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CONVERGENCE OF ITERATES OF A TRANSFER OPERATOR,
APPLICATION TO DYNAMICAL SYSTEMS AND TO MARKOV CHAINS

JEAN-PIERRE CONZE! AND ALBERT RauGr!

Abstract. We present a spectral theory for a class of operators satisfying a weak “Doeblin—Fortet”
condition and apply it to a class of transition operators. This gives the convergence of the series
> ko0 E"P*f, r € N, under some regularity assumptions and implies the central limit theorem with
a rate in n~ 2 for the corresponding Markov chain. An application to a non uniformly hyperbolic
transformation on the interval is also given.
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INTRODUCTION

Given a metric compact space F, we consider operators P of the following form:

Pf(z) =) us(x) f(s), (%)

ses

where {ug, s € S} is a family of non negative functions satisfying a condition of regularity and {z — sz,s € S}
a family of contracting applications of E into itself.

These operators arise in the theory of Markov chains as transition operators and in ergodic theory as transfer
operators associated to Gibbs measures. They are related to dynamical systems of hyperbolic type through the
coding given by Markovian partitions [2,24] (see [1] for a general reference for transfer operators and decay of
correlations).

In the Markovian case, when the functions us are Holderian, the spectral theory of quasi-compact operators
is the main tool in the study of the asymptotic behavior of the corresponding Markov chains (¢f. [11]). For less
regular functions {us : s € S}, cones methods [15,16] can be applied (see also [19,26]). We follow here a method
introduced in [21] and [6], in which the weights us are not supposed to be strictly positive.

Under weaker regularity assumptions on the functions us, we have established in [6] results on the convergence
of the potential series, with applications to the central limit theorem, the rate of mixing and a Borel-Cantelli
type property for the corresponding Gibbs measures.

In the present paper, we give several improvements of these results. In Section 1 a general spectral theory
for a class of operators satisfying a weak “Doeblin—Fortet” condition is presented. In Section 2 we establish the
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inequalities for a class of transfer operators P of the form (*). In Sections 3 and 4 we apply these results to get
the convergence of the series ), - k" P* f.r € N, under some regularity assumptions. Using a result of Rio, this
gives in Section 5 the optimal rate in the CLT for the Markov chains associated to these operators, under weak
regularity assumptions. An other application, the Borel-Cantelli property for a class of dynamical systems, is
also considered in Section 6. In the last section we consider an example of a non uniformly hyperbolic system
close to models which have been studied by several authors [12,17,20] and show how our method can be applied.

1. SPECTRAL THEORY UNDER A WEAK DOEBLIN-FORTET CONDITION

In this section, we consider an operator P acting on a normed C-linear space (B, ]| ||). We assume that P
is power bounded, i.e. such that:
sup  [|[P"f]|l =M < 0.

n>0,[lfI<1

We denote by K the set of complex numbers of modulus 1 and by * the convolution on the space of sequences
defined on Z with support in ZT.
1.1. Hypotheses and notations

We suppose that there exists a sequence of semi-norms (| |;)r>0 on B such that:

Hy) the ball {f € B:|flo + ||f|l <1} is relatively compact in (B, | ||);

H,) for every f € B, lim |f|x =0;

k——+oo

H3) there exist a real C' > 0 and a positive convergent series ), ax such that

n—1
VfeB,Yn>1, [P"flo <Cfln+ D an1y [IPf].
=0
We set p = >, ~yan and, for f € B, N(f) = || fl| + 2,50 |fln- The semi-norm | |¢ will be simply denoted
by | . ) )

Remark that Hj is satisfied (with C' = 1) if there exists a positive convergent series ), ., ax such that

Vf € 37Vk > 0; |Pf|k < |f|k+1 +ak||f||7

since this condition implies the inequalities:

n—1

[P™ flie < | flk4n + Z an—1-jik [P f],Yn > 1,k > 0.
=0

Remark also that we can suppose that the sequence of semi-norms (| |)n>0 is decreasing, replacing if necessary
| fln with sup{|f|p,p > n} for n > 0.

In the following, we denote by W; the subspace of B generated by the eigenvectors of P corresponding to
eigenvalues of modulus 1 and by W5 the subspace Wo = {f € B : ngrfoo | P f|| = 0}.

Theorem 1.1. Under the hypotheses (1.1) we have:
1) the subspace Wy is finite dimensional and B = W1 & Wa. If X is a complex number of modulus 1 and

-1

1 n

f € B, the sequence <— E )\_kPkf> converges in norm || || either to zero or to a A-eigenvector of P;

n
k=0 n>1
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2) for every e > 0, there exists an integer ¢ = q(€) > 0 such that, for every f in Wa and every integer n > 0,

[P ell PP <Y (957 * Ba.p) (n); (1)

p>0

where 4 and (B, 5 are the sequences defined by:

1 Ap—q—1; if n>q+2
n=——< as+eM, if n=qg+1

c |f|"+M Z?:n—q-‘,—l aj—1 Hf”} if n>q

Clfln+M 7 a;_ , if 1<n<gqg-1
and ﬁq7f(n) — |f||f| Z]—l J 1HfH ]:f 0 q
0, if n<0.

If f is in Wa, we have lim, |P™f| = 0;
3) for every integer r > 0, there are positive constants A, and By 4 such that, for every f € W,

Do (1Pl +el P < A Y 0" | fln+ Brg N(f) D n" an.

n>0 n>0 n>0

When there exists a real A > 0 such that ||f]| < A |f], Vf € Wa, we can take ¢ = 0 in the previous
assertions.
1.2. Remark

Power bounded operators satisfying Hy, Ho, Hs are not in general quasi-compact and do not satisfy the
“spectral gap property”, but they are close to the following class of quasi-compact operators P which has been
considered by Ionescu—Tulcea and Marinescu (¢f. for example [11]).

Let P be a power bounded operator acting on a normed linear space (B, || ||) and let | | be a norm on B such
that:

i) the unit ball {f € B :|f| < 1} is relatively compact in (B, || ||);
i1) there exist 6 €]0, 1[ and ¢ > 0 such that,

[PfI<O1fI+clfl,vf € B). (2)

Let us show how to get for this class of operators the spectral gap from Theorem 1.1. Considering on B the
decreasing sequence of norms defined by |f|, = 0"|f|, n > 0, we have, for every f € B and every integer n > 0,

[P fln < |flnta+c 0" | £]]-

In that case, the sequences 74y and B4(0),s are bounded respectively by the sequences:

2

1-90 n—qg—1 :
’y(n): —9 q , lf anJrl
0, if n<gq
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By 6", if n>0
and ﬂf(”){of if n<0

for some strictly positive real By.
For every integers p > 0 and every ¢ > 0 such that 6t < 1, we have:

DX Bm = YD A > Bt
p>0n>0 p>0 \n>0 n>0
1-0\" 1\
= 2 B (T) A (m)

p=>0
By
1— 0t — Lltatt

Consider the polynomial R(t) = 1 — 0t — (152)t9F1. For ¢ = 0 the root of R is tg = ﬁ. For ¢ > 1 the
polynomial R admits a unique positive real root tg, which is simple and strictly between 1 and 1+ q% and the
other roots have a modulus > ¢y3. Therefore there exists a real Cy > 0 such that

S (P B)(n) < Crtg", Yn e N.

p=0

We can apply Theorem 1.1: if f is in the corresponding subspace Wy, we have that | P™ f| is bounded by C¢ty ™.

Example. Explicit examples of applications are given in Sections 6 and 7. We give here a simple example to
illustrate Theorem 1.1 and the Remark. We consider the transformation defined on T by x — 2z mod 1. The
dual operator (for the Lebesgue measure) is P defined by Pf(z) = $(f(£) + f(Z£L)), f € L3(T).

Let ® : Ry — Ry be a strictly increasing continuous function such that ®(0) = 0. For f € C(T), we set:

[f(z) - ()l

ma(f) sup “——— -,
W= )
I = Slé%lf(f)lv [fle =[£Il +ma(f)-
Let B = {f € C(T) : |flo < +o0}. For ®(z) = 2%, 0 < o < 1, the operator P acting on the triple (Bg, || ||,]| |2)

satisfies (2) with § = 27%. On the other hand, if we take ®(z) =
we can apply Theorem 1.1.

m, a > 0, then (2) is not satisfied, but

1.3. Proof of Theorem 1.1

Proof. The proof is given in several steps.

Step la. Let h be a non zero vector in W;. There exist an integer p > 1 and, for 1 < j < p, complex numbers
z; and eigenvectors f; for P corresponding to eigenvalues A; in K such that h = Z§:1 zj fj.

From Hsj, it results |Z§:1 zj A} fil < Clhly + pM|A],¥n > 1.

Taking a strictly increasing sequence of integers (¢(n))n>o for which the sequences (Af(n)) 1<j <np,

n>0’
converge simultaneously to 1, we get, taking into account the condition Ha, |h| < pM]||h]|.
H, implies that the set {”,—}2” : h € Wi, h # 0} is relatively compact in (B, || ||) and therefore the subspace

W1 is finite dimensional.
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n—1
Step 1b. Let us show that, for all A in K and all f in B, the sequence <Sn,kf = % Z )\kPkf> converges
k=0 n>1
in (B, | ||) either to zero or to a A-eigenvector II,(f) of P. N
Let f € B. From Hs, we deduce |P" f| < C|f|n, + pM]| f]|, ¥n > 1, and therefore |S, » f| < C|f|n + pM|| f]].
From Hj, it follows that the family {S, xf : n > 1} is relatively compact in (B, || ||). It is clear that any non
null cluster value of the sequence (Sn, Az f )n>1 is a A-eigenvector for P.
On an other hand, for every integer p > 1 and every A-eigenvector h of P, writing n = fp + r (Euclidean
division), we get:

-1
1 . .
Suad == {PYNT PISpaf =)+ A PAS,(f = 1)
=0

and therefore

limsup [|Sp xf = bl < M|Spaf = h-

n—-+4oo

This inequality shows that the sequence (Sn, Az f )n>1 can have only one cluster value; hence the convergence.
Consider f € B. Since W; is finite dimensional, there are only finitely many complex numbers A in K for
which IT f is non zero. Let {A; : 1 < j < p} be the set of these complex numbers. The vector g = f*Zé):l Iy, f

satisfies then liIJrrl Sn.a g =0, for all A in K.

Step 1lc. We show now that if g is a vector in B such that liIJIrl Spa g =0, for all A in K, then g belongs to
n—-1+:0oo

Wy. This will complete the proof of the first assertion of Theorem 1.1.
Let g be a vector in B satisfying the previous property. Let hg be a cluster value of the sequence (P"g),>0.

There exists a strictly increasing sequence of integers (¢(n)),>0 such that (P‘P(")g)n>0 converges in (B, | ||) to

ho. Using the diagonal process and taking a subsequence still denoted by (gp(n))nzoj we may assume that, for
all integers k > 0, the sequence (P‘/’(”)*kf)n>O converges in (B, || ||) to a vector denoted by hy.

The sequence (hy)g>o satisfies Phyt1 = hi, Yk > 0. This relation can be extended to Z by setting, for every
k> 1, h_j = P¥hg. Tt is clear that the family {hy : k € Z} is relatively compact in (B, || ||). For all A in K and

n—-+oo N

n—1
1
all integers p € Z, we have in (B, || ||) lm — Z M hy gk = 0.
k=0

One shows easily that, for any linear continuous form ¢ on (B, || ||), the sequence v = (1/)(h,;€))k€Z in (*°(Z)

is almost periodic (i.e. the set of sequences {u, = (Y(hp—)) : p € N} is relatively compact in £°(Z)).
1 n—1
Moreover, we have lim — Z AF u, =0, VA € K. This implies that u, = 0, Vk € Z.
n—+oo N =0
We deduce from it that zero is the only cluster value of the sequence (P"g¢),>0, which therefore converges to

Zero.

keZ

Step 2. Let ¢ > 0. H; implies that the set By = {g € W : |g| + ¢]|g|| = 1} is relatively compact in (B, || |).
As we have lim,, ||P"¢g|| = 0,Vg € Wa, and P is power bounded, the convergence is uniform on By. Therefore
there exists an integer ¢ = ¢(g) > 0 such that, for every f € Wa,

[l +ell Al

111 < 5oy
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For f € Wa, we have:

- forn>q+1,
q—1 1 n—1
[P I+ el PP A< C U fla+ MY an—a— lIf]| + 300 e D bnorg (IP7f |+ el PT ),
j=0 Jj=q

with by = ag +eM and Vn > 1, b, = an;
- for 1 <n <g,

n—1
(P <Clfln+M D> ana1 |l

j=0
Let oy be the sequence defined by

_ P fl, it n >0,
O‘f(”)_{o, if n<0.
We have

ar(n) < Ber(n) + (vg * ay)(n), Vn € Z,
and therefore, for every integer £ > 1,

~
|
—

ar(n) < (vgp*ﬁq,f)(n)—i—(’yge*af)(n), Vn € Z.
p=0

As we have (’y;Z xay)(n) =0, for £ such that £(¢ + 1) > n, this implies inequality (1) of Theorem 1.1.

Step 3. For simplicity, we denote respectively by v and 3 the sequences vy, and 3 .
We have 3 -,7v(n) = 5 and Y nso(YPxB)(n) =27P B, where 8= 3" -, 3(n), and therefore

Y (P fl+e|Prfll) <28 < 2max{1,C} Y |fln+2¢M||f]| Y ba-
n>0 n>0 n>0
Let p be an integer > 1 and let X1,...,X,,Y be independent integer random variables such that:
k€N, P{X1 =k} = ... = P[{X, = k}] = 2y(k) and P[{Y = k}] = B(k)/B.

For every integer r > 1, we have

2pzn (VP B)(n) = E[(X1+...+X,+Y)]

n>1

< (+1)7" GEXT]+ERYT])

e C O MG RS D
n>1 n>1
It follows that
pp+1)" - p+1
S (P fl+ ey < 3 PRI G Sy 30 EELT S
n>1 p>1 n>1 p=>0 n>1

From this, one deduces easily the last assertion.
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Notation. Under the hypotheses (1.1), we denote by II; and IIy the projectors from B respectively onto W,

and Ws, and by @ the operator P o II,.
The following lemma will be useful in Sections 5 and 6.

Lemma 1.2. Under the hypotheses (1.1), let us assume that (B, || ||) is a normed algebra and that the semi-
norms | |, are decreasing and satisfy the inequalities

\fle < I Wlgle + Nglllflk, VF.g € B, Yk >0.

Moreover, let us assume satisfied the following condition (which extends to the family of semi-norms (| |) the
inequalities Hs satisfied by the semi-norm | |):

there exist C' > 0 and a sequence of positive convergent series (ano a%k))kzo such that
n—1
VfeBYn>1Yk>0, |P"fly <C N 2
feB,¥n=>1, >0, |P"fle < C|fln+k + Gp—1—j 1P f]]-
j=0
Consider the sequence defined by

supj»al™ if Vf € B, |fln = [Tafln

250 a§-n) else.

VYn >0, 6(n) :{

Let ¢ =(yy,.... 1, and g be the sequences defined by

Chivesfm () = | f1l Z(i* 1) H 1£50 ] N(fi) 5(”)+Z | £l 1 il
=2 j];:éf i=1 j];i
Z?:nqurl aj—1 if n>gq
Pg(n) = Z?:1aj—1 if1<n<g-1

0 if n=0.

If 3,50 0(n) < +oo, there exists a real E1 > 0 such that, for all integers m > 2, for all m-uples of vectors
fi,..., fm in B and all natural integers ka, ... , km,

Q1QY fo - QF i QM 1QY fo - Q7 fill < S (30, +€)(m), ¥ >0,

p=0

where & =&y, ... 1, i the sequence defined by

E;™¢(n) = C(n) + [T A1 (C 8(n) + ().

Jj=1
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Proof. There exists a real D > max{M, C} such that, for every integers k > 1 and n > 0 and every functions
f in W27

k—1
PR fln < Clflnsr+ Y ay”, (|PIf]
0

j=

< Clfla+38m) Y IPfl

720

< D(|fln +0(n) N(f)).

It follows that, for every integers k > 1 and n > 0, every functions f and g in W,

[fP*gln = [IFIIP gln + [ P*glll fIn
< D([I£lllgln + gl f1n + ) FIIN(g))

and therefore there exists F; > D such that

N(fP*g) <D {1+ 8(n) | (IFIN(9) +lgIN(f)) < Ex(IFIN(9) + g N (f))-
n>0

This implies:
Civeorsfonmzofin1@% fn (M) S B2 Co i f (), VE €N,
We have then that | f1Q" fa| < E1(y,.1,(n). Suppose that

|f1Qk2f2 .. 'kafm|n § Eimil <f1,...,fm (Tl), (3)

then we have
1@ fo o Q5 frn @ frgaln < BTN p e kg, (1)
< EIn <f17»»»7fm715f7n7fm+1(n)'

So we have proved recursively (3).
On an other hand, we have:

Mo(n)|I f1Q™ fo ... Q"™ fnl
M™S)| f1ll - - [ fmll-

L AQ%2 fa. .. Q" fuln

INIA

The desired result follows from the second assertion of Theorem 1.1 and the inequality

Bodls f1QF2 fo...Qbm £, < BT | C(n) + H 551l (C 6(n) + hg(n))

j=1

2. INEQUALITIES FOR TRANSFER OPERATORS

We describe now a class of operators to which the results of Section 1 will be applied.
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2.1. Hypotheses

Let (E,d) be a compact metric space. We consider a finite or countable family .S of continuous applications
s: 2 — sx from E into itself. The following contraction hypothesis will be assumed afterwards (except in the
last section where a case of non uniform contraction will be discussed):

there exists a sequence of positive real numbers (n,)n>0 decreasing to 0 such that:
d(z,y) < np = d(sz, sy) < npg1, Yo,y € E, Vs € S. (4)

Frequently in the examples, the applications z — sz satisfy a uniform condition of contraction: there exists
¢ < 1 such that d(sz, sy) < cd(x,y), Y,y € E, x # y. In that case, one can take 1, = ¢™no, for n > 1, where
no = diam(E) is the diameter of E.

Moreover let be given a family of continuous non-negative functions {us : s € S} defined on E such that

sup Z us(z) < +00.
el cs

We define a positive kernel P on E by

Pf(z) = uy(x) f(sz). (5)

ses

This kernel acts on the space of bounded functions on E, on the cone of positive functions and on the cone M+
of positive measures defined on the Borel o-algebra of E.
When the family {us : s € S} satisfies the condition

> us(x) =1, Vz € E, (6)

seS

P is a Markovian operator. We can define a Markov chain with values in E such that, at each step, the transition
are possible from a point y to the points sy, s € S, with probability us(y).

2.2. Notations

Let C(E) be the space of continuous real or complex functions on E. For every integer k > 0 and every
function g € C(E), we define:

v(g, k) = sup l9(z) — g(v)]-
{(z,y)eE?:d(x,y)<nr}

We measure the regularity of the family {us, s € S} by the sequence (w(k, 0))x>o defined by:

w(k,0) = sup Z |ua(x) — us(y)
{(z,y)€E%:d(z,y)<ni} s€S

)

and its “mean regularity” by the following sequences defined for n > 1:

w(k,n) - sup Z usm(snfl"'Slx)-"um(x)z‘us(sn"'slm) 7us(sn"'51y)|'
{(z,y)€E:d(z,y)<ni} (51,...80)EST s€s
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2.3. Inequalities
1) For all natural integers k,n, we have:

w(k,n) < [[P" 1o w(k +mn,0) < HP”1||OOZU(US,I€+71).
ses

Note that, when P is a power bounded operator on the space of bounded functions on E (i.e. M = Sup,>g
|P"1]|co < 00), we have:
w(k,n) < M w(k +n,0), Vk > 0.

2) For a, b > 0, we have: |a — b‘ =(1- e_| n %‘) max{a,b} < ‘ In %‘(a—i— b). When the functions u, are strictly
positive, we have therefore, for k,n € N:

Zv(us,n)

ses
w(k,n)

IN

2||P1|oo supv(ln us,n), (7)
seS

IN

2 |IP" 1|oo [[P1loo supv(ln us, k + n). (8)
seS

3) For any bounded function f on F, any integer n > 1, we have for z,y in E:

P'f(x)—P"f(y) = Z Us, (Sn—1 -+ 512) ... us, () (f($n -+ 512) = f(8n -+ 51Y))

(81500580 )ES™

+Z Z Usj_y (S]'*Q'“Slm)"'usl (2)

J=2(s1,...,8;)€S7
(qu(Sj—l S 81T) — Us; (Sj—l s sly)) Pn*jf (5j T Sly)
+ Z (U’Sl (l‘) — Us, (y)) Pnilf (Sly)

s1€S8

From the last equality, we deduce:

Lemma 2.1. If f is a bounded function on E and k,n natural integers, we have:

n—1

V(P f,k) < [P" oo v(fok+n) + Y w(k,n—1=3) [|P?f]loo 9)
§=0

2.4. An example

We give now an example to illustrate the different conditions of regularity (see [6] for details). We consider
the interval E = [0, 1], an integer ¢ > 1 and a real 8 in ]0, 1[. Let ¢ be the application from [0, 4+o00[ into [0, +00]

defined by:
x

T 14qaf
We have, Vz,y € [0, +o0], t(x +y) < t(x) + t(y) and therefore:

Ve € E, t(zx)

|t(@) = t(y)| < tllz —yl) < |z —yl. (10)

The application ¢ sends the interval [0, 1] on the interval [0, qu]
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Let S be the family of continuous transformations of E into itself defined by:
S {t x— t(x)+ i 0<k< }
= N — _ .
F 1+g¢ ==

From (10), we have:

Vs1,...,8, €5,

S1vsn T — 5100 s, y| < (o —y]) < (1).

For the sequence (nx)k>0 on E defined by 1 = t¥(1), the contraction hypothesis (4) is then satisfied.
Let {us : s € S} be a family of functions such that ) _gus(z) =1, Vo € E. We assume that there exists a
continuous increasing function ® from [0, 1] to [0, 1] such that ®(0) = 0 and

D lus(@) = us(y)l < @(je —yl), ¥,y € [0,1].
seS
We have:
w(n,0) < ®(n,), Vn e N.
The sequence (1, = t"(1)),>0 decreases to zero and satisfies 1, = (1 4+ 0(1))(n ¢ §)

1
B,

For ®(z) = =%, with 0 < o < 1, the condition } ;- w(k, 0) < +oo is satisfied if § > 1. For ®(z) = m,
with a > 0, the condition }_, -, w(k,0) < +oc is not necessarily satisfied.
The convergence of the series ano w(0,n) can be established under less restrictive conditions:
- for ®(z) = 2®, with 0 < a <1, we have ), w(0,n) < 400;
- for ®(x) = m, we have > - ,w(0,n) < +o0, for a > 1.
3. CONVERGENCE OF > [|[P"fl|c
3.1. Hypothesis
In this section we make the following assumptions:
> nso w(0,n) < 400, limyg | w(k,0) = 0. (11)
P is power bounded: M = sup,,>; [|[P"1]|ec < +o00. (12)

Remark that, by continuity of the weights u, the second condition in (11) is always satisfied when the family
of applications S is finite. When P is Markovian, equation (12) is clearly satisfied. This is true as well, up to a
multiplicative constant, when the weights us are strictly positive (¢f. Lem. 3.4).

We will make use of the following elementary lemma:

Lemma 3.1. If (ug)k>1 s a sequence of real numbers decreasing to 0, there exists a sequence (¢r)p>1 such
that:

Zcpk =400 and ngk up < +00.
k>0 k>0

Proof. We may take for instance, for some « € [1, 2],

or = uy, " (up — ugs1), k> 1.
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From the inequalities Vk € N, w(k,n) < M w(0,n), it follows that

lim | Z w(k,n) = Z kEIJPoo L w(k,n) =0.

k
Tt 0 n>0

Consider a function ¢ from N to ]0, +-o00[ such that (¢f. Lem. 3.1):

> (k) =+c0 and > (k) > w(k,n) < +oo.

k>0 k>0 n>0

Notations. For n, ¢ non negative integers, we set

a(l,n) = Z(p(k) w(k+4,n), (13)
k>0

pf) = > a(l,n). (14)
n>0

We define semi-norms by setting for a function f on E:

[flom = Y ek) v(f,k+mn), n>0,

k>0

fle = Iflen=_ olk) v(f k).

k>0

Let B, be the subspace of C(E) defined by B, = {f € C(E) : |f|, < co}.
By Lemma 2.1, the semi-norms (| |¢.n)n>0 on By, satisfy the following inequalities:

n—1
Vn>1, Vk >0, [P"flor < M|flomir+ 3 alk,n—j—1) [P f]u.
j=0

The inequalities

VN €N, (Z <p(k:)> o(f,N) <Y ek)o(f.k) < Ifl,

k=

this set is relatively compact in (C(E), || ||s). It is easy to see that this set is closed and therefore is a compact
subset of (C(E), | |loo)-

It follows that the operator P satisfies the hypotheses of Theorem 1.1 and we have the following theorem,
where W is the subspace of C'(E) generated by the eigenvectors of P corresponding to eigenvalues of modulus
land We ={f € C(E) : limp— 100 ||P" f||oo = 0}.

0
imply that the set of functions {f € C(E) : |f|, + || fllooc < 1} is equicontinuous. By Ascoli-Arzela theorem,
|

Theorem 3.2. If (3.1) is satisfied, W1 is finite dimensional and C(E) = Wy & Whs.
Moreover, for v >0, if the condition 3, -,n" w(0,n) < 400 is satisfied, we have >, ~on" [|[P" f|loc < +00
for all f € Wy such that 3, ~on" v(f,n) < +oc.
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Proof. 1If h € C(E) is an eigenvector of P of modulus 1, then from (9) we have Vk > 0, v(h, k) < .5 w(k, )
|h]|sc and therefore h belongs to B, for all ¢ : N —]0, 4+-o00[ such that

Zgo(k) = +00 and Z (k) Zw(kz,j) < 00. (15)

k>0 k>0 §>0

Let f € C(E). As hI—P v(f,n) =0, we can apply Lemma 3.1, with u(n) = max{}_ -, w(n, j),v(f,n)}, and
n—-+0oo -

choose a function ¢ from N to |0, +o00[ such that f € B, and the conditions (15) are satisfied.

Then the first assertion results from Theorem 1.1.

Let f such that > -,n" v(f,n) < 4o0.

Applying Lemma 3.1 with u(n) = max{>, -, w(n, k), >, k" v(f,k)},n > 1, we can choose a function ¢
from N to |0, +o00[ such that - -

D (k) =400, Y o(k) > w(k,j) <ooand »_ p(k) Y i o(f, ) < oo.

k>0 k>0 >0 k>0 >k

From Theorem 1.1, we have then

Do (1P fle + 1P" flloo) < 400
n>0

and the result follows. O

3.2. Peripheral spectrum of P

To apply the previous results, we need information on Wj and on the peripheral spectrum of P. In particular
it is important to give conditions which ensure that dim(W;) = 1. We refer to [21] and [6] for a description of
the subspace W; of C(E) in terms of ergodic classes for a Markov chain associated to P.

The following notion of proximality is useful to give a criterium for dim(W;) = 1 (c¢f. [5]). The family of
transitions  — sz (allowed if us(x) > 0), defines a “topological Markov chain” on the space E. We denote it

by (Sv (us)SGS)'

3.3. Definitions

We say that a compact set F' of E is p-invariant (or invariant for p = 1) if, for all x € F and all (s1,... ,sp)
€ SP such that us,(sp—1- - 512) - Us, (512) us, (x) > 0, we have sp,---s12 € F.

We say that (S, (us)ses) is p-prozimal if any two p-invariant non-empty compact sets intersect. It is strongly
prozimal if it is p-proximal for any integer p > 1.

Theorem 3.3. (cf. [6,21]): if P is Markovian and if (3.1) is satisfied, we have:

i) the eigenvalues of modulus 1 of P are roots of unity. There exists a finite set {F1,...,Eny} of disjoint
invariant compact sets (ergodic classes) such that

[
n—-+o0o

s a basis of the eigenspace of P corresponding to the eigenvalue 1;
i) each invariant compact set E; supports a unique P-invariant probability measure and splits into a finite
number {Cj1,...,Cjq,} of dj-invariant compact sets (cyclic classes);
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ii1) the set of functions

d;—1
Z wfIP’x Hlimsup d(Xna;,Cje) = OH i1 <5 <m, wj is adj-root of unity
(=0

n—-+4oo

s a basis of W1q;

i) if (S, (us)ses) is strongly proximal, there exists a unique ergodic class (without cyclic subclasses) supporting
the unique P-invariant probability measure v on E and we have, uniformly on E, for all f € C(E):
lim, P*f = v(f).

3.4. Existence of an invariant function

In the general case, we can reduce P (by “relativisation”) to a Markovian operator if there exists a strictly
positive eigenfunction. The existence of such a function can be shown classically, when the weights us are > 0
(¢f. [2,25]), under a regularity condition which slightly stronger then (11) (in the following lemma P is not
supposed to be power bounded):

Lemma 3.4. If the functions us, s € S, are strictly positive and satisfy the condition

Zsup v(In ug, k) < 400, (16)
k>0 sES

the operator P has a strictly positive proper function h satisfying:

v(ln hy k) < Z supv(In us,n).
n>k ses

Proof. For every integer k > 0, set e, = Y -, sup,cgv(In us,n). Consider the cone C of strictly positive
continuous functions f such that v(In f,k) < e;. For 2y € E, the section CN{f : f(xo) = 1} is an equicontinuous
and bounded set of continuous functions. Therefore, the cone C has a compact base.

This cone is left invariant by P, since we have, for every z,y € E satisfying d(x,y) < ng:

us(y) f(sy)

Pfly) = > us(y) flsy) =) us(x) f(s)

s€s s€S us(z) f(sz)
< Zesupses v(In ug,k) eEkt1 Us(l‘) f(Sl‘) — ofk Pf(l‘)
seS
This gives the inequality;
v(nPf. k) <wv(ln f,k+ 1) +w(k). (17)
From Schauder—Tychonov theorem, we deduce the existence of a proper function h for P in the cone C. O

Assuming (16) and the functions ug strictly positive, let h given by the previous lemma such that Ph = A h.
The conditions (11) and (12) are satisfied by A™! P (see inequality (8)). The relativised operator is defined by

"PIw) = 5 PN
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We have strong proximality and, for f € C(E), the sequence (("P)"f),>0 converges uniformly to v(f) where
v is the unique " P-invariant probability on E. The sequence (A~"P"f),>o converges uniformly to v(h~! f) h.
The measure 7 = (v()h)~'v is the unique A~!P-invariant probability.

Some partial results can also be proved when the weights are not supposed to be strictly positive:

Theorem 3.5. If P (power bounded) satisfies

Zw(n,O) < 400 (18)

n>0

and p(P) = lim,, (|[P™1]|o0)Y/™ = 1, there exists a continuous non negative function h which is P-invariant and
not identically 0. If (S, (us)ses) is proxzimal, then h is strictly positive.

1n71
Proof. Since P satisfies the hypotheses of Theorem 1.1, we know that the sequence (— Z Pk1> converges
n
k=0 n>1
uniformly on F to a non-negative continuous P-invariant function h.
If & is the null function, then W; is reduced to zero and liIJrrl |[P"1]|s = 0. This is impossible if there exists
n—-1+:0oo

a P-invariant probability measure v. Let us show the existence of such a measure under our assumptions.
We consider the following operators:

Pof(@) = S (us(w) +2.) f(sa),

seS

where (e5)ses is a family of strictly positive reals such that ) _ e, < co. If (18) holds, then P. satisfies the
conditions of Lemma 3.4 (we have: v(In (us + £5), k) < g5 v(us, k)).

Therefore, there exist a strictly positive continuous function h. and a scalar A\; such that P.h. = A he.
We have 1 < C.h., for some finite constant C.. Moreover there exists a measure v. such that P.v. = A.v.
(since he > 0, the eigenvalue is the same for the action of P on functions and on measures). The inequalities
P"1 < P"1 < CP’h. = CcAhe and the hypothesis p(P) = 1 imply: Ac > 1.

Letting the constants 5 tend to 0 for each s € S and taking a cluster value of the family {v.,e > 0}, we get
a probability measure vy such that Pry = A\gvp, for a constant \g > 1, and therefore \j = 1 since P is power
bounded. O

4. CONVERGENCE OF ) P"f (WEAKER HYPOTHESES ON f)

In this section, the assumptions are stronger for the weights us, but weaker for the spaces of functions f that
we consider.

4.1. Hypotheses and notations

We assume that the functions ug, s € S, are strictly positive and satisty

Zsupv(ln us, k) < 4o00. (19)
kZOSGS

By Lemma 3.4 there exist A > 0, a strictly positive continuous function h satisfying Ph = A\ h and an unique
A~! P-invariant probability v on E such that, for all f € C(E), the sequence of functions (A\="P" f),,>( converges
uniformly to v(f) h. Without loss of generality, in the following we will suppose that the support of the measure
v is equal to E. Replacing P with A~! P, we can also assume A = 1, so that P is power bounded, v is P-invariant
and |[Pflls < ||f]l1, for f € Li(v).

We introduce now a condition for the regularity of functions on E which is weaker than that defined in (2.2).
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Notations. For n integer > 0, z € E, f Borel function f on E, we define:

VL) = 1@ = FOl e (o) (20)
W) = [ V(fim) vido) (21)
E
We set
V = {f € L>®(E,v) :ngr}_looﬁ(f,n) = 0},
Wy = {fev:ngrfmw”ﬂm o}~

Choose a function ¢ from N to |0, +o00[ such that

Z (k) = +o00 and Z (k) Z supv(ln ug,n) | < +oo. (22)

k>0 k>0 n>k 5€5

We may then define the analogous of the quantities introduced in (2.2):
o = D ek) B(fik+n), n=0
k>0

0= k) 5(f k).

k>0

115

Let B, be the subspace of L'(E,v) defined by B, = {f € LY(E,v) : |f|, < +oc}. We will see that
(Bw I, (] |fp7n)n20) satisfies the hypotheses of Theorem 1.1.

Theorem 4.1. Under the hypotheses (19), we have V.= Ch @ Ws.
Letr € N. Suppose that ano n" sup,eg v(In us,n) < +oo. Then, for all f € Wy such that ano n" o(f,n) <
+o00, we have 37, on" [[P" flloc < +o00.

The proof follows from several lemmas.

Lemma 4.2. There exists a positive real number ¢ such that, for all f € L2(E,v),

1] e < e(@(£,0) + 1£111) < e((0) 7 FI + [1F11)-

Proof. For x € E and r > 0, we denote by B(x,7) the open ball {y € E : d(z,y) <r}. Let f € L(E,v). For
all y € E and for v-almost all x € E, we have:

Lo ene @I ()] Lpany O (IF @] = [f @) + f W)

1FC) = FWllze(B.Bwm0)0) + 1F )]

<
<

After integration we obtain, for v-almost all z € F,

v(B(z,m0)) 1f(@)] < 5(f,m0) + 11 < (@(0)) 7 flo + I f]l1-
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To conclude we have to show that inf,ep v(B(x,n0)) > 0. Let (x,)n>0 be a sequence of elements of E such that

lim;, 400 V(B(Zn,n0)) = infzep v(B(z,7n0)). From the compactness of E, we can suppose that the sequence
(@n)n>0 converges to an element = of E. But then, as the support of v is equal to E, we have

liminf v(B(zp,n0)) > v(B(z,m0)) > 0.

n—-+o0o

Lemma 4.3. The set Cy = {f € L'(E,v) : |f|l, + | flls <1} is a compact subset of L'(E,v).

Proof. For k > 0 consider a finite open covering {B(Jch, 77k); 1< j < qi} of E extracted from the open covering
{B(x,nk),x € E}. Let (wj’k)lgjgpk be a partition of unity subordinate to this covering (i.e. the functions
Yjk, k> 0,1 <7 < pg, are non-negative continuous and satisfy

k
Vo € E, ij,k(x) =1 and Vo ¢ B(zjk m), Yjk(z) = 0.

Jj=1

Let (fn)n>0 be a sequence of functions of C;. By Lemma 4.2, these functions are bounded by c((¢(0))~* + 1).
Since the sequence (5( o n))n>0 is decreasing, we have:

(Z sO(k)) W) <D0 k) U(fp k) < ISyl <1

and we get, for all integers k, n and p,

Pk
Vwew — fulh = ; [E ik | fusp — fl

Pk
< g ( /E ik iy — Fusplyn)] do
+ / ik U — fo(yn)] dv + / ip d |fn+p(x]-,k)fn(zj,k)|)
E E
Pk
< J; (/E ik V(fatp, k) dv +/E¢j7k; V(fn,- k) dv +/E¢j7k; dv | frap(zik) — fn(xj7k)|)
Pk
< W fuip k) + k) + Y /E i A [Fnsp(wia) — Fulayp)]
j=1
k -1 Pk
1 OIEEDS / ik AV | Fp(50) — fo (250
j=0 j=17F

If (J(n))n>0 is a strictly increasing sequence of integers such that the real sequences ( fom) (xjvk))n> converge,

0
for every k > 0 and j € [1, py], then the sequence (f,(n))n>0 is a Cauchy sequence in L*(E,v).

This shows that the set C; is relatively compact in L!(E,v). It remains to show that C; is closed.
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Let (fn)n>0 be a sequence of functions of C; which converges in L' (E, v) to a function f. Taking if necessary
a subsequence, we can assume that the sequence (f,)n>0 converges v-a.e. to f. From Egorov’s theorem, there
exists an increasing sequence (E,),>o of Borel sets in E such that

lim v(E,)=1 and Vp> O,nErJlrloo | fr — f||Loo (Byw) = 0.

p—+o0

For every integer p > 0 and every integer N > 1, we have then:

S ot ) [ s - POl (o) "%

k=0
N
= lim k n(z) — fn(- v(dx
i S0 [ nte) = My (et "
< sup|fal, <1
Letting p, then N, tend to +oo, we get: [f|;, < 1. This implies the result. O

Lemma 4.4. If f is a function on E and k an integer > 0, we have:

9(Pfk) < W B(fk+1) + 2(k) || £,

where z(k) = sup eV (In s k) v(ln us, k).
ses

Proof. Let n be € N and (z,y) € E? such that d(z,y) < ni. We have:

ws (@)

‘< \lnu z

<e v(ln ug,k) 1 k) < z(k
] o(ln 1, K) < 2()

‘1_%_@)

us(x) ! ‘1

It follows that
[Pf@)=Pfy)l < Y |us(@) f(s2) —us(y) f(sy)l
F)+ D us(@) — us()] 1f(sz)|

I

(]
$
i
VA
H

seS seS
< (L+2(k) Y us(@) [f(sz) = fsy)| + 2(k) P|f|(x)
seS
< & N Cug(@) V(S sz, k + 1) + 2(k) P|f|(2).
seSs

We obtain the result by integrating with respect to v and using the invariance of v by P. O
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Corollary 4.5. There exists a positive real C such that, for every f € B,:

n—1

vn > ]-aVk > 07 |Pnf|:p,k < C |f|:p,n+k + Z anJrkfjfl”ij”l ) (23)
j=0

where a, = Zgo supv(ln us,j +n).
>0 seS

Proof. From Lemma 4.4 we obtain
k>0, [Pfll, ), < e Iy + bk (£,

with by = > .500() 2(k+j) < esuPsesv(Inus,0) g From this inequality applied to the functions P™~1f,
Pr=2f .. f, weget, forall k>0andn>1,

PrfL < 2B talhtn=1) |f|wk+n+ze Vrotalbtn—i=2) b | PIf

Setting C' = 2520 *) max{1, ePsesvn us0)} e get (23). O

4.2. Proof of Theorem 4.2

Proof. We know that, for f € C(E), the sequence of functions (P"f),>¢ converges uniformly to v(f) h and
therefore, for f € L'(E,v), the sequence (P™f), >0 converges in L'(E,v) to v(f) h.
Let f € V. As liIJIrl 0(f,n) =0, we can choose a function ¢ from N to |0, +-o00] such that f € B, and the

conditions (22) are satisfied.
n—1

We can substract v(f)h from f to have v(f) =0 (if v(f) # 0, 11m Z P* f is proportional to h and h is in

=0
the space V).

From Lemmas 4.3 and 23, (Bw P/ I, (| [n)n>0) verifies the hypotheses of Theorem 1.1. It follows that f is
in Wy, where Wy = {f € V : limp . oo (|P"f|}, + [[P" f|l1) = 0}. From Lemma 4.2, we deduce that f belongs
to Wo ={g € V:limy 100 ||P"gllcc = 0}. Therefore we have: V = Ch & Wa.

Let f such that > . n" 9(f,n) < +o0o. There exists a function ¢ from N into ]0, +oco[ such that (22) and

D ) Y K 6(f k) < oo

n>0 k>n

From Theorem 1.1, we have then
d_n" (1P I, + 1P fllh) < oo
n>0
which implies by Lemma 4.2:
> 0[P fllse < oo

n>0
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5. APPLICATION TO THE CLT FOR SOME MARKOV CHAINS

5.1.

We consider a Markovian operator P of the form (5). Theorem 3.2 gives sufficient conditions for a function
f to be of the form

f=g9-Pyg. (24)

This will be applied to obtain the central limit theorem.

Let (Q = EN,B(Q), (Xn)n>0, (Pz)zer) be the canonical Markov chain with transition probability P. Let
be an element of E and f a function defined on E. One says that the process (f(X,,))n>0 satisfies the central
limit theorem (CLT) under P, if, for a constant o > 0, the sequence of real random variables ( f( f(Xo)+---+
f(X"*1)>)n>1’ defined on (€2, B(2),P,), converges in law to the normal law A(0, o2).

Using the representation (24) we can apply the method introduced by Gordin [7], Gordin and Lifvsic [8], to
reduce the process (f(X,,)) to a martingale difference (¢f. [3,10]) to prove the CLT. Strengthening the conditions
on P and f, we can apply a result of Rio [22] for weakly dependant sequences (cf. also [13]) and get the optimal
rate of convergence in the CLT.

In the following theorem we use the notations of Section 3 and Theorem 3.37v).

Theorem 5.1. Let us assume hypotheses (3.1) and the family {us : s € S} strongly proximal. Let v be the
unique P-invariant probability on E and f be a continuous function on E such that v(f) =0 and v(|f|) > 0.
i) If Zk>0 v(f, k) < oo, then for all x € E the sequence (f(Xy))n>0 satisfies, under the probability Py, the
central limit theorem and the functional central limit theorem.
i) If Y sk w(k,0) < +oo and Y~ ,~o k v(f, k) < +oo, then for all x € E the sequence (f(Xy))n>0 satisfies,
under the probability Py, the central limit theorem at a rate in O(ﬁ)

Proof. i) Theorem 3.2 and condition -, -, v(f, k) < oo imply > oo [[P" flloc < +00.
Setting g = ano P" f, we obtain a continuous function such that f = g— Pg. The sums f(Xo)+- - -+ f(Xpn-1)
n—1
can be written: S,, + g(Xo) — g(X,,) with S,, = Z[Q(Xkﬂ) — Pg(Xy)].
k=0
As g(Xo) — g(X,) remains bounded, we can replace the sums f(Xo) + --- + f(X,—1) with S,. Denote
Y, =9(X,) — Pg(X,—-1), n > 1. Let  be an element of E.
For the probability P, the sequence (Y;,)n,>1 is a sequence of martingale increments with respect to the
natural filtration (F,)n>0 associated to the process (X, )n>0. According to Brown [3], the first assertion of

Theorem 5.1 follows from the two conditions:

1) Ve>0, hm 02ZE \f3 Livpseon] = 0,
™ k=1

2) 02V, 151
where

n
Z 2[Y?] and V, = Z]E (V2| Fr-1]-
k= k=1
The first condition is satisfied because g is a bounded function. On the other hand we have:

n

o =Y E.[g*(Xy) — (Pg)*(Xk-1) ZPk ' (Pg*(z) — (Pg)*) (x).

k=1
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We know that, for each continuous function h, the sequence of continuous functions (P™h),>¢ converges uni-
formly on E to v(h). It follows that the sequence (£02),>1 converges to 02 = [,(P(g?) — (Pg)?) dv.
If 0 = 0 then, for v-almost all x € E, we have: P*(g — Pg(z))?(x) = 0, Yk > 0, and therefore g is constant
on the trajectories s, - - - sjx of . The proximality implies that f = 0, v-a.e.
n

We have V,, = Z (P92 — (Pg)Q)(Xk_l). By the law of large numbers for martingale increments, we know
k=1

that, for each continuous function h on E, the sequence (37 ; (h(Xy) — Ph(Xi_1))) converges P,-a.e.
to zero. As C(E) is separable and P is a contraction of (C(E),| |lec), for Pg-a.e. w € Q, the sequence
(2301 (A(Xk(w)) — Ph(Xk—1(w))) converges to zero, for all h € C(E). If A, is a limit point for the weak
convergence of the sequence of probabilities (% Sy PP (a, -))n>1, we have, for P,-almost all w € , A, (h —
Ph) =0, for all h € C(E). The measure )\, is P-invariant and therefore \, = v.

This proves that, for Py-almost all w € €0, for all h € C(E), the sequence (7' | h(Xj (w)))n>1 converges

Vi
n

to v(h); therefore the sequence (¥2),>1 converges P,-a.e. to o2 and the condition 2) is satisfied.

i1) To prove the second assertion of the theorem, we apply a theorem of Rio [22] (see [13] for a formulation of

this theorem adapted to our frame). It is sufficient to prove that, for all non negative integers pi, p2 and ps
such that p; +p2+p3 <3, >, 51 ¥(n) < +oo , where ) =1y, 5, p, is the sequence defined by

B(n) = sup|[PT(fP(Po fre (PO fre))) — w(fre P fre(Pos fra))||

az,a3€EN

We have

P(n) < sup_ (lo™ (fr (@2 f72(Q% 7)) ||
a2, a3 €
+||f||ooHQ” @) ) + I Q7
Let f € C(E) such that 37, -k v(f, k) < +oo. Choose a function ¢ from N to |0, +oo[ such that

Y ons0P(n) =400, >, 54 0(n) (Zkzn k w(k,0)) < 400
and ano ©(n) (Zkz” k o(f, k;)) < +o00.

The space B, equipped with the norm || || and the sequence of semi-norms (| |)n>0 satisfies the hypotheses
of Lemma 1.2 with 6(n) = 37,5 ¢(k) w(n + k,0). The condition 3, ;7 ¥ (n) < 400 is then a consequence of
the following conditions (with the notations of Lems. 1.2 and 13):

Z’ﬂ |flom < 400, Zn d(n) < +o0 andZn a(0,n) < 0.

n>0 n>0 n>0

These conditions are equivalent respectively to:

2okz0 P(R) 2z v(fin) <400, 3 s 0 @(R) 3,5k w(n, 0) < +oo,
Yok (k) D5 n w(0,n) < 4oo0.

The result follows. O
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We assume now the hypotheses (19). Let us remark that (BLP, P, || ll1,(] [n)n>0) satisfies the hypotheses of

Lemma 1.2 except that (B, || ||1) is not an normed algebra. But B, is contained in L®(E,v) and we have
IFgllr < 1falloo < |Iflloollglloo- Then it is easy to see that we can apply Lemma 1.2. Therefore, we have:

Theorem 5.2. Let us assume (19). Let f be a (non null) function in L>°(E,v) such that v(f) = 0.

i) If we have Y, <, 0(f, k) < oo, then for v-almost all x € E the sequence (f(Xy))n>0 satisfies, under the
probability Py, the central limit theorem and the functional central limit theorem.

i) If > iso kb supgegv(In ug, k) < 400 and Y, <k 9(f, k) < 400, then for v-almost all x € E the sequence
(f(X0))n>0 satisfies, under the probability Py, the central limit theorem at the rate O(%)

6. APPLICATION TO DYNAMICAL SYSTEMS: CLT, BOREL-CANTELLI PROPERTY

6.1. Hypotheses and notations

In this section, we suppose that P is Markovian. We assume that there exists a surjective application 7 from
FE onto F leaving invariant a P-invariant probability measure v and such that the operator P is the dual of the
operator T' of composition by 7:

/Pfgdy:/fgordu7 Vf, g€ L*(E,v).
E E

We consider the dynamical system (E, &, v, 7).

e Central limit theorem

As in the case of Markov chains, following the method introduced by Gordin [7], using the representation (24)
of f we can apply martingale methods to the stationary sequence (T f) (with respect to the measure v).

Recall that two functions f and g are “homologous” for the dynamical system (E, &, v, 7), if there exists a
mesurable 1 such that f = g+ T — 1. A function f is a coboundary if it is homologous to 0.

Theorem 6.1. Let us assume (3.1) and the family {us : s € S} strongly proximal. Let f be a continuous
function on E such that v(f) =0 and f is not a coboundary.
i) If the condition ), -, v(f, k) < oo holds, the function f is homologous in the dynamical system (E,&,v,T)
to a function generating a sequence of reverse martingale increments. The sequence (T" f)n>0 satisfies
the central limit theorem and the functional limit theorem. N
@) If Y w0k w(k,0) < +o0 and Y <ok v(f, k) < 400, then the sequence (T™f) satisfies the central limit
theorem at the rate O(%)

We have the same conclusions if we replace the hypotheses (3.1) with the hypotheses (19) and v(k, f) by 0(f, k).

Proof. From Theorem 3.2, there exists g € C(E) such that f = g — Pg.

We can write then f = g1 + h — Th, with g1 = ¢ — TPg and h = —Pg. The function f is homologous
to g1. The relation Pg; = 0 shows that the sequence (T"¢1) is a sequence of reverse martingale increments
with respect to the decreasing filtration (77 "B(E))n>0. This stationary ergodic sequence satisfies therefore the
central limit theorem.

The proof of i) and of the last assertion is similar to the proof of Theorem 5.1 and Theorem 5.2. O
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6.2. A Borel-Cantelli property

A Borel-Cantelli property in dynamical systems has been shown by Philipp [18] for systems related to number
theory, by Kleinbock and Margulis [14] for flows on homogeneous spaces and by Chernov and Kleinbock for
Gibbs measures [4].

In [6], we have also given a Borel-Cantelli property for a class of positive random variables under the action
of 7. As a consequence of Theorem 1.1, we can extend here the corresponding statement (Th. 8.2 of [6] to which
we refer for examples and details).

Theorem 6.2. Let us assume (19). Let v be the unique P-invariant probability and (fn)n>0 be a sequence of
Borel positive functions satisfying

Z v(fn) =400 and sup||falle < +oo.
n>0 n>0

If Z sup 9(fp,m) < +00, then the sequence (F,)n>0 defined by
n>0 p=>0

_ ZZ:O fr otk

F’I’l - n )
> h—o V(fx)

n>0
converges v-a.e. to 1.

Proof. We show that there exists a positive real C; such that

Ch
Fo—12dr< =2t
i S0 )
The theorem will then follow from a classical lemma (¢f. [6] for a proof).

Assume Z sup 0(fx,n) < +o00. Choose a function ¢ from N to |0, +oo[ such that
n>0 k20

> p(n) =+oc and » <i1§8|fk|<p,n) <Y e(d) Y supi(fy,n) < +oo.

n>0 n>0 \k2 >0 n>j P20

Setting g = fr. — v(fx), Yk > 0, we have:

<Zy(fk)> /E(anl)QdV < 2 Z /EgkOTkggOTedl/

k=0 0<k<t<n
<2 ) /ge P gy dv
o<k<t<n’E
< 4 ) 1P gl v(fo):
0<k<f<n

By Lemma 4.2, there is A > 0 such that:

Ve k20, [P grlloo < A (P grly + 1P gillh).
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From Theorem 1.1 applied to the triplet (Bw, IRIEA |n)n20), we know that, for all n,k > 0,

[P gile + 1P gl <Y (77 % B)(n),

p>0
with
C suppso |9elom +C 251 a(f — 1) supgsg lgells, n>q+1,
n .
B(n) =19 C suppqlgelen +C 35y ali —1) supgsgllgells, 0<n<g,
07 n < 0.

This implies that there exists B > 0 such that

> sup [P grllee < A D sup (P gilo + [P gkln)
n>0 k20 n>0 k20
< AB [ Y suplgilen +supllgrli | < +oc.
E>0 k>0
n>0
Clearly the result follows. O

6.3. Gibbs measures

A class of examples is given by subshifts of finite type with a Gibbs measure v associated to a regular function.
We recall briefly this situation for the full shift. Let E be the product space E = I, where I = (ag, - ,Qg—1)
is a finite alphabet with ¢ > 2, on which operates the shift 7 : z = (xg, 21, -+) = 72 = (X1, 22, ).

A distance on E is defined by d(z,y) = 1, if 2o # yo, and d(z,y) = ¢~ N+, where N = sup{k € N : z; =
yi, 0 <14 <k}, otherwise. For the sequence (n,) of (2.1), we take n,, = ¢~ ", for n > 0.

The family of transformations S is here in bijection with the alphabet I: the transformation x — sz is
defined by x = (zox1...) — sz = (sxozy...).

Let u be a continuous function on E, with strictly positive values, satisfying the condition

Z Z v(ln u, k) < +o0,

n>0k>n

and P, be the operator defined by

P,f(x) = Z u(sz) f(sx).
seS
Let p be the biggest proper value of P, and h the corresponding proper function (c¢f. Lem. 3.4). We set

hu
hot

w:;f1

This fonction w satisfies the regularity condition: . v(In w,n) < 4o0.
Let P be the relativised Markovian operator defined by:

Pf(x) = Z w(sz) f(sx).
ses

The unique P-invariant probability measure v on the Borel sets of E (Gibbs measure associated to the function )
is 7-invariant and we have:

/Pfgdyz/fgordu, Vf,g e L*(E,v).
E E
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The previous results can be applied to the corresponding dynamical system and a ®-mixing property can be
shown as a consequence of Theorem 1.1.

One can ask if Theorem 1.1 can be applied to non uniformly expanding examples. In the last section, we
give an example to show how to adapt the arguments in the case of a non uniformly expanding transformation.

7. NON UNIFORMLY HYPERBOLIC MAPS: AN EXAMPLE

We consider the interval E = [0, 1[, equipped with the Borel o-algebra B(E) and the Lebesgue measure m.
For a real z, we denote by [z] and {x} respectively the integral part and fractional part of x.
Let « € [0, 1[. We consider the transformation 7 of E defined by:

@) = { )

The application 7 has 0 as fixed “indifferent” point and is locally expanding at each other point where it is
continuous. For examples of the same type with indifferent fixed point, see [12,17,20] (see also two recent
papers [23] and [9] for polynomial estimates for the decay of correlations).

We denote by P the dual operator of the operator T of composition by 7:

1 1
Vf, g € L*(m), / f gordmz/ Pf gdm.
0 0

The measure m is P-invariant. Setting, for z € E,

T

u(x) = (L—a2*)"a, t(z) = At azo)/e

and Yk €N, sp(x) =t(x + k),

we have:
Vf €L?(m), Vo € B, Pf(z) =Y u(si(x)) f(s(x)).

kEN
For j € N*, we have t/(1) and the j-th-iterate of ¢ is ¢/ (x)

set:

For x € FF and k € N we

=1 -z
(144)/ (1tjze)t/a"

1 . .
r)= ————— if xe[t'(1), )], j>1.
k() @1 VRt (1), ¥, J

Lemma 7.1. For k € N and (z,y) € E? such that |x — y| < ni(x), we have, for all £ € N, |s¢(x) — s4(y)| <
Mt1(se())-

Proof. Let x € | ]1%[ and y € F such that |z —y| < ni(z).

1
G

— For £ > 1, we have s¢(z) € [1/2=, 1] and npq (s¢(x)) = W

IN

se(z) — se(y) il i

(1 +l+z— nk(:c))a) «

141/
1

[(J vk + 2)(1 + (6 + (j+11)1/a - (ij+21)1+1/a) )

IN

1 141/ 1
_ < - - .
{Q(jvk:—i-Q)} = (k + 3)1t1/a
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— For ¢ =0, we have:

141/
: ]
. o )
(jVEk+ 2)(1 + ((j_;’_ll)l/a - (j\/k+21)1+1/a) )

[t(x) —t(y)] < [

Since « Gvied) .
. 1 1 V42 1
Vk+2 — >-— 1 — > 1;
(.7 + )((j+1)1/a (j\/k+2)1+1/a) = ]+1 ( ]\/k+2) = 4
. . 1+1/«
this implies [t(z) — t(y)| < [jvéw] e _ Nt (E(2))- O

Let f be a Borel function on E, x € E and n € N. We set:
VL) = 1@ = Ol (o)
o(f,n) = /01 V(f,x,n) dz.
We denote by V the subspace V = {f € LY(E,m) : lim,, . 0(f,n) = 0}.

Theorem 7.2. The sequence (P"1),>¢ converges uniformly on compacts of |0, 1] to a strictly positive, contin-
wous, P-invariant function h.
If f is in V, the sequence (P™ f),>oconverges in L*(m)-norm to m(f) h.

Theorem 7.2 will result from the following lemmas.
We set

w(k) = sup sup sup ‘ Inu(s,(x)) —In u(sn(y))|,
2€E yeB(a,m(z)) n>0

2(k) = ev® (k).
Lemma 7.3. Vk € N, w(k) < (a+1) k2.
Proof. We set ¢ =1In(uot). For all z € E, we have:

P(r) = — (1 + é) In(1+2%) and ¢'(z) = —(1+ )

T+l
Hence, for k € N and «,y € F such that |z — y| < ni(z), we have
et m) vl m)| < (o) < 1)
(zAy)t—e (z — nr(x)) =
The lemma follows then from the inequality:
Nk () 1
sup ——————+—— < —-
ven (@ — (@) = R
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By the same proof as in Lemma 4.4, we have:

Lemma 7.4. If f is a function on E, we have:

D(Pf k) < B T(f,k+ 1)+ 2(k) || f]1, Yk > 0.

Lemma 7.5. For allk € N, j € N* and f € L>([t/(1),1[,m), we have

_ . 1,0
1 iapin <270 @45 VR TR @R + 1 ]L).

Proof. Let y € [t/(1), 1], we have ng(y) > ni(t/(1)); so that for m-almost all x € [t/(1), 1], we have:

Ly @ @1 < 1 @) (1@~ @) + 1)

A

< NG = FWllzee (2. By (1))).m) + 1F (W)
< V(fy.k)+ 1)
We obtain the result after integration. O
Notation. For f € V and k € N, we set
th+1(1) k 4
5(f, k) = / |f(@)] do + ¢ eXez0 2O % T ihI(1) em e 2O (£, ), (25)
0

=0
where ¢ = 3(1 + 1/a)3/.
Lemma 7.6.

k
S(Pf k) < 0(f.k+1) +ceXezo O L 1) 43 4579 (1) 2(5) | [I£]]h.
j=0

Proof. We can assume f > 0. The following inequalities hold:

tk+1(1) tk+1(1)
[ ptwar < X[ttt )ittt ) da
0 7s070
th+2(1) t(tF T (1) +n)
- / f(z) dx-l—Z/ f(y) dy
0 n>1 t(n)
tR+2(1)
< / F(@) dz -+ 1 et S EEFD) +n) — t(n))
n>1
42 (1) 1 1
< /O F@) dw+ 1l e im0 Y —
n>1
tRF2 (1)
< / f(x) dz + ¢ 1 (1) (3(£,0) + [|f]]1):
0
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Ztk I(1) e 2z 50 5(Pf,j) < Ztk (1) e 22 7O (2Da(f, 5+ 1) + 2(5) 1/ 1)
k+1
< Ztk“ I(1) = 2oz *O g(f, +Zt’“ (1) 2
The result follows. O

Let g € V. We choose a decreasing function ¢ from N to ]0, 400 such that

(1)
> k) =400 and Y (k) <ﬁ(g,k)+/0 lg(z)]| d:c) < +00.

k>0 k>0

We can replace ¢(n) with p(n) An~1, and assume that p(n) < n~!, so that the following series converges:

Y oe(k)Y w(G) and Y w(k)d(g, k)

k>0 >k k>0
We introduce the notations:
VneN, [flon = D ek) (8(f,k+n)+6(f k+n)),
k>0
Ifle = Ifleo= ZSD k) +o(f, ))
k>0

Let B, be the subspace of LY(E,v) defined by B, = {f € L'(E,v) : |f|, < +00}. The following three lemmas
show that (P, Bo, |l s (] lo.n)n>0) satisfies the hypotheses of Theorem 1.1.

Lemma 7.7. The unit ball By = {f € By, : |fl, + || fll1 < 1} is compact in (B, || ||1)-

Proof. We adapt the proof of Lemma 4.4 to the non uniformly hyperbolic example.
For each integer k > 1, consider a finite open covering of the compact set Kj, = [t*(1),1]

Ky = U Bk, Mk (5.1))-

1<j<pk

Let (wj’k)1<j<pk be a partition of unity subordinate to this covering (i.e. the functions v, k> 0,1 < j < py,
are non-negative continuous and satisfy

k
Vo € Ky, ij,k(x) =1and Vz ¢ B(xj7k,77k(xj7k)), Yix(x) =0

j=1
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Let (fn)n>0 be a sequence of functions in By. By Lemma 7.5, we may assume that these functions are bounded
on Ky, by 2711 + k)= ((¢(0))~* + 1). For all integers k, n and p, we have:

Pk
||fn+p*fn||L1(Kk,m) = Z/ wj,k |fn+;n*fn| dm
j=1"7 Kk

Pk
<> ( / s iy = Frsploai)| dm+ / i L= Fulas)
+/ Yk dm | fryp(jn) — fn(xj,k)|)
Ky
Pk . .
< ; (/Kk Q/JM V(fn+p, ~,k) dm + < Q/Jj,k V(fn, ~,k) dm
[ am 1 faptoan) ~ s
’ Pk
< 5(fn+pvk3) +5(fmk’) + Z/K ik dm |fn+p(xj,k) - fn(xj,k”
=17/ K
k -1 Pk
< 2 Yet)] +X0 [ s dm Ul ~ il
j=0 j=1" K

As

-1

t*(1) t*(1) k
Vot — Fall ot (rccm) < / syl dm+ / Fuldm <2 (S e0)]
0 0 j=0
we have L
k B Pk
[ fnip = Fult <4 (D 0G) |+ /K Wit dm | frgp (i) — Falain)]-
j=0 j=17%%

If (0(n))n>0 is a strictly increasing sequence of integers such that the real sequences ( fom) (:cjyk)) converge,

n>0
for every k > 0 and j € [1, px], then the sequence of functions (fy(n))n>0 is a Cauchy sequence in LY(E,m).
This shows that the set B is relatively compact in L!'(E,m). It remains to show that B; is closed.
Let (fn)n>0 be a sequence of functions in By which converges in L!(E,m) to a function f. Taking if necessary
a subsequence, we can assume that the sequence (fy,)n>0 converges m-a.e. to f. From Egorov’s theorem, there

exists an increasing sequence (Ejp)p>0 of the Borel sets of E such that

li E)=1 d > li n —
Jim m(Ep) and  Vp >0, lim |f fHLw(

E,m

For all integers k,p > 0, we have then:
1f (@) = O dz = lim [fn(z) = fu()ll dz
Jo o (lemiosnn) 4 e i (5t

s [ 1) - Ol (o e i) )

From this, we easily deduce that |f|, < sup,>q|fal, < 1. O

IN
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From Lemmas 7.4 and 7.6, it follows:
Lemma 7.8. We have |Pf|,x < e®)|f|, ki1 + ak| fll1 , where

k+j
ar =Y o(j)(2(k + ) + C eXezo 2Okt (1) + Ztkﬂ ~(1) z(0)).

7>0

Lemma 7.9. For all f € Btp; lir}rl |fle.n = 0.
Proof. From the definition (25), we have for some constant C: §(f, k) < fo T |f(z)] dz+C Z?:o th=3(1) o(f, §),

so that it is enough to show that limy,— oo 3550 w(k)u(n + k) = 0, where u(n) = >77_(n —j +1)~ YVaw(f, 7).
We have: B

e B (0D

IA
’6
L
M@
@
7 N
| —|
3
|+
~
_ 1
+
A
N———
T
-
~
B
+
S3
N
s
| —|
3
|+
~
—_ 1
+
A
N———
Pl
L
~
Q

The result follows then from the inequality:

kgocp(k) 5<f, {n;k}) ;;O@(Qk) (£ [5] +8) + D er+1) 'z7<f, ["TH} +k>

_ n
e[z )
k>0
and from the analogous inequality for Y-~ (k) ([25%] 4 1)1~/ O

Now we know that (P, Bo, | s (] lo.n)n>0) satisfies the hypotheses of Theorem 1.1. From this theorem, it
follows that:
1) the subspace Wi of Bcp generated by the eigenvectors of P corresponding to eigenvalues of modulus 1 is
finite dimensional,

2) we have B = Wy @ Wy, where Wo = {f € B: lir_irrl |IP" f]l1 = 0};
n—-+0oo

3) if A is a complex number of modulus 1 and f is in B, the sequence

<f + AP 4+ A‘(”_l)P"—1f>
n n>1

converges in L!(m)-norm either to zero or to a A-eigenvector of P.

Lemma 7.10. The sequence of continuous functions (P™1),>0 converges uniformly on compact sets of 0, 1] to
a continuous, strictly positive and P-invariant function h.

Proof. We know that the sequence (14'131'F'74'JM711

) converges in L!(m)-norm to a non negative P-invariant
n n>1

function.
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We know also (¢f. (17), proof of Lem. 3.4), that if f is a non negative function and k¥ € N, we have:
v(nPf.k) < v(lnf,k+ 1) + w(k). It follows that, for n € N, v(InP"1,k) < >~ w(j) and the family of
functions {P"1 : n > 0} is equicontinous. From Lemma 7.5, this family is also bounded on the compact subsets
of ]0,1]. By Ascoli’s theorem {P"1 : n > 0} is therefore relatively compact for the uniform convergence on
compact sets of ]0, 1].

These properties imply that the sequence of continuous functions (P™1),>¢ converges uniformly on compact
sets of ]0,1] to a continuous, non negative, P-invariant function h satisfying fol h(z)dz = 1.

If h(xo) = 0 for some xo €]0,1] then h(sj, ---s;,(x0)) = 0 for all p > 1 and all (j1,...,jp) € NP. From the
density of the subset {s;, ---s;,(z0) : p > 1,(j1,... ,Jp) € NP} in ]0,1], it follows that h is the nullfunction on

10, 1] contradicting the fact that fol h(z)dz = 1. O

To conclude the proof of Theorem 7.2, we have to show that the dimension of W is one.

Lemma 7.11. W; = Ch

Proof. 1) Let g € ka be a real P-invariant function. Due to the P-invariance of the measure m, the functions
gt and g~ are also P-invariant so that we can assume that g is non negative.
For all positive reals a, the function g A ah is also P-invariant and g, = % is " P-invariant, where "P is

the relativised operator defined by "P = %P(hf). We have, for r € N*,

// (ga(x)—ga(u))%P’“(u,dx)h(u) du = /(hP’“(gi)+g§—2gahP7'ga)hdm
o Jo E
— [ (i) - g) ham =0,
E

It follows that, for all » > 1 and all (j1,...,jr) € N, go(sj, - - - 55,.(u)) = ga(u), for m-almost all u € E.
As g belongs to By, the function C(x) = 3,5 ¢(k)llg(z) — gl L~ (B(zmu(x)) is m-integrable and therefore
m-almost everywhere finite. For all n > 0 and « €]0, 1] such that C(x) < 400, we have:

C(x)
il <2
lg(x) = gl (B @) < S (k) ot

Let z € {C < +oo}. Choose a sequence of natural integers (ji)x>1 such that, for every u €0, 1], sj, - - - 55, (v) —
z. For m-almost all u €]0, 1], we have g(sj, ---s;, (1)) — g(z) and therefore g, (s, - - - 8, (v)) = ga(v) — go(z),

so that g, is m-a.e. constant.
For every a > 0, g A ah belongs to Ch and therefore g belongs to Ch.

2) Let g € ka such that Pg = Ag, for an eigenvalue A of modulus 1. The function |g| is P-invariant. From 1) it

follows that g takes its values in C* and the function f = ‘—Z‘ is a " P-eigenfunction corresponding the eigenvalue

A. As before we have, for r > 1,

/0 /0 |flz) = A f(u)‘2 "PT(u,dz) h(u) du =0

and for m-almost all v € E, f(s;, ---s;,(w)) = A" f(u), for all » > 1 and all (j1,...,4-) € N?. The same
argument as before shows that f is m-a.e. constant. [l
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Remark. Let f be € W5 such that o(f,n) + fg ) |f(z)| de = O(n~®), for some a > 0. Using an inequality
similar to the inequality (1) of Theorem 1.1 and the fact that, for all a > 0, there exists C' > 0 such that:

n
Zj—l—l (n+1—7)"Y*<C (n+1)"@r1/)
7=0

we get, for every € > 0:

[26]

1P Iy = o(n~(en2n&)+e).
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