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ASYMPTOTIC ANALYSIS OF OPTIMIZED SCHWARZ METHODS FOR
MAXWELL’S EQUATIONS WITH DISCONTINUOUS COEFFICIENTS

VICTORITA DOLEAN'?*, MARTIN J. GANDER? AND ERWIN VENEROS?

Abstract. Discretized time harmonic Maxwell’s equations are hard to solve by iterative methods, and
the best currently available methods are based on domain decomposition and optimized transmission
conditions. Optimized Schwarz methods were the first ones to use such transmission conditions, and
this approach turned out to be so fundamentally important that it has been rediscovered over the last
years under the name sweeping preconditioners, source transfer, single layer potential method and the
method of polarized traces. We show here how one can optimize transmission conditions to take benefit
from the jumps in the coefficients of the problem, when they are aligned with the subdomain interface,
and obtain methods which converge for two subdomains in certain situations independently of the mesh
size, which would not be possible without jumps in the coefficients.
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1. INTRODUCTION

Time harmonic wave propagation problems are well known to be challenging to solve by iterative methods,
for an overview in the case of the Helmholtz equation, see [14]. The most promising iterative algorithms are
based on domain decomposition methods. After the seminal work in the PhD thesis [5] of Deprés, who devised
an algorithm with Robin transmission conditions and proved its convergence, substantial progress has been
made, leading to the class of optimized Schwarz methods, see [3,4,15,17, 18], and the more recent algorithms
of sweeping type, source transfer, single layer potential and polarized traces use the same underlying ideas
of optimized Schwarz methods, see [16] and references therein. Time harmonic Maxwell’s equations inherit all
these difficulties from the Helmholtz equation, and the unknown becomes in addition vector valued. Nevertheless,
optimized Schwarz methods have been successfully also developed for Maxwell’s equations, see [1,7,20,21] for the
case without conductivity and [8,12] for the case with conductivity, where one sees that the presence of a non-
zero conductivity is beneficial for convergence. For discretizations of Maxwell’s equations using Discontinuous
Galerkin methods, results on optimized Schwarz solvers can be found in [6,9], and for scattering problems and
large scale applications, see [20, 21].
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We are interested here in Maxwell’s equations in the presence of jumps in the coefficients. We study in
particular the case where the jumps can be aligned with subdomain interfaces, and show that then jumps can
actually help convergence of the optimized Schwarz method, if the transmission conditions are appropriately
chosen. In the presence of coefficients jumps, it is natural to consider non-overlapping Schwarz methods, and
we study here the particular case of the 2D Maxwell’s equations for TMz and TEz modes. For a special case
in 2D, a convergence result stated without proof in [10] showed that well chosen transmission conditions can
lead to non-overlapping Schwarz algorithms that converge independently of the mesh parameter. In addition it
was shown in [11] that complete results for the 2D transverse magnetic (TMz) and transverse electric (TEz)
modes! will imply directly convergence results in 3D as well. The purpose of this manuscript is to prove the 2D
results announced in [10] using asymptotic analysis. The analysis is very technical, and many cases need to be
considered. We therefore give all the details only for the first case, and then only outline the most important
technical steps for the remaining cases. We finally illustrate our results with numerical experiments.

2. SCHWARZ METHODS FOR MAXWELL’S EQUATIONS

We consider in this paper the time-harmonic Maxwell equations with appropriate boundary conditions

—iweE+V xH =J, iwpH4+V xE =0, in {2, (2.1)

and we study the heterogeneous case where the domain 2 consists of two non-overlapping sub-domains 2;
and {2, with interface I' := (21 N 25, with piecewise constant electric permittivity €; and piecewise constant
magnetic permeability p; in §2;, j = 1,2. A general parallel Schwarz algorithm for these two non-overlapping
subdomains 27 and 2, would start with some initial guess E/° and H’:° on subdomain {2; and then compute
for iteration index n =1, 2,

—iwe BV 4V x H? =J in 21,
iwp HY +V x EM =0 in £21,

(B, +818n, ) (EMHY™) = (Bn, +81 By, )(E>"TH*>" ) on T, (2.2)
—iwea B2 4V x H2" =J in {25, ’
iwpueH>" +V x E2" =0 in {25,

(Bn, +82B8n, ) (E2"H?™) = (By, +82 By, ) (EV 1 HY 1) on T,

where S;, j = 1,2 are tangential operators which will be differential or pseudo-differential, and
) ) | DEBL )
an (Ej’n7H]’n) = 7 X n; + n; X (H‘]’n X l’lj), Zj = \//J,j/gj, (23)
J

are the impedance conditions, and n; is the unit outward normal for domain (2;, j = 1, 2. Different choices of
S;, j = 1,2 lead to different Schwarz methods. Since it was shown in [11] that it 1s sufficient to study the 2D

TMz and TEz variants of (2.2) to get a complete understanding of (2.2), we focus in what follows on the 2D
case.

2.1. Schwarz methods for the TMz and TEz modes

We now present algorithm (2.2) for the TMz and TEz modes in two spatial dimensions. Since our analysis
will be performed on the error equations, we directly state the algorithms for the homogeneous problems. For

IFor a detailed introduction to the TMz and TEz equations see [19].
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the TMz case, we obtain from (2.2)

iwe; M — 0, H1”—|—3 H =0 in (2,
zwulHln—i-a E“L:O in (2,
zwulHln 8E1” =0 in 2y,

(Bu, +81Bn, ) (EL" Hl " Hl ") = (Bn, +Sanz)(E3’n71aHg’nilaHZ’nil) on I,

iwea B2 — 4, H2" +6‘yH2” =0 in {25,
zwu2H2”+5 E?n =0 in (2,
zwugHQ” Oy EQ” =0 in (2,

(Bn2+82601)(E2 i HQn H2 n) (Bn2+82 nl)(E;n_laHa%yn_lng},n_l) on I

which was obtained from (2.3) by replacing E*" = (0,0, F2") and H*" = (HJ™, H}™,0). For the TEz case, we
get

—iwey BL" 4 9, HL® = in 02,
fzwelElnfé' HI” =0 in (2,
zwulHln—i—aEl” 8E1”:O in (2,
(Buy 481 B ) (L™ BV HIM) = (B, +81 By ) (E271, E20=1, H271) on I, )
—iweg E2™ —|— Oy H?™ =0 ‘ in (2, (2:5)
e BN — 0, HI = in 2,
i H2 4 0, B2 — 9,5 = 0 in 2,

(Bn2+828n1)(E2n E2n H2n) (Bn2+82 nl)(Eln 1 Eln 1 Hln 1) on I
which we obtained from (2.3) by replacing E*" = (E2", E3™,0) and H" = (0,0, HJ™).

Remark 2.1. From the TEz equations we see that the TEz mode is related to the TMz mode, we just have to
exchange the variables H, with —F,, E, with H, and F, with H,, and we get the same algorithm, provided
we also switch p and €. It therefore suffices to either analyze the TMz or the TEz case, the results for the other
case then follow by switching the roles of p and €.

For the TMz case, we can obtain an optimal Schwarz algorithm that converges in two iterations by choosing
&1 and Sp such that in the transmission conditions in (2.4), namely

(Bn, + Sanz)(El okl Hl n+1) (Bn, + Sanz)(Ezz’na Hz’n)a

(B + SaBu (B2 H2741) = (By, + SyBa, ) (EL7, HIM), (26)

the right hand side becomes homogeneous after the first iteration, which implies after a Fourier transform in
the y direction with Fourier parameter k that

P~ Ay — ing_l - A — w1 Z
S = S = - 2.7
! )\2 + iWQ ’ 2 )\1 + iwl ’ ( )

with \j := /k? — w?- and w; = w,/g;Mi;, see Theorem 3.2 of [7] for more details in the constant coefficient

case. The choice (2.7) corresponds to the so called transparent conditions that were pioneered by Engquist and
Majda [13]. They are well defined for any value of the Fourier parameter k, but are computationally expensive
to use because Fourier transforms have to be performed due to the square root terms.

2.2. Optimized convergence factor and min-max problems

As for absorbing boundary conditions [13], we propose to approximate the transparent conditions in (2.7) by

. i Zt . i Z
Sl ~ _82 W2 82 ~ _51 w1 ’ (28)

So + iwg ’ S1 + iwl
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with s; and sy two complex parameters. Using the approximations of gl and §2 from (2.8) in the transmission
conditions (2.6), we obtain after a by now standard computation, see [10] for details, the convergence factor

(A1 —s1)(A2 — s2) )é
A+ sopn/p2)(Ae + s1p2/p) )

popt(k7w17w27u17/~‘62781’82) = (( (29)

To get a fast algorithm, we have to chose the complex parameters s; and sy such that the convergence factor
is minimized for all relevant numerical frequencies, i.e. we have to minimize |pop¢| for all k € K := [kmin, kmax],
where kpin is the smallest relevant frequency (kmin depends on the geometry of the domain) and kyax is the

largest frequency supported by the numerical grid (if the grid size h is constant we have kpax = <32, where
Cmax 1S some constant, often estimated by 7). This leads to the min-max problem

Slrgiréc max |popt (k, w1, wa, pi1, 2, 51, 52)] - (2.10)

Remark 2.2. For the TEz case we obtain the convergence factor

(A1 —s1)(A2 — 52) o
A1+ s2g1/e2) (A2 + 3152/51)) (2.11)

pOpt(k7w17w27€1382781332) - <(

and the equivalent min-max problem

Sllgifelc max |Popt (k, w1, w2, €1, €2, 81, 52)|. (2.12)

We assume in what follows that the parameters are of the form s; = (14 ¢)C1, s2 = (14 7)Cq, a choice that
was justified for Helmholtz equations in [17] and Maxwell’s equations in [2].

To study the min-max problem (2.10), we have to divide the frequency interval K into three sub intervals
([0, Wmin], [Wmin, Wmax)s [Wmaxs Kmax]), where wmin := min{wy,ws} and wpay := max{wy, ws}. These three inter-
vals are implied by the change of A; and A\ from imaginary to real. We only consider the case wy < ws because
the other results follow by symmetry of (2.9). For k € [0,w;], the convergence factor in (2.9) is equal to

(idy — (1+9)C1) (Mg — (1 40)Ch)

opt (K, w1, wa, 1, pha, C1,Co) = — = , 2.13
popt (K 01, w2 i1, iz, C1, C) (id1 + B (11 0)Ca) iz + B2 (1 +0)Ch) (213)
with \; 1= \/wi — k2 For k € [wy,wa] we have
M — (1 +9)C)(ire — (14 0)C:
POpt(k7W17W27M17M27Clac2): ( ! ( ) 1)( 2 ( ) 2) (214)

(M + EL(1+0)Ca)(ida + 22(1+0)Cy)

Finally, for k € [w2, kmax| we have

. ()\1 — (1 —|—Z)Cl)()\2 — (1 + Z)CQ)
popt(k7w17w27,u'17,u2701702) - ()\1 + %(1_'_%)02)()\2 + %(1_"_2)01) (215)

In nature the magnetic permeability u is almost constant and the rate of change of the magnetic permeability
u for different materials can be neglected in comparison to the rate of change of the electric permittivity €. We
thus present here the case p3 = po and €1 # €2 both for the TMz and the TEz mode. Using Remark 2.1, one
can then also read off the corresponding results for the physically less important case p1 # s and €1 = £5. The
case where both coefficients have jumps can also be treated under an additional hypothesis, see Theorem 2.5.1
of [22].
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3. TRANSMISSION CONDITIONS FOR THE TMZ MODE

The condition €1 # e9 implies that w; # wy. The case w; = wy is a resonance case that was studied in [22]
and needs special treatment, like the particular resonance case where ¢ and p are continuous, see [7]. The fact to
have a jump in € helps convergence, and Theorem 3.1 below was presented in a less general form in [10] without
proof, and was the main building block to understand the 3D case in [11]. We give now the general result, and
a detailed proof based on asymptotic analysis.

Theorem 3.1. If uy = pg, €1 # €2, 51 = (1 +i)Cy, s3 = (1 +14)Cs and r = /|w? — 2|, then the solution of
the min-mazx problem (2.10) for h small is given by

. ricmax%*lr%cmax%
ci=(3) () a=3G) (5%)"

, i ) (3.1)
Popt =1 = <2Cmax) hi +O(h?),
and the roles of s1 and sy can also be reversed.
Proof. We set Cy := ,f—; and Cy = ;—%, and determine the exponents and constants which solve the min-max

problem (2.10). We divide the proof into three cases (Case I: § < «, Case II: 8 = «, and Case III: § > «). In

every case we will perform the following steps:

1. Search and classify the extrema for £ = ¢ constant.

2. Verify that we do not have an extremum for k close to 0, which means for k = ¢,,h?, with v > 0.

3. Search and classify the variable extrema for k = 72 with 0 <~ < 1.

4. Compare the possible maxima for the values found in the previous steps and balance them to solve the
min-max problem (2.10).

Remark 3.2. The constant 7 can not be greater than 1 because kya.x = C“;L"X and we are not interested in
higher frequencies than kpax.

Case I (8 < a):

1. To show asymptotically that we only have one local extremum for k constant, we have to study the
convergence factor in the three intervals (2.13, 2.14, 2.15): if k € [0,w1] we obtain for the modulus squared of
the convergence factor in (2.13) as a function of C; and Co

2 ~
_ A D2+ (A — )2
Rl(kuw17w2701702) = (hc22 +( L ) )(h;; + (,,2 hﬁ) ) (32)
(32 + (O + ;TB)Q)(}L;a + (A2 +75)?)
Taking a partial derivative with respect to k, we get
dR
dkl (k, w1, w2, C1,C2) = Ri1 + Rz + Rz + Rua, (3.3)
where )
. 2 (%)~ )%+ (e — )7
11 = 2
(hzﬂ + ()\1 + }g)z)ghzla + ()\2 + %)2)
py 20— G+ O = )
12 — 2 ~ . )
G+ o+ B PG + O + 1) )
R O+ 2) G + = 552G+ Ge — 2))
13 — 2 ~ )
(% + Gy + 828 + 0o+ 222
. FCER )% + = 2% + (e - 2))
14 — 2 2 po -
(3% + 1+ 2)) (G + Qo + 72)2)?2
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In order to evaluate R; in (3.2) and d(ﬁl in (3.4) asymptotically, we need to expand all terms in (3.4), which
leads to
M=) = — 1—’;\*11h°‘>’
Go- )= -5 (1-207),
M+ 2)~a 1+§—;hﬁ),
(o + ) = & (14 2h%),
(s + O — g07) =~ 25 (1= 2ope 1 0(n2)
Gt (o - 3)?) ~ 25 §1 — 2208 4+ O(r%7)),
%,fi +a+3)?2) =2 (14 thﬁ + O(h%)g
e 3 2¢c3
(5 + o+ 502) = 58 (14 2pe 4 002
(h% + (M + %)2)71 ~ i (1 - Alhﬁ + O(hw))
(58 + G + ,%)2)_1 ~ 2 (1= 22pe 4 o))
(s + O + ;—’;’,)2)_2 ~ 80 (1- Buwd + o))
(8 + o+ ;;‘—;)2)_2 ~ 82 (1 Bape 4 O(n)).
Replacing these expressions into (3.4) and collecting leading order terms, we get

(- 1) 58) 0 - 200 00) (5)
A1 0(h2ﬁ)) (gf) (1 e O(hQa))
k ha) (1 _ X1+Z\2 Be _ Z\1c+1,'\2 he 4 O(hzﬁ)) 7

(=) (1= &07) (G52) (1= e+ 00) (37)
A1 0(h2ﬁ)) (55) (1= 22pe + 0(n2))

1R

=
2
\

~ S\kc hﬁ) 5\1+5\2 nB — :\1425\2 B +O(h25)) ’
£ ) (1300 () (1 2 00 (35) .
20 (i) (1= 207 + 0n) (1= 2up? + 0(0)) '
1- —h + 0(h2a))

12

=
S
w
12
N TN T N T N N N N N N T
I yt‘? >
—~
:“S
SN—
/‘—‘\ —

(1 Authapf — dthape - O(R29))

w) (14 2200) () (1- 2o+ o) ()
) ( - 200 O(h”)) (1 —Aps g O(hw))
+0(h))

~ (’“ h&) (1- 2uthaps — dthape 4 0(n27)).

Azcy

=

=

IS

1

> yx‘§ Sax

\_/OPT
‘ E
P N—

5%

SN

N
N—

yz/\;_

Q S

—_

de

We thus obtain for the asymptotic behavior of

dR;

ok wn, w2, O, C) = <} + }> { B4 Lpe +O(h25)} (3.6)

)\1 AQ C1
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and hence there is a local extremum at k& = 0. For k € (0,w;) we have d(ﬁ;l > 0, because (:\i + 5%) > 0 for all
1 2

k € (0,w1), so there are no other local extrema in (0,w;) for k fixed and thus k = 0 is a minimum and k = w;
is a maximum.
Performing a similar study for the interval [wy, ws], for details see [22], we obtain

dRs
dk

A — Ao

k,wi,ws,C1,0) =k
——(k, w1, ws,C1,Cy) (M)\z

) [;hﬂ + éh“ + O(hw)} . (3.7)

Here the leading order term can vanish if 5\2 = A1, i.e. when

k:klzzy/iw%;w%-

Ifk </ 2 +w2 we have \; < )\2 and dﬁf <0,and if &k > 4/ @ we have \; > 5\2 and thus dﬁf > 0. Therefore
ki is a local minimum, not a maximum. The maximum on the interval is thus either at k = w; or k = ws.

Now we verify that we do not have extrema for k fixed in the third interval [wo, kpax]. With similar compu-
tations as before, see [22] for details, we obtain

dR3

w12, C1,Co) = b (Al + AQ) {—1% ey O(hm)} . (3.8)

A1z C2 C1

Since ’\){JS\)‘Q > 0 for k € [wa, kmax], it follows that R3 does not have an extremum for fixed k € [wa, kmax], and

the sign of the derivative shows that Rj is decreasing for k > wo.
2. Now we show that there is no variable extremum close to k = 0: we suppose that k = ¢, A7, with v > 0,
and obtain with a similar approach as before (for details, see [22]), that

dR;
dk

o w0, C1 Co) = ( ! 1) {1hﬁ +Lpey (’)(h*)] , (3.9)
w1 w2 C2 C1
with * denoting a number bigger than (. The leading order term can not vanish, and we thus can not have
further extrema close to k = 0.
3. We now study possible extrema for k = 72, with 0 < < 1. There are five sub-cases to consider: v < # < «,
B <v<a, < a<-yand also the two particular cases § = v < a and 8 < 7 = «. For every case we have
to do a similar calculation as we did for the case k constant in the interval [0,wq]. For v < 8 < « we get (for
details see [22])
—2(k,w1,wq, C1,Co) = _2pp 2y O(hmin{20=7.8+27}y (3.10)
dk C1 Co

This shows that the leading order term of (3.10) can not vanish by an appropriate choice of v and ¢,,, since it
does not depend on them, and thus there is no local extremum for v < 3 < «. For § < a0 < 7y, we get

dR3

W —=(k,w1,ws, C1,C) = CThV (1B ™% + k7P + O 729)) (3.11)

m
and again the leading order term can not vanish by an appropriate choice of v and ¢,,; we can not have a local
extremum either. For the case k = ¢,,,/hY and 8 < v < «, we get

dRs
dk

462

—— (k, w1, wa, C1,Cy) = —=h*17F — . 2 po + O(pmin{2a—yaty=F,37-20}) (3.12)
1

Choosing v = (a + 3)/2, we obtain

dRs
dk

4 —2c2
——(k, w1, w2, C1,C2) = ac m he + (’)(h(3a—ﬁ)/2)’

2
CnC1
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1
Is 1

1 - O(hY/*H

FIGURE 1. Left: drawing of the optimized convergence factor pop studied in Theorem 3.1.
Right: actual plot of the optimized convergence factor from Theorem 3.1 for pu; = puo = 1,
e1r=1,e=4, w=mwand h = 1076, The red line is at 1 and the black line is the asymptotic
maximum (1 — O(h7) for this case).

and hence the leading order term vanishes if we choose for the constant c¢,, = v/2c1co. We thus have a local
extremum, and it is a maximum after studying the signs of the expressions above. For = v < a we get

ng 262( 2 _202) 38 min{a,2a—3}
dk (k‘ w1,w2,01,02) ((C% n (Cm T 62) ) h + O(h )

and the leading order term vanishes if ¢, = V/2¢5. We thus have a local extremum, but it is a local minimum
after a study of the signs. Finally, for £ = £ in the case § < a = 7, we obtain

dR3
dk

401( 2 — 2c 2)
(2 + (cm +c1)?)?

(k‘ (U1,CU2701,02) h® +O(h2a B)

and the leading order term vanishes for ¢,, = v/2¢;, which is however also a minimum after a study of the signs.

We therefore know now that asymptotically the possible maxima of the convergence factor are at k =
w1, w2, kym and kpax, as illustrated in Figure 1 by a drawing and an actually computed example.

4. First we show that Ry (w1, w1,ws, C1,C2) ~ Ro(wa,w1,ws, C1,C2). To compute the asymptotic expansions,
we use (3.2) and a similar expression for Ry, see [22] for details. For k = w; we have A\; = 0 and Ay =
Vw3 —w? =: r. In order to simplify the notation we denote Rj(k,wr,ws,C1,C2) by Ri(k) unless we have to
specify the other parameters. The asymptotic expansion of R;(k) for k = wy gives

i) = (25) 1+ 0n) (22) (1- 207 + 002%))
(h”) (1+ O(h*?)) (h) (1 — Zhe 0(h2a)) (3.13)
— 1= L1 — Zhe 4 O(h?9),
For k = wy we have A\; = /w2 —w? = and Ay = 0, and we get

Ro(ws) = (L) (1f Zhe + O(h2) ) ( ) (1+ O(h2P))
xh(h"‘i) ( S O(hzﬁ)) ( ) (14 O(h22)) (3.14)

2c3

=1-Lh— = B+ O(h28).
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Hence (3.13) and (3.14) are asymptotically equal, and we only need to consider one of them to perform the
optimization; we will use Ry (w1).
Now the possible maxima are R1 (wl,wl,WQ, Cl, OQ), Rg (km, w1, wa, Ol, CQ) and Rg(kmax, w1, w2, Cl, CQ) For

R3(km, w1, w2, C1,Ca) we obtain with k = ky, := /22?2";2 the asymptotic expansion

2

Ry(km) = (i ) (1= /2205 % + 07 (B2) (1= /2207 + 00 —9))
x (1 - \/Zhﬂ + O(h"‘*ﬁ)> (ﬂ) (22183) (1 —J22nt O(ho‘*f’)) (3.15)
=1-4v2,/2h575 + O(hP).

For R3(kmax, w1, w2, C1,Cs) we obtain with k = max

Ry (ko) = (5 ) (1= Zmie  0(n22)) (=) (1- 22010 4 O(h2~2))

Cmax Cmax

() (= 2 rop ) (42) (1 o) oo

max max Cmax

—1— 4a pl-a + O(hmin{lfﬁﬂ—za}).

Cmax

We thus need to choose o and § to minimize the maximum of (3.13), (3.15) and (3.16), 4.e. the maximum of

Ry(wn,wi,wa, C1, Ca) = 1 — —1° 4 O(p™n20}),

C2
Rs(kp,wi,wa, C1,Co) = 1 — 42 Zﬁha/Q—ﬁ/Q +O(h*=P), (3.17)
1
4 .
Rg(kmax7W17WQ,Cl,02) —1_ C1 hl—a + O(hrnll‘l{l_ﬁ72—2a}).
Cmax

To make Rj(wi) small we need 8 small, and to make R3(k,,) small we need ( large, which implies that
equioscillation gives the minimum,

B=a/2-08/2 <— 38=qa.

Now to make R3(kmax) small we need o large and to make R3(k,,) small we need a small, which implies again
equioscillation for the minimum,

l-a=a/2-0/2 & 3a—-p=2.

The two equations thus imply a = 3/4 and 8 = 1/4. We show an example of the three functions whose
maximum we minimize in Figure 2, where the minimizing point is clearly visible. Using the same argument for
equioscillation, we can also determine the constants, and find

1 3
. r\i 2 . Lly/ryz 2
ci =13z Créalnam Cy = = 5 Chax-
2

Hence the asymptotic solution of the min-max problem (2.10) for o > 3 is

r\N% /C b 1/m\1% /¢ 1
* o max *:7 - max
Cl_(2>(h)1’02 2(2)(h>

pzpt:l—( ! ) hi + O(h?).

2Cmax

Case II (8 = «): In this case we have C; = ,f}, and Cy = }% and we follow the same steps as in the case
a > 0.
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FIGURE 2. The three functions Rj(w1), R3(km) and Rs(kmax) with the minimizing point in
the middle.

1. For the first interval [0, w;] we obtain from (3.6) for a = 3

dRy B 11 1\, 2a
dk (k,wl,wg,Cl,Cg) =k [(Cl + CQ) (5\1 + 5\2> h +O(h ):| 5

which shows that the only extremum at k£ = 0 is a minimum. For the second interval [wy,ws] we get from (3.7)

fora=p

dR, o1\ (M=) )

—(k C,C)=k||—+— )| —=— | h*+ 0] .

i (k,w1,ws, C1,Co) [((214-62) < %S ) + O(h*®)
This shows that we have a local extremum if \; = 5\2, r.e. k =k = @, and a further study of the signs
reveals that it is a local minimum. For the third interval [we, kmax] we get from (3.8)

dRs A YA o
W(kﬂﬂl’wQaClaCQ) - k |:(01 + c2> ( )\1)\2 )h +O(h ):| s

which shows that Rj3 is decreasing in the third interval.
2. For extrema close to 0 we set k = ¢, A7, with v > 0, and get from (3.9)
dR 1 1 1 1 ;
_1(k7w17w27 Cl) 02) =Cm - + - - + - hOé—’Y + O(hmln{a+’7,2a})’
dk w1 w2 €1 C2
which shows that R; is asymptotically increasing close to 0.
3. Now we classify the extrema of the form k = ¢, /h7, with 0 < v < 1. Here, we only have 3 cases (y < a,
v=a and o < 7). For v < a, we obtain from (3.10)
dR3 1 1

- _ _ _ il el min{2a—v,a+2v}
ak (k, w1, w2, C1, C2) 2<01 +02>h +O(h ),
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and thus R3 is decreasing. For o < v, using (3.11) we obtain

dR 4
T;(kwl’WQ’Cl’CQ) = (C%) (c1 + o)™ + O(h*172),

and therefore Rj3 is increasing. Finally for a = v, we perform the calculations as in the case [0,w;] for a > 8
(for details see [22]), and obtain

dRs

(k) = 4(cr + ca) (2, — 2ciea)(ch, — 262, (c1 — c2)? + 4cic)
dk N

(€2, + 2cmer + 262)2(c2, + 2¢mea + 2¢3)2

he + O(h*), (3.18)

with * a term greater than a. The leading order term of (3.18) thus vanishes for three positive values of ¢y,
namely

e = \(e1 — ) — (@ )& — derea + ),

Cmgy = 261 C2,
emy = \(e1 — €2 + /(@ T )& — drea + ).

One can verify that these solutions are in increasing order if they are real (which means that ¢? —4cico+c3 > 0).

A sign study of (3.18) implies that we have a maximum at k = k,,, := C,;’Zf = 7@;%62 when ¢,,, and ¢,,, are real

and only a minimum at k& = k,, when ¢,,, and ¢,,, are complex.

4. From the previous analysis we know that the candidates for the optimization are k = wy, k = k,, = Y251¢2

e
and k = kpax = <32 From (3.13) for the case o = 3 we get
1 1 «@ 2
Rl(wl,wl,LOQ,Cl,CQ):].*T ?+; h +O(h ) (319)
1 2
Similarly from (3.16), we have
Rg(kmax,wl,LUQ, Ol, CQ) = 1 — - (Cl + Cg)hlia + O(h272a). (320)

For k,, = ¥ 2;;02

, we use the asymptotic expansions we computed, and obtain after simplifying

(c1 — V2c1c5 + ¢2)?
(Cl + v2cic0 + 62)2

The leading order term of (3.21) does not dependent on h, and it is not difficult to verify that it is smaller than
1 for any ¢, ¢o > 0. Then the only candidates for the optimization are (3.19) and (3.20). Comparing equations
(3.19) and (3.20) we see that o and 1 —« are in competition and we thus have to equilibrate them (i.e. a = 1 —«
which implies v = 1/2). This gives the order of the convergence factor p* = 1 —O(h?) which is worse than Case
I (8 < «) studied before. So we can exclude this case as solution of the optimization problem.

Case III (8 > «): This case is completely symmetric to 8 < «, just the roles of ¢; and ¢y and the roles of
« and G are exchanged. The solution then gives the second part of the theorem. O

Ry (km, w1, w2, C1,Co) = ( ) (14 O(h*®)). (3.21)

4. TRANSMISSION CONDITIONS FOR THE TEZ MODE

We now study transmission conditions for the TEz mode for the physically important case p; = pe and
€1 # €9. Using Remark 2.1, one can also obtain an equivalent result for the TEz mode for the case uy # p2 and
€1 = €3, which was announced without proof and in less general form in [10], and used in [11] to obtain results
for the 3D case.
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FIGURE 3. Left: drawing of the optimized convergence factor pop: studied in Theorem 3.1 for
the case a = 3. Right: actual plot of the optimized convergence factor from Theorem 3.1 for
pr=pe=1e=1e=4 w=mand h= 1073. The red line is at 1 and the black line is the
asymptotic maximum (1 — O(h2) for this case).

Theorem 4.1. If 1 = pz, €1 # €2, s1 = (1 +4)C1, s2 = (1 +9)Ca, 7 = /w3 — w?|, e = \/e1/e2 and cyax is
given by the relationship kmax = <52, we have the following results:

o If0<e?2< %, then the asymptotic solution of the min-max problem (2.12) for h small is given by

* Cmax€(V3+4e—1—-2 % N
Cr > Egh(lf;i-"?) E)’ C3 =71, Popr= \4/%‘*‘ O(h). (4.1)

. [f% < €2 < 1, then the asymptotic solution of the min-maz problem (2.12) for h small is given by

* Cmax (1— T * T *
Cf > tomfims), T =05 S mam o= VETO(R). (4.2)
o If1 < &2 <2, then the asymptotic solution of the min-max problem (2.12) for h small is given by

Cf < =2, C5>fomsl pr = 2+ 0(h). (4.3)

re <
et+v2—e2 — e—2—¢2’

o Ifc? > 2, then the asymptotic solution of the min-max problem (2.12) for h small is given by

Ci=r, Cj>eu¥s0E=2 g — o/l 00). (4.4)

Remark 4.2. A more general form of Theorem 4.1 is presented in [22] for the TMz case with pu; # pe and
w1 # wo which guarantees convergence independently of the mesh size h. Similarly, there is a more general form
of Theorem 4.1 for £; # €2 and w; # ws that guarantees also convergence independently of the mesh size h.
Combining both results we have (for p; # pe, €1 # €2 and wy # wa) a non-overlapping Optimized Schwarz
Method applied to the complete Maxwell system in 3D that converges independently of the mesh size h. The
condition py # pe, €1 # €2 and wy # wy is usually verified if we consider two different materials, nevertheless
for the case 1 = o and 1 # g5 the complete Maxwell system in 3D has a contraction factor of 1 — (’)(h%), as
in the continuous case studied in [7].
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Proof. We proceed as in the proof of Theorem 3.1: we use the ansatz C; := ;& and Cs := 7%, divide the proof
into Case I: § < «, Case II: 8 = «, and Case III: 8 > «, and perform the four steps to identify and balance
maxima.
Case I (8 < a):
1. First we show asymptotically that there is only one local extremum for k£ = ¢ constant, proceeding as in
Theorem 3.1 for the case a > (3, for details see [22]. We obtain for the derivative for k € (0, w;)

1 €
A )\2

dR;

dk (k w1,wWa, &, 01,02> = k‘(

) LCZ hP + o Lhoy O(h%)] (4.5)

We thus have a local extremum for k = 0, and dﬁl > 0, Vk € (0,wy). So there are no other local extrema for

fixed k, and R; is increasing in (0, w; ), which implies that k£ = 0 is a minimum, and the maximum is at k¥ = w;.
For k € (w1, ws) we get

dR»
dk

)\15 — XQ

k,wi,ws, Cy, C ~
( ,wWi,w2, U 2) ( Ao

> [ECQ ho + - Loy O(hw)] (4.6)

we have

wie2+w? Itk < wie?+wi

Hence the leading order term vanishes if 5\2 = \&, which means k£ = T L =

N dR, wie2+w? X . . dR» ..
A1€ < A2 and thus <52 < 0. If &k > iz - we have Aje > Ay which gives 52 > 0. These three conditions

imply that we have a local minimum. The maximum of the interval is therefore necessarily either at k = w; or
k = wq. For k € (wa, kmax), we finally get

dRs

5 kwnwa,e, 01, Cs) = <M> [lhﬁ + e O(hw)} . (4.7)

/\1/\2 ECo C1

Since ’\f\stk"’ > 0 for k € (w2, kmax) we deduce that Rz does not have extrema for fixed k in [wa, kmax], and the
sign of the derivative shows that Rj3 is decreasing for k > wy. Therefore, for fixed k in [0, kpax], the maxima of
Popt are at k = wy and k = wy, for an illustration, see Figures 4 and 5.

2. Now we show that there is no other extremum close to k& = 0. Proceeding as in the proof of Theorem 3.1,

we set k = ¢, hY, with v > 0 and obtain after some computations (for details see [22])

dR;

m (W1 + EWQ) By hﬁ h®
dk

S Y wri,wa, e, Ch, Cs) = <C ( 2T romn], (4.8)
wWiwo EC2 C1

with * a term bigger than . Clearly the leading order term can not vanish for ¢,, > 0 and v > 0, so we do not
have an extremum close to k = 0.

3. Proceeding as in the proof of Theorem 3.1, we now study possible extrema for k = ¢, /hY, with 0 < < 1.
We have to consider five sub-cases: v < < «, <7< a, B < a < 7, and the two particular cases § = v < «
and # < v = «. In order to simplify the notation we use again R3(k) to denote R3(k,w,ws,e, Cq,Cs). For the
case v < 3 < «, we obtain for the derivative

dR (149 (1+¢)
8 k=~ e

he + O(hmin{ﬁ+2'y,2,6’f'y,})’ (49)
ECo C1

which shows that the leading order term can not vanish for a particular choice of v and ¢,,, since they are not
present in the leading order term. Hence there is no local extremum for v < 3 < «a. For the case f < a < 7, we
get

dR3 (2(1 +e)

E(k) = 2

) (ELpr—e v—B 272
2t ) (€h + ek B 4+ O(h )). (4.10)
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F1GURE 4. Convergence factor pop from the first and the second case of Theorem 4.1 (g1 < €3).
The red line denotes 1, the black line is the asymptotic maximum: i/g for the left case with

U1 =¢€1 = o =1,e0 =2, w=mand h = 107%, and ¢ for the right case with 1 = 9,
€9 = 1 = po = 10, w = 7 and h = 10~°. Convergence does not depend on the mesh size h.

o9 4 ooF

0.8 - B

0.6 B
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F1GURE 5. Convergence factor popy from the third and fourth case of Theorem 4.1 (g2 < &1).

4

The red line is 1, the black line is the asymptotic maximum: \/g for the left case with u; =

eo=p2=16e61=2,w=mwand h = 1079 and ¢ for the right case with e =6, g9 = 5, w =1,
po =1, w=mand h = 1075, Convergence does not depend on the mesh size h.

Again the leading order term can not vanish, and hence there is no local extremum for k of the form k = ¢,,, /h?Y
and 8 < a < . We further see that R3 is increasing in this case. For the case f < v < «a, we find

Ry

C28°(14e)ea, 0, 5 2(1+¢)
W= e

h* 4+ O(h* 4.11
= e o), (a.11)
with * = min{2a — v, + v — 3,3y — 25}. The leading order term can thus vanish if we have v = (a + 3)/2,
and rewriting (4.11) for this choice, we obtain

dRs 82(1 + E)(20102 — C,Qn)
% )=

2
CnC1

he + O(RBa=R)/2), (4.12)
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which shows that the leading order term will be zero if ¢,, = v/2c1co. We thus have a local extremum for
B<vy<aand k= %2 when v = (a+3)/2 and ¢, = v/2¢1¢2, and it is a maximum after a further study of the
signs in (4.12). For 6 v < a, we get

dR 2e”c (('m_Q(Cm c2)(emtec2)) 2(1+ )(02+(Cm_c )2) « a—
T;(k) ( - 2(52C§+(Cm+622)2)2 = )hﬁ <61(52803+2(cm+562)22) )h +O(h2 B)’ (4'13)

and the leading order term vanishes for ¢,, = (1 — & + V1 + £2)co, which leads however to a local minimum

asymptotically at k = U_Hhi “;‘“EZ)CQ after a further sign study. Finally we look for extrema when k = 7%, which
leads for the case < a = to
dR; 2e%c1 (1 +¢)(ec2, + 2¢1(1 — €)ey — 263) Yo
—= (k) = i h* + O(h**~H). 4.14
= ( et o) (4.14)

The leading order term vanishes for ¢, = 1_% Vite?

(1—e+V1+e2)cy
ehe

c1, we thus have asymptotically an extremum for k =

, which turns out however also to be a minimum.
4. We have again identified four candidates for the maximum. We start with the asymptotic expansions of
Ry (w1, wr,we,e,01,Cs) and Rg(ws,wr,ws, e, C1,Cs), and we classify these two expressions as functions of the

value of e. We have
<§2§;> (1-= h“+0(h2”)) (

) (1-Z 7 +o(r*?))

R =
1(w1) (22’;’;% ) ( ) ( ) (1+§—1’ha+(9(h2"‘)) (4.15)
_ 77‘hﬁ Erha+0h2,3
(1)) (3) 500
RQ(WQ) = -

( hi )(1+EC2 ho+0(h29))

g a><1+ﬁha+0(h2a)) (4.16)
— 11— ZhP — Zhe 4 O(h?P),
C2 C1

which shows that Rj(wi) < Ra(wz) if € > 1 and Rj(wi) > Ra(wz) if € < 1. Note also that Rp(wi)
and Ro(ws) depend asymptotically on ¢z, and not on c;. We next derive the asymptotic expansions of
R3(km,w1,wa,€,C1, Cs) and R3(kmax, w1,ws, €, C1,C2), and obtain

R (kmax) = ((C%i“)(l—j:i R1TELO(R?T 2a))( ﬁ.dx>(1_£h175+o(h2725))

C?;lgx)(1+ 2ec2 p1- B4O(h2— 25)) )(1+ 201 —h1=o4O(h2~ 2a)) (4.17)
=1— 29 (14e)ht e — zizi(lJrg)hl 5+O(h2 2oy,

ECmax
hci) (k%h%ﬁ +(9(ha*5)> (%) (17%}1&5[3
< ><1+2ﬂh“§ﬁ +0(ha—ﬁ)) (%) (HT 7 +O(ha—ﬁ)> (4.18)
=2 (1-3v2(1 + ), [20°F + O(he?))

and

+O(h“*ﬁ)>

We observe from (4.18) that the leading order term of R3(k,,) does not depend on «, 3, ¢; and cg, and can thus

not be optimized in this case, and additionally R3(k,,) < 1 if and only if ¢ < 1. We thus consider for the rest

of the case § < « that we have € < 1 (the case € > 1 will be considered when we study the case (o < 3)).
From (4.15) and (4.17) we observe that the leading order terms are not dependent on the same variables (i.e.
— O(hP) and 1 — O(h'~?)). This suggest to set @ = 1 and 3 = 0 to obtain terms independent of the mesh
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size h, since all the other choices will lead to mesh dependence. We thus recompute for « = 1 and 3 = 0 the
expansions of Ry(w1), R3(km), and R3(kmax), and obtain
2¢2—2rco+1? r
Ry(wr) = (%42 e ) (1 —aht O(h2)) )

Ry(kp) = ¢2 (1 — 3ya2lravh | O(h)) , (4.19)
RS(kmax) _ (52(cl2nax—2c1cmax+2c?)) (1 _ 2C2(€+1)h + O(h2)) )

e2c2,, +2c1 Cmaxe+2c? Cmax

Note that the recomputation is really necessary, because the earlier expansions do not hold for § = 0 and a = 1.
Similarly we also check that with 8 = 0 and o = 1 we still only have the same candidates for the maximum
points as with 0 < § < a < 1, for more details, see [22].

We see from (4.19) that Rs(k,,) ~ €2, which can not be influenced any further with the remaining constants
¢1 and ¢y we can choose. We thus try to minimize the leading order terms of R (w;) and R3(kmax) using co and
c1. To do so, we check the asymptotic derivatives in ¢; and cg,

dR;(w) N r(co — 1)

des 0223 ’
dRs3(kmax) _25 Cmax (€ + 1)(€2 1€ — 2¢1CmaxE + 2¢1Cmax — 2¢7)
dey (€2¢2 . + 2C1Cmax€ + 2¢3)2

d%R,

f dR1 (wl)
d deg

C2

The unique solution o ~ 0 is ¢ = r and this is a minimum because (w1, é2) ~ 7_% We have in this

case )
Ri(w1,wi,wa,e,Cr, (1 4+d)r) = 3 + O(h).

Similarly the unique positive solution of %]jﬁ“) ~ 0is ¢; := = (1 — e + V14 ¢?), which is also a minimum
because second derivative is

d®R;
de?

452 (e+1) (V2 + 12+ 2+ Ve +1+1)
i (E2+VE2+1+ 1)3

>0

(kmax, E1 ) ~

At this minimum we have

e2(V1+e?2—¢)
14++1+¢2

We now verify that for 0 < ¢ < 1 we have asymptotically Rs(kmax, (1 +%)é1/h) < %, which leads for ¢; to an
entire interval in which it can be chosen such that R3(kmax) < Ri1(wip), and thus the solution is not unique.
To see why Rg3(kmax, (1 +i)¢1/h) < 3, we first check that the second factor in the numerator satisfies for
0 < e < 1that 0 < vV1+4¢€2 —¢e < 1, which can be obtained by noting that /1 + &2 — ¢ is a decreasing
function ((v1+e2—¢) = == —1 < 0) and its maximum is thus attained at € = 0. We then estimate for the

R3(kmax, w1, w2, €, (1 +1)é1/h,Cs) = +O(h).

Vite?
denominator in Rs(kmax, (1 +4)¢1/h) that Tlx/i < ﬁ < 1, which implies 0 < R3(kmax) < 5 as claimed.

Since R3(k,,) ~ €2 which can not be influenced, we can have two possible situations: either £ < 1/2 and
the convergence speed is limited by Ri(wi) at pj,, = 3, or €2 > 1/2 and the convergence speed is limited by
Papt = €2 from Rs(ky,). In the first case, the asymptotic solutions of the min-max problem (2.12) for h small
are given by (4.1) in the statement of the theorem.

Now in the second case, €2 > 1/2, there exist two intervals, one for ¢; such that Rs(kmax, w1, w2, &, C1,Cs) < g?
and one for ¢y such that R;(wy,wr,ws, e, C1,C2) < 2. For R3(kmax) < €2 asymptotically, ¢; has to satisfy

£2(c2 . — 2C1Cmax + 2¢3)

max Cmax(l B 5)
+ 2¢1Cmax€ + 20%

§52 — c1 > 9 )

g2¢2

max
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and for R;(w;) < &2 asymptotically, co has to satisfy

262 — 2rco + 12 r r
2 < g2

—_ <<
2c3 - 1+V22 -1 T 1-v2e2 1
which leads to (4.2) in the statement of the theorem.
We now study the Case a = :

1. We proceed as in the case § < a: for k constant, independent of h we can adapt the results from (4.5) to

obtain
dR;

1 1
(R wnwne, 01702)_1@( c ) (+) he + O(h2).

)\1 )\2 C1 EC2

We see that Ry (k) is an increasing function in (0, w;), and it thus has a minimum at ¥ = 0, and a maximum at
k = wy. Next we adapt the results from (4.6) for the interval [wq,ws] to obtain

dR, Mg — Ag 1 2
k C,C) =k | ——— — | h* + O(h*%).
P —(k,wi,wa,e,C1,C5) = < e ) (61 + 602) + O(h*%)
This function vanishes for Aie = :\27 which means for k = w%fi;wg, which turns out to be a local minimum

after a sign study. The possible maximum of the interval must hence be at either kK = w; or k = ws. For the
third interval [wa, kmax] We can adapt the results in (4.7) to obtain

dRs

S (kwi, w2, €1, Cy) = k(l +5> (1+1) he + O(h2).

)\1 /\2 C1 ECo
This shows that Rz can not have a local extremum asymptotically for fixed k£ independent of h and k > ws.
2. Now we consider k = ¢, h” with v > 0, and adapting (4.8) leads to

dR;

1 1 1
T emh?wi, w22, €1, Ca) = e ( + 5) ( + ) Rt + O(hY),

w2 w1 C1 ECo

with * = min{2a + v, 37+ a}. The leading term can thus not vanish for any choice of ¢, or v either, and hence
we do not have extrema dependent on h close to 0.

3. Now we have to study the situation when k = 7.
v =« and v > a. For v < a we can adapt (4.9) to get

For o = 3 we only have three cases to consider: v < «,

dR3

1 1 .
B ——(k,w1,wa,e,01,C5) = —(1 +¢) ( + > he 4 O(pmin{at2y.2v=aly,

C1 EC2

This shows that Rs(k) is a decreasing function for v < « and we do not have a local extremum. For a < 7 we
can also adapt (4.10) to obtain

dRs

2(1 +5) C1 27—« 3v—2«
2k wr,wn,5,C1,C) = () <Z +cQ) B2 4 O(R320),

2
Cm

Hence R3(k) is now an increasing function and we do not have an extremum either. The interesting case is
~v = a: here we have to recompute the asymptotic terms as we did in Theorem 3.1 in the case a > [, see [22]
for details, and obtain

dk e2c2+(em—tec2)?)(c3+(ecm+c1)?)
x [ect, — 2(01 + ) (e 4 2¢0) B, + [<2(e — 1) (1 — eca)+ (4.20)
+850102] —4erea(e — 1)(e1 — eca)em + decic3] + O(R*).

dR3 (k) = [(2520m(1+£)(01+502)(ciL_20102)
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The positive solutions for a vanishing leading order term are

Cmy = \/261625
Cmas = 3 |(6 = Der — eea) + V(& + 1) + 2 B)%

+ (((e —1)(cr —eca) + /(2 +1)(3 + e%%))z - 8620162>

j (4.21)

To show that the first solution ¢,,, = v/2c;ica lies between c¢,,, and ¢, if they are real, we define

= (e — 1)(c1 — eca) + /(€2 + 1)(c3 + €2c3),
b= 2cico.

To have ¢;,, and ¢,,, real we need a > 2eb. We then rewrite the inequality ¢, < ¢m, < Cmy a8

a2 — 42252 2 4252
a a® — 4e?b <p< a+vVa?® —4e?b .
2e - 2e
The first inequality follows from a*\/a;:‘a?lﬂ = nter éﬁw) and using that a > 2¢eb, and the second inequal-

ity holds because 2eb — a < 0 < va? — 4e2b2. Hence c,,, = v/2c1c3 is a maximum and the other two are minima

in the case when they are real. We denote by k., := 4/ 26}% this maximum point. This leads to the asymptotic
value

4 (em—ct)? 2a
R3(kp, w1, wa,€,C1, Co) = ( 1tlen 1) ) <E2C%+(}ém+502)2>
c3+(cm—c2)? 2p 20
( (h2“ 2) ) (Cl+(ssc};+cl) ) + O(hQQ) (422)
( e (Cﬁ-(fm—Cl) )(e5+(em—c2)?) ) + O(h2).

(At (em+ec2)?) (el +(ecm+e1)?)
We have therefore identified the possible maxima: Ry (w;), Ra(ws), R3(kn) and R3(kmax), which are asymptot-
ically given by

Ry (wi,wr,ws,€,Cq,Co) = —7“<L i) h* + O(h*?),

Ry(wa,wr,wy,e,C1,Co) =1 =L (L + Ci) h® + O(h?®), (4.23)
Rs(kmax, w1, w2, €, C1, Ca 2(iis) (2 +co )hl o+ O(h?29),

—_ — ~— —

Rg(km,wl,(.«JQ,E Cl, 02

€ (c +(em—c1)?)(E+(em—c2)?) 20
(E n (C7rL+EC2) ))(02 +(EC77L+CI) )) + O(h )

We see that Ri(wi) and Ra(ws) are in competition with Rs(kmax), and we thus have by the equioscillation
principle « =1 — & and o = 1/2. Then

R1(w17w17w275701,02) ~1- O(h1/2) ~ RS(kmaX7w17w27€701702)~

This is however asymptotically worse than the solution we found for the case o > 3 which was independent of
h, and hence a = 3 can not lead to the optimal choice asymptotically.

We finally treat the Case a < (: here we can use the symmetry of (2.9); we just have to note that if we
consider o < (3 this is equivalent to exchange the constants ¢; and ¢ and we have to replace € with e~!. The
asymptotic calculation performed for the case 8 < a can then be transformed into this case, which concludes
the proof.

O
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5. NUMERICAL EXPERIMENTS

To illustrate our theoretical results, we perform now numerical experiments on the rectangular domain (2 =
(—1,1) x (0,1) decomposed into the two sub-domains £2; = (—1,0) x (0,1) and {2, = (0,1) x (0, 1). We consider
constant coefficients €;, u; with j = 1,2. We discretize the Maxwell equation for w = 27 using a finite volume
scheme with mesh size h = %1 based on the classical Yee scheme, see e.g. [23]. We impose on the outer boundaries
the impedance condition Z; X1y +n; X (H x nj) =0, with j = 1,2. We then use as initial guess each of the
Fourier modes sin(kny) at the interface to see if the discretized algorithm on the bounded domain behaves
in a comparable way to our analysis of the convergence factor. We see in Figure 6 a comparison between the
theoretical and numerical convergence factors, and also an asymptotic performance study. In the top row, and at
the bottom left, the plots show that the numerical convergence factor of the discretized problem on a bounded
domain is well predicted by the theoretical convergence factor in Theorems 3.1 and 4.1. On the bottom right,

0.9

— »* —Num — »* —Num
Theo Theo
Asym Asym

0.9 T

— % —Num N —T
Theo N —— —on-14)
L Asym NN — T2
0.85 el e Top
N

Iteraton Number
/

70 107 107

FIGURE 6. Comparison between the theoretical and numerical convergence factors as a function
of the Fourier frequency k, where we set every Fourier mode sin(kwy) as initial guess and
computed the numerical convergence factor for four iterations. Top left: case of Theorem 3.1
with 9 = g1 = pe =1, e =2 and w = w. Top right: first case of Theorem 4.1 with e; = p; =
e =1, e =2 and w = w. Bottom left: second case of Theorem 4.1 with 61 = g = po =1,
€ = 1.4 and w = 7. Bottom right: Number of iterations when the mesh size h is refined.
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TABLE 1. Number of iterations required using the optimized Schwarz methods to obtain an
error of 1078 for a random initial guess and different mesh sizes h.

h i1 1 1 1 1
8 16 32 64 128 256
Theorem 3.1 24 25 30 34 40 46

Theorem 4.1 (Case 1) 28 28 30 30 30 30
Theorem 4.1 (Case2) 25 31 31 31 29 29

TABLE 2. Number of iterations required to obtain a relative residual reduction of 1076 for
different mesh sizes h, using the optimized Schwarz method as a preconditioner for GMRES.

h 101 11 1 1
8 16 32 64 128 256
Theorem 3.1 11 17 21 26 30 35

Theorem 4.1 (Case 1) 11 16 19 21 23 24
Theorem 4.1 (Case 2) 11 18 23 26 30 34

we use a random initial guess and iterate until the error is reduced to le — 6 in the L° norm at the interfaces
for various mesh sizes h. We see that indeed when the mesh is refined and A becomes small, the optimized
Schwarz methods corresponding to Theorem 4.1 have an iteration number that is independent of the mesh size,
whereas the optimized Schwarz methods based on Theorem 3.1 slowly deteriorate when the mesh is refined,
at the predicted rate in Theorem 3.1. These results are also shown in Table 1, where one can clearly see that
Theorems 3.1 and 4.1 obtained at the continuous level on the unbounded domain predict well the behavior of
the discretized optimized Schwarz method on the bounded domain. We finally show in Table 2 the number of
GMRES iterations needed when solving Maxwell’s equations with a right hand side equal to one, starting with
a zero initial guess and reducing the relative residual to 1076, For more numerical experiments, see [10,22].

6. CONCLUSION

We have determined the best choice of parameters in the transmission conditions of optimized Schwarz
methods for Maxwell’s equations in the presence of discontinuous coefficients, where the discontinuities are
aligned with the subdomain interfaces. Using asymptotic analysis, we obtained closed form formulas for these
parameters which can easily be used in implementations. Our results showed that with the specific transmission
conditions in optimized Schwarz methods which take the physics of the underlying problem into account, one
can not just obtain robustness in terms of the jumps in the coefficients, but even benefit from them, obtaining
non-overlapping optimized Schwarz methods that converge independent of the mesh parameter h, which is not
possible if the coefficients do not have jumps.
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