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THE M*/M/1 QUEUE WITH WORKING BREAKDOWN

ZAIMING LIU AND YANG SoNG!

Abstract. In this paper, we consider a batch arrival MX/M/l queue
model with working breakdown. The server may be subject to a ser-
vice breakdown when it is busy, rather than completely stoping ser-
vice, it will decrease its service rate. For this model, we analyze a two-
dimensional Markov chain and give its quasi upper triangle transition
probability matrix. Under the system stability condition, we derive the
probability generating function (PGF) of the stationary queue length,
and then obtain its stochastic decomposition, which shows the rela-
tionship with that of the classical M~ /M /1 queue without vacation or
breakdown. Besides, we also give the Laplace-Stieltjes transform (LST)
of the stationary waiting time distribution of an arbitrary customer in
a batch. Finally, some numerical examples are given to illustrate the
effect of the parameters on the system performance measures.

Keywords. M* /M /1 queue, working breakdown, probability gener-
ating function (PGF), Laplace-Stieltjes transform (LST), waiting time
distribution, stochastic decomposition.

Mathematics Subject Classification. 68M20, 60K20, 90B22.

1. INTRODUCTION

The queueing models with an unreliable server have been studied extensively,
and in real world, there can not exist any perfect server which always operates
as a new one. The machine in manufacturing system is a good example for that.
Therefore, in many papers, the server is assumed to be subject to an unpredictable
breakdown and be sent to repair immediately. The server is not available during
the repair time.
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Jayaraman et al. [5] have considered a queueing system with general bulk service
that alternates stochastically between operational state and failed state. Gray
et al. [3] have discussed a queueing model with multiple types of server breakdowns,
for which each type of breakdown requires a finite random number of stages of
repair. Furthermore, working vacations queueing model with multiple types of
server breakdowns has been considered in Jain [6]. And a batch arrival queue with
randomized vacation and unreliable server has given by Ke and Huang [7]. Besides
these, the unreliable server is related with the retrial queue as well. Falin [4] has
discussed a M/M/1 retrial queue with retrials due to server failures. Wang and
Cao [14] have given an analysis for reliability of the retrial queue with server
breakdowns and repairs. A discrete-time retrial queue with unreliable server could
be found in Atencia and Moreno [1], Wang and Zhang [13].

Anyway, the unreliable server is always supposed to stop working com-
pletely when it is breakdown. However, there are also exceptions. Sridharan and
Jayashree [11] have studied a finite queue with normal, partial and total failures.
And recently, Kalidass and Kasturi [8] proposed the concept of working breakdown,
which means that the service may not be interrupted when the server is break-
down. This concept does make sense in real life. For example, when a computer
is infected with a virus, it may still be able to perform at a lower rate. And the
machine replacement problem provides another example. When the failed machine
is sent to repair, a backup one will work immediately at a lower service rate. It is
worth to note that there is some difference between the working breakdown and
the working vacation. A working breakdown occurs randomly, no matter how many
customers are waiting in the queue, while a working vacation occurs only when the
system is empty. The working vacation policy is brought by Servi and Finn [10],
and there comes out plenty of researches since then. Liu et al. [9] have presented
some stochastic decompositions in M/M/1 queue with working vacations. Baba [2]
and Xu et al. [16] have studied the batch arrival queue with working vacations. In
our paper, we generalize the work of Kalidass and Kasturi [8].

The rest of this paper is organized as follows. Firstly, we give a model descrip-
tion in Section 2. Based on the system stability condition, we deduce the PGF of
the stationary queue length and its stochastic decomposition in Section 3, then
the expected queue length and some probability formulas are obtained. In Sec-
tion 4, according to the properties of the conditional Erlang distribution, we get
the LST of the stationary waiting time distribution of an arbitrary customer in a
batch. Then in Section 5, some numerical examples are given to show the effect
of parameters on the system performance. And we conclude this paper in the last
section.

2. MODEL DESCRIPTIONS

We consider a batch arrival M~X /M /1 queue with working breakdown. Cus-
tomers arrive at the system according to a Poisson process with rate A. Batch
sizes are independent and identically distributed with the probability distribution
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function (pdf) {g:}2,, the probability generating function (PGF) G(z) =
S, gz, the expectation g and the second order moment g(?). A working break-
down only occurs when the server is busy and in the normal state. In the normal
working period, the service time S follows an exponential distribution with pa-
rameter . When the server is subject to a random breakdown, the service rate
decreases to v at once, that is, the service time S’ follows an exponential distribu-
tion with parameter v when the server is defective. The life time T and the repair
time V of the server are assumed to be exponentially distributed with parameters
« and 6, respectively. The processes above mentioned are mutually independent,
and the service discipline is first come first served (FCF'S).

Let Q(t) be the number of customers in the system and J(t) the state of server
at time ¢. J(t) = 0 represents that the server is in a normal state, while J(¢) = 1
represents that the server is defective. Then X (¢) = {Q(¢), J(¢)} is a continuous
time Markov process with the state space 2 = {(k,j);k > 0,7 = 0,1}. Using
the lexicographical order for the states, the infinitesimal generator of the process
{Q(t), J(t)} can be written as the Block—Jacobi matrix

By A Ay As ...
C Ay A Ay ..
C Ap A ...

C Ag...

O
I

Y 0 Agi 0O )
BO = s Az = 52 Z 1,
0 —(A+0) 0 Agi

CZ(;LO)7 AO:(—(/\—FM—Fa) « )
0v 0 —(A+v+0)

3. STABILITY CONDITION AND STATIONARY QUEUE LENGTH
DISTRIBUTION

At first, we give the sufficient condition for ergodicity of Markov process X ()
with discrete state space {2, which is the stability condition for the system in the
following Theorem 3.1. We finish its proof based on the Statement 1 in Falin [4].

Ag(a+0)

oy <1

Theorem 3.1. The queueing system is stable if p =

Proof. Let {t,;r € Z;} be a sequence of epochs at which an event occurs, the event
could be a batch arrival, a departure, a working breakdown or the system becoming
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normal after repair. {Q(¢,), J(¢;7)} is an embedded (at state transitions) Markov
chain for X (t). We adopt Foster’s criterion here, which states that an irreducible
and aperiodic Markov chain x; with state space {2 is ergodic if there exists a non-
negative function f(s),s € £2, called Lyapunov function, and £ > 0 such that the
mean drift

rs = E[f(xrt1) — FO) Ixe = 8]

is finite for all s € 2 and =y < —¢ for all s € {2 except perhaps a finite number.
Here we take the same Lyapunov function as in [§]

k+B, ifs=(k0)
fls) = k+ B, ifs=(k1)

where B and B’ denote the constants which will be determined. For k > 0, s € 12,

)\g—u+(B/—B) «

v — ot , if s = (k,0)
) xg—v+(B-B")o )
%, lf S = (k’, 1)

The constants B and B should satisfy the following inequations
Ag— i+ (B/ —B)a<0
>\g—1/+<B—B')9<0.

Therefore, ’\97” <B -B< “7’\9 , and ’\97” < Bz ’\g leads to Acfl(,i'gz) < 1. Denote

— Agy‘i;z) So if p < 1, the Markov process X (t ( ) is ergodic and the system is
stable. O

Next we consider the stationary distribution for {Q(t),J(t)}. Assume that

T = (Tko, Tr1), k> 0;

tlinolOP{Q(t) = k"](t) :.7}7 (k’j) €N

Tkj

then the equilibrium equations could be written as follows:

AToo = Omo1 + umio; (31)
k
()\ +u+ Oé)ﬂ'ko = )\Zgiﬂ'k—i,o + Ompy + UTTE41,05 k>1; (3.2)
i=1
v = (A + 0)mor; (3.3)
A+v+0)me =X igﬂrkqg +amp + Vg1, k> 1 (3.4)

i=1
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Denote
o0 o0
QO(Z) = Zﬂ-kozka Ql(z) = Zﬂ-klzkv |Z| S 1a
k=1 k=0

then the probability generating function (PGF) of stationary queue length L(z)
could be written as

L(Z) = Trgo + Qo(z) + Ql(Z)

Multiplying (3.1) and (3.2) by appropriate powers of z and summing over k > 0,
we obtain

2 (1= G(2)) + az + u(z — 1)] Qo(z) — 02Q1(2) = Az (G(2) — 1) moo; (3.5
the same way to (3.3) and (3.4) leads to
—0zQo(2) + M2 (1= G(2) + 02+ v(z — )] Q1(2) = v(z — Dmor.  (3.6)
Solving the above equations (3.5) and (3.6), we get
Az (G(z) = 1) [Az (1 = G(2)) + 0z + v(z — 1)] 700 + 102(z — 1)mon

Qo(z) = N(1-G(2)+az+p(z—1)] [ (1 -G(2)+0z+v(z—1)] - a9(§27’)
01(2) = Aaz? (G(z) — 1) moo + v(z — 1) Az (1 — G(2)) + az + p(z — 1)] o1

(1= G(2)+az+pulz—DAz(1—G(2) + 0z +v(z —1)] —ab2?
(3.8)

Take the denominator of Qo(z) and Q1(z) as f(z), then
f(2) =€) M1 = 2) = Az (1 = G(2))] —az [v(1 - 2) = Az (1 = G(2))],

where {(z) = v(1—2)— Az (1 — G(2)) — 6z is a convex function and has the unique
root z = % in (0, 1). Since

f(0) = pv >0,

f(2) = —abz? <0,

f(1) =0,
f'(O):—)\u—)\l/—ﬁu—au—2,uu<0,
F (1) ==Ma+8)g+60u+av >0,

and a unique stationary distribution exists due to the ergodicity of Markov process
X (t), we suppose v be the unique root of f(z) which lies in (0, 1), so the numerator
of Qo(z) will vanish at z = ~. Substituting z = 7 into the numerator of the right
side of (3.7), we get

A1-G()EM)

V(1 —7)

o1 — 700 -
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Using the normalizing condition lim L(z) = 1, we have

z—1

0(1 —p)

00 = T TG ey
6+ 215500¢(y)

Therefore,

L(z) = mo0 + Qo(2) + Q1(2) = moo

L MA-GE)P -2 - o(2)]+ 255000 (1 2) [u(1 - 2) -0 (2)]

() oo
@A (1-6(2) (1 —2) =0 ()] + 25520 (1 — 2) [u(1 - 2) 0 (2)]
N )
0g(1 — p)
Og + p&(7) 5L )

where o(2) = az + Az2(1 — G(2)) + 0z and v(1 — 2) — 0(z) = £(2) — az. As we
already know that the PGF of the classical M~ /M/1 queue is

(Ag — p)(1 = 2)

Lo(z) = A+ )z —p— A 2G(z)

(3.10)

then the PGF of stationary queue length L(z) can be decomposed further as

follows:

g(1—p) (A+p)z—p— A2G(2)

1= g EE O 1)z — - G )] + a2 [€(2) + 02]

o O =) (p€(z) — avz) + A7) (1 = G(7)) [u(1 — 2) —a ()]
(1 =7)fg +p(1 = G(7))E(v)

L(2) = Lo(z)

(3.11)

Let
g(1—p) A+ )z —p—A2G(z)
=g €T 1)z — = NG + az [6(2) 1 0]
0(1 =) (u€(z) — avz) + X(v) (1 = G()) [w(1 — 2) — o (2)] (3.12)
(1 =789 + p(1 = G(V))E() C
and note that lim Lg4(z) = 1, which means Lg(z) is also a PGF. Rewrite (3.11)

z—1—

Ld(Z) =

X

as

L(z) = Lo(z) x La(z).
Now we summarize these in the following stochastic decomposition theorem.

Theorem 3.2. If p < 1, the stationary queue length L can be decomposed into the
sum of two independent random variables

L= Lo+ La,
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where Lg is the stationary queue length of the classical M /M/1 queue model
and has the PGF Lo(z), Lq is an additional queue length introduced by the server
working breakdown and has the PGF Lq(z). The expressions of Lo(z) and L4(z)
are given by (3.10) (3.12), respectively.

Corollary 3.3. The expectation of the stationary queue length is given by

E(L) = E(Lo) + E(Lq),

where
(2)
B(Lo) = %, (3.13)
and

p—2Xg (1—7)0g+p(1—G(H))ER)

R YRS 9) 101 =) (av +0p) + 211 = G(7)) (@ + )]
2av +0u)(p—1)

(
(n=Ag) [0(1 =) (Apug —Op—ov—pv) + X () (1 -G (7)) (A\g—a—0—p)]
(av +6u)(p—1)

+ [2()\9 —v=0)(p— Ag) +2a(Ag —v) + ANa+0) (g + g(z))]

+

X

(1= 29) 1001 = 7)(aw + 012) + X(1)(1 = G(3) e +0)] } 1)

2(aw + 0p)*(p— 1)

Proof. We obtain the expectation of the stationary queue length by differentiat-
ing (3.10) (3.12) separately, and then substituting z = 1. Especially, E(Ly) =
lim L (z), after using the L’Hospital’s rule, we get (3.14). O
z—1~

Corollary 3.4. The probability that the server is normal and idle is given by mgo,
the probability that the server is defective and idle is given by mwp1. Let P, be the
probability of the server in normal and busy and Py the probability of the server
being defective and busy, then

Py = Qo(1) = Mg bg(1—~)+&(v) (1 - G(v))
" av +0p 0g(1 —~) + p&(v) (1 = G(v))’
Py= Qi(1) —moy = — 29 @v09(1 =) +8() (1 = G() Pgla +0) — 6,4
v(oaw + 6p) 0g(1 =) + p€(7) (1 = G(7))

Remark 3.5. For each arrival, if the batch size is one, i.e., P(X = 1) = 1, the
above results are accordant with the known results in Kalidas and Kasturi [8].
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4. STATIONARY WAITING TIME ANALYSIS

In this section, we will obtain the Laplace-Stieltjes transform (LST) of the
stationary waiting time of an arbitrary customer in a batch. Denote W*(s) as the
LST of the waiting time with distribution W, B*(s) and C*(s) as the LST of
the service time in the normal and defective period, respectively, where B*(s) =
siu and C*(s) = 71+ Firstly, we list several properties of conditional Erlang
distribution, which will be used for calculating W*(s). Let {S;}3, be a sequence

of service times when the server is normal, and denote S = Z?:l Si, h > 0,
especially S(© = 0, then S follows an Erlang distribution with parameters h
and p, and its LST is (ﬁ)h Another independent random variable T follows an
exponential distribution with parameter «, we give the following lemma and the
more details can be found in Xu, Zhang [15] and Xu et al. [16].

h
Lemma 4.1. (i) P (S™ <T < StD) = o ( £ ) ., and P (T >SW) =

o+ o+
h
123 .
(m) fOT’ h > O,

(i) if SM < T < SV h >0, (T|S™ < T < SV follows an Erlang distri-
h+1
bution with parameters h+ 1 and o+ p, and its LST is ( oty ) ;

s+oa+pn
(iii) if S™ < T, h > 1, (S(h)|5(h) < T) follows an Erlang distribution with pa-

h
rameters h and a + p, and its LST is ( ot ) .

s+oa+pn

Theorem 4.2. If the queue system is stable, the LST of the stationary waiting
time of an arbitrary customer in a batch could be written as

1-G(B*(s+a))

W*(s) = JI=B(sta) [0 + Qo (B*(s + @))]

1-G(C*(s+0)) .
T C (57 0) Q1(C*(s+0))

N av [0 + Qo (C*(s))] [1 — G (C*(s))]
glov+ (v —p)s] 1—=C*(s)

N av [0 + Qo (B*(s + &))] [1 — G (B*(s + )]
glowv+ (v — p)s] 1-B*(s+a)

N Op Q1 (B*(s) [1 = G (B*(s))]
g0p+ (p—v)s] 1—B*(s)

3 Op Q1(C*(s+0)[1 —G(C*(s+0))]
glop+ (n—v)s| 1-C*(s+0)

Proof. We divide W*(s) into two parts and calculate them separately.

e Case 1: If a batch of customers arrives in the state (k,0), and the jth customer
in the batch is the tagged customer, then the waiting time of the tagged customer
equals to the total customers’ service times ahead of it. Obviously, there are k
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customers out of its batch and j — 1 customers in its batch. Let Y be the order
of the position of a randomly selected tagged customer in a batch and denote

r; = P(Y = j), then from Sections 2-5 in Wollf [12], we know that r; = ZE(Z)’()Q =

é oo ; Yi- Especially, we denote S as the sum of service times of h customers.

Then
T [/ e *"dP (S(k"'j_l) < x)}
0

Tj /00 e *"dP (S’(kﬂ_l) < x,g(k""j_l) < T)
0

Wio(s) =

M

j=1

-

.
Il

e -

+ rj/ e **dP (g(k+7_1) <z, Sk~ > T) . (4.1)
0

1

J

The first part of the formula (4.1) equals

im {P (st <) /OOO e AP (ST < g ST < T)]

Jj=1
B ir " k+j—1 atp k+j—1
T\ a+p s+a+p )

In the second part of the formula (4.1),

/Oo e **dP (SUW‘*U <z, S+ 5 T)
0

ki—2 oo
- Z / e 5*dP (S’(’“ﬂ“l) <z, SM <T < S(h“))
h=0 70

kj—2 -
= Z P (S(h) <T< S(h+1))/ e ST P (g(k+g‘—1) < x|5(h) <T< S(h+1))
h=0 0

ket ji—2
- Z P (S(h) <T< S(h“))

h=0

X / e 4P (V 4+ §kti=h=1) < g1 < T < S(”“))
0

_k—i-zjf2 a 1 h o+ h+1 v k+j—h—1
a+p \a+p s+a+u s+v ’

h=0

where §'(*+i=h=1) means the sum of the k + j — h — 1 service times when the

server is in defective. Since B*(s) = ﬁ and C"(s) = 51, by some calculations
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we have

Win(s) =3 ms | B () O () - B sk ) |
Jj=1

e Case 2: If a batch of customers arrives in the state (k, 1), it is straightforward
to obtain a similar formula just as the above case:

o o .
* k 1 * k 1 * k 1
Wy (s er{c (s+0)k+i- +m(3 (s)FHI=1 — C* (s + )+ )].

Finally, W*(s) is given by

Z TkO Wko Z Tk1 Wk;l

1-G(B*(s+a))
gl = B*(s+ )]

1—G(C*(s+0))

[mo0 + Qo (B*(s + )]

Q1 (C*(s+19))

g1 —C*(s+0)]
av [mo0 + Qo (C*(s))] [1 — G (C*(s))]
glav+ (v —p)s 1—C*(s)
B av [0 + Qo (B* (s + )] [1 — G (B*(s + a))]
glov + (v —p)s] 1—B*(s+a)
Op Q1 (B*(s)) [L = G(B*(s))]
910p+ (n—v)s] 1—B*(s)
Op Q1(C*(s+0)[1 -G (C*(s+0))] 0
910p+ (1 —v)s] 1-C*(s+0)

5. NUMERICAL EXAMPLES

In this section, we present a concrete example to illustrate the effect of the
different parameters on the system performance measures. Suppose that the batch
size of the arrival follows a geometric distribution with parameter p (0 < p < 1)
, denote p = 1 — p, thus the expectation, the second order moment and the PGF
are easy to get, i.e.,

g:E(X):_a g - — |Z|§1
P p? 1—pz

Figure 1 shows that the probability of the server being busy in normal or defec-
tive state decreases with increasing the value of p, which is consistent with the fact
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FI1GURE 1. The probability of server being busy versus p.
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FI1GURE 2. The probability of server being busy versus 6.

that, the less average batch size causes the less possibility of the server being busy.
Moreover, the probability of the server being busy in defective state is bigger than
that of the server is in normal state because « is bigger than 6. While in Figure 2,
the curve of P, is above the curve of P; due to o smaller than 6. And with the
average repair time decreasing, the probability of the server being busy in normal
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15 ; ; ‘
M*/M/1 with working breakdown
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"= = classical M*/M/1 queue

0 i i i i i
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FIGURE 3. E(L) versus p for different batch arrival model.

state increases, but that of the server being defective decreases. From Figures 1
and 2, we note that Py is more sensitive to the parameter p and 6 than P,.

Next we compare the average queue length in three different queueing models,
that is, the classical MX /M /1 queue, the MX /M /1 queue with multiple working
vacation (MWYV) and the M~ /M/1 queue with working breakdown. The concrete
expressions of the mean length are presented in Appendix.

Figure 3 illustrates the change trends of average queue length in three different
batch arrival queue models, it shows that the smaller the average batch size is, the
shorter the average queue length is. Obviously, these change trends conform with
our tuition. It is also worth to note that, for a fixed p, our model has the longest
average queue length and the classical M~ /M /1 queue has the shortest one. This
is because the queue system with working breakdown is more vulnerable than the
queue with multiple working vacation (MWYV), and the classical M /M /1 queue is
the most stable. In Figure 4, it presents the average queue length of the M /M /1
with working breakdown versus v for different . If v < pu, for a fixed v, the longer
the average repair time leads to a longer average queue length. Especially, when
v goes to = 0.8, 6 has less and less influence on the average queue length. And
if v = p = 0.8, the three models will be the same as the classical M~ /M/1 queue
model.

6. CONCLUSIONS

In this paper, we consider a M*/M/1 queue with working breakdown. We
generalize the results in [8]. In fact, the concept of working breakdown is totally
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E(L) of MM/ with working breakdown

0.2 0.3 0.4 0.5 0.6 0.7 0.8
v,0,A=0.3,1=0.8,0=0.6,p=0.4

FIGURE 4. E(L) versus v for different § in M~ /M /1 with working
breakdown model.

different from the working vacation policy. That means if the server is subject to
an unpredictable breakdown, the interrupted customer will be served immediately
at a lower service rate by a backup one. Such examples could be found in the
communication system, transportation, manufacturing system and so on. It could
be interesting to consider this policy in queue models just as those with working
vacation.

Acknowledgements. We thank the editor and the anonymous reviewers for their sugges-
tions. This work was done during the visit to the School of Mathematics and Statistics
of Carleton University (Ottawa, CA.). We thank the school for good working condi-
tion and would also like to thank China Scholarship Council for supporting our visit
to Carleton University. This work was supported by National Natural Science Foun-
dation of China (Nos. 11271373, 11361007) and Guangxi Natural Science Foundation
(No. 2012GXNSFBA053010).

APPENDIX

We suppose that the batch size of the arrivals follow the same geometric dis-
tribution with parameter p (0 < p < 1) in the classical M /M/1 queue, the
M¥X/M/1 queue with MWV and the M*X/M/1 queue with working breakdown.
All other random variables follow the exponential distributions, that is, the batch
arrival rate is A\, the normal service rate is u, the service rate during the working
vacation or the repair period is v, the average working vacation time and the re-
pair time are both 1/6. If the server would be subject to the working breakdown,
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the average life time of the server is 1/a. Next we show the expectations of the
stationary queue length in the above three models.
At first, the average queue length of the classical M*X /M /1 queue model is given

by (3.13), that is,
A

T =
Then according the Corollary 1 in [2], we have the average queue length of the
M*X /M /1 with multiple working vacation, i.e.,
Ap—v)[0(1 —pB) + (A —vp)(1 — B)]
puf>(1 = pB) + A0(n — v)(1 = B)]

where 3 is the unique root in (0,1) of

E(Lo)

E(Lywy) =

+ E(Lo),

f)=A+vp+60p)z" = A+v+0+vp)z+v.

Finally, we can compute the expectation of the stationary queue length in our
model directly from Corollary 3.1. Let

¢(2) = = [(A + up) (vp + A + 0p) + ap(A + vp)] 2°
+ A+ up)wp+ v+ A+ 6) + p(vp + A+ 0p) + (X + 2vp)] 2
—uvp+v+A+0)+v(A+up+a)lz
+ pv.
Suppose + is the unique root of ¢(z) in (0,1), and

_ Ma+0)
P plov + 6p)

1
&(z)=v(l—2)— )\zl

<1

)

—z

— 0z,

— b2
01 —p)( =)

T = 5
01— ) + pt(7)
we have
B(Ly Mow + 0p + 5522 (a + 0)]
= T
¢ "N plup — N(av + 0u)(p — 1)

N (A = Oup — awp — pwp) + 7522 (A = ap — p — pup)]

plav +6u)(p—1)
(a+ [N —vp —0p)(up — A) + ap(X — vp) + Ao+ 0)]
p* (v + 0p)*(p — 1) ’

A ()
lov + 01 + 50—

+

and
E(L) = E(Lq) + E(Ly).



(1]
2]
(3]

(4]
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