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ON CONVERGENT SCHEMES FOR TWO-PHASE FLOW OF DILUTE
POLYMERIC SOLUTIONS

STEFAN METZGER!*

Abstract. We construct a Galerkin finite element method for the numerical approximation of weak
solutions to a recent micro-macro bead-spring model for two-phase flow of dilute polymeric solutions
derived by methods from nonequilibrium thermodynamics ([Griin, Metzger, M3AS 26 (2016) 823—
866]). The model consists of Cahn—Hilliard type equations describing the evolution of the fluids and
the unsteady incompressible Navier—Stokes equations in a bounded domain in two or three spatial
dimensions for the velocity and the pressure of the fluids with an elastic extra-stress tensor on the
right-hand side in the momentum equation which originates from the presence of dissolved polymer
chains. The polymers are modeled by dumbbells subjected to a finitely extensible, nonlinear elastic
(FENE) spring-force potential. Their density and orientation are described by a Fokker—Planck type
parabolic equation with a center-of-mass diffusion term. We perform a rigorous passage to the limit
as the spatial and temporal discretization parameters simultaneously tend to zero, and show that a
subsequence of these finite element approximations converges towards a weak solution of the coupled
Cahn—Hilliard—Navier—Stokes—Fokker—Planck system. To underline the practicality of the presented
scheme, we provide simulations of oscillating dilute polymeric droplets and compare their oscillatory
behaviour to the one of Newtonian droplets.
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1. INTRODUCTION

In this paper, we present a stable, fully discrete finite-element scheme for a diffuse interface model for two-
phase flow of dilute polymeric solutions and establish convergence for the case of equal fluid mass densities.
Allowing for different solubility properties which are modelled by some phase dependent cost functional 3, the
presented model covers the case of two dilute polymeric solutions as well as the case of one dilute polymeric
solution and one pure Newtonian fluid. In contrast to other approaches (see e.g. [7,8]) our scheme solely relies
on standard finite element functions. In particular, it does not include simplices with curved edges or faces. The
presented results are excerpts from the author’s Ph.D. thesis [25].
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The aforementioned model derived by G. Griin and S. Metzger ([18]) combines a diffuse interface model for
two-phase flow of incompressible, viscous fluids (cf. [1]) for the description of the immiscible fluids in an open
domain 2 ¢ RY, d = 2 or 3, with a FENE-dumbbell description of the dissolved polymer chains. That is a
polymer chain is represented by two beads connected by a massless spring (cf. [5,22]) and can be described by
the position of its barycenter and the configurational vector q connecting the beads. Using the so called FENE
spring potential (FENE: acronym for finitely extensible, nonlinear elastic), which reads

2 2
U(% |q|2) = Gy (1 _ C\;;nl) (1.1)
restricts the admissible polymer elongations to
qc D= B(07 Qmax)> (12)

where B(0, Qmax) is & bounded, open, origin centered ball with radius Qmax. Associated with the potential,

there comes the Maxwellian
2
exp (~U(31al%))
M(q) = (1.3)

" foexp (—U(Lf@?)) dg
D €XP 5 lal q
which provides the energetically most favorable probability density of the elongation of a polymer chain. A
straight forward computation shows that

MVM ™ =-M"'VqM =U'q. (1.4)
As shown in [5], the FENE-potential defined in (1.1) and the Maxwellian satisfy the following properties on
the corresponding set of admissible elongations D.
(P1) q— U(% |q|2) € C*°(D), nonnegative;
(P2) q— U’(% \q|2) is positive on D;

(P3) there exist constants ¢; > 0 (i = 1,...,5) such that for x = % the following inequalities hold true:

ci[dist (q,0D)]" < M(q) < eo[dist (q,0D)]"  Vq € D,
s < [dist (q,0D)U"(§ laf’) <es,  [dist(q,0D) [U"(4lal*)| < s vaeD,

(Pa) [, [1+ (1+1a) (0) +lal (©")?) | M da < .
Under the additional assumption Quax > V2, the FENE-potential additionally satisfies the following estimates:

(P5) There exist constants cg, ¢; > 0, such that for B(0, (i)l/Q) <D

c7

U -U" >c¢ YqeD and (U)’ —=U">2c;U VqeD :|g?> 2.

2 o
In [18], spatial distribution and configuration of the polymer chains is described by the configurational density
Y 1 2 x D xRE — RY. Following the approach in [7], we define the scaled configurational density function
1[1 = % As the scaled configurational density is defined on the product space of the spatial domain {2 and the
configurational space D, we introduce two different variables, x € {2 and q € D, to determine the position in
the spatial domain {2 and the configurational space D. Consequently, we denote the gradient and the divergence
operators with respect to x and q by Vy, Vg, divk, and divy. Using this notation, the model reads as follows:

O +u- Vi — divg {m(¢)Vxpue} =0, (1.5a)

o = 00D + SW/(8) + ﬁ'«m{ / m}, (15b)
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MOy + Mu- Vi + divg { MUV.T {u} - a

= divq {chquﬁ} + div,, {cquﬂvx (g’(qﬁ) + jg{ﬁ(qb)}) } (1.5¢)

p(9)dru + ((p(¢)u —m(d)p'Vxpig) - Vi)u — divy {2n(¢)Du} + Vip
— 15V + /D 8 (g () + To8(8)) ) Vth + div {3{ /D MY ® q} } (1.50)
divyku=0 (1.5e)

on 2 x R* (or 2 x D x RY, respectively) with the boundary conditions

Vx¢ -ne =0 on 02 x RT, (1.5f)

Vxhip - Nx =0 on 02 x RT, (1.5g)

MV, (gw) n JE{6(¢)}> Ny =0 on 82 x D x R, (1.5h)
(Miﬁvxjs{u} q - chvqﬁ) ‘ng =0 on 2 x dD x R*, (1.50)
u=0 on 002 x R™. (1.5§)

The Cahn—Hilliard type phase-field equations (1.5a) and (1.5b) describe the evolution of two immiscible fluids
in terms of the phase-field parameter ¢ and its chemical potential 1. Thereby, m is the mobility and W is a
double-well potential with minima in +1, representing the pure phases ¢ = +1. The parameters ¢ and § denote
the surface tension and the width of the diffuse interface, respectively. Throughout this paper, we will set
o = § = 1 for the ease of notation and assume a constant mobility, i.e. m = 1. In contrast to other publications
(see e.g. [23,24]), the coefficient ¢y of the center-of-mass diffusion term is kept as it guarantees parabolicity
of the Fokker—Planck type equation (1.5¢) (¢f. [5]). The tuple (u,p) stands for the velocity and pressure field,
respectively, and

p2+p1 p2—p1
p(¢) = - ¢ (1.6)
2 2
is the phase-field dependent mass density of the fluids, where p; and ps denote the mass densities of the pure
phases.
Formal computations (¢f. Lem. B.1) show that the energy

e hw) = |

0
4 /Q 1o(é) Juf?

is not increasing over time. Thereby, the first two terms are the so-called Cahn-Hilliard free energy and describe
the contributions of the fluid-fluid contact area. The next two terms describe the properties of the polymers.
Introducing the entropic functional g(s) := slog s — s, the first one measures the deviation of the configurational
density v from the Maxwellian M. The second one, the so-called Henry energy, describes the solubility properties
in the different fluids: High values of § indicate a poor solubility of polymers, while low values indicate good
solubility properties in the corresponding fluid. The last term in (1.7) is the kinetic energy of the fluids. By
Je o LYN02) = W2(2) (or J. : L'(02) - W*(£2), respectively), we denote the isotropic mollifier which is
defined as

%5 \Vx¢|2+/9%W(¢)+ Mg(d;) + Mjs{ﬂ(‘ls)}i/;

2xD 2xD (17)

TAS) = /Q G-y fy)dy Vxe2,  vfeI\(®) (18)
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where (. (x) = E*dC(Eflx) with ¢ € W2 (Rd) being nonnegative and rotationally symmetric, satisfying

supp ¢ C B(0,1) and having mass one. This mollifier satisfies the following properties.

1T HI L2y < 1l Vf e L*(%2), (1.9a)
1T = TN H 2y =0 ase N0 VfeL*0), (1.9b)
[ Fingax= [ 14y ax  vige1¥@), (1.90)
0 (9]
O, TAfY = TA0w, [} Vfe H (), i=1,....d, (1.94)
ITA 1y < Wiy VF € Hy(£2), (1.9¢)
)

1T lwee oy S CE N fllpiey  Vfe LN (). (1.9f

Restricting (1.5) to the case of a single-phase flow, i.e. ¢, p, and n constant, allows to recover the set of
equations derived by Barrett and Siili [5]. Convergent numerical schemes for this single-phase model can be
found in [7,8]. Neglecting the mollifier and using simplices with curved edges or faces, J.W. Barrett and E. Siili
showed convergence towards weak solutions of a regularized single-phase model (¢f. [7]) and, by passing to the
limit in space and time separately, convergence towards weak solutions of the original model (cf. [8] and [6]).

A first existence result for the two-phase flow model (1.5) was already established by Griin and Metzger in
[18]. In this paper, we suggest a stable numerical scheme for (1.5) and establish the convergence of discrete
solutions for the case of equal fluid mass densities. It turns out, that the resulting existence result is comparable
to the one established in [18].

The outline of the paper is as follows. In Section 2, we introduce the discrete function spaces and operators
used in the discrete scheme. In Section 3, we introduce the fully discrete finite element scheme for the case
of different mass densities and prove a first stability result which suffices to establish the existence of discrete
solutions. Restricting ourselves to the case of equal mass densities, we use Section 4 to establish regularity
results for discrete solutions, which are independent of the discretization parameters. In Section 5, we pass to
the limit as the spatial discretization parameter h and the time step parameter 7 tend to zero.

Based on the regularity results of Section 4, we are able to identify subsequences of discrete solutions con-
verging towards weak solutions of (1.5).

As a proof of concept, we present simulations of oscillating non-Newtonian droplets in two and three spatial
dimensions in the last section.

Notation 1.1. In this paper, {2 denotes the spatial domain of the flow, and D stands for the configuration
space, both sets being contained in R¢ with d € {2,3}. By “”, we denote the Euclidean scalar product on R¢.
Sometimes, we write 27 for the space-time cylinder 2 x (0,7). By W¥?(£2), we denote the space of k-times
weakly differentiable functions with weak derivatives in LP({2). The symbol Wéc P(£2) stands for the closure of
C5°(2) in WEP(£2). For p = 2, we will denote W*2(£2) by H*(£2) and Wr2(£2) by HE(£2). Corresponding
spaces of vector- and matrix-valued functions are denoted in boldface. A similar notation is used for function
spaces defined on D or {2 x D. The space of solenoidal functions with homogeneous Dirichlet boundary data will
be denoted by H&div(ﬂ) = {w € H} : div, w = 0}, its dual space by (H(l)ydiv(()))/, and the duality pairing

between (Héydiv(()))/ and H(l)’div((}) by (.,.). To describe the regularity properties of the scaled configurational

density 9, we introduce the Maxwellian-weighted Lebesgue and Sobolev spaces
L2(Q % D; M) = {9 € Lho(2 % D) 101l 2o poar) < oo}, (1.10a)

X = HY(Q x D; M) == {9 € Lho(2 % D) : 101 piar) < oo}, (1.10b)

X, = {9 € X : 0(x,q) >0 for ae. (x,q) € 2x D}, (1.10c)
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with the associated norms

1/2
H9||L2(QxD;M) = </ M‘9|2> ) (1.11a)
2xD

1/2
1013 iy = ( [ i+ vao + wﬂ) . (1.11D)
02xD

For a Banach space Y and a time interval I, the symbol LP(I;Y") stands for the parabolic space of LP-integrable
functions on I with values in Y.

2. TECHNICAL PRELIMINARIES

This section addresses the discretization techniques used in the presented scheme. We introduce discrete
function spaces, list the essential estimates for the used approximation, interpolation, and projection operators,
and introduce a discrete version of the mollifier 7.

2.1. Discretization in space and time

Concerning the discretization with respect to time, we assume that

(T) the time interval I := [0, 7T) is subdivided in intervals Ij, := [t, tg41) With tx11 = ¢, +7% for time increments
T >0and k=0,...,N — 1 with ¢ty = T. For simplicity, we take 7, =7 = % fork=0,...,N —1.

From now on, we consider the two-phase problem on a bounded, convex polygonal (or polyhedral, respectively)
spatial domain 2 C R in spatial dimensions d € {2,3}. As the mollifier 7. includes a convolution on R¢, we
also consider a likewise bounded, convex polygonal (or polyhedral, respectively) superset £2* of {2 such that
dist (002%,02) > €, i.e. supp(.(x —.) C 2 for all x € 2. We introduce partitions 7,* and 7,* of 2 and 2*
depending on a spatial discretization parameter h > 0 satisfying the following assumptions:

(S1) Let {7;*},., be a quasiuniform family (in the sense of [9]) of partitions of 2* into disjoint, open,
nonobtuse simplices Ky, so that

* = U Fx Wwith hy:= max diam (kx) < diam (£27)h.

Kx €T*
Fox GT’:(* x h

(S2) Let {7;*},., be a quasiuniform family of partitions of {2 into disjoint, open, nonobtuse simplices with
TX C T7**, so that 2 = Us e Fx-

Instead of working with the configurational space D := Bg, .. C R? and simplices with curved edges or faces
(see e.g. [7]), we use a bounded polygonal (or polyhedral, respectively) domain ® D D. A suitable choice for
© might be e.g. the cube of side length 2Q,.x which includes D. We make the following assumptions on the
partitions of 7,* of ®.

(S3) Let {7,'},., be a quasiuniform family (in the sense of [9]) of partitions of © into disjoint open nonobtuse
simplices kg, so that

D= U Rq with hg:= max diam (kq) < diam (D)h.
a HQET}?
kq€T,,
Combining (S1) and (S3), we immediately obtain
hx  hq
cih <hgy < Czh, csh < hq < C4h, — 4+ — <c5 (21)
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as h \, 0 with ¢; (¢ = 1,...,5) independent of h. For both, 7;** and 7,, we use the same standard reference
simplex & with vertices {P;},_, _.a» where Pg is the origin and the P; are such that the jth component of P;
is 51’]’ for i,j = 1,...,d.

We denote the vertices of an element kx € 7% by {P,_;},_, , and define B, € R%*? such that the

mapping By, : R? 5 y — P, o+ B,y maps the vertex P; to P, ; (i=0,...,d) and hence & to kx. The
quantities {Py;} B, and By, are defined analogously.

yeery

i=0,...,d’
2.2. Discrete function spaces and interpolation operators

For the approximation of the phase-field parameter ¢ and its chemical potential 14, we introduce the space
U}t of continuous, piecewise linear finite element functions on 7;*. The extension of U to 7" is denoted by
Uy*. Pressure and velocity field are approximated with the lowest order Taylor-Hood elements, i.e. we define
the space Wy, C H (1)(()) of continuous, piecewise quadratic finite element functions on 7, together with the
spaces

Sp = {HﬁEU,’f : / 0 dX:O}, (2.2)
2
Wh,div = {Wh e Wy : / divy Whaz =0 Veﬁ S Sh}. (2.3)
2

Those spaces enjoy the following properties (see [14] and [21] in combination with the regularity results of [12]):
(TH1) The Babuska—Brezzi condition is satisfied, i.e. a positive constant C' exists such that

(qha divx Wh)
sup —(V————=

> C | (2.4)
wrEW, ”Wh”H(l]((Z) L2

for all g5, € Sp,.
(TH2) The L2-projector Qy, : Hé)div(ﬂ) — W, giv defined by

/ (v—0On[v]) - wp=0 Vwp € Whaiv, vV € Htl),div(‘Q)
Q

is uniformly H(£2)-stable, i.e.
”Qh[V]HHl(Q) <cC ||V||H1(Q) )
and satisfies
v = QnlV]ll L2 () + x IV (v = Qn[V]) 122y < CRZ IVl 2 ()

for all v € H g, (£2) N H?(2).
Similarly to U7 and U}, we denote the space of continuous, piecewise linear finite element functions on
73 by U To approximate ¢ on £ x ®, we introduce the space X := UFX x U That is for a given
basis {Xzai}izl,...,dimU;f of Uy and a given basis {xj ;} of UY, X}, is defined as the span of

j=1,...,dim U}
j=1,...,dim U}

X qa
{Xh’lxh’j}izl ,,,,, dim U o
We define the nodal interpolation operator Z} from C°(£2*) to UX* by

dim U*

Tefa} == > alxi)xka (2.5)

i=1
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. x . . ) Xk x N
where the functions {xj; ;},_ dim U form a dual basis to the vertices {x;},_; i e Of T, e Xk i(x5) =

8;j for 4,5 =1,...,dimU*. In a slight misuse of notation, we also denote the nodal interpolation from C° (£2)
to U¥ by Zj. In the context of the discrete mollifier (see (2.38)), we will introduce a second spatial variable y
and the corresponding operator Z; which is defined analogously to Z}*.

Similarly, we define

dim U}
1. C° (D) — U, a— IMa} = Z a(di) X ;» (2.6)
i=1
: q
where the functions {thi}i=1,..4,dim vs
operators defines the nodal interpolation operator

form a dual basis to the vertices {Qi};_; _gimya Of 7,1. Combining these

I3 CO(2X D) — Xy, aw TYa} =TT Ha}} = THTa}}. (2.7)
Sometimes, we write Z;{a} (or Z3{A}) with a € (Co(ﬁ))d (or A € (Co(ﬁ))dXd) when we apply Z to each

component of a (or A, respectively). We also use similar conventions for Z;} and Z;¢
We define the discrete Laplacian Ap¢y € Sy, for all ¢y, € UF by

/ TAARon0} = — / Vit - VX VO € UF. (2.8)
2 (9]

Using the nodal interpolation operator 7}, we define the norm |||, via
6% = /Qz;;{\aﬂz}, for all 6% € C°(12). (2.9)

It is well-known that this norm is equivalent to the L?({2)-norm on U}, i.e. there exist constants ¢, C' > 0 such
that

cll-lln < W-llpeqay < C Il (2.10)

Similarly, the following inequalities for the L*(£2)- and L°(£2)-norm hold true for all 6% € U (cf. [25]).

/IX 6" /|e;;| <c/ (2.11a)
/zx 16%|° /|e;;| <o/ (2.11b)

For future reference, we collect additional useful estimates related to the nodal interpolation operators.

Lemma 2.1. Let {77}, and {T;},_, satisfy (S1)-(S3). Then the following estimates hold true for all
kx € T, kq € T}, and 1 < p < oo.

1Y) <TE{|0*P}(x)  Vxerx VO € CO(Rx), (2.12a)
IO (@ <THIOY"Ha)  VYaerg Ve CO(Rg), (2.12b)
x40} (x,q)|” < Z;4|0]"}(x, q) V(x,q) € kx X Kq VO € C°(ky X Kq)- (2.12¢)
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Additionally, we have for affine linear functions 0% and 6}

61 < Ol [ 165 (2.130)
1051y < O [ 1031 da (2.130)
Kq
/ V0% dx < Ch;z/ 16%% dx < Ch,:?/ I;{|9;;|2} dx, (2.13¢)
/ IV409? dq < Ch;2/ 109 dq < Ch;z/ I;j{wgf} dq. (2.13d)
. . o

Proof. The inequalities (2.12) are a direct consequence of Jensen’s inequality. Standard inverse estimates (see
e.g. [9], Lem. 4.5.3) yield (2.13a) and (2.13b), as well as the first inequalities in (2.13c) and (2.13d). The second
inequalities in (2.13c) and (2.13d) are a consequence of (2.12a) and (2.12b). O

Using the nodal interpolation operator Z;! mentioned above, we define a discrete version M), of the Maxwellian
M. We start by defining an extension of M on ® via

W= {"Y L3250 214

and continue with its finite element approximation

Mp(q) == cth;‘{M}(q) forallq e ®, (2.15)

with cp, = [[5 T M} dq]_l. As shown in [25], the following lemma holds true which in particular states that
M is continuous and therefore that M, n 1s well-defined.

Lemma 2.2. Let the spm'ngApotential U and its associated Mazwellian M satisfy the properties (P1)—(P5) with
k > 1. Then the extension M of the Mazwellian on ® (see (2.14)) and its discrete approzimation My defined
via (2.15) have the following properties:

o N € (D) with M’% —0.
e The constant cp,, is bounded from below by some constant cpy > 0 independently of hq.

< Chq.

o For hq small enough, cp,, is bounded from above by some constant and we have HMh — ]\Zf‘ o =
LOO

The proof of the lemma above can be found in the Appendix A.
For future reference, we state the following Maxwellian-weighted approximation results for the interpolation
operators.

Lemma 2.3. Let My, be the finite element approzimation of the Mazwellian M defined via (2.15) and let
{TX} a0 and {T;1},, . satisfy (S1)-(S3). Then the following estimates hold true for all kx € T)¥, rq € T,' and
fOT‘ all éh,éh S Xh.

/nxan

My (I — I,’;){vqéh : vqéh}’ dq dx
1/2

~ 12
axiaqjah‘ dq dx (2.16a)

) 2/ 4 a4
gchx</ Mh’vqéh‘ dqu) ZZ/ M,
Kx X Kq

i=1 j=1 KxXKq
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/nxmq My(T = T){ Vs - Vil }| da dx

1/2

- 12
Oy, O, ah‘ dq dx (2.16b)

Kx XKq

V2 (4 4
~ 12
§Chq</ Mh‘vqeh’ dqu) ZZ/ My,
Fox X Kq i=1 j=1

My (I — I;;q){éhéh}‘ dq dx

, 1/2 , 1/2
< CR? ( / M, ‘vxéh‘ dq dx> < / M, ‘vxéh‘ dq dx>
Kx X kg Kx X kg

1/2 1/2
~ 12 ~12
+Ch3< / My | Vb dqu) ( / My |Vl dqu) . (2.16¢)
Kx XKq Kx XKq

In Lemma 2.3, we denoted the identity operator mapping scalar-valued functions onto themselves by I. For a
Proof of Lemma 2.3 we refer to the Appendix A or to [25] or [7]. In contrast to the proof presented in the latter
publication, the Proof of Lemma 2.3 uses (2.1) to obtain [ M|V 40|* on the right hand-side of (2.16b).

/;-cxan

x X Kq
Similar computations yield the following result.

Lemma 2.4. Let {7}, and {T;1}, o satisfy (S1)-(S3). Then, for all kx € T, kq € T}, and for all
fr, o € UE and gn, gn € U3, we have that

[ =T { o] dx < ORIV scfall o 1920 (2.17)
[ =T {fu}| dx < Ol o 19200 (2.18)

) 1/2 1/2
/ |My(I = Z){gngn}| dq < Ch2 (/ M, [Vagn? dq) (/ My, [Vggnl? dQ> : (2.19)

2.3. Discrete versions of the chain rule

As the regularity results in Section 4 will heavily rely on the validity of the formal identities

J'() Vag () = Vb, ¢ () Vag () = Vath, and V1) = LV, [ih]2, (2.20)

we extend the ideas of G. Griin and M. Rumpf (cf. [19]) and J.W. Barrett and E. Siili (cf. [7,8]) to establish
discrete counterparts of (2.20). As we are not able to guarantee i» > 0 in the discrete setting, we start by
defining a regularized version of the entropic function g via

(5) = slogs — s if s > v, (2.21a)
Gpis) = 822_V”2+(10g1/—1)s if s <v, .
, _ log s if s > v,

g,(s) = {jJrlogyl if s < v, (2:21b)

g"(s) = max {v,s} ", (2.21c)
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for all s € R and some regularization parameter v > 0. Additionally, we define a function f, : R — R with

Fl(s) = (g)(s)) " via

1.2
o 58 if s > v,
Fuls) : {us -2 ifs<u, (2.222)

f,(s) =max{v,s}. (2.22b)

v

Using the ideas from [19] and [7], we define for a given function 6), € X}, and a given element k, € 7;* a diagonal
matrix ZX[6,] by

On (P ry,i,0)—0n (Pry.0,9) : .
{é’;[@h]} (q) = {QL(91:&1)»,(,11»Q))IQZ(eh(Pix,OVQ)) if O (Prris @) # On(Prc0,9),

. (2.23a)
O Prr0id) if 0h<an,i7Q) = eh(an,Oa Q)7

for any q € ©. Incorporating the affine mapping from & to kx, we define the matrix-valued operator Z%[.] via
E5l0n)(a)|, == B! -E[0n](a) - BY, (2.23b)

for 05, € Xp. Analogously, we define AX[] via

R S (On(Pry,i:@) = o (On (Pry.0,9))  + ,
[A?f [Hh}} (q) = gh(P/Nx,’ﬂ7q)_9}L(Ph}{x,Uvq;) Tf On(Pry,isq) # On(Pr,,0,9), (2.23¢)
i .f]/ (eh (PHX,O) Q)) if eh(an,ia q) = oh (an,07 q))
ASOn)(a)|,., =B - A¥[Bnl(a) - BE,, (2.23d)
on every ky € T% for 0, € X, and q € D. 29[| is defined via
eh(XP t) 0}1( 0)
[23001] () = { BOPra D)l Peal) 100 Prad) ZOGOPrgo).
‘ (5P ) if O (% Preq 1) = 00 (% Prg0)
B30 (x)|, =BT -E30)(x) - BT, (2.23f)

on every kq € T, for 0, € X, and x € £2.

Remark 2.5. For a simplex kx, which has a vertex P, _o with the property that any two edges intersecting
each other in P, form a right angle, we may define the mapping B, in a way that B,_ is orthogonal, i.e.
B! -B,, is a diagonal matrix. In this case E;‘[]()‘Kx and A’V‘H()‘Hx are symmetric matrices with eigenvalues
greater than or equal to v.
As we will only consider nonobtuse simplices, E’;[]()L{x and A’,j[.](.)|nx may not be assumed to be symmetric.
Nevertheless, their eigenvalues are still greater than or equal to v.

Similar considerations apply to E,‘}[.](.)|Kq and the shape of Kq.

As shown in the following lemma, those operators allow for a discrete version of (2.20).

Lemma 2.6. Let Z9[.], ZX[], and AX[.] be matriz-valued operators on 2 x D which are defined via (2.23). Then

the following identities hold true for 0 € X
I}?{Ei [Gh]VxI,’L‘q{gl’, (0r)}} = Vibh, (2.24a)
TN 00 VxOn} = VI fo (0n) ], (2.24b)
n{E21001V T, g, (0n)}} = Vb (2.24¢)
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Proof. Restricting ourselves to & X kg with the vertices {(f’z, P..i)} we note that the x-gradient of

i,5=0,...d’
Z;%g,(0n(x,q))} for some 65, € X may be written as

d
VI g, (On(x, @)} = > [9,(6n(Pi, @) — g, (0n(Po, a))les, (2.25)
=1

for all x € & and q € kq. Therefore, we may compute on each rkx X kq € T* @ T,

E‘;( [eh] (P”qvj) vxI}’:q{gll/ (0h (X’ P’{q»j)) }

d
=BT E500 (Pryy) - Br, B Y [0, (00 (Prsis Prgs)) = 90 (00 (P, Prg )]
=1
d
=B’ 100 (Provis Prj) — On(Pry0:Prg.j)] € = ViOn(x, Py j), (2.26)
=1

where {Pﬁq,j}jzow.) ; denote the vertices of kg, which proves (2.24a). Similar arguments yield (2.24b) and
(2.24c). O

By definition, the smallest eigenvalues of ZX[.], A¥[.], and Z2[.] are bounded from below by v. As we will
also stumble upon the largest eigenvalues of those matrices in Section 4, we define piecewise constant functions
o= H(x,q), o*H(x,q), and 0%°l(x,q) as the supremum on ry x kq O (x,q) of the largest eigenvalues of

=X and Z3[]| respectively.

X
—v H |mx X kqD(x,9)’ AV H Kx XKqD(x,q)’ Kx XkqI(x,q)’

Lemma 2.7. Let 22[], ZX[], and AX[.] be matriz-valued operators on §2 X D which are defined via (2.23) and

let T and T, be quasiuniform triangulations. Then, for 0}, € Xh, kx € TX, kq € T}, and any nonnegative
M,, € U}, the estimates

/ M TE{E9[0,] : Z9[0a]} < C My + C Mz (6,2 Y, (2.27a)
Fx X Kq Fx X Kq Fx X Kq
/ MATHEX[0] : ZX[0n]} < C My® +C Mz 10, 12), (2.27D)
Kx X Kq Kx X Kq Kx X Kq
/ MyZ{AZ[0h) : AZ[0,]} < C Myv? +C M,Z;4
Kx X Kq Kx X Kq Kx X Kq

, (2.27d)

e 2
/ My, 0= (x, q)| < C’/ Myv/? +C’/ M,Z; 4 , (2.27¢)
Kx X Kq Kx X Kq Kx X Kq

x 2
/ My, o™ h(x, q)| <C / Myv? +C / M, T4
Kx X Kq Kx X Kq Kx X Kq

hold true with some C > 0 independent of h, My, v, and 0},.

(2.27f)

{lon)

{lon”}

{16a1°}, (2.27¢)
/ My [o=20] (x, )| < C/ Mhu2+c/ﬁxmq Mhz,’;Q{\ahﬁ}

{lonr*}

{lonr*}

Proof. To prove (2.27a)—(2.27c), we will use the well-known estimates

I8 IBE) <o ||B:7||BE,

<C, (2.28)
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with the Frobenius matrix norm [|.||, which hold true for quasiuniform triangulations (¢f. [11]). Denoting the
supremum on Ky X Kq of the largest eigenvalue of ég[eh] by =[] we compute

B[ |Br | ana{Esen : 221}

| el e <c [
Kx X Kq Kx X Kq

2q 2 =aq 2
<cC Myd o= (x, q)| =C / Myd |05 (x,q)| ", (2.29)

x XKq

Kx X Kq

as 29[0] and 29]0}] share the same eigenvalues. Combining (2.23¢) with the mean value theorem yields

max < v, max 6y
Kx XKq

Due to the structure of X n, this maximum is attained in one of the vertices of kx X kq. The estimate

2
<%+ max |0,]°. (2.30)

Kx X Kq

2 2

=0 (x, q)| = o= (x, )| <

d
2 X
/ Mh max {Hh}2 S/ Mh Z ‘Qh(anﬂ',P,ﬂqJ‘)‘ S C MhIhq{\9h|2} (2.31)
Kx X Kq fix X Kq Kx X Kq i,5=0 Kx X Kq
finally yields (2.27a) and (2.27d). Analogous arguments show (2.27b), (2.27c), (2.27e), and (2.27f). O

As already indicated by their definition, the quantities 22[0}], Z2X[0;], and AX[0;] are meant to be local approx-
imations of 6, € X},. The following lemma characterizes the quality of the approximation. As =4[0,], EX[04],
and AX[0y] are positive definite matrices, the quality of the approximation will naturally depend on the negative
fraction

[]_ : s—[s]_ :=min{0, s} (2.32)
of 9}1.

Lemma 2.8. Let Z3[], ZX[], and AX[.] be matriz-valued operators on §2 x D which are defined via (2.23) and

> v A~
let the triangulations T;* and T,* be quasiuniform. Then, for 0, € Xy, kx € T, kq € T,}, and any nonnegative
M, € U}, the following estimates hold true

/ M TE{ [E2[0n] - 0012} < c<ha / MTE{IVa0n 12} + / My + / Mhzz‘*{w}), (2.33a)

Kx XKq Kx XKq Kx XKq Kx XKq

/ MhIq{F"[G -6 ]1\2} < c<h2/ M, Iq{\v 0 \2}+/ M y2+/
r!I=vIYh h = x h+p xVh h

Kx X Kq Kx X Kq Kx X Kq K

/ Mz |A%10n) — 0412} < c(;ﬁ/ Mz V041 +/ My +/
Kx XKq Kx XKq Kx XKq K

[ mz{Eze - azeary < ot [ anzp{iv.en), (2.334)
Kx X Kq

Kx XKq

K.

MhZ;L‘q{[G;L}Q_}>, (2.33b)

x X Kq

Mhz;‘Q{[ehﬁ}), (2.33¢)

x X Kq

where 1 denotes the unit matriz in R*%,

Proof. We start with the estimate

/“xm Mhzf{Eg[@h] —~ 9h]1|2}

<C MhIif{

Kx XKq

2 2
23[0s] —g’y’(ﬁh)‘lll’ }+C/ MhI,’:{ g0 '1 —9h11’ }
Kx X kg

= 1+1I. (2.34)
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Similarly to the proof of Lemma 2.7, we use (2.28) to gain access to the entries of the diagonal matrix Z9[6}].
Then, we use the affine linearity of 6, with respect to q to compute

e [ LI B
Kx X Kq

. 2
=310p] — max {v, Hh}ll‘ }

<C Mhdl',’f{ ‘jﬂ?ﬁdmax {v,0,(x, P )} — j:Irlnnd max {v, 0, (x, Py, ;) }

Kx XKq

§
2
} (2.35)

d
2 2
<O [ M IO iy < O [ Mu S Vel (P

Kx X Kq

<C My dTE {

Kx XKq

jmax On(x,Prg i) — min 0n(x, Prg;)

vy

Kx X Kq i—
<o [ mz{Ivanl},
Kx X Kq

where we used that V460, is constant with respect to q on each simplex. Concerning the second term, we use
that ¢/ (s)"' = s for s > v.

2 2
1 gd/ My v — 105 II° <C Mth/2—|— eth
. H [ ] HL (kxXKq) Kx X R [ ] L>®(kx XKq)
d
<C Muv? +C My, Z 00 (P i ana’)]i
Fx X kg Fx X Fq i,j=0
<C My +C Mhz,’jq{[eh]i}. (2.36)
Kx X Kq Kx X Kq

Therefore, (2.33a) is proven. Analogous computations yield (2.33b) and (2.33¢). Noting g{,’(ﬁhfl = f/(6p,), the
last inequality follows from

/meq MhL?{E’,f[@h] - A:lf[ghﬂz}

<C Mhz;j{

Kx XKq

=il oo 1 bee [ ana{inen - sl e

Kx X Kq
with arguments similar to (2.35). O

2.4. A discrete mollifier

In this subsection, we introduce a finite element version of the continuous mollifier J.. It will turn out
that a suitable weak formulation (or discrete scheme, respectively) allows to drop the properties (1.9a)—(1.9¢).
Therefore, we only demand that the discrete mollifier satisfies an inequality similar to (1.9f) and converges
towards J in a suitable sense (cf. Lem. 2.11).

We define a discrete mollification operator J; j analogously to (1.8). Again, we start with a nonnegative,
rotationally symmetric ¢ € W2 (R?) satisfying supp¢ C B(0,1) with mass one. We then define (.(x) :=
£~ (e71x) and finally J. j via

Tl ) = cr(x) /Q TV (G (x— y)}(y) dy. (2.38)
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for f € L'(£2) with the nodal interpolation operator 77 which is equivalent to Z;* but works on the spatial

variable y. The weight function cz(x) = [[z. Z} {¢(x — ¥)} dy] ™" reduces the impact of the triangulation on
Je.r but inhibits a property similar to (1.9¢). As we defined §2* such that dist (£2,942*) > ¢, it suffices to write
c7 in a practically more convenient way as

-1

o= | [ Bicx-yay] (2:59)

Lemma 2.9. Let {T}*},_ and {11}, _, satisfy (S1)-(S8) and let cz be the weight function defined via (2.39).
Then there exists C' > 0 independent of hy such that

”cj”[/VLOO(_Q < 0(5)7 (240)
)
for hx small enough.

Proof. Using frz* ((x—y)dy =1 for all x € 2 and the standard error estimates for the interpolation operator
(see e.g. Thm. 4.4.4 and Them. 4.4.20 in [9]), we obtain

[ met-yyay= [ co-viay+ [ @ex-y)-cx-y)dy
2+ 0* 0*
>1- Z ‘KX| ”CE(X_ ) —I,{{Cg(x— ~)}||Loo(,.@x)
€Ty (2.41)
>1- Z x| ChZ [¢o(x — -)|W2,oo(,{x)

R €T

>1—C 2| hg Gl oo (ray 2 1 = C(e)h 2 Cle) > 0,

for hx small enough. Therefore, [|c7[ ;) is bounded from above by 0(5)71. Combining this result with

—2
O ()] < [ / I;Z{@(x—y)}dy] o [ TGOy ay
2* 02*
dim U (2.42)
=300 | [ 3 Belele 3, ) dy| £ 509127 1ol
j=1

for all i = 1,...,d, where {x7 ;} form a dual basis to the nodes {y;}._, - dim U with

j=1,...,dim U¥* J=1,..

Z‘;l:ni Un” Xz,j (y) = 1, yields the result. O

The mollifier J. was constructed as convolution with a W% (R¢)-kernel, which allowed for the estimate
(1.9f). In the discrete setting, the interpolation operator Z; decreases the regularity. However, we still have an
analog to (1.9f) for the W1:°°(2)-norm of the discrete mollifier.

Lemma 2.10. Let {7}, o and {T;1},_ satisfy (S1)-(S3) and let cg be the weight function defined via
(2.39). Then, the discrete mollifier J. j defined in (2.38) satisfies

I Tem{f w12y < CE N fllpiay  for all f € L1(12), (2.43)

with some C(e) > 0 which is independent of hx.
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Proof. We use the result of Lemma 2.9 and the regularity of (. to compute

1T oy < 30 (a0 [ (B0 = 0179 )

(2.44)
< Clellmquey [ 1£] dy < CEONlsscoy-
Applying the product rule on the derivative of J. 4 {f} yields
0T < 10es ) [ TG =173 dy
Hler(l [ 10T (6x -y 1)) . (2.45)

The first summand is bounded from above by C(e) || fll;1() due to Lemma 2.9 and the regularity of (..
Concerning the second summand, we have |lc7 ||« () < C(€) and may apply the mean value theorem to obtain
the desired result. ]

With the following lemma, we prove the convergence of J. ,{f} towards J.{f} for f € L1(£2).

Lemma 2.11. Let be J. be the mollifier defined in (1.8) and J. ) the finite element version of J. which is
defined in (2.38). Furthermore, let {T7*}, o and {T;1}, _ , satisfy (S1)-(53) and let cz be the weight function
defined via (2.39). Then, there exists C > 0 independent of hyx such that

1T} = Tl e ) < € L1y (2.46)

for f € LY(£2) and hyx small enough.

Proof. We start with the estimate

”Je,h{f} - je{f]’”wl,oo(g) <

7 [ @G =)= 6l — ¥ dyH

Wioo ()
" H(l ) [ Gl =) dyH —TeIL (247)
2 W ()
Applying the product rule on I yields
I <lealhysmio | [ @G -} - &l =)o) ay
“ L) (2.48)
ey x| [ @G =90} = Gl =9 )1() dy
i=1,.., 0 Lo(0)

Lemma 2.9 provides [lc7[ly1.0(o) < C(e). To control the second factors in the terms on the right-hand

side of (2.48), we denote the dual basis to the nodes {y;},_; gimpx by {Xij} . Noting
=hes i 7] =1, dim Uz~

Z;h:ni i X3 ;(y) =1fory € 2, we compute for x € 2

dim Uy
sug |(I;){{<€(X —y)} = Cx—y)l = SUI()Z Z (Ce(x— yj) —C(x— y))XZVj(y)
ye ye =1

<sup  max o |G(x—y;) —C(x—y)[ < Cle)hk, (249
yER J:yEsuppX} ;
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where we used 0 < xjy ; < 1 for j = 1,...,dim U}, (%) = ¢(¥)] < C(e)[x —¥| for X,5 € 2 (as ¢ €

.....

sup |0, (Zy {¢e(x = ¥)} = G (x = ¥))| < C(e)hx- (2.50)
Combining (2.48) with Lemma 2.9, (2.49), and (2.50) yields
I <O@)hx 1fllLr (g - (2.51)
To control 11, we compute
I1< O =gl oy 1 s <oy - (2.52)

As (190 yields [T s mqa) < 1T hwamga) SCE) gy it remains to show  that
11=cg()llwren < hxC(e). From (2.41), we have Jo- T{¢(x—y)} dy > 1 — C(e)hZ for x € 1.
Analogously, we may compute [,,. Z) {¢.(x —y)} dy < 1+ C(g)h2. Hence, we have for h, small enough

LI .= dy —1 h2
11— 7Ol o = ‘ %fz{ﬁé« y>;)}>/01 = 1f‘<g,g)h < C()2. (2.53)
Noting [,. ¢-(x —y) dy = 1 for all x € {2 and reusing the idea of (2.50), we obtain
[0, (1 = cg (Nl L~ (@)
< el 1271 sup |0, (T {C(x = y)} = C(x = ¥))| < C(e)hx (2.54)
yEQ*, xEN
for i =1,...,d, which completes the proof. O

By applying J. 5 on each component of a vector-valued function f € Ll(.Q), we obtain a discrete version of
J < denoted by J. which satisfies a vector-valued version of Lemma 2.10 and Lemma 2.11. As we will not
consider the limit € \, 0, we suppress the dependence of constants on € and denote the discrete mollifiers by 7},
and Jp,.

3. A STABLE, DISCRETE SCHEME

In this section, we introduce a stable, fully discrete finite element scheme allowing to approximate the solutions
of (1.5) in the case of different mass densities and establishing an a priori stability result for possible solutions.
An existence result may easily be deduced using Brouwer’s fixed point theorem.

As we show in the subsequent sections, the presented scheme is convergent in the case of equal mass densities.

As the mass density function p depends affine linearly on the phase-field parameter ¢, it is positive as long

as ¢ stays in the interval (—0t™", At™") with 2t := ‘%‘ < 1 denoting the Atwood number. Since there is no
mechanism guaranteeing that ¢ stays in this region, we introduce a regularized mass density function (cf. [15)).
Picking some parameter ¢ € (1,91t71), we approximate the mass density of the two-phase flow by a smooth,

monotonously increasing (or decreasing, respectively), strictly positive function p satisfying

ﬁ(fﬁ)}(_g,_,_g) = L2fh Dol (3.1a)
ﬁ(¢)|(_m,_$] = const, ﬁ(¢)|[+6,+oo) = const. (3.1b)
As the original mass density p depends affine linearly on the phase-field parameter, we introduce z% = 52§ﬁ !

as an approximation of the derivative of p (cf. [15]).
Similarly to [16], we make the following assumption on the general structure of the double-well potential W.
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(W1) W e CHR;Ry) with |W(s)s™3| — oo for |s| — oo such that W’ is piecewise C'! and that its derivatives
have at most quadratic growth for |s| — oco.

We allow for different discrete approximations of the derivative W’ which we denote by W} : R? — IR(J{ .
Thereby, we will assume that the following conditions hold true.

(W2) There is a positive constant C' such that for all a,b € R
Wi(a,0)| < C(1+ Jaf + o).

(W3) W/ (a,b)(a—b) > W(a)—W(b) for all a,b € R.

(W4) W/ (a,a) =W'(a) for all a € R.

(W5) There is a positive constant C, such that for all a,b,c € R

W} (a,b) — W} (b, c)| < Cla® +b* + c*)(Ja —b| + |b— ¢|).

Remark 3.1. In the simulations presented in Section 6, we will consider a polynomial double-well potential
with penalty terms which reads

2
W($) = 1(1—¢°)" + §max{|¢| - 1,0} (3.2)
with some penalty parameter 0 < §’ << 1. This approach often suffices to confine the phase-field parameter to
an interval close to the physical meaningful interval [—1, 4+1]. The double-well potential defined in (3.2) satisfies

(W1). Suitable choices for W} (., .) satisfying (W2)—(W5) are e.g. discretizations using a difference quotient or
the classical convex-concave splitting (cf. [16]).

For the approximation of ', we use a difference quotient, i.e. we define 3}, by
pp DQ

B@)=BOb) ;¢ b
oata.t) = { g8 K7D (33)

for all a,b € R, which immediately yields 5}, (a,b)(a —b) = B(a) — B(b) for all a,b € R.

Denoting the backward difference quotient in time by Q; and using the above definitions, we introduce
the following discrete scheme. Given gbzfl e Uy, ,?71 € X;, and uzfl € Wi, div, we compute a quadruple
{(bﬁ, P s @Z,uﬂ} e U x Uy x X, x W, giv solving

[ zriozonen) - [ ot vy

Q Q
+ T/ (minpgfl)‘l y¢;;*1|2 Vi, - Vb +/ Vit p - Vi =0 V0% € U, (3.4a)
0 Q
[ Tty = [ TEWie o + [ 090+ (1= )Vt - Vo

+ / Iﬁ{yh{zz‘{ﬂbQ(asz,qbz—l) 1) / <Mh+m>zz3;;-1} W% € UF, (3.4)
0 D
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/ (Mj, + m)z;;Q{a;z/};;eh} - Myul -Iq{ vxeh}
02X 02X
[ (VTHT (R} TiaM) - TSR Vet )
02xD

(1 =) /Q XDcxMhI,?{(E’,f[lﬁﬁ]VxI;q{gf,(Aﬁ)"’jh{zz{{ﬁ( }) h} (3.4¢)

Jﬂ/nx@ cxMhIZ‘{(A"Wh]V IXq{gy@/}h)JrJh{Ix{ﬂ(qsh }}}) v gh}

+ / caMiTE{ Vatil - Vot } =0
2xD

V@h c Xh,

/ 3(Ph +7h~ 1)8;UZ'Wh+%/5‘ pru - wy,

2 17
3 [ (o) wa) w4 (T wg) g

2 o
[ (7)o wn) Vs = [ G5 ((Fw)” ) - Vo
2/, 00 xUp h e N ) 09 xWh h xl
+‘/-QQII);{7](¢Z)}DUZ:th:_‘/nqszflvx’ug’h.wh (3.4d)

- Mywy, -I;?{Aﬁ[iﬁZ]VxI;‘q{g’u(d?Z) +jh{I;;{5(¢g)}}}}

- /Q (VRTETu{wi}} - THaM)) - Vo
Ywi, € Wi, divs

with some fixed ¢ € (0.5,1], v € (0,1) and some regularization parameter m > 0. To simplify the notation, we
used the abbreviation py := Z7{p(¢}) }. For better readability, we introduce the discrete version of the chemical
potential of the polymer densities as

=T gL + TudBO}} € K (3.5)
form=1,...,N.

Remark 3.2. As (3.4a) and (3.4b) do not depend on 7 and uy, it is possible to compute ¢} and K.
separately before advancing to (3.4c) and (3.4d). To maintain stability, the third term in (3.4a) was added.
Similar splitting ideas have previously been used in [3], [20], and [26] for a model of magnetohydrodynamics and
for diffuse interface models for multi-phase and two-phase flows, respectively. For the case of a pure two-phase
flow with different mass densities without any additional species, convergence of this splitting approach has
been established in [16].

Remark 3.3. For time-discretizations of |, o Vx® - Vx0*, we have chosen a compromise between

Vadh - Vadr 07 = 3 [Vadh + 55 [Vaeth = Vadi | = 45 [Vaetp ™[

and

L(Vath + Vadh 1) - Vidr 6h = & Vadii = 3 [Vaes '
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to reduce the numerical dissipation of the scheme (cf. Sect. 4.2 in [25]). Although the scheme is still stable for ¢ =

0.5, the presented proof of convergence requires ¢ > 0.5, as we need to control 7 Sory fQ |Vx¢ﬁ — quﬁl,ffl {2
(¢f Lem. 5.1).

Remark 3.4. The choice of A’V‘[@@Z] as an approximation for ¢) in the x-convective term in (3.4c) allows to
establish improved regularity results for the scaled configurational density ¢ (¢f. Lem. 4.5). Unfortunately, this
enforces the application of AX[1)}] on the right-hand side of (3.4d). As a result, we will need control over

MAT (SRt ) - Tt }

02xXD

to prove compactness in time for the velocity field (¢f. Lem. 4.8). Therefore, the approximation of ¥ by
(1 — 7)EX[(7] + yAX[¢p] in the fourth and fifth term in (3.4c) is necessary.

Replacing AX[¢7"] by ZX[¢1] also results in a stable scheme, but by now there is no technique at hand to
improve the regularity of ¥ and therefore to prove convergence of this version of (3.4).

As Mp, vanishes on the majority of D\ D for hq small enough, we introduced the regularization parameter m
to prevent definition gaps in (3.4c).

Remark 3.5. By choosing weakly solenoidal test functions in (3.4d), we eliminated the pressure term, which
is more convenient for the analysis of the scheme. As shown in ([14], Chap. 1, Sect. 4), the formulation in (3.4d)
is equivalent to the straightforward approach using w € W, and the pressure term — |, o P divy w, as W, and
S satisfy the inf-sup condition (cf. (THI)).

After passing to the limit in Theorem 5.2, one may recover the pressure in a very weak sense following the
procedure discussed in [28].

Remark 3.6. In the third term on the left-hand-side of (3.4c¢) and in the third term on the right-hand side
of (3.4d) we used Z;}{qM},}. At this point, the interpolation operator is neither necessary for stability nor for
convergence, but it reduces the costs of an exact integration of these terms.

Testing (3.4a) and (3.4c) by 1 shows that solutions to (3.4), if they exists, satisfy the conservation properties

/ngg:/gﬁ—l and /QXD(Mh+m)1ZJZ/QXD(Mh+m) net (3.6)

forallne{1,...,N}.
As shown in the following lemma, the scheme presented in (3.4) is consistent with thermodynamics in the
sense that the discrete version of the energy

enton i) =5 [ (Wl + [ v+ [ onemze{o o) .
[ ot mz{iameenn} + 4 [

is not increasing. In particular, testing (3.4a) by Tpug ,,, (3.4b) by 707 ¢, (3.4c) by 7wy, 4, ,, and (3.4d) by Tuj
yields the following result (cf. [25]).

Lemma 3.7. Let W and W] satisfy (W1)- (W5) Furthermore, let (T) and (51)-(S3) hold true. Assuming

n=>c>0and B >0, asolution (¢}, wy ., wh,uh) € U x Uf x X, x W, div to (3.4), if exists, satisfies for
n=1,...,N
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2

Sh(gﬁvaZ?uZ) + 2§;1

o=V 4 g
o [ Va7 [ 2Tl Du

x } (=af),n xq [ 1 ny 1Y . xaf 1/ 5n
4r /Q X@chhzh{(um]quh {o,i)}) - Ve o}

T /QX33 CxMhIZ{ (((1 —ES[R] + vA’J[ﬁZ])vx%h,y) : quﬁ,h,y}

< &y (3.8)
with given initial data (¢9, Ag,ug) € Ur x X, x W div-

As we can not guarantee zﬂ}’: > 0 for n € {1,...,N}, the Henry energy, i.e. the term
Jovo (Mn+ m)I,’L‘{@ZAJZJh{I}’L‘{ﬁ(qSZ)}}}, may become arbitrarily negative and therefore Lemma 3.7 alone does

not provide stability of the scheme. By enhancing the ideas of [7], we refine this result to guarantee stability.

Lemma 3.8. Let initial data ( 2,1/32,&,1) € U x X, W aiv be given, let W and W}, satisfy (W1)-(W5),
let (T) and (51)—(S5) hold true, and letn > ¢ >0 and 8 > 0. Forn=1,...,N, a solution (¢}, pi 1, ﬁg,uZ) €
Ux x Uy x X, x Wi aiv to (3.4), if exists, satisfies

n|2 X n
s [ vl + [ vy + [ onmne{aen)
S R A GRS A
+2192_1i/ ‘Vx(?i—vx(b’;*l’?-in/ﬁlfi*l|uh—uﬁ 1
k=179 k=174
- k|2 - Tx k k|2
w32 [ Vel 73 [ ome{utoh} pu]

n

> /Q T { (SHAIVGTE g O }) - VaTi {0 |}

+7'Z/

e T (O = W+ oA V) - Vbl )
X

S Cgh(¢h7 whv uh) + Cv (39)
with some constant C' > 0 independent of h, 7, m, and v.

,,,,

Proof. We consider a dual basis to the nodes {xi},_; qim Uz and {q;},_, dim U which is denoted by
{X;;,i}i:l,.“,dimU;; and {Xg,j} i U9 Furthermore, we denote 7 (x;,q;) by ¥y, ;; and define positive
weights \;; := f()x@ (Mp, +m)xh thj for alli e {1,...,dimU}}, j € {1,...,dimU;'}. We compute

dim U dim U}

Z Z )‘ijgu@fyf,m)
=1 j=1
Z )\ijgu<’([}2,i7j> +3 Z Aijguwﬁi,j)- (3.10)

i, >0 ig iy, <0

N

s nmne{a@i)

N
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As there exists a v-independent lower bound for g,, the first summand is bounded from below. From (2.21a),
we have for negative ¢y ; »

n Wral2 v 1., 2 v
9v(Vh i) = QVJ 3 + ¢y j(logy —1) > 5[1/%,1',]'}, — (3.11)
as [1/;,71‘7i7j]_(10gu — 1) > 0. Therefore, we have
1 X . 1 x ~nr2
5 / My + Lo} = —c+ — [ o+ mz{ )’} (3.12)
2 N2xD 4v N2xD

On the other hand, we may apply Young’s inequality to compute

/ My + T TTEB 7 ) = / (M, + )T SATEB (SR DR}
2xD 2x® (3.13)
>0 | (M +mn{r} - s
02X

with 0 < 6 << 1 independent of v. Combining (3.12) and (3.13) provides

(-0 [ onemno (@t} < [ on mz{GTEEe )

N2xD N2xD
+3 / (M, + m)I,’jq{g,,(z/};;)} +C. (3.14)
NxD
Applying this on a discrete integration in time over the result of Lemma 3.7 provides the result. O

At this point, we want to emphasize that the constants in Lemma 3.8 does not depend on the mollification
parameter . Combining the a priori estimates above with Brouwer’s fixed point theorem, we obtain the existence
of discrete solutions (cf. [25]).

Lemma 3.9. Let the assumptions (W1)-(W5) hold true. Furthermore, let 3 € C*(Rg) N WL>(R) and n €
CY(R) N WLe(R) with n > ¢ > 0, then for given (qﬁz_l, Aﬁ_l,uz_l> € Ur x X, x Wh.aiy and a given time

increment T > 0, there exists at least one quadruple (Cf)Z,#Z,hal/;ﬁauZ) € UF x Uy x X, x W aiv satisfying
(3.4).

4. COMPACTNESS IN SPACE AND TIME

From now on, we restrict ourselves to the case of equal mass densities. Without loss of generality, we assume
p = 1. Furthermore, we make the following general assumptions

(A1) The spring potential U and its associated Maxwellian M satisfy (P1)—(P5) with some x > 1 such that
Lemma 2.2 holds true.

(A2) The discretization in time satisfies (T).

(A3) 27 and 2 are bounded, convex polygonal (or polyhedral) domains with families of partitions {7}, _
and {7;%}, ., satisfying (S1)-(S2).
D is a bounded polygonal (or polyhedral) domain with a family of partitions {7,}, _ ; satisfying (S3).

(A4) Assumptions (W1)—(W5) apply to the double-well potential W and the time-discrete approximations of
its derivatives.

(A5) The mollification operators J. and J . are defined by (1.8), while their discrete counterparts J;, and Jp,
are obtained via (2.38).
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(A6) B, n € C®(R)NW2>2(R), and there exist constants ¢, ca > 0 such that
0<B(s) <o c1 <n(s)<ce VseR.

(A7) There is a constant C' > 0 such that h§ < Cm with the £ > 1 used in assumption (A1). Furthermore, hy
and v satisfy the relation % — 0, as hyx, v \, 0.
A8) Let initial data #° € H2(£2;[—1,1]) and U° € H} ;.. (£2) be given such that we have for discrete initial
0,div g
data ¢f) = Z3{@°} and uf) := Q;,{U"} uniformly in i > 0 that

s+ [ |l [ Vet + [ TR} < 0 < o

(A9) Let nonnegative initial data for the scaled configurational density be given as 0 € [2(2xD). We
compute discrete initial data 1/)2 via

. e mm it} e [ a0ze{wig- v}

02xXD

+7 MhI,’{{tig . quh} = / (Mh + m)lf/OGh Vo, € Xh. (4.1)
2xD 2xD

Remark 4.1. The definition of the discrete initial data is an adaption of the ideas used in [7]. As shown in
[25], it is also possible to adapt (4.1) to allow for ¥° € L?(2 x D; M).

Lemma 4.2. Under the assumptions (A1), (A3), (A7), and (A9) the discrete initial data 1/32 satisfies

/1 Mﬁ+mﬂ?ﬂﬁf}+7 Ahﬁﬂvdﬂ?+7 ﬂhﬁﬂvﬁﬂ?ﬁc, (4.2)
22X 02X

2xD
with some C > 0 independent of h, 7, m, and v. In addition, we have

op > 0. (4.3)
To prove this lemma, we need an additional result concerning the Maxwellian M and its discrete counterpart
Myp,.

Lemma 4.3. Let (A1) and (A7) hold true. Then there is a positive constant ¢ independent of h, 7, m, and v
such that

M(q) < ¢(Mjy(q) +m)
forallqe®.

Proof. Let T, C T, be the set containing all kq € 7, satisfying kq C D and dist (kq, D) > hq. Then we

inner

have for every kq € 'Th(finner
Ignnﬂq)zcﬂma(myapnﬂ (4.4)
qtkq
max M(q) < co[dist (kq, OD) + hg]”™ < c22"[dist (rq, OD)]" (4.5)
qEkq

with £ > 1 due to (P3) and therefore

M < max M(q) < €2-2a min M(q) < <22- M, (4.6)

(& c — ci1cC
q€E€kq 1 M q€kg 1CMm
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as cp, > ey (see Lem. 2.2). We use (P3) and h§ < Cm on every kg € 7,1\ 7, to compute

inner

max M(q) < Chf < Cm. (4.7)

qErq

Proof of Lemma 4.2. Testing (4.1) by 1[)2 € X yields
a2 12
(1_5c)/ (Mh+m)z;;q{‘¢2‘ } 7 Mhz;g{‘vxw%\ }
02XxXD 2XxXD

~ 12
+r Mhz;f{’qupg‘ } <C (4.8)
02xXD

and therefore (4.2) for § small enough. The nonnegativity of 77/;2 follows from standard arguments (c¢f. Chap. 11
in [29]). O

Combining Lemma 3.8 with the regularity assumptions on the initial data and noting

/Qm (M + m)I;fq{gu(i/;g)}‘ < /QX@ (Mj, +m)I}’fq{‘¢2r} +C. (4.9)

for 1&2 > 0, we obtain our first regularity result.
Lemma 4.4: Let the assumptions (A1)-(A9) hold true. Then forn =1,...,N a solution {¢},, i} . PP up} e
U x UF x Xp, X W, giv to the equal density version of (3.4) satisfies

[vset+ [ e+ [ onemzo{an} ot [ emze (i’ )

02xD

n n n
AR o) AL R NS o) A R D oy L
° k=1"4 k=1"4 k=179

+ Z_j | 2ztntoh} [oul +Z_j | wz{ (2 {aoh)) - v {aoh})

n

+ T}; n MAZR{ (1= SR + YA ) Tt ) - Vot g } < € (4.10)

with some constant C' > 0 independent of h, T, m, and v.

Starting from this result, we use the specific discretization of the x-convective term in (3.4c) to improve the
regularity results for the scaled configurational density. In particular, we establish the following lemma.

Lemma 4.5. Let the assumptions (A1)-(A9) hold true. Then for T small enough, there is a positive constant
C > 0 independent of h, T, m, and v such that

[ onemar{faf} 5 w1}
2xXD i Joxo
n . 9 n ) )
+TkZ:0 s Mﬂ;‘?{‘vx%’i’ }+Tkz_0 s MhI,’f{‘tib,’j’ }<C (4.11)

for allm € {0,...,N}.
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Proof. By testing (3.4c) by ’Q/AJZ for n € {1,..., N}, we obtain

0= /Q nemz o) - [ My T AT

2xD

[ TR} THaM ) - T 00 Vet
N2xD

+ 1= [ T3 (ST - Vet )

o [ et { (ATatan) Veii)+ [tz { Ve
2xD 2xD
=I+I1I+1IIT+IV+V4+VI

}
Combining (2.24b) with the weak solenoidality of u}, we obtain

r=- | M TV £} ) =0

Applying Young’s inequality with 0 < § << 1, Lemma 2.10, Lemma 4.4, and Lemma 2.7, we compute

IIT+1V > (1 —7)(cx — 9) MhI,?{‘sz/?Z
02xD

2 ~ 12
boo [ wnzef[vain'}
2xD

Bl

Applying similar arguments on the fifth term on the right-hand side of (4.12) yields

—Cy { My + Mhz;jq{ b
02X N2xD

1% =v/m© cxMhI;}{(A’,j[qﬁZ] .Eg[z;g]*lvx@g) 'de?;’}}
-l-’Y/QXD CxMhI;?{(Aﬁ[@Z]VXI;{Jh{I;’f{ﬂ(qSZ)}}}) ‘inﬁ;?}

> th;;‘{\vxz/?:z
2XxXD

B!

as A% [1&2] -ZX[Yp]  is positive definite. Combining the above results and multiplying by 7 yields

L2 . 2
%/ (Mthm)I,’fq{ n }Jré/ (Mthm)I;fq{ no_ _1‘ }
02X (9}

~ 12
(1 —7) / cxMhI,?{‘wa;f } +r chhIh{’vq¢h
N2xD N2xD

2 ~
} —’)’C(;|: MhV2 + MhI;;q{ n
2xXD

2xXD

}

} +7C Mhl/z.
N2xD

— 75 MhI,‘j{’qu/};j
2xXD

Sy

2
} —76 [ m{|Vai
02xD

}
i 1‘ }+TC’0 Mhqu{

N2xD

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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For ¢ small enough, we have (1 —7)cx —6 > ¢ > 0 and ¢q — 0 > ¢ > 0. Therefore, a summation in time yields

s o +m>z,’:Q{ i
2xXD

2 n R R 2 n 2
}+ oyl (Mh+m>z;;q{}¢;g - }mz Mhzg{\vxwz\ }
k=1 N2xD 1 2xD

+er Y M;ng{‘vq%r}gé/n @(Mh+m)z;;‘1{’i)2
X
2 n—1 2
}+Tcz MhI}’fq{‘w;’i’ }+mc. (4.17)

k=1 2xD
k=1 2xD

n
h

+ TCO MhI});q{
2xD

As the constant Cy on the right-hand side depends neither on 7 nor on the solution itself, we may safely

{zziz

assume 7Cy < 1. Absorbing 7Cq Joxo MiZ?

2
} on the left-hand side and applying a discrete version of

Gronwall’s lemma (see e.g. [31]) shows

A2 n . . 2
[ onrmzela X [ e mzs{]it- o[}
N2xD k=1 2%xD
n "2 n "2
+7Y MhI,?{’deJZ’ } +7ry Mhz,’;{’qup,’;’ } <C (4.18)
k=1 2XxD k=1 2xD
for n € {1,..., N}. Combining (4.18) with Lemma 4.2 completes the proof. O

Following the arguments in [15, 16, 18], we establish the following regularity results for the phase-field
parameter.

Lemma 4.6. Let the assumptions (A1)-(A9) hold true and let T be small enough. Then there is C > 0
independent of h, T, m, and v such that

‘/ ug,h
1)

3718068 gy + 2 7 10h ey < © (4.19)
k=0 k=0

forallne{l,...,N}.

Lemma 4.7. Let the assumptions (A1)-(A9) hold true and let 7 be small enough. Then there is C > 0
independent of h, T, m, and v such that

N—1
T ;;) 165 = 8Fl[;200) < Clr (4.20)

foralll e {1,...,N}.

Proof of Lemma 4.6. A straightforward computation relying in particular on (2.11a), (W2), and the already
established regularity results yields ‘ /. o 1o, h‘ <C.

Therefore, the mean value of the chemical potential is bounded which allows to apply Poincaré’s inequality.
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We continue by testing (3.4b) by —A,¢} and use the definition of the discrete Laplacian (2.8) to obtain
o [ Tawsianny = - [ Te(usadne+ [ TR 6 Aweh)

+/Q><:D(Mh+m {jh{fx{ﬂDQ%v DAnRHR }

(4.21)
—(1-9) [ TE{Ane Mo}
=TI+ 11 +1IT+1V.
Combining Holder’s inequality and Poincaré’s inequality provides
111 < |, 13071 < € (1905l oy + 1) 14065 - (4:22)
We infer from Hoélder’s inequality and (W2) that
I < [[Wi (i &~ |, 1887, < C ARG, - (4.23)

To gain control over the third term, we combine Holder’s inequality and (2.10) with the results of Lemma 4.5,
the results of Lemma 2.10, and (A6).
1/2
)
h
(4.24)

11 <0 | T ol 61808 o ([ 0+ mizzaf

SC/Q\I;’?{%Q( w o D ARGE ] < C AR, -

Concerning the fourth term,

IV < (1= 9) [Angpl, [|Aneh ), (4.25)
holds true. Collecting the previous results, we obtain
INAndh 1 < ClVatignll o) + €+ A= 0)[|Andy~ ], - (4.26)
As Young’s inequality implies
(a+b+c)® =a®>+ b+ + 2ab+ 2ac + 2be < Cs(a® + b%) + (1 + 26)c? (4.27)

for a,b,c € R with 0 < § << 1, a discrete integration with respect to time over (4.26) yields

37 Anokl; < ¢ (Z L +T> LR UD DL VT PR CEL

k=1 k=1 k=1

As we assumed 9 € (0.5,1], we have ¥? > (1 —19)2. Therefore, we may choose § > 0 such that 92 —
(1 —9)%(1 + 26) =: & > 0. Noting the regularity assumptions on the initial data (cf. (A8)), we infer

EZTHAMﬁﬁH;(Q) <Cs(1+T). (4.29)
k=0

The last claim of Lemma 4.6 follows from Lemma 4.4 and the interpolation inequality

1/2 1/2 x
enll o) < C AR G0y IXallE o) + Ixallir gy for all xu € UR, (4.30)

which was proven in Corollary A.1 in [16]. O
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Proof of Lemma 4.7. Following the lines of [18], we test (3.4a) by 7(¢F ™ — ¢f) with 0 < k < N — [ and sum
from n =k + 1 to k+ [ to obtain

k+l
O:/ZX{|¢k+l ¢k /¢n 1 V(¢ — k)
=k+1
k+1 k+l
72 n—1 k+1 k:+l k (431)
Z ‘¢h ’ Vet - V(dp ™ — o) + 7 Z Vxﬂ¢h Vi ( — &)
n=k+1 n=k+1
=1+ I1T+IIT+1V.

Using Holder’s inequality, the well-known Sobolev embedding theorem, and Poincaré’s inequality, we compute

k+1
< 3 [ ooy 187 s o 17505 = Vxhll gy

n=k+1
o (4.32)

<C Y0 TNV o) 1980 M 2y ™2 V0™ = V[ 2 -

m=0

Noting the inequality HQSZ_1||LOO(Q <C(l1+ HAhgbZ 1HL2 Q) ), which is a direct consequence of the interpolation

inequality (4.30) and Lemma 4.4 (see also [15]), we obtain

k41
n— 2
|1—H|§T2 Z ||¢h 1HL°O(.Q) ||VX’U’¢hHL2(Q HV k+l_vX¢ZHL2(Q)
;ikﬂ (4.33)
<O 3 A ) 7 [Tt g IO = Tl

We deduce by combining (4.31)—(4.33), multiplying by 7, summing from k = 0 to N — [, and applying Holder’s
inequality that

N—1 , -1 /N-I 1/2 1/2
S 1ok -l <o S (Srlvent ) (o 19 |
k=0 -

m=0 \k=0
N—1 , 1/2 -1 /N—1 )
X (ICE:OTHV k41 _foi)ZHLz(Q)) +CTE:O (kzo T<1+ HAhd)ZerHLQ(Q)) )
m= =
N—lI /2 /Ny 1/2
2
(Dot ) (St - el
k=0 () k=0
-1 /NI V2 /N 1/2
m 2
ror Y (o] wakim] S [ Vadh = Vadhlaey |
m=0 \k=0 L2(2) k=0
(4.34)

Applying the results of Lemma 4.4 and Lemma 4.6 to the right-hand side of (4.34) and using the norm equiva-
lence (2.10) yields the result. O

In a final step, we show compactness in time for the velocity field.
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For this reason, we introduce the Helmholtz—Stokes operator S : (H(l),div(‘Q))/ — H&div(()), v — S{v},
which is defined via

/ S{v} wdx +/ VxS{v}: Vywdx = (v,w) Vwe Héydiv(ﬁ), (4.35)
7 7

where (., .) denotes the duality pairing between (H évdiv(()))/ and H, é,div(Q). This operator satisfies the following
properties (see e.g. [5]).

(H1)  (v.5(v}) =[SV} i) W€ (Hoa ()
(H2) [ S{}l1(0) is & norm on (Hj (),

(H3) HS{V}Hi?(Q) + ”vxS{V}HiZ(Q) < ||VH2L2(Q) vv e L*(12),

(H4) [|(T - S){V}||2L2(Q) + [V = S){V}\|i2(9) < ||VxV||iZ(n) Vv e Htl),div(ﬂ),

where I denotes the identity operator on R¢. Following the lines of [13], we also consider the orthogonal Stokes
projector Ry, : Wy, qiv — Hévdiv(!?) which is defined via

/ Vx(Rp{vr} —vn) : Vxw =0, Yw € H(l)ydiv(.Q) . (4.36)
I?)

Analogously to [13], where Ry, is defined on a different finite element space, one can show that R, satisfies the
properties

IRy vl ) < C IVl o » (4.37a)
[Rr{vi} = Vil 2(0) < Chx [[dive Vall 20, (4.37b)
HRh{Vh}||(H(1)‘dW(Q))' < C<hx [divy Vh||L2(Q) + th”(H[lJYdiv(Q))’) (4.37¢)

for vi, € Wyaiw C L*(22) C (H(l))div(ﬂ))/. To prove compactness in time for the velocity field, we start by
establishing a bound, which is independent of h, 7, m, and v, on the time derivative of the velocity in the
dual space of H é’div(Q). Then we use this result to establish a regularity result for projected velocity field. In
particular, we prove the following estimates.

Lemma 4.8. Let the assumptions (A1)-(A9) hold true, let T and hx be small enough (such that Lem. 2.10 and
Lem. 4.5 hold true), and let S be the Helmholtz—Stokes operator satisfying (H1)—(H/). Then there is a positive
constant C' independent of h, 7, m, and v such that

N
ZTHS{@_“Z}HZIA(Q) <C (4.38)
k=1

with A € (2,4), ifd=2, or A\ =3, if d = 3.

Lemma 4.9. Let the assumptions (A1)-(A9) hold true, let T and hx be small enough (such that Lem. 2.10
and Lem. 4.5 hold true), let Ry, be the orthogonal Stokes projector satisfying (4.37). Then there is a positive
constant C' independent of h, 7, m, and v such that

N—I
T3 N Ba{uf T = b [y gy < ORIV + OB
k=0 ’

foralll € {1,...,N} with A € (2,4), if d=2, or A\ =3, if d = 3.
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Noting that A/4 < 1, these results will enable us to apply a “compactness by pertubation” result by Azérad
and Guillén [4] and to identify strongly converging subsequences.

Proof of Lemma 4.8. S{0-u}} € H(lhdiv((}) is well-defined as d-u} € Wy, 4;, € L*(2) C (H(l) aiv (2 )) Recall-
ing the Hl-stable L2-projector Qy, from (TH2), we adapt the proof of a similar regularity result in [7] and test
(3.4d) by Qu[S{0; w}}).

0= [ orup-aulsiorui}] — 3 [ ((Vx0u[s{oruih)) - up) -y
+%/Q((vxuz)T~Qh[s{a:uZ}]) -UZ‘1+/QZIZ‘{U<¢Z)}DuZ:DQn[S{@‘uh}]
+ / O Vel - Qn[S{07up}] + / 2,04 [S {073 )] - T X0Vt ) (4.39)
2 N2xD

4 /Q (VT { QUo7 R} ]} - Tiad)) - Vi
X
=1+ I+ I1IT+IV+V+VI+VII.
We obtain from (TH2) and from (H1) that
= /Qa;u;; cQu[s{omu}] = |IS{orup} %, (4.40)

Using Young’s inequality together with the Gagliardo—Nirenberg inequality and Poincaré’s inequality, we com-
pute

111 <5 [ 9.0 [8{0; w11+ Ci (Il o + 03 )

(4.41)
< 5/9 IV Qu[S{o; up}][* + C5<Hvxu7}371”i2(9) + ||qu2’||%2(n)> :
Young’s inequality yields, together with Sobolev’s embedding theorem,
111] < 5| {0707} [ g + O 1™ | 190R ] 110 (4.42)

with o € (0,1) in the case d = 2 and ¢ = £ in the case d = 3. Similarly to (4.77) in [7], we compute for d = 2
and o = % by applying Holder’s inequality, the Gagliardo—Nirenberg inequality, Poincaré’s inequality, and
Young’s inequality

[y~ |VXUZ|||2LHG(Q) < ||uZ_1H7:2<1+a>/<1—a>(n) HquZHQL?(Q)

2(1-0) 2460 2460
<C oy ) <|vxuh||;2+g)+||vxuh 1|\;;g)> (4.43)
< C(HVxUZ_lHia(Q) + Hvxu;zl“z?(n)),

where we used HuZ_ < C (c¢f. Lem. 4.4) in the last step. Analogously, we obtain for d = 3

oo
i~ 1V uh|HL6/5(Q) <C |y 1||L3(.Q) ||quh||L2(Q)
<Oy (19 gy + IV x05 ) (4.44)

< ([ ey + 190k ) -
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Therefore,
(1T <6 Hs{ar_uh}Hirl(Q) + CfS(HVXU;ZilH;(Q) + ||vXuZH22(Q)) ’ (4.45)
As 7 is a bounded function, Young’s inequality yields
V| <6 ||s{a;uh}||ip(m +C5 || Vxt} |72 - (4.46)

Using Holder’s inequality, Sobolev’s embedding theorem, Poincaré’s inequality, the H'-stability of Qj, Young’s
inequality, and the already established regularity results for ¢~ " (see Lem. 4.4), we compute for the fifth term
on the right-hand side of (4.39)

VI <ClQuS{0rui} || o 1V 2y I Vrttinll e

o . (4.47)
<d|[s{o; uh}HHl(Q) +Cs Hvx'%,hHLZ(Q) :

In order to deal with the sixth term, we use an analogon of Young’s inequality which is applicable in the case
of matrix-valued coefficients. In particular, we apply the pointwise inequality

Qi [S{o7up}] - (A’J[i/?;?]VxMZ,h,u)
) ey —1 .
< 5O_A’,f[’¢);:] ’Qh I:S{a;uh}:l |2 =+ 4%5 (O’A”[wh]> Ai[wﬁ]vxuz,h,u

< 0000 @, [S{0; wi Y] [P+ 25 (AXGRI Vst ) - st (4.48)

2

Applying (4.48) to |V 1| yields

V1] SS/ My, |Qn[S{07up}][? o™ 1h) (x, q)
2xD (4.49)
+C5 [ T (NSRIV k) - Vb b
N2xD

where O'A)V([IZJZ](X, q) denotes the supremum of the largest eigenvalue of A% [1&,’1’] on kx X Kq 2 (x,q). Recalling
(2.27f), we obtain

My, |Qn[S{07 w3 1| o710 (x, )
D

< (/Q@ Mh|Qh[S{6Tuh}]|4>1/2( o Mh’“Atw(x’q)D

"

2%
1/2

Mhz,’;“{ oy

< C Q0w [fagoy ([ M+

< C|s{oru};n

2XxXD

@ (4.50)

Therefore, we have

_ 2 x[,7n n n
|VI‘ <9 HS{@T uh}HHl(n) +Cs /(2x53 MhI}?{ (Ay [wh]vx,u'w,h,u) : Vxﬂw,h,u}7 (4-51)
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with some 0 < § << 1. Due to our specific discretization (cf. Rem. 3.4), the stability result in Lemma 4.4 enables
us to control the L?-norm with respect to time of the second term.
As ® is bounded, we use Hélder’s inequality to compute
1/2 o\ 1/2
vl gC(/Q @Mh|Vinf{jh{Qh[S{6'Tuh}]}}]2> ( }) L s
X
Due to the mean value theorem, Lemma 2.10, and the H'-stability of Oy, we may compute

e [Vai

02xD

1/2
RRIALE AT CA N R A ACACIT |
<C Hs{a?'_uh}HHl(Q)

(4.53)

Combining (4.52) with (4.53) and applying Young’s inequality, we deduce

~ |12
|VH|géHS{a;uh}Hf{l(erca/ MhI,’{{)qu/J,? } (4.54)

Collecting the above results and taking the 2 % power on both sides, we obtain

18407 i ity <€ +C IVxui ™ [aga) + CIVxURI G20y + C | Vbl

+C MhI;}{ (Aif [@Z]Vx/%,h,u) ‘ quﬁ,h,u} (4.55)

2xXD
2}

vo [ nz{|va
2xD
A discrete integration with respect to time, together with (A8) and the results of Lemma 4.4 and Lemma 4.5,
finally provides the result. (|

Proof of Lemma 4.9. From (4.37¢) we obtain

TZ | R = b} sy

N-—I
<Cr Z [luptt — uhH @yt Chir Z [|diva {u) ™ — uZ}H;(Q) . (4.56)

Applying Holder’s inequality and (H3) provides

2
72 [ = bl o

y A4 ) : (4—X)/A
4/ X 4/(4—X
< (S i o) (Pl ) )

Due to the L>-L2-bound for the velocity field obtained in Lemma 3.8, the second factor is bounded. Concerning
the first factor, we use Lemma 4.8 and compute

N-—
a/x _ m 14/
S Dl [T RS ZZWWkw“m ) <O (4.58)
k=0 k=0 m=

| /\

Combining Korn’s inequality and Lemma 3.8 shows that the second term on the right-hand side of (4.56) is
bounded by Ch2, which gives the result. O
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To conclude this section, we collect the bounds derived so far. In particular, we have
L 2
 max / |Vx¢>h| + | max / ‘uh|+ max / (Mh—i—m)‘wh‘
1,...,n =1,. k=1,...n Jox®

x a2
+y*1kgllax/ My + w2 { [0 }
=L..nJoxo

+Z/rz|vx¢2_v" ﬁ71|2+Z|uh_uh 1’ +Z/ (Mp + m) ‘wh ‘
k=1 k=1
+TZ/QIAWQ}QHZH&II;(Q)+Tz/ |vxu§;,h|2+72/ Vot
k=0 k=0

n R 2 n
) @Mh]vw,’i\ S Mh]vq¢h\ +Tz|ys{afuh}|¢‘;jﬁ(m c
=0 % k=0
(4.59a)
and
2
TZ |6t = &kl 2 (o) < Clr, TZ HRh{ukH—uh}H(Ho oy SCUnM g (4.59b)

foralll € {1,...,N},as \/4 < L.

5. PASSAGE TO THE LIMIT

In this section, we simultaneously pass to the limit (h,7,m,v) \, 0. For this purpose, we define time-

interpolants of time-discrete functions a™, n =0, ..., N, and introduce some time-index-free notation as follows.
a”(,t) = e () + Eta () te Lt n > 1, (5.1a)
a"t () =a"(), a” (,t):=a"1() te ("], n> 1. (5.1b)

We want to point out that the time derivative of a” coincides with the difference quotient, i.e.
Ora” = 6&#(1" + tﬂ%a”_l) =L1g"— g =9 a". (5.2)

If a statement is valid for a”, a™7, and a™~, we will use the abbreviation a™(F).

Using these notations and summing (3.4a)—(3.4d) from n = 1 to N, we restate our set of equations as
[ Trtoorory - [ o Vagion Y+ [ S v
vo* € L*(0,T;U5), (5.3a)

| m{zion} = [ miwiert e + / (T + (1= 0)V0]7) - Vi

Q7

+ I;:{Jh{fz‘{ﬂb@( N [ O+ } v € L2(0,T: UY),
o (5.3b)
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/ (M, + m)z;fQ{atzﬁgeh} - / Myl Iq{A" V0
Q7 XD QXD
[ BTt} T TR {ES Vet )
QTX
q L NEX[TF X[, 0T+ (5 3(:)
+/_QT><© CXMhIh{(((]' 7)‘—‘u[ h ]+7Ay[ h ])vxlu’¢ h l/) }

+ / caMiTE{ Vot ™ - Vb
QTXS

Vo, € L? (O,T; Xh),

_ T —
o w4 [ (@)™ i) wp (V) )
QT QT QT

+/ 2Z55 {n( Z’+)}Du2’+:DWh:‘/ SVt - Wh
QT QT

[ Mo WVt - [ (BT} TiaM) - Vadp
QrxD Qrx®
vwy, € LY, T, W aiv),  (5.3d)
where we again used the abbreviation
T,+ — Z'xcl 5.4
Wi = Ty 90 () + TABO )} - (5.4)
Similarly, we rewrite the bounds from (4.59) as
T—I1 N n 9
/O [0 (+17) = 6T ([ o) < CUUr) VIE{L,... N}, (5.5a)
T—It \/d
/ | R (17}~ Rifuf O} gy < CUDM 4 OR2 Wi {1, N), (5.5b)
0 0,div

T — T ,—12 T 2
sup / ‘V (i +T 1/ ’Vx h’+—Vx h | +/ ‘Ah(bh’(i)‘
te[0,7] Q7
o 751
-1 xq [ 77, (2)2
+ sup (M +m)Z; ‘ +v7" sup (M, 4 m)Z, {Wh ],}
te[0,T7) J 27 xD te[0,T] J 2xD
-1 xaf |+ or|? 7,(£)
¥ (My, +m)Z28 |7t — 47 ‘ n M, T2 ’v ‘
.QTXQ .QT><©
“ 2
+ / Mh,I;);{’Voﬂ/);’(i)‘ }+ / MAT{ (S35 IVt ) - Vxth |
QT XD XD

n / MhI,?{(A’V‘[@Z};’+]VxM;’I,V) 'qufp’jz,y}
Q7 xD
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T 2 — T r,—2 T 2 T T
+ sup / uh,&)‘ 7 1/ lupt = up| +/ ’Duh,(i)‘ +/ IS{Oaf 517 o
te[o,11J 2 Qr or 0

<C. (5.5¢)

Applying (2.12a)—(2.12¢) and noting the results of Lemma 4.3, we additionally obtain

Tt AT 2
h h

“ 2
Ot [ 0tem)
QT><©

sup / (Mp, +m)
tel0, 7] J2xD

N 2 “ 2
b [ o | [ |vad )|
Q7 XD Q7 XD

P IaCo) — ’
+ sup M |y, + 7 M
t€[0,T] J 2xD

.QTXD

We use the bounds in (5.5) to show the existence of a subsequence, which is again denoted by
( ;’(i), u;’ﬁli),z/;;’(i),u;(i)) (hrmw)’ converging towards limit functions in an appropriate sense. As we only
have Maxwellian-weighted bounds for the scaled configurational density function 1/;;’&), we may not expect to
obtain any information on the limit function outside of D. As we will show in Theorem 5.2, the values of the
limit functions on 20 x ® \ D are negligible, as the integrals over this part of the domain do not contribute to
the weak formulation. Therefore, we concentrate on identifying its limit functions on {27 x D. Analogously to
the notation a™®) we denote the triple of limit functions (a, at, a~) by a(*).

. 2
A I PN AN

Lemma 5.1. Let the assumptions (A1)-(A9) hold true. Then there exists a subsequence (again denoted by

( ;’(i),,u;’ﬁli),@Z;’(i),u;’(i))(h . V)) and functions ¢, pg, and u satisfying
¢ € L=(0,T; H'(2)) N L*(0,T; H*(£2)) N L*(0,T; L™ (£2)), (5.6a)
He € Lz(ovT;Hl(Q))v (5.6b)
u € L(0,T: L*(42)) N L?(0, T3 Hi 45, (2) 0 W20, T (G 43, (42))), (5.6¢)
with A € (2,4), if d =2, and A =3, if d = 3, as well as functions b, P, Py, Ps, Pfli), Péi) satisfying
¢ e L*0,T; X, ) N L0, T; L*(2 x D; M)), (5.6d)
Py, Py, Py € L™®(0,T; L*(2 x D)), (5.6e)
PP PY e L2(0,T; L*(2 x D)), (5.6f)
with
P1|QT><D:P2|QT><D:P3|QT><D: VM, (5.7a)
p® = VMV, (5.7b)
.QTXD
P = VMV g3, (5.7¢)
.QTXD
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such that, as (h,7,m,v) \, 0,

or®E K in L(0,T; HY(R2)), (5.8)
or® S in LY0,T; L™(2)), (5.8b)
o™ = ¢ in LP(0,T; L3(£2)), Vp < oo, s € [1, 2L), (5.8¢)
Apgl® S Agin L2(0,T; L*(R)), (5.8d)
py = He in L*(0,T; H' (£2)), (5.8¢)
My, — M in L=(D), (5.92)
VERTE 5P i L0, T LA(02 x D)), (5.9)
VM, + w7 ® A p, in L®(0,T; L*(2 x D)), (5.9¢)
VM E 2 py in L®(0,T; L*(2 x D)), (5.9d)
VMV ® « PE i L2(0,T; L2 (2 x D)), (5.9¢)
VMV ® = PE i L2(0,T; L* (2 x D)), (5.9f)
up® Ay in L=(0,T; L*(2)), (5.10a)
uh’(i) —~u in L*(0,T; Hp 4, (£2)), (5.10Db)
S{owu} — S{ou}  in LYX0,T; H{ 4, (12)), (5.10¢c)
u® Sy in L*(0,T; L*(2)), s € [1, 2%) . (5.10d)
In addition, we have
T{ T AT {Bog(on ™, 6 )0} 1} — TAB (9)0%} i L2(0, T; WH™(£2)), (5.11a)
for 6% € C™(0,T;C> (1)),
{a{m {8} }} - g8 i 20, Twe(2)), (5.11b)
I,’f{._’fh{u;’(i)}} T} in L2(0,T; W->(02)). (5.11c)

Proof. The convergence results stated in (5. Sa) (5 8b) (5 Sd) and (5.8e) are direct consequences of the bounds
in (5.5¢). As we can control T_lfn ‘Vx | (5.5¢)), it is possible to show that appropriate

subsequences of ¢,Tl’+, -, and ¢] converge towards the same hmlt function. The strong convergence in (5.8¢)
follows from Simon’s compactness theorem (cf. [27]) and the bound in (5.5a).

As proving the convergence expressed in (5.9) and (5.7) is more technical, we provide additional details on
this part of the proof. (5.9a) is a direct consequence of Lemma 2.2. The convergence implied by (5.9b) follows
from (5.5d). Using

/ VIt o = / VN0 + VL (7t = dp e, (5.12)
Qr XD QXD

.QT><©
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for all § € LY(0,T; L*(£2 x D)), we show that V M@;”L, % Mlﬁ,:’_, and V' M7 converge towards the same limit

function P; which we use to define the limit function 1& on {27 x D. Analogously, we obtain that / M}, + mz/A),TL’(i)
converge towards the same limit function denoted by P». Using the strong convergence of the discrete Maxwellian

from (5.9a), we choose a test function 6 := v/ M with 6 € L*(0,T; L2(2 x ®)) and deduce

/ PQé(— \/ My, +m1/3,:’(i)9~:/ \/Mh—l—m’l%;’(i)\/ M(g
Qr XD QXD

XD

—>/ \/]\Z/Plez/ P16, (5.13)
Q7 XD Nr XD

which shows that P; and P, coincide on 2p x D. Similar arguments yield (5.9d). Choosing a test function
n € L2(0,T; CF (2 x D)), we obtain

/ Pz(li) N = V thxr&;(i) n = / VX( V Mh'([)}?(i)) i
.QT x D QTXD

.QTXD

=_ VM7 divy {n} — — / Py divy {n} = VMV, -n, (5.14)

QpxD Q271 xXD Q71 xXD

which yields (5.9¢). Concerning the proof of (5.9f), we infer from the bounds in (5.5d) that the subsequences

converge towards limit functions which we denote by Péi). We prove that Pgi) coincide with v M qu/; on every
compact subset of D. In a first step, we restrict ourselves to subsets Dy := {q € D : dist (q,0D) > 6} of D

. . ) 2
with § > 2hq. From (4.6), we have M < CM,, on Ds, which implies fQTXDS M ‘qu/)}?(i)‘ < C and therefore

the existence of subsequences converging weakly towards some limit function. Following the approach in [7] (see
also [5] and [18]), we choose a test function € L?(0,T; C (2 x Ds)) and compute

_ ) — divg {4 V Mn
VI, ;’(i”n:—/ Vg ® q{ i }_>_/ P,
Q7 X Ds vV M QrxDs
— _div Mn
I Y P M)
QTXD(s V M

In the next step, we choose some test function 1 € L'(0,T; C(§2 x D)). Hence, there exists § > 0 such that
suppn C {2 x Ds, which implies

VMLV (Vi) =

divg {\/ﬁn}
Vi

/ VIV . (5.15)
Q7 XDg

QTXDJ

VIV ® . ax)
Q7 XDg
= VIV - (\/ﬂqﬁ (5.16)

QTXD5

27 XD

and therefore yields the result.
. . 2
The nonnegativity of ¢ on 27 x D follows from sup / (M, + m)I;:q{w;(i)]_} <vC (cf. (5.5¢)).
tel0,T] J 2xD
(5.10a) and (5.10b) follow directly from the bounds in (5.5¢). Due to the denseness of | J,., Uy in L*(£2), we
have u € L?(0,T; H(l),div('Q))' Noting that S denotes the inverse Riesz-isomorphism on H(l)ydiv(ﬂ) (cf. [5], [18]),

we obtain (5.10c), which also implies weak™ convergence of d;uj towards dyu. To prove the strong convergence
postulated in (5.10d), we show that ||u;’(i) —ul|£2(0,7;L°(s2)), Which is bounded by

7,(% T, T, T, T,
”uh( )_uh+||L2(0,T;LS(Q)) + ||uh+_Rh{uh+}“L2(0,T;LS(Q)) + ||Rh{uh+}—u||L2(0,T;Ls(n))a (5.17)



ON CONVERGENT SCHEMES FOR TWO-PHASE FLOW 2393

tends to zero. The first two terms vanish due to (5.5¢), (4.37b), and the Gagliardo—Nirenberg inequality. The
convergence of the third term is a direct consequence of the bound in (5.5b) and the bounds in (5.5¢) and a
“compactness by pertubation” result by Azérad and Guillén [4] which we cited in Lemma B.2.

To prove (5.11a), we apply the decomposition

1T { T AT B (or ™, 01 )0} )} — TAB (D] 20 1.0 (02))
<N TATA Bpo(en T 01 )%} - 5/(¢)0x}}HLQ(O,T;WL“‘(Q))
+ IBHLIAB (D)) = B G 0. (a0)
+ I THATAB (0)0}} — TAB (D)0 Hl 20, 7w1. (2 (5.18)
and show that the terms on the right-hand side vanish. Using Lemma 2.10, we compute
| T A Tu{ T B (o1, b )0} = B'(9)6% } } HLZ(O,T;Wlm(Q))
< OO T Bho @ 670} — B 08 | agoirans o) - (519)

Therefore, the first term vanishes, if I,’f{ﬁbQ( b )6*} converges strongly towards (3'(¢)6* in
L2(0,T; L'(£2)). To prove this convergence, we start with the estimate

/Q!I;’f{ﬁbcg( A U B A S/Q\L’f{ﬁ’pg( AR A ]

(5.20)
+ [ IO - B = 1411
Q
As we have 6% € C>(0,T;C>®(2)) and ¢, ¢7;~ € U, we use the mean value theorem to compute
1< max (6| [ ZE{|pa(6r ™ 77) - S0}
xEN 0
<c [ mello —aly+c | Tello - ol) (521

:C/QIZ‘{IQSZ’** Z({¢}|}+C/QI,’§{|¢;’*f (o))

To deduce the last equality in (5.21), we used in particular that the integrals depend only on the values in the
vertices of the simplices. Therefore, it is possible to interchange ¢ and Z;*{¢}. Combining a discrete version of
Holder’s inequality and (2.10) shows

) 1/2
[zl -z < o [ m{er -z}
< Cllgpt = iAo} ooy < ClloR™ = dll ooy + CITESY = 0l 20y = 0 (5:22)

due to (5.8¢), ¢ € L?(0,T; H%(£2)), and standard error estimates for the nodal interpolation operator (cf. [9]).
Similar arguments imply

/QI;’EH%’_ —-I5{¢}|} — 0. (5.23)
From (5.8¢), we also infer IT — 0. The second term on the right hand side of (5.18) vanishes as we have

||Il)z{{jh{ﬁ/(¢)6x} - kﬁ{ﬁ/((b)ex}}||L2(0’T;W1,oc(n))
Hjh{ﬂ/((b)ex} - je{/@/(¢)0x}HL2(0,T;W1,ao(Q))
Chx ||/8/(¢)9x||L2(0,T;L1(Q)) < Chyx. (5.24)

IAIA
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Combining standard error estimates for the nodal interpolation operator with (1.9f), we compute for the last
term on the right hand side of (5.18)

IZA{TAB (9)07}} = TAB (D)0 M 1201w (2)) < Chix | TAB ()0 M 20 7w20 (12
< Ch [|8(9)0% || L2(0.1:11 (2y) < Chx — 0. (5.25)

Similar arguments provide (5.11b) and (5.11c¢). O

Using the above mentioned convergence results, we pass to the limit (h,7,m,v) \, (0,0,0,0) in (5.3) and
obtain the following result.

Theorem 5.2. Let d € {2,3}. Under the assumptions (A1)-(A9), there is a quadruple (¢7M¢J/}7U) which can
be obtained from discrete solutions of (5.3) by passing to the limit (h,7,m,v) \ (0,0,0,0) and which solves the
equal-density version of (1.5) in the following weak sense.

/QT (2° — ¢)0,6* —

ou - Vi 0* + / Vxitg - Vx0* =0

.QT -QT

Vo> € C1([0,T); HY(2)) with 6%(.,T) =0, (5.26a)

[ o= [ Veovars [ wiop s ﬂ'wm{ / M&}ex
Qr D

Q7 Qr Q7
Vo* € L*(0,T; H'(R2)), (5.26b)

/ (5 — 40,0 — Miu- Vb - Mi(VxT {u} - q) - Vof
2rxD 27 xD

QTXD

+ ¢q / MVt - Vb + cx / MVt - Vi
.QT x D QT x D

+cx/ MOVLTAB(S)} - Vel =0 V0 € C([0,T], %) with 0(,T) =0,  (5.26¢)
QrxD

/OT <3tu,W>+/QT(u-Vx)u.w+/ 2o(6)Du: Dw

Qr

QT .QT D QTXD
AAS L4/(4_A)(0? T7 H(l),div(“Q))’ (526d)

with A € (2,4), if d =2, and A = 3, if d = 3. Moreover, the solution has the following regularity properties

€ L0, T; H'(2)) N L*(0,T; H*(2)) N L*(0,T; L>(12)), (5.27a)
pe € L2(0,T; H' (2)), (5.27b)
¢ e L*0,T; X;) N L=(0,T; L*(2 x D; M)), (5.27¢)
u € L%(0, T3 L*(£2)) N L2(0, T; H g5, (42)) NWHYA 0, T; (G 45, (2))), (5.27d)

with A € (2,4), ifd=2, and \ =3, if d = 3.
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Proof. In order to pass to the limit in (5.3a), we choose 6% = Z3{6*} with 6* € C([0,7],C>(£2)) and
0%(.,T) = 0. Therefore, the first term in (5.3a) can be rewritten as

OATH) [ (1= BRI = L+ I, (5.29
Qr Q

Partial integration with respect to time, the assumptions on the initial data, (5.8¢c), and the strong convergence
of IT{6*} towards 6* provided by standard estimates on the interpolation error (cf. [9]) yield the convergence
of I, — fQT ((PO — $)0:0*. I, vanishes due to the estimates stated in Lemma 2.4. The convergence of the
second term in (5.3a) is a direct consequence of the convergence results obtained in Lemma 5.1 and standard
interpolation error estimates (¢f. Thm. 4.4.4 in [9]). From the bounds in (5.5¢), we obtain that the third term
is bounded by 7C and therefore vanishes when passing to the limit. The last convergence of the last term in
(5.3a) follows from the weak convergence of Vx,u;’j; and the strong convergence of V4 Z}{0*} — V«6*.

In order to pass to the limit in (5.3b), we choose ¥ = TX{6*} with 6% € C>(]0,7],C°(£2)). Then, the
convergence of term on the left-hand side of (5.3b) follows from the weak convergence of #;J}Z stated in (5.8e)
and (2.18). The first term on the right-hand side of (5.3b) can be rewritten as

/Q TELW(67 ™ 607) — Wh(SL ™2 &) + W67 .6) — Wh(6,0))6* h+ /Q THW(6.0)6%).  (5.29)

Thereby, the first term vanishes. In particular, (W5) and the bounds on HqS}TL’(i)||L4(0,T;Loo(Q)) and
11l 40,7, 1.0 (12)) Show that it is bounded by

. o 1/2
0(/ [/{212{|¢2’*¢;*|+|¢;’¢|}D - (5:30)

Due to [|¢ " = TH{d} 12 () < 108 = 8l 120y + C 0 = Ti{} e () (5:30) is bounded by

¢ Hgbf?+ - ¢Z,7||L2(QT) +C HQZ’;’i - ¢HL2(QT) + C’h}c/Q ||¢||L2(O7T;H2(Q)) —0. (5.31)

The convergence of the second term in (5.29) towards [, W'(¢)0* follows from (W4) and the estimate
1Z5{f} = f”LG(Q) < Chx |f|W1,6(Q) (cf. [9]), as we have

(WD) | L1 0, mawr0(2)) < C(||W/(¢)”L1(O,T;L6(Q)) + HW”(d))vx(bnLl(O,T;LG(Q))) : (5.32)

Due to (W1), the terms on the right-hand side of (5.32) are bounded. The convergence of the third integral in
(5.3b) towards |, 0y Vx® - Vx0* is a direct consequence of (5.8a), while the convergence of the last term follows
from the weak™® convergence in (5.9¢), the strong convergence in (5.11a), and (2.18). Altogether, we have

W (0)6% + / TAB (6} N Pyt

/ ot = [ Vi Vit +
Qr Qr NrxD

Q7
Vo< € C([0,T],0°(2)). (5.33)

Noting the estimate

< ( [ 17 @e [ . M) 1/2( /. PS)W —0 (3

/ T8 (8)0}V DI P,
Q7 x(D\D)
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and P2| p = \/Mi[), shifting the continuous mollifier J. onto fD Ml[), and recalling the denseness of
C>([0,T],C>(£2)) in L*(0,T; H'(£2)), we obtain (5.26b).

To pass to the limit in the Fokker—Planck type equation (5.3c), we again use Z, *{#} with 6 €
CL([0,T); C°(§2 x D)) and (.,T) = 0 as test function. Applying partial integration with respect to time,
we split the first term in (5.3c) into

[ b+ [ -z {aze))
QT XD rxD

- [ pefGenein} -

(0 + TR0, )} (5.35)
QT XD N2xXD

The results of the previous lemma provide the convergence of the first term towards — f Qrxo V M P30,6. The
second term vanishes due to (2.16¢) and the bounds stated in (5.5¢). Applying Young’s inequality shows that
the third term vanishes, too. Recalling the definition of ¢{) in (4.1), one obtains the convergence of the last term

in (5.35) towards — [, o Mj/o‘g’t:o-
Concerning the convergence in the second term of (5.3c), we rewrite the term as

My TV T0} | —

s My ™ T (G771 = AT VA0 . (5.36)

QTXQ
As A% [ijgﬂ is an approximation of 1/},TL+ in the sense of (2.33c), the second term vanishes when passing to the
limit, while the first term converges towards fQTxD V MPsu - V6 due to (5.9a), (5.10d), (5.9d), (2.19), and

the standard error estimates for the interpolation error.
Similarly, we obtain from (2.33a) and the convergence results established in Lemma 5.1

| (T Telad) - TE{E80 19T 0)

- / VNP3 (VT {u} - q) - Vb, (5.37)
Nr XD

where we used in particular the high regularity of the mollified velocity field. Recalling (2.24a), we split the
fourth term in (5.3¢) into

/QTX@cxMhI,?{(E’;[A;’ﬂvx@;» VAIE{0}) = /QTX@cxMhI,‘j‘{th/Af;?+ VAIR{0}

+ /Q X@cxMhZ,?{(Ef[AZ’+]VxIﬁ{jh,{If{ﬂ( VO - VaTE{0}}
=:A+ B. (5.38)

The convergence of A follows from (5.9a), (5.9¢), and (2.16b), while the convergence of B can be established
using Lemma 2.10, (A6), (2.19), (5.9d), (5.11b), (2.12b), and (2.33b). Therefore, we obtain

A+B— ex VNPT - Vol + / ex VNP3V TAB(6)} - Vil . (5.39)

Q7 XD XD
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As the following computations show, we may substitute Z%| A;’Jr] by AX] A;’ﬂ without changing the limit, which
provides the convergence in the fifth term (c¢f. (5.38), (5.39)).

[ w{ (i - =) v, Vet )

A R oY\ 1/2 S\ 1/2 (5.40)
< c(ul / M;LI,?{ A7) - E3 )| }) (v / Mhzz{ﬂvxu;’i: ’ }) :
QrxD QrxD Y
As the eigenvalues of E’;[q[);Jr] are greater than or equal to v, we have
2 R
v / My |Varh | < / M (X7 WVanTh, ) - Vanlh, } < © (5.41)
QpxD Y QpxD w Y

due to (5.5¢). We obtain from (2.33d) that the first factor on the right-hand side of (5.40) scales with % In
combination with assumption (A7) and the bounds in (5.5¢), we obtain

R . 2 B2 2
o a2 <o [ wnd il oo ee
QrxD V Jorxo
The convergence
/ chhI;;{qu@;* -qu;;qw}} = / cqVMPF -V 0 (5.43)
QrxD Qr XD

follows directly from the results of Lemma 5.1 and (2.16a).
Collecting the above results yields

/om; (V150 — /N1 Py)0,0 —/

Q7 XD

VN Py - V0 — / VNP (VT {u} - q) - Vel

QXD

; VUPT-Vb+ [ eV NPTTA5()} - Vs

-QTX:D QTXQ

+ / cqVMPT -Vyb =0, (5.44)
QTX®

for all § € C1([0,T];C>®(2 x D)) with 6(.,T) = 0. Arguments similar to (5.34) show that the integrals over
D\ D provide no contribution to (5.44). Recalling (5.7) and M = M on D, we obtain (5.26c) as C>°({2 x D)
is dense in X (cf. [30]).

Recalling the strong convergence of Q,[w] towards w for all w € Hé,div(ﬁ) NH?() (see (TH2)), we choose
wp, = Qp[w] € Wi, giv with some w € C*°([0,T]; C°(£2) N H(l)ydiv((l)) and pass to the limit in (5.3d). The

convergence in the first term follows immediately from the weak* convergence of d;uj, in L*/*(0,T; (H é,div(Q))/)

implied by (5.10¢) and the aforementioned strong convergence of Qp[w]. The convergence in the next four terms
also follows directly from the results of Lemma 5.1 in combination with Holder’s inequality, Young’s inequality,
Poincaré’s inequality and the Gagliardo-Nirenberg inequality. In particular, we have

%/Q ((vXu;—L7+)T. Qh[w}) T — %‘/(ZT ((Vth[WDT~ ufﬁ) uT = [ (u-Vyu-w,

Q7

/Q 277 {n( ;’+)}Du;’+ :DQpw] — ; 2n(¢)Du : Dw, (5.45)

— [ br Vanl s QulwWl = — [ Vst W
.QT -QT
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Passing to the limit in the sixth term is more technical due to the operator AX[.]. Recalling the ideas of the
proof of Lemma 4.8 (in particular (4.49)—(4.51)), we dispose the projection operator Qp by computing

. o 1/2
[t —w) st < ([ anienl -l e i g)
Q7 XD Qr XD

1/2
([ g { () it} ) S CIO = Wiy ~ 0. (6.46)
QTX’}D

Recycling the ideas used to establish convergence in the fifth term of (5.3¢), we compute

/Q Mo z;g{ (A:;[ ] - =X AZ’W)W&’L}‘

- ) oy 1/2 2Y\ /2
S O(Vl / MhI}?{ A,V([ ;;l-, ] _ E)Vc[,l][};y"r]’ }> (/ I/Mhzi?{‘vxﬂ;77—;%y }) — O
_QTXQ .QTXD

due to (A7). Therefore, replacing replacing AX[.] by =X[.] does not change the limit. Using (2.24a) and the
convergence implied by Lemma 5.1, we obtain

(5.47)

/.QTXZ) Mpw I}?{E)j[ A’?ﬂvxu;j‘*”}

:/ Myw - Vot + / Myw - I,?{E’;[ b IV T { B( Iﬁ)}}}
QrxD N7 XD

— [ BT 6N 4%
Q7 XD
4 / Myw - T @S] = O VR T (B0}

QT XD

HA o \/ﬁpngxjs{ﬂ(qs)}?

as w is solenoidal. Similarly to (5.11c), we obtain the convergence Z;{JTn{Qn[w|}} — JTAw}
in L2(0,T; W">(£2)) which allows us to show convergence of the last term of (5.3d) towards

fQTx:D VM (VeTn{w}-q) - P}, As before, we use Young’s inequality to justify the restriction to £27 x D.
The final result follows from the denseness of C*° ([0, T]; C5°(£2) N H(l)’div(ﬂ)) in L4/ (4=2(0, T H(l)’div(Q)). O

Remark 5.3. In [18], the existence of weak solutions with similar regularity properties was established starting
from an only time-discrete scheme. The regularity properties of the marginal w := [ p M1 established in [18] —
namely w € L>(0,T; L*(2)) N L?(0,T; H'(£2)) — may be recovered from Theorem 5.2 (¢f. Rem. 2.2.41 in [25]).

In the presented discrete scheme, the Fokker—Planck type equation was stated on a superset of {2 x D. While
passing to the limit, we restricted ourselves to the original domain {2 x D. This, however, does not violate the
conservation of the number density of the polymer chains.

Corollary 5.4. Let the assumptions of Theorem 5.2 hold true. Then

Mu(t) = M
02xD 02xD

holds true for almost every t € (0,T).
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Proof. Combining (3.6) with the computation of @[32 stated in (4.1) in (A9), we obtain
[ onemip® = [ namig = [+ m
XD 2XD 02X
for every ¢ € (0,T). The strong convergence (Mj, +m) — M in L>®(D) (cf. Lem. 2.2) implies
/ My +m)i® — [ w0 = [ o,
N2xD

02xD 2xD

Passing to the limit on the left-hand side of (5.49) then provides the result (cf. [25]).

6. NUMERICAL SIMULATIONS

2399

(5.49)

(5.50)

For practical computations, the finite element scheme (3.4) is implemented in the framework of the inhouse
code EconDrop which is written in C++ (¢f. [2,10,17]). As a proof of concept, we compute the oscillatory

TABLE 1. Parameters used in the two-dimensional setting.

o 6 m pED n(H#E) e cq v m v B BHD

10 0.01 107 2 0.005 0.01 0.1 1077 1072 107° 5 1

(D) t = 0.60 (E) t =0.90 (F) t =2.00

FI1GURE 1. Oscillating droplet
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0.65 I 0.65 I
Newtonian fluid Newtonian fluid
0.6 - - - polymeric solution | | 0.6 - - - polymeric solution | |
L 0551 . L 0551 .
g 05f e i g 05f | 8
¢ \ , N < b v A

o4\ | “ 045 W\ ) .
0.4 * 0.4 *

0.35 ‘ ; ‘ 0.35 ‘ ; ‘
0 0.5 1 1.5 2 0 0.5 1 1.5 2

time time

FIGURE 2. Comparison of the length of the semiaxis of oscillating droplets (vertical lines
corresponding to shnapshots in Fig. 1).

TABLE 2. Parameters used in the three-dimensional setting.

o 1) m p(£1) n(£l) e c¢q v m 5 B (£1) 7 e 9
10 0.02 2-107* 2 0.005 01 02 1077 1077 107!2 0 1074 0.01 1

FIGURE 3. Triangulation of ® (d = 2) adapted to values of Mj,.

behaviour of non-Newtonian droplets and compare these results to the behaviour of Newtonian ones. Information
concerning the implementation of the discrete scheme can be found in [25]. For a more detailed investigation
on the influence of the Deborah number

relaxation time

De

= , 6.1
typical observation time (6.1)

which corresponds to (QCq)_l, and the polymer concentration, we also refer to [25].
In a first simulation, we consider a non-Newtonian droplet surrounded by a Newtonian fluid in a two-
dimensional set-up, i.e. 2 x ® C R2? x R2. For this simulation, we use the following general setting. The



ON CONVERGENT SCHEMES FOR TWO-PHASE FLOW 2401

FIGURE 4. Dumbbell subjected to a radial velocity field ue,..

spatial domain is given as {2 = (—1, 1)2 and discretized using an adaptive triangulation consisting of simplices
with diameters between approximately 0.0667 and 0.0083. To evaluate the discrete mollifier which is defined
according to (2.38) with e = 0.01, we choose £2* = (=1 — hy, 1 + hy)® where hy is the maximal diameter of the
simplices (i.e. hx /= 0.0667). Setting Qmax = 10, we choose © as supp M;, D D on the coarsest triangulation
which consists of simplices with a diameter of approximately 3.5355. We refine this triangulation by means of
the Maxwellian (cf. Fig. 3) such that the smallest simplices have a diamter of approximately 0.3125. Concerning
the discretization in time, a fixed time increment 7 = 10~% is used.

Initially, an elliptical shaped droplet (with axes of length 1.3 and 0.7) is placed with its barycenter at (0, 0).
This droplet, which is indicated by ¢ = 1, is non-Newtonian and contains polymers with number density w9 = 3.
As the ambient liquid, indicated by ¢ = —1, is assumed to be Newtonian, we set w) = 0 outside of the droplet.
Assuming that the polymer chains are in equilibrium at the beginning of the simulations, we set

V9(x,q) == wh(x) which corresponds to ¥} (x,q) := M (q)w}(x). (6.2)

We restrict the polymers to the droplet by an appropriate §-function which interpolates between (—1) = 5
and ((1) = 1. Concerning the double-well potential, we stick to the prototype (3.2) with ¢ = 41073 and
approximate its derivatives using

Wi(a,b) = 1(a® +a?b+ab® +b°) — L(a+b) + £ L| _ max{|s| —1,0}°. (6.3)

s=

The remaining parameters are chosen according to Table 1.

The elliptical shaped droplet tries to attain its energetically optimal, circular shape and starts to contract
giving rise to a velocity field. We are interested in the arising non-Newtonian effects — i.e. in the arising changes in
the polymer configuration and the resulting additional stresses — and in their impact on the rheological behaviour
of the droplet. Figure 1 shows the evolution of the non-Newtonian droplet. To illustrate occuring additional
stresses, we computed the Kramers tensor f© Mthz/AJ ® q and, if its eigenvalues are real, its eigenvectors and
eigenvalues on each ryx € 7;*. The eigenvectors to the largest eigenvalue of these tensors are depicted in Figure 1
as yellow and green lines. While the droplet oscillates, the polymer chains build up stresses in mainly vertical
direction. To analyze the impact of those stresses, we measure the x;- and xs-semiaxis of the droplet and
compare them to the ones of a Newtonian droplet.

Figure 2 shows that the oscillation is damped in both cases. Comparing the evolution of the length of the
semiaxes, we notice that the oscillation of the non-Newtonian droplet is damped asymmetrically: While the
elongation of the xs-axis (and the contraction of the x;-axis) of the droplet is significantly more damped
in the non-Newtonian case, the amplitudes of the second oscillation are almost identical. This phenomenon
can be explained as follows. As the polymer chains are initially in equilibrium, i.e. the distribution of their
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(E) t =0.45 (F) t = 0.60

FIGURE 5. Rotationally symmetric, oscillating droplet.
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T T T T
Newtonian fluid Newtonian fluid
0.6 - - - polymeric solution || 0.6 - - - - polymeric solution ||
0.55 |- B 0.55 |- B
.z
£ 05 | . . & 05f .
£ 045 | ' L. 3 8 045
¢ l\ k I' \\ PR AR PR =
g 0.4 i, N <7 ) B S 04
» “ ; %
0.35 I . 0.35
0.3+ . 0.3 - .
0.25 : ‘ ‘ 0.25 ! \ !
0 0.5 1 1.5 0 0.5 1 1.5

time time

FIGURE 6. Comparison of the length of the semiaxis of oscillating droplets (vertical lines
corresponding to shnapshots in Fig. 5).

configurational density is aligned to the Maxwellian, the first oscillation stretches the polymer chains in xs-
direction (i.e. vertically). This deflection from equilibrium slows down the oscillation. When swinging back, the
oscillation is supported by the polymer chains as it reduces their deviation from their preferred state.

On the long run, both droplets seem to attain a stationary state. Nevertheless, the non-Newtonian one does
not attain a perfectly circular shape, but stays slightly elliptical. As Figure 1f shows, there remain still vertical
stresses inside of the droplet, which are not dissipated fast enough and therefore still influence the shape of the
droplet.

In the second scenario, we consider a non-Newtonian droplet surrounded by an also non-Newtonian fluid. To
underline the practicality of the presented scheme, we consider a three-dimensional, rotationally symmetric set-
up. We place an ellipsoidal shaped, rotationally symmetric droplet with barycenter at (0, 0,0) in the rotationally
symmetric, cylindrical domain 2 := {x € R?® : —1 < x5 < 1, x? + x% < 1}. The longest principal axis points in
xg-direction and has length 1.3. The other principal axes are of length 0.7. We parameterize the spatial domain
using cylindrical coordinates, i.e. it suffices to compute the spatial quantities on a two-dimensional domain
(0,1) x (—1,1) which we discretize using triangles with diameters between approximately 0.0471 and 0.0118.
Specifying Qmax = 10, we set © := (—10, 10)3. Adapting the triangulation of ® to the values of the Maxwellian,
we end up with tetrahedrons with diameters between approximately 3.536 and 0.442. In contrast to the last
scenario, we consider a two-phase flow consisting of two dilute polymeric solutions. Assuming that the polymer
chains are equally soluble in both phases and that the polymer chains are initially in equilibrium, we set 3 =0
and @2 = 1. Similarly to the two-dimensional setting, we use the penalized, polynomial double-well potential
introduced in (3.2) with 6’ = 41073 and approximate its derivatives using (6.3). The remaining parameters
are specified in Table 2.

Figure 5 shows the evolution of the droplet. Again, the eigenvectors and eigenvalues of the additional stress
tensor are computed. For better readability, we depict the eigenvectors to positive eigenvalues (white lines)
of the additional stress tensor only in a cross section of {2. Although we assumed rotational symmetry, the
additional stresses still span a three-dimensional space. In particular, stresses perpendicular to the cross section
appear in Figures 5b and 5c¢ on the inside of the droplet, as the radial component of the velocity field may
induce elongation of polymer chains in azimuthal direction (cf. Fig. 4).

Similar to the first scenario, we compare the evolution of the semiaxes for the case of dilute polymeric solutions
and pure Newtonian fluids. As depicted in Figure 6, the oscillation is more damped in the non-Newtonian case
than in the Newtonian one. As the Deborah number is chosen larger and the polymer concentration is chosen
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smaller than in the two-dimensional setting, the additional stresses caused by the polymer chains dissipate faster
and have less impact on the evolution of the droplet. Consequently, the damping is not as asymmetric as in the
first scenario.
APPENDIX A. PROOFS OF SECTION 2
Proof of Lemma 2.2. (P3) provides c3[dist (q,dD)]" < M(q) < c4[dist (q,dD)]" on D with s > 1 implying the
continuity of M. Recalling the definition of the Maxwellian (see (1.3)), we compute for g-derivatives on D
94, M| = C |exp (~U (% a*)U" (3 [al*)a

<C ‘M(q)U’(% la®)| < C[dist (q,dD)]"* — 0 (A1)

asq— 0D, fori=1,...,d. NotingMEOonCD\D,wehaveMeCl(E) WithM‘M):O.

Due to [ I,?{M} dq < |[D|maxqen M(q) < O, there is a constant ¢y > 0 independent of hq such that
Chq 2 CM-
Noting M € C*! (5) and applying standard bounds for the interpolation error (cf. [9]), we infer

1= [ zfar}aas | [ zafor}aa—| =| [ (z{3r} - a7) o

<CHI‘1{M}7MH <Ch ’M‘ < Chg, (A2
< C|Z, ooy = MM L o) S Cha (A.2)
which implies ¢p, < 1 < C for hq small enough. Computing
HMh* o = lenczi {37} - 2]
L= (D) L (D)

<an |z{ar} - at]|_,, + [ s

< Chgq Ih{M M Lw(@)—i— M Lw(@)chq Chy 1

<o zafar - _ v 3], g ene| [ @{ar} ) s

L>(D) Le=(D) o)

and applying (A.2) completes the proof. O

Proof of Lemma 2.5. As éh,éh S X;H Vqéh and Vqéh are constant on kyx X kq with respect to q and Vxéh
and V6, are constant on rx X kg with respect to x. We use [|Z3{gx} — gxll po (s, < Ch2 |9l wr2.00 s, fOT

gx € W2 (ky) (cf. [9]) to compute

/K,XXK,Q
< ([ s fo-mfen vl ..

< Ch2 / M, dq dx ‘v by -V ah‘
Kx X Kq W2:2° (k%)

< Ch2 / M, dq dx
Kx X Kq

My (I — I;;){vqéh : vqéh}‘ dq dx

Xk q
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as é;“éh € Xpand 8xi8xjéh = axiaxjéh =0 (i,j = 1,...,d). Since 8xj8qi9h and axjaqiéh are constant on

Kx X kg for 4,5 =1,...,d, we obtain that the right-hand side of (A.4) is bounded by

d ) 1/2
cnz Y ( / M, axjaqiéh( dqu) ( /
.. Kx X Kq Kx XKq

i,7,k=1
We apply (2.13c) to the first integral in (A.5) and obtain

) 1/2 d
qA‘ dqu) gci;(/ Mh/

1/2
- 12
M, axkaqieh‘ dqu) . (A5)

d

([

1,j=1

1/2
x(0q 9h dx dq)

d . 1/2 ., 1/2
<ot (/ M, ‘aqloh] dq dx> < Ozt (/ M, ‘vqeh’ dq dx> . (A6)
i=1 Kx XKq Kx X Kq

which yields (2.16a). Analogous computations provide a bound similar to (A.5) for the left-hand side of (2.16b)
with hy substituted by hq. We apply (A.6) to the first integral and use Z—i < C (¢f. (2.1)) to complete the proof

of (2.16D).
To prove the last inequality, we use that the left-hand side of (2.16¢) is bounded by

/nxxﬁq Mh(l_z}f){éhéh}‘ da deL/fi Mh(I_II?){I}f{éhéh}H dqdx =:T+1I.

x X Kq

As before, we use that 0, and 0, are affine linear with respect to x on kyx and compute

M, ‘éhéhlw dq dx

1 (Kx)

I< /KXX MhH ){eheh}“m(nx) dq dx < Chi/

Fx X Kq
mﬂ/
< Chy meth Z

i,j=1

) 1/2 ) 1/2
< Ch2 ( / M, ‘vxéh’ dq dx> ( / M, ‘Vxéh’ dq dx>
Kx XkKq Kx XkKq

8,{1. éhaxj éh ’ dq dx

and

H§</nxmq M, dqu) H ){Ih{eheh}}HLOO(nxan)

<Ch? / My, da dx | || Vo |
Kx X Kq Lo (kx)

A .
‘ PP Loc (1)

(A.8)
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As Vqéh and Vqéh are affine linear with respect to x, they will attain their maximum in one of the vertices of

kx, which are denoted by {P, i};,_, , Therefore, we may compute

([, o] v,
d d

g/ Mhz‘vqéh(P,{x,i,q)‘Z’vqéh(PﬁxJ,q)‘ dq dx
Kx X Kq i=0 =0

d 2
< ( / m(Z]vqéh(PM,i,q)D dqu)
Kx X Kq i=0

) 1/2 ) 1/2

gc(/ Mh’Vqéh‘ dqu) (/ Mh‘Vqéh‘ dqu) .
Kx X Kq Kx X kg

Combining (A.7)—(A.10) yields (2.16c¢). O

’vqéhHLw(ﬂ )

1/2 (A.10)

APPENDIX B. MISCELLANEOUS

Lemma B.1. Let ¢, v, and u satisfy (1.5) on a formal level. Then the energy £ defined in (1.7) satisfies

ewd| v [ i@ + [ M[va(o )+ 25|

[ Tl + [ 2000) DU = 0. 0w) . B.1)
Qr Qr t=0
for all T > 0 In particular, we have 5(¢,1/3,u)‘ . < S(qb,l/},u)‘ .
t= t=
Proof. Testing (1.5a) by pe and (1.5b) by 0,¢ and integrating by parts yields
[ oono— [ on-Vaws+ [ [Tanal? =0, (B.2)
o) e} Q
/ Brbpg = / 100 [Vxo|* + / W (¢) + TA05($)} M. (B.3)
o) Q 2 2xD

In the next step, we test (1.5¢) by the chemical potential (¢/(v)) + J-{3(4)}). Using the identity Vqg'(¢)) =
V4t and the fact that J.{3(¢)} is independent of q, we obtain

Mog()+ [ TAG@Na— [ MIVH(o )+ TA50))

02xD

- [ MET A @) e+ [ chMw]vqgw

2xD

b V(g @)+ Zs@n)[ =0
(B.4)

Testing (1.5d) by u and integrating by parts with respect to x, we obtain
[ so@artal+ [ 3oVt = [ 35 @m()Tusis - Vulul + [ 20(0) Duf
Q 0 ¢ 0
*/ ¢VXN¢ u - Mﬂ;vx(g/(i})Jrje{ﬂ((b)}) 'u*/ M(vxjs{u} 'q) 'VqLZJ. (B'5)
2 2xD

2xD
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In order to get rid of the second and third term in (B.5), we additionally test (1.5a) by 3p'(¢) lu]®. Using the

fact that p’ is constant and that the convection terms in (B.2) and (B.4) reappear on the right-hand side of
(B.5), we add the equations above and end up with

Mowh)+ [ Mo (a45010) + [ 30.veof + [ awo)+ [ o

2xD 2xD
R .12 . R 2
[ wd|Vag D+ [ ad|vu(g@)+ 24560)| + [ 19amel + [ 2000)1Dul =0
2xD 2xD 9] (9]
(B.6)
As M is time-independent an integration with respect to time yields (B.1). (I

For the reader’s convenience, we cite a compactness result by Azérad and Guillén (cf. [4]).

compact

Lemma B.2. Let T > 0, and let the Banach spaces X~ — B =Y. Let (f) .o be a family of functions of
LP(0,T5X), 1 < p < oo, with the extra condition (fc).~, C C(0,T;Y) if p= oo, such that

b (fe)6>0 is bounded in LP(0,T;X),
o ||f(-+7)— fe(')”LP(O,T—T;Y) < (1) + ¥(e) with lim, g (1) = 0 = lim. o ¥(e).

Then the family (fc).~o posses a cluster point in LP(0,T;B) and also in C(0,T;B) if p= 00, as e — 0.
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