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Abstract. In this paper, we prove the convergence of the current defined from the Schrödinger-
Poisson system with the presence of a strong magnetic field toward a dissipative solution of the Euler
equations.
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1. Introduction

We consider in this paper the behavior of electrons moving on a positive charged background influenced by a
very strong magnetic field. We describe this phenomenon from a quantum point of view. This model describes
a magneto-active plasma where the velocities of the particles are small compared to the speed of light (to use
the electrostatic approximation) and where the magnetic field is very strong (like in the magneto-sphere). The
equations satisfied by the wave functions are a variation from the Schrödinger-Poisson system. They depend on
three parameters, the Planck constant (h > 0), the permittivity of the system (ε > 0) and the strength of the
magnetic field.

We deal with the asymptotic limit which corresponds to the case when the magnetic field is very strong, the
Planck constant and the permittivity are both very small (implying that the electron density is quasi-equal to
the ion density). As Brenier in [2], who studied the quasi-neutral limit of the Vlasov–Poisson system (with and
without external magnetic field), we obtain at the limit that the curl of the potential involved in the system is
a dissipative solution of the Euler equations in the sense of P.-L. Lions.

In [11], we also studied the same asymptotic limit in the case of the Schrödinger–Poisson system without
magnetic field and obtained that the electron current converges to a dissipative solution to the Euler equations.
Those results are a rigorous justification of the composition of two different asymptotic processes which already
have been independently studied in [8, 9] and [5] for the semi-classical limit and, as mentioned above, in [2] for
the quasi-neutral limit.
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1.1. Presentation of the system

We write the Schrödinger equation describing the motion of electrons on a charged background submitted to
an external magnetic field B = curl A. In this case (cf. [4]), the quantum Hamiltonian is given by

Hq =
1

2m
[P − qA]2 =

1
2m
(
P 2 + qAP + qPA+ q2A2

)
,

where P is the operator defined by P = h
i ∇.

This problem is initially stated in R
3. Since we neglect the third component of the velocity and the dependence

of the two first ones with respect to the vertical variable, our study is set in R
2. In the following, for Z ∈ R

2,
we denote by ⊥Z the vector

⊥Z =
(
Z2

−Z1

)
.

We choose a potential A = −⊥x
2ε , which corresponds to a vertical magnetic field. Let us notice that A commutes

with P because ∇
(⊥x

2ε

)
= 0. Assuming q = m = 1, the Schrödinger equation ih∂tψ = Hqψ becomes in our

setting

ih∂tψ
ε +

h2

2
∆ψε +

ih

2ε
(⊥x · ∇)ψε − |x|2

8ε2
ψε = 0

where ψ is a wave function.
In this paper, we consider a superposition of states (instead of a pure state) where each state k ∈ Z

2 has a
weight λk ≥ 0 and we add the effect of the electric field. Finally, we deal with an electron density given by

ρε(t, x) =
∑
k∈Z2

λkψ
ε
k(t, x)ψ

ε

k(t, x) (1.1)

where the wave functions satisfy the equation

ih∂tψ
ε
k +

h2

2
∆ψε

k +
ih

2ε
(⊥x · ∇)ψε

k − |x|2
8ε2

ψε
k =

1
ε
φεψε

k (1.2)

coupled with the Poisson equation

ρε = θε − ∆φε. (1.3)

Here, the ion density θε(x) ∈ L∞(Rd) satisfies

(1 + |x|)θ is in L1(R2) ∩ L2(R2),

0 ≤ θε(x) ≤ 1, (1.4)

θε(x) = 1 if x ∈] −Rε;Rε[d, (1.5)

θε(x) = 0 if x ∈ R
d\] −Rε − γε;Rε + γε[d, (1.6)
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where (Rε) ⊂ R
∗
+, (Rε) ε→0−→ +∞, and (γε) ⊂ R

∗
+, (γε) ε→0−→ 0. Under this form, (θε) converges in D′(R2) to 1

and its derivatives to 0. This is important because we need at the limit a uniform density θ so that ∇· (θv) = 0
when ∇·v = 0. Moreover, in the existence proof, we need some integrability properties for θε which are certainly
true if θε is compactly supported.

An adaptation of some results of [1] and [3] enables us to show the existence of a solution of the system (1.2,
1.3) for a fixed ε. We skip the index ε to present the existence result.

Let us define the following Hilbert spaces

X =

{
Γ = (γm)m∈Z2

∣∣∣γm ∈ L2(R2), ∀m and
∞∑

m=1

λm||γm||2L2(R2) <∞
}
,

H =
{
γ
∣∣∣(γ,∇γ,∆γ, |x|γ, |x|∇γ, |x|2γ) ∈ L2(R2)

}
with their associated norms

||Γ||2X =
∞∑

m=1

λm||γm||2L2(R2),

||γ||2H = ||γ||2H1(R2) + ||∆γ||2L2(R2) + |||x|γ||2L2(R2) + |||x|∇γ||2L2(R2) + |||x|2γ||2L2(R2),

Y =

{
Γ = (γm)m∈Z2

∣∣∣γm ∈ H, ∀m and
∞∑

m=1

λm||γm||2H <∞,

}

with the norm

||Γ||2Y =
∞∑

m=1

λm||γm||2H

and finally, if θ : R
2 → R,

Ỹ =
{

Γ ∈ Y
∣∣∣ ∫

R2
(θ − n(Γ))dx = 0

}

where n(Γ) =
∑∞

m=1 λm|γm|2.
The following existence result holds.

Proposition 1.1. Under the following assumptions,
– the function θ is in L∞(R2) and (1 + |x|)θ is in L1(R2) ∩ L2(R2),
– the initial data are smooth enough, i.e. (ψ0,k)k∈Z2 ∈ Ỹ ,

there exists a unique solution to (1.2–1.3) (ψk)k∈Z2 ∈ C([0,∞), Y ) ∩ C1([0,∞), X) and (ψk(t))k∈Z2 ∈ Ỹ for
each time t.

The proof of Proposition 1.1 is very similar to the proof of the existence result in [1] for the pure electrostatic
case. The main differences are the following.

First, the definition of the space H is different because of the shape of the operator. Indeed, we need that
|x|∇γ and |x|2γ belong to L2(R2). This implies some additional computations which can be found in [11].
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Moreover, we don’t get directly that the conservation of energy gives a time independent bound for ||ψ||H1(R2).
However, we obtain using the equation that

d
dt

(||h∇ψε
k||L2 + |||x|ψε

k||L2) ≤ C||h∇ψε
k + i

⊥x
2ε
ψε

k||L2 ≤ C′.

It implies (see [1]) that

||φε||L∞ + ||∇φε||L∞ + ||∆φε||Lp ≤ E1 + E2t
2, for 1 ≤ p <∞

with E1 and E2 two constants depending only on θε and on the initial energy. That gives us as in [1] the
existence result for global solutions.

Remark 1.1. It is probably possible to obtain additional regularity for the solution ψ when the initial data
are smooth, but this question is not addressed in this work.

We will use this result for any ε. Let us note that since the ion densities θε are in L∞(R2) and are compactly
supported, the first assumption is satisfied.

1.2. Formal analysis

In this section, we use the Wigner transform to motivate formally the obtained result. Let us introduce

W ε,h(t, x, ξ) = (2πh)−d

∫
Rd

∑
k

λke−i ξ
h ·zψε

k

(
t, x+

z

2

)
ψ

ε

k

(
t, x− z

2

)
dz,

the Wigner transform for the system and let us operate a change of variable

W̃ ε(t, x; ξ̃) = W ε(t, x, ξ) with ξ̃ = ξ +
⊥x
2ε

·

The new function W̃ ε(t, x; ξ̃) satisfies

∂tW̃
ε + ξ̃ · ∇xW̃

ε +
1
ε
⊥ξ̃ · ∇ξ̃W̃

ε +
1
ε
K̃ ∗ W̃ ε = 0

and

∆φε = ρε − θε

with

K̃(t, x, ξ̃) =
i

(2π)d

∫
Rd

e−iξ̃·y (φε(t, x+ hy
2 ) − φε(t, x− hy

2 ))
h

dy

and

ρ̃ε(t, x) =
∫
W̃ ε
(
t, x, ξ̃

)
dξ̃.

Denoting J̃ε(t, x) the new current defined by

J̃ε
i (t, x) =

∫
ξ̃iW̃

ε
(
t, x, ξ̃

)
dξ̃,
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we obtain the following equations

∂tρ̃
ε + ∇ · J̃ε = 0,

∂tJ̃
ε
i (t, x) = −

∫
ξ̃iξ̃j∂jW̃

ε
(
t, x, ξ̃

)
dξ̃ +

1
ε

(
⊥J̃ε

i (t, x) − ∂iφ
ε(t, x)ρ̃ε(t, x)

)
.

Therefore, we obtain formally, when ε goes to zero that

J̃ = −ρ̃⊥∇φ,

∂tρ̃+ ∇ · J̃ = 0

and

ρ̃− 1 = ∆φ.

Those equations are nothing but the incompressible Euler system written for w = curl u = ρ̃ − 1, u = −⊥∇φ
since we have

∂tw + ∇ · (uw) = 0,

∇ · u = 0.

1.3. Main result

Theorem 1.2. Let T > 0 and J0 = −⊥∇Φ0 be a divergence free vector in L2(R2). For any ε > 0, let θε be the
ion density of charge characterized by (1.4–1.6), and let us consider, for any ε, h and each state k, the wave
functions ψε

k, solutions to (1.2, 1.3) with initial data in Ỹ . Moreover, we assume that∫
R2

∑
k∈Z2

λk|ψε
k(0, x)|2dx =

∫
R2
θε(x)dx, (1.7)

∫
R2

|∇φε(0, x) − (⊥J0(x))|2dx ε,h→0−→ 0, (1.8)

ε
∑
k∈Z2

λk

∫
R2

∣∣∣∣h∇ψε
k(0, x) + i

⊥x
2ε
ψε

k(0, x)
∣∣∣∣
2

ε,h→0−→ 0. (1.9)

Then, up to a subsequence, (−⊥∇φε) converges in C0([0, T ];D′(R2)) to a dissipative solution of the Euler
equations with J0 as initial datum.

Remark 1.3. As in [2], we consider that J is a dissipative solution of the Euler equations with J0 as the initial
datum if, for all smooth divergence free compactly supported vector v(t, x), and for almost every time,∫

|J(t, x) − v(t, x)|2dx ≤
∫

|J0(x) − v(0, x)|2dx exp
(∫ t

0

2||d(v(θ))||dθ
)

+ 2
∫ t

0

exp
(∫ t

s

2||d(v(θ))||dθ
)(∫

A(v)(s, x) · (v − J)(s, x)dx
)

ds, (1.10)
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where d(v) is the symmetric part of Dv = ∂jvi, ||d(v(t))|| is the supremum on x of the spectral radius of
d(v)(t, x) and

A(v) = ∂tv + v · ∇v. (1.11)

In the second section, we establish the equations which are satisfied by the density, the current and the energy.
Then, in Section 3, we give the proof of Theorem 1.2, which is mainly based on the modulated energy method
introduced in [2]. Finally, we build an example of well-prepared initial data.

2. Equations of conservation

2.1. Conservation of mass and total momentum

We define the current J̃ε from the density ρε using the equation

∂tρ
ε + divJ̃ε = 0, (2.1)

and we obtain

J̃ε = Jε +
⊥x
2ε
ρε (2.2)

with Jε defined by

Jε(t, x) =
∑

k

λkIm
(
h∇ψε

k(t, x)ψ
ε

k(t, x)
)
. (2.3)

Equation (2.3) is the classical form of the current when there is no magnetic field (see [10] for instance). It is
important to note that the classical relation ∂tρ

ε + divJε = 0 does not hold here.

Remark 2.1. The difference between Jε and J̃ε must be understood like the difference between impulsion
and total momentum. Indeed, J̃ε corresponds to a real physical quantity (cf. [4]). Assumption (1.9) can be
interpreted as an hypothesis on the initial velocity or kinetic energy.

Proposition 2.2. The current J̃ε satisfies the following equation in the distributional sense

∂tJ̃
ε = −

∑
k

λk∇ :
[(
h∇ψε

k + i
⊥x
2ε
ψε

k

)
⊗
(
h∇ψε

k − i
⊥x
2ε
ψ

ε

k

)]
+

1
ε
(−ρε∇φε +⊥ J̃ε)

+
∑

k

λk∇
(
h2

4

(
∆ψε

kψ
ε

k + ∆ψ
ε

kψ
ε
k + 2∇ψε

k · ∇ψε

k

))
,

(2.4)

which means∫
v · ∂tJ̃

ε =
∑

k

λk

∫
dv :

(
h∇ψε

k + i
⊥x
2ε
ψε

k

)
⊗
(
h∇ψε

k − i
⊥x
2ε
ψ

ε

k

)
+

1
ε

∫
v · (−ρε∇φε +⊥ J̃ε)

for all divergence free test function v ∈ D(]0, T [×R
2).

Remark 2.3. We use the compact notations

A⊗B = AiBj , (∇ : B)i = ∂jBij , A⊗B =
1
2
(
A⊗B +A⊗B

)
.
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Proof. We compute ∂tJ̃
ε using (1.2) and obtain

∂tJ̃
ε =

∑
k

λk

[
∇
(
h2

4

(
∆ψε

kψ
ε

k + ∆ψ
ε

kψ
ε
k + 2∇ψε

k · ∇ψε

k

))
− h2∇ :

(
∇ψε

k⊗∇ψε

k

)]

+
1
2ε

⊥J̃ε − 1
2ε
(⊥x · ∇) Jε − 1

ε
∇φερε +

⊥x
2ε
∂tρ

ε.

(2.5)

Moreover, we define

I1 =
∑

k

λk∇ :
[(
h∇ψε

k + i
⊥x
2ε
ψε

k

)
⊗
(
h∇ψε

k − i
⊥x
2ε
ψ

ε

k

)]
.

It follows that

I1 =
∑

k

λk∇ :
(
h∇ψε

k⊗h∇ψ
ε

k

)
+

1
2
∇ :
(⊥x
ε

⊗ Jε + Jε ⊗
⊥x
ε

)
+

1
4ε2

∇ :
(⊥x⊗⊥ xρε

)
.

Then we have

I1 =
∑

k

λk∇ :
(
h∇ψε

k⊗h∇ψ
ε

k

)
+

⊥x
2ε

divJε +
1
2ε

⊥Jε +
1
2ε

(⊥x · ∇)Jε − 1
4ε2

xρε +
⊥x
2ε

(⊥x
2ε

· ∇ρε

)

=
∑

k

λk∇ :
(
h∇ψε

k⊗h∇ψ
ε

k

)
+

1
2ε

⊥Jε +
1
2ε

(⊥x · ∇)Jε +
1
2ε

⊥(⊥x
2ε

)
ρε −

⊥x
2ε
∂tρ

ε,

because the conservation of mass (2.1) implies

⊥x
2ε

(
divJε +

⊥x
2ε

· ∇ρε

)
= −

⊥x
2ε
∂tρ

ε.

This computation gives us equation (2.4) from (2.5) because

∂tJ̃
ε +
∑

k

λk∇ :
[(
h∇ψε

k + i
⊥x
2ε
ψε

k

)
⊗
(
h∇ψε

k − i
⊥x
2ε
ψ

ε

k

)]

= ∂tJ̃
ε +
∑

k

λk∇ :
(
h∇ψε

k⊗h∇ψ
ε

k

)
+

1
2ε

⊥
Jε +

1
2ε
(⊥x · ∇) Jε +

1
2ε

⊥(⊥x
2ε

)
ρε −

⊥x
2ε
∂tρ

ε

=
1
ε

(
−ρε∇φε +⊥ J̃ε

)
+
∑

k

λk∇
(
h2

4

(
∆ψε

kψ
ε

k + ∆ψ
ε

kψ
ε
k + 2∇ψε

k · ∇ψε

k

))
.
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2.2. Conservation of energy

The energy of the system is the following

H̃ε(t) =
∑

k

λk
1
2
ε

∫
R2

∣∣∣∣h∇ψε
k(t, x) + i

⊥x
2ε
ψε

k(t, x)
∣∣∣∣
2

dx+
1
2

∫
R2

|∇φε(t, x)|2dx, (2.6)

and satisfies:

Proposition 2.4. Energy Hε remains constant with respect to time.

The proof of this proposition is given in Section 5.

3. Proof of Theorem 1.2

3.1. Definition of the modulated energy

Proposition 3.1. For all divergence free test function v, we define a modulated energy

H̃ε
v(t) =

∑
k

λk
ε

2

∫ (
h∇ψε

k +
i

2ε
⊥xψε

k − ivψε
k

)(
h∇ψε

k − i

2ε
⊥xψ

ε

k + ivψ
ε

k

)
+

1
2

∫
|∇(φε − Ψ)|2 (3.1)

with ⊥∇Ψ = v. The function H̃ε
v(t) satisfies

d
dt
H̃ε

v (t) = −ε
∫ ∑

k

λk dv :
(
h∇ψε

k +
i

2ε
⊥xψε

k − ivψε
k

)
⊗
(
h∇ψε

k − i

2ε
⊥xψ

ε

k + ivψ
ε

k

)

+
∫

dv : ∇(φε − Ψ) ⊗∇(φε − Ψ)

+ ε

∫
A(v) · (ρεv − J̃ε) +

∫
θεv∇φε +

∫
A(v) · (v + ⊥∇φε).

(3.2)

Proof. Differentiating the modulated energy (3.1) with respect to time, we obtain

d
dt
H̃ε

v(t) =
∑

k

λk
d
dt

[∫ (
ε

2
h2

∣∣∣∣∇ψε
k +

i

2ε
⊥xψε

k

∣∣∣∣
2

− hε

2i
v ·
(
∇ψε

kψ
ε

k − ψε
k∇ψ

ε

k

)
− v ·

⊥x
2
ρε

+
ε

2
|v|2ψε

kψ
ε

k +
1
2
|∇φε|2 −∇φε · ∇Ψ +

1
2
|∇Ψ|2

)]
.

It can be expressed in term of the energy H̃ε in the following way

d
dt
H̃ε

v(t) =
d
dt
H̃ε +

∑
k

λk
d
dt

∫ (
−hε

2i
v ·
(
∇ψε

kψ
ε

k − ψε
k∇ψ

ε

k

)
− v ·

⊥x
2
ρε +

ε

2
|v|2ψε

kψ
ε

k −∇φε · ∇Ψ +
1
2
|∇Ψ|2

)
.
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Thanks to Proposition 2.4, we know that the energy is conserved. Therefore, we obtain the following simplified
form for the time derivative of the modulated energy H̃ε

v

d
dt
H̃ε

v(t) =
d
dt

∫
−εJ̃ε · v +

ε

2
|v|2ρε −∇φε · ∇Ψ +

1
2
|∇Ψ|2

=
∫

ε

2
|v|2∂tρ

ε +
ε

2

∫
ρε∂t|v|2 − ε

〈
v; ∂tJ̃

ε
〉
D,D′

− ε

∫
J̃ε · ∂tv

+
1
2

∫
∂t|v|2 −

∫
∇φε · ∂t∇Ψ − 〈∇Ψ; ∂t∇φε〉D,D′ ,

since ⊥∇Ψ = v.
We compute each term of this identity. First of all

−〈∇Ψ; ∂t∇φε〉D,D′ =
∫
∂t∆φεΨ = −

∫
∂tρ

εΨ

=
∫

divJ̃εΨ = −
∫
J̃ε · ∇Ψ.

Furthermore, because of equation (2.4) satisfied by ∂tJ̃
ε, we obtain

I3 = −ε
〈
v; ∂tJ̃

ε
〉
D,D′

= −ε
∫ ∑

k

λk dv :
(
h∇ψε

k +
i

2ε
⊥xψε

k

)
⊗
(
h∇ψε

k − i

2ε
⊥xψ

ε

k

)

+
∫
ρεv · ∇φε −

∫
v · ⊥J̃ε,

that we transform, using ⊥∇Ψ = v and the Poisson equation (1.3), into

I3 = −ε
∫ ∑

k

λk dv :
(
h∇ψε

k +
i

2ε
⊥xψε

k

)
⊗
(
h∇ψε

k − i

2ε
⊥xψ

ε

k

)

−
∫

∆φεv · ∇φε +
∫
θεv∇φε +

∫
J̃ε · ∇Ψ.

Moreover,

−
∫

∆φεv · ∇φε =
∫
∂j∂jφ

εvi∂iφ
ε =
∫
∂jφ

ε∂jvi∂iφ
ε + ∂jφ

εvi∂j∂iφ
ε

=
∫

dv : ∇φε ⊗∇φε.

We have then

I3 = −ε
∫ ∑

k

λk dv :
(
h∇ψε

k +
i

2ε
⊥xψε

k

)
⊗
(
h∇ψε

k − i

2ε
⊥xψ

ε

k

)

+
∫

dv : ∇φε ⊗∇φε +
∫
θεv∇φε +

∫
J̃ε · ∇Ψ.

(3.3)
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To obtain equation (3.2), we must study the modulation by v =⊥ ∇Ψ and by ∇Ψ in the two terms of energy
H̃ε given by (2.6). Let us study the first term

−ε
∫ ∑

k

λk dv :
(
h∇ψε

k +
i

2ε
⊥xψε

k

)
⊗
(
h∇ψε

k − i

2ε
⊥xψ

ε

k

)

= −ε
∫ ∑

k

λkDv :
[(
h∇ψε

k +
i

2ε
⊥xψε

k

)
⊗
(
h∇ψε

k − i

2ε
⊥xψ

ε

k

)]

= −ε
∫ ∑

k

λkDv :
[(
h∇ψε

k +
i

2ε
⊥xψε

k − ivψε
k

)
⊗
(
h∇ψε

k − i

2ε
⊥xψ

ε

k + ivψ
ε

k

)]

− ε

∫
Dv : J̃ε ⊗ v − ε

∫
Dv : v ⊗ J̃ε + ε

∫
ρεDv : v ⊗ v.

The conservation of mass ensures that

−ε
∫
Dv : v ⊗ J̃ε = −ε

∫
∂jviJ̃

ε
j vi =

ε

2

∫
divJ̃ε|v|2

= −ε
2

∫
∂tρ

ε|v|2.

Now, we can use the results shown by Brenier in [2] to obtain

∫
dv : ∇φε ⊗∇φε =

∫
dv : ∇(φε − Ψ) ⊗∇(φε − Ψ) +

∫
Dv : ∇Ψ ⊗∇φε

+
∫
Dv : ∇φε ⊗∇Ψ −

∫
Dv : ∇Ψ ⊗∇Ψ.

In [2], it is also shown that

ε

2

∫
ρε∂t|v|2 − ε

∫
J̃ε · ∂tv − ε

∫
Dv : J̃ε ⊗ v + ε

∫
ρεDv : v ⊗ v = ε

∫
A(v) ·

(
ρεv − J̃ε

)
,

1
2

∫
∂t|v|2 −

∫
∇φε · ∂tΨ +

∫
Dv : ∇Ψ ⊗∇φε +

∫
Dv : ∇φε ⊗∇Ψ −

∫
Dv : ∇Ψ ⊗∇Ψ =

∫
A(v) · (v + ⊥∇φε)

so we obtain (3.2) introducing the modulation in (3.3).

Remark 3.2. Since the functions Ψ and v are test functions with compact support, the integrations by parts
do not give any boundary term. And they are well defined because ρε(t, ·), ∂tρ

ε(t, ·), divJ̃ε(t, ·) are in L1(R2),
J̃ε(t, ·) ∈ L1(R2,R2), ∇φε(t, ·) ∈ L∞(R2,R2) and ∆φε(t, ·) ∈ L1(R2).

3.2. Convergence to the Euler equations

We prove in this section that (−⊥∇φε) converges in C0([0, T ],D′(R2,R2)) to a dissipative solution of the
Euler equations. We first establish a result about the convergence and then we perform some estimates involving
the modulated energy to identify the limit.
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3.2.1. Convergence

Proposition 3.3. The sequence (ρε) is compact in C0([0, T ];D′(R2)), (J̃ε) is bounded in D′(]0, T [×R
2), (Hε

v)
converges, up to a subsequence, in L∞([0, T ]) − w∗ and (∇φε) converges in C0([0, T ];D′(R2; R2)).

Let us first note that the conservation of energy implies that H̃ε(t) = H̃ε(0) and assumptions (1.9) and (1.8)
imply that (H̃ε(0)) converges. Thus, there exists C independent on t and ε such that H̃ε(t) ≤ C. This inequality
implies that (∇φε) is bounded independently on ε in L∞([0, T ];L2(R2,R2)) and then (ρε − θε) is bounded in
L∞([0, T ];H−1(R2)) since, for all test function v, we have

∣∣∣∣
∫

(ρε(t, x) − θε(t, x))v(x)dx
∣∣∣∣ =

∣∣∣∣−
∫

∆φε(t, x)v(x)dx
∣∣∣∣

≤ C||∇v||L2(R2).

Remark 3.4. The density ρε given by (1.1) satisfies
∫
ρε(t, x)dx =

∫
ρε(0, x)dx but

∫
ρε(0, x)dx −→ ∞ when

ε goes to zero.

Let us now show that (ε
1
2 J̃ε) is bounded in L∞([0, T ]; (W 1,4(R2,R2) ∩ L2(R2,R2))′).

Indeed, since J̃ε =
∑

k

λkIm
[(
h∇ψε

k + i
⊥x
2ε
ψε

k

)
ψ

ε

k

]
, we have

∣∣∣∣
∫
ε

1
2 J̃ε · v dx

∣∣∣∣ ≤
(
ε

∫ ∑
k

λk|h∇ψε
k + i

⊥x
2ε
ψε

k|2
) 1

2
(∫ ∑

k

λk|ψε
k|2|v|2

) 1
2

≤ C
(||v||2W 1,4 + ||v||2L2

) 1
2 .

Furthermore, the Poisson equation (1.3), which links ρε and φε, implies that (ρε − θε)∇φε is bounded in
L∞([0, T ]; (Wm,p(R2,R2))′) with m− 1 > 2

p because for all g ∈Wm,p(R2,R2),

∣∣∣∣
∫
g(x) · (ρε(t, x) − θε(t, x))∇φε(t, x)dx

∣∣∣∣ =
∣∣∣∣−
∫

∆φε(t, x)g(x) · ∇φε(t, x)dx
∣∣∣∣

=
∣∣∣∣
∫

(∇φε(t, x) · ∇)g(x) · ∇φε(t, x)dx

−
∫

1
2
|∇φε(t, x)|2divg(x)dx

∣∣∣∣
≤ C||g||C1(R2) ≤ C||g||W m,p ,

recalling that m− 1 ≥ 2/p. Additionally, we have

∂t(ρε − ε⊥∇ · J̃ε) +⊥ ∇ · (ρε∇φε) =
∑

k

λkε
⊥∇ ·

(
∇x :

[(
h∇ψε

k + i
⊥x
2ε
ψε

k

)
⊗
(
h∇ψε

k − i
⊥x
2ε
ψ

ε

k

)])
. (3.4)

Since ((ρε − θε)∇φε) is bounded in L∞([0, T ]; (Wm,p(R2,R2))′) and since the energy is conserved, identity (3.4)
implies that

(
∂t

(
ρε − ε⊥∇.J̃ε

))
is bounded in L∞([0, T ]; (Wm+1,p(R2) ∩ H1(R2))′) and then, using Aubin’s
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Lemma locally (cf. appendices of [7] and [6]), (ρε −ε⊥∇ · J̃ε) is compact in C0([0, T ];D′(R2)). Since ε⊥∇ · J̃ε =
O(ε

1
2 ) in C0([0, T ];D′(R2)) we show that (ρε) is compact in C0([0, T ];D′(R2)). Since ρε = θε − ∆φε, (∇φε) is

also compact and then, up to a subsequence, (∇φε) converges in C0([0, T ];D′(R2,R2)). The modulated energy
(H̃ε

v) is bounded in L∞([0, T ]) and then, up to a subsequence, converges in L∞([0, T ]) − w∗.
This concludes the proof of Proposition 3.3.

3.2.2. Identification of the limit

Inequality (3.2) can be written in a weak form in the following way

−
∫
H̃ε

v (t)z′(t)dt− z(0)H̃ε
v(0) ≤

∫
2||dv||H̃ε

v(t)z(t)dt+
∫ [

εA(v)(ρεv − J̃ε)(t, x)
]
z(t)dt dx

+
∫ [

A(v)
(
v +⊥ ∇φε

)
(t, x) + vθε∇φε(t, x)

]
z(t)dt dx,

where z is a test function belonging to D([0, T [).
As soon as ε is small enough, θε = 1 on the support of v. We can pass to the limit because (H̃ε

v) con-
verges in L∞([0, T ]) − w∗, (ρε) and (J̃ε) are bounded in the sense of distributions and (∇φε) converges in
C0([0, T ];D′(R2,R2)).

Then for all test function z ∈ D([0, T [), we have

−
∫
H̃v(t)z′(t)dt− z(0)H̃v,0 ≤

∫
2||dv||H̃v(t)z(t)dt+

∫
A(v)

(
v +⊥ ∇φ) (t, x)z(t)dt dx,

with H̃v,0 = limε→0 H̃
ε
v(0).

Using Gronwall’s Lemma, we obtain

∣∣|⊥∇(φ) −⊥ ∇(Ψ)
∣∣ |2L2(R2) ≤ 2H̃v(t) ≤ 2H̃0,vexp

(∫ t

0

2||dv(θ)||dθ
)

+ 2
∫ t

0

exp
(∫ t

s

2||dv(θ)||dθ
)(∫

A(v)(s, x) · (v +⊥ ∇φ)(s, x)dx
)

ds.

Since assumptions (1.8, 1.9) hold, we have H̃v,0 = lim
ε→0

∫
1
2
|∇φε(0, x) −∇Ψ(0, x)|2dx.

Moreover, we have

||⊥∇(φ) −⊥ ∇(Ψ)||2L2(R2) = ||∇(φ) −∇(Ψ)||2L2(R2) ≤ lim inf ||∇(φε) −∇(Ψ)||

≤ lim inf H̃ε
v (t) = H̃v(t).

And then, if
∫

|∇φε(0, x) −∇φ0(x)|2dx→ 0, −⊥∇φ is a dissipative solution of the Euler equations with J0 =

−⊥∇φ0 as an initial condition.

3.3. Construction of an example of well-prepared initial data

3.3.1. Condition on the potential energy

To build an initial condition satisfying assumptions (1.8, 1.9), we consider the case when ω0 = curl J0 belongs
to D(R2; ] − 1,+1[) with

∫
ω0 = 0, and we pick up ε small enough so that θε = 1 on the support of ω0. Let φ0
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be a solution in R
2 of

∆φ0 = ω0,

such that J0 = −⊥∇φ0. Assumption (1.8) can be written as

∫
|∇φε(0, x) −∇φ0(x)|2dx→ 0.

We also have to assume the global neutrality at the initial time which can be written

∫
θε(x)dx =

∫
ρε(0, x)dx = 0.

To estimate
∫

|∇φε(0, x) −∇φ0(x)|2dx, we use a result from [1], stating that, if ∆φ = f with
∫
f = 0, then

||∇φ||L2 ≤ C(|||x|f ||L1 + ||f ||L2).

Write f(x) = θε(x) − ρε(0, x) − ω0(x). If the global neutrality is satisfied, we have
∫
f(x)dx = 0 and then

∫
|∇φε(0, x) −∇φ0(x)|2dx ≤ C(|||x|f ||L1 + ||f ||L2)2. (3.5)

Let Ck be the elementary box defined by Ck =]yk − η; yk + η[2 with yk = (k1η, k2η), k ∈ Z
2∩] − 1

ησε ; 1
ησε [2, σε

being such that the support of θε is included in Iσε =] − 1
σε ; 1

σε [2 and λk = η2 = |Ck|.
Let θε,η and ωη

0 be defined by

∀x ∈ Ck θ
ε,η(x) =

1
|Ck|

∫
Ck

θε(y)dy,

ωη
0 (x) =

1
|Ck|

∫
Ck

ω0(y)dy.

We take



ψε,h

k (x) = (2πh)−
2
4

√
(θε,η − ωη

0 )(yk)exp
(
− (x− yk)2

2h

)
exp
(
i
⊥yk · x
εh

)
if |x| ≤ 1

σε
,

ψε,h
k (x) = 0 elsewhere.

Let us remark that, since θε,η(x) = 1 on the support of ω0, the function
√

(θε,η − ωη
0 ) is well defined, since we

assumed |ω0| < 1. We then get



ρε,h
0 (x) =

∑
k

λk(2πh)−
2
2 (θε,η − ωη

0 )(yk)exp
(
− (x− yk)2

h

)
if |x| ≤ 1

σε

ρε,h
0 (x) = 0 elsewhere.
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We have
∫

R2
ρε,h
0 (x)dx =

∫
θε(x)dx and then

∫
f(x)dx = 0. Indeed,

∫
R2
ρε,h
0 (x)dx =

∑
k

λk(θε,η − ωη
0 )(yk) =

∫
Iσε

(θε − ω0)(y)dy

=
∫

R2
(θε − ω0)(y)dy =

∫
R2
θε(y)dy.

We want to show that |||x|f ||L1 + ||f ||L2 −→ 0 when both h and ε go to zero. In order to obtain this result, we
perform the following computation.

First of all, we have∣∣∣∣ρε,h
0 (x) −

∫
Iσε

(2πh)−1(θε,η − ωη
0 )(y)exp

(
− (x− y)2

h

)
dy
∣∣∣∣ ≤ C

(
η

(σε)2

)
sup

y∈Iσε

( |x− y|
h2

)
,

because for all y ∈ Ck, (θε,η − ωη
0 )(y) = (θε,η − ωη

0 )(yk) and

∣∣∣∣exp
(
− (x− y)2

h

)
− exp

(
− (x− yk)2

h

)∣∣∣∣ ≤ Cη sup
y∈Iσε

( |x− y|
h

)
·

Then we write∫
Iσε

(2πh)−1(θε,η − ωη
0 )(y)exp

(
− (x− y)2

h

)
dy =

∫
R2

(2πh)−1(θε,η − ωη
0 )(y)exp

(
− (x− y)2

h

)
dy

and

∣∣∣∣
∫

R2
(2πh)−1(θε,η − ωη

0 )(y)exp
(
− (x− y)2

h

)
− (θε − ω0)(x)

∣∣∣∣ dy
≤
∫

R2
(2πh)−1 |(θε,η − ωη

0 )(y) − (θε − ω0)(x)| exp
(
− (x− y)2

h

)
dy.

Lastly, we use the following estimate

|(θε,η − ωη
0 )(y) − (θε − ω0)(x)| ≤ |(θε,η − ωη

0 )(y) − (θε − ω0)(y)| + |(θε − ω0)(y) − (θε − ω0)(x)|

≤ C(η + |x− y|) sup(|∇(θε − ω0)|),

to obtain for |x| ≤ 1
σε

|f(x)| = |θε(x) − ρε,h(0, x) − ω0(x)| ≤ C

(√
h

γε
+

η

γε
+

η

(σε)3h2

)
,

and |f(x)| = 0 if |x| > 1
σε .

We recall that ∇θε ∼ 1
γε and that

∫
R2

|x− y|exp
(
− (x− y)2

h

)
dy ≤ C(

√
h)3.
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Then, we have

||f ||2L2 =
∫

|f(x)|2dx ≤ C
1

(σε)2

(√
h

γε
+

η

γε
+

η

(σε)3h2

)2

and

|||x|f ||L1 =
∫

|x||f(x)|dx ≤ C
1

(σε)3

(√
h

γε
+

η

γε
+

η

(σε)3h2

)
·

If we choose σε such that

(√
h

γε
+

η

γε
+

η

(σε)3h2

)
= (σε)3µ(ε, h), with µ(ε, h)

ε,h→0−→ 0, the estimate (3.5) implies

that assumption (1.8) is satisfied.

3.3.2. Condition on the kinetic energy

Note

I = ε

∫ ∑
k∈Iη

λk

∣∣∣h∇ψε,h
k (0, x) − iGε(x)ψε,h

k (0, x)
∣∣∣2 dx

with Gε(x) =
⊥x
2ε .

The second assumption (1.9) will hold if I goes to zero when ε goes to zero. We have

I = ε

∫
x

∑
k∈Iη

λk

[
h2

(
i
Gε(yk)
h

− (x − yk)
h

)
ψε,h

k (0, x)
(
−iG

ε(yk)
h

− (x − yk)
h

)
ψ

ε,h

k (0, x)

−2Gε(x)h
Gε(yk)
h

ψε,h
k (0, x)ψ

ε,h

k (0, x) + |Gε(x)|2ψε,h
k (0, x)ψ

ε,h

k (0, x)
]

= ε

∫
x

∑
k∈Iη

λk

(
h2

h2
|Gε(yk)|2 + h2 (x− yk)2

h2
− 2

h

h
Gε(x)Gε(yk) + |Gε(x)|2

)
ψε,h

k (0, x)ψ
ε,h

k (0, x),

which becomes after simplification,

I = ε

∫
x

∑
k∈Iη

λk

(
|Gε(yk) −Gε(x)|2 + h2 (x − yk)2

h2

)
ψε,h

k (0, x)ψ
ε,h

k (0, x).

Equality Gε
i (yk) −Gε

i (x) =
⊥yk−x

ε allows us to estimate I and to obtain

I ≤ Cε
∑
k∈Iη

λk(1 +
1
ε2

)
∫

x

(x− yk)2(2πh)−
d
2 e−2

(x−yk)2

h dx

≤ C
∑
k∈Iη

λkh

(
ε+

1
ε

)
∼ h

(σε)2

(
ε+

1
ε

)
ε,h→0−→ 0,

if h = o((σε)2ε).
In conclusion, let σε, γε (that we will fix equal to ε2) and µ(ε) be three functions of ε which go to zero when

ε goes to zero, we choose h, such that
√
h = (σε)3γεµ(ε) to have h = o((σε)2ε) and we choose η such that

η = µ(ε)(σε)3 inf(γε;h2(σε)3).
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4. Properties of the potential

We give here the properties of the potential which are necessary for the proof of the conservation of energy.

Proposition 4.1. The parameter ε being fixed, the potential φε(t, ·) satisfies the following properties:

φε(t, ·) ∈ L∞(R2), ∇φε(t, ·) ∈ L∞(R2) ∩ L2(R2) and ∂t∇φε(t, ·) ∈ L2(R2).

We recall that φε, θε and ρε satisfy (1.3) and that
∫

(θε − ρε) = 0.

Proof. We use results from [1] stating that

|φε(x)| ≤ C
(
||(|y| + 1)(θε − ρε)||L1

y(R2) + ||(|y| + 1)
1
2 (θε − ρε)||L2

y(R2)

)
,

|∇φε(x)| ≤ C
(||θε − ρε||L3(R2) + ||θε − ρε||L1(R2)

)
,

||∇φε||L2(R2) ≤ C
(
|||y|(θε − ρε)||L1

y(R2) + ||θε − ρε||L2(R2)

)
.

Moreover, using the Sobolev injection (W 1,N (RN ) ⊂ Lq(RN ) for q ∈ [N,∞[), the authors of [1] show that

||ρε||Lp(R2) ≤ ∑λm||γm||2L2p(R2) ≤ C||Γ||2H1(R2,λ), 1 ≤ p <∞,

||(1 + |y|)ρε||L1
y(R2) ≤ 2||Γ||2L2(R2,λ) + |||y|Γ||2L2

y(R2,λ),

||(1 + |y|) 1
2 ρε||L2

y(R2) ≤ C(||(1 + |y|)Γ||L2
y(R2,λ))

1
2 (||Γ||L6(R2,λ))

3
2 ,

≤ C(||(1 + |y|)Γ||L2
y(R2,λ))

1
2 (||Γ||H1(R2,λ))

3
2 .

This proves the first two assertions because Γ ∈ H1(R2, λ) and |y|Γ ∈ L2(R2, λ).
We also have

||∇∂tφ
ε||L2(R2) ≤ C(|| |y|(∂tρ

ε)||L1
y(R2) + ||∂tρ

ε||L2(R2)).

And equation ∂tρ
ε =
∑
λm(∂tγmγm + γm∂tγm) implies that

|||y|(∂tρ
ε)||L1

y(R2) ≤ C|||y|Γ||L2
y(R2,λ)||∂tΓ||L2(R2,λ) < C

since the Schrödinger equation implies that ∂tΓ ∈ L2(R2, λ).
Finally, we get

||∂tρ
ε||2L2(R2) ≤ C||∂tΓ||L2(R2,λ)||ρε||L∞ .

The right term is finite because Wm,p(R2) ⊂ L∞(R2) if 1
p − m

2 < 0 (e.g. m = 2 and p = 2) and then ρε belongs
to L∞(R2). Indeed Γ ∈ L∞(R2, λ) because Γ ∈W 2,2(R2, λ).

5. Proof of Proposition 2.4

Let (ψε
k)k∈Z2 ∈ C([0, T ];Y ) ∩ C1([0, T ];X) be a solution of (1.2) and (1.3),

∣∣∣∣h∇ψε
k + i

⊥x
2ε
ψε

k

∣∣∣∣
2

= |h∇ψε
k|2 + 2Jε ·

⊥x
2ε

+
1
4
|x|2
ε
ρ,ε
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and then

d
dt
H̃ε(t) =

∑
k

λk
ε

2
d
dt

∫
h∇ψε

k · h∇ψε

k +
1
8

∫ |x|2
ε
∂tρ

ε +
1
2

∫
⊥x · ∂tJ

ε +
∫
∂t∇φε · ∇φε. (5.1)

First of all, let us compute the first right-hand side term of (5.1) using the Schrödinger equation (1.2). Note
that ∂t∇ψε ∈ H−1(R2, λ) because (1.2) ensures that ∂tψ

ε(t, ·) ∈ L2(R2, λ) since ∆ψε(t, ·) ∈ L2(R2, λ).
We define

I =
d
dt

∑
k

λk
ε

2

∫
h∇ψε

k · h∇ψε

k

and we have

I =
∑

k

λk
ε

2

〈
h2∂t∇ψε

k;∇ψε

k

〉
H−1,H1

+ h2
〈
∂t∇ψε

k;∇ψε
k

〉
H−1,H1

= − i

2
εh

[∑
k

λk

〈
∇
(
−h

2

2
∆ψε

k − ih

2ε
(⊥x · ∇)ψε

k +
|x|2
8ε2

ψk +
1
ε
φεψε

k

)
;∇ψk

〉
H−1,H1

+
∑

k

λk

〈
∇ψk;∇

(
h2

2
∆ψ

ε

k − ih

2ε
(⊥x · ∇)ψε

k − |x|2
8ε2

ψk − 1
ε
φεψ

ε

k

)〉
H1,H−1

]

and then, it follows that

I =
∑

k

λk

∫
hε

2i
h2

2

(
∆ψε

k∆ψ
ε

k − ∆ψε
k∆ψ

ε

k

)
+
∑

k

λk

∫
h

2i
∇
( |x|2

8ε

)
·
(
∇ψε

kψ
ε
k −∇ψε

kψ
ε

k

)

+
∑

k

λk

∫
∇(φε) ·

(
∇ψε

kψ
ε
k −∇ψε

kψ
ε

k

) h
2i

+
∑

k

λk
h2

4

〈
(∇ (⊥x · ∇ψε

k

)
;∇ψε

k

〉
H1,H−1

+
∑

k

λk
h2

4

〈
∇
(
⊥x · ∇ψε

k

)
;∇ψε

k)
〉

H−1,H1

=
∫ ( |x|2

8ε
+ φε

)
divJε − h2

4

∑
k

λk

∫
div
(
⊥x
(
∇ψε

k · ∇ψε

k

))

=
∫ ( |x|2

8ε
+ φε

)
divJε.
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Each of the above integrals are well defined. Indeed, we have∣∣∣∣∣
∑

k

λk

∫
h

2i
∇
( |x|2

8ε

)
·
(
∇ψε

kψ
ε
k −∇ψε

kψ
ε

k

)∣∣∣∣∣ ≤ C
∑

k

λk||x · ∇ψk||L2 ||ψk||L2

≤ C

(∑
k

λk||x · ∇ψk||2L2

) 1
2
(∑

k

λk||ψk||2L2

) 1
2

= C||x · ∇ψ||L2(λ)||ψ||L2(λ),

∣∣∣∣
∫ |x|2

8ε
divJε

∣∣∣∣ ≤ C
(
|||x|2ψ||L2(λ)||∆ψ||L2(λ) + |||x| · ∇ψ||2L2(λ)

)
,

∣∣∣∣∣
∑

k

λk

∫
div
(
⊥x
(
∇ψε

k · ∇ψε

k

))∣∣∣∣∣ ≤ |||x|∇ψε||L2(λ)||ψε||H2(λ),

||divJε||L1 ≤ ||ψε||L2(λ)||∆ψε||L2(λ) + ||∇ψε||2L2(λ),

and φε(t, ·) ∈ L∞(R2), ∇φε(t, ·) ∈ L∞(R2,R2) (see Sect. 4). Moreover, the integration by parts can be performed
because ⊥x(∇ψε

k · ∇ψε

k) belongs to L1(R2). We recall that ψε ∈ Y and then for a fixed ε, the right terms are
finite.

In a second step, we now consider the third right-hand side term in (5.1). We rewrite it under the following
equivalent form using (2.5)

1
2

∫
⊥x · ∂tJ

ε = −
∑

k

λk
1
2
Re
∫

⊥x · ∇ :
(
h∇ψε

k ⊗ h∇ψε

k

)
− 1

2ε

∫
⊥x · ∇φερε

+
1
2

∫
⊥x · 1

2ε
⊥Jε − 1

2

∫
1
2ε

⊥x · (⊥x · ∇)Jε − 1
2

∫
⊥x · ∇|x|2

8ε2
ρε,

since ⊥x · ∇ : (h∇ψε
k ⊗ h∇ψε

k) = ⊥xi∂j(h2∂iψ
ε
k∂jψ

ε

k).
The previous integrals are well defined thanks to the following upper estimates∣∣∣∣∣

∑
k

λk

∫ ∫
⊥x · ∇ :

(
h∇ψε

k ⊗ h∇ψε

k

)∣∣∣∣∣ ≤ ||ψε||H2(λ)|||x| · ∇ψ||L2(λ),

∣∣∣∣
∫

⊥x.∇φερε

∣∣∣∣ ≤ ||∇φε||L∞ |||x|ψε||L2(λ)||ψε||L2(λ),

∣∣∣∣
∫

⊥x · J
∣∣∣∣ ≤ ||⊥x · ∇ψε||L2(λ)||ψε||L2(λ),

∣∣∣∣
∫

⊥x.(⊥x.∇)Jε

∣∣∣∣ ≤ |||x|2ψε||L2(λ)||ψε||H2(λ) + ||⊥x · ∇ψε||2L2(λ).
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After simplification, we have

1
2

∫
⊥x · ∂tJ

ε =
∑

k

λkRe
∫
h2
(
∂2ψ

ε
k∂1ψ

ε

k − ∂2ψ
ε

k∂1ψ
ε
k

)

+
1
4ε

∫
x · Jε +

1
4ε

∫
D(⊥x) : (Jε ⊗ ⊥x) −

∫
⊥x · x

8ε2
ρε +

1
2ε

∫
⊥x · ∇ρεφε

=
1
4ε

∫
x · Jε − 1

4ε

∫
x · Jε +

1
2ε

∫
⊥x · ∇ρεφε

=
1
2ε

∫
⊥x · ∇ρεφε =

∫
φεdiv

(⊥x
2ε
ρε

)
.

The last term is finite because∣∣∣∣
∫

⊥x.∇ρεφε

∣∣∣∣ ≤ ||φε||L∞ ||⊥x · ∇ψε||L2(λ)||ψε||L2(λ).

Finally, we obtain

d
dt
H̃ε(t) =

∫ ( |x|2
8ε

+ φε

)
divJε +

1
8

∫ |x|2
ε
∂tρ

ε +
∫
φεdiv

(⊥x
2ε
ρε

)
+
∫
∂t∇φε · ∇φε

=
∫
φεdivJ̃ε −

∫
∂t∆φεφε

= −
∫
φε∂tρ

ε −
∫
∂t∆φεφε = 0.

We have obtained that the energy H̃ε defined by (2.6) does not depend on time and this concludes the proof of
Proposition 2.4.

To justify the sense of each integral of the previous computation, we use again some results of Section 4,
which are ∇φε(t, ·) ∈ L2(R2,R2), ∂t∇φε(t, ·) ∈ L2(R2,R2) and the following results

∣∣∣∣
∫ |x|2

ε
∂tρ

ε

∣∣∣∣ ≤ |||x|2ψ||L2(λ)||∂tψ||L2(λ)

and ∣∣∣∣
∫
φεdivJ̃ε

∣∣∣∣ =
∣∣∣∣
∫
φε∂tρ

ε

∣∣∣∣ ≤ ||φε||L∞ ||∂tψ||L2(λ)||ψ||L2(λ).
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