence can be described by a phase function. It follows in particular
from (G4) that for a fixed ¢ € OM, the set of directly escaping points (m,v) such that
€roo(m,v) =& and (m, ) € Uy is the intersection of P&, with the Lagrangian

(4.3) Ag :={(m, Omee(m)) | (m,§) € Us}-
In the model case M = R"*! we can put forany R > 0, Uy, = {(m,€) | |m| > R},
and ¢¢(m) = m - &, so that 7 is the canonical map from R"** x S™ to S*R"*!. Then

Ut = {(m,&) | |m| > R, m-£& > 0}and VH = {(m,v) | I/m| > R, m-v > 0};
the difference is that U is considered as a subset of R"*1 x S™, while V}} is considered as
a subset of S*R"*+1.

The condition (G5) can also be viewed as a condition on U7, saying that for any (m, £) € UF,
the whole geodesic ‘segment’ (m, §) relating m and the point & € OM is such that
v(m, &) x {£€} is contained in UL.

The condition (G6) is required in Proposition 5.12. To explain it, note that under the
Assumption (G4), if (m, &) € UL and (m(t),v(t)) = g*(r(m, £)), then

44  Ogpe(m(t))le=o = Ome(m) - Oem(t)|i=0 = 9(Ompe(m), Ome(m)) = 1.
Therefore, O¢ ¢ (m) is constant on the geodesic passing through 7(m, §).
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4.2. Analytic assumptions

In this subsection, we formulate the analytic assumptions on plane waves. We will prove
that they are satisfied in the Euclidean near infinity setting (in Section 6.2) and in the hy-
perbolic near infinity setting (in Section 7.2). Let M be as in the previous subsection, A be
the (nonnegative definite) Laplace-Beltrami operator on M, and h > 0 be the semiclassical
parameter. We make the following assumptions:

(A1) There exists ¢y > 0 (equal to 0 for the Euclidean and to n?/4 for the hyperbolic case),
such that for each A > 0, h > 0 and ¢ € M, there exists a function, called distorted
plane wave, Ey (A, & m) = E(A\/h,&; m), smooth in all variables and solving on M the
differential Equation (1.4) in m:

(R*A = coh® = X)) Ep(A, &) = 0.

Here ¢ gives the direction of the plane wave, while A corresponds to its semiclassical
energy;
(A2) foreach 0 < Ay < Ao, the Schwartz kernel of the semiclassical spectral projector

Ty, ol = D2 eon2, a2 4conz) (B2A)
can be written in the form
A2
4.5) H[Al,kz] (m,m’) = (27rh)_"_1/ A" fii(A/h) 7Eh()\,§;m)Eh()\,§;m’) d€d.
A oM

Here integration in € is carried with respect to a certain given volume form d¢ on M
and fr(z) > 0is a smooth function of z such that |0% fri(2)| < Cx(z)~* for each k
and fr1(z) — 1asz — oo.

We now assume that plane waves admit the decomposition
(4.6) En(\,&m) = xo(m; £)ER (A, &m) + By (X, & m),

where xo, B}, E} are respectively a cutoff function, an explicit ‘outgoing’ part of the wave,
and the ‘incoming’ part, satisfying more precisely the following properties:

(A3) xo(m;€) is a function smooth inm € M and ¢ € OM, supported inside the set U,
from (G4) and xo(m, &) = 1 for m sufficiently close to &;
(A4) E?(X, & m) is a smooth function of A/h € R* and (m, §) € U, of the form

4.7) EQ(N, & m) = %% MpO(\ € m; h),

where Uy, and ¢¢ are defined in (G4) and b°(\, &, m; h) = b%(\/h, &, m) is a classical
symbol in h for (m,£) € Uy, A € R*; that is, b°(), £, m; h) is smooth in all variables,
including A, up to h = 0. The limit 6°(), £, m; 0) = limy_qb°(\/h, &, m) for A > 0is
independent of );

(AS5) for A in a fixed compact subset of (0, c0) and ¢q defined in (G2), the function

_ Bi(\€m)
(4.8) B0 &m) = A%
&™) = B & e ese)

is h-tempered in the sense of (3.2);
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(A6) for \in a fixed compact subset of (0,00), each £ € M, and each (m, \v) € WFh(E,i(/\, £)),
we have (m,v) € S*M and either the geodesic v(¢) = g*(m, v) does not escape in the
forward direction (i.e., (m,v) € I'_) or there exists ¢ > 0 such that ~(¢) lies in the set

4.9) We := {(m, Om¢e(m)) | m € supp(dmxo)}-

The constants in the corresponding estimates (in the definition of the wave front set of
a distribution given in Section 3.1) are uniform in A and &;

(A7) there exists e; € (0, &p) such that for (m,v) € S*M directly escaping in the forward
direction and z(m) < e1, the point (m, 4o (m,v)) lies in the set Uy, defined in (G4)
and xo = 1 near this point;

(A8) let 7 : UL — VI be the difftomorphism from (G4). Then its Jacobian with respect
to the volume measure dvol(m)d¢ on U, and the Liouville measure on V!, is equal
to [b°(1, &, m;0)|%, with b° defined in (A4).

For example, for M = R**! we put ¢y = 0, E (A, &;m) = e and use the standard
volume form on the sphere 9M = S™. The Equation (4.5) then follows from the Fourier
inversion formula.

ixem/h

Let us informally explain how the decomposition (4.6) is constructed and provide a jus-
tification for Assumptions (A3)-(A6), putting for simplicity A = 1. First of all, (A4) implies
that for any x € C§°(M), xxoE?, as a function of m, is a Lagrangian distribution associ-
ated to the Lagrangian A¢ from (4.3). In fact, in the cases considered in the present paper, EY
solves on its domain the Equation (1.4); however, we do not make this assumption here, as in
more complicated cases (such as asymptotically hyperbolic manifolds of variable curvature)
E? might only be an approximate solution to (1.4) in a certain sense.

If we assume that EY solves (1.4) on its domain, then the function

Fr(\ &m) = (h*A = A2 — coh®)(xo(m) B (X, & m))

isequal to [h?A, xo]EY. Since E is a Lagrangian distribution associated to A¢, the wavefront
set of F}, is contained in W,. We will now take E}L = —Ry,(A\) Fy, where Ry () is the incoming
scattering resolvent, a certain right inverse of h2A — A% — coh?. Moreover, in our cases Ry, ()
will be microlocally incoming in the weak sense: if we multiply F}, by a (possibly small)
constant to make Ry, (\)F, bounded polynomially in A, then each point in the wavefront
set of Ry (A)Fp, when propagated forward by the geodesic flow, will either converge to the
trapped set or pass through WF},(F}). Thus, the Assumption (A6) should be viewed as
a direct consequence of the fact that the scattering resolvent is microlocally incoming and
of propagation of singularities.

The Assumption (A7) looks less natural, but will play an essential role in our proofs,
in Propositions 5.2 and 5.5. It holds for both Euclidean and hyperbolic infinities, but for
different reasons. For the hyperbolic infinity, xo(+; £) is equal to 1 in a small neighborhood
of € and one can see that for (m, v) directly escaping in the forward direction and converging
to &, the distance from m to & in M is O(z(m)). This is not true in the Euclidean case;
however, in that case x is equal to 1 outside of a compact subset of M (that is, near the
whole boundary M, not just near &).

The Assumption (A8) is required to relate the natural measure arising from the func-
tion EY to the Liouville measure. If Ej, were equal to E}, then this assumption would simply
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follow by taking the trace in (4.5) with a compactly supported pseudodifferential operator
and a smooth cutoff function in A.

4.3. Limiting measures

We now define the family of limiting measures . These measures result from propagating
the natural measure arising from the ‘outgoing’ part E) of the plane wave, which is supported
on the Lagrangian A¢ from (4.3), backwards along the geodesic flow. In contrast with [11],
where the exponential decay of the measure along the flow ensured its convergence, our
measures will only be defined for almost every &.

We first define the measure fig on S* M, corresponding to EY, as follows: for each com-
pactly supported continuous function a on S*M, put

(4.10) | adie= | 691, €,m3 0) 2a((m, £)) dvol(m).
S*M (m,£)eUL

The support of fi¢ is contained in the Lagrangian A from (4.3) and the integral (4.10)
depends continuously on &. We see from (A8) that for any continuous function f on OM,

@iy [ f©) [ atmw)diclmv)ds = [ (€l )atm,v) dus ().
oM S*M Vb
We now want to define the measure p¢ by
(4.12) / adpe = lim aog tdfi,
S*M t=+00 Jgxm

valid for all compactly supported continuous functions a. To show that the limit exists
for almost every £ (chosen independently of a) and for every a, we will use monotonicity.
By (4.11), (G5), and using the invariance of the function £, ., and the Liouville measure p,
under the geodesic flow, we see that if @ and f are nonnegative, then

[ 19 @egdicde= [ frnlmn)am,v) dus(m,v)
o 5*M 9=t (V)
is increasing with ¢. Therefore, for each ¢ the integral

Li©) = [ (aog™)dic

is increasing in ¢ for any nonnegative a. Moreover, the integral of I, ;(£) in £ is bounded by
a t-independent constant, namely by the integral of a by the Liouville measure. Taking a to
be an approximation of the characteristic function of each member of a countable family of
compact sets exhausting S*M, and using the monotone convergence theorem, we see that
there exists a measure zero set ¥ C OM such that for £ € ¥, we have for any compactly
supported continuous function a,
. PN
tl}}’l»noo S*M(a 0 g~ ") dfie < oo.

This limit is a continuous functional on the space of continuous compactly supported func-
tions on S* M ; therefore, there exists a unique Borel measure p¢ such that (4.12) holds. More-
over, we see that the limit (4.12) is uniform in a, as soon as we fix a compact set containing
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supp a and impose a bound on supg-,, |a|. One also sees immediately (1.6), namely that for
compactly supported continuous a,
suppaN&i s, (§) = o = adpg =0,
5*M
as [g. (@0 g™") dig = 0 for all ¢.
We can integrate the measure p¢ in &, getting back the Liouville measure:

PROPOSITION 4.3. — For each f € C*°(OM) and each a € C§°(S* M) we have
@13 [ 1 [ atm,v)ducm,v)ae - (€ e (m,v))alm, 1) dyis (m, ).
oM S*M 5*M\T'_
In particular, if pp (C_) = 0 (which will always be the case in our theorems, see (5.2)), then
[ we d€ is the Liouville measure.

Proof. — The left-hand side can be written as
lim f(Ehoc(m,v))a(m,v) dur(m,v).
t=too Jg-r(vd)
It remains to use the dominated convergence theorem; indeed, the function under the integral
is bounded and compactly supported, we have g=** (V) C g~ (V1) for t; < to, and the
union of g~*(V}) over all t € R is exactly S*M \ T'_, as for every geodesic (t) escaping in
the forward direction and for ¢ large enough, the point ~y(t) is directly escaping in the forward
direction and (y(t), {400 (7(t))) € Uso- O

Finally, the following lemma will be useful to relate our measure p, to the one obtained
from EY in the proofs of Theorems 1 and 2:

LEMMA 4.4. — Let £ & X, so that pe is well-defined. Let a be a compactly supported
continuous function on S* M.
1. pe is invariant under the geodesic flow: for eacht € R,

(4.14) / aogtdl%:/ adpu.
S*M S*M

2. If suppa C DE+ NA{x < e1}, where DE 4 is given by Definition 4.2 and €1 is defined
in (A7), then
(4.15) / 16°(1, €, m;0)x0(m; €)[>a(m, Omee(m)) dvol(m) :/ adpe.
(m,§)eUc S*M

Proof. — 1. Follows immediately from the Definition (4.12).

2. First of all, note that for m in the support of the function a(m, 8,,¢¢(m)), we have
(m,€&) € UL and xo(m;€) = 1 by (A7); therefore, the left-hand side of (4.15) becomes
the integral of a over the measure fi¢ defined in (4.10). By (4.12), it is enough to show that

fort >0,
/ ao g_tdﬂg = / adfig.
S*M S*M

For that, it is enough to show that for each f € C5°(OM),

[ 10 acqtaic=[ [ ad.
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Using (4.11), we rewrite this as
[ feadin= [ r€adun.
gt (VE) v

This is true as suppa C Vi C g~ (V). O

4.4. Averaged estimates on plane waves

One of the principal tools of the present paper are microlocal estimates on the plane
waves Ep (A, &) on average in A\ £, where A takes values in a size h interval. They are di-
rect consequences of (4.5) and the Hilbert-Schmidt norm estimate (3.24). More precisely,
restricting to the case A = 1 + @(h) for simplicity, we have the following

PROPOSITION 4.5. — Let x € C§°(M). Then:
L. XII[1 144) is a Hilbert-Schmidt operator and there exists a global constant C such that for
each bounded operator A : L*(M) — L*(M), we have

(4.16) h=HAx(m)En(A, &m)|12.

n 2
7 e (MXOMX[1,1+h]) < CR™|| AxI 140 [lis-

2. The functions xE, are bounded in L? on average in the following sense: there exists
a constant C(x) such that for any h,

(4.17) h=HIx(m) B (A &; m)IIQLgnM(MXmX[LHhD < C(x).

The h™1 prefactor in both cases is due to the fact that we are integrating over an interval of
size h in \.

Proof. — 1. It follows immediately from (4.5) that
(4.18)

1+h
hil/ fa(A/R)A" /7(XEh()\,f)) ® (XEn(X,€)) dédX = (2m)" T h XTI 1 140 X
1 oM

Here ® denotes the Hilbert tensor product, defined in (2.10). The integral on the left-hand
side converges in the trace class norm, as the Schwartz kernels of the integrated operators
are smooth and compactly supported. Therefore, xII[; 11X is trace class. Since

X1 14w X = X, 1400)) (X1, 140)
we see that xIIj; 145 is a Hilbert-Schmidt operator. Now, multiplying both sides of (4.18)
by A on the left and A* on the right and taking the trace, we get

h_l ||)\n/QfH()\/h)l/QAX(m)Eh()\, 5, m) ”ifn,g,A(anﬁx[l’l"—h])

(4.19) = (27)"+1hn Tr((AxI(1,14-0)) (AXII1148)) ")
— (2m)" A AXIT s
2. We would like to use Lemma 3.11 to estimate || xIIj;,14)||ns (We can put x on the other
side of the projector in (3.24) by taking the adjoint), however this is not directly possible as

X is not compactly microlocalized. We thus use that £}, solve the Equation (1.4), writing by
the elliptic parametrix construction (same as for the proof of Proposition 3.2)

(4.20) x = B+ Qx(h2A — A% — ¢oh?) + Ry
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for A € [1,1 + k], where B € U°™P(M), Q) € V"2(M), and Ry € h®U~>°(M) are
compactly supported and B is independent of A and equal to x microlocally near S* M. We
can also assume that @, and R are smooth in A. Now, we substitute (4.20) into the left-hand
side of (4.17) and use the triangle inequality. By (4.16), the term featuring B is bounded by
a constant times A" || BIIj; 11 p||3g, Which is bounded uniformly in k by Lemma 3.11. The
term featuring @ is zero by (1.4).

Finally, we show that the term featuring Ry is &(h°). This does not follow immedi-
ately from (4.16), as the operator R, depends on A. We use the following variant of (4.19):
for X € [1,1+ h],

B2 fu (AR Y2 Ry B (V) = (2m)" [R5 5 s

2
”Lfn’g’)\(anMx[l,:\]
Differentiating in X, we get
(2m)" R 05 | Ry xyllfs = B A2 fn (A R) Y2 Ry En (M1 2 (.6 (e x oy

+2n7! Re(>\n/2fn()\/h)1/2(6xR;\)Eh(>\), A"/2fn(>\/h)1/2Rth()‘)>L§%“(anMx[1,2\])'
We now integrate in A from 1 to 1 + k. The integral of the left-hand side is bounded by
a constant times h"||Ri44|l%g = O(h°). The integral of the first term on the right-hand
side is the quantity we are estimating. Finally, the second term on the right-hand side is

bounded by a constant times ~"| Tr((95R5)I[1,14.1) B3 )|, which is ©(h>) uniformly in A,
as the Hilbert-Schmidt norms of both R5 and 05 R are O)(h™). O

5. Proofs

5.1. Proof of Theorem 1

In this section, we prove the convergence Theorem 1 under the following assumption:
(5.1) ni(K) =0,
where p g, denotes the Liouville measure on S*M and K is the trapped set. First of all, note
that (5.1) implies
(5.2) pz(Ts) = 0.

Indeed, fix e € (0,&0), where ¢ is defined in (G2), and take the set ', = I'y N {z > ¢}.
For (m,v) € T'y N {x = €}, we have &(m, v) < 0; indeed, otherwise (m, v) directly escapes
in the backward direction and thus cannot lie in T'y.. It follows that g=*(I'¢.) c 'S for ¢ > 0.
Since I'?,_ is bounded, and py, is invariant under the geodesic flow, we have

pr(y) = lim pr(g™(r9)) = ML< N Q_t(ri)> = pr(K) =0.
>0
Letting e — 0, we get (5.2).

We next note that the averaged L? bound (4.17) on E}, on compact sets, together with (1.4)
and the elliptic Proposition 3.2, give the following
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PROPOSITION 5.1. — Assume A € WO(M) compactly supported and WF;,(A)NS*M = o.
Then

(5.3) h_l||<AEh(>\,5)7Eh(%€)>||Lb(aﬁx[1,1+h]) = O(h™).

Therefore, it is enough to prove (1.5) for a compactly supported A € U°™P (M) microlo-
calized in an arbitrarily small neighborhood of S* M.

Take ¢t > 0; we will calculate limits of the form lim;_, ; o, limy_.¢, thus £;(h°°) expressions
(that is, expressions that are &(h>°) with the constants depending on t) will be negligible.
Take x € C§°(M) independent of ¢ and such that A = y Ax. We first use that E}, is a gen-
eralized eigenfunction of the Laplacian (1.4) and apply Lemma 3.10: for each A € [1,1 + A]
and each £ € OM,

(5.4) xEn = Xe—it()\2+coh2)/2hU(t)XtEh + @t(hoo||Eh||L2(Kt))L2-

Here U (t) = e~/ is the semiclassical Schrédinger propagator and x; € C§° (M) is sup-
ported in the interior of the compact set K; C M and satisfies d,(supp x, supp(l — x:)) > t.
We also assume that |x:| < 1 everywhere and K, contains {x > £}, where ¢ is defined
in (G2). By Proposition 3.8, we can write U(—t)AU(t) = A7t + 0;(h>)2_ 12, where
A~t € UeomP i5 compactly supported. Then

(5.5 (AEn, Ep) = (A" Xt En, Xt En) + 0:(h) | Enll72(x,)-
We will now write
(5.6) A7t = AJP+ AT Agt = AT, AT = ATHL - ),

where the L2 norm of the principal symbol of Ay " will decay with ¢ and the operator A7*
will be negligible on E}. The function ¢ € C§°(M) is taken independent of ¢ and such that
supp x C {z > €, } for some ¢, and ¢ = 1 near { > ¢, }. We also require that ¢ = 1 near
{z > 1}, where £; comes from the Assumption (A7).

We first show that the terms in (5.5) featuring both A7 and E} are O(h®). For that, we
need to show that the trajectories in WF, (A7) C supp(1 — o) N gt(supp x) satisfy the
geometric property shown on Figure 1:

LEMMA 5.2. — Lett > 0. Assume that (m,v) € S*M satisfies m € supp(l — ), but
g~ t(m,v) € supp x. Then:

1. (m,v) directly escapes in the forward direction, in the sense of Definition 4.2;
2. for each s > 0, g*(m,v) does not lie in the set W¢ defined in (4.9), for any € € OM.

Proof. — (1) We have z(m) < €1 < eg; therefore, if (m, v) does not directly escape in the
forward direction, then it directly escapes in the backward direction; this would imply that
z(g~*(m,v)) is decreasing in ¢ > 0, which is impossible as z(m) < e, < z(g~*(m,v)).

(2) The point g*(m,v) directly escapes in the forward direction and z(g®(m,v)) < ;.
If g°(m,v) € We, then by (G4), £ = &4 (m,v), but this is impossible as xo = 1 near
(g°(m,v), & 00(m,v)) by (A7). 0

Combining Lemma 5.2 with the microlocal information we have on E3, we get
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PROPOSITION 5.3. — If E}, = xoE} + E} is the decomposition (4.6), then for eacht > 0,
(5.7)
(AEn, En) = (A7 xix0Ep, xexoEp) + (A5 "Xt En, Xt En) + 01(h° (1 + || Enll72(,));

where Ay, ATt are defined in (5.6).
Proof. — By (5.5), it is enough to show that
(AT X B, xeEn) — (AT xexo B xex0 D) = Ou(h™ (1 + | Enll2 xc,)))-
Given that || xoEy| 22(x,) = O(1), it suffices to prove
IBxtEhllzz = Op(h™ (1 + | Bnllz2x.))),
where B is equal to either AT* or its adjoint. This in turn follows from
(5:8) | Bx:Ej} |2 = 0:(h™),
with E} defined in (4.8). Take (m,v) € WF,(Bx;E}) C $*M. Then by Proposition 3.8,
(m,v) € WF,(B) C WF,(A™") Nsupp(l — ¢) C g'(WFx(A)) Nsupp(l — ).

Since WF},(A) C supp x, we see that m € supp(l — ¢) and g~*(m, v) € supp x; therefore,
by Lemma 5.2, the geodesic g°(m, v) escapes in the forward direction and does not pass
through W for s > 0. But then by (A6) the point (m, ) cannot lie in WFh(E;), a contra-
diction. We showed that the wavefront set of BXtE,l1 is empty, which implies (5.8). O

We now use the averaged estimate (4.16) and the Hilbert-Schmidt norm estimates from
Section 3.3, to estimate the second term on the right-hand side of (5.7):

PROPOSITION 5.4. — There exists a constant C independent of t such that
(5.9 hH{AG Xe B, XeBu)liny | @mxpasn < Cli(a(4) o 97 )ellL2 (s any + Oc(h).

Here ||a||p2(s+ry is the L? norm of the restriction of a to S* M with respect to the Liouville
measure.

Proof. — Take a real-valued function ¢; € C§°(M) independent of ¢ such that p; = 1
near supp . Then the left-hand side of (5.9) is bounded by

h™HI(AG "X B, erxeEn)llzy | + AL = ¢1) Ay X B, xeEn)llzy |

where the L!, and later L2, norms in &, X are taken over &M x [1,1 + h]. The second term
here is ©;(h>) by the bound (4.17) and since (1 — ¢1)Ay" = O;(h™®)12_, 12 is compactly
supported. The first term can be estimated by applying the Cauchy-Schwarz inequality first
in m and then in (), &):

B AG X B o By, < B IAG e Enllzean - lenxeBall 2z

< h_1/2||Aat><1tEh||Lfn,£yA 'h_1/2||‘P1XtEh||Lfn’E’)\'

Now, h_1/2||<p1xtEh||L3n ., is bounded (independently of ¢) uniformly in / by (4.17). As

for h=1/2|| Ay "X En|| L2 (0 Wecan estimate it using (4.16) by a constant times

W2 Ay X 1y s
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Note that the operator Ay “x; € Ue°™P is compactly supported and it is compactly microlo-
calized independently of ¢. It then remains to apply (3.24) (to the adjoint of our operator);
by Proposition 3.8, the principal symbol of Ag "y, is given by (o(A) o g~ t). O

We now use the dynamical assumption that pz,(K) = 0. The function (0(A) o g7 ")p is
supported in a t-independent compact set and bounded uniformly in ¢. Moreover, it con-
verges to zero pointwise on S*M \ T'; as t — +oo. Therefore, by (5.2) and the dominated
convergence theorem we have (0(A) o g7")p — 0in L2(S*M), as t — +oo. It then follows
from (5.7) together with the bound (4.17) and from (5.9) that

B . —1 —t 0 0
Jim llglj}]lph KCAER, Br) = (A1 Xexo B, XexoBn) 1y | oarxi,14m)) = 0

To prove Theorem 1, it now remains to show that

(5.10) lim limsuph~!

t—+o0 h—0

=0
Li(0M)

(AT xex0ER, xexo0 Ep) —/S MO'(A) dpe

uniformly in A = 1 4+ @(h). We first note that by (4.7) the function

XexoER(\, &m) = e ey, (m)xo(m, €)b°(1, €,m;0) + Oy (h) 2

is a compactly supported Lagrangian distribution associated to the Lagrangian A¢ from (4.3).
Therefore, by Proposition 3.5, we find

(A1) AT X0 B, €) = €% % xuxob°(1, €, m; 0)o (A7) (m, Db (m)) + Op(h) 2.

Therefore,
(AT Xex0En, xexoEp) =/ o(AT")(m, e (m))|xexob®(1,&,m; 0)|* dvol(m) + Oy (h).
M

Now, by Proposition 3.8, 0(A7") = (0(A) o g7*)(1 — ). By Lemma 5.2, this function is
supported in D& N{z < &1}, with D&, from Definition 4.2. Also, x; = 1 nearsupp o(A; ).
Then by part 2 of Lemma 4.4,

(512 (AT 0B vexoED) = /S (0(A) 0 g™)(1 — ) due + Ou(h).
*M

Therefore, (5.10) reduces to

(5.13) lim

t——+o0

=0.
LL(9M)

| e@og™)0-g)due— [ o4)due
5*M S*M
By part 1 of Lemma 4.4 and (4.13), we write the norm on the left-hand side of (5.13) as

H /*M a(A)(pog") dpue

<[ e el due.
LL(0M) 5+ M
The expression under the integral on the right-hand side is bounded and compactly sup-
ported uniformly in ¢ and converges to zero pointwise on S*M \ I'_; by (5.2) and the domi-

nated convergence theorem, we get (5.13). This finishes the proof of Theorem 1.
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The nontrapped case. — We briefly discuss the situation when WF;, (A)NI'_ = &. In this case,
for t large enough (depending on A), for any (m,v) € WF,(A) we have g*(m,v) & supp ¢
and thus

Ao_t = O(h™) 2 2.
Then by (5.7) and the bound (4.17),

(AEw, Ep) = <AftXtX0E27XtXOE2> + @(hoo)LéA(aMx[LHh]y

The quantity (AT x:x0EY, x:x0EY) is calculated in (5.12) up to ©(h). However, since EJ is
a Lagrangian distribution, one can get by Proposition 3.5 a full expansion of this quantity
in powers of h; this yields

(5.14)  (ABL(\€),Ea(\, ) = Y W / Liadpe + ORN ) 1y oz 1),
0<j<N S*M ’

where A = Opy, (a) for some symbol a and some quantization procedure Op,, and each L; is

a differential operator of order 2j on T* M, with Ly = 1.

5.2. Estimates on the remainder

In this subsection, we prove (1.12) and establish an approximation fact (Proposition 5.10)
used in the proofs of (1.13) and Theorem 4.

Classical escape rate and Ehrenfest time. — Let Ky C M be a compact geodesically convex
set (in the sense of (B.1)) containing a neighborhood of the projection of the trapped set K
onto M. Asin (1.9), define the set

I@t) ={(m,v) € S*M | m € Ky, g'(m,v) € Ko}.

The choice of K does not matter here: if K, C M is another set with same properties and
g ’(t) is defined using K in place of K, then there exists a constant Ty > 0 such that for
eachT >Tyand ¢ > 0,

(5.15) g (T (t+2T)) C T(t).

Indeed, assume that (5.15) were false. Then there exist sequences 7; — 400, t; > 0, and
(mj,v;) € S*M such that g~ i (m;,v;) and g% +7i (m;,v;) both lie in K}, but for each j,
either (1) (m;,v;) & Ko or (2) g" (m;,v;) € Ko. We may assume that case (1) holds for all j;
case (2) is handled similarly, reversing the direction of the flow and taking g% (m;, v;) in place
of (mj,v;). Take € > 0 such that K C {z > €}; since {z > ¢} is geodesically convex (in the
sense of (B.1)) for € small enough, we have (m;,v;) € {z > €}. Passing to a subsequence,
we can assume that (m;,v;) — (m,v) € S*M as j — +oo. Now, since g~ 77 (m;,v;) € K|,
and T; — o0, we have (m,v) € I'; (indeed, otherwise there would exist s > 0 such that
g *(m,v) € {z < €} and this would also hold in a neighborhood of (m, v)). Similarly, since
g'*Ti(m;,v;) € K| and t; + Tj — +oo, we have (m,v) € I'_. It follows that (m,v) € K,
which is impossible, as each (m;, v;) does not lie in K, which contains a neighborhood of K.

By changing A slightly and using (5.15), we see that the choice of Ky does not matter
for the validity of (1.12) and (1.13); more precisely, if Ag > Aj, then 7/ (h, Aj) < Cr(h, Ao),
where 7 is defined by (1.10) using 7" in place of 7. Also, the maximal expansion rate Ayayx
defined in (1.11) does not depend on the choice of Kj.

4¢ SERIE - TOME 47 — 2014 — N° 2



MICROLOCAL LIMITS OF PLANE WAVES AND EISENSTEIN FUNCTIONS 407

We now choose a geodesically convex K| in the sense of (B.1) such that its interior contains
the supports of all cutoff functions and compactly supported operators used in the argument
below. We will rely on Proposition 3.9 (with U equal to the interior of Ky); we let Ag > Apax
and fix e, > 0 and A such that Ag > A{ > (1 + 2e.)Amax. Define the Ehrenfest time

(5.16) te :=log(1/h)/(2A0).
Then when propagating an operator in ¥°°™P microlocalized inside
(5.17) be, i ={l—¢ec < ||y <14e.}

with cutoffs supported inside Ky, as in Proposition 3.9, for time t = Ity € [—t., t.], we get a
mildly exotic pseudodifferential operator in W5°™P, where

(5.18) pe =t} /log(1/h) = A}/(2Ao) < 1/2.

First decomposition of (AE},, Ey). — By Proposition 5.1, we may assume that A € Ue°™P (M)
is compactly supported and microlocalized inside the set &., defined in (5.17).
We first establish the following decomposition similar to (5.7):

(5.19) (AEj, By) = "% (A(oU (t0)) 0 En, En)
l
+ Y ¢IAPU () (L = ©)pioXoEn, Bu) + O(hN (Er)?),
j=1

uniformly in ¢ € M and A € [1,1 + h]; comparing with (5.7), the first term in the right
hand side of (5.19) corresponds to the Ay ¢ term in (5.7), the sum over j corresponds
to the Ay" term in (5.7). Here I = O(log(1/h)) is a nonnegative integer and to, > 0 and
©, 01, € C§°(M), specified below, are independent of j. The quantity A (Ey), defined
in (5.22), is related to the L? norm of Ej, on a certain compact set, and is bounded on
average by (5.23). The real-valued parameter S is equal to

(5.20) B = —to(A* + coh?)/(2h)
and will not play a big role in our argument.
To show (5.19), we start by considering the functions ¢, 1, p2 € C§° (M) such that:

- 0 < ¢, 01,92 < 1everywhere,
— ¢ = 1 near supp 2 and ¢; = 1 near supp ¢, and
— 9 = 1 both near the support of A and near the set {x > ¢;}, with ¢; defined in (A7).

The proof of (5.19) only uses the function ¢, however the other two functions will be required
for the more precise decomposition (5.43) below.
We now have the following analogue of Lemma 5.2:
LEMMA 5.5. — There exists to > 0 such that if (m,v) € S*M satisfies
(5.21) m € supp(1 — @3) and g~*(m, v) € supp @1 for somet > t,
then:

1. (m,v) directly escapes in the forward direction;
2. for each s > 0, g*(m, v) does not lie in the set W defined in (4.9) for any &€ € OM ; and
3. foreach s > tg, g°(m,v) & supp ¢1.
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! ! ! gs(m’y)

FIGURE 3. Anillustration of Lemma 5.5. The functions ¢, ¢1, @2 are supported to
the left of the corresponding dashed lines; the right side of the figure represents
infinity.

Proof. — (1) Let supp @1 C {z > e,}. The set DE_N{x > e,}, where DE_ is spec-
ified in Definition 4.2, is compact; therefore, there exists ¢ty > 0 such that for ¢ > ¢, and
(m,v) € DE- N{x > e,}, we have g~ (m, v) & supp ¢1.

Now, assume that (m, v) satisfies (5.21), but it does not directly escape in the forward
direction. Since (m, v) € supp(1 — ¢2), we have x(m) < eo; therefore, (m,v) € D&_. Then
z(m) > z(g~t(m,v)) > e,; therefore, (m,v) € DE_ N {z > &,}, a contradiction with the
fact that g=%(m, v) € supp 1 and t > t.

(2) This is proved exactly as part 2 of Lemma 5.2.

(3) It is enough to use part (1), take ¢, large enough, and use that the set D& N{zx > ¢, }
is compact. O

Take to from Lemma 5.5. Let ¢;, € C§° (M) be real-valued and satisfy
dg(supp 1, supp(1 — @4,)) > to.

Take a compact set K;, C M whose interior contains supp ¢y,. Put

(5.22) N(Ep) =1+ | Enllz2(x.y);
this quantity depends on A and £ and we know by (4.17) that
(5.23) R (B o(1).

L2, (OM x[1,1+h]) —
By (1.4) and Lemma 3.10, we have similarly to (5.4),
(5.24) QB = P U (to)pr, B + O(h®N (Ep)) 2.

Here g is given by (5.20). Iterating (5.24) by writing ¢, = ¢ + (1 — )., We get for
I = O(log(1/h)) (or even for I polynomially bounded in h)

l
(5.25) @B =" (pU(t0))'0En + Y 9% (U(t0)) (1 = @)1, En + O(h N (En)) 2,

Jj=1

uniformly in € € 9M and X € [1,1 4+ h]. The same is true if ¢ is replaced by any func-
tion ¢’ € C§°(M) such that dy(supp ¢’,supp(1l — ¢4,)) > to. One can also replace U (to)
by U(—to).
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We now use our knowledge of the wavefront set of E,i to prove the following analogue of
Proposition 5.3:

PROPOSITION 5.6. — If Ey, = xoE} + E} is the decomposition (4.6), then
(5.26) U (o) (1 = @)t Epll L2 = O(h™ N (Ey)),

uniformly in ¢ € OM and \ € [1,1 + h]. The same is true if we replace each instance of p by
any function in the set {¢, v1, 2}

Proof. — Recalling the Definition (4.8) of E}l, we see that (5.26) follows from

(5.27) U (to) (1 = ©) 1o By |l 2 = O(h).

We now make the following observation: a point (m,v) € S*M in the wavefront set of E,i
will make an £(h>°) contribution to (5.27) unless m € supp(1—), but g% (m,v) € supp ;
however, by (A6) and Lemma 5.5, in this case (m,v) ¢ WFh(E}L) To make this argument
rigorous, we can write (bearing in mind that E}L is polynomially bounded)

¢1,Ej, = BE, + O(h™) 2,
where B € ¥°°™P is compactly supported and such that
(m,v) € WF,(B) Nsupp(1l — @) => g~ (m, v) & supp .

Then the operator ¢U (to)(1 — ¢)B is O(h®)r2_ 2 by part 2 of Proposition 3.8, which
proves (5.27). O

Using (5.26), we can replace Ej, by xoEj in each term of the sum (5.25):

1
@By = e"P(oU (o)) 0En + Y 970U ()’ (1 — @)1, X0 En

j=1
+ Oh®N (Ep)) Lz
Applying the operator A = p Ay, we get (5.19).

(5.28)

Properties of propagators up to Ehrenfest time. — We will now establish certain properties of
the cutoff and iterated propagators up to the Ehrenfest time ¢, defined in (5.16), or, in certain
cases, up to twice the Ehrenfest time. The need for these properties arises mostly because of
the cutoffs present in the argument. Define the Ehrenfest index

(5.29) le == [te/to] + 1 ~ log(1/h).
LEMMA 5.7. — Assume that ¢, ¢" € C§*(M) satisfy |¢'|,|¢"| <1 everywhere. Let
B € U°™P pe compactly supported and microlocalized inside the set &, defined in (5.17).

Then:
1. If " = 1 near supp ¢’, then for 0 < j <,

(5.30) (#'U(%t0))! BU(Fito) = (¢'U(xto)) B(U(Fto)¢") + O(h™) 2 12,
(531 (U(£to)¢')! BU (Fito) = (U(Eto)¢') B(¢"U(Fto))” + O(h™) 2 2.

2.If By, By € U™P sqtisfy same conditions as B and moreover WF,(B1)NWF},(Bg) = &,
then for 0 < j < 2l (that is, up to twice the Ehrenfest time)

(5.32) Bi(¢'U(£t0))’ B(U(Fto)¢") Bz = O(h™) 2 12
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The same is true if we replace o'U (£to) by U(Lto)¢’ and/or replace U (Fto)"” by " U(Fto).
3. If ¢ = 1 near supp ¢’ and both ©"" and B are supported at distance more than to from
supp(1l — ¢, ), then for 0 < j <. (B is defined in (5.20))

(5.33)  eTUB(Q'U(%ty)) BE), = ('U(%to)) B(U(Fto)¢" Y Ep + O(h®N (Ep)) 12,
(5.34)  etIP(U(xto)¢' Y BE), = (U(xto)@' )Y B(¢"U(Ft0)) 1, En + O(RX° N (Ep)) 2.

Proof. — We will repeatedly use Propositions 3.8 and 3.9 and omit the O(h™)r2_ 12
remainders present there.

1. We prove (5.30); (5.31) is proved similarly. Assume that the signs are chosen so
that (5.30) features ¢'U(to). We argue by induction in j. The case j = 0 is obvious. Now,
assume that (5.30) is true for j — 1 in place of j. Then

(¢'Ul(to))! BU(=jto) = ¢' B’ + O(h™) 2 12,
where
B’ =U(to)(¢'U(to)) "' B(U(~to)¢") U (~to)

is a compactly supported operator in W5 (modulo the ©(h>)2_, 1> remainder from Proposi-
tion 3.9, which we henceforth omit), with p. defined in (5.18). Since supp ¢’ Nsupp(1 — ") = &,
we have

¢'B'=¢'B'¢" + O(h™) 2.2
and (5.30) follows.

2. We again assume that the signs are chosen so that (5.32) features ¢'U(tg). Write

j =71+ j2, where 0 < j1,j2 <l., and write the left-hand side of equality (5.32) as
U(jito) BiBBoU(—j1to), where

B = (¢'U(to))* B(U(—to)¢")’?,

By = U(~j1to) Bi(¢'U(t0))™*, Bz = (U(~to)¢")" BoU (jrto).

Now, B is a compactly supported member of WeomP, Same can be said about B; and B,
by applying (5.31) and its adjoint (where the role of ¢’ is played by either ¢’ or ¢” and
the role of ¢”, by a suitably chosen cutoff function). Moreover, if Uy, U; are bounded open
subsets of T* M such that WF},(By) C U, and U; N U = &, then by Proposition 3.9, Ek is
microsupported, in the sense of Definition 3.1, on the set g7+t (Uy); since these two sets do
not intersect, we see that El EEQ = O(h®)r2_ 12 as needed.

3. We once again fix the sign so that U (o) stands next to ¢’. Formally, (5.33) and (5.34)
follow by applying (5.30) and (5.31), respectively, to the identity ePE;, = U(—jto)E}. To
make this observation rigorous, we write by Lemma 3.10

e® BE), = BU(—to)@i, En + O(h®°N (Ep)) 12,
eBY" By = @"U(—t0) s, En + OW° N (Ep)) 2.

We now use induction in j. For j = 0, both (5.33) and (5.34) are trivial. Now, assume that
they both hold for j — 1 in place of j. We then write

e (o'Ul(to))! BEw = € (¢'U(to)) B(U(~to)@")' " En + O(h® N (En)) >
= (P'U(to))’ B(U(=t0)@") ' U(~to)pt, B + O(h™ N (En)) L2
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The operator (¢'Ul(to))? B(U(—to)¢") ~1U(—tp) is a compactly supported element
of WEo™P; moreover, as j > 1, the wavefront set of this operator is contained in supp o
Since ¢” = 1 near supp ¢’, we can replace ¢y, by ¢” in the last formula, proving (5.33).

We next write

7P (U(to)¢'Y BEn = e (U(to)¢') B(¢"U(~t0))’ 01y Bn + O(h™° N (Ep)) 2.

/ Nj—1 Z i—1
However, ¢'(U(to)¢') ™ B(¢"U(~to))’~* is a compactly supported element of W52? and
its wavefront set is contained in supp ¢’. Since ¢” = 1 near supp ¢’, we can replace ¢y, by ¢”,
obtaining (5.34):

e8(Ulto)¢')! BEw = ¢ (U(to)¢')! B(¢"U(~t0))’ '¢" Ep, + O(RX N (Ep)) 12
= (U(to)¢") B(¢"U(=10))’ ¢ U(~t0) s, En + O(hX N (Ep)) 2. O
Second decomposition of (AEy, Ep). — We now analyze the terms of (5.19), reducing

(AEy, Ep,) to an expression depending on the ‘outgoing’ part EY of the plane wave (see (4.6)),
with remainder estimated by the classical escape rate for up to twice the Ehrenfest time.

We will use Lemma 5.7; since it only applies to pseudodifferential operators microlocal-
ized inside the set &, from (5.17), we take an operator

(5.35) Xo € UP(M), WF(Xo) C &, Xo = 1near S*M N supp ¢,
compactly supported inside K;,. By (1.4) and the elliptic estimate (Proposition 3.2), we have
(5.36) PtoEn = XoptyEn + OWN (En)) 12 = ¢toXoEp + O(WN (Ep)) L2

The same is true if we replace Ej, by xoEY, as by (A4) and the fact that |9,,¢¢|, = 1, we have
WF}, (xoE?) C S* M. We also recall that WFj,(A4) C &.._.

We start by estimating the first term on the right-hand side of (5.19) for [ up to twice the
Ehrenfest time, in terms of the classical escape rate:

PROPOSITION 5.8. — There exists a constant C such that for 0 <1 < 2l., we have
(531 BT(AU () 0B Enllsy | onrwpiin < Cu(T (o)) + O(h).

Proof. — We writel =1y + I3, where 0 < I, 15 < I; then

(A(@U(t0))'¢En, En) = ((#U (o))" 9 En, (U(~to)p)"* A* Ep).
Now, by (5.33)
P (pU (o))" 9En = 7 (pU (0))" Xop By + O(h N (Eyp)) 2
= B En + O(h®° N (Ep)) 2,

where

B} = (#U(t))" Xop(U(—to)e1)"
Similarly, by (5.34) (recalling that A = pAyp)
e 2P (U(—to)p)? A" Ep = BY Ep + O(h™N (En)) 2,
where

Bf = (U(~to)¢)"* A* (91U (t0)) " ¢t
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Put B, = (B?)*Bj{; recalling (5.23), it is then enough to show that
(5.38) h_1||<BlEh7Eh>||Lé,A(aﬁ><[1,1+h]) < Cpr(I(lto)) + O(h™).

Now, by Proposition 3.9, the operator B; is a compactly supported element of WoomP (mo-
dulo an O(h*°)2_, ;2 remainder which we will omit), and it is microsupported, in the sense
of Definition 3.1, inside the set g ‘10 ({1 # 0}) (here we only use that supp ¢ C {¢1 # 0}).
Similarly, Bf € W¢™P is microsupported inside g% ({¢; # 0}). Therefore, B; is microsup-
ported on the set

=97 ({1 # 0}) N g™ ({p1 # O}).
Note also that B; is compactly supported independently of [.

Now, by taking the convolution of the indicator function of an h”e sized neighborhood
of J, with an appropriately rescaled cutoff function, we can construct a compactly supported
operator B, € WeomP such that B = El* B, + O(h*®)y--~ and B is microsupported
inside an &(h?<) sized neighborhood (Zl of ;. Using (5.16), (5.18), and the estimate on the
Lipschitz constant of the flow given by (3.17), we see that for (m, ) € g} ,NS* M, there exists
(m,v) € J; N S*M such that d((m, 7), (m,v)) < Ch?e and for Aj > Af > (1 + 2e)Amax,

d(g"® (i, 7), g% (m,v)) < CeltoM hre < Cetehi ppe < Cete(Mo=AD)

is bounded by some positive power of h. Here d denotes some smooth distance function
on T*M. The same is true if we replace g1t with g—!2%; therefore, if the compact set K
used in the Definition (1.9) of & (¢) is chosen large enough, we have

(5.39) 4,0 8*M C gt (T (Ity)).
Using the Cauchy-Schwartz inequality and (4.16), we bound the left-hand side of (5.38) by
W (BBw: Bidllzy , < b (BiBw, BiEw)l|Ls | + O(h™)
< h_l||Bl]5‘h||L2(M)L§A : ||§lEh||L2(M)L’g’,A + O(h™)
< O(W™?| Bill 1 n ) (R 2| BiTTjy, 1 lss) + O(R).

It remains to use (3.25) (or rather its adjoint). Indeed, both B; and B, are bounded in woomp
uniformly in [, and they are microsupported in ;f ,; therefore, by (5.39)

W (BB, En)ls , < Cur(dy N S*M) + O(h®) < Cur (9 (ito)) + O(h™). O
As for the sum in (5.19), we have the following

PrROPOSITION 5.9. — We have
e {A(pU (1))’ (1 = @)orgx0 B, En) = (A x0ER, xoEp) + O(h™N (En)?),
AT = 4, (1= 02) (U (—to) 1)  A(0U (t0) Y (1 = @)1,

uniformly in ¢ € OM and X\ € [1,1 + h].

(5.40)
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Proof. — Since A = pAyp, we can replace Ej, by 1 E, on the left-hand side of (5.40).
Writing down (5.25) for ¢ in place of ¢ and using ¢, in place of ¢; in the splitting
v, = p1 + (1 — p1)epy, in the last step, we get

¢1Ep = €77 (01U (t0) )Y 02 En + €77 (01U (1)) (1 = 2) 01, B

(5.41) =,
+ ) e* (01U (t0)) " (1 = 1)1, En + OB N (E)) 2.
k=1

We now substitute (5.41) into the left-hand side of (5.40). The first term gives, after
using (5.36) to replace ¢, X0 Ep by Xowi, XoEP and 9 Ej, by XopEj,

(AU (o))’ (1 = @)1, X0 ERs (91U (t0)) w2 En) = (Boxo By, En) + O(h™ N (Er)?),
where

By = 02X (U(—to) 1)’ A(pU (t0))’ (1 = ) Xows, = O(h™) 2 12

by (5.32), as supp g2 Nsupp(l — ¢) = 2.

Next, we use Proposition 5.6 to write the second term of (5.41) as

92 (p1U (t0) Y (1 = ¢2) 10 X0 Epy + O(R N (Bp)) 12

therefore, this term gives the right-hand side of (5.40).

It remains to estimate the contribution of each term of the sum in (5.41), which we can
write, using (5.36), as ! U=RB(Byx o EY, xoEY) + O(h® N (Ep)?), with

By, = 1, X5 (1 — 01)(U(—t0) 1)  A(U (t0))’ (1 — ©) X0, -

We need to show that || By |12 12 = O(h*) for 1 < k < j. For that, we consider two cases.
First, assume that & < [.. Then we have

(5.42) 01, X5 (1 — 1) (U(—to)p1)* A(oU (t0)) o = O(h™®)p2_ 1o,

as the supports of 1 — ¢; and ¢ do not intersect and the operator in between them is
a compactly supported element of ¥¢°™P (modulo an ©(h*°)r2_, > remainder which we
will omit). Since By is obtained by multiplying the left-hand side of (5.42) on the right
by U(to)(#U ()’ " *(1 — ¢) Xopr,, it is also O(h>) 2 r2.

Now, assume that k& > [.. Take o1 € C§°(M) equal to 1 near supp ¢; and such that
|@1| < 1 everywhere. We write by (5.30) and its adjoint,

U((k — le)to) BeU(—(j — le)to) = By Bi By + O(h™) 2.2,
By = (21U (t0))* "4, X5 (1 = 1) (U (—to)p1)* ",
Bi = (U(=to)¢1)"* AU (to))",
B = (pU(to))’ " (1 = ) Xopt, (U (—to) 1)’ "

Now all B, i = 1,2,3, are compactly supported members of woomP. Let Up, Uz be two
bounded open sets such that supp(p:, (1 — ¢1)) C Uy, suppp C Uz, and U3 N Uz = @.
Since k¥ — lo > j — l. and by Proposition 3.9, the operator Bj} is microsupported, in the
sense of Definition 3.1, on the set g~(F~t)%o (1), while B} is microsupported on the set
g_(’“—le)tﬂ(Ug); since these two sets do not intersect, we get By, = ©(h*°)2_, 12, finishing
the proof. O
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Combining (5.19) with (5.37) and (5.40), we have finally proved

PROPOSITION 5.10. — For 0 < 1 < 2l. and A € ¥°°™P microlocalized inside the set &,
defined in (5.17), we have

!
(5 43) (AEhth> = ZI<AJXOE27 X0E2> + @(hML(g(ltO)) + hoo)LéA(aMx[LHh])’
. =
AT = 01, (1= 02) (U (—to)p1)? AU (t0)) (1 = ¢)puo -
Here l. is defined in (5.29) and I (t) in (1.9).

Note that the sum on the right-hand side corresponds to the A;* term in (5.7), while the
remainder contains both the Ay term (dealt with in Proposition 5.8) and the remainder in
(5.7). We have kept the ©(h>°) remainder to include the nontrapping case.

Proof of (1.12). — Put [ equal to the number [, defined in (5.29). By (5.43), it is enough
to approximate the terms (A7xoE?, xoE?). This is done by the following improvement
of (5.10), relying on the Lagrangian structure of EY and featuring the interpolated escape
rate r(h, A) from (1.10):

ProroOsSITION 5.11. — Put l = I, given by (5.29), and r(h, A) defined in (1.10). Then the
sum on the right-hand side of (5.43) is approximated as follows:

l

Gad) S (AxoES xoED) = /

ot a(A) dpg + OChr(h, 280)) 11 (o3 x(1,14m)-

j=1
Proof. — By Proposition 3.9, the operator Al is compactly supported and lies in poomp,
modulo an (h*)2_, 12 remainder, where
it .
pj = JTOpe, with jto/te <1+ 0(1)

e

with t. and p. defined in (5.16) and (5.18), respectively. Next, Al is microsupported, in the
sense of Definition 3.1, in the set

Q; = g" {1 #0}) N g’ ({1 # 0}).

If the set K from the Definition (1.9) of 7 (t) is large enough, then @; N S*M C g7* (7 (jito));
by the Definition (1.10) of 7(h, A), we find

(5.45) hr=dtolte 1y (Q 0 S*M) < r(h, 2A0).
By (A4) and Proposition 3.5, we have the following analogue of (5.11):
X0} = €™ % xob (1,€,m; 0)0 (A7) (m, e (m)) + OB ) .

Here and below, we also use the fact that the seminorms of A7 are uniform with respect
to j in the sense stated in Proposition 3.9, in order to control the remainders. More-
over, by part 2 of the same proposition, we see that Al xoEY is O(h>) outside of the set
of points m € Ug such that (m,0,,¢¢(m)) € ¢;. By Lemma 5.5, o(A7) is supported in
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supp(1 — ) Ng'(supp 1) C DE+ N{x < e1}, with D4 from Definition 4.2. Using
part 2 of Lemma 4.4, we then get

(546 (PxaBRxoBl) = [ o) due+ 00 (@) + 00,

uniformly in £ € M and X € [1,1 + h]. Now, we write by (5.45) and Proposition 4.3,

Zhl 21| g ()l .y = fo 205 (Q; N S*M)

Jj=1 j=1
l l
r(h, 2A0) Z p(1=2pe)jto/te — r(h, 2A0) Z e~ 280(1=2pc)jto
j=1 j=1
< Cr(h,2A).

It remains to sum up the integrals in (5.46). We have by Proposition 3.9, bearing in mind that
1=, (1 - @) (1 —p2) =1- 9, A= pAp, and dy(supp(1l — ¢y, ), supp @) > to,

j—1

o(A) = (0(A)og 7)1 - ) [ pog ™.

k=1

By part 1 of Lemma 4.4, we write

l l
S [ o@yduc= [ o)y a-pes) Hcpog’““’dug
j=1
= A)(1- R0 ) dpe.
[ o (1=TTwos™)duc

It remains to note that by Proposition 4.3,

/aM / . |Hwog’“° dpgdé = / IHsoog’“OduL O (T (Ito)))

since the expression under the last integral is supported in & (o). O

5.3. Trace estimates

In this subsection, we prove a stronger remainder bound (1.13) for the case when (AE},, Ep,)
is paired with a test function in £ and obtain an expansion of the trace of spectral projectors
with a fractal remainder—Theorem 4.

Expressing E) ® EY via Schridinger propagators. — Our argument will be based on the de-
composition (5.43). The remainder in this decomposition is already controlled by the escape
rate at twice the Ehrenfest time ¢, defined in (5.16). However, in the previous subsection (see
Proposition 5.11), we were only able to estimate the sum in (5.43) for [ up to the Ehrenfest
index [, ~ t./to defined in (5.29). We therefore need a better way of writing down the La-
grangian states E9, when coupled with a test function in £, and such a way is provided by
(with the cutoffs allowing for representation of the spectral measure in terms of a finite time
integral)
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LEMMA 5.12. — Let f(&) € C*°(0M) and define for X € (1/2,2),

(5.47) % (N) = - FEOXER(X, ) ® (xoEp (A, ) dE.

Here ® denotes the Hilbert tensor product, see (2.10). Assume that X 1, X, € WeomP( M) are
compactly supported and the projections Ws(WFh(ij)) of WFh()?j) onto S*M along the
radial rays in the fibers of T*M lie inside D& N{x < e1}, with DE defined in (4.2) and
ey from (A7). Then

~ ~ To ]
X I3 (\) X35 = (27h)" / e~ NS /C () B,(N) ds + O(h™) 2.2,
—Ty
where Ty > 0 depends on the support of the Schwartz kernels of X ; but not on h, Bs(\) € U°™P (M)
is compactly supported on M, smooth and compactly supported in s € (—Ty,Ty), depending
smoothly on A. Moreover, if £, is the function defined in (G3), then

(5.48) o(Bo(1)]s+ar = f(Epoo)o (X1 X3).
Proof. — We write
X9\ X5 = mf(f)()?mE;?(A,f)) ® (XaxoEp(),€)) d€.

By (A4), xoEJ (), €) is a Lagrangian distribution associated to A times the Lagrangian A¢
from (4.3). By Proposition 3.5, we can write

X;x0EQ(N, €)(m) = % %™b (X, €,ms h) + O(h™)cee,

where ¢, is defined in (G4) and b; is a classical symbol in h smooth in A, £, m and com-
pactly supported in m. The symbol b; depends on the operator X ;; in fact, we can make
suppb; C 7 Hrg(WFL(X ;))), with 7 defined in (4.2). We then write the Schwartz kernel
of )?11'[?@()\)5(:;, modulo an §)(h>°)ce- remainder, as

(549)  Ti(m,m’;\,h) = / e m@lm=octm) £ (£)by (A, €, m; h)ba (X, &m0, h) dE.

oM
Now, the support of each b; in the (m, &) variables lies in the set UL defined in (G4). The
critical points of the phase A\(¢¢ (m) —¢¢ (m')) are given by Oz ¢¢ (m) = ¢ e (m'); using (G6),
we see that h~"/2II(m, m/; \, h) is a Lagrangian distribution associated to the Lagrangian

(5.50) Ay = {(m,v;m/, V') | lv|lg = A, 3s € (—To,To) : g°(m,v) = (m', ')}

Here Ty > 0 is large, but fixed.
Now, take some family Bg(\) € ¥°™P(M) smooth and compactly supported in
s € (=Tp, Tp) and define the operator

(5.51) Mp(N) := (27h)" / e~V /@M (§) B, (M) ds.

—T,
Following the proof of Lemma 3.11, we see that h~"/2 times the Schwartz kernel
Ip(m,m'; A\ h) of Ig(A) is, up to an O(h>)r2_, 1> remainder, a compactly supported
and compactly microlocalized Lagrangian distribution associated to the Lagrangian Aj.
Moreover, the principal symbol of h~"/2IIg(m,m/;\,h) at (m,v,m’,v') such that
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g9°(m,v) = (m/,v’) is a nonvanishing factor times o (B;)(m’, v’). Arguing as in the proof of
part 2 of Proposition 3.3, we see that we can find a family of operators Bs(\) such that

I(m,m'; A\, h) = O (m,m'; \, h) + O(h>)cge -

It remains to check that the family B,(\) can be chosen to depend smoothly on A uni-
formly in A (this is not automatic, as multiplication by e for some function 1) destroys
this property, but does not change the Lagrangians where our kernels are microlocalized for
each \). For that, it is enough to note (by Proposition 3.3) that if we consider h~"/ 211 and
h~"/?I15 as Lagrangian distributions in m, m’, A, they are associated to the Lagrangian

{(m,v,m’, V', X, qx) | lvlg = A, 3s € (=T, To) : ¢°(m,v) = (m/, V), ¢x = —As},

where ¢ is the momentum corresponding to \. For II, this is true as when T(m', &) =
g% (1(m, £)), we have ¢¢(m) — ¢¢(m’) = —\s by (4.4); for I g, this is seen directly from the
parametrization (3.27), keeping in mind the factor e~A?s/(2h) i the definition of II 5.
Finally, to show the Formula (5.48), put A = 1, take an arbitrary Z € ¥°™P_ and compute
the trace
To
(5.52) Tr(X,119(1)X3 Z) = (2nh)" / e~/ Tr(U(s)B,(1)Z) ds + O(h>).
—T,
The left-hand side of (5.52) can be computed as at the end of Section 5.1, using the limiting
measure pg; by Proposition 4.3, it is equal to the integral of f (£400)0(X3ZX1) over the
Liouville measure on S*M, plus an ©(h) remainder. The right-hand side of (5.52) can be
computed by the trace Formula (3.32), and is equal to the integral of By(1)Z over the
Liouville measure on S*M, plus an f(h) remainder. Therefore,

| o@D rr s dus = [ o(2)oBo0) dur
S*M

S*M
for any Z; (5.48) follows. O

Proofof (1.13). — By (5.43), it is enough to approximate the sum in this formula up to twice
the Ehrenfest time:

PROPOSITION 5.13. — Fix f € C*®°(0M) and A € W°°™P (M) is microlocalized inside the
set &, defined in (5.17). Put | = 2., where l.. is defined in (5.29), and consider the following
function

1
(5.53) S50 = 3 [ SOEx0BRN . xo RN ) de.
o om

If €4 oo (m, V) is the limit of g*(m,v) ast — +oo, for (m,v) € S*M \ T'_ (see (G3)), then
Jor X e [1,1+h],

(5.54 S50 = [ €l () dus + O (h Ao)).
S*M
Here r(h, A) is defined in (1.10). Moreover, for each k
(5.55) sup |05SF(N)| < Crh~FPe,
AE[1,1+h]

where p. is defined in (5.18).
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Proof. — First of all, take a compactly supported operator X € UeomP gych that
WF(X) N S*M lies inside the set D64 N {z < e1} and for X defined in (5.35),

U (t0) (1 — @)1, Xo(1 — X) = O(h™) 2 L2,
@1U (to)(1 — ¢2) 1o Xo(1 — X) = O(h*) 2 2.
Such an operator exists by Lemma 5.5 (it can be easily seen that in part 1 of this lemma,

(m, v) actually lies in the interior of D&.). Then by (5.36), the Definition (5.43) of A7, and
Lemma 5.12,

l
S =3 /a O XoRxEROLO). Rxa RN O) e+ O1)

l
= Tr(AT X XIG(N)X*) + O(h*)

j=1
l To .

= (2nh)" ) / e~/ (1) Ty( A1 XU (s) By (N)) ds + O(h™)
j=1""To

for some fixed Tp > 0 and some family B,(\) € U™P smooth in s and A and compactly
supported in s; we can make B, microlocalized inside the set &., defined in (5.17). We will
henceforth ignore the O(h>) term.

Now, take 1 < j < land put j = j; + ja, where 0 < j1, 752 < le, j2 > 1,and |j; — jo| < 1.
Using the cyclicity of the trace, we find

Tr(A7 XoU(s)Bs(\) = Tr(U(s)Bi B} ,(\)),
B := (U(=to)p1)" A(¢U (to))™,
B] ,(\) = (¢U(10))* (1 = 91, XoU (8) Bs (N, (1 — 02) (U (—t0)01)72U ().

Put p; = (jto/te)pe; since j1, j2 < j/2+1, by Proposition 3.9 the operator BY is a compactly
supported element of W7*%” (modulo an ©(h®)r>_.z> remainder which we will ignore).
Same can be said about the operator
B3 s(A) = (U (t0))”* - (1=9) 1, XoU (8) Bs (A) o1, (1= 4p2) U (=5)-(U(—t0)-U(s) 1 U (—5))”*
(The operator U(s)p1U(—s) is not pseudodifferential because ¢, is not compactly microlo-
calized, but this can be easily fixed by taking X, € weomp equal to the identity on a suffi-
ciently large compact set and replacing U(s)p1U(—s) by U(s)¢1 XoU (—s) in By s(A), with
an O(h>) error.) Therefore, B Bg’s (A) also lies in W *.”; moreover, it depends smoothly on s
and )\, uniformly in this operator class. (In principle, we get powers of [ ~ log(1/h) when dif-
ferentiating in s, due to the (U(—to) - U(s)¢1U(s))’2 term, but they can be absorbed into the
powers of h in the expansion (3.32).)
We now use the trace formula of Lemma 3.12, writing
l T,

(5.56) SN = @rh)n Y [ e N/ TH(U(s)BI B, () ds.

j=1"~To
The operator B27S()\)j is microsupported, in the sense of Definition 3.1, inside the set
g2t ({py # 1)) Ng~U2=Dto({p; # 0}); by Lemma 5.5, this set lies inside g=72%(D&,)
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and in particular does not intersect any closed geodesics, therefore (3.31) holds. The es-
timate (5.55) now follows immediately from (3.32). The power h~* < arises because we
integrate over the energy surface {|v|, = A} depending on X; therefore, %S;(A) will in-
volve kth derivatives of the full symbol of BIBj +(A) in the direction transversal to the
energy surface, which are bounded by A~*#s. The sum (5.56) has I ~ log(1/h) terms; how-
ever, our estimate is not multiplied by log(1/h) because one can see that the sum of Liouville
measures of the sets where these terms are microsupported is bounded.

As for the approximation (5.54), we write (note that we take s = 0in By ;)
Jji—1

o(B) = (0(A) o g~ H pog*h,

J2—1

(B3 0(A)) = (1= p)a(Bo() o g”* H pog"

Since the Liouville measure is invariant under the geodesic flow, the contribution of the
principal term of (3.32) to Sy(A) for A =11is

l Jj—1
/ A3 (1= 9)a(BoW) o g™ [ w0 6" dpir.
M Jj=1 k=1

Now, by (5.48), 0(Bg(1)) = f(£+00) On the support of the integrated expression; recombin-
ing the terms as in the proof of Proposition 5.11, we get the right-hand side of (5.54), with
an pr (9 (ltp)) remainder. The subprincipal terms (and also the difference S;(A) — Sf(1)
for A € [1,1 4+ h]) are estimated using the bound on the Liouville measure of the set where
BIB} s 1s microsupported; arguing as in the proof of Proposition 5.11, we see that they are
bounded by a constant times 7(h, Ag). O

Expansion of the trace of spectral projectors in powers of h. — We now use the results obtained
so far to derive an asymptotic expansion for the trace of the product of the spectral projector
Ijp,»2)(P(h)) with a compactly supported pseudodifferential operator, with the remainder
depending on the classical escape rate for up to twice the Ehrenfest time. Here we denote

(5.57) P(h) := h2(A — cp),

with the constant ¢y from (A1). It will also be more convenient for us to use the spectral
parameter s = A? in the following corollary and theorem (not to be confused with the time
variable s used in Lemma 5.12).

We start with the following consequence of the decomposition (5.43), the bound (5.54),
and the spectral Formula (4.5):

COROLLARY 5.14. — Take Ay > Apmax, With Apax definedin (1.11), and let I (t) be defined
in (1.9). Fore > 0, let p € C§°((1 — &,1 + €)) equal to 1 near [1 — €/2,1 + €/2] and
Jor s € R, define ps := -1 (_o 5. If € > 0 is small enough, then for each compactly supported
A € UO(M), there exist some functions Sy(s), Qn(s) and some constants C > 0, Cy, > 0 such
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that forall s € Rand all k € N
T (Apy(P(R))) = Si(s) + Qn(s), 1058 (s)] < Cuh=m 17412,

Qn(s +u) — Quls)| < cwm(g(“ff')) L O(h%) foru € [0, h].

(5.58)

Proof. — By (4.5),

Vite
Tr (Apa(P(R))) = (2mh) "~ / A" fir(M /R (A%) / (ABL (A €), En(, ) dgdA.
Vi—e oM

By Proposition 5.1, we may assume that A € ¥™P_ Now, note that the decomposition (5.43)
(with I = 2l,) is still valid in any @(h) sized interval inside (v/1 — &,4/1 + €), if & is small
enough. More precisely, if we write

1+e
Su(s) = @eh) " [ X O B)e 0)$10) d,
1—e
where S () is defined by (5.53) with f(£) = 1, then we have the expansion (5.58) with Q,(s)

satisfying the required bound. To estimate the derivatives of .S (s), it now suffices to use the
bound (5.55), noting that it is valid for |A\2 — 1| < ¢ if ¢ is small enough. O

Using the last corollary, we can show the following trace decomposition with a fractal
remainder, the proof of which is based on a Tauberian argument:

THEOREM 4. — Let P(h) be defined in (5.57), let a € S°(M) be compactly supported and
A = Opy(a) € YO (M) a compactly supported quantization. Then there exist some smooth
differential operators L; of order 25 on T* M, depending on the quantization procedure Opy,
with Ly = 1, such that for any compact interval I C (0,00), all s € I, all h > 0 small, and
all N € N

N
Tr(Alp.q(P(R)) = (2mh) "1 30 / Liadu, +h"0(ur (T (A5 log hl)) + k™)

j=0 2
[v]2<s

where the remainder is uniform in s. Here ., is the standard volume form on T* M, we have
o = Wt /(n + 1)1, where wg is the symplectic form.

Proof. — By rescaling h, it suffices to prove the result for |s — 1| < e/2 where € > 0
is obtained in Corollary 5.14, we can thus assume |s — 1| < ¢/2. Let ¢, be defined as in
Corollary 5.14, and ¢ € C§°((—1+¢/2,1 —¢/2)) such that ¥ + ¢ =1 on [0,1+¢/2].
For s € (1 —¢/2,1+¢/2), one has 1jy 4(P(h)) = ¢s(P(h)) +¢(P(h)) and it suffices to
study the expansion in h of o4 ,(s) and Tr(Aw(P(h))) where

(5.59) aan(s) = Tr (Aps(P(h))) = Tr (Aps(P(h))x),
if x € C§°(M) is such that A = x Ax. Since A is compactly supported, one can use the func-
tional calculus of Helffer-Sjostrand [8, Chapters 8-9] to deduce that Ay(P(h))x € We™P(M)
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is a compactly supported and microsupported pseudodifferential operator®. Its trace has a
complete expansion in powers of h (see [8, Th 9.6]):

N
(5.60) Tr(Ay(P(h))x) = (2wh) ™1y " H / Lladp, + O(h~ ")
=0 T*M

where L7 are some differential operators of order 2j and Lga(m,v) = a(m, u)w(|y|§).

Let us now analyze the function o 4 p. This is a smooth function of s > 0 by the smooth-
ness assumption on the Ej (A, &) in A, it is constant in s for |1 — s| > &, and we know
that 04 5,(s) = O(h~"~!) uniformly in s by Lemma 3.11. Let §(s) € .(R) be a Schwartz
function such that § € C5°(—n,n) for some small 7 >0 and 6(t) =1 near t =0, and
let 0, (s) = h=10(s/h). We write

04 n(s) = 0s04,n(s) = Tr(Ap(P(h))dIL,(P(h))x) € C5°((0,00)),

where dII;(P(h)) is the spectral measure of P(h). The operator Ap(P(h))dII;(P(h))x has
a smooth compactly supported kernel and is trace class. We clearly have o, ,, x 0, € /(R)
and by a simple computation, its semi-classical Fourier transform is given by

/ e 5 0"y x On(s)ds = Tr(Ap(P(h))e " n PM)d(t)
R
and thus

Oy *On(s) = / tTr(Ap(P(h))e #PM)4(t)dt.

Now we can apply Lemma 3.12 with B, = Jei®"*/2§(—s/2) Ap(P(h)); the condition (3.31)
is satisfied because 6 is supported in a small nelghborhood of zero. This shows that, ash — 0,
we have the expansion (locally uniformly in s)

0y *0n(s) = (2mh)™"~ 1(2}#/ m,/sv)dur(m, 1/)+Q(hN+1))

for all N € N, where b is a symbol such that Op,(b) = 3Ap(P(h)) + O(h>), L, are
differential operators of order 25 on T*M, smooth in +/s, with Lo=s"7.In partic-
ular, one has Lob(m,/sv) = %s”é;la(m, Vsv)e(s|v]2) + O(h). Notice that b is sup-
ported in {(m,v) € T*M | |v|2 € suppp} thus Ejb(m, V/sv) is smooth in s € R when
(m,v) € S*M. Since o4 5(s) is bounded in s, the convolution o 4, * 65, (s) is well defined
(as an element in L*°(R)) and we have for all N and for all s < 2

0% On(s) = (2mh)~ Zhﬂ / [ Tom, s (m, -+ OB ).

We are going to show that, unlformly ins€R,
(5.61) Tan(s) = oan*On(s) = O(h®) + O(h"ur(7 (Ag " loghl))),

using the decomposition

oan(s) = Sh(s) + Qn(s)

) An alternative method in the Euclidean near infinity setting is the functional calculus of Helffer-Robert [26].

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



422 S. DYATLOV AND C. GUILLARMOU

defined in (5.58). Since 9551 (s) is a compactly supported symbol we get by integrating by
parts N times

1=00) [ 510008 = a=die) [ et (Z)N%V“(Sh(s))ds - @<<1ZN|1|>N>

for all ¢t€R and all N > 1. Thus, taking the Fourier transform we deduce that
Sh(8) — S * 0r(s) = O(h>°) uniformly in s. From (5.58), we obtain by induction that
for all s,u

u _
@5+ )= @u(e)l < on (14 s a5 oghiy + 00
Then, multiplying by 6;,(—u) and integrating in u, we obtain (5.61).
Given (5.61), we have

N s
_ —n—1 j T. iy v
(5.62) oan(s) = (2mh) jEZO hﬂ/o /*ML]b(m, Vuv)dpr(m,v)du

+ O(h™"pL (I (Ag [loghl))) + O(h™"*Y).

Since the symbol of b is explicitly obtained from a using Moyal product, we can rewrite
this expression with a instead of b and with some new differential operators with the same
properties as Zj but supported in {|v|2 € supp ¢}; using polar coordinates 5* M x R%
on T* M, we deduce that there exist some differential operators L;. of order 25 on T*M such
that )
/ / L;b(m, vuv)dur, (m,v)du = / Lia(m,v)dp,(m,v)
0 Js*Mm Iv|2<s

and Lya(m,v) = ¢(|v|2)a(m,v). Combining this with (5.62) and (5.60), we obtain the
desired result where L; in the statement of the Theorem corresponds now to L} + LY. [

6. Euclidean near infinity manifolds

In this section, we assume that (M, g) is a complete Riemannian manifold such that there
exists a compact set Ko C M such that for & := M \ K,

(6, g) is isometric to (R™ ™!\ B(0, R), geuc1)

where R > 0, B(0, R) is the Euclidean ball of center 0 and radius R and gey is the Euclidean
metric. We will check that all the assumptions of Section 4 are satisfied.

6.1. Geometric assumptions

We let z € C°°(M) be an everywhere positive function equal to z(m) = |m|~! in & iden-
tified with R"*! \ B(0, R), and such that z > R~! in K,. (We take it instead of the func-
tion (1 4 |m|?)~/2 used in Section 4 for the model case of R**!, to simplify the calcula-
tions and since we no longer need smoothness at zero.) We shall use the polar coordinates
m = w/z in &, where w € S™. Assumption (G1) is satisfied by taking the radial compactifica-
tion of M, i.e., adding the sphere at infinity: the map ¢ : R"*1\ B(0, R) — (0,1/R) x S™ de-
fined by ¢ (m) = (z(m), z(m)m) is a diffetomorphism and the radial compactification of M
is obtained by setting M = M LI OM where OM := S™, the smooth structure on M is the
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same as before on M but we extend it to M by asking that v extends smoothly to the bound-
ary OM and ¥ (€) = (0,€) if ¢ € OM = S™ (see for instance [35] for more details). In other
words, smooth functions on M are smooth functions on M with an asymptotic expansion
in integer powers of 1/|m/| to any order near infinity.

Assumption (G2) is clearly satisfied for g := 1/2R since the trajectories of the geodesic
flow in z < g are simply g*(m,v) = (m + tv,v). A point (m,v) € S*M is directly escaping
in the forward direction in the sense of Definition 4.2 if and only if z(m) < eg and m-v > 0.
Now, (G3) is satisfied with £, o (m,v) = v for (m,v) € D&,

For the Assumption (G4), we define

Uso = {z < &0} x OM C M x OM,
pe(m) =m-§, (m,§) € U.
Thent : Uy — S*M from (4.2) maps each (m, ) € (R™ \ B(0,2R)) x S™ toitself as an ele-
ment of S*(R™ \ B(0,2R)). Assumptions (G4) and (G5) follow immediately. To see Assump-

tion (G6), we note that for z(m), z(m’) < eg and some § € S™, we have 9¢ p¢ (m) = Ocpe(m”)
if and only if m — m’ is a multiple of &.

6.2. Distorted plane waves and analytic assumptions

We recall a few well-known facts about scattering theory on perturbations of R™, we refer
to [35] for a geometric approach and to [37, 23] in a more general setting (asymptotically
Euclidean case). A plane wave for the flat Laplacian on R®*! is the function, for A € (1/2,2),

(6.1) u\, &m) ==ce ™ ™E, £eS", meR™, ceC.

This is a semiclassical Lagrangian distribution, its oscillating phase has level sets given by
planes orthogonal to £. The continuous spectrum of the Laplacian A associated to the
metric g is the half-line [0, 00). We will take the resolvent of h2A to be the L?-bounded
operator

(6.2) RiL(\) :== (KA — X*)"!inIm()\) < 0.

This admits a continuous extension to {\ # 0,Im()\) < 0} as a bounded operator from
LZymp to LY. For A > 0 we call Ry,()) the incoming resolvent and Ry (—\) the outgoing
resolvent. For A > 0, h > 0, and m € M fixed, the Schwartz kernel Ry (\; m,m’) of the in-
coming resolvent Ry (A) has an asymptotic expansion along the lines m’ € m(, + R¢ directed

by £ € S™ given by

Ra(Xm, £/a') ~ormo (@) Fe 5 f(A &m) + O((a)) 3+1)
for some smooth function f and the remainder is uniform for m in compact sets (see for
example [37, 23]). Using this expansion, we define the distorted plane wave by

2wh\ 7

W)
with £ € 8™ and £/z’ € &. This is a smooth function of (m,£) € M x S™, and in the
case of M =R"*! it is given by (6.1) with ¢ =1 (see [35, Chapter 1]). We shall use
the notation Ej()\€) for the C°(M) function defined by m — E,(\,&;m) and we
notice that (h2A — M2)E,(\,€) =0 in M. One has E,()\ &m) = Ep(—\, & m) since
Ry (A\)* = Ryp(—A) for X € R, and the decomposition of the spectral measure in terms of

lim [(2)~"/2ens” Ry (A\;m, €/2")),

z’—0

(6.3) En(\ &m) = 2z’>\h<
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these functions is given as follows: by Stone’s formula, the semiclassical spectral measure is
given by
A

(Rr(A) — Rp(—=A))dX  for A € (0,00)

(6.4) i, () = 2
™
in the sense that F(h%2A) = fooo F()\?)dII,(A) for any bounded function F'; by combining

this with the Green’s type formula of [23, Lemma 5.2], we deduce that

dHh(Av m, ml) = An(Qﬂ-h)_n_l Eh()‘a 55 m)Eh()‘a 65 m/) dfd)\
Sn

Here d¢ corresponds to the standard volume form on the sphere S™. The Assumptions (A1)
and (A2) are then satisfied. In fact, using [23], one can define distorted plane waves and verify
Assumptions (A1) and (A2) for the more general case of scattering manifolds.

Outgoing/incoming decomposition. — We now construct the decomposition (4.6) of Ej, into
the outgoing and incoming parts and verify Assumptions (A3)—(A8). Take xo € C>(M)
(thus constant in &) supported in {z < €y} and equal to 1 near {z < £¢/2}, so that Assump-
tions (A3) and (A7) hold, where we put €1 := £¢/2. We next put

ER(\&m) =™, w(m) < e,
so that (A4) holds with 4 = 1 and (A8) follows. We then claim that
(6.5) En = xoEp + Ep,
where
Ep i= —Ry(N)Fp, Fa(A\€) = (WA = X)(xoER (), €)) = [B2A, x0] ER (A, €).

We can apply Ry, () to Fp (A, €) as the latter lies in C§°(M); in fact, supp Fj, C {e0/2 < < &0}
To show (6.5), note that the incoming resolvent Ry () satisfies

(6.6) Rh(W)x1 = xoRY(M\)xa — Ru(V)[R2A, xo] RS (V) x1

if x1 € C>°(M) is such that xo =1 on supp(x1) and R2()) is the incoming scattering
resolvent of the free semiclassical Laplacian h?A on R"™*! (we use again the isometry
& ~R"\ B(0, R)). To obtain Ej(A, &) from (6.6), we shall use Definition (6.3); consider
the Schwartz kernels of the operators in (6.6) and multiply them by (z’ )_%eh%’ in the right
variable; since x; = 1 near infinity, one has by the remark following (6.3)
27h i
"5)E lim ()72 B (X m, €/2")xa (§/).
(2 z/—
Now the Schwartz kernel x(m”, m’) of [h?A, xo] R} (\)x1 is smooth in M x M by ellipticity
and compactly supported in the first variable, moreover Ry, (m,m”) isin L{,, in the m” vari-
able for m € M fixed, thus we get by dominated convergence for fixed m, &

EQ(X, & m) = 2i\h(

lim (m'_%e%/ Rh(m,m”)n(m”,§/x')dvolM(m”)) =
x’—0 M

/ Rp(m,m") [th, XO]E,?()\, & m’)dvolp (m”)
M

and by combining this with (6.6), this proves (6.5).
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Microlocalization of E}. — It remains to verify Assumptions (A5) and (A6). By rescaling h
and using that Ej, (), ) depends only on A/h, we may assume that A = 1. Fix £ and take
X2 € C*°(M) equal to 1 near {z < &¢}, but supported inside &. Then

6.7)  x2Ep =R)(NFY, Fy:=(h*A—X)(x2E}) = —Fn + [R°A, x2] E},.
The function F} is supported inside {z > €¢/2} and
1FR g2 < Ch(L+ | BnllL2(fo220h)-

The free resolvent Rf)()) is bounded H, [ . — L. with norm O(h~') by [4, Proposi-

tion 2.1]; therefore, for each compact set K C M, there exists a constant Cx such that
IELl L2 () < Cr (1 + | EnllL2(foe0}))-

This shows (AS5), namely that the function

EBj,

El .=
"1+ | Bnllre(ozeo))

is h-tempered. To prove (A6), we use semiclassical elliptic estimate and propagation of
singularities (see for example [54, Section 4.1]). We have

~ ~ ~ F,
h?A = \)E} = —F),, F), == )
( B L+ |Enllz2 (fz>e0})

Now, Fy, is a Lagrangian distribution associated to {(m, §) | m € supp(dxo)}; therefore,
WFh(ﬁh) - WFh(Fh) C Wg,

with We C §*M defined in (4.9).

Take (m,v) € WFh(E,ﬁ) By the elliptic estimate, (m, v) € S* M. Next, if y(t) = g*(m,v),
then by propagation of singularities, either ~(t) € WF,(Fj,) C We for some t >0 or
~(¢t) € WFh(E,i) for all ¢ > 0. Now, the free resolvent RY()) is semiclassically incom-
ing in the following sense: if f is a compactly supported h-tempered family of distributions,
then for each (m/, ') € WF,(RY () f), there exists ¢ > 0 such that g*(m/, ") € supp f. This
can be seen for example from the explicit formulas for R ()), see [35]. By (6.7) and since
supp(F?) C {x > £0/2}, we see that for (m/, ') € WF,(E}), we cannot have z(m') < £o/2
and m' - v/ > 0. Therefore, if y(t) ¢ W¢ for all ¢ > 0, then ~y(¢) is trapped as t — +oo; this
proves (A6).

7. Hyperbolic near infinity manifolds

In this section, we verify the assumptions of Section 4 for certain asymptotically hyper-
bolic manifolds. Let (M, g) be an (n 4+ 1)-dimensional asymptotically hyperbolic manifold
as defined in the introduction. It has a compactification M = M U OM and the metric can
be written in the product form (1.3):

dz? + h(z)

9=
where z is a boundary defining function and h(z) a smooth family of metrics on 9M defined
near z = 0. The function x putting the metric in the form (1.3) is not unique, and those
functions (thus satisfying |dlog(z)|, = 1 near 9M) are called geodesic boundary defining
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Sfunctions. The set of such functions parametrizes the conformal class of h(0), as shown
in [17, Lemma 5.2]. The metric is called even if h(x) is an even function of z, this condition
is independent of the choice of geodesic boundary defining function. A choice of geodesic
boundary defining function induces a metric on M by taking hg = h(0) = z2g| 577, and
therefore one has a Riemannian volume form, denoted d¢, on M induced by the choice of x.
Any other choice & = e“zx of boundary defining function induces a volume form

(7.1) dé = e™0d¢  where wy = w7

We will further assume that M has constant sectional curvature —1 outside of some compact
set, even though some of the assumptions of Section 4 hold for general asymptotically hyper-
bolic manifolds with no simplification provided by the additional assumption on curvature—
we will give the proofs in higher generality where appropriate.

7.1. Geometric assumptions

Let (M, g) be an asymptotically hyperbolic manifold. The Assumption (G1) is satisfied.
We are now going to prove a Lemma which implies directly that the Assumptions (G2)
and (G3) are satisfied, except that this only proves continuous dependence of £, , in (m, v)
in (G3). To prove C* dependence in a general setting, a bit more analysis would be required,
but we shall later concentrate only on cases with constant curvature near infinity, in which
case the dependence is smooth (see below).

LEMMA 7.1. — Let (M, g) an asymptotically hyperbolic manifold. Then there exists g > 0
such that the function x satisfies (4.1) and for any unit speed geodesic v(t) = (m(t), v(t)) with
x(m(0)) < g and Oyz(m(t))|t=0 < 0, one has the following: 0yx(m(t)) < 0 for allt > 0 and
m(t) converges in the topology of M to some point &, o, € OM. More precisely, the distance
with respect to the compactified metric g = x%g between m(t) and &, o is bounded by

dg(m(t),€400) < Ct71
Proof. — Consider coordinates (m,v) = (z,y; pdz + 6 - dy) on T* M near the boundary

OM = {z = 0}. The geodesic flow is the Hamiltonian flow of p/2, where we have p(m, v) =
z2(p? + |t9|,2lm ); if dots denote time derivatives with respect to the geodesic flow, we get

(7.2) & =p2?, p=—2"'p(m,v)— x23zh($7y)(9, 0)/2.
Since 9z h () is smooth up to x = 0, there exists a constant C' such that

12205 b,y (0,0)/2] < CxPhyy ) (0,0) < Cp(m,v).
Therefore, there exists g > 0 such that along any unit speed geodesic, we have
(7.3) r<egg=p=—z ' +001)<-z"'/2<0.

This in particular implies (4.1).

Now, let v(t) = (x(t), y(t); p(t), 8(t)) be a unit speed geodesic and assume that z(0) < gq
and z(0) < 0. It follows from (4.1) that for ¢ > 0, we have ©(¢) < 0 and thus z(t) < &o.
(Indeed, for each s > 0 the minimal value of z(¢) on the interval [0, s] has to be achieved
at t = s.) It remains to show that as t — 400, z(t) converges to 0 and y(¢) converges to
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some &4, € OM. For that, note that by (7.3), p(¢t) < —50_1/2 for ¢t > 0; since £(0) < 0, we
have p(0) < 0 and thus

€
plt) < — s,

2
Setting u(t) := z(t)~!, we find u(t) = —p(t) > (5 /2)t; therefore,

In particular, z(t) — 0 as t — +o0. Now the equation for g(s) tells us that

Gi(t) =2 Y h{i 20 = O(z(t) = O(t2)

k=1
and therefore |y(t) — y(t')| < C/t' for any ¢t > ¢ > 0, which implies lim;_,, m(t) = & for
some £o, € OM and [m(t) — x| = O(1/1). O

The geometric Assumption (G4) is a more complicated one, and we will restrict ourselves
to asymptotically hyperbolic manifolds with constant curvature —1 in a neighborhood
of M and z a geodesic boundary defining function. Let & € M, then there exist a neigh-
borhood V¢ of ¢ in M, and an isometric diffeomorphism v, from V¢ N M into the following
neighborhood V,, of the north pole go in the unit ball B := {m € R"*1; |m| < 1} equipped
with the hyperbolic metric gg

dg?
(7.4) Voo ={e¢€B|lg—ql|l <1/4}, go=41— >33
(1—1q?)
where ¢ (€) = go and |- | denotes the Euclidean length. This statement is proved for instance
in [22, Lemma 3.1]. We shall choose the boundary defining function on the ball B to be

1—lq|
1+ |q]
and the induced metric z2go|s» on S* = OB is the canonical one with curvature +1. The
function z, can be viewed locally as a boundary defining function (through the chart ;)
near a point £ € M but in general there does not exist a global geodesic boundary defining
function z on M so that z = 7 z¢ in a whole family of charts V¢ covering a neighborhood
of OM . We define for each p € S™ the Busemann function on B
1— lal2

p(q) = log (|q _lf):2>-
The geodesic trajectory g*(gq, dqﬁ%(q)) generated by the differential d¢;‘§ converges (in the
Euclidean ball topology) to p and the Lagrangian manifold

Ay = {(g,d¢y(q)) € S'H"*' | g € B}

(1.5) 2o = 2

is the stable manifold of the geodesic flow associated to p on B. The level sets of d)% are
horospheres based at p. We cover a neighborhood of M by finitely many Ve, for some
§; € OM and take a partition of unity x; € C°°(9M) on 9M with x; supportedin V¢, N M.
Then there exists € > 0 such that for all j and all £ € supp x;, the set

(7.6) Ueg :={m e M |dg(m,§) < e}
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lies inside V¢, where g = x2g is the compactified metric. Put
Uso :={(m,&) € M x OM | m € U¢}.
Define the function

(1.7) De(m) =3 x5()dy, (o) (e, (M), (m,€) € Uso.

Since v, are isometries, each function ¢£(m) = 35]» () (W¢; (m)) is such that d¢§ (m) is
the unit covector which generates the unique geodesic in M starting at m, staying in U
for positive times, and converging to £ (therefore, the difference of any two functions ¢>g for
different j is a function of ¢ only). Therefore O, de(m) = >, Xj(f)am(bg(m) is also equal
to this unit covector; (G4) and (G5) follow. The dependence of all objects in m, £ is smooth
here. Finally, (G6) can be reduced via v, to the following statement that can be verified by
a direct computation: if p € S" and ¢, ¢’ € B, then 8,6 (q) = 0,9 (¢') if and only if g and ¢/
lie on a geodesic converging to p, and the matrix agquf(q) has rank n.

7.2. Eisenstein functions and analytic assumptions

Let (M, g) be asymptotically hyperbolic. The Laplacian A on (M, g) has absolutely
continuous spectrum on [n?/4,00) and a possibly non-empty finite set of eigenvalues
in (0,n2/4). By [34, 19], if g is an even metric®, the resolvent of the Laplacian

R(s) := (A —s(n—s))”' defined in the half plane Re(s) > n/2

admits a meromorphic continuation to the whole complex plane C, with poles of finite rank
(i.e., the Laurent expansion at each pole consists of finite rank operators), as a family of
bounded operators

R(s): NL* (M) — 2=V L*(M), if Re(s)—n/2+ N >0,

moreover it has no poles on the line Re(s) = 4 except possibly s = 7, as shown by Mazzeo [33].
The continuous spectrum for the spectral parameter s corresponds to Re(s) = n/2 and we
write s = § 4+ iA/h with A > 0 bounded and h > 0 small for the high-frequency regime.
Let us fix a geodesic boundary defining function = on M. By [34], the resolvent integral
kernel R(s;m,m’) near the boundary M has an asymptotic expansion given as follows:
for any m € M fixed

m' — R(s;m,m')z(m’)~° € C™(M)

and similarly for m’ € M fixed and m — @M. Since we are interested in high frequency
asymptotics, we will consider the semiclassical rescaled versions

(7.8) Rp(\) := h™2R(n/2 + i\/h).

Note that the physical region Res > n/2, in which the resolvent is bounded on L2,
corresponds to Im A < 0, which agrees with our convention for Euclidean case, see (6.2).

(® There is a simpler proof by Guillopé-Zworski [22] when the curvature is constant outside a compact set.
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DEFINITION 7.2. — Let 1/2 < |A\| < 2 and h > 0, then Eisenstein functions are the
Sfunctions in C= (M x OM) defined for any fixed ¢ € OM by the following limit of the resolvent
kernel at infinity

2iA\h
E,L(\ & = —— i

2 (5 +iz)
[(iz)

o(m') "2 Ry (A m,m),
(7.9)
C(z) :=27"%(2n)"

The normalisation constant in (7.9) is like the constant in (6.3) so that in B, Ej () is a
horospherical wave as described below in (7.12). For any & € M, we will denote by Ej, (), €)
the function m — Ej, (), &; m), and we observe that they solve (1.4):

(R2(A —n?/4) — M) ER(\, €) = 0.

One also has En(\,§;m) = Ep(—X,&;m) as an easy consequence of R, (\)* = Rp(—\)
for A € R. From its definition, E}, (A, £) depends on the choice of the boundary defining
function z, but considering such a change we easily see from (7.1) that the density on OM

(7.10) (AER(N, &), En(N €)) 2y d§ for A € WP (M)

is independent of x.
Let us recall the decomposition of the spectral measure in terms of these functions. By
Stone’s formula, the semiclassical spectral measure is given by

dIl, (\) = %(Rh(x) — Rp(=N)dx for A € (0,00)

in the sense that F(h?(A — n?/4)) IS F(A?)dII,(A) for any bounded function F
supported in (0, c0). Now we can write (see [19]) for any m, m’

2
a1 dasmm) = SO g 6 em) B, €y dn,

2mh oM
where (27h)"|C(\/h)|? — A™ as h — 0 uniformly in A € [1/2,2]. The Assumptions (Al)
and (A2) are then satisfied in the general asymptotically hyperbolic case (without asking the
constant curvature near infinity).

Outgoing/incoming decomposition. — To check Assumptions (A3)—(AS8), we give a repre-
sentation of the Eisenstein functions as sums of the ‘outgoing’ part EY and the ‘incoming’
part E}. We assume constant curvature near infinity in what follows. The expression
for EZ(X) on hyperbolic space H"*! viewed as a unit ball B, defined using the boundary
defining function xq of (7.5), is given by [20, Section 2.2]

1 — |g|2\n/2+ix/h .
(7.12) E;(\p;q) = (|q _lplz) ,peS", ¢ €B.

We thus set EY (), &;m) to be
(7.13) EO(\, £;m) i= e(n/2HAWpe(m),

where ¢ is the Busemann function defined in (7.7). Viewing the neighborhood Ug as a subset
of one of the V¢, Ny, Vg, Where V, C B is defined in (7.4), the Laplacian in this hyperbolic
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chart pulls back to Agn+1. Since ¢¢(m) = ngIfiE (&)(We; (M) + ¢;(€) for some function ¢; ()
independent of m, we directly have in U (Ug is defined in (7.6))

(R*(A = n?/4) = N*)ER(A;m, §) = 0.

We let xo € C*°(0M x M) be a function such that xo (¢, -) is supported in Ug, equal to 1
near ¢ and smooth in 2. Therefore we obtain

(7.14) Fr(X€) = (R*(A — n?/4) — N)x0ER (M, €) = [W*A, xo] B (X, €)
and we claim that
F(\€) € 234257 (M) and & Fr(X )l L2(ary = O(h)

uniformly in £. Indeed, this is an elementary calculation since from (7.12) we see that
EY(\,€) € 25 +in (M \ {¢}) and in geodesic normal coordinates near the boundary

1
(A, x0] = _372(5§X0)_2$(3z><0)503z+$2[Ah(x),Xo]+"($az><0)—§ Tfh(x)(azh(x))$2(az><0)

is a first order operator with coefficients vanishing in a neighborhood of £. We thus correct
the error by the incoming resolvent Ry (\) by setting

(7.15) En(\€) = xoEL (N &) + EL (), €), with Ei()\€) == —Rp(\)Fa(),€)

and this makes sense since for A € R, R, ()\) : 2*L?(M) — z=*L?(M) for any a > 0 and
Fy, € zL?(M). We claim that

PROPOSITION 7.3. — The function Ep (X, ) of (7.15) is the Eisenstein function defined in
(7.9) for a certain boundary defining function .

Proof. — Let RIE(A) be the resolvent of the hyperbolic space (that is, the incoming right
inverse to h%(Agn+1 — n?/4) — A?) in the ball model and let x; € C*°(0M x M) be such
that x1 (¢, -) is supported in Ug and x1x0 = x1. Through the pull-back by ¢, (for each j),
the operator R} (\) induces an operator R} (A) on Ve,:if Ug C Vg, , then we have the resolvent
identity

(7.16) Ri(M)x1 = xoR.(A)x1 — Ru(A\)[R2A, xRS (\)xa

for A € R, the composition makes sense as a map z*L? — £~ *L? for any o > 0. Let =

be a boundary defining function, so in V¢, one has 1/1’5"],3:0 = ze“s for some function
w; € C*(0M N Vg,). Then multiplying (7.16) by 2="/2="*/" on the right, and taking
the restriction of the Schwartz kernels on M x OM, we have

En(\,€) = x0BR (A, €) = RN WA, xol ER (A, €)
with E9(\;m, £) = 02(’/\7’\/};1) lim,y, e (z(m') =% % R) (\;m, m')) a smoof[h function of m € Ug
and C(\/h) the constant in (7.9). Note that the Schwartz kernels of Rj and R} are the same
on the intersection of their domains, therefore EY does not depend on the choice of j.
Now, since EF(A;m,€) in (7.12) is the Eisenstein function on B for the defining func-
tion zo, we deduce that in Ug C Vg, one has Ej) (X, &m) = E) (A, & m)e(5+in) (@ (€)=c;(©),
Here ¢;(§) = ¢¢(m) — ﬁgj (¢)(¥¢, (m)). Since Ep(X;m, &) does not vanish, this shows that
on any intersection M N Vg, N Vg, of the cover of 9M by the open sets Ve, N M, we get

w;(€) — ¢; (&) = wi(€) — cx(€) and therefore this defines a global smooth function § on M.

4¢ SERIE - TOME 47 — 2014 — N° 2



MICROLOCAL LIMITS OF PLANE WAVES AND EISENSTEIN FUNCTIONS 431

oM 3

FIGURE 4. Illustration of (A7) for the half-plane model of H™*: the set of points
on trajectories converging to ¢ € JH" with ¢ < 0 and = < € is the triangle
formed by dashed lines, lying O(e) close to &. For € small enough, this triangle lies
inside the lighter shaded region, denoting the set {xo = 1}.

In its definition, Ej (), €) only depends on the first jet of z at M and thus modifying x to
be ze?, this shows the claim. O

It follows that (A3) and (A4) are satisfied, with 80 = e%%¢("™)_ Assumption (A8) is then
checked by a direct calculation, with the measure d¢ on OM corresponding to the choice of
the function z in Proposition 7.3.

Assumption (A7) can be reduced, using the isometries ¢, , to the following statement: if
(q,v) € S*H™*! is directly escaping in the forward direction and converging to some p € S,
then |g— p| < Czy(q) for some global constant C; the latter statement is verified directly, see
Figure 4.

Microlocalization of E}. — Finally, Assumptions (A5) and (A6) follow, by rescaling h and
using that E}, (A, -) is a function of A/h, from

PROPOSITION 7.4. — Let Ko C M be a compact set containing a neighborhood of the
trapped set. Assume that A = 1 and define

(7.17) EL(\€) =

Ep(\8)
L4+ 1En (X )2 (ko)
Then:
1. E}L()\, &) is h-tempered in the sense of (3.2).
2. The wavefront set WF}, (E,ll) is contained in S* M.

3. If (m,v) € S*M and g*(m,v) escapes to infinity as t — +oo and never passes through
the set

We :={(m, Om¢e(m)) | m € supp(dmxo)}
Jort >0, then (m,v) ¢ WFh(E}L)
Moreover, the corresponding estimates are uniformin A € [1/2,2] and £ € OM.

Proof. — We will use the construction of [54]. (See also [55]; note however that in that
paper L, and L_ switch places compared to the notation of [54] that we are using.) Let M ¢yen
(called X even in [54]) be the space M with the smooth structure at the boundary 0 M
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oM 3

FIGURE 5. Left: physical space picture of geodesics converging to . The darker
shaded region is the support of dxo, and thus of F},. In the lighter shaded region,
xo = 1. Right: phase space picture near ¢ after the conjugation of [54]. L_ is
the sink consisting of radial points, @ is the complex absorbing operator, and the
shaded region corresponds to the wavefront set of F},. The vertical line hitting
L_ is the boundary of Meven, while the horizontal line is the fiber infinity. In
both pictures, we mark two points (m, v) satisfying the assumption of part 3 of
Proposition 7.4 and the forward geodesics starting at these points.

changed so that 22 is the new boundary defining function. As in [54, (3.5)], introduce the
modified Laplacian

Pi(A) =z 2275 (1 4 22) /4B (R2A — s(n — s)) (1 + 22)"/8/42% ) s := n/2 + i)/h.

(The conjugation by (1 4 x2)%/4~"/8 is irrelevant in our case, as s/4 — n/8 = i\/(4h) is
purely imaginary. In [54], it is needed to show estimates far away in the physical plane, that
is for Res > 1.) Note that we change the sign of A in the conjugation (in the notation
of [54], P,(\) = P, with ¢ = —M\/h); therefore, our resolvent will be semiclassically
incoming, instead of semiclassically outgoing, for A > 0. The operator P; is smooth up to
the boundary of M cyen; as in [54, Section 3.5], we embed My e, as an open set in a certain
compact manifold without boundary X, and extend P; to a differential operator in ¥2(X).
We also consider the semiclassical complex absorbing operator Q(\) € P?(X) satisfying
the assumptions of [54, Section 3.5]; in particular, Q()) is supported outside of M yen C X.
Then (P1()\) —iQ(N\))~! : C*°(X) — C°°(X) is a meromorphic family of operators in A,
and for f € C*°(X), we have (see the proof of [54, Theorem 5.1])

2 (14 2®)"/57 /4 (Py(X) = iQ(N) ™ flar = RN (L +2) 57/ 4a%a(f|ar).

Here Ry ()) is the incoming scattering resolvent on M. In principle, depending on the choice
of Q()), the operator (P (\) —iQ(A))~! could have a pole at A\. However, as R(\) does not
have a pole for A € [1/2,2], the terms in the Laurent expansion of (P;(\) — iQ(X))~! have
to be supported outside of M .yen and we can ignore them in the analysis.

Let F), € C°°(X) be any function such that F, = O(h) my forall N, and
F, = (1 + £C2)n/8_s/4$s+2(ﬁh|M).
Such a function exists as *xo EY € C®(Meyen \ €), X0 € C°°(Meyen), and

F = 2451+ 22)"/5 [Py (s), xol (1 + 2%)*/4~"/%2* B}
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is supported away from . Define the function E\'}L € C>*(X) by

s (A —iQ(N) " Fy,
h L4+ |En(N )l 2 (ko)

Then
E}]i _ .’IZS(]. + x2)n/8—s/4E,1L|M.
Consider the map ¢ : T*M — T*X given by

v(m,v) = (m,v —d( Inz(m) — 11n(1 +z(m)?) ) ), me M, veTiM;
4

then for an h-tempered v € C*(X),
WEF (25 (1 + 22)™8=%/%u|pr) = . H(WF (u)).
Then
(7.18) WEL((PL(A) = iQ\)ER) N T*M C u(WFx(Fr)) C o(We).
Now, as || E} || 2(ky) < C and thus | E} || 2(k,) < C + | ExllL2(k,), We have
I} 220y < C-

Consider an operator Qg € V°™P(X) supported in K such that o(Qx) < 0 everywhere
and each unit speed geodesic y(t) either escapes as t — +oo or passes through the region
{o0(QK) < 0} at some positive time. This is possible since K contains a neighborhood of the
trapped set. Then the operator Py (\) — iQ(\) — iQk satisfies the semiclassical nontrapping
assumptions [54, Section 3.5]; therefore, by the nontrapping estimate [54, Theorem 4.8],

1B 2x) < ChY[(PL(A) —iQ(N) — iQx) B |l 12 (x)
< Ch Y Bull e + Ch QK B ro x)-

However, ||Qx E} || is bounded by || E}|| .2 (Ko); therefore, I EXl L2 (x) = O(h~") and in partic-
ular Ei is tempered; it follows that E}L is also tempered. This proves part 1 of the proposition;
part 2 follows by ellipticity (note that WF, (F},) C W C S*M).

Now, assume that (m,v) € S* M satisfies the assumption of part 3 of this proposition.
Then it follows directly from (7.18), the analysis of [54, Section 2.2], and the definition
of ¢, that the Hamiltonian flow line of o(P;) starting at «(m, v) converges to the set L_ of
radial points as ¢ — 400 and does not intersect WF, ((Py(\) — zQ(A))E\}L) fort>0.Ina
fashion similar to the global argument of [54, Section 4.4] (see also a similar semiclassical
outgoing property of [54, Theorem 4.9]), we combine elliptic regularity and propagation of
singularities (see [54, Section 4.1]) with the radial points lemma [54, Proposition 4.5] for L_,
to get o(m, v) & WF,(EL). Therefore, (m,v) & WF,(E}) as required. O

Appendix A

Limiting measures for hyperbolic quotients

In this appendix, we give an explicit description of the limiting measures pg in case
when M is a hyperbolic quotient I'\H"*!, in terms of the group I'. This is a particular case
of asymptotically hyperbolic manifolds discussed in Section 7.
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A.1. Convex co-compact groups

Let B be the unit ball in R"*!, and H**! the (n + 1)-dimensional hyperbolic space, which we
view as B equipped with the constant negative curvature metric ggn+1 := 4|dm/|?/(1 — |m|?)2.
The boundary S™ = 9B is the sphere of radius 1, which is also the conformal boundary
of H™*t1. A convex co-compact group I' of isometries of H"*! is a discrete group of hy-
perbolic transformations (i.e., transformations having 2 disjoint fixed points on B) with
a compact convex core, and I" is not co-compact. The convex core is the smallest convex
subset in T'\H"*!, which can be obtained as follows. The limit set Ar of the group and the
discontinuity set Qr are defined by

(A1) Ar:={y(m)eB;veT}NS", Qr:=S"\Ar

where the closure is taken in the closed unit ball B and m € B is any point (the set Ar does
not depend on the choice of m). The group I' acts on the convex hull of Ar (with respect to
hyperbolic geodesics) and the convex core is the quotient space.

An important quantity is the Hausdorff dimension of Ar
(A.2) 6 :=dimg Ar <n

which in turn is, by Patterson [41] and Sullivan [50], the exponent of convergence of Poincaré
series: for any m € B,

(A.3) Z e mam) < oo = 5> §;

yerl
we henceforth denote by d(-, ) the distance function of the hyperbolic metric on B. Notice
that the series (A.3) is locally uniformly bounded in m € B.

The group I acts properly discontinuously on Qr as conformal transformations of the
sphere and the quotient space I'\Qr is a smooth compact manifold of dimension n. The
quotient

M =T\H"!
is a smooth non-compact manifold equipped with the hyperbolic metric g induced by ggn-+1,
and it admits a smooth compactification by setting M = MU(T'\Qr), i.e., withOM = T'\Qr.
Then M is an asymptotically hyperbolic manifold in the sense of Section 7, of constant
sectional curvature —1. We shall denote the covering map by

m:BUQr —» M.

We refer the reader to [38] for more details and properties of convex co-compact groups.

A.2. Limiting measures in this setting

In constant curvature, it turns out that the limiting measure p¢ exists for all £ (rather than
for Lebesgue almost every £ as in Section 4.3), and can be described as a converging sum over
the group. We give an expression below, which is the same as the one obtained in [20] when
d<mn/2.
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For £ € S™, we let ¢¢ be the Busemann function(® on the unit ball B defined by

1—|mf”

¢e(m) = log <7) .
etm) [m — €2

The map ® defined by
(A4) ®:BxS" — SH" @ (m, &) — (m, Opmpe(m))
gives a diffeomorphism between the unit cotangent bundle S*H"*! and B x S”, and satisfies
1— |m|? ) n
Im — &2/ 7
if du g, is the Liouville measure (viewed as a volume form on the unit cotangent bundle) and
d¢ the canonical measure on S™. (This is a more general version of (A8) for the considered
case.) Any isometry v of H**! acts on both spaces by

v.(m,v) = (ym, (dy(m)v*)*), for (m,v) € S*H";
v.(m, §) = (ym,~¢§), for (m,§) € B x S",

where * denotes the map identifying T*H"*! with TH"+! through the metric. We have
®(vy.(m,€)) = 7.®(m, &) and thus ® descends to a map I'\(H"*! x S*) — S*(I'\H"*1),
which we also denote by .

D duy = enbe(m) dvolga+1(m) Ad¢,  with ende(m) _ (

The limiting measure p¢ in the considered case is given by

LEMMA A.1. — Let M = T'\H"*! be a quotient of H"* by a convex co-compact group T
of isometries, let I be a fundamental domain. Then the measure pir ¢y of (4.12) exists for all
¢ € Qr and is described as a converging series by the following expression: if € € Qr N'F and
a € C§(S*M), then

/ adire) = / Z a(m’dqg%(m))en(%g(m)ﬂogIdv(f)\) dvolgn+1 (m)
M I er
where ¢¢(m) is the Busemann function on B associated to & € S™ and |dry(§)| is the Euclidean
norm of dy(§).

Proof. — We can view a as a compactly supported function on the unit cotangent bun-
dle S*& over a fundamental domain & C B and we extend a by 0 in S*H"T1\S*T (the
resulting function might not be smooth, but it does not matter here). The flow g¢ on S* M is
obtained by projecting down the geodesic flow g* of the cover S*H"*+!. Let £ € Qr N, then
small neighborhoods of 7(£) in M are isometric through 7 to small neighborhoods of £ in the
unit ball B. By the construction of the decomposition (4.6) for the asymptotically hyperbolic
case in Section 7.2, the function EY (X, 7(€); m(m)) is equal to e(®/2+A/)ée(m) for m near &
(¢ being fixed) and thus |p°|? = €"#:(™)_ One has

/ a(g™" (m, g (m)))e"<(™ dvolys (m) = / (G B(m, €)™ dvolyns: (m),
M g

(©) In Section 7, we used the coordinate ¢ € B, p € S™ for certain charts near infinity of M, and the notation qb% (@)
for the Busemann function on the ball. This was to avoid confusion with the coordinate m, & on M, OM. We keep
in this appendix the notation ¢¢ (m) to match the notation of the general setting of the article.
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where @(m,v) = > _ra(y.(m,v)) is the lift to S*H"*! of the function a on S*M and
dvolgn+1(m) is the Riemannian measure on H™*!, Using the map ® of (A.4), one can define
amap g : B — B by
g ®(m, £) = ®(ge(m),£),

this is a diffeomorphism which preserves the measure e?¢(™) dvoly.+:1. By [20, Lemma 4],
we have en¢e(V"'m) = "¢ (M) |dy(€)|", but we also have v.®(m, &) = ®(ym,~€). Let UL
be defined in (G4) and put U := {m | (m,w(§)) € UL}, then U lies in a small neighborhood
of m(§) in M. We can identify U with a small neighborhood U of ¢ in 7 and we get for fir(¢)
defined in (4.10),

| @oq™)dinie = [ atg™ (m.doelm)en ™ dvolas(m)
S*M U

= | > a(y.57"®(m,£))e"?<™ dvolg.+i (m)
U ~el

= Z /I7 a(q)(”)@,g_tmv ’Y&))en(b&(m) dVOlHn+1 (m)

ver

= Z/ B a(m,dqbyg(m))e"‘bf(v_lm) dvolyn+1(m).
79 ")

ver

(A.5)

We now observe that for all v € T, lim;—, ;o ]l,ygg—t("j =1, since Uisa neighborhood of &
in B containing all points directly escaping to £. This achieves the proof by recalling the
Definition (4.12) of i (¢) and taking the limit in (A.5) and using the dominated convergence
theorem, as there exist C, C’ > 0 such that for all m in the compact set supp(a)

1

Z ende(yim) _ Z (71 _1|7_ m|2)" <C sup e Im0) < o
~el ~er |'Y_ m— €| me&supp(a)
by locally uniform (in m) convergence of Poincaré series (A.3) at s = n. O
Appendix B

The escape rate

Let us discuss the classical escape rate in some particular cases, following the work of
Bowen-Ruelle [3], Young [57], and Kifer [30].

B.1. Escape rate and the pressure of the unstable Jacobian

We consider (M, g) a complete non-compact Riemannian manifold and say that a com-
pact set Ky C S* M is geodesically convex if any geodesic trajectory in S* M which leaves K
never comes back:

(B.1)
Jt1,Fto < t1, g"°(m,v) € Ko and g"* (m,v) € M\ Ko = Vt > t1, g'(m,v) € M \ K.

A compact set Ky C M is said geodesically convex if 771 (K) is geodesically convex where
m:S*M — M is the natural projection. Let Ky C S*M be a geodesically convex compact
set containing a neighborhood of the trapped set K. The examples we consider are (M, g)
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which are hyperbolic or Euclidean near infinity, and Ky = S*M N {z > £o} with z, g given
in (G2). The trapped set from Definition 4.1 can be written as
K =()g"(Ko) =) ¢’ (Ko).
teR jez

This is a compact maximal invariant set for the flow g*. We define the escape rate asin [57, 30]
by

Q := limsup *IOg/JL(g( )

t—oo
with pp the Liouville measure and & (¢) defined in (1.9). Note that, since K is geodesically
convex, we have I (t2) C T (t1) for 0 < t; < to. The escape rate is clearly non-positive.

In this section, we assume that pr (K) = 0 and write ) in terms of the topological pressure
of the flow, under certain dynamical assumptions. More precisely, we assume that the trapped
set K is uniformly partially hyperbolic, in the following sense: there exist e > 0 and a splitting
of T(S* M) over K into continuous subbundles invariant under the flow

T.S"M =E®FE;, VzeK
such that the dimensions of E* and E°* are constant on K and for alle > 0, thereistg € R

such that
Vv € EY, |dgtv| > eft|v],

Vo € ES*, |dgtv] < etlul.
Let J* be the unstable Jacobian of the flow, defined by
J*(2) := —0y(det dg’| g2 )le=o,

where dg* : E¥ — E“t and the determinant is defined using the Sasaki metric for choosing

Vz € K, VtZto,{

orthonormal bases in E*. If  is a gt-invariant measure on K, one has
JUdu = — / Atdu,
Joraee = 2

where A;r(z) are the positive Lyapunov exponents at a regular point z € K counted with
multiplicity (regular points are points where the exponents are well defined, and this is a
set of full y-measure by the Oseledec theorem). It is also direct to see that [, J“dy =
— [ logdet(dg'|pw)dp.

The topological pressure of a continuous function ¢ : K — R with respect to the flow can
be defined by the variational formula

(B.2) P(p):= sup (hu(gl)ﬂt/l{sadu)

HEM(K)
where JU(K) is the set of g*-invariant Borel probability measures and h,,(g*) is the measure
theoretic entropy of the flow at time 1 with respect to p. In particular P(0) is the topological
entropy of the flow.

A particular case of uniformly partially hyperbolic dynamics is when K is uniformly
hyperbolic, that is when there is a continuous g‘-invariant splitting E°* = RH,, & E* into
flow direction (H,, is the vector field generating the geodesic flow) and stable directions E*
where for t > ¢,

Vv € ES, |dgiv] < e vl
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The flow is said to be Axiom A when the trapped set K is a uniformly hyperbolic set such
that the periodic orbits of g* on K are dense in K.

It is proved by Young [57, Theorem 4] that if K is uniformly partially hyperbolic, then
.1 "
(B3) Q= lim ~logur(Y(t)) = P(J%).

In the Axiom A case, the same formula was essentially contained in the work of Bowen-
Ruelle (using the volume lemma [3, Lemmas 4.2 and 4.3]). Moreover by [3, Theorem 5], if the
incoming tail I'_ (which is the union of stable manifolds over the trapped set) has Liouville
measure 0, then P(J*) < 0. Thus we deduce by (5.2)

pr(K) =0and ¢g* is Axiom A = P(J*) < 0.

Young [57, Theorem 4] gives a lower bound Q > P(—>_ j A;r) which applies without any
assumption on K (but we are more interested in an upper bound).

B.2. Relation with fractal dimensions in particular cases

Assume first that the metric has constant curvature —1 in a small neighborhood of the
trapped set K (this includes the case of convex co-compact hyperbolic quotients studied
in Appendix A). Then the geodesic flow on S*M is uniformly hyperbolic on K and has
Lyapunov exponents 0 (with multiplicity 1) and +1 (each with multiplicity n). Therefore, the
maximal expansion rate A,y from (1.11) is equal to 1, one has J%(z) = —n forall z € K,
and (see for example [14, Theorem 4])

(B4 P(J*) = hiop(K) —n = (dimg(K) —1)/2—n

where hyop is the topological entropy of the flow on K, and dimg(K) € (0,n) is the
Hausdorff dimension of K (which is equal to the Minkowski box dimension in this case).
For convex co-compact hyperbolic quotients I'\H"*! (see Section A for definition), one has
by Sullivan [51]

(BS) 6= lelH(AF) = htop(K)

where Ar is the limit set of the group I" defined in (A.1).

If g has negative pinched curvature near the trapped set, then one still has upper and
lower bounds on P(J") in terms of A, (K) and the pinching constant. If the trapped set K
is uniformly hyperbolic, it is also shown in [14] that dimpg (K) < 1 + 2hiop(K)/Amax. In
dimension 2 there is an explicit relation between the Hausdorff dimension dim g (K) and
pressures for Axiom A cases: if

u I 1 t s I 1 t
a*(z) = lim ~ log|ldg’|p«| > 0, a’(2) = lim - log | Dg| g« <0
then Pesin-Sadovskaya [42] show the following formula

dimpg (K) = 1+ +1°,  with P(—t“a") = P(~t*a*) = 0.
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Appendix C

Egorov’s theorem until Ehrenfest time

In this section, we prove Proposition 3.9, following the methods of [2], [1, Section 5.2],
and [62, Theorem 11.12]. See also [44, Theorem 7.1]. Without lack of generality, we assume
that ¢ > 0.

C.1. Estimating higher derivatives of the flow

First of all, we need to estimate the derivatives of symbols under propagation for long
times. Consider the open set

Ur={(m,v)eT*M|meU, 1—-2¢.<|v|g <1+ 2.}

For each k, we fix a norm || - | o 7, for the space C*(U,) of k times differentiable functions

on U;. (The particular choice of the norm does not matter, as long as it does not depend
on t.) The following estimate is an analogue of [1, (5.6)]; we include the proof for the case of
manifolds for the reader’s convenience.

LeEMMA C.1. — Take A1 > (1 + 2e¢)Amax. Then for each k, there exists a constant C(k)
such that for each a € C§°(Uy) and each t € R,

(C.1) la o g'llcr @y < Ck)e*™ 1 lall o @y -

Proof. — Without loss of generality, we assume that ¢t > 0. We first recall the formula for
derivatives of the composition b o ¢ of a function b € C*°(R¢) with a map ¢ : R — R

m
(C2) 0%(bot)) = aj(Bj,..j.b) ot - [0y,
a,] =1
where ¢, ; are constants, j1,...,Jm € {1,...,d}, and a1, ..., ay, are nonzero multiindices

whose sum equals . We see from (C.2) that (C.1) is implied by the following estimate on the
derivatives of the flow g* (required to hold in any coordinate system):

(C.3) lo| <k = sup [8%| < Chel®tMt,
Uing—t(Uy)

The converse is also true, which can be seen by substituting coordinate functions in place of a
in (C.1).

To estimate higher derivatives of the flow, we will need several definitions from differential
geometry. For a vector field X on Uy, define its pushforward gt X by

X(aog') = ((9.X)a) o g", a € C=(g"(Tn)).
Then ¢! X is a vector field on g*(U;). In local coordinates, we have

(¢:X) =Y (X'ogl)og™".
l

Note that since g* = exp(tH,/2) and g! H, = H,, we have

1 1
(C4) 0ugiX = 5 [Hy, g X] = =3 gL [Hy, X).
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We fix a symmetric affine connection V on T* M. For vector fields X and Y, consider the
differential operator V%, acting on functions or on vector fields, defined as follows: for a
function f and a vector field Z,

(C.5) Viyf=XYf—(VxY)f, ViyZ=VxVyZ-Vv,yZ
In local coordinates, we have (using Einstein’s summation convention)
Vg{yf = Xiyj(az?jf - szalf)y
(Viy 2)™ = XY (0,2 + T8, 2% + 1700, 2% — T3,0,.Z™
+ QT + TIpDo, — IO Tm) Z9).

Here I',; are the Christoffel symbols of the connection V. The advantage of V% over XY
is that the coefficients of this differential operator at any point depend (bilinearly) only on
the values of X and Y at this point, but not on their derivatives.

We now return to the proof of (C.1). The estimate (C.3) for k = 1 follows directly from
the Definition (3.17) of Ap.x. It is then enough to assume that (C.3) holds for some & > 1

and prove the estimate (C.1) for k + 1. It suffices to show that for any two vector fields X,Y
on T*M and any a € C§°(U;), we have the estimate

(C.6) |IXY (ao 9t)||ck71(Ui < Ce(k+1)A1t||a||CH1(U—1).
The left-hand side of (C.6) is equal to ||(¢5 X ¢.Y @) 0 g*[| cr—1 77, We first claim that
(C.7) ||(V Xg*Ya’) °g ||ck 1(Ty) < Ce(k+1)A1t||a|| k+1(T7)"
Indeed, in local coordinates
(C.8) (V2ixgiya) o g' = (X*0ag}) (Y’ 8595) (87,0 — Ti;010) 0 g").
We can now apply (C.2) to get an expression for any derivative of order no more than k — 1
of (C.8). The result will involve derivatives of orders 1,...,k of g%, but not its & 4+ 1’st
derivative; therefore, we can apply (C.3) to get (C.7).
Given (C.7) and (C.5), it is enough to show
(C.9) 1(VgexgtY)a) 0 gl orr gy < Ce® DM a| o -

The vector field Vg x LY involves the second derivatives of g*, therefore the left-hand side
of (C.9) depends on the k + 1’st derivatives of g* and we cannot apply (C.3) directly. We will
instead use the method of the proof of [2, Lemma 2.2], computing by (C.4)

_ 1 _ 1
at(g* t(vgngiY)) = 59* t([Hpvvgngi ] v[H , 9t X g*Y \Y tX[ p’g*Y]) 79* tZty

where Z; is the vector field given by Z; = Vf]ixginp + Ry (Hp, gt X)(gLY). Here Ry is the
curvature tensor of the connection V. Then

1 t
(€.10) Vixal¥ = (Vx¥)+ 5 [ gt zds.
0
We have

(gt (VxY)a) o gt||ck_1(U—1) =||VxY(ao gt)||ck_1([71)
< Cllaeg'lowmy < O™ lallor @)
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It is then enough to handle the integral part of (C.10). The field Z, depends quadratically on
the first derivatives of ¢°, but does not depend on its higher derivatives; therefore, writing an
expression for Z, in local coordinates similar to (C.8), we get for a € C§°(Uy),

1(Zsa) 0 g”lloer @y < Ce™ VM allgr .

Applying (C.1) for the C* norm (given by the induction hypothesis) and using the geodesic
convexity of U, we get

t t
/0 1((97°Z0)a) 0 gl s 5y ds = / 1(Zo(a 0 97)) 0 g*ll e iy s
t
<O [ e g g, ds
0

t
< C/ €(k+1)Als€kAl(t_s)||a||ck(ﬁ1) ds
0

< Ce(k+1)A1t||a||Ck(U—l)

and the proof is finished. O

C.2. Proof of Proposition 3.9

The proof of Proposition 3.9 is based on repeatedly applying the following corollary of
Lemma C.1. The functions ) below will be the remainders in the formula for the commu-
tator [R2A, AW (t)], while the functions ¢\9) will be the errors arising from multiplying our
operators by X; and Xs.

PROPOSITION C.2. — Tuke A1 > (14 2ec)Amax. Fix to >0 and let ¢ € C§(Ur)
satisfy || < 1. Assume that ag € C*°(T* M) and for each j > 0, b9 (t) € C>([0,t] x T*M),
and cU) € C>(T* M), with support contained in some j-independent compact set. For j > 0,
define aU) € C([0,to] x T* M) inductively as the solutions to the equations

a® (0) = ayo, a(j+1)(0) =p- a(j)(to) + U,

9,09 () = %Hpa(j)(t) + ) (8).

Then for each k, and each j, we have (bearing in mind that each a9 is supported inside some
j-independent compact set and thus its C* norm is well-defined up to a constant)

sup ||a(j)(t)||ck(T*M)
t€[0,to]

< C(k) (™% lag)lor + max 9™ (sup 6@ (B)[|or + €D lex)),
0<i<j te[0,to]
where C(k) is a constant independent of j.

Proof. — We can write

t
a?(t) =a(j)(0)ogt+/ b9 (s) 0 gt* ds.
0
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Since to is fixed, it is enough to estimate the derivatives of a?)(0). Define

oW = [ (wog™o);

0<m<y

applying the Leibniz rule to ), estimating each nontrivial derivative of ¢ o g™t by
Lemma C.1, using that |¢| < 1 and absorbing the (polynomial in [) number of differ-
ent terms in the Leibniz formula into the exponential by increasing A; slightly, we get
lo@ flex = O(e? 1) Now,

j71 to
aD(0) = - (ag 0 g7'0) + 3 i~ / b (s) 0 gU=to=2 g
i=0 0

J
+ 37U (¢ o gli=ie).

i=1

Here we put ¢(©) = 1. We can now apply Lemma C.1 again to get the required estimate. [

We are now ready to prove Proposition 3.9. Fix a quantization procedure Op,, on M;
our symbols will be supported in a certain compact set (in fact, no more than distance ¢
to the set U) and we require that the corresponding operators be compactly supported. Put
Ay = Af. Let [ satisfy (3.18). We will construct the operators

A (1) =Oph< > aﬁi?(t)), 0<t<ty, 0<j<Il, m>O0.
0<m’'<m
Here the symbols a%?) will be supported in a fixed compact subset of 7* M and satisfy the
derivative bounds

(C.11) sup (a9 (®)||ox < C(k, m)hI=20)m=pik
t€[0,to]

with the constants C(k, m) independent on j and p; defined by (3.19). The operators A%) (t)
will satisfy the relations

AR (0) = A+ O(h*™)g =,
(C.12) AGHD(0) = X2 A (t0) X1 + Opy () + O(h™)g =,

ADAG (1) = S8, A ()] + 7 Op, (6 (1)) + D)

where the symbols b)) (t)and ¢ are supported in some fixed compact set and satisfy bounds

(C.13) sup (|6 (8)llcx, |65 [ ox < C(k,m)n(1=2e)(m D =pik,
t€[0,to]

with the constants C(k, m) again independent on j.

We construct the symbols a) iteratively, by requiring that they solve the equations

aﬁ,?)(o) = dmo - Go, a(j+1)(0) = wa%) (to) — csi)_p

m

. 1 . :
0ra3) (t) = S HpaD) (1) = b)) ().
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Here A = Opy,(ao) + O(h™)g- and we put b(fi = c(fi = 0. The function ¢ € C§°(Uy) is
equal to o(X1)o(X2)¥(|v]), where ¢ € C§°(1 — 2e¢,1 + 2¢.) is such that ¥(|v|) = 1 near
WEF},(A). We use the fact that the function |v| is invariant under the geodesic flow. The
estimate (C.11) follows immediately from (C.13) and Proposition C.2. As for the Equa-
tions (C.12) and the bounds (C.13), they follow from (C.11) and the following commutator
formula:

h
[h*A, Opy,(a)] = 7 Opn(Hpa) + Oy, (0) + O(h>)y-, b= Oh*=*|alls,)s,

true for any p < 1/2 and any a € S;°™P.
Now, consider the asymptotic sums

(1) ~ 3 a1
m>0

and define the operators AU)(t) = Op,,(a)(t)). By (C.12), these operators satisfy

AP0) = A+ O(h*®) g, AUV (0) = X, A0 (1) X1 + O(h*) g,

. 1 .
hD,AY) (t) = 5[h?A,AU)(t)] + O(h™®) g
We then have
(XU (t0)) A(U(—to) X1)! = AD(0) + O(h>) 2 2.
It remains to recall that a(") (0) € So.™P uniformly in [. The principal symbol and microlocal
vanishing statements follow directly from the procedure used to construct the symbols a.
Appendix D

Proof of quantum ergodicity in the semiclassical setting

In this section, we illustrate how our methods yield a proof of the following integrated
quantum ergodicity statement in the semiclassical setting:

THEOREM 5. — Let (M, g) be a compact Riemannian manifold of dimension d and as-
sume that the geodesic flow gt on M is ergodic with respect to the Liouville measure ur,
on the unit cotangent bundle S* M. For each h > 0, let (e;)jen be an orthonormal basis of
eigenfunctions of h2A with eigenvalues )\?. Then for each semiclassical pseudodifferential
operator A € VO (M), we have

D) At

)\je[l,1+h]

1

Ae;,e; —7/ o(A)d —0ash — 0.
< J J>L2(M) NL(S*M) . ( )dpr

A more general version of Theorem 5 was proved in [25], in particular relying on the result
of [9, 43] on o(h) remainders for the Weyl law when the closed geodesics form a set of measure
zero. The purpose of this Appendix is to provide a shorter proof. Theorem 5 is formulated
here for the semiclassical Laplacian for simplicity of notation, but it applies to any self-
adjoint semiclassical pseudodifferential operator P(h) with compact resolvent on a compact
manifold, if the Hamiltonian flow of the principal symbol p of P(k) has no fixed points and
is ergodic on the energy surface p~1(0) and we take eigenvalues in the interval [0, A].

The key component of our proof is the following estimate:
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LEMMA D.1. — Let M be as in Theorem 5. Then for each A € WO(M), we have
(D.2) RN N AeilTaan < (Cllo(A)llz(sean + O(R))*.
AjE[L,14h]

Here ||o(A)||2(s+m) is the L? norm of the restriction of o(A) to S*M with respect to the
Liouville measure. The constant in O(h) depends on A, but the constant C does not.

Proof. — Assume first that A is compactly microlocalized. We can rewrite the left-
hand side of (D.2) as the square of the Hilbert-Schmidt norm of h(¢—1)/ QAH[LHh], where
1140 = T, 1402 (h2A) is a spectral projector. It can then be estimated using the local
theory of semiclassical Fourier integral operators, by (3.24) (applied to the adjoint of the
operator in interest).

To handle the case of a general A, it remains to note that if WF,(4) N S*M = &,
then the left-hand side of (D.2) is O(h™), as each Ae; is O(h>°) by the elliptic estimate
(Proposition 3.2; see also the proof of Proposition 4.5). O

Putting A equal to the identity in (D.2), we get the following upper Weyl bound:
(D3) #1051 € [L,1+ ]} < ORI

We can now prove Theorem 5. Take A € W°(M); by subtracting a multiple of the identity
operator and applying the ellipticity estimate, we may assume that A is compactly microlo-
calized and

(D4) / o(A) dpy, = 0.
5 M
Define the quantum average
T
(A)r = —/ U(t)AU(—t) dt.
T Jo

Here U(t) = e""*/2 is the semiclassical Schrodinger propagator. By Egorov’s theorem
(Proposition 3.8), for any fixed T the operator (A)7 lies in ¥9, modulo an O(h™)r2_ 12
remainder, and its principal symbol is

T
o((A)r) = (o(A))r = 7 / o(4) o gt dt.

Note that for each j, we have U(t)e; = e***/(2") and thus ((A)re;, e;) = (Ae;,e;). Using
Cauchy-Schwarz inequality in 7 and the bounds (D.2) and (D.3), we get

RN YT (Aeje) =R YT [((A)reg,e)]

Aj€[1,14+h] A €[1,14h]
<h Y (Al
A €[1,1+h]
1/2
SC(hd-l ) ||<A>Tej||%2)
Aj€[1,14+h]

< Cl{o(A))rllL2(s-m) + Or(h).
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However, by (D.4) and the von Neumann ergodic theorem [62, Theorem 15.1], we have
(o (A))7|l2(s+m) — 0as T — oo. Therefore, for each e > 0 we can choose T large enough
so that the left-hand side of (D.1) is bounded by £/2 + (k). Then for h small enough, it is
bounded by ¢; since the latter was chosen arbitrarily small, we get (D.1).
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