Annales de I’Institut Henri Poincaré - Probabilités et Statistiques

2010, Vol. 46, No. 1, 250-278 ANNALES

DE LINSTITUT
DOI: 10.1214/09-AIHP318 HENRI
© Association des Publications de I’Institut Henri Poincaré, 2010 POINCARE

PROBABILITES
ET STATISTIQUES

www.imstat.org/aihp

Shape transition under excess self-intersections
for transient random walk

Amine Asselah

Laboratoire d’Analyse et de Mathématiques Appliquées, Université Paris-Est, UMR CNRS 8050, France. E-mail: amine.asselah@univ-parisi2.fr
Received 3 May 2008; revised 10 February 2009; accepted 13 March 2009

Abstract. We reveal a shape transition for a transient simple random walk forced to realize an excess g-norm of the local times,
as the parameter g crosses the value g.(d) = % Also, as an application of our approach, we establish a central limit theorem for
the g-norm of the local times in dimension 4 or more.

Résumé. Nous décrivons un phénomene de transition de forme d’une marche aléatoire transiente forcée a réaliser une grande
valeur de la norme-g du temps local, lorsque le parametre ¢ traverse la valeur critique g.(d) = ddT2 Comme application de notre
approche, nous établissons un théoréme de la limite centrale pour la norme-g du temps local en dimension 4 et plus.
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1. Introduction

We consider a simple random walk {S(n),n € N} on Z, starting at the origin. For any set A, we denote by 14 the
indicator of A, and consider the local times of the walk {I,,(z), z € Z?} given by

Ih(2) =1{s0)=z) + - + Lis(u-1)=2)- (1.1)

For a real g > 1, we form the sum of the gth power of the local times

11§ = (). (12)

ze74

When ¢ is integer, ||/, ||Z can be written in terms of the g-fold self-intersection local times of a random walk. For
instance, when g =2

al3=n+2 Y Liso=siy-

O<i<j<n

For g positive real, we still call |7, ||Z the g-fold self-intersection local times.
In dimension three and more, Becker and Konig [6] have shown that there are positive constants, say « (g, d), such
that almost surely

Ml
lim — =«(q,d). (1.3)

n—oo n
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Here, we are concerned with estimating the deviations of ||/, ||Z away from its mean. That is, if P denotes the law of
the walk started at 0, we give estimates for

P(lltnlg — E[lnNg] = &n) (1.4)

for £ positive, and n going to infinity.

There is a rich literature concerning the two-fold self-intersection local times. The reason being that ||/,]|2 is a
natural object in quantum-field theory (see [1,14,22], for instance), as well as in the statistical physics of polymers
(see [8,9,13], for instance). However ||/, |4 for ¢ € R\ N has no such direct links with physics. It comes up naturally
in studying large and moderate deviations for random walk in random sceneries (see [5] and [15]).

Now, in the large deviations results for the two-fold self-intersection of a transient random walk (see [2,3,5,11])
two strategies have a distinguished role:

e Strategy A: the walk visits of the order of (£n)'/9-times, finitely many sites in a ball of bounded radius. For a
transient walk, the number of visits of a bounded domain is bounded by a geometric variable. Thus, strategy A costs
of the order of exp(—O((né)l/ 4y), where we use the notation vn = O(x,) for two positive sequences {x,, y,, n € N},
to mean that there is K > 0 such that 0 <y, < Kx,,.

e Strategy B: the walk visits of the order of £!/@@~D_times, about n/£!/@~1 sites. Presumably, the walk stays, a
time 7, in a ball of volume n/&!/@=D_ The cost of staying a time n within a ball of radius r, < /n is about
exp(—O(n/r,%)), so that strategy B costs of the order of exp(—O(nl_z/déz/(d(q_l)))).

When g = 2, [2,5] have shown that strategy A is adopted in d > 5, whereas [3] (see also Chapter 8.4 of [11]) suggests
that strategy B is adopted in d = 3.

To summarize in words our main finding, assume d > 3, fix £ > 0 and look at typical paths realizing {||l,,||?1 —
E[|l, ||Z] > £n}. As we increase g, we step on a value, g.(d), above which our large deviation event is realized by
strategy A, and below which it is realized by strategy B. The critical value ¢.(d) = ﬁ is obtained as we equal the
costs of strategies A and B.

Note that g.(d) is a well known number: if ¢ is integer, then ¢ independent simple random walks, on Z¢, intersect
infinitely often if and only if ¢ < g.(d) (see, for instance, [18], Proposition 7.1 and [17], Section 4.1).

Let us now describe, in mathematical terms, this shape transition. The first theorem deals with the sub-critical
regime q < q.(d).

Theorem 1.1. Assume dimension d > 3. Then, for q and d such that 1 < g < ﬁ, there are constants Cit (g,d)>0
such that for &£ > 1, and n large enough

exp(—cj (q, d)g /D@D 1=2d) < p (11, — E[I111§] = &n)
< exp(—cf (g, g2/ 11/ a= D) 1=20d), (1.5)

Moreover, in this regime the sites visited more than some large constant do not contribute to realizing the excess
self-intersection. In other words,

. . 1
lim sup lim sup T 27d log P < Z Ly, > ayln ()1 > gn> = —00. (1.6)

A—oo n—o0
ze74

Our second theorem deals with the super-critical regime q > q.(d).

Theorem 1.2. Assume dimension d > 3. For q and d such that q > %, there are constants 02i (q,d) > 0 such that
for& > 1, and n large enough

exp(—c; (g, d)Em) < P(lIL,118 — E[I1.113] = £n) < exp(—c5 (q. d)(En)/?). (1.7)
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Moreover, the sites visited much less than n'/? do not contribute to realizing the excess self-intersection. In other
words,

. . 1
hmsuphmsupm logP(Z ]l{ln(z)<£nl/‘1}ln(2)q > E[||ln||Z] +§n> = —00. (1.8)

e—0 n—oo N
=/

Remark 1.3. In Theorems 1.1 and 1.2, we could take & to grow with n. The only (necessary) bound on &,, comes from
the bound ||l ||; < n which imposes that &, < n4=L. The proofs are written with general &, > 1.

The next result deals with the contribution of some level sets of the local times to deviation on a much larger scale
than the mean, and can be obtained by the same approach yielding Theorem 1.2. We include it in this form since it can
be of independent interest, while showing the possibilities offered by our approach. Also, it generalizes Lemma 1.8 of

[5].

Lemma 1.4. Assume d > 3 and q > q.(d). Choose a,b > 0 such that 1 <a <1+ b(q — 1). Then, for any ¢ > 0, and
n large enough

1
qgc(d)

P((X B @7 27 <™ with€(q,0,0) =0+ g 19)

z€74

Remark 1.5. Our approach is not suited to studying small &, for reasons explained later in Remark 1.7. However,
when 1 > &, > n~%, for some positive § small enough, our approach yields a constant c1 such that for g < g.(d)

2/d —1 _
Pl = E[Il2] = an) < exp(—ci&r/ W/ @~ p1=2/d), (1.10)
When q > q.(d), we have a constant ¢y such that
1 2/d
P11 — E[I1,114] = &un) < exp(—c2&2 92/ n1/4). (1.11)

We believe that the powers of &, in (1.10) and (1.11) are not optimal. However, (1.10) and (1.11) are useful in deriving
a central limit theorem stated in Theorem 1.9.

Our initial goal was to improve the main result of [3], which states that in dimension 3, there is x> Oande >0
such that for £ > 0, and n large

P(Z L3, (0)>logmy1n (2) > né) <exp(—n'/log(n)*). (1.12)
zeZ3

Note that (1.6) improves (1.12). One reason to study ||/,|l4 for g > 2, is that the upper bound (1.5) for g > 2, yields
(1.6) at once. More precisely, for g < g.(d), choose ¢’ with ¢ < ¢’ < g.(d), and for any A > 0, the obvious inequality

/
i,

Ad-q’

Z 1y, (2> )l (2) < (1.13)

z€Z4

implies that

P(Z L, =l (2) = néf) < P(lallf = AT "ng).

z€74
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For A and n large enough, A‘/’qné >2E[|l, ||Z:]. Thus, if we set 8 = % Z::‘{ > (0, then from (1.5), we have a constant
c1(d, q’) such that

P(Z L1, > Al (2) > ns) < exp(—ci(d, q')g@DW = gy 1200, (1.14)

z€74

Thus, in order to improve (1.12) in d = 3, we were left with studying g-fold self-intersections with 2 < g < 3 = ¢g.(3).

In most works on two-fold self-intersection, a starting point, which we trace back to the work of Westwater [21]
and Le Gall [19], is a decomposition of ||/, ||% in terms of intersection local times of two independent random walks
starting at the origin. However, such a decomposition is restricted to g-fold self-intersection local times with g € N:
When ¢ =2 and d = 3 (in the sub-critical regime) Le Gall’s decomposition is a first step in obtaining, in [11], a
moderate and large deviations principles. When g =3 and d > 4 (in the super-critical regime), [15] uses a type of Le
Gall’s decomposition to obtain moderate and large deviations estimates.

Here, our starting point is an approximate decomposition obtained by slicing ||ln||Z over level sets of the local
times, for any real ¢ > 1. This is based on the following simple inequality. Let {b,,, n € N} be a subdivision of [1, 0c0),
and let /1 and /> be positive integers (which we think of as the local times of a given site in each half time-period).
Then, for g > 1, we have the upper bound

o0
i+ <1l +18+24 Zb?;f:ﬂ-{b,»gmax(h,12)<b,'+|}ll X Iy, (1.15)
i=0

as well as the obvious lower bound: (I} + [)? > li’ + lg. The desirable feature of (1.15) is that on its right-hand side,
the gth power of /1 and /; comes without penalty, whereas the term /; X I» yields an intersection local times. Thus,
(1.15) leads to the following result which plays here the role of Le Gall’s decomposition of [19].

Proposition 1.6. For any integers n and 1, with 2b <, let {n;,i =1,...,2!} be positive integers summing up to n.
Let {l.(’), i=1,..., 2’} be the local times of 2! independent random walks starting at 0. If {b;,i € N} is a subdivision
of [1, n], then,

l 2!
! q 1 1) law i) |9
SO <Ntll§ <SP+ T;. where S & Z||l,(,?|q, (1.16)
j=1 i=1
and, for j=1,...,1, and my =ng_ny2i-ip1 o Rggi- ork=1,...,2/
2/-1
1 —1 _
;'3 N 20t ( D Sl R > 1,53;3@). (1.17)
k=1 by <liny) (2)<bis1 zhi<liy ! (@) <bi

Remark 1.7. We first note some natural limitations in using the approximate decomposition (1.16). When we deal
with {||l, ||Z — ET||l, ||Z] > &,n} for small &,, we need to bound the difference between E[||l, ||Z] and the expectation of
the upper bound in (1.16). When, we take [ such that 2 ~ n'=% then this difference turns out to be of order smaller
than n'=%/2 allowing us to write
g l g
1 I n n 1-680/2
{1118 — E[11,13] = €an) € {S;> —E[S"] = ?n} U {X;I, —E[Tj]z Jn—n o/ } (1.18)
J:

(1.18) requires that &, > n=%/2,

Proposition 1.6 is our initial step in the proof of Theorems 1.1 and 1.2, and leads to a central limit theorem (CLT)
for |1, ||Z in dimension 4 or more, as well as a characterization of the variance of ||/, ||Z.
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Before stating results concerning the typical behavior of |/, ||Z, we give a heuristic discussion of the proof of
Theorem 1.1 assuming Proposition 1.6. More precisely, we wish to sketch the reasons why the approximate decompo-
sition (1.16), reduces large deviations for the g-norm of the local times, to large deviations for a sum of independent
geometric variables.

Consider a choice of [ such that 2/ is close to n in (1.16),and n; ~n/ 2!. Then, S,gl) is a sum of about n independent
terms, each one bounded by its time-span, n/2/, to the power ¢. Recall that the probability of deviating from the mean,
for a sum of n independent and essentially bounded variables, is of order exp(—O(n)) (see Lemma 2.4 for a precise
statement). We can therefore neglect the contribution of S,gl) to the excess g-norm, though the mean of S,gl) is close
to E[||l,1||Z], as easily seen from Lemma 1.8 below. Now, for a fixed j in {1,...,1}, let m = n/2/, and note that Z;
is a finite sum of independent terms distributed as b9~ '], (D(b)), where D(b) is the set {z: Ly(z) ~ b}, with [, an
independent copy of /,,,, and b spans a subdivision of [1, n]. Since we consider transient random walks, /,, (D(b)) is
bounded by a geometric variable (when fixing D(b), as shown in Lemma 1.2 of [4]). At this point, one normalizes
I (D(b)) If Py and Py are the law of the two independent copies of the (transient) walk started at 0, define

=M, so that for some « > 0, 150®P0(X>t)§e_’“. (1.19)
Eolln(D(b))]

Now, it is well known that for any m, Eg[/,, (ﬁ(b))] < C|25(b)|2/ 4 (see Lemma A.2). Thus, an estimate of the large
deviation probability requires an estimate on the volume of level sets of the local times. Now, in obtaining a bound
on the volume of D(b), assume for simplicity that we only have two types of b: that is, we distinguish often visited
sites, say sites visited n*-times with x close to 1/g, whose level sets are part of what we call top levels, and say the
once-visited sites, whose level sets are part of what we call bottom levels. The bottom levels are the easiest to treat
(see Section 3.2 and Lemma 3.1). Indeed, we use essentially that |15(b)| <n for b ~ 1, so that we expect (when we
restrict Z; only to bottom levels and using X = X in law)

P(Z; — E[Z;]1>=n§) ~ (Z Xy — E[X] > 22) ~ exp(_o(nl—Z/d)).

The top levels, treated in Section 3.3, require a type of bootstrap argument, using that if D(b) has a large volume,
it implies that the g-norm of the local time L is large. The bootstrap argument yields Corollary 2.2. It allows us to
normalize properly our geometric-like random variables b9~'1,, (D(b)).

We turn now to the typical behavior of the g-norm. Chen has provided in [10] asymptotics for the variance of
7,113 in d > 3. He shows that (i) in d = 3, var(||l,[13) ~ A3nlog(n), and (ii) in d > 4, var(||l,[13) ~ Agn, where Aq
are constants expressed in terms of the Green’s function of the walk. Following ideas of Jain and Pruitt [16], and of
Le Gall and Rosen [20], Chen obtains a CLT in dimension 3 or more for ||l,,||%. Finally, Becker and Ko6nig in [6]
have shown that for ¢ integer, (i) in d = 3, var(||l, |7) <n3/2, (ii) in d = 4, var(||/,||3) < nlog(n), and (iii) in d > 5,
var(||l,, ||Z) < ¢gn. Our result deals with the general case (¢ > 1 real), where no representation of ||/, ||Z is possible in
terms of multiple time-intersections. We transform Lindeberg’s condition into a large deviation event for |7, ||% on
the scale of time of the CLT, that is T,, ~ /n.

We start with an estimate for the expectation of ||/, ||Z, of the same type as Theorem 1 of Dvoretzky and Erdos [12]
for the range of a transient random walk. Thus, if y; is the probability of never returning to its original position, it is
shown in [12] that for positive constants ¢4, when Ry, is the set of visited sites before time 7,

nl/2 for d =3,
|E[IRal] — nva| < cava(n), withyg(n) = { log(n) for d =4, (1.20)
1 for d > 5,

Jain and Pruitt [16] obtain the asymptotics var(|R,|) ~ alog(n)n for some a > 0 in d = 3, and var(|R,|) ~ c;n in
d > 3, for some positive constants ¢/;. The corresponding CLT (in d > 3) was shown by Jain and Pruitt [16] for the
simple random walk, and by Le Gall and Rosen [20] for stable random walks. Note that the limiting law is Gaussian,
in d > 3 but fails to be so in d = 2, as shown by Le Gall in [18].



Shape transition under excess self-intersections 255

Lemma 1.8. Assume that d > 3 and q > 1. There is a constant Cg4, such that

0 <k(g,dn — E[ll,lI§] < Cavva(n), withk(q,d) = yaE[l(0)?]. (1.21)
Also, if d = 3, then, there is a constant c3 such that

var(||ln||Z) <c3 log(n)zn. (1.22)

If d > 4, then there are positive constants v(q,d) and c(q, d), such that

ar (|1, ||2 1
var(||l, [l¢) v d)| < g d) ogn) (1.23)
n N
Finally, we have the following central limit theorem.
Theorem 1.9. If Z is a standard normal variable, then
L& — ,d
I n”q nk(q,d) ﬂ 7 (1.24)

Jnv(g,d)

A challenging open question is to understand the strategy which realizes {||/, ||Z — E[|ln ||Z] > &n}, right at the
critical value g = q.(d) = ﬁ.

The paper is organized as follows. The approximate decomposition of ||/, ||Z is given in Section 2.1. The sub-
critical regime is studied in Section 3: The upper bound in (1.5) is proved in Section 3.5, and the lower bound is given
in Section 3.4. The super-critical regime is studied in Section 4. Theorem 1.2 is proved in Section 4. The proof of (1.8)
is given in Section 4.1. The proof of Lemma 1.4 is given in Section 4.2. Lemma 1.8, as well as the CLT are proved in
Section 5. In the Appendix, we recall Lemma 5.1 of [3], and improve Lemma 5.3 of [3], used to control intersection
local times-type quantities.

2. General considerations (¢ > 1)
In this section, we deal with the general case g > 1. In Section 2.1, we develop a approximation of ||/, ||Z as sums of
two types of independent variables:

1. Intersection local times of independent walks.
2. Self-intersection local times, on a much shorter time-period.

In Section 2.2, we treat the sums of self-intersection local times.
2.1. Approximate decomposition for ||l ||Z

Before we prove Proposition 1.6, we present a useful corollary which requires more notations.

For integers n and [, with 2! < n, we recall the “almost” dyadic decomposition of n of Remark 2.1 of [5]. We divide

0] )] O] 0 d

n into 2! integers n, ,...,n;, withn =n}" +---+n, an

! . I n 1 n -1 I I
miax(nlo)—ml_m(ng))fl, y—lgnf)fy—l-l and n,(c )=n§k)_1—|—n§£. 2.1

We run 2/ independent random walks starting at the origin. The ith walk runs for a time-period [0, nl(.l) [, and we denote

by ll.(l) : 74 — N its local times during time-period [0, nl@ [. Also, we introduce, for k = 1, ..., 2!, the following sets
'D]((l), = {Z ez b < l,gl)(z) < b,-_H}. 2.2)

Now, for any M > 0, let {b;,i € N} be a subdivision of [1, M], and denote by @y (x) = x Ly <pm.



256 A. Asselah

Remark 2.1. We could restrict the sum over Z¢ which enters |1, ||Z in (1.16) over {z: I,(z) < M} for any positive M.
The proof of Proposition 1.6 yields, for any {b;, i € N} subdivision of [1, M],

I
Y Om (@) Z Y ou(l@) +) 1. (2.3)
j=1

z€74 k=1 ze74

The only difference with (1.16) is the subdivision which enters into the definition of I ;. The proof of Proposition 1.6
is written in view of (2.3) (see the key step (2.12)).

As a corollary of (2.3), we obtain the following result.

Corollary 2.2. Forany M > 0, let {b;,i € N} be a subdivision of [1, M]. For any integers n and L, with 2L < n, and
for any sequence of positive numbers {m,, e,, n € N}, we have

POy |8 = mn+e,) < 2L+‘P<Z lom )[4 = m ) + Zzh <Z]l 0G0y sn> 2.4)

j=1

whereforlfL,k:1,...,21,andi€N

+
(l) {|D(1) | < man &n }’ (l) ﬂ m gélk)l and (l) m ﬂgg() L (25)

i k=1 i k=1 i

Remark 2.3. The symbols, &, and m,,, are suggestive of the fact that when L is large enough, the sum of 2~ indepen-
dent q-fold self-intersections, that we called S,;L), stays close to its mean, which is also close to the mean of ||l ||Z.
This is shown in Section 2.2. So, m,, stands for mean, and &, stands for excess. To estimate how small can €, be, we
now compute the expectation of ZIL=1 Z;. We use Lemma A.2 in the worse case, that is in dimension 3, to obtain for
some constants c1, ¢z and c3

L L
E[ZL} =) 2 qu(bi+1)q—1de(%)e-m
=1

I=1 ieN

L
<er/ny 22Y (b e

=1 ieN

<c/2ln Z(b,-+1)q—le—def. (2.6)

ieN

First, we need to choose a subdivision {b;, i € N} such that the last sum in (2.6) is convergent. Secondly, the right-hand
side of (2.4) is small lle o E 1{9(” N gé” YZ;]1 < €,. From (2.6), we see that €, can be chosen small if 2* < n.
On the other hand, we see in Section 2.2, that L has to be large enough, for the probability of {S;L) > my} to be
negligible, when m,, = E[||l,,||Z] + ne. Remark 2.5 shows that a choice of L such that 2L 5 pl=% ik qdp < %,

fulfills both requirements.

Proof of Proposition 1.6. The proof proceeds by induction on / > 1. It is however easy to see that proving the case
| = 1 requires the same arguments as going from / — 1 to /. We focus on the first step / = 1, and omit the easy passage
from/ —1tol.

For any x € [0, 1], and ¢ > 1, we have

1+x?<(Q+x)?<14+x7+29x. 2.7



Shape transition under excess self-intersections 257
Thus, for any nonnegative integers /1, > with 0 </, [, < M, we have from (2.7)
0+ <+ <I{ +1§ +29MI211ly. (2.8)

Now, forany M > 0, let {b;, i € N} be a subdivision of [1, M], and recall that & (x) = x1{x<p. For any nonnegative
integers 1, [

(Ou +1)" < (Ou )" + (Ou ()’ +2‘beq (b < max(h.l) < biy1 }h x o, (2.9)
i=1

Indeed, Iy +1p <M and [,l> > 0, imply (i) Iy < M and I, < M, and (ii) for some iy > 0, max(ly, [5) € [bj, big+1l.
Then, from (2.8)

(Onl + 1) <O + Ou)? +27b] +111 x .
For any integer n, we consider the local time /,,, which we denote as /[ ,[(z) to emphasize the time period. For any

integer n; with 0 < n| < n, set np, =n — ny, and from the increments of our initial random walk, say {Y,,, n € N}, we
build two independent random walks with local times

1]%;:)(2)—11{1/;11 =z} Yy A+ A Vg1 =2)
and

Lo @ =10=2} + 1Yy sy =2} oo+ L=V — o = Yy pp1 =2). (2.10)
It is obvious that on {S(n1) = y},

(@) =1 5 = 2) + 1572 (0 = ). @.11)

If we denote [V (z) = max(l](o1 ,11) (2), l(1 nz[(z)) and sum (2.11) over z € Z4, we obtain

Z@Ml(z) Z@M Lok (S(n) = 2)) +Z@ lo 2 (S(ny) —2))*

n
g2, . a
+20 Y B <0 (5 -0y <t Hon (S(11) = 2) X g (S(m1) = 2)

ze7d i=1
(1 (162
< D Oullio)@)" + D Om(lfg)y@)°
z€74 zeZd
n
g—2 i ;0D 1,2)
+203 N b i <bi i @ X Lo @ 2.12)
zezd i=1

Now, we rewrite (2.12) in a concise form as
[Om g <l Wo ) g + €8 Comp) I + L1 m), (2.13)

where the term dealing with intersection times of independent strands is

n
ad -2 1 1,2
Tin1n) =293 3 b, iy ap)! ](0,13 (2) x l[(O n;[(z). (2.14)

zezd i=1



258 A. Asselah

To prove the upper bound in (1.16) for I = 1, it suffices to set M = n (so that this truncation disappears), and to show
that 71 (ny, np) <Z; given in (1.17). This latter inequality follows first by noting the obvious inclusion

{2 b < max(Iy )@, 102,@) < b} € {2 b <15:0,@) < biga U fz: b <15722) < b ),

and secondly, using that

1 1 1,2 1,1
> Ly i<t o @ X Lo @ < Y 1{bi <1y () < bit Jbisalfgmy (2)

z€Z4 z€Z4

+ Y1 <l @ < b bl ). (2.15)

ze74

As we iterate the approximate decomposition /-times, we obtain the upper bound in (1.16), or more generally the
bound (2.3).

The lower bound in (1.16) is an obvious corollary of the inequality (I} + 5)? > l? + 12, valid for g>1landl, [
nonnegative. |

Proof of Corollary 2.2. We write the case M = n, that is the case with no truncation. The case with truncation is
obtained as we replace /,(z) by @y (I,,(z)) wherever it appears. Assume that we stop the induction in Proposition 1.6
at some step L (typically 2F = n'=% and 8y small). For any sequence of positive numbers &,, m,, we have from
(1.16),

L 2!
Pl = my + 4) < P(S{V Zmn)-l-P(ZI[ zsn), where S{ =" [5"]2. (2.16)
I=1 k=1

We introduce, as in [3,5], a bootstrap control on the volume of D,Elz Consider Q,Elz given in (2.5). On the complement
of GO = g{” N g‘” there is kg, ig such that |D(Z) | > (m, + 8,1)/19?0 so that

&
sP= 3" 1(” _m”bj bl =my + en. (2.17)
io

0
zeDkO i

Writing S;O) = ||, ||Z, we write a more suggestive relation
L L
P(SY = my +e4) < P(SP =my) + P (Z LignyZi > en) + Y P(SP = ma+en). (2.18)
=1 =1
Starting the approximation with S;l) with / < L, we obtain similarly
L L '
P(SY > my +e4) < P(SV) = my) + P( > 10T = e,,) + > P(SY = my + en). (2.19)
j=l+1 j
Assume now that for j > [, and j < L we have

L L
P(SY = my+en) <2 P(S > my) + 0 2hilp (Z 1giZi > e,,). (2.20)
h=j+1 i=h
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Note that (2.20) is true for j = L — 1. Then, using the hypothesis (2.19) in (2.20), we obtain

L
P(SP =my+e,) <> 22T P(SH = my) + Z Z 2h=i= 1P<Zn{g@}z >s,,>

j=l j=l+1h=j+1
L L

<2MHP(S = my) + Y 2h( > 2—1>P<Zﬂ{g<f>}z,~ zsn). (2.21)
h=I+1 I<j<h i=h

By way of induction, (2.21) yields (2.4). (]

2.2. On large sums of q-fold self-intersection

In this section, we consider the contribution of the term Sg) , which appears in (1.16), in making {||/, ||Z — Elll, ||Z] >

&n}. Recall that S;[) is a sum of independent copies of ¢g-fold self-intersection over times of order n/2!. We first choose
[ large enough, and then use the boundedness of the g-fold self-intersection.
Fix 8o such that 0 < §g < q%z Let L be an integer so that 2L < pl=do - 2L+1 Note the obvious bound

max [} < max(m”)” < (2 +1) <27+ pa%, (2.22)

The main result, in this section, reads as follows.

Lemma 2.4. Fix § > 0, with either (i) dimension is 3 and § < 8o/2, or (ii) dimension is 4 or more and § < 8y. Let
£, >n"%. Then, for n large enough

P(IS$" = E[I 1] > &n) < exp(—%nWW). (2.23)

Remark 2.5. Let us consider now the regimes of Theorems 1.1 and 1.2:

e When q < q.(d), the speed exponent in (1.5)is 1 — 2. Thus, the right-hand side of (2.23) with §, =& is negligible
when 1 —qép > 1— d’ so that we need qdg < 2/d
o When q > q.(d), the speed exponent in (1.5) is 3' It is enough to have again g8y <2/d.

Proof of Lemma 2.4. First, we write

2L
St = E[II§] =3 200 + Re, - with Zao = |57 = E[157 5] (2.24)
k=1
and
2L
Ri =Y (E[|5" 4] - x(a. dn”) = (E[Ial§] = c(q. d)n),
k=1

Using Lemma 1.8 in d > 3, we have a constants ¢4 such that

[Ri| < cavpa(n) + cq de ) <ca (w(n) + 2“%(2%)). (2.25)
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Thus, for &, > n~?% and (i)0=<d8<dpg/2ind =3, 0r (i) 0 <8 < §p in d > 3, we have

Z Z (k)

k=1

&n

P(S§" = E[Ital§]] = &n <P< > —n> (2.26)

We note that |x| = max(x, —x), and use Chebyshev’s exponential inequality. For A € [0, 1],

(iZZ(k) > E_n> < exp( 52" (7) n) (E[ej:k(zL/n)qZ(k)])zL

k=1
L L\ 2 2
< exp(—ké—n<2—>qn> <1 + )»2<2—) ! Var(Z(k)))
2\ n n

L\ 2q
< exp( i”( . ) +x22L(2n ) Var(Z(k))>. (2.27)

We used the uniform bound (2.22) on |Z(k)| in the second inequality, and the fact that for x < 1, we have e* <
1 4+ x 4+ x2. We recall that the bound (1.22) holds in dimension 3 and more, and reads var(Z (k)) < 2% logz(ZLL). Thus,
(2.27) is useful if

En 2L L 2L 2L
?<7>n>m254g<ﬂ)< ) — a>4u%<2>(n). (2.28)

Since &, > n?%, (2.28) is implied if §og > 8§, which holds if conditions (i) or (ii) of Lemma 2.4 are assumed.
In case (i) or (ii), we choose A = 1, and take n large enough so that (2.28) holds. We then obtain (2.23). O

L

3. The sub-critical regime

We consider here the case g < ﬁ. The main result of this section is the upper bound of (1.5). Indeed, we have shown
in the Introduction (in (1.14)) that (1.5) implies (1.6). Finally, the easy lower bound in (1.5) is proved in Section 3.4.

We have divided the proof into many sections. Our starting point is (1.16). With the notation of Section 2.1, we set,
with 2¢g < 1,

my = E[|,I7] + neo&y and &, = n&, (1 — &).

In Section 3.1, we choose an appropriate subdivision of [1,n]. When g < g.(d), strategy B described in the Intro-

duction suggests to divide the set of visited sites into those visited about Enl/ (qfl)-times, and the remaining too often
visited sites. The contribution of the former sites to Y Z; in (1.16), is called the bottom-level term, and is treated in
Section 3.2. The contribution of the latter sites is called the top-level term, and is treated in Section 3.3.

3.1. A choice of a subdivision

We first choose the largest o such that

=1y
g-1 - _
% Z(qu) = 16’ G.D
=0
and, for some positive integer jo, ao&) = 2/0. Note that oy is bounded by 1, though jo grows with &,. Recall that
Y= q%l, and consider for i = —jy, ..., M,

bi =& Bi, with B = ap2’, (3.2)



Shape transition under excess self-intersections 261

where M, is such that By, is of order nl/4:@ We divide the intersection local times according to whether / ,El)(z) >

aog,’,’ (which yields what we call a top-level term), or [ ,ﬁl) (2) < aoéﬁ’ (which yields what we call a bottom-level term).
Introduce, forl < L

2[

el =303 2 (e i) (g0 18 (DR) 150 (DD, ). 63)
i>0 k=1 ' '

where for a subset A of Z9, l,(cl)(A) = ZzeA l,(cl)(z) and,

2[
C,f(l): Z qu(Eli/ﬂj+1)q_l(l§lk)—1(pgk),j)"‘lélk)(pgk)—l,j))- G4
—Jjo<j<0k=1

Note that if for any o satisfying (3.1), we have oeoé,f < 1, then there will be no term Cni (I). Note also that in both C,T ()
and C,% (1), the sum over k is over independent variables. We call C,I () the top-level term, and C,f (1) the bottom-level
term.

We choose now L such that 2 = 1'% and inequality (2.6) of Remark 2.3 gives us that for some constant c3

L
> D E[CT] < esn' TN, (3.5)
telt 4} h=1

We denote by CT(h) = CT(h) — E[CT(h)]. Finally, £,n > 4c3n'~%/2 implies that &, > 4c3n~%/2 Inequality (2.4)
yields

L-1

= n
P(I11§ = E[I1a11§] = n&,) <2 P(S = E[lal1§] = neo) + Y 2" > P(cwz) > %) (3.6)
h=1 fe{t i}
Note that from Lemma 2.4, we have
(@) g €08n 1-5q
P(84" = E[Iln1] = eognn) < exp( ——"n : (3.7)

(3.7) shows that the contribution of S;L) to an excess self-intersection local times is negligible when 1 — §pg > 1 — %,
that is when gdp < %. It remains to show that the other terms in (3.6) are of the right order.

3.2. The bottom-level terms

Note that the bottom-level sets C,f depend on &,. Also, from (3.7), we need only consider generation / < L with
2L = pl=do for qép < %. We establish in this section, the following result.

Lemma 3.1. Assume d >3 and q > 1. There is a constant C > 0 such that forany h € {1, ..., L}, and 1 <§,

L
P(ZC}(U > 5;”) < eXp(—C%‘,gz/d)(l/(q_1))n1_2/d). (3.8)
I=h

Remark 3.2. Recall that ag < 1, and that if &, < 1, then the terms {C,f (D)} vanish.
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Proof of Lemma 3.1. We first show that we can restrict the sum over i in the definition of C,f (I)in(3.4),t00>1i > —I.
We make use of the obvious fact that for any generation /, the total time over which run the local times of the 2 strands
is n. In other words,

2! 2!
Z Z l,El)(z) = Zn,(f) =n
k=1 ze74 k=1

We consider now Ci (1) given in (3.4), and divide it into C'(/), where the sum over i spans {—1, ..., —I}, and C'()
for the remaining terms. In case jy > [, then CH(l ) vanishes. Note that for any 7 < L,

3t =35 5 ) o)+ 08

I=h k=1i<-I

L (ol \47! 2 o) | 1\ ne
<21 < 5 ) >3 1 @) < ngae Z(Zq—_l) <16 3.9)
I=h

k=1 ze74d >0

We have used the condition (3.1) to obtain the last line in (3.9).
Now, we use that

L L
P(Zc}(l) > %) < P(ZCI(Z) S Men >+P<Zc“(l) > 1‘56>
I=h I=h

Thus, in view of (3.9), the choice of (3.1) implies that for any 4, P(Zf:h cy > %) =0.
We proceed now with estimating {C'(/)}. We do so in three steps. In Step 1, we perform the transformation of

the terms of C,f (/) into independent variables Xj distributed as geometric variables. Then, Lemma A.1 provides the
following bound. For 1/2 > § > 0,

P <Z Xy > x,,) <e /4 if4e,2! maX(E[X,%]I_(S, E[X,%]) < Xp. (3.10)

Step 2 establishes the condition in the right-hand side of (3.10). Finally, Step 3 compares x,, with the desired rate of
decay.

Step 1. Note that the volume |D(1) | times the minimal amount of time spent on sites of D,(f)i, that is b;, is bounded
by the total time left for a strand of random walk at generation /, so that ‘

n
.|xb,~<2—. (3.11)
Now, for fixedl and 0> i > —I,and fork=1,...,2, we define, following (1.19),
N / 2N o
Xy = bi; Ly ](Dy”) and X; = b,'; l (DZk 11) (3.12)

We set Xy = X; — E[Xi] and X, = X, — E[X}], and using (3.4), we rewrite

S LA o n \ né
! % v/ n
{;C (l)> } [ZZZZ‘NQ?_H (2’_b,> (Xk+Xk)2 T } (3.13)

I=h i=—l k=1
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We recall an obvious general bound (for any countable set of indices .A)

P(Z Xa= Zaa> <) P(Xqzay). (3.14)

acA acA acA

Now, (3.14) applied to the expression of the right-hand side of (3.13), yields

L L—-1 —1
P(ZC_’I(I)ZEI"—S><ZZZP<ZX;< >x,,,l) (3.15)
I=h

I=1i=—I

with, for 0 > i > —I,and ¢ > 0 (using }_;, (25 =), 027 = (1 -27%)"")

1 (b2 . [ =262
Xn,li =cCl ( : ) 27¢=Dpg, and ¢ = a-22r
n

g—1 q
bl 32x2

The factor 2 appearing in the right-hand side of (3.15) comes from noting that X ;. has the same law, as Xi.

Note that for any k =1,...,2!, P(Xg > 1) < P(X > t), where X = [,,(D)/|D|*4 with m =n/2!, and D is a
certain level set of local times le independent from [,,. If Py and }30 are the law of the two independent local times,
then Lemma 1.2 of [4] yields

B B B 5 |D|2/d
P (X > 1) < Eo[ Po(lm (D) > [D*/1)] < Eo[exp<—/< B )] <o (3.16)

Step 2. First, by Lemma A.2, we have

b2\ ¥4
E[Xk]<cd1//d( >< ’n> e<abi, (3.17)

When we recall that b; | = 2b; (see (3.2)), (3.10) requires that for some constant K, and 0 <§ < 1/2

b2\ ¥/ 1-8 1 /bl \2/d '
(a(E)() ) e () e
n b n

We use now that 1//5 (k) <k (see (A.3)), and (3.18) follows as soon as

(2/d)(1-26)
—_ — . n —e(l—i
blq 1+2/d)(1 25)6—(1—5)16,1}7, < (?) 2 e(l l)é_—n. (3]9)

Recall that b; > 1, and the left-hand 51de of (3.19) is bounded from above and below by constants, when § is small
enough. Since o <n!=% with g8y < 5, we have that (3.19) holds with as soon as &, > 1 (and choosing § < 1/2 and
& small enough). In particular, nothmg prevents &, to be as large as possible here.

Step 3. Lemma 3.1 is proved if we show that for some constant K > 0, and any i and /,

1
gDV 1=20d < g <recall that y = qu> (3.20)

Condition (3.20) is the most critical to check. It requires (recalling that 0 > i > —I[)

) Vol+i 2/d . 2
21(q1)<M> 2*8(171),,[ Z E})([2/d)yn172/d — (l + l)g _ l(q _ 1) > 8(l _ 1)7 (321)

n

which holds if 2¢ < min(g — 1, %). O
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3.3. The top-level terms

Lemma 3.3. Assumed >3 and 1 < q < q.(d). There is a constant C > 0, and § > 0, such that forany h € {1, ..., L}
and &, > n%

L
P(ZC_,I(I) > é%") < exp(—CeHPV D) min(1, &2/ 1)1 =2/4), (3.22)

I=h
Proof. Following [3], we take two sequences of positive numbers {a;,i = 1,..., M,}, and for each i { p() | =

h, ..., L — 1} (to be made explicit later) with

L-1

Y a;=1, and foreachi » p”=1. (3.23)
j I=h

For any h < L, we have

A2
I=h 8

<ZZZP<Z%<D B (DY) = E[1gw 15 (D3 MPL O ) (3.24)

ppa
g—1
I=1i>1 8- zqﬂ

We proceed as in the proof of Lemma 3.1 with Steps 1-3.
Step 1. We first bound |D£k |. Note that on gék)i for any k, i, we have

2! n(2(q.d 1 2(q,d)+1
|D§’,§i|5min(”/ e )+1+s,,)> <— min<_l,M), (3.25)
' Bibn ,3:1 Y Bi&n min(1, &,) 2 ﬂlq
We used in (3.25) that
2k(q,d , 1 2x(q,d) +1
k(q,d) + & S(216(%0[”1)max($n ) _ K(g ) + _
&n &, min(&,, 1)
In order to use Lemma A.1, we need to normahzel(l)(ng) 1’l.) with a constant smaller than |D§lk) Li |72/4 We choose,
for [ and i fixed,
o _ (Bi&) min(L, )\ [ (2c(g, a) + 1) BHVED for 1 <13,
o= 22— i i (3.26)
! n 21/d)i for [ > 17,

with 77 is such that 2/ = (2 (g, d) + 1)"2879"". As in (3.16), we set
Xi = ;}”]l{g@ 51 (D5) and  P(Xk > 1) < exp(—n).

Using (3.25), and the notation X for X; — E[X], we have
ng )
Z (l)> <ZZZP ZXk>x,11, with xy 1, = ———"——a;p;”. (3.27)

I=h i>1 16(27 + l)ﬂl_H

Step 2. We establish now a condition equivalent to (3.10).

2l(1+30(2/d))E[X]%] f KSIEZ/d))/ min(l’ Sr%/d)nl—Z/d (328)
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for some constant K. Thus, when [ < l;", and for some constant C
Sl (1+802/d) B[ 2] < 9l9tso2/d) ( ga g\ 1L eYN e 2 L \ewasi Bi
[ k] = /3,' 7 mln( 2 &n ) dwd ? €

) nl—Z/d 2l n 2180 2/d
< Cqmin(1, S:IW) £ <_‘/’5<?)) <—) sup{x*/¢ exp(—kax)}
n

n n x>0

< Cn'=2/d=2/d)(1=5p(1=50)) (3.29)
In this case, (3.28) holds if for some constant C
£Y min(1, &,) > __c (3.30)
n PS5 = (=80 (1=80) ° '

(3.30) holds when &, > n=? for § > 0 small enough. When [ > l;k, for a constant C’

Y\ 4/d
21(1+50(2/d))E[X,%] < 2l7180(2/d) (ﬂz EL) rnin(l, gf/d)cdwj(%)e—w&fﬁiz@/d)l
n

2l 9l(1+80) \ 2/d
5Cdnl_z/dmin(l,5,?”)(;1#3(%))< . ) sup{x4/dexp(—/<dx)}

x>0

< C'min(1, &//4)n! ~2/4=C/D% (3.31)

When §, > 1, (3.28) follows from (3.29) and (3.31). When §, < 1, we need in addition that 5;,%/_1 > n=%.
Step 3. We show that we can choose Pz(l) and a; such that for any i,/ (and n large enough), there is a constant c,
independent on 7,/ and n, and

(O]
ne; ;
—Z’_ cpiap = en' Mg DY min(1,87/). (3.32)
Biti
It is possible to choose a normalizing constant ap (which depends only on ¢g), such thatfori =1, ..., M,, Ziz] a; <1,
where
q-1 {1/2
; . 1
a; = ag Pizi = 2@ D2 itha =1 -1 ). (3.33)
g/ 2\ q@
1

Indeed, the condition g < ¢g.(d) implies that « is positive, and the series in (3.33) is convergent.

Now, for a fixed i > 1, we turn to the choice of { pl(i), [ > 1}. We will choose later two constants p* and p such that
forl < [*
1 b

p = p*27, (3.34)

whereas for [ > [,

q-1 oai 9=l p2/d) 1/2 ~(g—

p(w_ﬁﬁm 2% <p_13i+1 <ﬁ,- /Da ) /129(g=1/2

Lm0 g2/d pljd =7 pg2/d \ plg=1) Hlf/d 172d)
B2 g\ gV 2 2

=

S

131{14__11 2q=1 \1/2 2@-D)2
< 50/ 2(1_13«)/[1) = Porman
1
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We proceed now to normalize { p(') [ > 1}. We need to choose p* and p such that for each i, ), pl(i) < 1. Recall that
there is ¢ such that ll* < c1i. Now, note that

Zpl(i) < p*l;szai +ﬁ2(q71)/2227(171f)/(2d)
1 I>1F

< p*eri2 ¥ 4 p2ta- 1)/22

l/<2d>
>0 2
. { ax} 2(g—1)/2
<cip supix2" N+ p—si—. (3.35)
0 2170 =
It is important to see that p* and p can be chosen independently of i. Now, we check (3.32). For [ <[,
O} O}
ng; « NG 2/dyy . 2/dy 1—
—pVa; = aop* —r = ag &Y min(1, & )n' 2, (3.36)
'Bz+1 'Bz
Forl <17,
() )
ng; _(q— ng; 2/d 2/dy 11—
ql lpl([)al _aopz(({ /2 ldl >7a —a pz(q 1)/2%-( /d)y mln(l %— / ) 1 2/d (337)
Bisi 21/4p;
This concludes the proof of Lemma 3.3. ]

3.4. The lower bound in (1.5)

As in inequalities (80) and (81) of [5], the lower bound follows from Holder’s inequality. Indeed, it is immediate that
1, ||Z/n > (n/|Rn|)4~", where R, is the set of visited sites up to time n. Thus, when n is large enough

Ril € ————— = [l = n(2(q.d) + &) = E[Ill 18]+ &an.
(2 (q.d) + &)Y 7 1

Now, forcing the walk to stay in a ball B(0, r,,) centered at the origin, and of radius r,, satisfying r =n/(2x(q,d) +
&,)Y implies that |R,| <n/(2k(q,d) + &,)?. The cost of this constraint is exp(— c ) which ylelds the lower bound

in (1.5), when we recall that &, > 1.
3.5. Proof of Theorem 1.1

We collect the estimates of the previous sections in order to prove (1.5) allowing £ to depend on n, as in Remark 1.5.
When &, > 1, using the decomposition (3.6), with the estimates (3.7), (3.8) and (3.22), we obtain the upper bound
in (1.6). The lower bound in (1.6) follows from Section 3.4.
When &, < 1, then Lemma 2.4 imposes that &, > n% with 0 <§ < 80/2, whereas Lemma 3.3 holds for some

positive 8. Thus, we conclude that Remark 1.5 holds with (1.10). Note that a lower bound is missing in this case.

4. The super-critical regime

We consider here g > ¢q.(d) = d 5. The main result of this section is to show that only sites of {z: /,,(z) > (n§, y/a/A)
(for some A > 0), contribute to realize the excess self-intersection, at a cost given in (1.7).
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The proof of Theorem 1.2 relies on the following estimates. For any ¢ with 0 < ¢ < 1/¢, and any §, with 0 < § <
1/3, and two constants A > Ag, we write

P(Iall§ = E[N11.1] = &an) < P<Z 1{z: Ly(2) < &0V 772}l (2) — E[IL,111] = nag,,>

Z

1/
+ P(Zﬂ gVplla=e <, (2) < %}lg(z) > n3§n>

1/q 1/q
+P(Zjl @”’2 <l,,(z)§%}lf{(z)zn&,(l—%))

1/q
—|—P<Zﬂ 1h(2) > (S"Zz) }1?, (2) zngn5>. 4.1

In Section 4.1, we show that the contribution of {z: [,(z) < é,} /int/a —¢}, for any & > 0, is negligible. More precisely,
we establish that there is ¢’ > 0 such that for any § > 0, and n large enough

P(Z 1{z: a(2) < &0~} (2) — E[Ia11§] = nasn> <exp(—&,/"n'/17e). (4.2)
7€74

The proof of (4.2) is similar to that of Theorem 1.1.
In Section 4.3, we show the following lemma.

Lemma 4.1. Assume d >3 and q > q.(d). There is constants Ao and k4, such that for ¢ > 0, and any &, > 0, and
any integer n,

1/q
P 1 r}/q 1/q—¢ ln (Enn)
( E {é n <ln(2) < .

A
ze74

}ln(zyf > nsn> < exp(—katn/1n'/9). 4.3)

Furthermore, there is a constant C > 0 such that for § > 0, and A > Ay

1/
P(Z ]1{.5,1”%‘/‘18 <ly(2) < () ™ }lz(z) > nas,,> <exp(—CA§'~2dp'/1), (4.4)

A
ze74

Finally, since we have a transient random walk, it is obvious that for ¢ > 0,

1/q 1/q
P(Z ﬂ{zn(z) > %}ZZ@ > nén8> < P(Elz: oz &

) < pe—cEm"1/a
Z 0 a

The lower bound comes from requiring that the origin is visited (n&,)!/? times.
4.1. The contribution of {z: I,(z) < &'9n'/1-¢}

The first step is to perform a approximation of |/, ||Z over {z: [,(2) < é,} /iyl ~¢} as in Section 2. This is explained
in Remark 2.1.

To allow for the possibility of &, to depend on n, we need to trace the occurrences of &, and in this respect, it is
useful to modify the subdivision chosen in (3.2). We choose again aq as in (3.1), and for i > — j we keep i = «p2',
and

Vi<0 bi=£9"VYg and Vi>0 b =£"18. (4.5)
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Recall that when &, < 1, then D,((l)l =@ fori <0, and C,f vanishes. However, when &, > 1, for each k and [, there is
an overlap between D,E{)_ , and D](({)() since E,: /a < S,:/ (=1,
For a small & > 0, the subdivision {b;} covers [1, E,,l/qnl/q’e]. As in the proof of Theorem 1.1, we start with (3.6).

We first treat C,T ).

Lemma 4.2. Assume d > 3, and q > q.(d). We consider a sequence {&,,n € N} such that for some § > 0 small

enough &, > n=°. There is a constant ¢’ > 0, such that for any h € {1, ..., L} and for n large enough
L £
P (Z ey > %) <exp(—&/ min(1, £/%)n'/9+e). (4.6)
I=h

When g = q.(d), then forany h € {1, ..., L}, and n large enough

L
P <Zé}(1) > 5’%”) < exp(—£&/Y min(1, £7%)n/17¢). 4.7)

I=h

Remark 4.3. When 1 > &, > n=% with § small, then the terms {Ci (D), 1 < L} vanish, whereas SK(IL) is negligible.
Indeed, according to Lemma 2.4, it suffices to show that

— 1 2/d !
Ennl q80 Zén/‘I‘l’/ nl/q+8 ,

which holds when &, > 1//n (which we always assume).
When &, > 1, and for a choice of 8 < 2/(dq), we have &,n'=2% > (&,n)'/4 so that by (2.23), we can neglect S[(,L).
Also, recall that we can assume &, < n9~! (see Remark 1.3). This latter bound is equivalent to

552/41)(1/(!1—1))”1—2/01 > (%.nn)l/q'
Now, (3.8) of Lemma 3.1 allows us to neglect the contribution of {C,f D,l<L}.

Proof of Lemma 4.2. We proceed with Steps 1-3 as in the proofs of Lemmas 3.1 and 3.3.
Step 1. The first difference with the proof of Theorem 1.1, is the choice of the subdivision {b;} of (4.5). Note that

the bound on |D,E{)i| of (3.25) becomes

D] = (2x(q. ) +1) ———.
| k,l| ( q )min(l,gn)ﬂiq

This implies a new definition for ;“l.(l) . Also, note that the choice (3.33) for g; is not possible since « < 0 in this case.
Thus, we set for i € N, and § > 0 to be chosen later,

. . ’3‘1 2/d
ai=(1-27%27% " pP=(1-27%)27% and "= (—' min(1, gn)) . (4.8)
n
Accordingly, inequality (3.27) holds, but with

g . 2/d.
n&Y min(1, &7/ )5,'() W),

_ 1 i
1627 + DAY

_ c2_5(i+l)ﬂf1(2/d)_<q_I)Snl/q min(1, 5”2/41)”1—2/01

Xn,l,i =

_ 62—6(i+l)§nl/q min(l, %-3/!1)”l/q(.(d)ﬂilfq/%(d)' (4.9)
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Note that ¢ > g.(d) implies that x, ; ; is small when g; is large.
Step 2. We establish that for § > 0 small 2/1+9 [X,%] < x,1,;- This latter inequality is equivalent to

1/q
Hl(146) Ci(l)%%( n )exdsn”"ﬂ,- < Cnin—1 2=3(i+H)
2 B;

which is equivalent to

2! » _ 1
<;¢5<%>> 5(:+2l)ﬂl_t12/d+(q l)e—xd&‘n 18; < cn/d r:/q min(l,énz/d).

Since wﬁ(k) <k when d > 3, (4.11) holds for any 8;, 6 > 0 small enough, and &, > n=s.
Step 3. We distinguish the cases ¢ > g.(d) and g = g.(d).
When g > g.(d), then we need to show that

Xnti > & min(1, gnz/d)nl/qﬂ’
using (4.9), this is equivalent to

nl/q(-(d)ﬁil—li/f{c(d)z—é(i—i-l) > enl/a+e
So (4.12) holds if for some ¢’ > 0

28+ ga/ac D=1y 1/ge(d)—=1/q—¢",
; =

Since B; <n'/47¢, (4.13) holds for § and ¢’ both small enough.
When g = g.(d), we need to show that

Xp1i > E0/ 4 min(1, &7 )n! /2=

This is obvious as soon as n¢’ > 280+ which holds for ¢’ > 0, when § is small enough.

4.2. Proof of Lemma 1.4

269

(4.10)

@.11)

4.12)

4.13)

Since the proof of Lemma 1.4 is similar to the proof given in Section 4.1, we do not give all details, but only focus
on the differences. When dealing with {||®,» (/) I|Z > n?}, with a > 1, our starting point is inequality (2.4) of Corol-

lary 2.2 with M = n’. We choose m, = E[||l, ||Z] +en®, fore < 1/2,and ¢, = (1 —&)n“. We use the sets {D({)l., i € N}
of Section 4.1. However, {b;, i € N} only cover [1, n® ], and &, of (3.2) is set to 1. This latter choice implies that there

is no term C,f (1). Note that the bootstrap bound of (2.5) defining g,ﬁ’f is here {|D,((l’)l. | <n%/ ,Bl.q}.

Now, we proceed as in the proof of Lemma 1.4. To see that S[(,L) has a negligible contribution, note that for a > 1

and any ¢ > 0, (2.23) implies that
P(S(E ) — E[I15] = en) < e "™,

Since g8y < 2/d, it is enough (and easy) to check that for a > 1 and g > g.(d)

2 (1.2 __1)p
ENE W

The main differences with the proof of Section 4.1, is ;“l.(l) and x, ; ; which read here

2/d) 1))
and x, ;= e———" R
2(29 + DB

) _
&G = nQ2/da

(4.14)



270 A. Asselah

Step 2 (similar to (4.10)) is easy to check here, and we omit to do it. _
To check Step 3, i.e. the condition corresponding to (3.20), we recall the definition of a; and pl(l) given in (4.8),
and use that 8; <n” (and ¢ > ¢.(d)), to obtain

Xnli= 6278(i+l)na(172/d),3.1—q/qc(d) > C278(i+1)na(172/d)7b(q/qc(d)71) (4.15)
oL i = . .

In conclusion, we obtain for any ¢ > 0, and § > 0 small enough

L
<] a a,b)—e . 2 q
P<;C,I(l) >n ) <exp(—n*@*P=¢)  with ;(q,a,b)=a<1 - E) _b(qc(d) — 1>. (4.16)

4.3. The contribution of {z: E,}/qnl/q_a < 1,(2)}

In this section, we prove Lemma 4.1. We deal with sites whose local times is close to n'/7. We follow now the proof
of Lemma 3.1 of [2]. Let {«;,i =1, ..., M} be a subdivision of [~ — &, é], to be chosen later. We justify later in the
proof, the choice of

J— q —
Ao_exp<2< e 1>> 4.17)

Also, let {p;,i =0, ..., M} be positive number summing up to 1, and define fori < M, and A > Ay

1
q

1 log(A
D; = {z: £/n% <l,(z) < é,}/qn"‘”‘} and oy =— — og( ). (4.18)
g log(n)

Now, as in (3.5) of [2] (see also Lemma 3.1 of [5]), we have for any § > 0

P< > l;’(z)znagn> < sup {Ci(n)exp(—ka& 9824t p! =2/, (4.19)
2eUD; 0<i<M

with an innocuous combinatorial term C; (n) independent on &,. For 0 <i < M,

2 1 g (1 1
Gi=ait|1—- Jd—quir)=—+—\—-—aiv1)—| - —a ). (4.20)
d q qc\q q
Seta=4/q/q. > 1,and fori < M
1 1 1 (1 M=i1og(A
——ai=a<——ai+1>, so that ——a,-:aM_’(——aM>=aiog(). 4.21)
q q q q log(n)

Now, M is chosen such that ag = L _ ¢ thatis elog(n) = aM log(A). Also, we have ¢{; = 5 + (a — 1)(5 —«;), and
we choose (with a normalizing constant p depending only on a)

N 1-2/d . .
<P__t> —o@Da" 4 pil—Z/d _ nl/qﬁ172/de((10g(A)f(af1))aM*’). (4.22)
p
We need to choose log(Ag) > (a — 1), and our arbitrary choice of (4.17) achieves this goal. Thus, the smallest value
of né pil_z/d isnl/a pAexp(l —a). When we choose A = Ag, and § = 1, we obtain (4.3), whereas when we choose

A > Ap,and § < 1, we reach (4.4).

5. About the CLT

It will be convenient to use, in this section, the notation £, (n) = ||, I|Z.
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5.1. Expectation estimates

Proof of Lemma 1.8. Let n; and n be two integers with n; < n, and let np = n — n. Taking expectation in (2.13)
yields

E[sV] < E[£,m)] < E[S{V] + E[Ti(n1, n2)]. .1)

We choose the subdivision {b;,i € N} with b; =i, and compute E[Z|(ny,n,)]. Now, using inequality (A.4) of

Lemma A.2, as well as (2.1) we have constants ¢4 such that, when calling l(l) = l](é ,2 and 1,22) l[(é 2 and us-

ing that the local time of a site increases with the length of the time-period,

E[Tinn] <24 37 Y B (0 (2 10 @ 2 bi)) + 12D (fz: 1) @) = bi}))

zeZd i>1

< Cava(max(n1,n2)) Y (i + D7~ e ™ < cgpg(max(ni. n)). (5.2)

i>1
Thus, if we call a(n) = E[L;(n)], and use (5.1) and (5.2)
a(ny) +a(n) <a(n) <a(n) +ana) + cq¥q(max(n, na)). (5.3)

We fix an integer n, and for any k (going to infinity), we perform its euclidean division k = myn +ry with 0 <ry <n,
and obtain from (5.3)

mra(n) <mra(n) +a(ry) <a(min +ri) < a(mgn) +a(ry) + cgyq(mgn). (5.4)

Now, we can use the almost dyadic decomposition of my, so that if L(my) denote the integer part of log, (my) + 1, we
have

a(mn) < a(mi’n) +a(my’n) + ca(Ya(m|"n) + ya(my"n))

L(my) 2!

<mia(m)+ca Y Y pa(mPn

=1 j=I

L(my)

<mga(n) +2ca Y 2y <%n> < mga(n) +4cqpa(nymy. (5.5
=1

The last line of (5.5) is obtained after a simple computation that we omit. Thus, we are left with

nmy  a(n) - a(k ) nmp a(n) a(rg)  4eqgpa(n)my (5.6)
nmg+r n ~ k nmk +re n k mpn +ry ’
Now, we take first the limit kK = myn + ry to infinity while » is fixed. We obtain
a(n) <liminf a(k) <1im a(k) a(n) 4Cd1ﬂd(n) . 5.7)
n k ko n n

Then, we take n to infinity to obtain the existence of a limit for a(k)/k, say k(q, d). Looking at (5.7) with an identifi-
cation of the limit, we have, for any n

E[Ly0)] < nk(q.d) < E[Lq(n)] +deaipa(n).

and this is (1.21). ([l
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5.2. Variance estimates

We estimate now the variance of £, (n), and prove (1.22) and (1.23) of Theorem 1.9.
Step 1. We show first that (1.22) holds in any dimension greater or equal to 3. To estimate the variance of £, (n),
we use the following simple fact. If X, Y, Z are random variables, and & > 0, then

1
Y<X<Y+Z = var(X)<(l+e)var(Y)+ (1 + —)E[Z2]. (5.8)
3
Indeed, we have | X — E[Y]| <|Y — E[Y]| 4+ Z (note that Z > 0), and
s N2 B 2 _ 2 1 5
var(X) =inf E[(X — 0)°] < E[(X — E[Y])"] = (A + ) E[(Y - E[Y])"] + (1 + 8>E[Z ]
Thus, we have from (2.13) and (5.8)
1
S1=2Lym) <S1+1Li(ny,np) = var(ﬁq(n)) < (1 +e¢e)var(Sy) + <1 + E)E[le(nl,nz)]. 5.9)
Similarly as in (5.2), we have a constant C; such that
E[Z}(n1,n2)] < Cavprg(max(ni, n2)) < Cavrg (), (5.10)
where we only used that ¥, is increasing. Thus,

var(Lq(n)) < (1 + ) (var(Ly(n1)) + var(Ly (n2))) + (1 + é)dedz(n). (5.11)

Now, when we choose the almost dyadic decomposition of Section 3, (2.1) and using induction, we have

ok 2k
1\ ., IR n

Recall that 1//5(k) < k for d > 3. Thus, when reaching L = [log,(n)], var(L, (n,(CL))) are of order 1, and there is a
constant C, such that

1

L
var(Ly(n)) < C(1 +e)F25 + Cli(l + E) (I+¢)

&

n. (5.13)

Choosing ¢ = 1/L, we obtain (1.22) in d > 3.
Step 2. We consider now d > 4. We show that there is a constant Cy such that

var(Ly(n)) < Cyn. (5.14)
We go back to (5.11) and optimize over ¢ to obtain
var(Ly(n)) < (var(Lq(n1))) + var(Ly(n2)) + Chprg (max(ny, n2))
+2((var(Ly (1)) + var(Ly (12))) Cyr3 (max(ny, n))) /2. (5.15)

Now, choose first n = 2™, and n| = ny = 2"1, and set a; = var(Ly (2%))27*. Then, using (1.22) to estimate the
cross-product in (5.15), we have
_ Cavi

. 2")
am < ay_1+ry, withr, = o +2

(5.16)

Cheam?y2 2™\ '/?
om '
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When d >4, w5(2’”) < Cm? and {rm, m € N} defines a convergent series. Thus,
m o0
am <ag+ Zrk <cqg:=ay+ Zrk == var(ﬁq (2'”)) <cqg2". (5.17)

Now, write any integer n in terms of its binary decomposition n =2™! + ... + 2" with 0 <m| <my < --- < my.
We call now n| =2"*, and np =n — n1, and note that n| > n,. In d > 4, we use the bound y4 (k) <log(k) in (5.15),
and the estimate (1.22) in bounding the term var(L, (n1)) + var(£, (n2)) which appears in the square root in (5.15).
Thus, we obtain that there exists a constant ¢ independent of # such that

var(Ly(n)) < var(Ly(n1)) + var(Ly (n2)) + cmN2mk, (5.18)

By iterating (5.18), we obtain using (5.17)

2

k k k
d(27) e mINI <Yy 2" 4y
j=1 j=1 j=l

var £ (n)

(5.19)

IIM»

where c¢3 is a constant such that for any m, m < c3+/2".
Step 3. We show now how to obtain (1.23). Note first that using similar arguments as those leading to (5.9) and
(5.15), we have

(var(Ly(n1)) + var(Ly (n2))) < var(Ly(n)) + Chyr (%) + 2<Var(£q m))Cyy] (g)) 1/2. (5.20)
Thus, using (1.22) and (5.20), there is ¢; > 0 such that for any integer j,

| var(L, (27)) — 2var(L, (2771)] < e1jv2). (5.21)
Now, we consider m, [, i integers, such that 2" = 212! and consider for j =1,..., 1 the system of inequalities obtained
from (5.21)

127 var(£, (24177)) = 27 var(£, (277 THY) | < €16 +1 — j + 1)2IW2it=i+, (5.22)
By summing (5.22) for j =1, ...,[, and using the triangle inequality, we obtain

1
|2 var(£y (27)) — var(L, (2"))| < etV 2 H Y "G+ 10— j+ DV2iL (5.23)
j=1

By dividing both sides of (5.23) by 2", we have a constant ¢, such that

var(Ly 2'y) var(L£,(2™)) i
l — < — . (5.24)
2! m i+
In (5.24), we take first the limit / to infinity (recall that 2 = 2/2%), then i to infinity to conclude that there exists
. var(L£4(2")) con
nli)rréovar(ﬁq (2”))/2” =v(g,d) and B TR v(g,d)| < ﬁ (5.25)

It is easy to conclude (1.23). Indeed, for any integer n, consider its dyadic decomposition, say n = 2" 4 ... 4 2",
and note that using (5.20) and Step 2, we can improve (5.6) into

=~

var E (n) Zvar

Jj=l1

< Zm V2mi (5.26)
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and (5.25) allows us to conclude.
5.3. The central limit theorem

The aim of this section is to prove (1.24). We use the notations of Section 3. We fix §; > 0 small, and let L, be the
integer part of log, (v/nn~°"). Note that this choice 2%» ~ /n/n®! is different from the choice of Section 2.2 where
2L ~ p1=% for 8y smaller that 2/(dq).

If we define R(n) = L, (n) — S5, then (1.16) yields

2Ln

0<Rm <Y T (5.27)
=1

By subtracting to £, (n) its average, we obtain

2Ln

Ly(n) — E[Lam)] =" 25 + R(n) — E[R()], (5.28)

k=1

with Z ,EL”) = L',(Ik) (n,(cL”)) —E [E,(]k) (n,(CL"))]. As a first step, we show that R(n)/+/n vanishes in law. More precisely,
we show that

E[R
lim M =0. (5.29)
n—00 ﬁ
Then, as a second step, we invoke the CLT for triangular arrays (see, for instance, [7], p. 310), since we deal with
independent random variables {Z,ﬁl‘"), k=1,..., 25 }. The CLT states that for a standard normal variable Z

2ln (L
D=t Zl(c & law

= - Z, (5.30)
\/ Zk:nl Var(ZIEL"))

provided that Lindeberg’s condition holds. This latter condition reads in our context

(Ln)y2
. E[]l{\zz,L")|>eﬁ}(Zk )71
lim sup T =0. (5.31)
n=>00, oL, E[(Zk n )2]

Assuming (5.29) and (5.31) hold, we rely on Lemma 1.8 to replace E[L,(n)] by nk(q,d) at a negligible cost, and
rely on Theorem 1.9 to replace the ), var(Z,({L”)) by nv(q, d). Indeed, note that by (1.23)

|var(Z{") — n{Fv(g, d)| < c(g. d) log(n,({L"))\/rF, (5.32)
so that by summing over k =1, ..., 25,

- (Ln) Ly | " n 34 log(/nn’)

kz;var(Zk ) —nv(g,d)| <c(g,d)2 \/;log<2Tn) <c(gq,d)n 7. (5.33)

Step 1. We estimate the expectation of R(n). From (1.17) and Lemma A.2, with b; =1,

2l
EIZ]1<Y Y 296+ 1)1~ e ™ Cayy (n)) < €2 log(%) (5.34)

k=1i>0
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Thus, E[R(n)] < C'2Ln log(n) < C""gfl’+fﬁ and 1lim, s oo E[%] —0.

Step 2. To check Lindeberg’s condition, we start with estimating P(|Z ,(CL”)| > ¢4/n). To simplify notation, we set

ng = n,(f"), and we note that

B

> e/n) = P(|Ly () — E[Lyn0)]| = Enymi)  and &, = Snk > 287 (5.35)
k

(e

with § = % Thus, Lindeberg’s condition is written as a large deviation for £, (n4). Note that ny is almost the scale

of the CLT. We now use Remark 1.5, and Lemma A.3 of the Appendix. We apply (1.10), (1.11) of Remark 1.5, and
(A.5) and (A.6) of Lemma A.3, to obtain for arbitrarily small &’ and §

P2 = o) < (2" 2 i)+ P(2) < =e v

max(l/q,2/d)y)+2/d , 1—g80—5
< CXP<—C<2—8) n;{nln(l/ﬁh-(d),l/q)—s ) 4 e*(€/4)nk 70 . (536)

5
Ny

Inequality (5.36) with the uniform bound | Z ,(CL”) | <n4@+1/2) and the lower bound on var(Z ,(CL") ) in (5.32), imply that
Lindeberg’s condition (5.31) holds.

Appendix

In this section, we recall and improve some key estimates for dealing with large deviation for intersection local times.
First, we recall a special form of Lemma 5.1 of [3].

Lemma A.1 (Lemma 5.1 of [3]). Assume {Y1,...,Y,} are positive and independent. Furthermore, assume that there
is a constant C > 0 such that forany i € {1, ...,n}
Vt>0 P(Y;>1t)<Cexp(—t). (A1)

Then, for some ¢, > 0, and any 0 < § < 1, we have for any integer n
n
P (Z(Yi —E[v]) > xn) < exp(cu32“—5>n max(E[¥?], E[¥?]'") - Exn). (A.2)
1
i=1

Secondly, we improve Lemma 5.3 of [3] into inequalities we believe are optimal. Consider two independent random
walks {S(n), S(n),n € N}, and for an integer k, denote D, (k) :={z € 74: 1,(2) > k}. We recall that if [, is the local
times and A a subset of Z, then [,(A) = D cealn(@).

Lemma A.2. Assume dimension d > 3. There are constants Cy4, C (/l’ Kkq such that
nl/2 for d =3,

E[ly(Dn(0))] < Cae™ ™ yy(n),  with Ya(n) = { log(n) for d =4, (A3)
1 for d =5,

and,
E[1(Da())’] < Cpe™ g (n)?. (A4)
Finally, we prove the following lemma. This result is not optimal, but suffices for our purpose.

Lemma A.3. Assume d > 3, and take 1 > &,, > ns for § <80/3 small enough.
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(i) When q > q.(d), then for any € > 0,

P(Ly(n) — E[Ly(m)] > 1) < exp(—CEV T/ p1/a=¢),
(1) Forany q > 1,

P(Ly(n) — E[Ly(m)] < —&4n) < exp<_%nl—q80>.

A.1. Proof of Lemma A.2

(A.5)

(A.6)

To emphazise the starting point, we denote by P, the law of the random walk started at site z € Z¢. We let H, =

inf{n > 0: S(n) =z}, and use Theorem 3.2.3 of Lawler [17].
n 2
> Py(H <n)*< Y <Z Po(S(k) = z)> < Cavra(n).
ze74 z€Z4 \k=0

Now call Py(loo(0) > 1) = e~ < 1, the return probability, and

1 4e
_ and  Eflee(0))] = ——

EolleoO)] = 1= (1—e*a)2’

It is easy to see that for any z € Z¢

Eo[ln(2)] < Po(H; <n)Eo[lso(0)] and  Eo[l7(2)] < Po(H; < n)Eo[13,(0)].
Similarly,

Po(ln(2) > k) < Po(H, <n)P;(loo(z) > k) = e “* Py(H < n).

Thus, there is C4 such that

E[1y(Da(0))] =Y Eo[la(@)]Po(ln(2) > k) < e ™ Eq[1oc(0)] Y Po(H; < n)* < Cae™ *yq(n).

z€Z4 ze74
Now, we expand the square of [, (D, (k))

2
I (Du(k))? = (Z (D)1l (2) > k})

ze74

= L@@ >k} + Y @l ()1 @) > k1 (&) > k).
z z#7

After taking the expectation of [, (D, (k))?

E[ln([)n (k))z] = Z Ey [ln (Z)z] PO(ln (z) > k) + Z Ey [ln (@) (Z/)]PO(ln @) Ay (Z/) > k)
z z#7

< Eo[l,(0)*]e ™ Y " Po(H, <n)®

+ ) Eo[ln@ ()] Po(ln(2) Aln(2) > k).
z#7

(A7)

(A.8)

(A.9)

(A.10)
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Now, in the last term in (A.10), we distinguish which of z or 7’ is hit first.
Po(ln(2) AN1u(2') > k) < Po(H, < Hy,1,(2)) > k) + Po(Hy < Hz, 1,(2) > k)
< Py(H, <n)P.(1,(z') > k) + Po(Hy <n) Py (1, (2) > k)
< e “k(Py(H, <n)P,(Hy <n)+ Py(Hy <n)Py(H, <n)). (A.11)

We treat now the term Eo[l,,(z)l,(z’)]. We have

Eo[li@l(z)] = D (Po(Sth) =2)P(S(K' = k) =2) + Po(S(k) =) P (S(K' — k) =z))

k<k'<n
< Eo[ln(2)] E<[1n(2')] + Eo[ln (') ] Ex [12(2)]
< Eo[lso(0)]*(Po(H; < n)P.(Hy < n) + Po(Hy <n) Py(H, <n)). (A.12)

Thus, with the help of (A.11) and (A.12), (A.10) reads

E[la(Du(0))*] < Eo[1(0)*]e ¥ Z Py(H; <n)?
+ Eo[loo(O) e "(Po(H, <n)P.(Hy <n) + Po(Hy <n)Py(H; < n))
7#7
< Eo[1,(0)*]e ™ Z Py(H; < n)?
+ 2E0[loo(0) e " Py(H, <n)*P.(Hy <n)* + Py(Hy <n)*Py(H; <n)*.  (A.13)
#7
Now, we use translation invariance and (A.7)
2
> Po(H; <n)*P(Hy <n)* < (Z Po(H < n) ) < Civa(n)’.
7#7

The result (A.4) follows at once.
A.2. Proof of Lemma A.3

The proof of (i) follows from (4.7) of Lemma 4.2, and Remark 4.3 which deals with the contribution of {z: /,(z) <

S,l lapl/ 9~¢}. Using that for a transient walk, the local time of a site is bounded by a geometric variable, we have for a
small § > 0 and a constant ¢ > 0,

1/ —&
P(Z {1, (2) = & Tn"17e )1l 2) = nsna) < P(3z: In(2) = £)/In"/978) < pe=c&n 'm0

b4

Point (ii) follows from the lower bound in (1.16): £, (n) > SC(,L). Indeed, we choose 6 = §p/3, (with §9 <2/(dq))
and L such that 2L ~ n1=% Then, we first have

Lyn)— E[Lym)] <—&n = S{P —E[L,m)] < —&n.

Now, Lemma 2.4 gives us

P(S;L) —E[Ly()] = —&:n) < exp(-%nl_q%). (A.14)
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