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AN INEXACT ALGORITHM WITH PROXIMAL DISTANCES FOR

VARIATIONAL INEQUALITIES

E.A. Papa Quiroz1,*, L. Mallma Ramirez2 and P.R. Oliveira2

Abstract. In this paper we introduce an inexact proximal point algorithm using proximal distances for
solving variational inequality problems when the mapping is pseudomonotone or quasimonotone. Under
some natural assumptions we prove that the sequence generated by the algorithm is convergent for the
pseudomonotone case and assuming an extra condition on the solution set we prove the convergence
for the quasimonotone case. This approach unifies the results obtained by Auslender et al. [Math Oper.
Res. 24 (1999) 644–688] and Brito et al. [J. Optim. Theory Appl. 154 (2012) 217–234] and extends the
convergence properties for the class of ϕ-divergence distances and Bregman distances.
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1. Introduction

In this paper we consider the following variational inequality problem (VIP): find x∗ ∈ C̄ and y∗ ∈ T (x∗),
such that

〈y∗, x− x∗〉 ≥ 0, ∀x ∈ C̄, (1.1)

where T : IRn−→→IRn is a (point-to-set) mapping, C is a nonempty open convex set in IRn and C̄ is the euclidean
closure of C. The above model covers as particular cases optimization problems, urban traffic equilibrium
problems, linear and nonlinear complementarity problems, economic equilibrium problems, among others, see
for example Harker and Pang [10] and Facchinei and Pang [9]. Observe also that the above model is a particular
case of equilibrium problems, see for example [4, 11, 12].

There are several methods for solving the (VIP), for example, methods based on merit functions, interior
point methods, projective methods, proximal point methods (PPMs), splitting methods, among others, see
Vol II of the book of Facchinei and Pang [9].

Given the theoretical importance of the PPM for very general problem classes and algorithms, in this paper
we are interested in solving the problem (1.1), but when the mapping is not necessarily monotone, specifically,
when T is pseudomonotone or quasimonotone. Recall that in the monotone case it is possible to obtain global
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convergence of the proximal method to a solution of (1.1), see for example Theorem 12.3.7 of Facchinei and
Pang [9].

The (VIP) when the mapping T is pseudomonotone and quasimonotone, have been recently studied by
some researches. Langenberg [16] studied the convergence properties of a inexact version of the (PPM) using
Bregman like distances when the mapping T is pseudomonotone, this author proved the global convergence
of the proposed method. Brito et al. [5] proved a weak convergence property (if the intersection of the set of
cluster points and a certain solution set is nonempty then the sequence converges) of an exact (PPM) when the
mapping is quasimonotone using a class of second order homogeneous distances which includes the logarithmic
quadratic distance. Langenberg [18], under some appropriate assumptions, proved the convergence of an inexact
(PPM) using a class of Bregman distances.

On the other hand, Auslender and Teboulle [2] have been developed an unified analysis of the (PPM) using
the so called proximal distances, which include Bregman distances, logarithmic quadratic and ϕ-divergence
distances, to solve convex optimization problems.

To obtain convergence properties for a large class of distances, it would be interesting to extend the
above approach to solve (VIP) when the mapping is not necessarily monotone. This is the motivation of the
present paper. Specifically, we study the inexact proximal iterations of the form: given xk−1 ∈ C find xk ∈ C
y uk ∈ T (xk) such that

uk + λk∇1d(xk, xk−1) = ek,

where T is a pseudomonotone or quasimonotone mapping, λk is a positive parameter, d is a proximal distance,
see Section 2.1, and ek ∈ IRn is an approximation error given by:

+∞∑
k=1

∥∥ek∥∥
λk

< +∞ (1.2)

+∞∑
k=1

∣∣〈ek, xk〉∣∣
λk

< +∞ (1.3)

The above error criteria is standard in PPMs. It was introduced by Eckstein [8] and has been used by several
researches, see for example Auslender et al. [3], Kaplan and Tichatschke [13], Xu et al. [26], Solodov and Svaiter
[24]. According Eckstein (1998), this error criteria is practical and easily verifiable.

The main contributions of this paper are the following:

• The global convergence of the proposed algorithm, using proximal distances, when T is a pseudomonotone
mapping and the weak convergence when the mapping is quasimonotone. Our results unifies the conver-
gence to the proximal methods introduced by Auslender et al. [3] and Brito et al. [5] and extends the
convergence properties for the class of ϕ-divergence and Bregman distances.

• We analyze the substitution of a classical condition on the proximal distance, see condition (Ivii) in
Definition 2.7, by another ones, see condition (Iviii) on the same definition, to work with nonlinear
constraints in the (VIP). We obtain, in general, the same convergence properties of the proposed algorithm.

• Introducing an extra condition on the proximal distance, see condition (Iix), to get rid the condition (1.3)
in the proposed algorithm. Furthermore, we give a new algorithm for constrained minimization problems
with quasiconvex objective functions with global convergence results.

This paper is organized as follows: Section 2 gives some basic results used throughout the paper. In Section 3 we
introduce the proposed method. In Section 4 we study the convergence of the sequence generated by the method,
analyzing the pseudomonotone and quasimonotone cases respectively. In Section 5 we analyze the adaptation
and a variant of the method to solve minimization problems with quasiconvex objective functions.
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2. Basic results

Throughout this paper IRn is the Euclidean space endowed with the canonical inner product 〈 , 〉 and the norm

of x given by ‖x‖ := 〈x, x〉1/2 . Let B ∈ IRn×n be a symmetric and positive definite matrix, we denote ‖x‖B :=

〈Bx, x〉1/2 . We also denote the Euclidean ball centered at x with ratio ε as B(x, ε) = {y ∈ IRn : ||y − x|| < ε}.
The interior, closure and boundary of a subset X ⊂ IRn is denoted by int(X), X̄ and bd(X), respectively.

Lemma 2.1. Let {vk},{γk} and {βk} be nonnegative sequences of real numbers satisfying vk+1 ≤ (1 + γk) vk +
βk such that

∑∞
k=1 βk <∞,

∑∞
k=1 γk <∞. Then , the sequence {vk} converges.

Proof. See Lemma 2, page 44 of Polyak [22].

Definition 2.2. Let T : IRn−→→IRn be a mapping. The domain and the graph of T are defined as

D(T ) = {x ∈ IRn : T (x) 6= ∅} .
G(T ) = {(x, v) ∈ IRn × IRn : x ∈ D(T ), v ∈ T (x)} .

Definition 2.3. A mapping T : IRn−→→IRn is closed at x̄ if for any sequence
{
xk
}
⊂ IRn and any sequence{

vk
}
⊂ IRn such that (xk, vk) ∈ G(T ) and (xk, vk)→ (x̄, v̄), implies that v̄ ∈ T (x̄).

Proposition 2.4. A mapping T : IRn−→→IRn is locally bounded if and only if T (B) is bounded for every bounded
set B. This is equivalent to the property that whenever vk ∈ T (xk) and the sequence {xk} ⊂ IRn is bounded,
then the sequence {vk} is bounded.

Proof. See Proposition 5.15 of Rockafellar and Wets [23].

Definition 2.5. A mapping T : IRn →
→ IRn is:

i. Strongly monotone if there exists α > 0 such that

〈u− v, x− y〉 ≥ α ‖x− y‖2 , (2.1)

for all (x, u), (y, v) ∈ G(T ).
ii. Monotone if

〈u− v, x− y〉 ≥ 0, (2.2)

for all (x, u), (y, v) ∈ G(T ).
iii. Pseudomonotone if

〈v, x− y〉 ≥ 0⇒ 〈u, x− y〉 ≥ 0, (2.3)

for all (x, u), (y, v) ∈ G(T ).
iv. Quasimonotone if

〈v, x− y〉 > 0⇒ 〈u, x− y〉 ≥ 0, (2.4)

for all (x, u), (y, v) ∈ G(T ).
v. Weakly monotone if exists ρ > 0 such that

〈u− v, x− y〉 ≥ −ρ ‖x− y‖2 , (2.5)
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for all (x, u), (y, v) ∈ G(T ).
vi. Locally weakly monotone if for each x ∈ int(D(T )) there exist εx > 0 and ρx > 0 such that for all

z, y ∈ B(x, εx) ∩D(T ) we have

〈u− v, z − y〉 ≥ −ρx ‖z − y‖2 , (2.6)

for all u ∈ T (z) and all v ∈ T (y).

2.1. Proximal distances

In this subsection we present the definitions of proximal distance and induced proximal distance, introduced
by Auslender and Teboulle [2]. This approach has been used in the works of Villacorta and Oliveira [25], Papa
Quiroz and Oliveira [20], Papa Quiroz et al. [21].

Definition 2.6. A function d : IRn × IRn → IR+ ∪ {+∞} is called a proximal distance with respect to an open
nonempty convex set C if for each y ∈ C it satisfies the following properties:

i. d(·, y) is proper, lower semicontinuous, strictly convex and continuously differentiable on C;
ii. dom (d(·, y)) ⊂ C̄ and dom( ∂1d(·, y)) = C, where ∂1d(·, y) denotes the classical subgradient map of the

function d(·, y) with respect to the first variable;
iii. d(·, y) is coercive on IRn (i.e., lim||u||→∞ d(u, y) = +∞);
iv. d(y, y) = 0.

We denote by D(C) the family of functions satisfying the above definition.

Property i. is needed to preserve convexity of d(·, y), property ii will force the iteration of the proximal
method to stay in C, and the property iii is useful to guarantee the existence of the proximal iterations. For
each y ∈ C, let ∇1d(·, y) denote the gradient map of the function d(·, y) with respect to the first variable. Note
that by definition d(·, ·) ≥ 0 and from iv. the global minimum of d(·, y) is obtained at y, which shows that
∇1d(y, y) = 0.

Definition 2.7. Given d ∈ D(C), a function H : IRn × IRn → IR+ ∪ {+∞} is called the induced proximal
distance to d if H is a finite-valued function on C × C and for each a, b ∈ C we have:

(Ii) H(a, a) = 0.
(Iii) 〈c− b,∇1d(b, a)〉 ≤ H(c, a)−H(c, b), ∀ c ∈ C.

Let us denoted by (d,H) ∈ F(C) to the proximal distance that satisfies the conditions of Definition 2.7.
We also denote (d,H) ∈ F(C̄) if there exists H such that:

(Iiii) H is finite valued on C̄ × C satisfying (Ii) and (Iii), for each c ∈ C̄.
(Iiv) For each c ∈ C̄, H(c, ·) has level bounded sets on C.

Finally, denote (d,H) ∈ F+(C̄) if

(Iv) (d,H) ∈ F(C̄).
(Ivi) ∀ y ∈ C̄ y ∀ {yk} ⊂ C bounded with limk→+∞H(y, yk) = 0, then limk→+∞ yk = y.
(Ivii) ∀ y ∈ C̄, y ∀ {yk} ⊂ C such that limk→+∞ yk = y, then limk→+∞H(y, yk) = 0.

The main result in this paper will be obtained when (d,H) ∈ F+(C̄). Several examples of proximal distances
which satisfy the above definitions, for example Bregman distances, distances based on ϕ- divergences and
distances based on second order homogeneous proximal distances, were given by Auslender and Teboulle [2],
Section 3.
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Remark 2.8. In this paper conditions (Ivi) and (Ivii) will ensure the global convergence of the sequence
generates by the proposed algorithm. As we will see in Proposition 2.11, the condition (Ivii) may be substituted
by the following condition:

(Iviii) H(., .) is continuous in C ×C and if {yk} ⊂ C such that limk→+∞ yk = y ∈ bd(C) and ȳ 6= y is another
point in bd(C) then limk→+∞H(ȳ, yk) = +∞.

According to Langenberg and Tichatschke, see [18] on the page 643 (which is based on the papers of Kaplan
and Tichatschke [14] and Kaplan and Tichatschke [15]), the above condition for induced Bregman distances
holds when nonlinear constraints are active at y = limk→+∞ yk while condition (Ivii) holds only when all the
active constraints are affine.

Definition 2.9. Let (d,H) ∈ F(C̄). We say that the sequence {zl} ⊂ C is H-quasi-Fejér convergent to a set

U ⊂ C̄ if for each u ∈ U there exists a sequence {εl}, with εl ≥ 0 and
+∞∑
l=1

εl < +∞ such that

H(u, zl) ≤ H(u, zl−1) + εl.

Proposition 2.10. Let (d,H) ∈ F+(C̄) and {zl} ⊂ C be a sequence H-quasi-Fejér convergent to U ⊂ C̄ then
{zl} is bounded. If, furthermore, there exists a cluster point z̄ of {zl}, belongs to U, then the whole sequence
{zl} converges to z̄.

Proof. Let u ∈ U, from the H-quasi-Fejér convergent assumption we have

H(u, zl) ≤ H(u, z0) +

+∞∑
l=1

εl.

Thus, zl ∈ LH (u, α) := {y ∈ C : H (u, y) ≤ α} , where α = H
(
u, z0

)
+
∑+∞
l=1 εl. From Definition 2.7, (Iiv),

LH (u, α) is bounded and therefore
{
zl
}

is a bounded sequence.
Let z̄ and z∗ two cluster points of {zl} where zlj → z̄ and zlk → z∗ with z̄ ∈ U, then from Definition 2.7

(Ivii), H(z̄, zlj )→ 0 and H(z∗, zlk)→ 0. As H(z̄, zl) is convergent, see Lemma 2.1, and the sequence H(z̄, zlj )
converges to zero we obtain that H(z̄, zl) → 0 and particularly H(z̄, zlk) → 0. From Definition 2.7, (Ivi), we
obtain that zlk → z̄ and due to the uniqueness of the limit we have z∗ = z̄. Thus, {zl} converges to z̄.

The following proposition weakens the above result and it will be important to stabilize the global convergence
of the proposed algorithm, when we substitute the condition (Iviii) instead of (Ivii) in Definition 2.7.

Proposition 2.11. Let (d,H) ∈ F+(C̄) satisfying the condition (Iviii) instead of (Ivii) and {zl} ⊂ C be a
sequence H-quasi-Fejér convergent to U ⊂ C̄ then {zl} is bounded. If, furthermore, any cluster point of {zl},
belongs to U, then the whole sequence {zl} converges.

Proof. The boundedness of {zl} is immediate. Let z̄ and z∗ be two cluster points of {zl} where zlj → z̄ and
zlk → z∗, then, from the assumption, z̄, z∗ ∈ U both {H(z̄, zl)} and {H(z∗, zl)} converge. We analyze three
possibilities.

i. If z∗ and z̄ belong to bd(C) and suppose that z̄ 6= z∗, then from assumption (Iviii), H(z∗, zlj ) → +∞,
which contradict the convergence of {H(z∗, zl)}, then we should have z̄ = z∗.

ii. If z∗ and z̄ belong to C, from continuity of H(., , ) in C we have H(z∗, zlk)→ 0. As {H(z∗, zl)} converges
then H(z∗, zlj )→ 0. Using the condition (Ivi) we have zlj → z∗, thus z̄ = z∗.

iii. Without lost of generality we can suppose that z∗ ∈ C and z̄ ∈ bd(C). Then, using the same argument as
the case ii, we have that z̄ = z∗, which is a contradiction, so this case is not possible.
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Definition 2.12. Given a symmetric and positive definite matrix B ∈ IRn×n and d ∈ D(C). We say that d is
strongly convex in C with respect to the first variable and with respect to the norm ||.||B , if for each y ∈ C
there exists α > 0 such that

〈∇1d(x1, y)−∇1d(x2, y), x1 − x2〉 ≥ α ‖x1 − x2‖2B , ∀x1, x2 ∈ C.

Definition 2.13. Given a symmetric and positive definite matrix B ∈ IRn×n and d ∈ D(C). We say that d is
locally strongly convex in C with respect to the first variable and with respect to the norm ||.||B , if for each
y ∈ C and each x ∈ C there exist εx > 0 and αx > 0 such that

〈∇1d(x1, y)−∇1d(x2, y), x1 − x2〉 ≥ αx ‖x1 − x2‖2B , ∀x1, x2 ∈ B(x, εx).

Lemma 2.14. Let d ∈ D(C), dom(T ) ∩ C 6= ∅ and B ∈ IRn×n be a symmetric and positive definite matrix.
Given an arbitrary point y ∈ C, if T is a locally weakly monotone mapping with constant ρ > 0, d(., y) is locally
strongly convex with respect to the norm ||.||B , with constant α and {βk} is a sequence of positive numbers
satisfying

βk ≥ β >
ρ

αλmin(B)
,

where λmin(B) denotes the smallest eigenvalue of B, then F (.) := T + βk∇1d(., y) is locally strongly monotone
with constant βαλmin(B)− ρ.

Proof. The proof follows the same steps from Lemma 5.1 of Brito et al. [5], considering local information, T as
a point to set mapping and substituting in that lemma ∇1Dφ by ∇1d and ATA by B respectively.

3. Inexact proximal method

We are interested in solving the (VIP): find x∗ ∈ C̄ and y∗ ∈ T (x∗), such that

〈y∗, x− x∗〉 ≥ 0, ∀x ∈ C̄, (3.1)

where T : IRn →
→ IRn is a mapping not necessarily monotone, C is a nonempty open convex set, C̄ is the closure of C in IRn

and

D(T ) ∩ C 6= ∅.

Now, we propose an extension of the PPM with a proximal distance to solve the problem (3.1).
Inexact algorithm

Initialization: Let {λk} be a sequence of positive parameters and a starting point:

x0 ∈ C. (3.2)

Main steps: For k = 1, 2, . . . , and xk−1 ∈ C, find xk ∈ C and uk ∈ T (xk), such that:

uk + λk∇1d(xk, xk−1) = ek, (3.3)

where d is a proximal distance such that (d,H) ∈ F+(C̄) and ek is an approximation error which satisfies some
conditions to be specified later.
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Stop criterion: If xk = xk−1 or 0 ∈ T (xk), then finish. Otherwise, to do k − 1← k and return to Main steps.
Throughout this paper, we assume the following assumptions:

(H1) For each k ∈ IN, there exists xk ∈ C.
(H2) The solution set SOL(T, C̄) of (VIP) is nonempty.

Remark 3.1. Some sufficient conditions to ensure the assumption (H1) were presented in Theorems 5.1 and
5.2 of Brito et al. [5] and Theorems 1 and 2 of Langenberg [16].

Remark 3.2. Suppose that T is locally weakly monotone where each locally weakly monotone constants ρ is
bounded from above by m > 0, that is, for each x ∈ C, the constant ρx from Definition 2.5, vi, satisfies ρx ≤ m.
If d(., y) is strongly convex for each y ∈ C with constant α then, taking

λk ≥
m

αλmin(B)
,

for each k ∈ IN, the mapping F := T (.) +λk∇1d(., xk−1) is always locally strongly monotone in C. Furthermore,
if T is (globally) weakly monotone with constant ρ̄ then taking

λk ≥
ρ̄

αλmin(B)
,

we obtain that T (.) + λk∇1d(., xk−1) is always (globally) strongly monotone in C.
In the above cases, the subproblem (3.3) is well conditioning. Moreover, assuming for simplicity that F is

sufficiently smooth and given xk−1 ∈ C, to find the point xk ∈ C in (3.3) we can apply efficiently, for example,
some of the following methods:

The so-called damped Newton method:

zl+1 = zl − αl(JF (zl))−1F (zl), l = 0, 1, 2, . . .

where z0 is an arbitrary point of C, JF is the Jacobian of F and the step size αl, 0 < αl ≤ 1 is chosen so
that F (z) decrease monotonicaly, that is, ||F (zl+1)|| < ||F (zl)||.
The Levenberg-Marquardt method:

zl+1 = zl −
(
αlI + JF (zl)

)−1
F (zl), l = 0, 1, 2, . . .

where αl > 0 is a certain parameter for each l. Observe that there exist different strategies for adjusting
αl, see for example Ortega and Rheinbolt [19].

4. Convergence results

In this section, under some natural conditions, we prove that the proposed method converges. We divide the
analysis in two cases: the pseudomonotone case and the quasimonotone ones. Moreover, as we are interested in
the asymptotic convergence of the method, we assume in each iteration that xk 6= xk−1 for each k = 1, 2, . . . In
fact, if xk = xk−1, for some k, then ∇1d(xk, xk−1) = 0 and from (3.2) to (3.3) we have that ek ∈ T (xk), that is,
xk is an approximate solution of (VIP).

Example 4.1. Consider the operator T (x1, x2) = (e−x
2
1(1− 2x2

1), e−x
2
2(1− 2x2

2)), see [1]. This operator is not
monotone but is pseudomonotone, then the proposed algorithm may be applied to solve the VIP with C̄ = IR2

+.

Example 4.2. Consider the operator T (x1, x2) = 2e−x
2
1−x

2
2(x1, x2). This operator is not monotone but it is

quasimonotone, then the proposed algorithm may be applied to solve the VIP with C̄ = IR2
+.
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4.1. Pseudomonotone case

Proposition 4.1. Let T be a pseudomonotone mapping, (d,H) ∈ F(C̄), and suppose that assumptions (H1)
and (H2) are satisfied. Then, for each k ∈ IN, we have

H(x̄, xk) ≤ H(x̄, xk−1)− 1

λk

〈
ek, x̄− xk

〉
, (4.1)

for all x̄ ∈ SOL(T, C̄).

Proof. Since x̄ ∈ SOL(T, C̄), there exists ū ∈ T (x̄) such that 〈u, z − x〉 ≥ 0 for all z ∈ C̄, in particular〈
u, xk − x

〉
≥ 0. Using the pseudomonotonicity of T , we have that for all uk ∈ T (xk), k ∈ IN, the above inequality

implies
〈
uk, xk − x

〉
≥ 0. Now, from (3.3) we have:

0 ≤
〈
uk, xk − x̄

〉
=
〈
ek − λk∇1d(xk, xk−1), xk − x̄

〉
=
〈
ek, xk − x̄

〉
+ λk

〈
∇1d(xk, xk−1), x̄− xk

〉
,

thus,

0 ≤
〈
ek, xk − x̄

〉
+ λk

〈
∇1d(xk, xk−1), x̄− xk

〉
.

Since (d,H) ∈ F(C̄) and from Definition 2.7, (Iii), it follows that

0 ≤
〈
ek, xk − x̄

〉
+ λk

[
H(x̄, xk−1)−H(x̄, xk)

]
.

Then,

H(x̄, xk) ≤ H(x̄, xk−1)− 1

λk

〈
ek, x̄− xk

〉
.

Proposition 4.2. Let T be a pseudomonotone mapping, (d,H) ∈ F(C̄), and suppose that assumptions (H1)
and (H2) are satisfied. If the following additional conditions are true:

+∞∑
k=1

∥∥ek∥∥
λk

< +∞, (4.2)

+∞∑
k=1

∣∣〈ek, xk〉∣∣
λk

< +∞, (4.3)

then

a) {xk} is H-quasi-Fejér convergent to the set SOL(T, C̄), that is,

H
(
x̄, xk

)
≤ H

(
x̄, xk−1

)
+ εk,

for each k ∈ IN and all x̄ ∈ SOL(T, C̄), where εk = 1
λk

(
‖ek‖‖x̄‖+ |〈ek, xk〉|

)
satisfying

∑+∞
k=1 ε

k < +∞.
b) {H(x̄, xk)} converges for all x̄ ∈ SOL(T, C̄).
c) {xk} is bounded.
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Proof. a) Using the Cauchy-Schwarz inequality in (4.1) we have for all x̄ ∈ SOL(T, C̄):

H(x̄, xk) ≤ H(x̄, xk−1) +
1

λk

(
‖ek‖‖x̄‖+ |〈ek, xk〉|

)
. (4.4)

Let εk = 1
λk

(
‖ek‖‖x̄‖+ |〈ek, xk〉|

)
, then H

(
x̄, xk

)
≤ H

(
x̄, xk−1

)
+ εk, and from (4.2) and (4.3) we have∑+∞

k=1 ε
k <∞.

b) It is immediate from a) and Lemma 2.1.
c) It is also immediate from a) and Proposition 2.10.

It is possible to get rid the assumption (4.3) in Proposition 4.2, to obtain that {H(x, xk)} is convergent
and {xk} is bounded, for a class of induced proximal distances which includes Bregman distances given by the
standard entropy kernel and all strongly convex Bregman functions, see Kaplan and Tichatsche [13]. We prove
this fact in the following proposition.

Proposition 4.3. Let T be a pseudomonotone mapping, (d,H) ∈ F(C̄), and suppose that assumptions (H1)
and (H2) are satisfied. If only the condition (4.2) is satisfied and suppose that the induced proximal distance
H(., .) satisfies the following additional property:

(Iix) For each x ∈ C̄ there exist α(x) > 0 and c(x) > 0 such that:

H(x, v) + c(x) ≥ α(x)||x− v||, ∀v ∈ C;

then

a. For all x̄ ∈ SOL(T, C̄), we have

H(x̄, xk) ≤

(
1 + 2

∥∥ek∥∥
λkα(x̄)

)
H(x̄, xk−1) + 2

∥∥ek∥∥ c(x̄)

λkα(x̄)
,

for k sufficiently large and therefore {H(x̄, xk)} converges.
b. {xk} is bounded.

Proof. Let x̄ ∈ SOL(T, C̄), from (4.1) we have

H(x̄, xk) ≤ H(x̄, xk−1) +
1

λk

∥∥ek∥∥∥∥xk − x̄∥∥ . (4.5)

Taking x = x̄ and v = xk in (Iix) and using (4.5) we obtain(
1−

∥∥ek∥∥
λkα(x̄)

)
H(x̄, xk) ≤ H(x̄, xk−1) +

c(x̄)
∥∥ek∥∥

α(x̄)λk
. (4.6)

From (4.2), there exists k0 ≡ k0(x̄) such that
‖ek‖
λkα(x̄) ≤

1
2 , for all k ≥ k0. Then

1 ≤

(
1−

∥∥ek∥∥
λkα(x̄)

)−1

≤ 1 + 2

∥∥ek∥∥
λkα(x̄)

≤ 2, ∀k ≥ k0. (4.7)
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From (4.6) and (4.7) we have

H(x̄, xk) ≤

(
1 + 2

∥∥ek∥∥
λkα(x̄)

)
H(x̄, xk−1) + 2

∥∥ek∥∥ c(x̄)

λkα(x̄)
, ∀k ≥ k0.

Thus, from Lemma 2.1,
{
H(x̄, xk)

}
is convergent and from Definition 2.7, (Iiv),

{
xk
}

is bounded.

We now show that the proposed algorithm solves the (VIP) when T is a pseudomonotone mapping. We need
the following additional assumption:

(H3) T is a locally bounded mapping and G(T ) is closed.

The following result is motivated from Theorem 9 of Langenberg and Tichatschke [18].

Theorem 4.4. Suppose that T is a pseudomonotone mapping and that assumptions (H1)–(H3) are satisfied.
If (d,H) ∈ F+(C̄), 0 < λk < λ̄, for some λ̄ > 0, and one of the following conditions is satisfied:

i) The conditions (4.2)–(4.3) are satisfied.
ii) (d,H) satisfies (Iix) and only the condition (4.2) is satisfied.

Then,
{
xk
}

converges to a point of SOL(T, C̄).

Proof. Since Proposition 4.2 (for the condition i)) and Proposition 4.3 (for the condition ii)) assure that {xk}
is bounded, let x∗ be a cluster point of

{
xk
}

and
{
xkj
}

be a subsequence which converges to x∗. Define
L := {k1, k2, . . . , kj , . . .}, then {xl}l∈L → x∗. From (3.3) we have〈

ul, x− xl
〉

=
〈
el, x− xl

〉
− λl

〈
∇1d(xl, xl−1), x− xl

〉
, (4.8)

for all l ∈ L and for each x ∈ C̄. In view of (4.2) and that {λl} is bounded from above we have that ||el|| → 0.
Then, as {xl} is bounded, we obtain

〈
el, x− xl

〉
→ 0. Thus, only is necessary to analyze the convergence of the

sequence

−λl
〈
∇1d(xl, xl−1), x− xl

〉
.

From Definition 2.7 (Iii), we have

−λl
〈
∇1d(xl, xl−1), x− xl

〉
≥ λl

[
H(x, xl)−H(x, xl−1)

]
.

Fix x ∈ C̄, we analyze two cases:
If {H(x, xl)} converges, then λl

[
H(x, xl)−H(x, xl−1)

]
→ 0, since {λl} is bounded, and from (4.8):

lim inf
l→∞

〈
ul, x− xl

〉
≥ 0.

If {H(x, xl)} is not convergent, then the sequence is not monotonically decreasing and so there are infinite
l ∈ L such that H(x, xl) ≥ H(x, xl−1). Let {lj} ⊂ L such that H(x, xlj ) ≥ H(x, xlj−1), for all j ∈ IN , then

lim inf
j→∞

〈
ulj , x− xlj

〉
≥ lim inf

j→∞
λlj
[
H(x, xlj )−H(x, xlj−1)

]
≥ 0,

and so

lim inf
j→∞

〈
ulj , x− xlj

〉
≥ 0,
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with ulj ∈ T (xlj ).
Since T is locally bounded and {xl} is bounded then, from Proposition 2.4, the sequence {ul} is also bounded.

Thus, without loss of generality, there exists a subsequence
{
ulj
}

which converges to some u∗ and since G(T )
is closed, u∗ ∈ T (x∗). Consequently we have 〈u∗, x− x∗〉 ≥ 0 for all x ∈ C̄ and u∗ ∈ T (x∗), implying that
x∗ ∈ SOL(T, C̄).

If the condition i) is satisfied, then (4.3) is true and using Proposition 4.2, a), and Proposition 2.10, we have
{xk} converges to x∗.

Now, if the condition ii) is satisfied, then (d,H) holds the condition (Iix). Let x̄ be another cluster point
of {xk} where xkl → x̄, then x̄ ∈ SOL(T, C̄), and from Definition 2.7 (Ivii), H(x̄, xkl) → 0. As H(x̄, xk) is
convergent, see Proposition 4.3, a, and the sequence H(x̄, xkl) converges to zero we obtain that H(x̄, xkj )→ 0.
From Definition 2.7, (Ivi), we obtain that xkj → x̄ and due to the uniqueness of the limit we have x∗ = x̄. Thus,
{xk} converges to x∗.

Theorem 4.5. Suppose that T is a pseudomonotone mapping and that assumptions (H1)-(H3) are satisfied.
If (d,H) ∈ F+(C̄) satisfying the condition (Iviii) instead of (Ivii), 0 < λk < λ̄, for some λ̄ > 0, and one of the
following conditions is satisfied:

i. the conditions (4.2)–(4.3) are satisfied;
ii. (d,H) satisfies (Iix) and the condition (4.2) is satisfied;

then,
{
xk
}

converges to a point of SOL(T, C̄).

Proof. i. If the conditions (4.2)–(4.3) are satisfied then from Proposition 4.2, a), {xk} is H-quasi-Fejér
convergent to SOL(T, C̄). As any cluster point of {xk} belongs to SOL(T, C̄), see the first part of the
proof of Theorem 4.4, then using Proposition 2.11 we obtain the result.

ii. From Proposition 4.3, b, {xk} is bounded, mimicking the proof of Theorem 4.4 any cluster point belongs to
SOL(T, C̄). Let x̄ and x∗ be two cluster points of {xk} with xkj → x̄ and xkl → x∗, as x̄, x∗ ∈ SOL(T, C̄),
from Proposition 4.3, a, both {H(x̄, xk)} and {H(x∗, xk)} converge. We analyze three possibilities.
If x∗ and x̄ belong to bd(C) and suppose that x̄ 6= x∗, then from assumption (Iviii), H(x∗, xkj )→ +∞,
which contradict the convergence of {H(x∗, xk)}, then we should have x̄ = x∗.
If x∗ and x̄ belong to C, from continuity of H(., , ) in C we have H(x∗, xkl)→ 0. As {H(x∗, xk)} converges
then H(x∗, xkj )→ 0. Using the condition (Ivi) we have xkj → x∗, thus x̄ = x∗.
Without lost of generality we can suppose that x∗ ∈ C and x̄ ∈ bd(C). Then, using the same argument as
the last case we have that x̄ = x∗, which is a contradiction, so this case is not possible.

4.2. Quasimonotone case

Assume now that T is a quasimonotone mapping and consider the following subset of SOL(T, C̄) :

SOL∗(T, C̄) =
{
x∗ ∈ SOL(T, C̄) : ∃u∗ 6= 0, u∗ ∈ T (x∗)

}
.

In this subsection we consider SOL(T, C̄) ∩ bd(C) 6= ∅.
We will use the following assumption:

(H2)′ SOL∗(T, C̄) 6= ∅

The following lemma was proved simultaneously by Brito et al. [5] and Langenberg [17], but for completeness
we establish the proof.

Lemma 4.6. Assume that the assumption (H2)′ is satisfied. If x∗ ∈ SOL∗(T, C̄), then

〈u∗, w − x∗〉 > 0, ∀w ∈ C,
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where u∗ 6= 0, u∗ ∈ T (x∗).

Proof. Given x∗ ∈ SOL∗(T, C̄), then 〈u∗, x− x∗〉 ≥ 0 for all x ∈ C̄. Suppose that there exists w̄ ∈ C such that
〈u∗, w̄ − x∗〉 = 0. Since w̄ ∈ C and C is an open set, there exists B(w̄, r) ⊂ C, where B(w̄, r) is a ball centered
on w̄ and radio r > 0.

Now as ‖u∗‖ > 0 and r > 0, we obtain that there exists ε > 0 (ε < r ‖u∗‖) such that x̄ = w̄− ε
‖u∗‖2u

∗ ∈ B(w̄, r)

and therefore x̄ ∈ C. Consequently 〈u∗, x̄− x∗〉 = −ε < 0, which is a contradiction.

Proposition 4.7. If T is a quasimonotone mapping, (d,H) ∈ F(C̄), and the assumptions (H1) and (H2)′ are
satisfied, then

H(x̄, xk) ≤ H(x̄, xk−1)− 1

λk

〈
ek, x̄− xk

〉
, (4.9)

for all x̄ ∈ SOL∗(T, C̄).

Proof. Given x̄ ∈ SOL∗(T, C̄), then there exists ū ∈ T (x̄) with ū 6= 0 such that 〈u, x− x〉 ≥ 0, for all x ∈ C̄. By
assumption (H1), we have that xk ∈ C and using Lemma 4.6 we have that

〈
u, xk − x

〉
> 0. Using the property

that T is quasimonotone, see Definition 2.5, iv, we have that
〈
uk, xk − x

〉
≥ 0, for all uk ∈ T (xk). From here,

the steps are the same as the proof of Proposition 4.1.

Proposition 4.8. Let T be a quasimonotone mapping, (d,H) ∈ F(C̄), and suppose that the assumptions (H1)
and (H2)′ are satisfied. If the conditions (4.2) and (4.3) are satisfied, then

a. {xk} is H-quasi-Fejér convergent to SOL∗(T, C̄).
b. {H(x̄, xk)} convergent for all x̄ ∈ SOL∗(T, C̄).
c. {xk} is bounded.

Proof. Similar to the proof of Proposition 4.2 but using (4.9) instead of (4.1) and SOL∗(T, C̄) instead of
SOL(T, C̄).

Proposition 4.9. Let T be a quasimomonotone mapping, (d,H) ∈ F(C̄), and suppose that the assumptions
(H1) and (H2)′ are satisfied. If only the condition (4.2) is satisfied and suppose that the induced proximal
distance H with (d,H) ∈ F(C̄) satisfies (Iix), then

a. For all x̄ ∈ SOL∗(T, C̄), we have

H(x̄, xk) ≤

(
1 + 2

∥∥ek∥∥
λkα(x̄)

)
H(x̄, xk−1) + 2

∥∥ek∥∥ c(x̄)

λkα(x̄)
,

for k sufficiently large and therefore {H(x̄, xk)} converges.
b. {xk} is bounded.

Proof. It follows the same steps of the proof of Proposition 4.3 but using (4.9) instead of (4.1) and SOL∗(T, C̄)
instead of SOL(T, C̄).

Denote Acc
(
xk
)

as the set of all accumulation points of {xk}, that is,

Acc
(
xk
)

= {z ∈ C̄ : there exists a subsequence {xkl} of {xk} : xkl → z}.

Theorem 4.10. Let T be a quasimonotone mapping, (d,H) ∈ F+(C̄), and suppose that assumptions (H1),
(H2)′ and (H3) are true, 0 < λk < λ̄, for some λ̄ > 0. If one of the following conditions holds:

i) the conditions (4.2)–(4.3) are satisfied;
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ii) (d,H) satisfies (Iix) and only the condition (4.2) holds;

then,

(a)
{
xk
}

converges weakly to an element of SOL(T, C̄), that is, Acc
(
xk
)
6= ∅ and every element of Acc

(
xk
)

is a point of SOL(T, C̄).
(b) If Acc

(
xk
)
∩ SOL∗(T, C̄) 6= ∅, then

{
xk
}

converges to an element of SOL∗(T, C̄).

Proof. Consider true the first case i)
From Proposition 4.8, c , {xk} is bounded, and therefore there exists a convergent subsequence and thus

Acc
(
xk
)
6= ∅. Take a subsequence {xkj}, such that xkj → x̄. Mimicking the proof of Theorem 4.4 we obtain

that x̄ ∈ SOL(T, C̄).
Assume that x̄ ∈ SOL∗(T, C̄), then from Proposition 4.8, a, and Proposition 2.10 we have the result.
Now we consider true the second case ii)
From Proposition 4.9, b , {xk} is bounded, so Acc

(
xk
)
6= ∅. Take a subsequence {xkj}, such that xkj → x̄.

Mimicking the proof of Theorem 4.4 we obtain that x̄ ∈ SOL(T, C̄). One more time, mimicking the last five
line of the proof of Theorem 4.4 substituting Proposition 4.3, a, by Proposition 4.9.

Theorem 4.11. Let T be a quasimonotone mapping, (d,H) ∈ F+(C̄), satisfying the condition (Iviii) instead
of (Ivii), and suppose that the assumptions (H1), (H2)′ and (H3) are true, 0 < λk < λ̄, for some λ̄ > 0. If
one of the following conditions holds:

i) the conditions (4.2)–(4.3) are satisfied
ii) (d,H) satisfies (Iix) and only the condition (4.2) holds;

then

(a)
{
xk
}

converges weakly to an element of SOL(T, C̄), that is, Acc
(
xk
)
6= ∅ and every element of Acc

(
xk
)

is a point of SOL(T, C̄).
(b) If Acc

(
xk
)
⊂ SOL∗(T, C̄) then

{
xk
}

converges to an element of SOL∗(T, C̄).

Proof. Consider true the first case i). From Proposition 4.8, c, {xk} is bounded, and therefore Acc
(
xk
)
6= ∅. Take

a subsequence {xkj}, such that xkj → x̄. Mimicking the proof of Theorem 4.4 we obtain that x̄ ∈ SOL(T, C̄).
From Proposition 4.8, a, {xk} is H-quasi-Fejér convergent to SOL∗(T, C̄), and if we suppose Acc

(
xk
)
⊂

SOL∗(T, C̄) then from Proposition 2.11 we have the aimed result.
Now we consider true the second case ii).
From Proposition 4.9, b, {xk} is bounded, so Acc

(
xk
)
6= ∅. Take a subsequence {xkj}, such that xkj → x̄.

Mimicking the proof of Theorem 4.4 we obtain that x̄ ∈ SOL(T, C̄).
If Acc

(
xk
)
⊂ SOL∗(T, C̄), let x̄ and x∗ two cluster points of {xk} with xkj → x̄ and xkl → x∗, as x̄, x∗ ∈

SOL∗(T, C̄), {H(x̄, xk)} and {H(x∗, xk)} converge. We analyze the three possibilities
If x∗ and x̄ belong to bd(C) and suppose that x̄ 6= x∗, then from assumption (Iviii), H(x∗, xkj ) → +∞,

which contradict the convergence of {H(x∗, xk)}, then we should have x̄ = x∗.
If x∗ and x̄ belong to C, from continuity of H(., , ) in C we have H(x∗, xkl)→ 0. As {H(x∗, xk)} converges

then H(x∗, xkj )→ 0. Using the condition (Ivi) we have xkj → x∗, thus x̄ = x∗.
Without lost of generality we can suppose that x∗ ∈ C and x̄ ∈ bd(C). Then, using the same argument as

the last case we have that x̄ = x∗, which is a contradiction, so this case is not possible.

5. Quasiconvex minimization

Now consider the minimization problem

min
{
f(x) : x ∈ C̄

}
(5.1)
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where f : IRn → IR ∪ {±∞} is a function and C is a open convex set and C̄ denotes the Euclidean closure of
C. We assume the following assumptions:

Assumption A. f is a proper lower semicontinuous quasiconvex function.
Assumption B. f is locally lipschitzian and bounded from below.
Assumption C. dom(f) ∩ C̄ 6= ∅ .

We use the Clarke subdifferential, which will be denoted by ∂◦, see Clarke [6] or [7] for details.

5.1. Algorithm 1 for minimization

The inexact algorithm, introduced in Section 3, but now adapted to solve the problem (5.1) is the following:
Inexact minimization algorithm 1 (IMA1)

Initialization: Let {λk} be a sequence of real positive numbers and

x0 ∈ C.

Main steps: For k = 1, 2, . . . , and xk−1 ∈ C, find xk ∈ C and uk ∈ ∂◦f(xk), such that:

uk + λk∇1d(xk, xk−1) = ek,

where d is a proximal distance such that (d,H) ∈ F+(C̄) and ek is an approximation error satisfying the following
conditions:

+∞∑
k=1

∥∥ek∥∥
λk

< +∞ (5.2)

+∞∑
k=1

∣∣〈ek, xk〉∣∣
λk

< +∞. (5.3)

Stop criterion: If xk = xk−1 or 0 ∈ ∂◦f(xk), then finish. Otherwise, to do k− 1← k and return to Main steps.
It is easy to prove that if f is a proper lower semicontinuous function and locally Lipschitz function and

lower bounded on dom(f) ∩ C̄ and d ∈ D(C), then the assumption (H1) is satisfied, see Theorem 4.1 of Papa
Quiroz et al. [21]. Moreover, from the properties of the Clarke subdifferential we have that T = ∂◦f satisfies the
assumption (H3). Thus, the particular case of Theorem 4.10 for the minimization problem (5.1) is the following

Corollary 5.1. Let f : IRn → IR ∪ {±∞} be a proper, lower semicontinuous quasiconvex and locally Lipschitz
function and lower bounded on dom(f) ∩ C̄. If the assumption (H2)′ is satisfied, 0 < λk < λ̄, for some λ̄ > 0,
the error criterion (5.2) and (5.3) are satisfied and (d,H) ∈ F+(C̄), then under the assumption Acc

(
xk
)
∩

SOL∗(∂◦f, C̄) 6= ∅, we obtain that
{
xk
}

converges to an element of SOL∗(∂◦f, C̄). Furthermore, if (d,H)

satisfies the additional condition (Iix), then we obtain convergence of
{
xk
}

using only the error criterion (5.2).

The particular case of Theorem 4.11 is the following result

Corollary 5.2. Let f : IRn → IR ∪ {±∞} be a proper, lower semicontinuous quasiconvex and locally Lipschitz
function and lower bounded on dom(f) ∩ C̄. If the assumption (H2)′ is satisfied, 0 < λk < λ̄, for some λ̄ > 0,
the error criterion (5.2) and (5.3) are satisfied and (d,H) ∈ F+(C̄) satisfyes the condition (Iviii) instead of
(Ivii), then under the assumption Acc

(
xk
)
⊂ SOL∗(∂◦f, C̄) 6= ∅, we obtain that

{
xk
}

converges to an element
of SOL∗(∂◦f, C̄). Furthermore, if (d,H) satisfies the additional condition (Iix), then we obtain convergence of{
xk
}

using only the error criterion (5.2).
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The above results complement, when Acc
(
xk
)
∩ SOL∗(T,C) 6= ∅, the convergence results of the PPM for

quasiconvex functions obtained in Papa et al. [21] where, in that paper, we used simultaneously (5.2)–(5.3) and∥∥xk−1 − xk − ek
∥∥ ≤ max{∥∥ek∥∥ ,∥∥xk − xk−1

∥∥} .
5.2. Algorithm 2 for minimization

In the first bullet point of Conclusion and Future Works section of our recently published paper, Papa Quiroz
et al. [21], we wrote that it might be possible to get rid the condition

+∞∑
k=1

∣∣〈ek, xk〉∣∣
λk

< +∞

in that algorithm for a class of induced proximal distances following the paper of Kaplan and Tichatschke [13],
but it has not been proved. In this subsection we prove this affirmation. For that, to solve (5.1) consider the
following algorithm
Inexact Minimization Algorithm 2 (IMA2)

Initialization: Let {λk} be a sequence of real positive numbers and an initial point

x0 ∈ C

Main steps: For k = 1, 2, . . . , and given xk−1 ∈ C, find xk ∈ C and gk ∈ ∂◦f(xk) such that

ek = gk + λk∇1d(xk, xk−1),

where ek is an approximation error satisfying the following conditions:

∥∥xk−1 − xk − ek
∥∥ ≤ max

{∥∥ek∥∥ ,∥∥xk − xk−1
∥∥} +∞∑

k=1

∥∥ek∥∥
λk

< +∞ (5.4)

and d is a proximal distance such that (d,H) ∈ F(C̄) and satisfies (Iix).
Stop criterion: If xk = xk−1, or 0 ∈ ∂◦f(xk) then stop. Otherwise to do k − 1 ← k and return to Main

steps.
Define

U+ :=

{
x ∈ C̄ : f(x) ≤ inf

j∈IN
f(xj)

}
.

Suppose that U+ is nonempty, then under assumptions A,B and C and from Proposition 4.2 of Papa Quiroz
et al. [21], we have

H(x, xk) ≤ H(x, xk−1)− 1

λk

〈
ek, x− xk

〉
, ∀x ∈ U+.

Proposition 5.3. Let (d,H) ∈ F(C̄) satisfying (Iix) and suppose that the assumptions A,B and C are satisfied.
The sequence {xk} generates by (IMA2) satisfies:
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a. For all x̄ ∈ U+, we have

H(x̄, xk) ≤

(
1 + 2

∥∥ek∥∥
λkα(x̄)

)
H(x̄, xk−1) + 2

∥∥ek∥∥ c(x̄)

λkα(x̄)

for k sufficiently large and therefore {H(x̄, xk)} converges.
b. {xk} is bounded.

Proof. The proof is very similar to Proposition 4.3 substituting U+ by SOL(T, C̄).

Proposition 5.4. Let (d,H) ∈ F+(C̄) satisfying (Iix) and suppose that the assumptions A,B and C are
satisfied, then the sequence {xk} converges to some point of U+.

Proof. From previous Proposition 5.3 {xk} is bounded, then there exists a subsequence {xkj} which converges
to x̄, that is, limj→+∞ xkj = x̄. As f is lower semicontinuous, {f(xk)} is nonincreasing, see Proposition 4.1 of
Papa Quiroz et al. [21], and converges then we have x̄ ∈ U+. Suppose that there exists another sequence {xkl}
such that liml→+∞ xkl = z ∈ U+. Using property (Ivii), from Definition 2.7, we obtain liml→+∞H(z, xkl) = 0,
and from the convergence of {H(z, xk)}, limk→+∞H(z, xk) = 0. Thus limj→+∞H(z, xkj ) = 0. Using property
(Ivi), from Definition 2.7, we obtain that limj→+∞ xkj = z, that is, x̄ = z.

Remark 5.5. The above result also is true if the condition (Ivii) on (d,H) is substitute by (Iviii). In fact, let
x̄ and x∗ two cluster points of {xk} with xkj → x̄ and xkl → x∗, as x̄, x∗ ∈ U+, {H(x̄, xk)} and {H(x∗, xk)}
converge. We analyze the three possibilities

If x∗ and x̄ belong to bd(C) and suppose that x̄ 6= x∗, then from assumption (Iviii), H(x∗, xkj ) → +∞,
which contradict the convergence of {H(x∗, xk)}, then we should have x̄ = x∗.

If x∗ and x̄ belong to C, from continuity of H(., , ) in C we have H(x∗, xkl)→ 0. As {H(x∗, xk)} converges
then H(x∗, xkj )→ 0. Using the condition (Ivi) we have xkj → x∗, thus x̄ = x∗.

Without lost of generality we can suppose that x∗ ∈ C and x̄ ∈ bd(C). Then, using the same argument as the
last case we have that x̄ = x∗, which is a contradiction, so this case is not possible. From the three possibility
we obtain x̄ = x∗ and so {xk} converges.

Finally, we give the global convergence of {xk} to a stationary point of the problem.

Theorem 5.6. Let (d,H) ∈ F(C̄) satisfying (Iix) and suppose that the assumptions A,B and C are satisfied
and furthermore {λk} is bounded from above, then sequence {xk} generates by (IMA2) converges to a stationary
point x̄ ∈ C of f , i.e. exists g ∈ ∂◦f(x̄) such that ∀x ∈ C̄ we have

〈g, x− x〉 ≥ 0.

The above result also is true if the condition (Ivii) on (d,H) is substitute by (Iviii).

Proof. See Theorem 4.3 of Papa Quiroz et al. [21].

6. Conclusions and future work

This article shows significant progress in the construction of inexact proximal methods for solving vari-
ational inequalities with quasimonotone mapping. Specifically we introduce an inexact proximal point
algorithm and we prove two type of convergence, global for the pseudomonotone case and weak for the
quasimonotone ones. Some relational works are the paper of Langenberg [17] and Brito et al. [5]. Langen-
berg in that paper introduced a PPM using Bregman distances but with other criterion error and Brito
et al. proposed a proximal exact method using the class of second order homogeneous distance. Observe
that our work includes as a particular case the class of ϕ-divergence distances.
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In this paper we assume, for the VIP, the existence of the proximal iterations in the interior of the convex
set model, we believe that a future work should be to find some sufficient conditions to guarantee the
existence of these iterations.
This work motivates to investigate the following question: Is it feasible to develop a Forward-Backward
algorithm with inexact proximal distances to solve the (VIP) with quasimonote mapping?
It should be observed that in [11] the authors developed an inexact proximal method to solve equilibrium
problems, which includes VIPs, using Bregman Distances. In the particular case when the equilibrium
problem is the point to point VIP the algorithm proposed in [11] becomes: for k = 1, 2, . . . and xk−1 ∈ C,
find x ∈ C such that

〈T (x), λk∇1Dg(x, x
k−1), y − x〉 ≥ 〈ek, y − x〉, ∀y ∈ C̄

where Dg(x, y) = g(x)− g(y)− 〈∇g(y), x− y〉 and ek satisfies

||ek|| ≤
{
σλkDg(x, x

k−1), if ||xk−1 − x|| < 1
σλkvg(x, x

k−1), if ||xk−1 − x|| ≥ 1

where vg(z, t) = inf{Dg(y, z) : ||y− z|| = t}. Under some assumptions the authors proved the convergence
of the proposed inexact algorithm. Clearly the error criterion of the above approach is different that our
inexact algorithm. It motivates the following question: is it possible to extend the convergence of the PPM
introduced in [11] when the monotonicity is substitute by pseudo and quasi-monotonicity?.
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