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MIXED FINITE ELEMENT APPROXIMATION OF 3D CONTACT
PROBLEMS WITH GIVEN FRICTION: ERROR ANALYSIS
AND NUMERICAL REALIZATION

JAROSLAV HASLINGER' AND TAOUFIK SASSI?

Abstract. This contribution deals with a mixed variational formulation of 3D contact problems with
the simplest model involving friction. This formulation is based on a dualization of the set of admissible
displacements and the regularization of the non-differentiable term. Displacements are approximated
by piecewise linear elements while the respective dual variables by piecewise constant functions on a
dual partition of the contact zone. The rate of convergence is established provided that the solution is
smooth enough. The numerical realization of such problems will be discussed and results of a model
example will be shown.
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1. INTRODUCTION

In the theory of variational inequalities, problems involving contact and friction conditions are of a permanent
interest (we refer to [8] and to [18] for a large review of the main unilateral contact models). Finite elements
are the most currently used methods for the approximation of contact problems involving friction (see [14,
17] and the references therein). In the primal variational formulation (where the displacement is the only
unknown), discretized non-penetration conditions constitute the key point of the approximation model. These
conditions can be relaxed and expressed in a weaker sense [4,14,16]. In the mixed variational formulation
where the displacement and the normal stresses on the contact zone are treated as independent variables, the
unilateral conditions have been expressed by using Lagrange multipliers (see [14]). Both variational formulations
lead to a non-differentiable problem. To overcome this difficulty one can introduce (see [12]) another set of
Lagrange multipliers related to the tangential component of the stress on the contact zone transforming the
non-differentiable problem into a smooth one.

The purpose of this contribution is to extend this approach to 3D contact problems with given friction by
using piecewise constant discretizations of Lagrange multipliers on the contact zone. Unlike to 2D problems,
constraints imposed on the “tangential” Lagrange multipliers are now quadratic. This fact complicates not only
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the theoretical analysis but also the practical realization. We establish a priori error estimates and propose the
efficient numerical method.

The paper is organized as follows. Firstly, we introduce the mathematical model of the Signorini problem
with given friction. In Section 2 we present the continuous mixed variational formulation of the problem.
In the third section, we propose a well-posed finite element discretization in order to approximate the mixed
formulation. In Section 4 a priori error estimates for the mixed finite element approximations are established.
Finally, in Section 5 we present a numerical approach which is based on the dual variational formulation (i.e.
the formulation in terms of the Lagrange multipliers) combined with a linearization of the quadratic constraints.
Numerical results of a model example will be shown.

2. PRELIMINARY AND NOTATIONS

The Euclidean norm of a point & € R™, n > 2 will be denoted ||| in what follows.
Let Q C R™ be a bounded domain with the Lipschitz boundary 9Q. The symbol H*(Q), k > 1 integer,
stands for the classical Sobolev space equipped with the norm:

2

vk, == Z D05,
0<[al <k
using the standard multi-index notation (the following convention is adopted: H°(Q2) := L2(Q), | [o.q =

| |lz2())- Fractional Sobolev spaces H™ (), 7 € R™ \ N are defined by
HT(Q) = {ve H'(Q)| [vll-a < +oo},

where

| (D*v(@) — D*o(y))? ’
|mnmowzg+§jéz; g iy

la|=k

with k being the integer part of 7 and 6 its decimal part (see [1,11]).
On any portion I' C 9) we introduce the space H 3 (T) as follows:

where

-

HET) = { e LX) | [y r < +oo},

x) — 2
o= (Wihe s [ [ R0 ar e, ) o)

It is well-known that there exists a linear continuous mapping E € Z(Hz2 (T'), H(2)) such that

1]

Eyr =4 onT,

where E1)p denotes the trace of £y on I'.

The topological dual space of Hz (T") is denoted H- 3 (T), < , > - stands for the duality pairing and

=

</~l/aw>%’F
HNH—%,ri: sup W (2:2)
PpeHZ (), p#0" " 12T

is the norm in H—2(T).
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The Cartesian product of m previous spaces and their elements are denoted by bold characters. The respective
norms are introduced as follows:

m 1/2
Hka’Q = (Z |ve|i,ﬂ> U= (vla T ';Um) € Hk(Q)
=1

K4

m 1/2
%’F = (Z |w€||2%,r> 5¢:(¢17"';wm) GH%(F)

{=1

m 1/2
_1
el g r = (Z IueIQ;,r> = (p1, - pm) € H72(T).
=1

A special attention will be paid to the case when k =1 and n = m =3, i.e. Q@ CR? and H'(Q) = (H'(Q))*.
Let VCH 1(Q) be a subspace of functions vanishing on a non-empty portion I';, open in 9:

V = {’U:(”Ul,’l)g,’vg)EHl(Q)| v; =0o0n Ty, i:1,2,3}.

In addition to the classical norm || |
scalar product

1,0, we introduce the energetic norm ||| |||1,q in V' corresponding to the

3
((u,v))1,0 ;:/QZ eij(u)eij(v)de,

7,j=1
where ¢;;(u) is the ¢, jth component of the linearized strain tensor

e(u) == %(Vu + (Vu)T).

From the Korn’s inequality it follows that | |10 and ||| |||1,o are equivalent in V.

Let I' C 00\ 'y, be a portion of OQ such that dist(I',T,) > 0! and denote by Hlé the space of traces v|p
for v € V. Besides the norm || |1 p defined by (2.1) we introduce the following quotient norm:

= inf .
ellyr = _, it el

It is readily seen that
1,0 = Nwspll.q,
where wy, € V is the unique solution of the elliptic problem:

{ (wy,v))1,0=0 VoeVy={z€V| z=0o0nT},

wy =P onl.
1
From the Banach theorem on the isomorphism it follows that || |1 p and [|[ |1 p are equivalent in Hf.
_1 1
Let Hp.? be the dual space of Hi and denote ||| [[|_1 p the dual norm corresponding to || ||[1 p:
<l‘l'a ¢>%,F
ellogr = swp BT
3 141l
$EH?, %70

LThis assumption is not necessary but it simplifies the presentation.
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It is readily seen that

el 5. = w1 (2.3)
where w,, € V' is the unique solution of the elliptic problem:

(wv)io= (o), VeV (2.4)
In addition, || H7%’F and ||| |||7%7F are equivalent in H;%.

3. VARIATIONAL FORMULATION OF THE SIGNORINI PROBLEM WITH GIVEN FRICTION

Let us consider an elastic body occupying a domain £ C R? with the Lipschitz boundary 0N which is split
into three non-empty, non-overlapping parts 'y, I'y and T, dist(I'c, Ty,) > 0: 0Q =T, UT, UT,. For the sake
of simplicity of our presentation we shall suppose that Q = (0,a) x (0,b) x (0,¢), Where a,b,c > 0 are given
and I'c = (0,a) x (0,b) x {0}. The zero displacements are prescribed on Iy, while surface tractions of density
gec LQ(Fg) act on I'g. The body is unilaterally supported along I'. by the rigid half-space

S ={x=(r1,72,23) €R® |23<0}.

Besides constraints on the deformation of €2 we shall take into account effects of friction. We restrict ourselves
to the simplest model, namely the model with given friction. Finally the body is subject to volume forces of
density f € L*(©). Our aim is to find an equilibrium state of €.

The classical formulation of the previous problem consists in finding a displacement vector w = (uq, ua, us3)
satisfying the equations and conditions (3.1)—(3.4):

divo(u)+f = 0 in Q,
oun—g = 0 on Iy, (3.1)
u = 0 on I',.

The symbol o(u) = (045 (u))f’ j—1 stands for a symmetric stress tensor which is related to the linearized strain
tensor €(u) by means of a linear Hooke’s law:

o(u) = Ae(u), (3.2)

where A is a fourth order symmetric tensor satisfying the usual ellipticity conditions in 2. Further m is the
outward unit normal vector to 92 and div denotes the divergence operator acting on tensor functions (the
summation convention is adopted):
. 301‘;‘ 3
diveo = ( ) .

6$j
Let w, := uyn, u; := u — upn be the normal, tangential component of the displacement vector w and
on(u) := op(u)n, and o(uy) := o(u)n — o,(u)n the normal, tangential component of the stress vector
o(u)n, respectively, where u,, := u-n and o,(u) := (o6(u)n) - n. Here - denotes the scalar product of two
vectors.

The unilateral and friction conditions prescribed on I'. read as follows:

un <0, op(u) <0, up,on(u)=0 onl,, (3.3)
lot(w)] <s ae. onT,
if |[o¢(u)(x)|| < s(x) then us(x) =0, =z €T, (3.4)
if [|os(u)(x)|| = s(x ) > 0 then there exists v(z) >0 '
) =

such that u;(x v(z)oi(u(x)), xecl..

Here s € L%(T'.), s > 0 is a given function and ||o;(u)| is the Euclidean norm of o (u).
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Remark 3.1. In the classical Coulomb’s law of friction [2,6] the given slip bound s is replaced by the term
F|o,, (uw)| which is not known a priori. The symbol F stands for the coefficient of Coulomb friction.

Remark 3.2. Taking into account the fact that n = (0,0,—1) on I';, we have:
Up = —U3, Un(u) = 033 (u)a
oi(u) = (—o13(u), —o23(u),0).
Remark 3.3. Let t1(x), t2(x), « € T be two unit vectors such that the triplet {n(x),t;(x),t2(x)} forms a

local orthonormal basis in R3 with origin at « € I'.. Then any vector function w : I'. — R3 can be represented
in the local coordinate system {n(x),t;(x),t2(x)} as follows:

w(x) = (w, (), w(x)) € R x R?,
where wy, () = w(x) - n, wi(x) = (W, (x), we, (), we, () = w(x) - t;(x), j = 1,2. In particular, we shall use

this representation for the trace of displacement vectors v on I'; in what follows, i.e. v(x) = (v, (x),ve(x)) €
R x R?,z € T, and

1
lve]| = (l’Ut1|2 + |’Ut2|2) * ae. onl,.

To give the variational formulation of our problem we first introduce the Hilbert space V':
V= {veHl(Q)| v:OonFu},
and its closed convex subset K of kinematically admissible displacements:
K={veV| v,<0onT.}

Next, we define:

L(v) = /Qfmda:Jr/FgmdF,

g

() = /sHthdF.

c

The primal variational formulation of the contact problem with given friction reads as follows:

(3.5)

Find u € K such that
Ju) <J(w) YveK,

where
3() = ya(v,v) ~ L(v) + ()

is the total potential energy functional.
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On the basis of the previous assumptions we have:
Theorem 3.1. Problem (3.5) has a unique solution.

In order to release the unilateral constraint v, < 0 on I'. and to regularize the non-differentiable term j we
use a duality approach. To this end we introduce several notations. Let v, : V — L?(T.) be the trace
mapping defined by

YU :=vpon ., v e V.
Further let ) ) )
Hf =V, Hp?:= the dual of Hf ,

Héc = (HF%C)Sv HFE = (Hp 2)3’

c c

M, = {un IS Hr_fa tn > 0on FC},

M: = {m = (u ) €LATL), [l €5 aeconlef

= {merrmy)| /Fcut-z,bdr/.s||¢||drso wp e L1},

c

1 _1
Remark 3.4. In accordance with the previous section, the spaces H .. Hp? will be endowed with two
s I My, and ([ g pos I lll- g r,» respectively.

equivalent norms || |

It is easy to verify that

minJ(v) =min sup L(v, uy, ,
10 (v) Vo (v, fhns 1ay)

where L : V x M,, x M; — R is the Lagrangian defined by

L(v, pin, py) = J(v) + <ﬂna”n>%7rc Jr/r py - vy dl,

_1 1
and <., > stands for the duality pairing between Hp. * and Hy .

e

[N

By a mized formulation of (3.5) we call a problem of finding a saddle-point of L on V' x M,, x M;:
{ Find (w, \p, At) € V X M, x M; such that
L(w, pin, ) < L(w, Ay, A) S L(v, Ay A) V(0 i, p1y) €V X My, X My,

or equivalently
Find (w,A) € V' x M such that

a(w,v) +b(A,v) = L(v), YveV, (3.6)
b([,L—A,’LU)S(L VIJ’EM7
where A := (A, At), M := M,, x M; and

b(p,v) = <Nn;vn>% r +/ e v dll, peM, veV.
- c FC

The relation between (3.5) and (3.6) follows from the next theorem.
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Theorem 3.2. There exists a unique solution (w, ) of (3.6). In addition,
w=u nQ, I\ =-—-o,(u), A =-0¢(u) onT,
where u € K is the solution to (3.5).
Proof is obvious.

Convention: the solution to (3.6) will be denoted by (u, Ap, A¢) in what follows.

4. FINITE ELEMENT APPROXIMATION

The present section is devoted to a finite element approximation of the saddle-point problem (3.6). The key
point lies in the finite element discretization of the closed convex set M of Lagrange multipliers which leads to
a well-posed discrete problem and gives also a good convergence rate for approximate solutions.

We start with discretizations of V', M,, and M.

Let {T4}, h — 0+ be a regular family (see [5]) of partitions of ) into tetrahedrons x. With any T}, € {T},}
we associate the following space of continuous piecewise linear functions:

Vi, = {vh € C(Q)| Ve € P1(k) Vi € Th, v, =0 on Fu},
V=)

Further, let {Ry}, H — 0+ be a strongly regular family of rectangulations of T, with H > 0 being the norm
of Rig. On every Ry € {Rp} we construct the space of piecewise constant functions:

Ly — {MH € L*(T.)| pmr € Po(R) YR € Ry }

Ly = (Lg)?
and the following convex sets:
My, = {,an €Ly| ppn>0 ae. on Fc}, (4.1)
Mue = i € L [ b dU = [ sllbildt <0¥apy € (La)? }. 2)
Te Ie
Recall that || - || stands for the Euclidean norm in R?. The set My is the external approximation of M, while

My, is the internal approximation of M,,.
The discretization of (3.6) is defined in a standard way:

Find uy, € V, and Ay € My such that
a(un, vp) +b(Am,vn) = L(vy), Yo, € Vy, (4.3)
b(l‘l’H_AHauh)SOa vl‘l'HE]-\/[I'Ia

where Ay := (Agn, Amt) and My := My, x Mpy;. To ensure the existence and uniqueness of a solution to
(4.3), the following stability condition is needed:

{NH €Ly | b(uH,’U}l)ZOV’UhEVh} Z{O}. (4.4)
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In the forthcoming convergence analysis, we will need more information on the compatibility between the spaces
Ly and V. We shall introduce a stronger assumption, namely the Ladyzhenskaya-Babuska-Brezzi condition
which in our particular case takes the form

b([l, avh)
sup == > B[|uyll_1r,  Vey € La, (4.5)
vnevy, |lvnllle

where # > 0 is independent of h and H. The dual norm ||| |[|_1 p, in (4.5) is evaluated by means of (2.3).
Next we shall suppose that the auxiliary problem (2.4) is regular in the following sense:

there exists € € (0,1/2) such that for every u € H;fJr€ := the dual of HE:E
the solution w,, of (2.4) belongs to V.N H'**(Q) and
[wplliven < CE)ml-14er.,

holds with a positive constant C(¢) which depends solely on e > 0. If it is so then using exactly the same
approach as in [12] one can prove the next lemma.

Lemma 4.1. Let us suppose that (2.4) is reqular, {Rg} is a strongly regular family of rectangulations of T
and the ratio h/H is sufficiently small. Then the Ladyzhenskaya-Babuska-Brezzi condition (4.5) is satisfied.

5. ERROR ANALYSIS

In this section we establish a priori error estimates for the mixed finite element approximation (4.3). We
start with the following lemma [3]:

Lemma 5.1. Let (u, ), (un, Ag) be the solution of (5.6), (4.3), respectively. Then for any v, € V, and
g € My it holds:

alu—up,u—up) < alu—up,u—vy)+bA—pg,up—u)+bA—Ag,u—vp)
+b(A = pg,u) +b(Ag — A u). (5.1)

Proof. Let vy be an element of V. Then
alu —up,u —up) = a(u —up,u —vy) + a(u — up, vy — up).
From the equations in (3.6) and (4.3), we obtain:

a(u —up,vp —up) = L(vy —up) —b(A,vp —up) — L(vp —up) + b(Ag, vy, —up)
= b(/\, up — ’Uh) + b()\H, vy — uh).

Further
a(u —up,u —up) = a(u —up, u —vpy) + (A, up, —vp) + b(Ag, vy — up),
and finally

alu—up,u—up) = alu—up,u—vy)+b(py — A u—up)+0(A—Ag,u—vyp)
BN o) + bOAgr — A1) + (g — Agp, wy).

The inequality in (4.3) implies that b(p — Am, up) < 0 for any py € M. From this the error estimate (5.1)
follows. g
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We now derive an upper bound for ||u — up|

1,0

Lemma 5.2. Let (u,\), (up, Agr) be the solution of (3.6), (4.3), respectively. Suppose that w € H*(Q) and
the fourth order tensor A defining the Hooke’s law is sufficiently smooth. Then

lu—unlie < C[RIA=Aul_yr, +HI“IA=Aul_yrer, + B + H), (5.2)

where € > 0 is arbitrarily small and C > 0 is a positive constant which does not depend on h, H.

Proof. We shall estimate each term on the right hand side of (5.1). But before proving these estimates, let us
recall some approximation results. Let I be the Lagrange interpolation operator with values in V. There
exists a constant C' > 0 which does not depend on h and such that for all v € H?(Q) (see [5]) it holds:

v~ Tholl o < Chljv]loq. (5.3)

Next, we introduce the projection operator ITz : L*(T.) — Ly by
Iy € Ly, / (Tpp—¢) pydl =0, Ypy €Ly (5.4)
e

The operator II g has the following approximation property (see [19]): there exists a positive constant C'
independent of H such that Vo € Hy , v = %, 1 and any p € [0, %), it holds that

le = T yllr. < CH " |o]r. (5.5)
Moreover, if ¢ € L*(T,) then
lo— Il yier. < CHY o= Muglor.. = € 0.3). (5.6)
Finally, let us note that the trace theorem implies that
AL p, < Cllullz0, (5.7)
provided that the tensor A is sufficiently smooth (the constant C' > 0 depends only on A).

Next we estimate each term appearing on the right hand side of (5.1) by choosing: vy, = Iyu and py =
I g\ = (THn A, THEAL), Where T, and 75 are the components of IT g in Ly and (Lg)?, respectively. It is
readily seen that II gy A € My as follows from the definition of M, My and (5.4).

(i) The first term is evaluated by using continuity of a(.,.) and (5.3):
a(u — up, u —vy) < Chllu — up|1,0-

(ii) The second is estimated by using (5.5), (5.6), (5.7) and the trace theorem:

b — ppun —w) < CIA = Iyl p llun -l

1.0 < CH|up — ul1,0-
(iii) The third term is estimated as follows:

bA=Am,u —vp) < CA=Apll_y r llw—vil1o < ChIX = Xg||

1 .
29t e
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(iv) To evaluate the fourth term, we invoke the definition of the L2-projection operators:

BN — py,u) = / (A — TR AR ) undD —|—/ (At — waiAs) - udl
r, r.
= / (An — THRAR) (Un — THR U, )AD +/ (At — TEeA:) - (U — 7w )dD
r, r.
§ ||>\n - 7THn)\n||O,Fc||un - ’/THnun”O,Fc
+A: — T Adlo,r, [lue — THw 0.0
< CH",

making use of (5.5) and (5.7).
(v) To estimate the last term, let us observe that the complementarity condition A,u, = 0 a.e. on I'; yields:

bAg — A u) = /

FC

e

Since u, <0 and Ag, > 0 a.e. on I'., we have
e

Therefore

i — A u) < / (Aaze — Ar) - e dT. (5.8)

Ie
We now shall estimate (5.8). Noticing that

/ . drf/ sl AT < 0V € (Lir)?,
I, X

c

and using that —A; - us + s||ut|| = 0 a.e. on T'; (see (3.4) and Th. 3.2), we have:

/FC()\Ht —A) - dl = /I‘C()‘Ht =) - (uy — e (ug))dD + /FC()\Ht —At) - e (ug)dl

. e

c c

< / (At — M) - (ttg — 7 p7¢ (g )dT + / s(l7 e (ue) | — [Jue] )T
r. r.
+/ At . (Ut — ﬂHt(ut))dF
.
< / (Mt — M) - (ttg — 770 () )dT + / (17 (1) — g )T
. e
+/ At . (ut — ﬂHt(ut))dF
.
< MAme = Al orgep llwe — mae(ue) |l o p,
+sllo,r. |we — mae(we)|or, + ([ Aello,r. [|[we — 7 ae(we)lo,r.
< CHE*| Ay —Al|_y,.p, +CH (5.9)

2
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making use of (5.5) and

P 1
HutH(lecP < ||M||(H1]"c)3 for any g = (,Ufna”'t) c H%C, ] = :|:§

From (i)—(v) and the V-ellipticity of the bilinear form af(.,.), we easily arrive at (5.2). O
The next lemma gives the error estimate for the Lagrange multiplier.
Lemma 5.3. Let all the assumptions of Lemma 5.2 together with (4.5) be satisfied. Then
[A=Anll_1p, <Cllu—wunlro+CH, (5.10)
IA=Amll_1ier, < CH ®[lu—uplli0+CH', (5.11)

where € > 0 is arbitrarily small and C is a positive constant which does not depend on h and H.

Proof. Let us consider the equations in (3.6) and (4.3). Since V', C V, we have

a(u,vp) +b(A,vy) = L(vp) Vo, € Vip,
a(uh,vh) + b()\H,’Uh) = L(’l)h) Yo, € V.
Therefore
a(u—uh,vh)—I—b(/\—)\H,vh) = 0 Yoy € Vi,
and
b()\H — Iy vy) = a(u — Up,Vp) + b()\ — HH/\,’U}L)
< Clu—wllielvallie + CHIA s r llvnllie  Von € Vi

The inf-sup condition (4.5) yields:

b()\H — HH/\,’U}L)

BIAg — MuX|_yp, < sup < Cllu—wunlhio+ CH|A| p.- (5.12)
wevn  llvalllie
Here we used the Korn’s inequality and the fact that the dual norms || |1 p and [[[ [/|[_1 p, are equivalent

in H ;f. The constant B > 0 appearing on the left of (5.12) is independent of h and H.
The triangle inequality

[A=Amll_zp, SIA=IgA|_yp, + T aXA =gl _1r,

2

together with (5.12) and (5.5) proves (5.10).
Let us prove (5.11). The triangle and inverse inequality yield:

IA=Aull_syer, SIA=HpAull_1ycr, + [HaX=Agll_1y.r

c

< C(H17€ +H7€|‘HHA _AH”—%,FC))

making use of (5.6). The rest of the proof now follows from (5.12) O

We finally obtain the following global result giving an upper bound for our mixed finite element approxima-
tion.
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Theorem 5.1. Let (w, ), (up, Agg) be the solution to (3.6), (4.3), respectively. Suppose that w € H?(Q), the
fourth order tensor A defining the Hooke’s law is sufficiently smooth and the Ladyzhenskaya-Babuska-Brezzi
condition (4.5) is satisfied. Then

lw = wnll 0+ 1A= Anll_y p, < CH?, (5.13)

where the positive constant C' does not depend on h and H.

Proof. Assembling (5.2), (5.10) and (5.11) we arrive at (5.13) making use that h < CH, where C > 0 does not
depend on h and H. (I

Remark 5.1. Let us suppose that the slip bound s is a positive constant. Then the error estimate (5.13) can
be improved. Indeed, instead of (4.2) we define the set My, as follows:

Mu = {im € (L) | gl <5 ae.on T, }-

Then My, is the internal approximation of M; so that
[ wmwdr—s [ uldr<o v e TAr,) (5.14)
Te T,

It is very easy to verify that if p, € M; then 7yt p, € My so that the estimates (i)—(iv) of Lemma 5.2 remain
valid. Since —A; - us + sljut]| =0 a.e. on T, the last term can be written as follows (see (5.8)):

bAr — Au) < / (Aaze - g — sl|we]) AT < 0

making use of (5.14) with gy, := Ay and 9 := u;. Therefore this term which is responsible for the lower order
of convergence can be omitted in (5.1). Under the assumptions of Theorem 5.1 we have

lu = wnllva + I = Anll_y p, < CH?.

6. NUMERICAL REALIZATION

In this section we describe in brief the numerical method for the realization of 3D contact problems with
given friction. This method is based on the the dual formulation of (3.5).
Let (u, An, At) be the saddle-point of L on V' x M,, x M; with the notation introduced in Section 2. Then

L(uaAn;)‘t) = min sup L('Uaﬂmﬂt)
V. M, xM,

inf L(v, fin, ;).
pinax EL(v, i, pry)

Denote
S(/J/n, l‘l't) = I‘I}f L('U, Hn s l*l’t)

the dual functional. The dual variational formulation to (3.5) reads as follows:
{ Find (uf, pur) € M, x M, such that
(6.1)

Sty 47) < S(pny )V (Hny py) € My x My,

It is well-known [9] that (6.1) has a unique solution and, in addition (), uy) = (An, A¢), where (Ap, A¢) is a
part of the solution to (3.6). It is also readily seen [13] that S is a quadratic functional. Therefore (6.1) is a
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quadratic programming problem for the dual variable (p,,, ;) defined on I'. and subject to the linear, quadratic
constraints p, > 0, ||, ||* < 52, respectively.

Let us recall that all constraints appearing in the dual formulation of 2D contact problems with given
friction are linear [14]. This fact is important from the practical point of view: one can use [7] efficient CG
type algorithms for solving (6.1). To be able to use the same algorithms in 3D problems, a linearization of the
quadratic constraints will be necessary. This is what we shall do now.

Let M(r) be the ball in R? of radius r > 0 with the center at origin:

M(r) = {XeR?| NP <r2}.

Next we construct a piecewise linear approximation of M(r) which will be realized by the intersection of N
squares rotated around the origin on a constant angle o« = 7/(2N):

M(r) ~ 01 M (),
where
Mi(r) = TR | 5 faa < 1 K = m X},
with
mg, = ( cos Smai), a; =ia, i=1,..,N
— S11 ¢¢; COS O¢;

being the rotation matrix and || X||mas := mazi—1 2|Ail.
Instead of (6.1) we shall consider the new problem:

Find (An, Ar) € M, x NY, M such that

S(j\na)‘t) < S(tn, y) YV (fns py) € My X mivlei’

where
M, = {Ht e LX), | m(x) € My(s(x)) a.e. on FC}~

It is known (see [10]) that minimization problems on the intersection of convex sets can be transformed into
a sequence of minimization problems over each subset of this intersection. In what follows we show how to
proceed in our particular case.

We use the following notations:

. ] N i
po = (s ) € My x My, p= (., pV) € [Ty My x M,

N i
SN(N) = % Zi:1 S(N )-
Then it is easy to see that (6.2) is equivalent to

Minimize Sy ()

subject to  u' € M, x Mi, i=1,...,.N (6-3)
pw=ptt i=1,..,N -1

Let us observe that the inclusion p’ € M, x Mi can be easily expressed by means of box constraints after
an appropriate rotation of p?, i.e. we formally obtain the same situation as in 2D contact problems. The
discretized version of (6.3) together with the augmented Lagrangian formulation has been used in (see [15]) for
the numerical realization of 3D contact problems with friction, including Coulomb’s model of friction.
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F1GUrE 1. The loaded body.

The previous numerical method has a drawback, too, namely the number of variables is now equal to N X q,
where N is the number of squares and ¢ = dim Ly. This drawback however can be compensated by using
coarser partitions of I, when constructing Lz (another reason for the use of coarser partitions is mentioned
in Lem. 4.1). It is worth noticing that one has to find a good compromise between the mesh sizes h and H.
Larger H leads to a smaller number of the dual variables on the one hand, but to the poorer approximation of
the non-penetration conditions on I'. on the other hand. In the following example the relative error between
the “exact” and computed displacements for different ratios H/h will be shown. By the “exact” solution we
mean the displacement field computed by the same algorithm but using the “pointwise” Lagrange multipliers
(algebraic multipliers) which act at each contact node.

The elastic body is represented by the brick @ = (0,3) x (0,1) x (0,1) which is made of an elastic material
characterized by Young modulus E = 21.19 x 10'° and Poisson’s ratio v = 0.277. The body is fixed along the
face Ty, = {0} % (0,1) % (0,1) and surface tractions g act on 'y = (0,3)x (0,1)x {1} and I'; = {3} x(0,1)x (0, 1),
where

g =1(0,0,-2 x 10°1) on T},
and
g=1(0,0,10% on 7.

The density of volume forces f is equal to zero and the slip bound s = 5.25 x 10* on I'.. The brick is cut
into small cubes of size h and each cube is divided into five tetrahedrons (see Fig. 1). Results for the ratios
H/h = 2,4 and the number of squares N = 2,4 are summarized in Tables 1-4. All computations were done
on IBM SP2. From these results we see that even for higher ratios H/h (i.e. for a less accurate satisfaction of
non-penetration conditions) one can get a good approximation of the displacement field. In Table 5 the relative
errors between the computed and “exact” solution for n, = 36, n, = n, = 12 and N = 2 on the first 5 grid
levels above the contact surface are shown. The largest error occurs just on the contact (first line) surface while
decreases when moving inside of the brick.

TABLE 1. Piecewise constant multipliers, H/h =2, N = 2.

Tz, My, Nz || nx | erry |
6,2,2 9N | 0.0202
1244 || 36N | 0.0178
18,6,6 || SIN | 0.0064
24,88 || 144N | 0.000691
30,10,10 || 225N | 0.002201
36,12,12 || 324N | 0.000685
42,14,14 || 441N | 0.000323
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FIGURE 2. The body after deformation.

TABLE 2. Piecewise constant multipliers, H/h =4, N = 2.

|nx,ny,nz || nx | erry, |
12,44 | 9N ]0.0107
2488 || 36N | 0.0249
36,12,12 || 54N | 0.0045

TABLE 3. Piecewise constant multipliers, H/h = 2, N = 4.

|nx,ny,nz || nx | erry |
6,2,2 9N | 0.0201
12,44 || 36N | 0.0179
18,6,6 || SIN | 0.0064
24,88 || 144N | 0.000699
30,10,10 || 225N | 0.002203
36,12,12 || 324N | 0.000677

TABLE 4. Piecewise constant multipliers, H/h =4, N = 4.

|nx,ny,nz || ny | erry |
1244 | 9N |0.0106
24,88 || 36N | 0.0249
36,12,12 || 54N | 0.0044

Ng, Ny, N ... the numbers of cubes of size h in the z,y, z—directions;
N4 ... the number of the primal variables;

ny ... the number of the dual variables;

N ... the number of squares approximating the circle;

erry ... the Euclidean norm of the relative error of the primal variable.
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TABLE 5. The relative error on different levels of the finite element mesh.

[Hj=2 [ HR=T]
0.00083178 || 0.004496
0.00066490 || 0.004283
0.00062992 || 0.004184
0.00061946 || 0.004132
0.00061324 || 0.004097
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