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EIGENVALUES AND SIMPLICITY OF INTERVAL
EXCHANGE TRANSFORMATIONS

BY SEBASTIEN FERENCZI AND Luca Q. ZAMBONI

ABSTRACT. — For a class of d-interval exchange transformations, which we call the symmetric class,
we define a new self-dual induction process in which the system is successively induced on a union of
sub-intervals. This algorithm gives rise to an underlying graph structure which reflects the dynamical
behavior of the system, through the Rokhlin towers of the induced maps. We apply it to build a wide as-
sortment of explicit examples on four intervals having different dynamical properties: these include the
first nontrivial examples with eigenvalues (rational or irrational), the first ever example of an exchange
on more than three intervals satisfying Veech’s simplicity (though this weakening of the notion of min-
imal self-joinings was designed in 1982 to be satisfied by interval exchange transformations), and an
unexpected example which is non uniquely ergodic, weakly mixing for one invariant ergodic measure
but has rational eigenvalues for the other invariant ergodic measure.

RESUME. — Pour une classe d’échanges de d intervalles, que nous appelons la classe symétrique,
nous définissons un nouveau processus d’induction autoduale, ou le systéme est induit successivement
sur des unions de sous-intervalles. Cet algorithme crée une structure de graphes qui refléte le comporte-
ment dynamique du systéme grace aux tours de Rokhlin des applications induites. Nous I’utilisons pour
construire un large choix d’exemples explicites sur quatre intervalles, avec différentes propriétés dyna-
miques : on y trouve entre autres les premiers exemples non triviaux possédant des valeurs propres (ra-
tionnelles ou irrationnelles), le premier exemple d’un échange de plus de trois intervalles qui soit simple
au sens de Veech (alors que cette notion, affaiblissant celle d’autocouplages minimaux, a été introduite
en 1982 avec les échanges d’intervalles en vue), et un exemple inattendu qui est non uniquement ergo-
dique, faiblement mélangeant pour une des mesures ergodiques invariantes, mais a des valeurs propres
rationnelles pour ’autre mesure ergodique invariante.

1. Preliminaries

Interval exchange transformations have been introduced by Oseledec [32], following an
idea of Arnold [1]; an exchange of d intervals is defined by a probability vector of d lengths
and a permutation on d letters; the unit interval is then partitioned according to the vector of
lengths, and T exchanges the intervals according to the permutation, see Sections 1.1 and 1.2
below for all definitions. Katok and Stepin [24] used these transformations to exhibit a class
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362 S. FERENCZI AND L. Q. ZAMBONI

of systems with simple continuous spectrum. Then Keane [25] defined a condition called
i.d.o.c. ensuring minimality, and was the first to use the idea of induction, which was later
formalized by Rauzy [34], as a generalization of the continued fraction algorithm. These
tools formed the basis for future studies of various ergodic and spectral properties for these
dynamical systems. For general properties of interval exchange transformations, the reader
can consult the courses of Viana [41] and Yoccoz [42] [43].

In this paper we study d-interval exchange transformations 7', defined by a vector
(a1,...aq) of lengths and the symmetric permutation 7 = d + 1 — 4,1 < ¢ < d; we call
J the set of (A1, ..., Aq) in RT? for which T, defined by the vector (/\14;\.144/\d Yo /\lj_d_/\d ),
satisfies the i.d.o.c. condition; henceforth we shall consider only transformations satisfying
this condition: let %, resp. M, M, I, J, be the subset of 4 for which T is uniquely ergodic,
resp. topologically weakly mixing, resp. weakly mixing for at least one invariant measure,
resp. not weakly mixing for at least one invariant measure, resp. simple for at least one
invariant measure. A great part of the history of this area is made by the difficult results
about these sets. After Keane proved m(R4* \ ) = 0 for the Lebesgue measure m on R¢
and the surprising result that (for d = 4) %° (for X € {U, M, M, N, S} we call X¢ its
complement in /) is not empty [26], he conjectured that m(%°) = 0. This conjecture was
proved by Masur [29] and Veech [39], see also Boshernitzan [6] for a combinatorial proof
closer to the spirit of the present paper. Then Veech [40] proved that m(#°) = 0 for some
permutations, not including the symmetric one for d = 4; it took quite a long time to have,
for all permutations outside the rotation class, first m(#'“) = 0 (Nogueira-Rudolph [30]),
then at last m(M°) = m(A") = 0 (Avila-Forni [4]); whether m(J°) = 0 is still an open
question asked by Veech [38]; note that the result on weak mixing in [4] is valid both for one
invariant measure and all invariant measures because m(%°) = 0.

While all these extremely powerful articles establish generic results for general interval
exchange transformations, here we aim to provide a detailed analysis of the dynamical
behaviour of specific families of interval exchanges; more precisely, we want to address
problems concerning relations between the sets defined above, nothing of which was known
until recently for d > 3, except obvious relations as U C M, UN N N M = @ and
(UNN)U (UNM) = U. It was not known whether A is nonempty or even that f, which
is likely to have full measure (indeed, the whole notion of simplicity has been devised for
that, and Veech’s question has been much investigated), is nonempty; we can also ask about
the non-emptiness of some intersections such as %° N 1 or (more difficult as these are two
small sets) %° N . Another problem is to find explicit examples (in the sense that maybe the
vector of lengths is not given, but it can be computed by an explicit algorithm), and not only
existence theorems; very few of them were known: for d = 4, explicit elements of %/ are given
by Keane [26] while explicit elements of % can be deduced from the same paper, or built from
substitutions, or pseudo-Anosov maps, by a classical construction; but none were known in
other sets, even in the bigger ones, until, during the preparation of the present paper, Sinai
and Ulcigrai [35] found explicit elements of S}, while Yoccoz [42] built explicit elements of %°
for every d; other related results [20][8] were derived after preliminary versions of the present
paper were circulated, see the discussion in Section 6 below.

Similar questions have been addressed for the (by unanimous consent much easier) case
d = 3, by Veech [36], del Junco [21], and the present authors plus Holton [13][14][15][16]; the
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methods of these papers have had to be considerably upgraded to tackle the next case, d = 4.
Thus we have introduced a new notion of induction, beside the classical ones due to Rauzy
[34], Zorich [44], and more recently Yoccoz ([28] where a good survey of all these notions
can also be found). This self-dual induction, studied in more details in [19], is a variant of
the less well-known induction of da Rocha [27] [11], and for d = 3 its measure-theoretic
properties and self-duality are studied in [18]. We present it in Section 2 below, and use it
in Sections 3 and 4 to build families of explicit examples of four-interval exchanges; each
example is described by four families of Rokhlin towers, depending on partial quotients of
our induction algorithm. After a good choice of these partial quotients, our transformation
will have the required properties through a measure-theoretic isomorphism with a rank one
system. Whether and why this new induction was necessary to answer the questions we
addressed will be discussed at the end of Section 6 below.

What we obtain in the end is some groups of examples for d = 4: two in % N M N M°,
one having rational eigenvalues and the other being measure-theoretically isomorphic to an
irrational rotation, one in %N M NMNJ, and one in ¥°NM NMNAN". We find also elements
of UNM which are measure-theoretically isomorphic to some of the so-called Arnoux-Rauzy
systems. All the examples we produce come from expansions having (very) unbounded
partial quotients in our induction algorithm. That makes our elements of J a priori different
from Sinai-Ulcigrai’s ones, these being obtained from periodic examples relative to a different
induction algorithm; in particular, our examples are all rigid, and completely new; their
existence was not unexpected, but the existence of an example with irrational eigenvalues
for the simpler case d = 3 was the object of a question of Veech (1984) which was solved
only in [15] (2004); our examples prove also that Avila-Forni’s result is strictly stronger than
Nogueira-Rudolph’s. The first example of an exchange on more than three intervals which
is simple is not surprising, but this resisted the efforts of specialists during 25 years, and
constitutes a first step towards Veech’s open question. As for our last example, which is
weakly mixing for one of the two invariant ergodic measures but has rational eigenvalues
for the other, it came as a surprise even for the authors.

For generalizations (to other permutations and values of d), see Section 6 below.
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1.1. The main definitions

DEerINITION 1.1. — A symmetric d-interval exchange transformation is «a d-interval

exchange transformation T with probability vector (o, . . ., aq), and permutation wi = d+1—1,
1 < i < d, defined by
Tr=x+ Z a; — Z Q;j.
nlj<m—14 7<i
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when z is in the interval

Ai = ’VZOZJ‘,ZO(]' ’V
Lj<z‘ i<i [
We denote by 3;, 1 < i < d — 1, the i-th discontinuity of T, namely 3; = Z?:dﬂ—i oy,
while ; is the i-th discontinuity of T, namely ~y; = Z;zl a;j =1—pBq_;. Then Ay = [0,71],
Ai = [vi—1,%[,2<i<d—1and Ag = [y4-1,1].

DEerINITION 1.2. — T satisfies the infinite distinct orbit condition (or i.d.o.c. for short) of
Keane [25] if the d — 1 negative trajectories {T~"(v;) }n>0, 1 < i < d—1, of the discontinuities
of T are infinite disjoint sets.

The i.d.o.c. condition for T is (strictly) weaker than the total irrationality condition on
the lengths, where the only rational relation between «;, 1 < i < d, is Z‘f:l a; = 1. As here
m is primitive, the i.d.o.c. condition implies that T is minimal (every orbit is dense) [25].

1.2. A few notions from ergodic theory

A general reference for this section is [10].

DEFINITION 1.3. — A system (X, T) is uniquely ergodic if it admits only one invariant
probability measure.

DEFINITION 1.4. — Let (X, T, u) be a finite measure-preserving dynamical system.

A real number 0 < v < 1 is an eigenvalue of T' (denoted additively) if there exists a non-
constant f in fz(X, R/Z) such that f oT = f+~ in 2?2(X, R/Z); f is then an eigenfunction
Jor the eigenvalue ~y. As, following [10], we consider only non-constant eigenfunctions, v = 0 is
not an eigenvalue if T is ergodic. T is weakly mixing if it has no eigenvalue.

DEerINITION 1.5. — (X, T) is topologically weakly mixing if it has no continuous (non-
constant) eigenfunction.

In the particular case of interval-exchange transformations, the topology we use here is
the standard one (induced by the Lebesgue measure) on the interval [0, 1[ (though T itself is
not continuous), but the proofs in the present paper work in the same way if we view T as
the shift on the symbolic trajectories, equipped with the product topology on {1,. .., d}; the
two topologies are not equivalent, and it does not seem to be known whether a continuous
eigenfunction for one has to be continuous for the other.

DEFINITION 1.6. — (X, T, p) is rigid if there exists a sequence s, — oo such that, for any
measurable set A, p(T*~ AAA) — 0.

DEerINITION 1.7. — In (X,T), a (Rokhlin) tower of base F is a collection of disjoint
measurable sets called levels F, TF, ..., T""'F. If X is equipped with a partition P
such that each level T"F' is contained in one atom Py, the name of the tower is the word
w(0)...w(h —1).
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We shall use also the notion of rank one, for various definitions see [9, 12, 31]. Here we
need only the definition of a particular class of rank one systems; they come equipped with a
partition and an invariant measure; we use the same notation for a tower and its name, and
s (for “spacers”) is the name of one atom of the partition, corresponding to levels added after
the initial stage:

DEFINITION 1.8. — Let xy and yy be two sequences of positive integers, and let the
concatenation of two strings of letters v and w be denoted multiplicatively by vw, while v* is a
concatenation of k times the string v.

The rank one system defined by the word Hy and the towers Hyyq = sVe+1 Hy *t' g%kt
where, if hg is the length of Hy and hy11 = Tk+1hk + Yk+1 + 2k+1 the length of Hy41, we have

Plied % < 400, is the system (X, T, u) built by cutting and stacking in the following
way: we start from a set E of measure &, which is cut into Hy equal parts to make the first
tower. To get the j + 1-tower, we cut the j-tower into xj1 columns, stack these columns by
putting the xj1-th above the ;11 — 1-th . . . above the first, and add z;11 spacer levels (that
is, pieces of E¢ with equal measure) one above the other above the top, and y;4+1 spacer levels
one above the other under the bottom. T is the transformation that sends each point in a tower,
except those in the top level, to the point just above.

The number & and the common measure p; of the spacer levels in the j-tower are defined
uniquely so that y is a probability preserved by T, and X is partitioned so that Hy is the name
of the 0-tower, while E€ is the atom named s.

A standard argument proves that
PROPOSITION 1.1. — The rank one systems defined above are rigid.

The following necessary condition for any 6 to be an eigenvalue of a rank one transforma-
tion was originally deduced (in [15]) from a condition of Choksi and Nadkarni [9]; we give
it here with a new direct proof adapted from [7]:

ProrosSITION 1.2. — If 0 is an eigenvalue for the rank one system defined above by the
word Hy and the towers Hyq = s¥*+1H_ "' s%+1 then xj11||hy0]| — 0 when k — +o0,
where || || denotes the distance to the nearest integer.

Proof. — Let f be an eigenfunction for the eigenvalue 6; the o-algebra generated by the
levels of the k-tower converges to the full o-algebra when & tends to infinity, thus for each
e > 0 there exists N(g) such that for all k& > N(e) there exists fj, which satisfies
J1If = frlldu < € and is constant on each level of the k-tower.

Let j be any integer with 0 < j < [2:Fl]. Let 7, be the union of the levels of the
k-tower between the yy + 1-th and yy + [%=]hr_1-th levels; by construction, for any point w
in 75, T9"~1w is in the same level of the k — 1-tower as w. Thus for p-almost every w in 7y,
fr(Tihe-10) = fr(w) while f(T9"*1w) = O5hy_1 + f(w); we have

/ [ £ 0 T9M=1 — §0hy_1 — fil|dp :/ |70hk—1]|dp = ||70hk—1||p(Tk)
Tk Tk

and

[ ot oy gl < [ 1ot~ for et [ s Pl < 2.
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As p(ti) > % for k large enough, the above estimates imply ||j6hy—1|| < 6e, for any

integer 0 < j < [2&F1]. Thus ||j6hs_1|| < 12¢ for any integer 0 < j < zj.

1

Lete < and suppose ||zx0hi_1|| # zi||0hr—1]||: let i be the smallest 0 < j < zy,

10°
such that ||j0he_1|| # j]|0he_1||, theni > 2 and ||(i — 1)8hs_1|| = (i — 1)||0hx_1]|, thus
ill0hk_1|| = (i — 1)||0hx_r|| + |[0hx_1|| = [|Gi — 1)0hk_1]| + ||0hk_1]| < 18c < I thus
1180hs_1|| = 11(i]|0hs—1]])]| = i||0hs_1||, contradiction. Thus we get z||0hx_1|| < 12¢. O

DEFINITION 1.9. — A4 self-joining (of order two) of a system (X, T, u) is any measure v
on X x X, invariant under T x T, for which both marginals are p.

An ergodic system (X, T, u) is simple (of order two) if any ergodic self-joining of order two
v is either the product measure p x u or a measure defined by v(A x B) = u(ANU~1B) for
some measurable transformation U commuting with T.

2. The self-dual induction

In the remainder of this paper (except for one example in Section 2.2), we call
transformation T a symmetric d-interval exchange transformation satisfying the i.d.o.c.
condition and the condition of alternate discontinuities:

Br<m<Ba<y2< - <Pag-1<Va-1-

The condition of alternate discontinuities avoids introducing a lot of particular cases in
the first steps of our induction; the way it can be dispensed with is discussed in Section 6
below.

2.1. Castles and induction: definitions

Our transformation 7 is now fixed, on the interval [0, 1[. We consider its induced maps:
an induced map of T on a set Y is the map y — T" )y where, for y € Y, r(y) is the smallest
r > 1such that T"y is in Y (when such an r exists, which will be true in all cases considered
in this paper).

In classical inductions, Y is generally an interval; here we consider disjoint unions of d — 1
intervals; and as for any induction, there is a canonical way to build towers; following[1 1], we

say that a union of towers is a castle (the Ornstein school used the words stacks and gadgets
instead of towers and castles).

DEFINITION 2.1. — Given d — 1 disjoint intervals F;, 1 < i < d — 1, let S be the induced
map of T on E1 U ---U E4_1. The induction castle of the E; is the unique partition of X into
levelsT71;;, 1 <i<d—11<t <k, 0<r < hyy — 1, where

— each interval E; is partitioned into k; subintervals I ;, 1 <t < k;,
— SI; 4 is a subinterval of Ej, ,, and on I; 1 S = Thiz,
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A castle is indeed a union of Rokhlin towers, each tower being made with the levels 7" I; 4,
0 < r < h;y — 1. Note that the k; are finite by compactness, but that in general each of
the d — 1 intervals could be partitioned in many subintervals; only for interval exchange
transformations and the type of induction chosen shall we be able to bound these numbers.

We define now a new induction operation, as a way to associate d — 1 new intervals E; to
d — 1intervals F;, 1 <4 < d — 1. It was primarily motivated by considerations from word
combinatorics, the d — 1 families of subintervals corresponding to the bispecial factors of the
associated language, which implies that their endpoints are the points where the orbit of any
discontinuity of T’ comes close to any discontinuity of 7~1; this in turn implies an interesting
geometric property of the natural extension of our induction, studied in [18] for d = 3, which
prompted us to call our induction self-dual.

The process is discussed and described in full generality in [19]; we give here a self-
contained and slightly different description, adapted to our present (mainly ergodic) aims:
indeed, the result we use in the present paper is the explicit description of the induction
castles, which appears only as a by-product in [19]. Our intervals will be built so that the
induction castles have always a nice structure: namely, the intervals at the initial stage are
the A;, 1 < 4 < d — 1, and, as we shall see in Lemma 2.2 below, their induction castle is
binary:

DEFINITION 2.2. — A castle is binary if, for each 1 < i < d — 1, k; = 2 and there are
exactly two ji;, 1 <1< d—1,t=1,2 which are equal to i.

When a castle is binary, we denote by E; p,, and E; ,, the left and right subintervals among
the two I; 4, by E; _ and E; | the left and right subintervals among the two SI; ; which are
in E;. Also, we denote by p(i), resp. m(3), the j such that E; contains SE; p,, resp. SE; .
Finally, we denote by l;, resp. r;, the length of E; _, resp. E; 1, for1 <i<d—1.

It seems likely that for all binary castles we have SE; ,, = Ep(5),+ and SE; , = E,;, —,
but we have not been able to find a direct proof using the i.d.o.c. condition. Indeed, we do
not know any example of a binary castle other than those built by our induction, or small
variants of it (see also Section 2.2 below), and for them the above properties are true by
construction, implying that p and m are bijections.

One of our aims is to keep all induction castles binary throughout the process; to achieve
that, we use an auxiliary property, which at the initial stage is satisfied with s being the
identity:

DEFINITION 2.3. — A binary castle is symmetric if it is endowed with a bijection s on

{1,...,d — 1} such that
51 =psSp =msm =8

and that for all i, we have the relations

The relations above are studied in depth in [19] where (in contrast with the present paper)
they are used as the basic tool to define the induction.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



368 S. FERENCZI AND L. Q. ZAMBONI

DEFINITION 2.4. — A relation is called trivial if it is l;y + 755y = l; + 13 with (i) = i, or
li = lps(iy With ps(i) = i, or 74 = Tys(;) With ms(i) = i, non-trivial otherwise.

We may have s = Id, the identity; in that case all the relations ly;) + 75i) = li + 74
are trivial, and the only non-trivial relations are I; = I,(;) for p(i) # i and r; = 7,,(; for
m(i) # i; this is what happens (for d = 4 intervals) in the first stage of the example in
Section 2.2 just below, where it turns out that there are only two different non-trivial relations.
It can also happen that s has a cycle of length two, as in the second stage of the example in
Section 2.2; then when s(4) # i, the non-trivial relation l,(;) +7s(;) = l;+7; expresses that the
intervals E; and E,;y have the same length, but there are also non-trivial relations I; = I,,5(;)
Or 7y = Tpe(;)- Indeed in [19] it is proved that in all binary symmetric castles used in the
induction, there are exactly d — 2 different non-trivial relations, and we shall check this for
d = 41in Lemma 3.1 below. Note that in a symmetric binary castle p and m are bijections.

Binary symmetric castles are conveniently described by the following object:

DEFINITION 2.5. — The castle graph of a binary symmetric castle is the oriented graph G
whose vertices are the two-letters words is(i), 1 < i < d — 1, and for each i there is a positive
edge from is(i) to p(i)sp(i) and a negative edge from is(i) to m(i)sm(%).

The induction associates to d — 1 intervals E; containing 3;, 1 < i < d — 1, a new family
of intervals E. Foragiven1 < ¢ < d — 1, either E] = E;, or E] = E, ;,, or E, = E; ,,
with the notations of Definition 2.2. When E; is cut, it is cut by the point separating E; ,,
and E; ,, which is indeed the first point 7%y, s > 0,1 < j < d—1, to fall in the interior of
E;, see [19] for details; the choice of E; ,,, or E; , is then made to ensure that 3; isin E;. The
choices of cutting or not cutting E; are made so that the induction castle of the E; remains
binary symmetric, this will be the difficult part and this last property is the crucial one for
the sequel.

DEFINITION 2.6. — We call self-dual induction the following process:  suppose
E, =16 —-1,B;i+r] 1 <i<d-—1ared—1 disjoint subintervals such that their
induction castle is binary symmetric and has a castle graph G with bijections p, m, s, and that
Jorevery i, l; — gy = lgiy — i # 0; we define the instruction ¢ by the sign (+ or —) of this
last quantity,

vi = 15(1) = sgn(l; — rs)) = sgn(lsqy — 74);
let C be the maximal union of same-sign circuits of G using only the edges starting from is(i)

and of sign 1i, 1 < i < d — 1, then we define d — 1 new disjoint intervals by

- ifis(i) € Cand vi = +, E] = E; p,
— ifis(i) € Cand i = —, E = E; m,
- ifis(i) ¢ C, E} = E;.
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2.2. Castles and induction: examples

It is time now to look at castles and castle graphs in concrete situations. We look first at
what happens for d = 4 intervals, at the first stage of the induction, see Lemma 2.2 below.
To draw the pictures, we assume, together with the condition of alternate discontinuities, that
B1, resp. B2, Bs, is to the left of T3, resp. T~ 1ys, T~ 1v;. Figure 1 shows the induction
castle of the intervals 1 = Ay = [0,71[, B2 = As = [v1,72[, E3 = Az = [y2,73[; it is
made of three towers, which we draw separately because we choose to forget that Fy, E> and
E5 are adjacent, as it happens at this stage only; to save space, we denote by 'yi(j ) the point
T Yi-

—
V3 1
1 1 1 1 1 1 1 2 1 1 1 1 3 1 1
0 B 7él) N By ,yél) Y2 V2 B3 'Yil) 73
Fi1GURE 1. First stage of towers 1, 2 & 3.
The picture shows that the castle is binary, with By~ = [0,61], E1+ = [B1,7l,
Eim = [0,T '], B1p = [T '3, m[, [v3,1[= TE1p, Es— = [v1, 2], and so on. The

labels give the names of the towers: on the first tower they indicate that E; is a subinterval
of Ay and T'E j, is a subinterval of Ay, thus when we read them from bottom to top, we get
the M; and P; of Lemma 2.4 below. We see also that S = T2 on Eyp, S = T everywhere
else.

Some more information we have not yet written is that SE; ,, C E5 thus m(1) = 3;
indeed we have SE; ,,, = E3 4, and similarly SEy , = E1 _, SEy , = Eo 4, SEy , = E5 _,
SEsy = By, SEs, = Ey_, thusp(1) = 1, m(2) = 2, p(2) = 3, m(3) = 1, p(3) = 2.
Moreover we check that the castle is indeed symmetric for s = Id: this means checking
p?> = m? = Id and the nine relations on lengths in Definition 2.3: five of them are trivial
(i+r;=1;+r;fori =1,2,3,11 =11, T2 = 72), the non-trivial ones are r; = r3 and Iy = I3,
each of them appearing for two values of i.

Thus the information which was not in the picture of the castle is conveniently summa-
rized by the castle graph on the left of Figure 2, which is vertex I of the graph of graphs I'y,
see Lemma 3.1 below.

v

F1GURE 2. The castle graphs at first and second stage.
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We look now at what happens at the next stage, assuming the condition of alternate
discontinuities, and the respective positions of 8; and T+, from the first stage.

Applying Definition 2.6, we see that at the first stage the instruction is ¢; = to = t3 = —.
In the castle graph there is a — circuit with the vertices 11 and 33, and a — loop around the
vertex 22, thus C = {11, 22,33}, and for ¢ = 1, 2, 3 the E; at second stage is the E; ,,, of first
stage.

Thus we can draw the induction castle of the new F;, FEs, E3; to position the points, we
make the extra assumption that £;, resp. (2, B3, is to the left of T2+, resp. T2y, T~ 2~s.

—
3 1
3 2 1

I — —— —

1 1 1
e 73 AV Yo e M
. L | . L2 | . 3 |
2 1 2 1 2 1
I T LI S

FIGURE 3. Second stage of towers 1, 2 & 3.

The reader can now decipher this picture as in the previous stage. The extra information
is that now m(1) = 3, p(1) = 2, m(2) = 2, p(2) = 3, m(3) = 1, p(3) = 1, and the new
castle is symmetric with the involution s(1) = 3, s(2) = 2, s(3) = 1; this involves checking
psp = msm = s and the non-trivial relations r; + [y = r3 + I3 (the intervals F; and E3 have
the same length), I, = I3. Thus the new castle graph is shown on the right of Figure 2; it is
vertex IV of the graph of graphs I'y, see Lemma 3.1 below.

A non-symmetric binary castle can be found in Section 5.1 of [19], for a 4-interval exchange
with permutation 71 = 4, 72 = 3, 73 = 1, 74 = 2. In the initial stage, the castle of E;, E,
Es is binary with p(1) = 3, m(1) = 2, p(2) = 1, m(2) = 3, p(3) = 2, m(2) = 1, and the
relations between the parameters are l; », + 74,0 = lp(i),n + Tm(i),n, ¢ = 1,2, 3 (these hold also
for the symmetric castles considered in the present paper, see the proof of Proposition 2.1
below) but they do not yield the relations of Definition 2.3, and indeed in [19] we choose the
parameters so that no relation l; = l;, r; = rj orl; + r; = I; + r; holds for ¢ # j. Thus for
no choice of s can the relations in Definition 2.3 be satisfied.

With the symmetric permutation 71 = 4, 72 = 3, 73 = 2, 74 = 1, we get non-symmetric
castles when we induce against the rules of Definition 2.6, for example if at the first stage
above we choose the new E; to be the full old E; instead of the old E; ,,, but such castles
are not binary either.

As one of the referees pointed out, for a binary castle where m and p are bijections,
the reciprocal map is also a binary castle, whose combinatorics is given by m~" and p~—*,
and, for a symmetric binary castle, the reciprocal castle has the same combinatorics up to a
permutation of names by an involution. This last condition, however, is in general weaker
than the symmetry we define, as it is satisfied by the non-symmetric castle defined above for
a non-symmetric permutation =, with the involution s(1) = 1, s(2) = 3, s(3) = 2; what are
missing there are the non-trivial relations between the lengths, for example ls +ro = I3 +r3.
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Still, it is quite possible that when the permutation 7 is the symmetric one every binary castle
is symmetric, see the remark after Definition 2.2. We do not know whether a castle can have
the same combinatorics as its reciprocal castle up to a permutation of names which is not an
involution.

2.3. Castles and induction: results

The following proposition describes how the induction works, and gives conditions ensur-
ing that it can be iterated.

ProrosiTION 2.1. — If E;, 1 <i < d— 1, is a set of disjoint intervals such that

L E;=[8i —l;,fi +mi[, li > 0,7 >0,

2. all their endpoints are of the form T, fora < 1andb=1,2,3,

3. their induction castle is binary symmetric, with bijections p, m, s,

4. SEip = Epgi),— = [Bpti) = o) Boi) |

5. SEim = Eni),+ = [Bm(i) Bme) + Tm@i -

Then we can apply the self-dual induction to the E;, and the new E! satisfy (1) to (5), with

new parameters I}, ri, and bijections p', m’, s’ given by the following rules

- ifis(i) € Cand vi = +, l; = l; — 155y = lss) — T4, 7y = 14, 8'(4) = sp(3), p'(i) = p(3),
m/ (@) = mp(i),

— ifis(i) € Candvi = —, I = Iy, i = i — sy = Ts(3) — i, 8'(1) = sm(i), p' (i) = pm(3),
m/ (i) = m(i),

- ifis(i) € C, l; = i, i = 14, 8'(0) = s(d), p' (i) = p(3), m' (i) = m(i).

Proof. — We know that E; _ = [8; — ;, 8;[ and E; . = [8;, 8; + 7i[; the symmetry of the
castle implies the relations of Definition 2.3. We know also that E; ,, is the right subinterval
of E; with the same length as E,;) _, namely

Eip = [8i — o) + 13, B + 74
Similarly

Eim = 16i — i, i = li + rim(i) -
This implies the train-track equalities (see [33] for example) I; + r; = lp;) + Tm(s), which
is another way of stating the above relations (the equivalence of the set of the train-track
equalities and the set of relations in Definition 2.3 is shown in [19], it is not used in the present
paper).

This implies also that [; — 74(;y = Iy — ;i # 0, as otherwise 3; would be the left endpoint
of E; , hence its image by S would be the left endpoint of E,,(;), which is impossible because
of (2) and the i.d.o.c. condition.

Thus we can apply the self-dual induction, with C' as in the definition. Let S’ be the
induced mapof T on E{ U ---U E)j_,.

If is(i) € C, with i = +: we say that F; has been cut on the left; because of the relation
Ipiy = lsqiy, we have I,,;y — 73 > 0, and thus 8; € E;, = Ej. Ifis(i) € C with i = —,
where E; is cut on the right, we use the relation r,,,(;y = 74(;) to prove that ; € E; ,,, = E;. If
is(i) ¢ C, E;isnotcutand B; € E; = E]. Thus in each case we can define I} and 7}, they are
given by the claimed expression. Moreover the endpoints of the E/ have the required form.
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Ty Si

E, _ Ei,

FiGURrRE 4. Evolution of Rokhlin towers.

We look at the action of S’ on E.. Suppose is(i) € C, with vi = +. Then the situation is
completely described in Figure 4, where j = p(¢) and k = m(j), while the P; and M; are the
names of the towers, to be discussed in Section 2.5 below.

As p(i)sp(i) is also in C, E;) — intersects both Ey ;) , and Ep;),m. The new EJ ) is

Epiyp = [Bpi) = lpp(i) + Tp(i)s Bpi) + Tpi)[- The image of E} by S'is the interval B _,
which is not included in the new E;(l): it is made of X; = E;) m, the left subinterval of
E,,;y which is not in E;(i), and Y; = Ep;),— N Eyg p-

This creates a partition of E!: the right subinterval of E| with the same length as Y;, which
wedenoteby E; ,issentby SonY; C E (i)’ and on this interval S’ = S. The left subinterval
of E} with the same length as X;, which we denote by E! , ,issent by Son X; C Eyq) —E}’)(i);
then X; = E,(;)m is sent by S on Eypy + C Epypi)- As p(i)sp(i) is on the same positive
circuit in C' as is(), it cannot be on a negative circuit in C, hence neither can mp(i)smp(3);
hence mp(i)smp(i) is either on a positive circuit in C, or not in C, hence either E,,, ;) has
been cut on the left or not cut; thus Ep;),+ C E; ;). Hence on E; , we have S’ = S2,

and S" sends E; ,,, onto a subinterval of E,,

zm’

p(i):

Thus, in the new castle, E is indeed partitioned into two subintervals, and we can define
p'(i) = p(i) and m/ (i) = mp(i). S'E; ,is theinterval Y, wh1ch is the left subinterval of £,
of length l;,(i), hence we can call it E (i) = [Bps) — p iy By (i)[- And, whether E,, ;)
has been cut on the left or not cut, S’E ,, is the interval Em,(l) n [,Bm/(,) Bmr i) + rm,(l)[

A similar reasoning takes care of the case is(i) € C with 1i = —, where we can define
p'(i), m'(i), E}, ;) _ and E_, .y . by the claimed formulas.
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If is(i) ¢ C, E; is not cut and S sends Ezf,p = E;, on E,;) _, which is still in E;(i) as
p(i)sp(i) cannot be on a positive circuit of C' and hence E,,;) has not been cut on the left;
similarly S sends E; ,,, on Ep, (5 4 C E:n(i), thus we define p’(z), m’ (%), E;/;'(i),— and B ) |
by the claimed formulas.

As p’ and m’ are bijections, the new induction castle is indeed binary, and our p’ and
m' are its defining bijections. We define now s’ by s’ = spon C N {t = +}, s = sm
onCn{t = -}, 8 = sonC° Itis then straightforward to check that the castle is
symmetric: for example if is(¢) € C and vi = +, s(¢)¢ is also in C (as ¢ts(é) = i), hence
ms(i)sms(i) cannot be on a negative circuit in C' and hence r:m(i) = Tms(i)> While rj = 7
and m’s'(i) = mpsp(i) = ms(3); hence the relation 7} = r;n,s,(i) is satisfied, and similarly
for the other cases and relations.

Thus we have proved (1) to (5) for the E. O

LEMMA 2.2, — Ifweput E; = A;, 1 < i < d— 1, they satisfy (1) to (5), and their castle
graph Gy is defined by the bijections s(i) =i, 1 <i<d—-1,m(i)=d—i,1<i<d-1,
pli))=d+1—-42<i<d—1p(1) =1

Proof. — The proof consists of a simple verification, using the relative positions of the (;
and ~y; which are assumed in the condition of alternate discontinuities. O

2.4. The graph of graphs

As for the classical inductions, the self-dual induction is represented by paths in a graph;
each vertex of this graph is not a permutation as in the case of the Rauzy induction, but a
castle graph:

DEFINITION 2.7. — Given a castle graph G with bijections p, m, s, an instruction on G is
a map from the set of vertices of G to {—,+}4~1 such that v o s = 1, the castle graph J,G is
the castle graph defined by the bijections p’, m’, s’ described in Proposition 2.1.

Let Gg be as in Lemma 2.2, let §(Go) be the smallest set of castle graphs which contains
Gy and is stable by the map J, for all possible instructions 1. The graph of graphs I'y is the
oriented graph whose vertices are the elements of G(Gy), with an edge labeled by ¢ from G to
J.(G).

If E; are intervals satisfying (1) to (5), and their castle graph is a vertex a of the graph of
graphs; if we apply the self-dual induction, the castle graph of the intervals E! is the vertex b
such that from a to b there is an edge labeled by the instruction v of Proposition 2.1.

DEFINITION 2.8. — Let I be an infinite path in the graph of graphs, let G,,n € N, be its
vertices, for each m, let v, be the instruction labeling the edge from G,, to G411, let sy, Py,
my, be the bijections defining the castle graph G, let C,, be the maximal union of same-sign
circuits of G, using only the edges starting from is,, (i) and of sign vp3, 1 < i < 3.

I is admissible if’

— Goisasin Lemma 2.2,

— ifi € Cp, tnt1t = Ly,

— for each i, vyt = + for infinitely many n,

— for each i, 1,i = — for infinitely many n.
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The following theorem is proved in [19]; the proof uses elaborate combinatorial tools; in
the next section we give a simpler proof for d = 4, to make the present paper self-contained.

THEOREM 2.3. — Every transformation T defines an admissible infinite path in the graph
of graphs. Every admissible infinite path in the graph of graphs is the path of at least one
transformation T

2.5. Names

The self-dual induction gives a way to generate any transformation 7" by 2d — 2 families of
Rokhlin towers; when we know the path of T" in the graph of graphs, we know how to build
these towers recursively, or, equivalently, how to build their names for the partition of [0, 1]
into A;, 1 <13 <d.

In the initial castle, and hence in all the castles we consider, each level T E; ,, is contained
in one interval A, ; ), w(r,4,p) € {1,...,d—1}, and the same holds if we replace p by m.
Thus we can define the names of our towers as in Definition 1.7; there are 2d — 2 names, we
denote by P; and M; the names of the towers of bases E; , and E; ,,.

LeEmMMA 2.4. — In the initial castle, P, = 1d, M; = 1,1 <i<d—-1, P, =1¢2<i<d-1.
If we apply the self-dual induction to a castle with names P; and M;, the new names P} and
M are given by
— ifis(i) € C and vi = +, P{ = P;, Mj = P;Mp;;
— ifis(i) e Candvi=—, P = MPm(z),MZ M;;
- ifis(i) ¢ C, Pl = P;, M! = M,.

Proof. — The proof can be obtained by following the steps of the proof of Proposition 2.1,
adding the names M; and P; of the towers as in Figure 4. O

In classical inductions, we generate T by only d families of Rokhlin towers; this is possible
also for the self-dual induction, by inducing T" further on one of our d — 1 subintervals;
but, as will be seen in Lemma 4.2, this requires the knowledge of the path in the graph of
graphs some way beyond the stage we are considering, thus we shall do it only for some
particular families of examples; more generally, the reasoning of Lemma 4.2 and the result
in its corollary can be repeated for any given infinite path in the graph of graphs.

3. Structure of symmetric 4-interval exchange transformations
Throughout the remainder of this paper, we restrict ourselves to d = 4.

LeEMMA 3.1. — The graph of graphs Ty is the graph whose vertices are

I s =(123), p = (132), m = (321), with nontrivial relations r1 = r3, ly = I3,
II s = (123), p = (321), m = (213), withr1 =19, l1 = I3,

III s = (123), D= (213), m = (132), with T9 = T3, lo =11,

IV s =(321),p=(231), m = (321), withly + 11 = lg + 13, la = I3,
V s= (213), p= (231), m = (213), withly +r1 =1y + 19, I1 = I3,

VI s=(132), p=(231), m = (132), withly + 1o = l3 + 73, la = 14,

VII s = (132), p = (132), m = (312), withly + 13 = l3 + 13, 71 = T2,
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VII s = (321), p=(321), m = (312), withly + r1 = lg+ 13, 71 =73,
IX s= (213), p= (213), m = (312), withly + 711 =log + 179, 7o = 73,

and whose edges, labeled by instructions (11,12,t3), are the following

fromI (—,+,—) and (—,—,=) to IV, (—,+,+) and (+,+,+) to VII, (—,—,+),
(+,—= =), (4, = +), (4, =) to I,
fromIT (—,—,+) and (—,—,—) to V, (+,—,+) and (+,+,+) to VIII, (—,+,—),
(= +4), (4, = =), (4,4, =) to I1,
from I1I (+,—,—) and (—,—,—) to VI, (+,+,—) and (+,+,+) to IX, (—,—,+),
(=+ =) (= +,+), (4, —,+) to I11,
from IV (+,4+,4+) oV, (—,+,—) and (—,—, =) to I, (+, )toIV,
fromV (4,+,+) to V1, (——+)and( ——)toII( —)toV,
from VI (+,+,—|—) to IV, (+,—,—) and (—, —, =) to III, (— ,—|—,+) toVI,
from VII ( —)toIX, (—,+, )and(+,+ +)tol, (+,—,—) toVII,
from VIIT (— —)toVII, (+,— )and(—l—,+,+) tolIl, (—,+,—)toVIII,
from IX ( —)toVIII, (+,4,—) and (+,+,+) to 111, (—,—,+) to I X.

Proof. — The proof follows from straightforward computations, applying Definition 2.6.
In each case, the knowledge of m, p and s allows us to write the set of non-trivial relations
of Definition 2.4. O

A simplified graph of graphs is shown in Figure 5: we have omitted the edges going from
one vertex to itself, an edge +.+ denotes two edges, (+, —, +) and (+, +, +), and similarly
for other edges labeled with points.

— ++ _ — .

13 31 /\ 2 > : >
ey

virr O +o+ I -—
+

+
139 31 T+

FiGure 5. The graph of graphs.
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We prove now Theorem 2.3 for d = 4. Only Proposition 3.4 and Lemma 3.3, restricted to
some of the particular cases studied in the proof of the lemma, are necessary for the sequel,
but we wish to give the reader the complete recipe to make his own examples.

PROPOSITION 3.2. — Every transformation T defines an admissible infinite path in the
graph of graphs.

Proof. — Given T, we start from E; = A; and apply the self-dual induction recursively;
we get an infinite path in the graph of graphs (though only admissibility will prove that it does
not become stationary). The first condition of admissibility (Definition 2.8 above) is satisfied
because of Lemma 2.2 and the second one because of Definition 2.6 and Proposition 2.1.

Let E; ,, be the interval E; at stage n; let us prove first that whenever E; ,, is cut for infinitely
many n, then it is cut on the right for infinitely many n and cut on the left for infinitely many n.
Indeed, by construction, the left and right endpoints of E; ,, are respectively T“(")%(n) and
T”l(")fyb,(n), for integers a(n) < 1and a/(n) < 1, and there is no point 7%, or Tmlyb,(n)
inside E; , for a(n) <z < 1land a'(n) <z’ < 1. If E; , is cut infinitely often, a(n) — —oo
or a’(n) — —oo, and thus there exist j and ¢(n) — —oo such that E; ,, does not contain any
T*~; for c¢(n) < x < 1. But this contradicts minimality if E; ,, is ultimately not cut to the
right (resp. left).

We prove now that each E; ,, is indeed cut for infinitely many n; this is done by looking
precisely at the possible paths in the graph of graphs. There are 27 cases to consider, we look
at two of the most significant.

Suppose for some N Gy is vertex I, and let us show that E, ,, will be cut at least once for
n> N.Iftyl =+, 1sy(1) = 11 isin Cy, because there is a + loop around 11 in the castle
graph I, and we are done forn = N.

We suppose now that cy1 = —. If .3 = —, we are done as 11 is in Cly, because of the
— circuit {11, 33}. For alln > N if E; ,, is never cut we have ¢,1 = — and we can go only
fromItoVII,ItolI,VIItoI,or VIItoVII;hence:,3 =+ foralln > N, as otherwise
1s,(1) is in C,, either because we are in I with a — circuit {11, 33}, or because we arein VIT
with a — circuit {11, 23,32} and ¢,2 = ¢,,3 because s,,(2) = 3. Then, if there exists N’ such
that for alln > N’ Es ,, is not cut, we have 1,2 = — forn > N’, otherwise 3s,(3) is in C,,,
as both in I and V'IT there is a + circuit {2s(2),3s(3)}. Then for all n > N’ G, is vertex [
(if it was vertex VII we would have ¢,2 = ¢,3), and 2s,,(2) = 22 is in C,, because there is a
— loop around 22, thus Ej ,, is cut infinitely often but ultimately only on the right, which as
we just proved is impossible. So Ej5 ,, has to be cut infinitely often, hence infinitely often on
the right, and, for some n > N, ¢,3 = —, contradiction.

Suppose for some N Gy is vertex IV, and let us show that Ej ,, will be cut at least once
forn > N. As there is a — loop around 22 in the castle graph IV, this implies that ¢,,2 = +
for alln > N. As there is a 4 circuit (13,22, 31) in the castle graph IV, this implies in turn
that ¢,1 = ¢, 3 = — for alln > N such that we are in IV. As E, ,, is never cut, we can only
go from IV to I, from I to IV, and from I to I (but not from IV to I'V); this implies that
we are in [ for infinitely many n, and that ¢,,3 = — also for all n > N such that we are in I,
because of the + circuit (22, 33) in I. Let N’ be an n for which we are in I; if 5 ,, was never
cut forn > N’, this would mean ¢,,1 = + foralln > N’, we would stay always in I, and E ,,
would be cut infinitely often (thanks to the loop around 11 in I) but only on the left, and this
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is impossible. Thus Ej3 ,, is cut for some n > N’, thus for infinitely many n, thus Es ,, is cut
on the left for infinitely many n, and this contradicts the assumption on ¢,,3.

The same reasoning applies, mutatis mutandis, for any F; xy when G is any vertex, and
we have proved the last two conditions of admissibility. O

DEFINITION 3.1. — We say that i takes +, resp —, at stage n, if t,i = +, resp —, and
15, (1) € Cp.
We say that ij takes +, resp —, at stage n if i takes +, resp —, at stage n and s, (i) = j.

LEMMA 3.3. — Let Gy, . . . Gn, . . . be a given admissible path in the graph of graphs. For
any 1 <1< 3,1<j <3andany pair of signse € {—,+}, €' € {—,+}, there exist a positive
integer t and a finite sequence 1 < js < 3,0 < s < t, such that

—jo=te=¢eji=j (-1)te=¢,
— forall1 < s <t, js_1js takes (—1)%e at infinitely many stages.

Proof. — The result s clearly true for paths where each 5 takes + and — at infinitely many
stages; admissibility implies each i takes + and — at infinitely many stages, but it is not always
true for each ij, and we must prove the lemma individually for paths where each of the 18
possibilities does not occur.

Note that if an admissible path visits all vertices ultimately, to allow the transitions each
ij has to take + and — infinitely often, and the lemma is proved. Now we look at admissible
paths that do not visit all vertices. An admissible path cannot visit only one vertex ultimately,
as, when we go from I to I, 3 cannot take + nor —, and similarly for the other vertices. An
admissible path cannot visit ultimately only two adjacent vertices: if they are I and IV, 2
and 3 cannot take + ultimately, and all the other possibilities are similar.

We look now at a path which ultimately visits only the vertices I, IV and VII: to allow
the transitions 22, 33, 23, 32 take + infinitely often, 11, 33, 13, 31 take — infinitely often and,
to ensure admissibility, 11 takes + infinitely often and 22 takes — infinitely often, and this is
enough to satisfy the lemma: for example, take i = 1, e = —; then by putting j; = 1, jo = 3
we get the result for (j,¢’) = (1,+) and (j,€¢') = (3, —); by putting j3 = js = 2, we get the
result for (j,¢') = (2,4) and (j,¢’) = (2, —), while by putting j5 = 3 we get the result for
(4,€’) = (3, +); and a similar computation works for other (i, €).

For a path which ultimately visits only the vertices IV, V and V I: then, to allow the tran-
sitions, 13, 22, 31, 11, 23, 32, 12, 21, 33 take + infinitely often, and, to ensure admissibility,
11, 22 and 33 take — infinitely often, and we check this is again enough to satisfy the lemma.
Let us now take a path which ultimately visits only the vertices I, IV, V,II,VIII,VII, I,
and always in that circular order; then, to allow the transitions, 13, 31, 22, 11, 33, 23, 32 take
+ infinitely often, 11, 33, 12, 21, 13, 31, 22 take — infinitely often, and again this is enough
to satisfy the lemma.

Other cases are similar to one of these or contain more possibilities. O

PROPOSITION 3.4. — Every admissible infinite path in the graph of graphs is the path of at
least one transformation T.
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Proof. — The proof (in contrast with the general proof in [19] which uses word combina-
torics) follows the strategy of [26]: we find the coordinates I1 o, 71,0, I2,0, 72,0, 3,0, 7'3,0 defin-
ing our transformation by showing that some intersection of open cones is nonempty, though
here we have to take its further intersection with a subspace of dimension 4 because of the
nontrivial relations defined in Definition 2.4 and expressed in Lemma 3.1.

Let Gy, ...G,, ...be a given admissible path. Let ¢, and C,, be the associated instructions
and unions of same-sign circuits.

We need to find a sequence of strictly positive vectors
Up = (ll,n, T1in, l2,n, T2.n, lS,n, 7"3,77,)
such that for each n,

— the coordinates of v,, satisfy the two non-trivial relations corresponding to G,, as stated
in Lemma 3.1,
= Up4+1 = Unvn;

where the linear operator U, from R® to R® is defined by U,(l1,r1,l2,72,13,73) =
(15, ry, U, rh, 15, rh) with

— ifis, (i) € Cpand vyi = +,1; = l; — 75, 3y, i = T4,
—ifis,(i) € Cpand v, = =, U, =1;, 7}
— ifis,(3) € Cn, I, =i, 1) =1,

=T;— lsn(i)a

A direct consequence of the formulas is that U,, is invertible and the matrix of U, ! has
nonnegative entries. What we shall show now is that for any k, any n large enough,
Win = Uyt Uyt has a matrix whose all entries are strictly positive.

We look at how v,, is deduced from v,,41; if is,, (i) € C,, and i = +, we have
Tim = Tim+1 and

Liim = lim+1 + Ts, ()ym = biima1 + 7o, (i),m+1

as sy, (2)7 1s in the same positive circuit in C,, as is,,(¢). Similarly, if is,,(i) € C,, and
tmi = —, we have Iy = limy1 and 1y = Time1 + s, (i),m+1, and if isp, (i) & Cp, we
have l; , =l m+1 and r; p, = 1 my1. Hence l; 1 appears always in the expression of [; ,,
and hence in every [; , for p < m; it appears also in the expression of r; ,, when 45 takes —
at stage m, and if there exists ¢ < m such that ij has taken — at stage ¢, it appears in every
ripforp <gq.

Let £ > 0 be fixed. We take 7 and j and two signs e and ¢/, and choose ji, ..., j; as in
Lemma 3.3. As js_1Js takes (—1)%e at infinitely many stages, we can find k < ky < -+ < k¢
such that j,_1j, takes (—1)%e at stage ks forall 1 < s < ¢t. And if n > ki, this implies that
ljnif e’ = —, resp. v, if ¢ = +, appears in the coordinate I; ;, of vy if e = +, resp. r;  if
e = —. By doing the same for every choice of 1 <1 <3,1<j<3,ee {—,+},¢ € {—,+}
and taking n larger than all the corresponding k;, we get our assertion on W ,,.

We write now the reasoning of [26], in a little more explicit way; let Q@ = {l; > 0,r; > 0,
i = 1,2,3} be the open positive cone in RS, Q = {l; > 0,7; > 0,4 = 1,2, 3} its closure,
K, =W, K, = W1,Q, K, = K,, \ {0}; we have K,, C K|, C K,,. The condition on
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the matrices ensures that for all k and n > k, if v is in  with at least one strictly positive
coordinate, then Wy, v is in Q, thus

nglKn = ﬂnZlKin\ {0} = nnZlK;L‘

The last part of Keane’s reasoning (which will not be used here but imitated) says that
each K, is invariant by v — Av for any scalar A, thus the K, are decreasing compact sets in
a projective space, thus their infinite intersection is non-empty; thus N,,>1 K, is non-empty.

We introduce now the relations: let =, be the subset of R® made of vectors
(l1,71,12,79,13,73) Whose coordinates satisfy the two non-trivial relations correspond-
ing to G,, in Lemma 3.1; in particular Zg = {r; = r3,ly = I3} as Gy is vertex I. It follows
from Proposition 2.1, and can also be re-checked by direct computation, that

- -
Ent1 = UpE,.

Now, the above considerations imply that ¢ N N,>1 K, = Zp N N,>1 K. We look at the
intersections of the K/, with the space E¢ = {r; = r3,ly = I3}: they are nonempty as,
because of the expression of the relations in Lemma 3.1, each (2N =,,11) is non-empty, thus
also its image by W1 ,,, and we have W1 ,QNEg = W1 , (AN E, 1) = E0N K, C EgNK],.
Each Ey N K], is invariant by v — v for any scalar ), thus the Zy N K/, are decreasing
compact sets in a projective space, thus their infinite intersection is non-empty. Thus the
infinite intersection N> (29 N W1, Q) = NI Wy (2N E,41) is non-empty.

A vector vg in this latter set is such that v,, has strictly positive coordinates for all n,
and satisfies the required relations for all n. After normalization by 1o + r10 + l20+
ro0 + l3,0 + 730 + 1,0 = 1, we define a symmetric 4-interval exchange transformation by
o1 =1lig+ 710,00 =log+ 720, 03 = Il30+ 73,0, 0u = 19, and the required inequalities
on the B; and v; are satisfied.

By construction the self-dual induction is iterated infinitely, defining the path Gy, ..., G,
...and by admissibility each E; is cut infinitely often on the left and on the right; thus the
height of each tower tends to +oc0; as the negative orbits of the discontinuities of 7" appear
as the endpoints of levels in the castles, while the negative orbits of the discontinuities of 7!
appear in the interiors of these levels, the i.d.o.c. condition is satisfied. O

4. Uniquely ergodic examples

In this section, we define a family of examples depending on three sequences of integers
my, Nk, Pk, Which we call the partial quotients for the self-dual induction: my, (resp ng, px)
is the number of consecutive times when 22 (resp. 33, 11) takes —, the — edge from 22 (resp.
33, 11) being a loop in the castle graph.

DEFINITION 4.1. — Given m = {my,k € N}, n = {ny, k € N*}, p = {px, k € N*}, let
T'(m,n,p) be the admissible path defined as follows, which starts from I, then makes infinitely
many circuits through vertices IV, V, VI: laps are numbered from k = 0, before lap 0, we go
from I to IV by (—,—,—); for all k > 0, at the beginning of lap k we are in IV ; we apply
instruction (+, —,+) my, times if k > 0, resp. mo — 1 times if k = 0, staying in IV, then go
toV by (+,+,+), then apply instruction (+,+, —) ng+1 times, staying in V, then go to VI
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by (+,+,+), then apply instruction (—,+,+) pr+1 times, staying in VI, then go to IV by
(+,+,+)

All transformations T in this section are such that their path in the graph of graphs is a
I'(m,n,p).

Note that in Definition 4.1, and hence in Lemma 4.1 below, when we look at what happens
between vertex IV in lap k and vertex IV in lap k& + 1, we have chosen to use my, ngy1 and
pr+1. This is intentional, because the fundamental Corollary 4.3 below, which depends on
what happens between just after vertex IV in lap k£ and just after vertex IV in lap & + 1,
will thus depend on ngy1, pr+1 and my 1, and that corollary will be used extensively in the
sequel. The case k = 0 is special, as 22 takes — when we go from the initial state to vertex
IV in lap 0, thus 22 has to take — only mg — 1 times in the latter situation.

LEMMA 4.1. — The names of towers P;(k) and M;(k) when we are in vertex IV at the
beginning of lap k are given by the following rules:
Py (k+ 1) = (P1(k)Ma(k)™ Py(k)Ms(k))Pe+1 Py (k)
Py(k+ 1) = Ma(k)™ Py(k)
Pyl +1) = (Py (k)M (k))™+ Py (k)
Mi(k+1) = (Pi(k)Ma (k)™ Py(k)Ms(k))Pr+1 Py (k) Mg (k)™ Py(k)Ps (k)M (k),
My(k 4+ 1) = Mao(k)™ Py(k)(Ps(k) My (k))™+ P3(k) Py (k) Ma(k),
My(h+ 1) = (Py(k) M (k))™+ Py (k) Py (k) Ma ()™ Py (k) Ms (k)
with my, replaced by mg — 1 if k = 0, and initial values Py (0) = 13, P5(0) = 22, P5(0) = 314,
M;(0) =1, M3(0) =2, M3(0) = 3.

Proof. — The proof comes from applying Lemma 2.4 at each stage. O
As was announced in Section 2.5, we replace the six towers by four:

LEmMA 4.2. — Let Eq(k) be the interval E1 when we are in vertex IV at the beginning of
lap k; its induction castle is made of four towers, whose names are

- Ay = My (k)P5(k),

— By = Py(k) M3 (k)™ P (k) Ms(k),

— Cf = Py (k) My (k)™ Py(k)Ps(k),

— Dy = Pi(k)My(k)™ ' Py(k) P3(K),
with all my, replaced by mog — 1 if k = 0.

Proof. — The induced map of T on E (k) is an induced map of the induced map of 7" on
E, (k) U Ea(k) U E5(k), whose castle is vertex IV. To find the castle we want, we look at
concatenations of towers starting from E; (k) and coming back to it, and this corresponds
to paths in the castle graph IV starting from 13, we can go to 31 by M; and come back
to 13 by M3 or Ps, or else go to 22 by P;, make an unknown number of times the loop M,
around 22, then go to 31 by P, and come back to 13 by M3 or Ps; thus the possible names of
our concatenations of towers are M; (k) Ps(k), M1 (k)Ms(k), Py(k)Ma(k)® Py(k)Ms(k), and
Py (k)M (k) Py (k) Ps(k) for (a priori) any positive integers s and ¢. But the same formulas
hold with k replaced by k£ + 1, while concatenations of towers starting from E;(k + 1)
and coming back to it are also concatenations of the above concatenations starting from
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E; (k) and coming back to it. Taking into account the formulas of Lemma 4.1, we see that
M, (k)Ms3(k) does not occur, and that there are only two possible values for ¢, ¢ = my and
t = my+1, and one possible value for s, s = my, (with the usual modification for k = 0). O

COROLLARY 4.3. — The above names are given by the formulas
1
_ Ak+1 — BZk+1CkAZk+1+ )
— Bgy1 = sz_HCk(AZk+1Dk)mk+1AZk+1Bk,
— Ck+1 — Bi"’“ Ck(AZk+1Dk)mk+1AZk+l
P n n
— Dpy1 = Bkk_HCk(Akk+1Dk)mk+1+1Akk+l.

with initial values Ag = 1314, By = 132™°~1223, Cy = 132™0~122314, Dy = 132™022314.

In all the sequel we denote by ay, by, ¢k, di the lengths of the names Ay, By, Ck, Dy; these
are also the heights of the corresponding towers, which we denote by tower Ay, tower By,
tower C}, tower Dy, each of these being a k-tower.

By minimality, for each e, if k is large enough, the lengths of the intervals are all less than ¢;
hence any integrable function f can be approximated (in #; for example) by functions f
which are constant on each level of each k-tower. Thus the above formulas give a complete
description of T' as a system of rank at most four by intervals (the original reference on finite
rank is [31], but finite rank by intervals was not defined in print before [12]). From these
formulas, T is determined up to measure-theoretic and topological isomorphisms.

Now, the secret for building interesting examples is to play on our partial quotients; we
shall first ensure that our system is of rank one, the tower A being the only one which is
not of very small measure (for any invariant measure p, but this fact by itself ensures that
1 18 unique). Moreover, this is a rank one system as in Definition 1.8, and all its properties
come from the values of a;. In Theorem 4.6 we ensure that the a; are the denominators
of the convergents (for the Euclid algorithm) of an irrational #, and thus 7" has ¢ as an
eigenvalue, and even is measure-theoretically isomorphic to the irrational rotation of angle 6.
In Theorem 4.7, each aj will be a multiple of an integer NV, and T has ﬁ as an eigenvalue.
In both cases, as the tower By, is not negligible from the topological point of view, a relation
between ay, and by will ensure topological weak mixing.

PROPOSITION 4.4. — If for infinitely many k, there exist positive integers ay, b} such
that ajay — bl.by = 1, and we have ngy1 > a), prt1 > b, then the transformation T is
topologically weakly mixing.

Proof. — Recall that the union of the bases of the towers Ay, By, Ci, Dy is the interval
E,(k), and, by minimality, for each e, if & is large enough, the lengths of the intervals are all
less than e. Let 6 be an eigenvalue with a continuous eigenfunction f; then, for given e, if k&
is large enough, | f(2) — f(y)| < e (in R/Z) if z and y are in E; (k). Because in the formulas
of Corollary 4.3 A;*™* occurs in (for example) A1, there exists z in the basis of the tower
Ay, such that T%% g is again in E; (k) hence

10ajaxl] = /(T *2) - f()] < &

similarly there exists y in the basis of the tower By, such that 7%y is again in E; (k), and
we get
10(arar — brbe)l| <e,
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hence # = 0, which is not possible as T" is minimal and the existence of a continuous non-
constant eigenfunction for # = 0 would imply the existence of a non-trivial closed invariant
subset. O

ProrosiTioN 4.5. — If

+

o0

(P41 + 1)bg + ¢ + di
Nkg4+10k

< 400,

b
Il
—

then T is uniquely ergodic and (X, T, ) is measure-theoretically isomorphic to the rank one
system (X', T', u') defined (as in Definition 1.8) by the word Ay and the towers

;€+1 — gk+1—(nkt1+1)ak (A;C)nk+1+1'

Proof. — Note that the above condition uses d and not my_1dj, as it is enough since both
A} and Dy, have their lengths multiplied by my.1 in the formulas of Corollary 4.3.

Let p be any invariant probability for T: each level in a given tower has the same measure,
hence the above condition ensures that the towers By, Ck, Dy, have measure at most ¢, the
k-th term in the above series, in each tower Agy1, Br+1, Ckt1, Dr+1, hence in the whole
space, where Z;ﬁ‘(’) € < +oo. The system (X, T, p) is then of rank one by intervals as the
sequence of towers Ay, generates the whole space, see for example [12] for precise definitions.
We build a measure-theoretic isomorphism between (X, T, ) and (X', 7", 1’), by sending
the j-th level of the tower Ay to the j-th level of the tower Aj for T”: it is consistent by
construction, as the length of A) is as, and is defined almost everywhere because of the
condition on €. The unique ergodicity is a consequence of the rank one by intervals: as
is mentioned in Definition 1.8, the definition of x’ ensures that it is the unique invariant
probability measure on (X’,7”), and any invariant measure v # p on (X,T) would define
an invariant measure v’ # p’ on (X', T”) through the above isomorphism. O

THEOREM 4.6. — One can construct recursively sequences m, m, p such that the
corresponding transformation T is uniquely ergodic, topologically weakly mixing, and measure-
theoretically isomorphic to an irrational rotation on T;.

Proof. — We build the partial quotients for the self-dual induction recursively as follows:
we choose mg such that ag and by are coprime, and we have by > ag.

At stage k, we assume ay and by are coprime, and by > ay; by Bezout’s identity we can
find positive integers aj, and b), such that aj.ar — bj.by = 1. We choose first pj1, such that

pry1 > by and

Prt1br + ¢k = ap—1 mod  ag;

this is possible as by, is invertible modulo ag; then we choose ny; large enough for
1k > 28 ((Drgr + )bk + ¢k + d),

!
nk_l'_l > ak,

and such that

(ng+1 + 1)ag + pr+1be + ¢ is coprime with by — ag;
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this is possible as ay, is invertible modulo by — ay; finally we choose
Miy1 = tgr1ak+1  forsome  tpiq € N*.

As by Corollary 4.3 bgy1 — agt1 = by — ax + mgr1(ngr1ag + di), we have by — agpr1 =
by, — ax, modulo ak1 by choice of myy; as in the previous equation; as by — ay, is invertible
modulo agy1, 8018 bx11—ak+1, and thus agy1 and b1 are again coprime, and by1+1 > ax41.

Our transformation T satisfies the hypothesis of Proposition 4.5, thus is uniquely ergodic
and measure-theoretically isomorphic to the rank one system 7. T' is topologically weakly
mixing by Proposition 4.4.

Because of the second equation in the choice of pxy1 above, ax+1 = Yr+10k + Grp—1
for positive integers yiy1. We choose the irrational # whose partial quotients (for the
Euclid algorithm) are yo,y1,... so that the a; are the denominators of its convergents.
For the rotation of angle 6, the standard Sturmian trajectories (see [17] for example) are
concatenations of words Aj and C}/ with C}/,, = A] and Ay, = C}/(A;)V*. As

+oo _ak-—1
k=1 yri1ax . . .
measure-theoretically isomorphic to the rank one system defined by the word Aj and the

towers A}, = s -1 (A}/)Ys+1, by the same proof as in Proposition 4.5.

< +o0 because the hypothesis of Proposition 4.5 is satisfied, this rotation is

And T’ and T" are measure-theoretically isomorphic as in the proof of Proposition 4.5, as
build an isomorphism between T" and T” by sending some A}/ to strings of spacers of length
ag, on a part of the space of measure ¢; with E:ﬁ €, < +oo0. O

THEOREM 4.7. — For any integer N > 2, one can construct recursively sequences m, n, p
such that the corresponding transformation T is uniquely ergodic, topologically weakly mixing,
and has % as an eigenvalue.

Proof. — We build the partial quotients for the self-dual induction as follows: at stage
k > 1, we assume ay and by are coprime, by, > aj and ay is a multiple of N; by Bezout’s
identity we can find positive integers aj, and b}, such that aja, — b,,by = 1. We choose first
Pk+1, such that pyy; > b} and

Dk+1bkx + ¢ =0 mod N;

this is possible as by is invertible modulo a; hence modulo N; then we choose g1
large enough for ngi1ar > 28((ppe1 + Dby + cx + di), npyr > aj,, and such that
(ng+1+1)ag + pr+1bk + i 1s coprime with by, — ag; this is possible as ay, is invertible modulo
by, — ag; finally we choose my11 = txi1axy1 for some ¢ 1 € N*, hence apy1 and by are
again coprime, and bg1 > agy1, while ax1 is a multiple of N.

At the initial stage, if N = 2 or N = 4 we can choose mg such that by is coprime
with ag, and our assumptions are satisfied at stage 0, so we begin the above process at
k = 0. Otherwise, our assumptions will be satisfied at stage 1, in the following way: we
choose my such that my and mg + 4 are both coprime with 4N (let AN = [];_, 7" be
the decomposition of 4N into prime factors, withmg = 2 < 71 < ---;for0 < i < s,
let U; be the set of 0 < m < 4N such that m and m + 4 are coprime with g, ..., m;: we
have #¥, = 2N, and, by the Chinese remainder theorem, #WU, ,; = #W;(1 — ﬁ), thus
#V, = [[io 7™ ]2, (m —2) > 0, and any my in ¥, is convenient). Thus m is coprime
with N and with 4 and mg + 4 is coprime with my N, and for any n; and any element x of
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Z/moNZ we can find p; such that a; = (mg +4)p; +4n1 +mg + 10 = 2 mod Nmy. Hence
we choose any ny, and then p; such that a; is a multiple of N and coprime with my = bg—ay,
then, with my = t;a; for some t; € N*, we get that a; and b; are coprime.

Our transformation T satisfies the hypothesis of Proposition 4.5, thus is uniquely ergodic
and measure-theoretically isomorphic to the rank one system 7” in Proposition 4.5. T is
topologically weakly mixing by Proposition 4.4.

On (X',T"), for k > 1 we put ¢x(z) = £ if  lies in the pN + j-th level of the tower A,
forintegers 0 < p < "W’“ —1,0 < j < N —1. Because a, is a multiple of N, this is consistent
and the ¢y converge in L?(X,R/Z) to a function ¢, which satisfies T"¢ = % + ¢. Thus 7"
and T have the required eigenvalue. O

We can also build such a transformation 7" with both rational and irrational eigenvalues,
by building a 6 such that the a; are the denominators of its convergents, multiplied by N.

We turn now to weakly mixing examples; the first one imitates the famous rank one system
of del Junco-Rudolph [22] by ensuring a recurrence relation ax4+1 = yg+1ax + 1.

THEOREM 4.8. — One can construct recursively sequences m, m, p such that the
corresponding transformation T is uniquely ergodic, weakly mixing, and simple (of order
two).

Proof. — We build the partial quotients for the self-dual induction recursively as follows:
we choose mg such that ay and by are coprime, and we have by > ag.
At stage k, we assume ay, and by, are coprime, and by, > ay; we choose py1 such that

pk+1bk +c,=1 mod ag;

this is possible as by is invertible modulo ax; then we choose myi; large enough for
npr1ar > 2%((pry1 + 1)be + cx + di), and such that (npyq1 + 1)ax + pre1be + cx is
coprime with by — ax, and my41 = tgy1ak+1 for some tx 1 € N*. Thus agy1 and by are
again coprime, and by 1 > apy1.

Our transformation T satisfies the hypothesis of Proposition 4.5, thus is uniquely ergodic
and measure-theoretically isomorphic to the rank one system 7”.

By construction a1 = yr41ax+1 for positive integers yg 1 > 281, Thus 7" is measure-
theoretically isomorphic to the rank one system 7" defined by the word Ag and the towers

k41 = s(Aj)¥++1, as we build an isomorphism between 7" and 7" by sending some A to

strings of spacers of length ay, on a part of the space of measure ¢;, with Z;:;’Cl’ € < +o00.

This last system is weakly mixing and simple exactly in the same way as del Junco—
Rudolph’s map [22], which is the rank one system defined by some Hy and the towers
Hyy, = H ,fk sH gk (this defines a transformation by an appropriate modification of Defi-
nition 1.8); the main (and quite involved) argument in Theorem 1 of [22] uses only the fact
that there are isolated spacers between long concatenations of the same tower. O

Note that we deduce from [22] that this system is also prime (it has no nontrivial invariant
sub-o-algebra) and rigid.

Of course, as most transformations 7" are weakly mixing, we may expect to find many
more examples with this property. Indeed, we can build a lot of them by adapting to the
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family of transformations 7" in the present section the method described in the proof of
Theorem 5.5 below.

Another unexpected way is to use the so-called Arnoux-Rauzy systems [3]. These are
symbolic systems defined by three names Xy, Yi, Zj, built recursively by using a sequence
of combinatorial rules; by rule 1, Xx11 = Xg, Yer1 = YeXk, Zrr1 = ZipXk; by rule 2,
Xiy1 = XpVi, Yy = Yi, Zpp1 = ZpYy; byrule 3, Xpy1 = XiZy, Yy = YiZg,
Zx+1 = Zp. At the beginning, Xo = 1, Yo = 12, Z; = 13. Here we restrict ourselves
to a particular class of Arnoux-Rauzy systems, built by applying successively rule 1 g3;11
times, rule 2 g3;2 times, rule 3 gz;1 3 times, then rule 1 ¢s;44 times and so on, starting from
I = 0; this gives a uniquely ergodic (by Boshernitzan’s result using complexity [5]) system
(Y, S), and, when the g grow to infinity fast enough, as a straightforward consequence of
the definition, this system is measure-theoretically isomorphic to a rank one system defined
by the word Hy and the towers Hy 1 = st* (Hy )%+, where, for k = 31 + 1 (resp. k = 31+ 2,
k = 314 3) Hi hasname Yy, 4 4, (resp. Z, X), and t; is the length of Z,, .4, (resp. X, Y).
These systems are proved to be weakly mixing in [7].

PROPOSITION 4.9. — One can construct recursively sequences m, n, p such that the
corresponding transformation T is uniquely ergodic, weakly mixing, and measure-theoretically
isomorphic to an Arnoux-Rauzy system.

Proof. — We build simultaneously mg, ng, px defining our transformation 7" and gy, defin-
ing our Arnoux-Rauzy system.

At each stage, aj and by, are coprime, by, > ax, and ax = hyg, hi being the length of Hy. At
the beginning, we choose the first parameters so that the assumptions are satisfied at stage 1.
At stage k choose first pxy1, such that, if ¢ is defined above from ¢y, ..., gx and the rules
defining an Arnoux-Rauzy system, as the length of Zg, ;...;4,, resp. X, Y according to the
class of k modulo 3,

Prs1br +cp =t mod  ag;
then we choose ny41 large enough for satisfying the hypothesis of Proposition 4.5 and such
that (ngyr1 + 1)ar + prr1bx + ck is coprime with by, — ag, then mgy 1 = ugyiagyr, fora
positive integer uy 1, so that ax, 1 and by, 1 are again coprime, and bgy1 > axs1. Then we
choose gj+1 so that g1 = ag41. We conclude as in the proof of Theorem 4.6. O

Note that all the examples in this section are rigid by Proposition 1.1.

5. Non uniquely ergodic examples

DEFINITION 5.1. — Given m = {my, k € N}, n = {ng, k € N*}, with ng41 > mg > ng,
let T'(m,n) be the admissible path defined as follows, which starts from I and then follows
infinitely many times a path IV — I —VII -1 - IV

let fo =mnq1, e = mg — fr—1 and fr, = ngpy1 — e for k > 1, thus e, > 0 and fr, > 0. At
the beginning of step k we are in IV ; we go to I by (—, —, —), then apply instruction (+, —,+)
er — 1 times, staying in I, then go to VII by (4,+,+), then go to I by (+,+,+), apply
instruction (+,—,—) fr — 1 times, staying in I, then go back to IV by (—,—,—). Before
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step 1, starting from I we apply instruction (+,—, —) fo — 1 times, staying in I, then go to IV
by (_a ] _)

All transformations T in this section are such that their path in the graph of graphs is a
I'(m,n).

Indeed, in this definition my is the number of consecutive times when 22 takes —, the —
edge from 22 being a loop in the castle graph; 22 does take — when we are in I or IV but not
when we are in V11, so my, counts also the number of times we are consecutively in I, IV,
and [ again, between two passages in VII. Similarly n, is the number of consecutive times
when 11 takes +, the + edge from 11 being a loop in the castle graph, and that happens when
wearein I or VII.

The e, and fj, can be seen as auxiliary quantities with my, = e+ fr—1 and ng11 = e+ fi;
the indexing has been chosen so that Lemma 5.1 depends on eg, fx, and Corollary 5.3 will
thus depend on ny41 and myy1, and only that corollary will be used in the sequel.

In the same way as in the previous section we prove

LEMMA 5.1. — The names of towers P;(k) and M;(k) when we are in vertex IV at the
beginning of step k are given by the following rules:
— Pi(k+1) = (My(k)P3(k))=+/% My (k) M3 (k) Py (k),
Py(k + 1) = (Ma (k)** Py (k) M (k) Py (k) Ma (k) Mo (k)°* Py (k),
Ps(k + 1) = M3(k) Py (k) My (k)* Py(k)Ms(k)Mq(k)Ps(k),
My(k + 1) = (My (k) Ps(k)) 7+ My,
Msy(k + 1) = Ma(k)e* Py(k) M3 (k) Py (k) Ma(k),
Ms(k + 1) = Ms(k)Pi(k)My(k)°* Py (k) Ms(k);
with initial values Py(0) = (14)%0~113, P,(0) = 2foF!, P3(0) = 314, M;(0) = (14)fo—11,

Note that P,(k+1) does indeed contain My (k+1), and even My(k+1)7*, as a strict prefix,
as the last instruction is (— — —) from I, and the instruction for 2 has been — fj, times.

LEMMA 5.2. — Let Eq(k) be the interval E1 when we are in vertex IV at the beginning of
step k; its induction castle is made of four towers, whose names are

- Ay = Mi(k)P5(k),

— By = M;(k)Ms(k),

— Ck = Py(k) Mz (k)" Po(k)M5(k),

— Dy = Py(k) My (k)1 Py (k) M3 (k).

COROLLARY 5.3. — The above names are given by the formulas

- App1 = A BRCrAy,

- Bk+1 = AZHlBka;

- Cit1 = A" BCy D™ Cy,

= Dpy1 = AP BLCy D0y
with initial values A, = (14)™1314, By = (14)m~113, C; = (14)m~1132m+13
Dy = (14)m—1132mi+23,
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Towers and lengths are denoted as in the previous section. Now we shall fix our partial
quotients so that the towers Ay and the towers Dy, behave like independent systems, so that
the transformation 7" has two ergodic invariant measures, one mainly concentrated on the
towers Ay and giving a rank one system with this family of towers, and the other doing the
same with the towers Dj. By ensuring the aj are even, we get an eigenvalue % for the first
system, while the lengths dj, will ensure the second one is weakly mixing by contradicting the
criterion in Proposition 1.2.

ProrosiTION 5.4, — If

= by + ¢k 1

[ < 7’

= kti0k 4

+§ Ng+10k + bx + 2c, < 1
b1 mk+1dk 47

then T has exactly two ergodic invariant probability measures py and po; (X, T, u1) is
measure-theoretically isomorphic to the rank one system defined by the word Ay and the towers

! _ I \Ng+41 oQk+1—Nk+1C0k .
fp1 = (Ap)" gt Tk,

(X, T, ) is measure-theoretically isomorphic to the rank one system defined by the word D1

and the towers
;c+1 = Sdk+1—(mk+1+1)dk—ck (D/)’glk+1+1sck'

Proof. — Let € and 7y, be respectively the k-th term of the first and second series above.
Let p be any invariant probability for 7": each level in a given tower has the same measure,
hence the above conditions and the formulas in Corollary 5.3 ensure that the tower A, has
measure at least 1 — ¢ in the tower Axy; and the tower Dy has measure at least 1 — 7 in
the tower Dy, 1, while the towers By, C have measure at most € + 7 in each tower Ay, 1,
Byy1, Cr+1, Diy1, hence in the whole space.

Thus we can build a measure-theoretic isomorphism between the rank one system
(X', T, ') with towers A}, and (X,T') equipped with some invariant probability measure
w1 which we retrieve from p/, and . is ergodic as p’ is. We do the same for the rank one
system with towers D;, defining an ergodic p2. Then the tower A; has measure greater than
% for u; and smaller than % for ps, thus they are different, and it is known [23] [37] that T’
has at most two invariant ergodic probabilities. O

Note that the two convergent series conditions are exactly the one needed in the definition
of rank one systems.

THEOREM 5.5. — One can construct recursively sequences m, n such that the corresponding
transformation T is not uniquely ergodic, topologically weakly mixing, weakly mixing for one
of its invariant ergodic measures, while for the other one it has % as an eigenvalue.

Proof. — We fix M > 5 such that for all y > M there exist a prime number between
6y/10 and 9y/10 and a prime number between 11y/10 and 14y/10. This is possible as a
consequence of the prime numbers theorem.
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At the beginning, note that ay, b; are even; we choose n; and m; such that ¢; is even, d; is
odd, a; and d; are coprime.

Given ag, by, cg, di, some py to be specified later, and the assumptions that a; and dj are
coprime, ag, by, ¢ are even and dj, is odd, we choose the next partial quotients as follows.
Let 2, be the greatest common divisor of py and dj, with di, = d}, zx, px = P} 2x. Note that
dj, > 2 as dy, is odd. Let pj/ be an inverse of p;, mod dj,. We choose first a unit u), of Z/d;.Z
such that

uy, Zp(ar —cp) +t° mod dj, forany —di/2M <t <d/2M.

This is possible: if dj, > M, we take the class modulo dj, of one of the two prime numbers
defined above for y = d, (the first one if the class of p} (ar, — ¢x) is between 0 and d}. /2, the
second one otherwise), while if 2 < dj, < M this forbids at most one unit. We choose now a
unit uy, of Z/d,Z such that
uk = pyuj, mod dj

(this is possible as, to be a unit, uy has just to be coprime with the prime factors of dy
which are not factors of d},). Now we choose ny1 large enough for the first condition of
Proposition 5.4 and such that

Ng+10r = U — A — bk — Ck mod dk,

thus ag1 is coprime with dy; and we choose then my; large enough for the second condi-
tion of Proposition 5.4 and such that

(mg41 + 1)dg + ¢ — ag s invertible modulo  ag1.

Thus our assumptions are satisfied for k£ + 1 (note that mg; has to be even).
We explain now how to choose the p;. When my1 and ng; are fixed, forany 0 < p < dj,
there is at most one integer 0 < [ < dj41 such that

p l 1

dr,  diyr < 2Mdyyr

We call this integer | = ¢x.11(p), when it exists. Now, our choice of partial quotients ensures
that prdi+1 = prur + pr(ck — ar) mod dg, and prur Z pr(ar — cx) + t mod dy, for any
—di/2M <t < di/2M (by multiplying by z, the relation satisfied by u},, and pj ui, mod d},),
thus prdi4+1 #Z t mod dy, for any —dy/2M < t < di/2M; this means exactly that ¢ (px)
does not exist. Starting from k; = 1, we define inductively a sequence of integers k;; at stage j
we putpy, = 1; then py, 11 = ¢r;+1(2) if it exists, otherwise py, 11 = ¢, +1(3) if it exists, and
so on... If no ¢y, 11(p) exists anymore, we put k; 1 = k; + 1, otherwise py, 11 will be some
ér,+1(p), and for py, 2 we try first ¢x, yodr, +1(p+1) if it exists, then ¢y, 120k, +1(p+2) and
soon... If no ¢x; 20, +1(q) exists anymore, we put k; 11 = k; + 1, otherwise py, 12 is some
bk, 120k, +1(q), and for py, 3 we try first @x, 130k, 120k, +1(¢ + 1) if it exists, and so on...
After at most dj,; — 1 steps, we have defined k;, and ensured that for any 0 < p < d,, there
exists t < k;j, 1 such that ¢; ... ¢r;11(p) does not exist; then we start again from py,,, = 1.

We apply Proposition 5.4 to get pu; and ps. As ay is always even, (X, T, p1) has an
eigenvalue § asin Theorem 4.7. Now, let § be an eigenvalue for (X, T, u2): by Proposition 1.2
we must have my,1||di|| < g7 for k large enough, which implies |0 — 2| < gpr— for k
large enough and some 0 < ¢, < dg; this implies that for all k large enough ¢y 1(t) exists
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and is tx41, and this is impossible by the choice of p. Thus (X, T, ug) is weakly mixing,
which implies the topological weak mixing of T' (which we could also have ensured directly
as in Proposition 4.4). O

As in [26] we can choose the vector of lengths (among a segment of possible solutions),
so that uy is the Lebesgue measure, or so that us is the Lebesgue measure, or so that
neither uq nor ug is the Lebesgue measure. Note that (X, T, p1) and (X, T, uo) are rigid by
Proposition 1.1.

6. Questions and comments

Among examples we would have liked to build are transformations 7" with two (or more)
rationally independent irrational eigenvalues; a similar result has been claimed by Parreau
and Guenais (still unpublished) for d = 3 intervals, by very different methods which do not
generalize to d > 3; the methods of the present paper being based on rank one, what we
would need is an explicit rank one construction for rotations of T2, and this in itself is an
interesting open problem.

Very interesting also would be a transformation 7' with a continuous eigenfunction; this
does not exist for d = 3 intervals [30]; for every d > 4 nontrivial examples have been derived
by Hmili [20] (in answer to a question asked in a preliminary version of the present paper):
these examples are semi-conjugate, in a rather straightforward way, to rotations of T;. Older
examples have been built by Arnoux and Yoccoz [2] for some permutation on d = 7 intervals:
they are semi-conjugate, in a non-straightforward way, to rotations of Ty. No example we
know of has total irrationality.

The condition of alternate discontinuities simplifies the situation but can be dispensed
with, see [19]. The generalization of our methods to build examples on d intervals should
not introduce any fundamental difficulty but the computations become horrendous; as for
other permutations than the symmetric one, while our self-dual induction is not defined
in the general case, it can be made to work on classes of examples as in [19]; but the case
d = 4 for one non-trivial permutation is representative of the whole problem, as happens
for Keane’s [26] non-uniquely ergodic examples which were not extended beyond that until
a recent course of Yoccoz [42].

We recall that Veech’s question on simplicity is far from solved; another question is to
define a set " as in the introduction by requiring T to be topologically strongly mixing,
that is, for every Borelian A and B, T AN B is nonempty for n large enough. Boshernitzan
(unpublished) has proved that /" is empty for d = 3 intervals, but, after many computer
simulations, conjectures that %" is of full measure for d > 4 intervals. Again during the
process of refereeing the present paper, this question has been mostly solved for d = 4 by
Chaika [8] (he gets a residual set, though not necessarily of full measure).

As for the specificity of the self-dual induction: it is possible that these or similar exam-
ples could have been obtained via other well-known induction methods, by first building
a parametrized family of examples, and then manipulating the parameters. Indeed this
approach was used by Chaika to answer a related question [8], starting from the family of
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examples in [26] which was built by using a variant of the Rauzy induction (actually anterior
to Rauzy).

However, the authors found the self-dual induction developed herein to be well suited for
this task. In particular, one can stress the role of the quantities we call partial quotients,
which appear naturally as the number of consecutive times a given loop is followed in a castle
graph, and which share some of the arithmetic properties of the usual partial quotients in
the Euclid algorithm; indeed, in the simpler case of d = 3 intervals, they are used to define a
multiplicative self-dual induction [18], though this is less obvious for d = 4.
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