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A POSTERIORI ERROR ANALYSIS OF THE FULLY DISCRETIZED
TIME-DEPENDENT STOKES EQUATIONS *

CHRISTINE BERNARDI' AND RUDIGER VERFURTH 2

Abstract. The time-dependent Stokes equations in two- or three-dimensional bounded domains are
discretized by the backward Euler scheme in time and finite elements in space. The error of this
discretization is bounded globally from above and locally from below by the sum of two types of
computable error indicators, the first one being linked to the time discretization and the second one to
the space discretization.
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1. INTRODUCTION

The time-dependent Stokes problem in a two- or three-dimensional bounded domain models the laminar flow
of a viscous incompressible fluid. The basic discretization of this problem relies on the use of the backward Euler
scheme with respect to the time variable and of finite elements with respect to the space variables, and a lot of
work has been done concerning its a priori analysis, see [9] for preliminary results. The important point is that
two discretization parameters are involved: the set of time steps and the mesh at each time step. Moreover,
due to the choice of an implicit scheme, these parameters can be chosen in a completely independent way. The
aim of this paper is to perform the a posteriori analysis of the discretization, more precisely to provide tools
that allow for optimizing the choice of each time step when working with adaptive meshes.

Much work has been done concerning the a posteriori analysis of parabolic type problems. Part of it (cf.
[2,4,5]) deals only with the space discretization and provides appropriate error indicators for it. Another
idea consists in establishing a full time and space variational formulation of the continuous problem and using a
discontinuous Galerkin method for the discretization with respect to all variables, see for instance [7,8,16,17,19].
Here, we follow a different approach, according to an idea of [1], which consists in introducing two different
types of error indicators, one for the time discretization and one for the space discretization, and in uncoupling
as far as possible, the estimates of the time and space errors.

In a first step, we give the space variational formulation of the continuous Stokes problem and also of the
time semi-discrete problem derived from the Euler scheme. The finite element discretization in space is then
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built by applying the Galerkin method to this last problem. We have chosen to work with conforming finite
elements for simplicity. Next, we describe the two types of residual error indicators: it must be noted that
both of them only depend on the fully discrete solution and the data, so that computing them is easy and not
expensive. We prove that the global error in the energy norm is bounded from above by the Hilbertian sum of
these indicators and also that the indicators are bounded by the error. Moreover these last estimates are local
in time for the first type of indicators, local both in time and space for the second one. So it can be hoped that
they provide a good representation of the error and furthermore an efficient tool for choosing each time step in
an optimal way and performing mesh adaptivity also at each time step.

The extension of these results to the full nonlinear time-dependent Navier-Stokes equations has been con-
sidered and similar results can be proven, at least in the two-dimensional case, by using the abstract result in
[13] (Th. 3), see also [15] (Prop. 2.1). However we prefer not to present this extension since first the time error
indicators in this case are not so easy to compute in practical situations, and second the time discretization
of the Navier-Stokes equation by the backward Euler scheme is not realistic except for very small Reynolds
number, hence not for real life simulations.

An outline of the paper is as follows.

e Section 2 is devoted to the description of the continuous, the time semi-discrete and the fully discrete
problems. We recall their main properties and some standard a prior: estimates.

e In Section 3, we perform the a posteriori analysis of the time discretization.

e In Section 4, the a posteriori analysis of the space discretization is achieved.

e In Section 5, we combine the results of the two previous sections to derive the full estimates.

2. THE CONTINUOUS, SEMI-DISCRETE AND DISCRETE PROBLEMS

Given a bounded connected domain 2 in R?, d = 2 or 3, with a Lipschitz—continuous boundary and a positive
real number T', we consider the following Stokes equations

Ou —vAu+gradp=f in Qx]0,T7,
divu =0 in Qx]0,T7,
u=0 on 0010, T,
u(-,0) = ug in Q.

(2.1)

Here, the unknowns are the velocity w and the pressure p; the data are the distribution f which represents a
density of body forces and the initial velocity wug, while the viscosity v is a positive constant.

We first give the variational formulation of problem (2.1) and recall its main properties. We next describe the
time semi-discretization of this problem and recall the well-posedness of the semi-discrete problem together with
some a priori error estimates. Finally, we present the fully discrete problem and there also recall its consistency.

The variational formulation

In all that follows, for any ¢, 0 < ¢ < T, and any separable Banach space X provided with the norm || - || x,
we denote by L?(0,t; X) the space of measurable functions v from (0,¢) in X such that

¢ 3
el = ([ 169l as) < +oc.
0

For any positive integer m, we introduce the space H™(0,t; X) of functions in L?(0,¢; X) such that all their
time derivatives of order < m belong to L?(0,t; X). We also use the dual space H1(0,¢; X’) of the space of
all functions in H'(0;¢; X) vanishing in 0 and ¢, and the space €°(0,t; X) of continuous functions v from [0, ¢]
in X. Let (-,-) stand for the scalar product on L?(Q) or L?(Q)? or L?(2)9*¢ and, by extension, for the duality
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pairing between H~1(Q)¢ and H}(Q)4. Finally, we introduce the space L2(f2) of functions in L?(2) with zero
mean value on 2.

It can be checked that problem (2.1) admits the variational formulation:
Find w in L2(0,T; H}(Q)?) N €°(0,T; L2(2)4) and p in H~1(0,T; L3(Q)), such that

u(-,0) = ug a.e. in Q, (2.2)
and that, for a.e. t in (0,7) and for all (v,q) in H}(Q)¢ x L3(),

(Opu,v) + v (grad u, grad v) — (divw, p) = (f,v),
—(divu,q) =0. (2.3)

We introduce the following norm on L2(0,¢; H}(2)4) N €°(0,t; L?(2)9)

1
2

t
910) = (1000l aye + v [ lirad vl o)2aqoponsds) 249
The following existence and stability results can be derived from [9] (Chap. V, Sect. 1.2), and [14] (Chap. IIT,

Th. 1.1).

Proposition 2.1. For any data (f,wuo) in L*(0,T; H=1(Q)?) x L2(Q)? such that ug is divergence—free in €2,
problem (2.2)-(2.3) has a unique solution (u,p), which satisfies for allt, 0 <t <T,

1
w0 < (5 170 + ol ) (25)

Moreover this solution is such that O;u -+ grad p belongs to L*>(0,T; H~1(Q)?) and satisfies for all't, 0 <t < T,

[

v
0+ grad pllao ey < 2 (1132001 @) + 5 ol oy ) (2:6)
We finally introduce the kernel
V ={ve Hj(Q)" dive =0inQ}, (2.7)
which plays an important role in the numerical analysis.
The time semi-discrete problem

In order to describe the time discretization of equation (2.1) with an adaptive choice of local time steps, we
introduce a partition of the interval [0, T] into subintervals [t,—1,t5], 1 <n < N, such that 0 =t; <t; < -+ <
ty = T. We denote by 7, the length ¢, — ¢,_1, by 7 the N-tuple (r1,...,7n), by |7| the maximum of the 7,
1 <n < N, and finally by o, the regularity parameter

Tn

(2.8)

0r = max .
2<n<N T,_1

For any Banach space X, with each family (v")o<,<n in XV we agree to associate the function v, on [0, 7]
which is affine on each interval [t,—1,t,], 1 < n < N, and equal to v™ at t,, 0 <n < N. We denote by Y;(X)
the space of such functions.

We now assume that the distribution f belongs to ¢°(0,T; H~'(Q)%) and, for simplicity, we denote by f"
the distribution f(-,¢,). The semi-discrete problem constructed from the backward Euler scheme applied to
the variational formulation (2.2)—(2.3) is:
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Find (u™)o<n<n in L2(2)? x (HOI(Q)d)N and (p")1<p<n in L3(Q)Y, such that

u® = u a.e. in €, (2.9)

and that, for all n, 1 <n < N, and for all (v,q) in H}(Q)¢ x L3(Q),

u",v) + v, (grad u”, grad v) — 7, (dive, p*) = 7, (f*,v) + (w1, v),
(u",v) (g g P

—(divu™,q) = 0. (2.10)
Note that, up to a zero-order term, the problem for each n is a stationary Stokes problem, so that the following

result is standard. It requires the discrete analogue of the norm introduced in (2.4), which is defined on
Y, (HE(Q)?) and for all n, 1 <n < N, by

1
2

[oe]tn) = (10" 2y + 7 D in lgrad o™ |2 gun) (2.11)
m=1

Proposition 2.2. For any data (f,uo) in €°(0,T; H-1(Q)?) x L2(Q)¢, problem (2.9)-(2.10) has a unique
solution (uo, (U",pnhgngN), which satisfies for allm, 1 <n <N,

N|=

[ult) < (53 7in 1™ B+ g + sl ye)

m=1

(2.12)

Moreover this solution is such that, for allm, 1 <n < N,

n 2
v
<2 (} T ™ W + ||uo|%2(md> . @)

m=1

=

n m m—1
U’ —u
( > o | ———— + gradpm@{l(md)
m=1 Tm

Proof. The existence and uniqueness of a solution (u",p™) for each n, 1 < n < N, is derived from the standard
arguments for the Stokes problem [9] (Chap. I, Th. 5.1), namely the ellipticity of the form involving the gradients
and the inf-sup condition on the form for the divergence. In order to derive estimate (2.12), we take v equal to
u™ in the first equation of (2.10) and ¢ equal to p™ in the second line. This yields

Hun”%ﬂﬂ)d + vty ngadu"H%z(ﬂ)dXd =7 (" u") + (u" ")
v ! "
< 57 lgrad w72 gyox + g mn [ 117-1 (00

1 1 _
5 U By + 5 1 e

whence -
2 2 n —
[w" |72(0ya + v7n [lgrad u”||72(gyixa < > 1F -1 ya + 1™ Z 2 ()

Replacing n by m and summing on m gives (2.12). On the other hand, we derive from the first line in (2.10)
that

Hu”—u"‘1 | gradp” ~ (f",v) — v (gradu™, grad v)
Tn H-1(Q)d veHL(Q)4 ||grad’v||L2(Q)dxd
which gives
u” — unfl
||77 +gradp” | g-1)a < 1" |g-1)a + v llgrad u™|| L2 q)axa.

n

Multiplying the square of this inequality by 7,,, summing on n and using (2.12) leads to (2.13). O



TIME-DEPENDENT STOKES EQUATIONS 441

The following lemma is of great use in what follows.

Lemma 2.3. The following equivalence property holds for any family (v")o<n<n in (HY(Q)H)NT! and for all

n,1<n<N,

1+o0,
2

(w2 (tn) < [0, *(ta) < (w112 (tn) + % lgrad v° |22 g axa- (2.14)

e

Proof. In view of the definitions (2.4) and (2.11), we have to compare the quantities

tm
X = / lgrad v, (., s)H%Q(Q)dM ds and Y, =7, ngad'vm”%?(mdxd.

tm—l

Since ||grad v (., s)H%Q(Q)dxd is a quadratic function of s, using for instance the Simpson formula gives
T — m m—
Xm = ?m (ngadvm||2L2(Q)d><d + ||grad v™ 1”%2(Q)dxd + (grad v™, grad v 1))
Using both inequalities ab > —% a? — b2 and ab < %aQ + %bQ gives

1 Tm m —
ZYm <X < > <||gradv H%z(ﬂ)dxd + |lgrad v 1||2L2(Q)d><d) :

Using the defintion (2.8) of ¢, and summing on m, yield the desired estimate. ([

The following a priori error estimate is derived in a standard way, see [9] (Chap. V, Th. 2.1): If the velocity
u of problem (2.2)-(2.3) belongs to the space H'(0,T; H'(Q2)%) N H2(0,T; H~1(Q)?), for 0 <t < T,

[u —u(t) < c(u)|]. (2.15)

The constant ¢(u) depends on the norm of w in the space given above. This estimate, however, is in general not
realistic since the required regularity only holds under very strong additional non local compatibility conditions
on the data (cf. [10]). Nevertheless, by invoking an appropriate regularization process, it yields the convergence
of w, to w in the norm [-](¢) when |7| tends to zero.

To conclude, we recall the regularity property of the solution of problem (2.9)—(2.10): If the data (f,uo)
belong to €°(0,T; L%(Q)4) x V, the family (u",p")1<n<n belongs to (H*T1(Q)? x H*(2))N and satisfies for
alln, 1 <n <N,

n - " 3 d L
(H'U ||§{s(sz)d + Z Tm [|grad v H?{S(Q)dxd) <c (Z Tm ||fm|\%2(sz)d + ”uOH%Tl(Q)d) % (2.16)
m=1 m=1

Here, the exponent s is equal to % for an arbitrary domain €2 and to 1 for a convex domain 2. When {2 is a
non-convex polygon or a polyhedron, the previous estimate holds for some s > % depending on 2. Moreover it
holds for s =1 in ©\ V where V is a neighbourhood of the re-entrant corners or edges of Q.

The time and space discrete problem

We now describe the space discretization of problem (2.9)—(2.10). For each n, 0 < n < N, let (Z,p)p be
a regular family of triangulations of by closed triangles (in dimension d = 2) or tetrahedra (in dimension
d = 3), in the usual sense that
e for each h, Q is the union of all elements of Ty,j;

e for each h, the intersection of two different elements of 7, is either empty, or a vertex, or a whole edge,
or a whole face (if d = 3) of these elements;
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e the maximal ratio of the diameter of an element K in 7, to the diameter of its inscribed circle or
sphere is bounded by a constant independent of n and h.

As usual the discretization parameter h denotes the maximal diameter of the elements of all 7,,;, 1 <n < N,
while, for each n, h,, denotes the maximal diameter of the elements of 7,,;,. In all that follows, ¢ stands for a
constant that may vary from a line to the next but which is always independent of h,, and n.

We introduce two finite-dimensional subspaces X,,;, of H}(Q)? and M,,;, of L(Q) and we assume that the
following properties hold:
(i) the space X,,; contains the space foh, with

Znn = {vn € Hy(Q); VK € Tun, vajx € PL(K)}, (2.17)

where P; (K) denotes the space of restrictions to K of affine functions in R%;
(ii) for each h and n, 1 <n < N, there exists a constant 8, > 0 such that the following inf-sup condition holds
for all q in M,
sup IO . (218)
VR EXnh ||grad Vp HLz(Q)dxd

These assumptions are not at all restrictive, since they are satisfied for all the finite elements used for the Stokes
problem, see [9] (Chap. II, Sect. 2). Note that the inf-sup condition (2.18) guarantees the well-posedness of the
discrete problems and is sufficient for our a posteriori error analysis. Optimal a priori error estimates, however,
can most often be derived only under the stronger condition that the constants (,; are uniformly bounded
away from 0.

Let II;, denote a projection operator from L?(Q2)? onto Xo,. The fully discrete problem constructed from
problem (2.9)—(2.10) by the Galerkin method is the following one:

Find (u}})o<n<n in ngo Xon and (p})i<n<n in ngl M,,;, such that

u) = Tpu a.e. in £, (2.19)

and that, for all n, 1 <n < N, and for all (vp,qp) in Xpn X My,

(’U,Z, vh) +VTy (gradu;zla grad vh) — Tn (diV’l)h,pZ) =Tn (.fnavh) + (uzila 'Uh);

—(divuy,gn) = 0. (2.20)
The same arguments as for problem (2.9)—(2.10) lead to the following statement. We omit the proof since it is
exactly the same as that of Proposition 2.2.

Proposition 2.4. For any data (f,ug) in €°(0,T; H-1(Q)?) x L2(Q)¢, problem (2.19)-(2.20) has a unique
solution (u%, (uﬁ,pﬁ)lgngN), which satisfies for alln, 1 <n < N,

m=1

1 n 2
[[unr]](tn) < <; > I G- 0ye + IHhuOllizm)d) : (2.21)

We refer to [10] for the proof of the convergence of the discrete solution towards the exact one and also for
a priori error estimates which are optimal whenever the constant 3, in (2.18) is independent of h and n.
To conclude, we introduce the discrete kernel

Von = {vh € Xoun; Yan € Mup, (diV Uh, Qh) = 0}; (2.22)

and recall that one of the main difficulties of the numerical analysis of the previous problem is that, for most
finite elements, V,; is not contained in V.
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3. A POSTERIORI ANALYSIS OF THE TIME DISCRETIZATION

In analogy to [1] (see also [11] for the basic idea in a different context and [12] for analogous results for the
heat equation), we define for each n, 1 <n < N, the error indicator

1
n T 2 n -
v = (20)" rad (uf — w1 oo (31)

It can be observed that, once the discrete velocity (u})o<n<n is known, the previous error indicators are very
easy to compute.

From now on we assume that the data (f,wuo) belong to ¢°(0,7; H-*(Q)¢) x V. In order to prove the
a posteriori error estimate, we introduce the operator m-: For any Banach space X and any function g continuous
from )0, T] into X, m,g denotes the step function which is constant and equal to g(¢,) on each interval ¢, 1, t,],
1 <n < N. Similarly, we denote for any sequence (¢™)1<p<n in X N by 7, - the step function which is constant
and equal to ¢™ on each interval |¢,_1,t,], 1 <n < N. By combining problems (2.2)—(2.3) and (2.9)—(2.10),
we observe that the pair (u — u,,p — 7. p,) satisfies

(u—u;)(-,0)=0 a.e. in Q, (3.2)
and that, for 1 <n < N, for a.e. t in |t,_1,t,] and for all (v,q) in HE(Q)¢ x L3(Q),
(Or(u —u,),v) +v(grad (u — u,),gradv) — (divv,p — mp;) = (f — 7 f,v) + v (grad (v" — u, ), grad v),
—(div (v — u,),q) = 0. (3.3)

The a posteriori estimate can be derived from this residual equation by quite standard arguments.

Proposition 3.1. The following a posteriori error estimate holds between the velocity uw of problem (2.2)-(2.3)
and the velocity u, associated with the solution (u™)o<n<n of problem (2.9)-(2.10), for 1 <n < N,

n 1
2 bl
[u—u,](tn) < (6 Z (™2 + 120 ey — unr||Z2(0 1,1 (0)0) + > If - 7TT.f||2L2(O,tn;H*1(Q)d)> : (3.4)

m=1

Proof. By taking v equal to u — u, and ¢ equal to p — 7, p; in (3.3) and subtracting the second line from the
first one, we obtain

L a2y + v lrac (0 — ) gy
< (VL% If — 7o fll -1y + % ||lgrad (u” — UT)||L2(Q)dXd) v* |lgrad (w — ur) | p2(q)axa,
whence
d 2 2 ! : ! I
al — wrlliaye + vligrad (w = wr)lliaoyecs < 2G5 = meflliape + vligrad (w" — wn)Zagona).

By integrating this inequality between t,,_1 and t,,, summing on n and using (3.2), we derive

1 [t m
[ — w2 ta) < 2(51F = T FlBe i) + ¥ D / lerad (™ — ur)(,8)l3sqanads).  (35)
m=1

tm—1
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Next, we note that, for all ¢ in [t,;,—1, tm],

tm —
(u™ —up)(t) = — (u™ — ™),
Tm
so that .
-
[ lmrad @ ) 8) s ds = 7 grad (w” - )Ry (36)
tm—l

We then use a triangle inequality
T 3 -
?m lgrad (u™ —u™ )72 gpaxa < ” Moo + T [lgrad (u™ —uj) |72 qyaxa + 7 [lgrad (™! —up ™) |72 (q)axa-

When applying the arguments used in the proof of Lemma 2.3 to the second and third terms in the right-hand
side of this estimate, we obtain

T, _ 3 bm
?m [grad (u™ —u™ 1)”%2(Q)dxd < B Ty, + 6 / lgrad (u; — unr)(, S)H%?(Q)dm’ ds. (3.7)

tm—1

Inserting (3.6) and (3.7) into (3.5) yields the desired result. O

A further argument is needed to prove a similar estimate concerning the function 9;(u—wu,)+grad (p—7,p,)
in the norm of H~1(Q).

Corollary 3.2. The following a posteriori error estimate holds between the solution (u,p) of problem (2.2)—(2.3)
and the pair (u,,m.p;) associated with the solution of problem (2.9)-(2.10), for 1 <n < N,

n

[0¢(w — u-) + grad (p — mrpr) || 20,1, 51 () < 3 (31/ Z (™)? + 6% [[ur — unrll72(0, 1 (0

m=1

+ Hf - WTfH%2(Q,tn;H71(Q)d)) . (38)

N|=

Proof. We have

Ot(u —u,),v) — (divo,p — m:pr
0:(u —ur) 4+ grad (p — 7p; )| g-1()e =  sup (0 ( ),v) — ( )
vEHG(Q)? lgrad v||r2(q)ixa

Using the first equation in (3.3) yields that, for any ¢ in [t,—1,ts],
Oy — u,),0) — (dive, p — 7,p;) = (f — 7, ) + v (grad (u" — u,), gradv) — v (grad (u — u), grad v),

whence

10t (uw — u,) + grad (p — ﬂTpT)|‘L2(O,t,L;H*1(Q)d) < (3Hf - 7Trf|\%2(o,tn;H—1(Q)d)

N|=

n
+302 ) llgrad (u™ —ur)Tag,, 0,2 (@exay + 30 [u— ur?(t)

m=1

The second term in the right-hand side can be estimated by the same arguments as in the proof of Proposition 3.1,
see (3.6) and (3.7), and the last one is bounded in (3.4). This concludes the proof. O
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We now establish an upper bound for each indicator n™.

Proposition 3.3. The following estimate holds for each indicator n™ introduced in (3.1), 1 <n < N,

n 1 1
n" < vz |grad (u — “r)|\L2(tn,1,tn;L2(Q)dXd) + V—%Hat(“ —u;)+grad (p — err)||L2(tn,1,tn;H71(Q)d)
1 Tn % n n n—1 n—1
+ V—% If— 7T‘rf”L?(tn,l,tn;H*l(Q)d) + (3 V) (||grad (u"™ — uh)HL2(Q)d><d + |lgrad (u — Uy )|\L2(Q)dxd)~
(3.9)

Proof. Thanks to a triangle inequality, we have

1

Tn % n n— n n n— -
T (— 1/) (llgrad (u™ — w" )| 12(q)axa + ||grad (w" — uf)||L2)exa + [lgrad ("' — w) ™) L2 (qyaxa).

3
In order to bound the first term, we derive from (3.6) that
T tn
v lrad (u" — ) agyes = v [ llrad (u" - ur) () B oyena .
tn—1
Next, in the first line of (3.3), we take v equal to u™ — u, (), and we integrate between t,,_1 and ¢,. This gives

tn
v [ lgrad (" = w) (. 5) s s ds

—
< (vllgrad (u —ur)||L2(t, 0502 (@)2xa)
+ |0 (w — u-) + grad (p — m-p- )| L2t 051 (0)9)
+ 1 f = 7 Fll L2t 1t H-1(2)))
th B
( [ lerad @ = u)(6) B oyons ds) ,

tn—1

or equivalently

Tn % n n— 1
(3 v)" llgrad (w" — ") paayace < v} grad (u - ur)l e, bz

1

+ V—%Hat(“ —ur) +grad (p — 7 pr) | L2ty s -1 (Q)4)
1

+ V—% If— 7Trf||L2(tn71,tn;H*1(Q)d>'

This leads to the desired result. O

It follows from Proposition 3.1, Corollary 3.2 and Proposition 3.3 that, if the regularity parameter o, is
bounded independently of 7, the full error

_1

[u—u:l(tn) + v 2 [|0(u — u;) + grad (p — 7TTPT)HL?(O,tn;H*l(Q)d)
1

is equivalent to the quantity (ZZ@=1 (nm)Q) 2 up to some terms involving the approximation of the data, namely

the distance of f to m, f in an appropriate norm, and the spatial error [w, —wp,](t,). Moreover the equivalence

constants are explicitly known and estimate (3.9) is local with respect to the time variable.
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4. A POSTERIORI ANALYSIS OF THE SPACE DISCRETIZATION

In order to describe the family of space error indicators, we first need some notation. For each n and each
K in 7,5, we introduce the set Ex of edges (d = 2) or faces (d = 3) of K which are not contained in 992. With
any e in Ex we associate a unit vector n,. orthogonal to e and denote by [.]. the jump across e in the direction
n.. Note that [.]. depends on the orientation of n, but that quantities like [v - n.]. for any vector field v are
independent thereof. For each K, we denote by ng the unit outward normal to K on 0K. Finally, hx stands
for the diameter of K and, for each e in £k, h. denotes its length (d = 2) or diameter (d = 3).

For each n, 1 < n < N, we also introduce an approximation fj of the data f™ = f(-,t,), such that its
restrictions to all K in 7,, are polynomials of a fixed degree. The error indicators are now defined by analogy
with the stationary Stokes problem, see [3] (Sect. 8.4.1), or [15] (Sect. 3.5). For each n, 1 < n < N, and for
each K in 7., we define the error indicator

n n—1
Up — Uy

mie = v (hllf7 - + v Aufl — grad pj | 2 )0

n

+ ) B | [y Onup — pfcle |2 (o) +y|\divu;;||L2(K)). (4.1)
eeli

For any n, 1 <n < N, and any (v, q) in H}(Q)%x L3(£2), we obtain from problems (2.9)-(2.10) and (2.19)-(2.20)
the following residual equation

(u™ —uy,v) + v, (grad (u” — u}), grad v) — 7, (div v, p™ — pj) = (F",v) + ("' —u} ! v),
—(div (u"™ —uy),q) = (divuy, q). (4.2)
Here, the residual F" belongs to H ()% and is given by
(F",v) =7, (f*,v) — (u}f —u}',v) — v, (grad u}, grad v) + 7, (div v, p}). (4.3)
Moreover it can be observed that, for any (vp,qn) in Xpp X Mpp,
(F",v) = (F",v—vp) and (divuy,q) = (divuy, g — qn). (4.4)

A further lemma is needed to handle the non-zero right-hand side of the second line in equation (4.2). It requires
the following assumption which is satisfied by all the finite elements used for the Stokes problem.

Assumption 4.1. The space M, contains either Mgh or Mih, with

My, = {aqn € L§(Q); VK € Tun, qn|x € Po(K)},

M} = {vn € HY Q)N Li(Q); VK € T, an 1k € Pi(K)}, (4.5)
where Py (K) denotes the space of constant functions on K.

Let now II denote the operator defined from HE(Q)? into itself as follows: For each v in Hg(Q)?, Ilv denotes
the velocity w of the unique weak solution (w,r) in H}(Q)? x L3(2) of the Stokes problem

—Aw +gradr =0 in Q,
divw = divw in Q,
w=20 on 0f2.
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The next lemma states some properties of the operator II and refers to the constant 8 > 0 which is defined by

di
8= inf sup (divv,g) . (4.6)
q€LF(\{0} ve Il ()4 ||grad”||L2(Q)dxd”¢IHL2(Q)
Lemma 4.2. The operator I has the following properties:
(i) For allv in V, v is zero.
(ii) The following estimates hold for all v in H ()4,
1 .
lgrad (v —TIv)| 2 (qyixa < [lgrad v 2q)axa  and [|grad Hv|| 2 (gyaxa < Bllle’U”L2(Q). (4.7)
(i) If Assumption 4.1 is satisfied, the following estimate holds for 1 <n < N and for any vy in Vap,
Hth||L2(Q)d < ch,‘f”divvh”p(g), (4.8)

where the constant o equals 1 if Q is convex, and equals % otherwise.

Proof. Part (i) of the Lemma is obvious. Moreover, since v — ITv has vanishing divergence, we conclude from
the weak form of the Stokes problem that

(grad ITv, grad (v — IIv)) = (div (v — Iv),r) = 0.
This proves the first estimate in (4.7). Similarly, we obtain
|lgrad Hv||%2(mdxd = (grad Ilv, grad Ilv) = (divIlv,r) = (dive,r) < |[div ol 2o |7 L2@),

and

(div z,r) B (grad Ilv, grad z)
Blrllre@ < sup = sup q
zeni(o)d ||8rad zl|pzyaxa  cepi(oye [lgrad 2|1z (q)axa

< ngadHUHL2(Q)dxd.

This proves the second part of (4.7).
To derive the last estimate, for any vy in V,5, we use a duality argument, that relies on the Stokes problem

—Ap + grad p = Ty, in Q,
divp =0 in €,
=0 on 0f).

This problem has a unique solution (¢, p) too. Moreover, for the « introduced in the statement of the lemma,
this solution belongs to the space H*T1(Q)? x H%(Q) and satisfies

Il s s + ol < Tl aoye. (49)
By combining the two previous problems, we have
||H'v;l|\%2(9)d = (v, vy,) = (grad ¢, grad vy,) — (div vy, p) = (div e, r) — (div vy, p).
Since div ¢ is zero and div [Tvy, is equal to div vy, this yields

s ][22 (0)e = —(divon, p).
(o
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Using the definition of V,,;, gives, for any pp in My,
M 72 0pa = —(divon, p = pr) < |divol| Lz lle = prllL2@)-

Thanks to Assumption 4.1, standard approximation properties combined with (4.9) lead to the desired estimate.
O

Remark 4.3. When  is not convex, estimate (4.8) can be improved. Choose in the proof of Lemma 4.2 pj,
equal to the image of p under a Clément type regularization operator (cf. e.g. [6], [18]). Denote by V a fixed
neighbourhood of the re-entrant corners or edges of 2. Then, in estimate (4.8), the function ITv,, satisfies

1

2
Mvp |2y < ¢ < > hEx IIdivth%zm)) : (4.10)
KeTnh

with agk equal to 1 if K does not intersect 1, and equal to % otherwise. Moreover, if {2 is a polygon, the axk

for the K intersecting )V can be computed explicitly as a function of the largest angle of €2 in a neighbourhood
of K.
In the next lemma, we evaluate the quantity (F",v — vj) which appears in (4.4).

Lemma 4.4. For any function v in H}(Q)?, the following estimate holds

3
it (F",0— ) < 7, ( ST W)+ W = £ ey) | lerad vl (4.11)
Uh nh KETnh,

Proof. By integrating by parts on each K, we obtain

n__ ,n—1
(F",v—vp) =1, Z {/K(f"erl/Angrade)(vvh)dm
KeTu, "

— Z (VanKuZpZnK)(vvh)dT}

e€Ek V€
or, equivalently,

n __ n—1
(F",v—wvp) =7, Z {/(f"—M—FVAUZ—grade)(v—vh)dw
KeTu, K n

1 n 7
+ 3 Z [V Op, )y — pf, Nele(v — ’Uh)d’l'}.

e€Ek V€

Thanks to the Cauchy—Schwarz inequality, this yields

n n “ZL - “271 n n
(F",v—wvp) <7y Z I —Ti—i—uAuh—gradph
KeT,n n

s v — Uh”L?(K)d
L2 (K)

1 n 7
T3 Z | [v On.uly — PR mele [ L2(eyallv — ”h||L2(e)d> :

ecfk
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Next, we introduce a Clément type regularization operator R, which has the following properties, see [6] or
[18]: For any function v in H}(2), R,»v belongs to the space Z,;, of continuous affine finite elements (cf. (2.17))
and satisfies for any K in 7,; and e in &,

1
v = Runvlp2(x) < chi lgradv|gia,ye  and  |lv — Rupv|p2e) < ché [grad v]gia,ya- (4.12)

Here Ak, resp. Ag, denote the union of elements of 7,,;, that share at least a vertex with K, resp. with e. Since

X, contains Zgh, taking vy equal to R,pv gives

(F"v—wp) <cm, Y {hK}

KeT,

—1

up — uy
h h n 7
+ v Auj — grad py,

Tn

=

L2(K)d

1 3 n 7
+5 D hE | [von.up —pi nele |2 ¢ lgradv]lpaa oexa.

ecfk

The desired estimate follows from a triangle inequality by adding and subtracting f}, and noting that, when
summing on the K, each element of 7, only belongs to a finite number of Ag’s, this number being bounded
as a function of the regularity parameter of the family of triangulations. ([

We are now in a position to prove the first a posteriori estimate. It requires the following parameter

20k

su h
Ahr = SUp SUPKeT,, i (4.13)

1<n<N VTp

Proposition 4.5. If Assumption 4.1 is satisfied, the following a posteriori error estimate holds between the
velocity u, associated with the solution (u™)o<n<n of problem (2.9)—(2.10) and the velocity un, associated with
the solution (u})o<n<n of problem (2.19)-(2.20), for 1 <n < N,

[[uT - U}LT]](tn) <c <Z Tm Z ((1 + )\}m') (77%)2 + hTK H.fm - fZl|%2(K)d>>

m=1 KeTmn
+c HUQ — H}luOHL2(Q)d. (414)

Proof. For abbreviation we set

n

e"=u"—up, 0<n<N, and e"=p" —pp, 1<n<N.
For any n, 1 <n < N, we then have

1

1
3 He"||2L2(Q)d

S

1
e 22y + §Hen — € 721y + vrallgrad €7z q)axa
=(e" —e" ! e") +vr,(grade”, grade™). (4.15)
Observing that div(e™ — Ile™) = 0, we obtain
n n—1 _n n ny _ (p,n n—1 n n n
- ’ n ’ - - ’ n ’
(e"—e e") +vr,(grade”, grade™) = (e" —e Ile™) + v, (grad e”, grad Ile™)

+ (e" —e" ! e" —le") + vT,(grad e”, grad (e — Ile™))

— T (div(e™ —IIe™),e™).
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By inserting v = e™ — Ile™ in equation (4.2), this yields

(e" — e" ! e") + vry(grade”, grade™) = (e — e" !, Ile™) + vr,(grad e”, grad Ile™) + (F",e" — Ile™).
(4.16)

Next, we bound the three terms on the right-hand side of (4.16) separately. Taking into account that Ile™ =
—Iu} and using Lemma 4.2 and Remark 4.3, we obtain for the first term

(e" —e" ! Ile") < 5”6 —e 1||i2(9)d+§|\ﬂe ||i2(§z)d

]. _ 2 .
< 5“‘3" —e" 1||i2(9)d tc < Z hac™ ||d1V“Z|%2(K)> )
KeTun
whence 1
(e" —e" 1 Ie") < §He" — e"_1|\%2(md +CcAnr I/TanivuZH%Q(Q). (4.17)

Similarly, we derive from (4.7) the estimate for the second term

T,
v, (grad e”, grad Ile™) < Tn |lgrad e”H%Q(Q)dM + v, ||gradHe”H%2(Q)dxd
T, n UTn 1o
< —4n lgrad e” |72 qaxa + —6n [divasy, [ 720 - (4.18)

Finally, Lemmas 4.2 and 4.4 and the first equation in (4.4) imply the following bound for the third term

3
(B e —Te") < ey (S0 (v (i) + B 1" = Fildauers) ) lgrad (€7 — TIe™) | 2o
KeTun

<dr, ( Z ((771()2 + TK lf™— f}l|%2(K)d)> + Tn lgrad e ||2L2(Q)d><d. (4.19)
KeTun

Combining equations (4.15) to (4.19) and multiplying the resulting equation by 2, we arrive at

_ h3
||e"|\%2(ﬂ)d —le” 1|\%2(Q)d R ngade"”%?(mdxd S CTh (KZT: <(1 + M) () + TK If" = fZ'%Q(K)d)> :
€lnn

Summing with respect to n yields the desired estimate. (I

As in Corollary 3.2, we now prove an estimate for the second part of the error, which combines the time
derivative of the velocity and the gradient of the pressure.

Corollary 4.6. If Assumption 4.1 is satisfied, the following a posteriori error estimate holds between the pair
(ur, mrpr) associated with the solution of problem (2.9)-(2.10) and the pair (Wpr, Trphr) associated with the
solution of problem (2.19)-(2.20), for 1 <n < N,

0c(wr — unr) + grad m-(pr — par) |l 20,6051 ()%

<c (ZTm Z (V(l‘i‘)\hT)(n%)Q"’—h%('fm_f;rln|%2(K)d)>

m=1 KeTm,h

+Cll/% ||u0 thu0||Lz(Q)d. (420)
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Proof. We have at each time ¢, 0 <t <t,,

6 T T) - d sy N \MWrm — T
||at(u7— _ uhT) + gradﬂT(pT _ phr)HHfl(Q)d = sup ( t(u Up ) 'U) ( W, (p Pr ))
veHL ()4 ngad'UHL2(Q)d><d

Equations (4.2) and (4.4) yield that, for all ¢, ¢,,_1 <t <, and for any vy, in X,

. 1 mn n n
(Or(ur —upr),v) — (divo, 7 (pr — prr)) = — (F",v —vy) — v (grad (u" — uy), grad v).

n

Thus Lemma 4.4 leads to

2
101(ar — unr) + grad e (pr — pur) (e < e ( S (vong)? + Wk lf - f2||%2<K>d)>
KeTun

+vllgrad (u" — up)| L2(qyixa.

Note that the right-hand side of this inequality is independent of ¢, for t,_1 <t < t,,. So integrating the square
of it between ¢, and t,, summing on the n, and using Proposition 4.5 give the desired estimate. ([

We now establish an upper bound for each indicator /. We only give an abridged proof of this result,
since the arguments are very similar to those used for the steady Stokes problem, see [15] (Prop. 3.19) or [3]
(Prop. 8.6). Note however that this result requires the following assumption, which is not restrictive in the
context of mesh adaptation.

Assumption 4.7. For 1 < n < N, there exists a family of triangulations (7, )n, such that, for all h and n,
1 <n < N, each element K of 7,1, or of 7, is the union of elements K of 7, such that the ratio of the
diameter of K and of the diameter of the largest ball inscribed into each K is bounded uniformly with respect

to h and n.

Proposition 4.8. Assume that there exists an integer k such that, for all h and for 1 < n < N, the restrictions
to any K in Ty, of all functions in X, and My are polynomials of degree < k. If Assumption 4.7 is satisfied,
the following estimate holds for each indicator 0} introduced in (4.1), 1 <n < N and K € T,

" 1 " n 3 (un _ un) _ (un—l _ unfl) . .
I ( lrad (u" — up)l| gz s + 072 | A )t grad (0" — p) |- ()
_1
+v7 2 hk IIf”*fZIILmK)d), (4.21)

where wi denotes the union of the elements of Ty that share at least an edge (d = 2) or a face (d = 3) with K.

Proof. For any domain A contained in 2, let R(A) denote the right hand-side of (4.21) with wg replaced by
A. Since this estimate relies on equation (4.2), we first note by integrating by parts of each K that

n—1

2 n uy —u n n
(Fnav):Tn (-fh — & T b +VAuZ—grade,v)+(f _-fhav)
KeTun "

f% Z [V O, upy — P nele(T) - v(‘r)d‘r} )

ecEk V€
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We now prove a bound successively for each of the three terms in 7% .
(1) Set
n_n—1
- (fZ—%—i—VAuZ—gradpmwK on K,
0 on O\ K,
where 15 denotes the bubble function on K, equal to (d + 1)¢*! times the product of the (d + 1) barycentric

coordinates associated with the vertices of K. Inserting v = vk and ¢ = 0 in equation (4.2), we obtain

2

up —ul ! 1
To ||(fh — ——"— +v Auj; — grad p},) ¥}
Tn L2(K)d
u" —u?) — (ut — !
<7 ( w) —( W) + grad (p" — py) llgrad vl 12 xyaxa
Tn H-1(K)4

+v7y, |lgrad (u” — “Z)||L2(K)dxd||grad UK||L2(K)dXd + 1o || f" — fZHL2(K)dH'UK”L2(K)d~

We divide this inequality by 7,, and we multiply it by V77 h. Finally, we observe that i takes its values in
[0,1] and we use the inverse inequalities on the elements K of 7, contained in the element K of 7,5, which
are valid for any fixed integer m and any polynomial w of degree < m,

lgrad wll 2 zye < ch 1wl oy, wllpez) < cllwdilpa g,

and, thanks to Assumption 4.7, we note that hg is < chz, where the constant c only depends on the regularity

parameters of (7,x)n and (7,5 )n. This leads to

-1
u? —ul

h h n n

- + v Auy — grad py,

n

7 < cR(K). (4.22)

L2(K)d

_1
14 2hK‘

Note also that, since the extension by zero is continuous from H}(K) into H{(A) for any domain A containing
K, the norm of H~'(K) which appears in R(K) can be replaced by the norm of H~!(A).

(2) For any e in £k, let K’ denote the other element of 7, containing e. Let also Lx and Lk denote
lifting operators from polynomials on e into polynomials on K and K’, respectively, which are built by affine
transformation from a fixed lifting operator on the reference element. We now define v, by

L ([vOn up — py nele) e on K,
ve =4 Lx:([v On up — pyy Nele) Ve on K,
0 on O\ (KUK'),

where 1), denotes d? times the product of the d barycentric coordinates associated with the vertices of e. By
inserting v = v, and ¢ = 0 in equation (4.2), the same arguments as previously (see [15] (Lem. 1.3) for details)
lead to the estimate o

v=2 he || [ Op,up — D)y nele || 12(eys < ¢ R(K U K'). (4.23)
(3) Finally, we insert v = 0 and ¢ = gk in equation (4.2), with gx defined by

gk = divuy Xk,
where xx denotes the characteristic function of K. This yields in an obvious way
V% ||d1V ’U.ZLH[}(K) S Vd% ngad (un — 'U/ZL)H[}(K)dXd. (424)

Combining estimates (4.22), (4.23) and (4.24) leads to the desired result. O
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When comparing Proposition 4.5 and Corollary 4.6 to Proposition 4.8, we observe that, up to some terms
involving the approximation of the data, the full error

[[wr — unr]l(tn) + v 7 |0 (ur — uns) + grad m; (pr — phT)HLQ(O,tn;H*l(Q)d)

is smaller than a constant times the quantity

(z . W) |

m=1 KeTmn

but the result is not fully optimal since this constant depends on the parameter Ap, introduced in (4.13). Note
however that:

e when (2 is convex, this constant is bounded independently of n and h,, if
Tn > pwhy,

for a fixed constant p. This condition is not too restrictive;
e when () is not convex, the hx are most often smaller in a neighbourhood of the re-entrant corners or
edges, so that the conditions for Aj, to be bounded are not more restrictive than in the previous case.

Moreover, since each wg contains at most d + 2 elements of 7y, estimate (4.21) is local with respect to both
time and space variables.

5. PUTTING ALL TOGETHER

For 1 <n < N, we define the full error, linked to both time and space discretizations,

E(tn) = [u—u:l(tn) + [ur —uns|(tn) + v 2 |0(u — ur) + grad (p — 7T'rpr)||L2(0,tn;H*1(Q)ﬂl)
_1
+v72 [|0(ur — unr) + grad 77 (pr — P )l 220,019y (5.1)

Note that, by a triangle inequality,

E(tn) > [ — wp|(tn) + v 2 [|85(w — wnr) + grad (p — mpne) || L2 0,teh -1 (2)0)- (5.2)

However, since we intend to perform separately time and space adaptivity, we are led to work with the quantity
E(t,). Thanks to the results of the previous sections, we are in a position to compare it with the sum of the
error indicators.

Theorem 5.1. The following a posteriori estimates hold for the error E(t,), 1 <n < N:
(i) If Assumption 4.1 is satisfied,

n

E(ta) < c (Z (7 + =27 3D (14 ) (n}?)2)>

m=1 KeTmn

N

1 1+0’7— " T m m
+c <; If =7 f e @n + =5 2o 50 D Mk IF" =i |%2(K>d>

m=1 KeTmn

1+o0,
+ (—2 [0 = Mol L2 (o) + 71 [|grad (uo — HhuO)”L?(ﬂ)dXd) : (53)
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(ii) If there exists an integer k such that, for all h and for 1 < n < N, the restrictions to any K in T, of all
functions in X, and My, are polynomials of degree < k, and if Assumption 4.7 is satisfied,

(i: (™) +7m > (n}?)Q))% < cE(ty)

m=1 KeTmn

1
1 “ m m :
+ <;|f—mf|%2<o,tm,{1<Q>d>+27’” PO Pt |%Q(K)d> SNERY

m=1 KeTmn

Proof. We establish successively the two estimates.
(1) By combining the second inequality in (2.14) with Proposition 4.5, we obtain an estimate for [u, — un;](tn).
This estimate, combined with Proposition 3.1 and Corollary 3.2, respectively, leads to the upper bounds for the
terms

[u—u;|(t,) and  [|0i(u —u.) +grad (p — 7o) 20,0001 (Q)4)
respectively. Finally, the quantity [0 (w, —un,)+grad 7 (pr —par) || L2(0,¢, 11 (0)¢) is bounded in Corollary 4.6.
(2) To derive the second estimate, we first sum the square of inequality (3.9) on n and use the first inequality
in (2.14). A further argument is needed to bound the Hilbertian sum of the X, since the Hilbertian sum of
the norms || - [| z-1(,) which appear in (4.21) is not bounded as a function of || - || z-1(q); however the proof is
similar to that of Proposition 4.8. We now take v equal to v,; (instead of vi) and ¢ = 0 in (4.2), with v,
defined by

u — un—l
’Unh|K:(fthTthrVA’uZ*gradPZ)h%ﬂ/)K, K € Tup,
n
and a similar choice for replacing v.. This gives the global estimate (5.4). 0

Let H,, denote the quantity

Hy = <Z <(nm)2 + T Y (77??)2>> : (5.5)

m=1 KeTmn

Theorem 5.1 mainly states that, up to the terms involving the data, the full error E(t,) for 1 < n < N
is equivalent to H,: It is smaller than CH% (1 + Apr) times H,, and larger than ¢’ times H,, where both
constants ¢ and ¢ only depend on the geometry of Q (indeed, the dependence on v has been investigated in all
the estimates). So the result of Theorem 5.1 is optimal whenever o, is bounded independently of 7 and A is
bounded independently of A and 7. Moreover all the quantities ™, nj¢, o, and Ay, are easy to compute once
the discrete solution is known. It can also be observed that the assumptions in both parts of Theorem 5.1 are

satisfied by all the finite elements currently used for the Stokes problem.
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