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OUTGOING WAVE CONDITIONS IN PHOTONIC CRYSTALS AND
TRANSMISSION PROPERTIES AT INTERFACES

A. LaMACZ AND B. SCHWEIZER"

Abstract. We analyze the propagation of waves in unbounded photonic crystals. Waves are described
by a Helmholtz equation with x-dependent coefficients, the scattering problem must be completed with
a radiation condition at infinity. We develop an outgoing wave condition with the help of a Bloch
wave expansion. Our radiation condition admits a uniqueness result, formulated in terms of the Bloch
measure of solutions. We use the new radiation condition to analyze the transmission problem where,
at fixed frequency, a wave hits the interface between free space and a photonic crystal. We show that
the vertical wave number of the incident wave is a conserved quantity. Together with the frequency
condition for the transmitted wave, this condition leads (for appropriate photonic crystals) to the effect
of negative refraction at the interface.
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1. INTRODUCTION

Photonic crystals are optical devices that allow to mold the propagation properties of light. They usually have
a periodic structure and are operated with light at a fixed frequency w. Due to their spectral properties (band
gap structure), light of certain frequencies can travel in the photonic crystal, but, at other frequencies, the crystal
is opaque. A large body of literature is available on this aspect of photonic crystals. Most contributions study a
periodic medium, possibly with a compactly supported perturbation of the periodic structure. In contrast, we
are interested in the interface between a photonic crystal and free space.

An interesting effect of such an interface is negative refraction. A recent discussion in the physical literature
concerns the following question: Is negative refraction always the result of a negative index of the photonic
crystal, or can negative refraction also occur at the interface between air and a photonic crystal with positive
index? Our mathematical results confirm the latter: The conservation of the transversal wave number can lead to
negative refraction between two materials with positive index, as suggested in [27]. For a numerical confirmation
see [11].

In mathematical terms, the light intensity is determined by the Helmholtz equation

— V- (a(z)Vu(z)) = w? u(z), (1.1)
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FIGURE 1. The geometry of the transmission problem for K = 10 (number of cells in vertical
direction). An incoming wave hits the boundary of a photonic crystal. We are interested in the
waves that are generated in the photonic crystal.

which must be solved for v in a domain , v = u(z), * = (x1,22) € Q. Here, we restrict our analysis to an
unbounded rectangle Q := R x (0,h) C R?, but note that our methods can also be used in higher dimension,
e.g.for Q:=R x (0, hs) x (0,h3) C R In (1.1), w > 0 is a prescribed frequency and a = a(z) is the inverse per-
mittivity of the medium. In an x3-independent geometry and with polarized light, the time-harmonic Maxwell’s
equations reduce to (1.1) and u = u(z) is the out-of-plane component of the magnetic field.

The coefficient a = a(x) describes the medium. We agsume that the right half space {z = (z1,22) € Q|21 > 0}
is occupied by a periodic photonic crystal with periodicity length & > 0. Using the unit cube Y = (0,1)? and
the scaled cube Yz = ¢Y = (0,¢)2, we therefore assume that the coefficient a = a® is Y.-periodic for z; > 0.
We make the assumption that an integer number K of cells fits vertically in the domain, i.e. K = h/e € N. On
the left half space {x = (z1,22) € Q|z1 < 0}, we set a = a® = 1. With a = a® and w given, problem (1.1) is an
equation for u, but it must be accompanied by boundary conditions (Fig. 1).

We impose periodic boundary conditions in the vertical direction, i.e. we identify the lower boundary {z =
(x1,x2)|z2 = 0} with the upper boundary {z = (x1,z2)|z2 = h}. In order to analyze scattering properties of
the interface, we assume that the interface is lit by a planar wave. We consider, for a fixed wave-vector k € R?,
the incident wave

Uine() = emiks/= (1.2)

To guarantee that Uy, is a solution to (1.1) on the left, we assume w? = 47%|k|? /2. We think of time-dependent
solutions of the form Uinc(az, t) = Une(z)e™ " = exp(i[27k - 2 /¢ — wt]). We always consider k1 > 0 such that U,
represents a right-going wave. To satisfy the periodicity condition in vertical direction, we demand e272h/¢ = 1
or, equivalently, koh € €Z.

For a given incident wave Uy, we seek for solutions u of (1.1) such that u satisfies a radiation condition as
r1 — 00, and u — Uj,. satisfies a radiation condition for 1 — —oo.

Question 1: How can we prescribe radiation conditions in periodic media?

The answer to Question 1 requires a detailed study. We will use Bloch expansions and Bloch projections to
formulate our new outgoing wave condition in Definition 3.3. Our choice is further motivated in the next section.

We now turn to the transmission problem. When an incident wave Uy, lights the interface, it creates waves
inside the photonic crystal. These waves are described by u on {x1 > 0}, our aim is to characterize this solution.
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Question 2: Let u be the solution of the transmission problem for the incoming wave Uj,.. Does
the Bloch expansion of v on the right contain only waves that correspond to the frequency w and to
the vertical wave number ko7

A positive answer to Question 2 provides information on the negative refraction phenomenon: They support
the line of argument of [27] which explains negative refraction without referring to a negative index material
(note that a quite different interpretation is given in [12]).

This article attempts to provide answers to the above Questions 1 and 2, which turn out to be more delicate
than one might expect at first sight (see next two sections). We provide a radiation condition in Definition 3.3
and show that it is a reasonable condition by proving a (weak) uniqueness result in Theorem 1.3. Question 2
is answered with Theorem 1.6: If u is a solution of the transmission problem, then the Bloch measure of u is
concentrated on waves that correspond to w and ko. The mathematical description of our results is given in
Section 1.3.

1.1. Outgoing wave conditions

The Helmholtz equation (1.1) has been studied already by Euler and Lagrange, but Helmholtz was the first
who expressed solutions in bounded domains with a representation formula [18]. Regarding the unbounded
domain R3, Sommerfeld was the first to introduce a radiation condition in [35], today named after him:

|x|(”_1)/2(8|m|u —dwu)(x) -0 as |z — co. (1.3)

The condition can be understood by considering the two fundamental solutions of the Helmholtz equation in
R3,

1
Uout (T) 1= me

1
and  Uine(z) = W
z

iw|x|

e wlel (1.4)

With the time-dependence e~ ™*, u,y represents an outgoing wave and uin. an incoming wave. And, indeed,
Uout satisfies (1.3) and is therefore admissible, uin. does not satisfy (1.3) and is not accepted as a solution.
Sommerfeld justified his radiation condition with a uniqueness proof: Prescribing boundary data on an obstacle
(the scatterer) and the radiation condition (1.3) at infinity, the Helmholtz equation has at most one solution.
Actually, Sommerfeld demanded two further properties to guarantee uniqueness, but the results of Rellich
(today known as “Rellich Lemma”) showed that the additional assumptions are not necessary [32], see [33] for
the historical background.

We cannot use the Sommerfeld radiation condition in the periodic wave guide. One reason is that we consider
z-dependent coefficients a. The second is that we study a vertically periodic situation such that our situation
is neither one- nor two-dimensional. Our aim is therefore to design a radiation condition for wave guides which
implies a uniqueness result. The underlying idea is simple: We demand that the Bloch-expansion of solutions
contains only outgoing waves as |z1| — oo. This has a strong resemblance to the classical approach where one
demands that solutions are superpositions of the outgoing waves of (1.4), compare [10].

1.1.1. On radiation in waveguides and photonic crystals

An important contribution is the recent work of Fliss and Joly [16], which is also concerned with outgoing
wave conditions and the existence and the uniqueness of solutions for periodic wave-guides. Essentially, the
outgoing wave condition of [16] for 1 — 400 reads

u@) = Y U (x) +wh(2), (1.5)
AEN (w)
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where N(w) is a finite index set, ai‘ are real coefficients, U)'\" are right-going Bloch waves and w™ (z) is expo-
nentially small for 1 — +o00. The setting of the problem differs in one important point from ours: [16] studies
a medium which is identical at the far left and at the far right, which allows to use global Floquet—Bloch trans-
formations; this is not possible in our setting. Below we give a more detailed comparison of our results to those
of [16].

Another radiation condition in a waveguide is the “modal radiation condition”, formulated in Definition 2.4
of [6]. The modal radiation condition is expressed with a Fourier transform and it is restricted to media that
have variations only in transversal direction. The radiation of waves in a photonic crystal (including an interface
with free space) is investigated also in [5], but there the frequency w is assumed to lie in a band-gap of the
photonic crystal.

For numerical calculations, one is interested in replacing the unbounded domain by a bounded domain.
In this case, one asks for appropriate boundary conditions that must be imposed on the boundary of the
bounded domain. This point of view leads to the construction of Dirichlet-to-Neumann maps or similar ideas
[14, 15, 17, 21]. Other key-words are perfectly matched layers [23] or transparent boundary conditions, but these
approaches are not suited for periodic media.

1.2. Uniqueness properties

It is an essential feature of the Helmholtz equation that, even without source terms and with homogeneous
boundary conditions, solutions may be nontrivial. The bounded domain Q = (0,1) C R with u(z) = sin(nz)
for w = 7 provides an example. A more relevant example in higher space dimension is the Helmholtz resonator,
compare [34]. A positive result is that, for regular exterior domains, the Sommerfeld condition implies uniqueness,
but this result concerns only the operator with constant coefficients. Neglecting radiation conditions, we observe:
In full space, the problem with periodic coefficients admits multiple solutions whenever the frequency w is not
in a band-gap.

In our case of non-constant and (looking globally) non-periodic coefficients, there can be nontrivial solutions
to the homogeneous Helmholtz equation satisfying also a radiation condition, e.g.in the form of localized modes.
An example are standing waves in a photonic crystals with a point defect, compare e.g. Chapter 5 in [22]. In the
case of a line defect (or in our situation of an interface between free space and photonic crystal), one expects
nontrivial solutions travelling along the interface, see e.g.[28, 29]. Concerning the mathematical analysis of
defects in a photonic crystal and the possibility that they support modes (and hence act as a waveguide) see
[4, 13]. On the other hand, for the vertically periodic setting it was shown in [20] that a line defect cannot
support bounded modes.

The strong uniqueness result of [16] fits in the picture: In a situation where the surrounding medium is
perfectly periodic, a radiation condition implies uniqueness for non-singular frequencies. Transversal waves in
the crystal are excluded by the non-singularity assumption, waves along a line defect and localized waves are
excluded by the absence of defects.

In contrast, we cannot expect uniqueness in the standard sense in our situation: The interface can support
nontrivial solutions. Our uniqueness result states: Imposing the new radiation condition, for non-singular fre-
quencies every homogeneous solution has a vanishing Bloch measure. Loosely speaking: the solution vanishes far
away from the interface. For general frequencies, the radiating solution may contain vertical waves. See Theorem
1.3 for both results.

Bloch measures (see e.g.[1], p. 182) must be used in the limit analysis for the following reason: A periodic
Bloch expansion of the solution uses a discrete set of frequencies j. In general, not even the elementary fre-
quency condition p(j) = w? (the Bloch wave frequency coincides with w) can be satisfied in the discrete set
of frequencies j. For this reason, we cannot expect that the Bloch expansion of u (at a finite distance) satisfies
conditions such as po(j) = w?. Instead, we must introduce a limiting object (the Bloch measure) that describes
the solution w for large |z|. Our results describe this limiting object.



OUTGOING WAVE CONDITIONS AND TRANSMISSION AT INTERFACES OF PHOTONIC CRYSTALS 1917

Regarding other mathematical approaches to related problems, we mention [2, 3], where the authors inves-
tigate diffraction effects in time-dependent equations. In [1], the spectrum of an elliptic operator in a periodic
medium is investigated; we use methods of this contribution, the Bloch measure and the pre-Bloch expansion.

This work was motivated by the effect of negative refraction, which can be a consequence of a negative index,
see [30] for the effect and [7, 8, 26] for rigorous results, obtained with the tools of homogenization theory. In [12],
negative refraction is explained with a negative index. But negative refraction can also occur without a negative
index material, see [27], which analyzes the same material as [12]. With the work at hand we support the line of
argument of [27]. In [11] we furthermore demonstrate with numerical results that the negative refraction effect
(for that specific material) is only a result of the conservation of the vertical wave number. The numerics of [11]
are based on the methods developed here and demonstrate the applicability of the approach.

1.3. Main results

Throughout this article we consider the following parameters as fixed: The frequency w > 0, the height h > 0
of the waveguide, the periodicity length ¢ > 0 with K = h/e € N, and the wave number k € R? of the incident
wave with kah € €Z, k1 > 0 and 472|k|? /e = w?. The underlying domain is  := R x (0, k) and the coefficient
field is a = a® : @ — R. We assume 0 < a, < a(z) <a* < oo Vz € Q and a =1 on {z; < 0}, but the latter
assumption is not essential. We demand a € C! with e-periodicity with respect to x1 and x5 on {x; > 0}. This
requirement could be relaxed, but in our proof we need solutions of class H? in order to apply Lemma 3.4 or
Lemma A .4.

We use Bloch expansions of the solution; the superscript “£” distinguishes right and left part, +21 > 0. The
Bloch expansion uses two indices, m € Ny = {0, 1,2, ...} numbers the eigenfunctions in the periodicity cell, the
Bloch number j € Z := [0, 1]? measures the phase shift along one periodicity cell. We collect the two indices in
one as A := (j,m) € I := Z x Ny. To every A € I we associate a Poynting number P € R, see (3.1). For the
Bloch wave U )j\: with index A, the number Pf is a measure for the flux of energy in positive z;-direction.

We introduce the outgoing wave condition (on the right)

]{?y ’HIO(UE)F -0 as R— . (1.6)

Here u}, is, up to periodic extensions, the function u}f(z1,22) = u(Re + x1,22). The map II%, is a projection
onto those Bloch waves that correspond to an energy flux to the left (i.e. incoming waves, P;r < 0). The precise
description is given in Definition 3.3. The outgoing condition on the left is analogous.

Our results are formulated with the help of index sets. Waves with vertical energy flux (or without energy
flux) correspond to A € I := Z x Ny in

Y ={\eI|Pf=0}.

For fixed m € Ny, we also use the corresponding j-values,
T = {j €Z|PE,, = 0} —{jez|(Gm) eIt} .

The statements below are meaningful for general frequencies w > 0. Unfortunately, we are only able to prove
theorems for moderate frequencies, as expressed in the following assumption. It demands that the frequency of
the wave is below the energy band corresponding to the index m = 1 (below the second band).

Assumption 1.1 (Smallness of the frequency). We assume on the coefficient a and the frequency w that

2 . +
wh jnf fim () 5 (1.7)
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and w? < infjcz m>1 p15,(§), where i (j) are the Bloch-eigenvalues.
Our results concern solutions u of the transmission problem, specified as follows.

Problem 1.2 (Transmission problem). We say that u € H.. () solves the scattering problem if it satisfies the
Helmholtz equation (1.1) in £ = R x (0, h) with h = Ke and periodic boundary conditions in the za-variable.
We furthermore assume that it is generated by the incoming wave U, of (1.2) in the following sense: u satisfies
the outgoing wave condition (3.6) on the right and the difference v — Uy, satisfies the outgoing wave condition
(3.7) on the left.

Our uniqueness result characterizes the Bloch measures v

100 Of a difference of two solutions (the Bloch
measures are introduced in Def. 4.2). The theorem below yields that, for large values of |z1], the difference of
two solutions does not contain Bloch waves with an eigenvalue index larger than 0. Furthermore, only those
waves can appear that satisfy all of the following three requirements: They correspond to the imposed frequency

w, they correspond to vertically periodic waves, they transport energy in vertical direction.

Theorem 1.3 (Uniqueness). Let Assumption 1.1 on the frequency w be satisfied. Let v be a solutions of the
transmission Problem 1.2 without incoming wave, Uiy, = 0. For |l € Ny, let l/foo be the Bloch measures that are
generated by v. Then:

Vi =0 for1>1, (1.8)
SUpp(Viae) C {j € Z | i (j) = w?, j2 € Z/K} N JE,,. (1.9)

An immediate consequence of Theorem 1.3 is the following result for frequencies w that do not support
vertical waves.

Corollary 1.4 (Uniqueness for non-singular frequencies). Let the situation be as in Theorem 1.8 and let the
frequency w be non-singular in the sense that {j € Z| /L(:)t (j)=w?, ja € Z/K} N J:io’o = 0. Then the solution v
of the transmission Problem 1.2 without incident wave has a vanishing Bloch measure.

Theorem 1.3 implies the following uniqueness result for solutions to inhomogeneous Helmholtz equations.

Corollary 1.5 (Uniqueness for inhomogeneous equations). Let Assumption 1.1 be satisfied, let f € L*()) be a
source and let Uiy be an incoming wave. Let u and 4 be solutions to the transmission problem with right hand
side f, i.e.

—V - (a(z)Vu(z)) — w?u(z) = f(z).

holds for x €  and the radiation conditions are satisfied. Then the Bloch measures Vl:too that are generated by
the difference v :=u — 4 satisfy (1.8) and (1.9).

Indeed, the difference v := u — @ solves the homogeneous transmission problem without incoming wave and
thus Theorem 1.3 can be applied to v.

Our second main result shows that the transmission of an incoming wave occurs in such a way that two
quantities are conserved: The vertical wave number and the energy.

Theorem 1.6 (Transmission conditions). Let Assumption 1.1 be satisfied, let k be the wave vector of the
incoming wave Ui,.. Let u be a solution of the transmission problem 1.2 and let Vlﬂ,tow with | € Ny, be the Bloch

measures that are generated by u. Then ulioo =0 forl>1 and

supp(uoi,oo) c{jeZ|ug(j)=w?, joeZ/K}N ({j € Z|j2 =ka} U Jf(w) : (1.10)
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As above, we have the following corollary for non-singular frequencies.

Corollary 1.7 (Transmission condition for non-singular frequencies). Let the situation be as in Theorem 1.6
and let the frequency w be non-singular. Then the Bloch measure V(:foo of u satisfies

supp(ugfoo) c {jeZz| pE(j) = w? and jo = ko) . (1.11)

1.4. Further comments on the main results

1.4.1. On the uniqueness result

We recall that we expect the existence of solutions that are supported on the interface between photonic
crystal and free space. For this reason, uniqueness results can only provide information “far away from the
interface”, i.e.information on the Bloch measure.

A weakness of our uniqueness results concerns Assumption 1.1: Our results are proven under the assump-
tion that the underlying frequency w is in the first band (more precisely: below the second band). Our
conjecture is that our uniqueness result remains valid for arbitrary frequencies, stating that supp(ulfoo) -
{j| yli () =w? jo € Z/K} N Jio,l for every [ > 0. Due to a lack of orthogonality properties in the sesquilinear
form b (see Sect. 4), we must exploit the frequency assumption in our uniqueness proof.

Singular frequencies in Corollaries 1.4 and 1.7: A frequency w is singular on the right (superscript “+7) if
there exists a wave vector j € Z that satisfies three conditions, ug (j) = w?, j2 € Z/K, and P(—;‘,o) =0, i.e.: j has
the right frequency, the right vertical wave number, and a group velocity with vanishing horizontal component.
Such wave vectors j exist only for a discrete set of w’s, see Theorem 5 in [16].

1.4.2. Relations to Fliss and Joly [16]

The contribution [16] contains strong results: (1) A uniqueness result in the classical form (due to the absence
of an interface that can support waves and due to the restriction to non-singular frequencies). (2) An existence
result, based on a limiting absorption principle. We note that also the existence result of [16] uses global Floquet—
Bloch transformations and is therefore not easily adaptable to our setting. We remark that our outgoing wave
condition is weaker than the one of [16], see Lemma 3.8. This means that, apart from the problems due to the
non-periodic geometry, an existence proof should be simpler for our outgoing wave condition.

We mention at this place that our outgoing wave condition differs in one point with all existing radiation
conditions: Our condition does not use explicitly the frequency w. We regard this as an advantage: our condition
might be applicable also in time-dependent problems.

1.4.8. A possible scaling in € > 0

In all our theorems we keep the length scale £ > 0 fixed. In other words: the wave-length 1/w and the period-
icity length e are both of order 1. It is very interesting to analyze the behavior of light in small micro-structures,
i.e.to analyze the limit ¢ — 0. The limit can be performed in two settings: In the classical homogenization
problem, one keeps w (and hence the wave-length) fixed and analyzes the behavior of solutions u = u® as € — 0.
This approach was carried out e.g.in [7-9, 25, 26].

The second setting regards the limit € — 0 in a situation where the wave-length of the incoming wave is
also of order €. This is the scaling that is suggested by our notation in (1.2), which corresponds to a frequency
w = w® = e~ 'w*. Loosely speaking, our Theorem 1.6 yields in this scaling: Solutions u? to the scattering problem
with incoming wave (1.2) for fixed k consist, at a fixed distance x; > 0 from the interface and in the limit € — 0,
only of Bloch waves that correspond to the frequency w® and to the wave number ko (up to vertical waves).
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1.4.4. Outline of this contribution

Bloch expansions are described in Section 2. In Section 3 we define energy flux numbers and corresponding
index sets; these are used to define the new outgoing wave condition. In Section 4 we define Bloch measures,
Theorems 1.3 and 1.6 are shown in Section 4.3.

2. BLOCH EXPANSIONS

2.1. Pre-Bloch expansions

We start our analysis with a discrete expansion. This discrete expansion is the first stage of a Bloch expan-
sion and closely related to the Floquet-Bloch transform. We apply it to the h-periodic function u(zy,-). The
subsequent result appears as Lemma 4.9 in [1].

Lemma 2.1 (Vertical pre-Bloch expansion). Let K € N be the number of periodicity cells and let h = eK be
the height of the strip R x (0,h). Let u € L2 (R x (0,h);C) be a function. Then u can be expanded uniquely in

loc
periodic functions with phase-shifts: With the finite index set Qr = {0, %, %, ey %} we find
u(zy, o) = Z D, (x1,x2) e2rizv/e (2.1)

J2€QK

where each function ®;,(x1,-) is e-periodic. The equality (2.1) holds in L (R x (0,h);C).

loc

Sketch of proof. We sketch a proof (different from the one chosen in [1]), considering only u = u(z2) and h = 1.
Expanding v in a Fourier series, we may write

u(we) = D By, e¥TR22/E (2.2)

ko€eZ

For every ja € eNpy with jo < 1 (i.e.for every jo € Qg ) we set

O, (09) = Y By, TR aIT/E (2.3)
ko €j2+7Z
With this choice, each ®;, is e-periodic and (2.1) is satisfied. O

For the above pre-Bloch expansion we define the projection on a vertical wave number k5 as follows.

Definition 2.2 (Vertical pre-Bloch projection IT}®*). Let u € Lf, (R x (0,h); C) with h = K be a function

loc
on a strip and let ko € Qi be a vertical wave number. Then, expanding u as in (2.1), we set

o (2, 20) 1= By, (1, 2) €27F272/5 (2.4)

The projection is an orthogonal projection: For e-periodic functions ® and ® and indices ks, #+ ko there holds
foh B (zg)e™ 2272/ B (1y)e2 272/ gy = O by Lemma A.1.

We will later use the following fact: If u is a solution of the scattering problem with incident vertical wave
number ko, then also the projection H‘,;‘;”u is a solution of the scattering problem. Together with a uniqueness
result for solutions, we can conclude from this fact that the vertical wave number is conserved in the photonic
crystal.

Below, we have to deal with the following situation: For a function u on a strip with height &, we can perform
a pre-Bloch expansion. We may also extend u periodically in the vertical direction and perform a pre-Bloch
expansion of the extended function on a wider strip. We find that both constructions yield the same result.
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Remark 2.3 (Vertical pre-Bloch expansion of a periodically extended function). Let K = h/e € N denote the
number of periodicity cells in vertical direction and let u € L% (R x (0, h)) be a function with vertical pre-Bloch
expansion

u(ry,x2) = Z D, (21, 1) 2™9272/%,

J2€QK

Let R € N be a multiple of K and let @ be the periodic extension of u to the interval (0,eR) in xo-direction.
Then @ € L2 (R x (0,eR)) has the vertical pre-Bloch expansion

loc

ﬂ(mlny) = Z (i;.j2 ($1,$2) 827ri52m2/57 (25)
J2€QR

where the coefficients according to the finer grid Qg satisfy

- fo it o & Qx
<I>j2(x) - { @52(55) if j2 € Qk -

The statement follows immediately from the uniqueness of the pre-Bloch expansion. Remark 2.3 explains our
choice concerning scalings: Given a sequence of functions ug, defined on a sequence of increasing domains, at
first sight, one might find it natural to rescale ug to a standard domain and to analyze the sequence of rescaled
functions. Instead, we work with the sequence ur on increasing domains. In this way, one index j € Z always
refers to the same elementary wave, which allows to investigate the Bloch measure limit.

2.1.1. Pre-Bloch expansion in two variables

For a function u that is defined on a rectangle and that is periodic in both directions, the pre-Bloch expansion
in two variables can be defined by expanding first in one variable and then in the other.

For functions u on R x (0, h) the situation is more difficult, since u is not periodic in z;-direction. In order
to expand in both directions, we truncate u with a cut-off function 7 : R x [0, h] with compact support. For
convenience, we assume that the support of 7 is contained in the square [0, k] x [0, A].

The truncation of u is defined as w(x) := u(z)n(x). We expand w (on the square [0,h] x [0,A]) in both
directions in a pre-Bloch expansion, using the vector j = (j1,72) € @k X Qk and z = (z1,z2):

w(x) = Z ®;(x) e2miaele, (2.6)

JEQK XQK

The functions ®; = ®(;, ;,) are now e-periodic in both variables. Due to orthogonality there holds (h = ¢K)

J1,J2
1 9 2
WHWHLQ(I{YE) = Z @517,
JEQKx QK Ye
where §,. |®;]* := Dl iy, |®,]* denotes the mean value.

2.2. Bloch expansion

With the help of the pre-Bloch expansion we construct now the Bloch expansion. This step consists in
developing each of the periodic functions ®; for j = (j1, j2) in terms of eigenfunctions of the operator

Ej = — (V+2mij/e) - (a°(z) (V + 2wij/e)) . (2.7)
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The operator £+ acts on complex-valued functions on the cell Y, with periodic boundary conditions. It appears

in the analysis of (1.1) for the following reason: Let \IJ+ be an eigenfunction of £+ with eigenvalue pt(j); then
there holds

_v. (as(x)v[q/j-eQﬂ'ij-x/s]> _ [Ej-\l/j-]e%rij-m/s — 1t () [\Ijje27rij<x/s] .

We see that \I!;re%ij #/¢ is a solution of the Helmholtz equation on the right half-plane if and only if pu* (5) = w?.

We have to distinguish between z; > 0 and z; < 0. On the right, the expansion is performed with E;‘ as
above, with the periodic coefficient a® = a®(x). On the left, expansions are performed according to a® = 1 with
the operator £ := —(V + 2rwij/e) - (V 4 2mij/e). The result is a classical Fourier expansion of the solution.
Definition 2.4 (Bloch eigenfunctions). Let j € [0,1]? be a fixed wave vector. We denote by (\I/] m)mEN the

0
family of eigenfunctions of the operator Ej of (2.7). The labelling is such that the corresponding eigenvalues

i (7) are ordered, fim11(j) > pim(j) for all m € Ny. Similarly, (¥ is the family of eigenfunctions of

som) e
the operator £ and p,,(j) are the corresponding eigenvalues. We normalize with ;- \\I/ wl? =1

A standard symmetry argument yields that, after an appropriate orthonormalization procedure for multiple
eigenvalues, all functions \I/ () €2™%/¢ with j € Q are orthonormal in the space L2 (KY.;C) = L*(KY,;C)
(the sharp symbol is bometlmes used to indicate that one thinks of periodic functions, but of course, in the case
of L?, the periodicity does not alter the function space). On the left hand side (z.e. for z; < 0, denoted with
the superscript “—"), the Bloch eigenfunctions are harmonic waves and the Bloch expansion coincides with a
Fourier expansion. We collect properties on the left half-domain in Remark 3.6.

Lemma 2.5 (Bloch expansion). Let K € N be the number of cells in each direction, let uw € L*(KY.;C) be a
function on the square (0, Ke) x (0, Ke). Expanding u in a pre-Bloch expansion and then expanding each ®; in

eigenfunctions \I!;rm we obtain, with coefficients oﬁ eC,

.
u(z) = Z Zaym sm (@) €T o,

JEQK XQKr m=0

and similarly, for an expansion corresponding to constant coefficients a® =1,

u(z) = Z i V5 (2) e?mia/e

JEQK XQK m=0

To shorten notation, we will use the multi-index A = (j,m) in the index-set I := {(j,m)|j € Qx X Qk, m €
No} € I := Z x Ny. Abbreviating additionally

Ui () := UE(z) e?m0/e (2.8)

we may write the formulas of Lemma 2.5 as

u@) = Y oy Ux(z) ™= N of U (x) (2.9)

A=(j,m)elk Aelk
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The expansion holds for the basis functions U j\' with coefficients o and for the basis functions U L Wwith
coefficients o . Moreover, due to L2-orthonormality of the functions Us", with h = eK and KY. = (0, h) x (0, h),

1
WHUHQLQ(KYE) = Z lax|? (2.10)
AETK

3. OUTGOING WAVE CONDITION

3.1. Poynting numbers and projections

Let A = (j,m) € I be an index and let Uf be the corresponding Bloch function. Denoting by e; = (1,0) € R?
the first unit vector, we connect to A € I the real numbers

P} = Im][ U (z) e - [a°(z)VU (2)] da,

Py Im][ VU5 () da . (3.1)

The number P;r is related to the Poynting vector of the Bloch eigenfunction U; . It corresponds (up to a positive
constant) to the horizontal group velocity of this eigenfunction and measures its energy flux in horizontal
direction: In the case P;' > 0, the energy of the wave is travelling to the right, in the case P;' < 0, the energy
of the wave is travelling to the left.

Let us point out the relation to Maxwell’s equations: If u denotes the out-of-plane magnetic field, i.e. H =
(0,0,u), then the electric field is (Ej, Eq,0) with E; = (—iwe) " 10u and E; = (iwe)~10;u where € is the
permittivity of the medium. The complex Poynting vector is P = %E x H, so the real part of its horizontal
component is Re(e; - P) = Re(3 H3E») = (2w) 'Re(—i e '01u) = (2w)~ 1Im(u adiu), where we used that the
coefficient a = e~! is the inverse permittivity. Our expression in (3.1) coincides up to the factor 2w with an
integral of this expression. Since P represents a local energy flux, the physical quantity of a total energy flux is
a surface integral over P. In fact, for solutions Uy of a Helmholtz equation, the surface integral is independent
of the position of the surface. Hence our volume integral in (3.1) indeed coincides with the physical quantity of
a surface integral.

The index set for A: In our construction, we fix the height h > 0 of the domain and the periodicity length
e = h/K, the Bloch expansion is performed in this fixed geometry. As a consequence, we consider only indices
A = (j,m) € Ik, the frequency parameter j must lie in the discrete set Qx X Q@x C Z. On the other hand, for
arbitrary j € Z, we can still consider the functions \I/ji)m and U )j\[ They do not depend on K, hence also the
values PAi are independent of K.

Definition 3.1 (Index sets and projections). We define the set of indices corresponding to right-going waves
inxy >0 as

IZo={Xel|Pl>0}. (3.2)

The index sets I, Ifo, Ifo, Ifo, IZ£, are defined accordingly.

For K € N we define the projections H>0 as follows: Let u € L?(KY.;C) be a function with the discrete
Bloch expansion

=D Ui

ANelk
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Then we set

MEu(r) = Z arUs (2).

eI I,

With this definition, Hfo are the projections onto right-going Bloch-waves. The projections Hio, sztov Héo, and

Hio are defined accordingly.
For ks € Qi and I € Ny, the “vertical” projection szrt’i and the “eigenvalue” projection H?V’i are defined
by

vert,+
1T, ‘ u(z) == Z anf(x),
Ae{(§,m)€ElK|ja=ka}
ev,+
I () = Z s Ui (2).

Ae{(j,m)Elx| m=l}

Note that the projections szrt’i of the discrete Bloch expansion indeed coincide with the projection T}
of the corresponding vertical pre-Bloch expansion of Definition 2.2. The vertical projection is independent of K
in the sense that a periodically extended u with a larger value of K has the same projection, compare Remark
2.3.

3.2. Bloch expansion at infinity and outgoing wave condition

We can now formulate the outgoing wave condition for a solution u of the Helmholtz equation (1.1). The
loose description of our outgoing wave condition (on the right) is: The Bloch expansion of u does not contain
Bloch waves that transport energy to the left.

For a rigorous definition we must deal with the problem that w is not necessarily periodic in x-direction.
Our solution to this problem is to consider u on large domains (which reduces the effects of non-periodicity)
and to employ a truncation procedure. Furthermore, we want to formulate a condition that characterizes u for
large values of z1. For these two reasons, we consider u(x1,x2) for 1 € (Re,2Re) with a large natural number
R>> K.

In order to construct a function on a large domain, we consider the periodic extension of u in vertical direction
and restrict afterwards the function to a large rectangle. For convenience of notation, we restrict our analysis
to squares.

Definition 3.2 (Bloch expansion far away from the interface). Let u € L2 (R x (0,h);C) be a function on

loc

the infinite strip with height h = eK. Let R € NK be a multiple of K. We define % : R? — C as the h-periodic
extension of u in xo-direction. We furthermore define functions uﬁ : RY. = C by

up (w1, 22) == W(Re + 21, 32) (3.3)

up(z1,22) = u(—2Re + x1,22) .

We use the discrete Bloch expansions of the functions uﬁ € Lf(RYE; C),

up(e) = ) oy gUx (@) (3.5)
Aelgp

The coefficients (ai r)aer encode the behavior of u for large values of |x].
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We are now in the position to define the outgoing wave condition for a solution u to the Helmholtz equation,
using the short notation fRY f= ﬁy‘ / ry. J for averages of functions.

Definition 3.3 (Outgoing wave condition). For K € N, h = Ke, and R € NK, we consider u € L% (R x
(0,h);C). We say that u satisfies the outgoing wave condition on the right if the following two conditions are

satisfied: foh LL+1 |u|? is bounded, independently of L > 0, and

]{2 |Hio(u§)‘2—>0asR—>oo. (3.6)

Accordingly, we say that u satisfies the outgoing wave condition on the left, if foh / LLA |ul? is bounded,
independently of L < 0, and if

][ |H;O(u§)|2 —0as R— 0. (3.7)

€

Let us repeat the idea of condition (3.6): The function u is considered at the far right by construcing uE as
in Definition 3.2. This function is projected onto the space of left-going waves. We demand that the L?-averages
of the resulting functions IIZ(u};) vanish in the limit R — oco.

With the expansion (3.5) we can write condition (3.6) equivalently as:

Z |aj\'7R|2—>()asR—>oo. (3.8)

AeTrn T,

Our aim is to show that this definition of an outgoing wave condition implies uniqueness properties for the
scattering problem.

We note that the uniform L?-bounds for large values of | L| imply, for solutions u of the Helmholtz equation,
also uniform bounds for gradients, see Lemma A.3 in Appendix A.

3.3. Truncations and m > 1-projections

In the outgoing wave condition, we study the limit 21| ~ R — oo and the functions uﬁ on large squares

Wg := RY. = (0, Re)? with |[Wgr| = (¢R)?. As a measure for typical values of a function v we use L?-averages
on Wpg and the corresponding scalar product,

(v, W) = ][WR _— (3.9)

In the following we denote by Lo = L = —V - (¢°V) the elliptic operator of (2.7). As above, we denote
cubes by Wgr = RY. and, by slight abuse of notation, we write Wg_1 := ¢(1, R — 1)2 for a smaller cube that
has the point €(1,1) as its bottom left corner and e(R — 1, R — 1) as its top right corner. We use a family of
smooth cut-off functions 7 := nr with the properties

nr € C®(WgsR), np=1on Wr_1, [[Vngrls <Co, [[V*nrlle < Co (3.10)

for some R-independent constant Cy (¢ > 0 is fixed), and with compact support in (0, Re) x (0, Re), where
(0, Re)y indicates the interval with identified end points. The latter requirement admits sequences 1 with compact
support in (0, Re) x (0, Re), but also sequences of vertically periodic functions 7, in particular functions n =
n(z1). In the subsequent proofs we do not indicate the R-dependence of ng and write only n. We furthermore
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omit the superscripts =+, the eigenvalue corresponding to A = (j,m) is denoted by px = pm (). Constants are
allowed to depend on € > 0.

Lemma 3.4 (The effect of truncations). For R € N let n = ng be a family of cut-off functions satisfying (3.10).

Let vg and wgr be sequences of functions in L?(Wg; C) with vg € H*(Wg;C). We assume that certain averages

over boundary strips are bounded:
1

R Wr\WRr_1

1

— lwr|* < Co, (3.11)
R Wr\Wgr_1

lvr|? + |Vvr|? < Co,

with Cy independent of R. Then, with a constant C that is independent of R:
1. Application of Ly to a truncated function:

2

C
Fttatorn— Lotorn)® = f |eoown = 3 mloan Ut <G @12
Wr Wr Aelr
2. If 11 is one of the projections of Definition 3.1, then
2 2 C
F inwn) - < f on—wenf < % (31
W% W%

Proof. In the following, the letter C' denotes different constants, possibly varying from one line to the next, but
always independent of R. To prove (3.12), we expand the L?-function Ly(vg)n in Bloch-waves. The following
calculation uses several times integration by parts; due to the n-factor, no boundary integrals occur. In the first
equation we use that the coefficient «y in the expansion of Lo(vg)n is obtained by taking the scalar product
with Uy (orthonormality of the Uy).

Lo(vr)n = Z (Lo(vr)n, Ux) g Ux = Z (R, Lo(nUx)) g Ux

NelR ANEIR

= > ((vrn, LoUx) g + (WrLo(0), Un) g — 2 (vr a"V, VUL) ) U
AElR

= (ux (wan,Ux) g — (WrLo(n), Ux) g + 2 (Vg - aVn,Ux) ) Us
AEIR

( > ua (wrn Un)g UA) —vrLo(n) + 2a°Vug - Vi,
AelR

where in the third equality we exploited LoUy = u Uy and p) € R. The contribution of the last two terms can
be estimated by

][ lvr Lo(n)[* + 2a°Vug - Vi|?
Wgr

< Hﬁo(U)H%w(WR)][W [vr*L{supp(vi)} + ||2‘15V77||2Loo(WR)][W IVoR[*1{supp(vn)}
R R

C C
< — / lvr|? +/ [Vorl* | < =
R Wr\Wgr_1 Wr\Wgr_1 R
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In the second inequality we exploited supp(Vn) C (Wgr \ Wg_1), in the last inequality we used the uniform
bounds (3.11). This proves the inequality in (3.12).

Regarding the equality in (3.12) we have to verify that the formal equality Low = >, pux(w, Ux)r Uy holds
for functions w € H?(Wpg) with vanishing boundary data. We find this from

!
(Low, Us) L (w, LoUs) = px(w, Uy) | (3.14)

where we used in the marked equality that boundary terms vanish.

Inequality (3.13) is a direct consequence of linearity and norm-boundedness of the projections:
2
|

<

wgl? < €
R R

][W Mwp — T(wg )| = ][WR T (wr (1 — )2 s][ wr(l - )2

< o3
W R Wr\Wgr_1

This concludes the proof. O

3.8.1. A warning concerning the non-periodicity of truncated solutions

Let u be a vertically periodic solution of the Helmholtz equation on R x (0,h) and let ujg be defined as in
Definition 3.2. Then ug is a solution of the Helmholtz equation on the open square Wr = RY.. But uE is not
a periodic solution on the square (since it is not periodic in horizontal direction).

This fact implies that certain formal calculations are wrong: Let uj, have the Bloch expansion ug =
Y onerp WU ¥ for some coefficients v, (every L?-function possesses such an expansion). Then, in general, the
following identity fails to hold:

ﬁo Z O()\U;_ (:) Z Oé)\ﬁo(U;_).

Aelr AElR

To see this, let us assume that the relation (?) holds. Then the Helmholtz equation provides . In WUy =

wQuE = Eoug =Ly ZAEIR a)\ Uy @ Z)\EIR a,\EO(U;f) = ZAE]R akujU;'. Uniqueness of the Bloch expansion
implies a) (w? — uj\r) = 0 for every A\ € Iy, hence a, = 0 for every A\ with p; # w?. We conclude that the Bloch
expansion of u}; contains only contributions from those basis functions U; with ui = w?.

This is a contradiction for general solutions u: Let w be a frequency such that w? is not contained in the
discrete set of (uf)rer,. Let furthermore u be a non-vanishing Bloch wave for the frequency w. Then the

expansion of u does not use only o) = 0, a contradiction.

Lemma 3.5 (Contributions from energy levels m > 1). Let w satisfy the smallness condition (1.7) of

Assumption 1.1. Letu € L2 (R x (0, h); C) be a vertically periodic solution of the Helmholtz equation Lou = w?u

loc

satisfying the uniform L?-bounds of Definition 3.3. Let n = nr be a family of cut-off functions as in (3.10).
Then, with a constant C that is independent of R:

oo

Proof. We perform the proof for the superscript “4+”. Relation (3.13) applied to ujg provides

Joo

2
.
H:z1(UR)‘ <

c
< —. 1
< (315)

ev ev 2 C
5y (uf) — T ()| < 5.
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Indeed, by the uniform L2-bounds of u, the condition % fWR\WR—l |u§\2 < Cy with Cy independent of R is
satisfied. The above inequality implies that it is sufficient to show only one of the two relations in (3.15), we
show the second.

We now exploit Assumption 1.1. Due to (1.7), there exists § > 0 such that [w? — py|?> > § for all A = (j, m)
with m > 1. We therefore find

2
5 H:;(UEW‘ =’ Z [ (e U’\>R‘2 < Z |(@? = ) (ufn, UA>R‘2

Wr A=(j,m)€lR Nt

m>1 )

< D [wPuqn Us)y = G, U)\>R|2 =Y [(Loluf) . Un)p = (pauf; 77,U>\>R‘2

AEIR =

’ C
:][WR CO(UE)U - Z /~L>\<UET], UVrUs| < o
AEIR

In the second line we used that Ly (uE) = wQUE holds pointwise almost everywhere in Wg. In the last inequality
we used (3.12), exploiting the uniform H'-bounds provided by Lemma A.3. This concludes the proof. O

3.4. Other radiation conditions and the sesquilinear form bi

In this section we discuss how our radiation condition simplifies in the case of a homogeneous medium. We
furthermore show that the radiation condition suggested by Fliss and Joly in [16] is formally stronger than our
condition: Every solution that satisfies the condition of [16] satisfies also our condition. Finally, we introduce
the sesquilinear form bﬁ, which plays a major role in our proofs. The form bﬁ can also be used to introduce an
even weaker form of the outgoing wave condition.

3.4.1. In free space, Bloch expansions are Fourier expansions

Let us study the outgoing wave condition in a homogeneous medium. This is our situation for x; < 0,
indicated with the superscript “—”. In a homogeneous medium, the Bloch waves are harmonic waves. This
allows to give explicit formulas for some quantities and, in particular, for the outgoing wave condition.

Remark 3.6 (Basis functions and Poynting numbers in a homogeneous medium). The functions v, are
e-periodic eigenfunctions of the operator £; = —(V + 2mij/e) - (V + 2mij/e). As such, for fixed j € Z, they
are harmonic waves, {W; |m € No} = {e2mikz/= | | € 7.2}, More precisely, for every j € Z and every m € N,

there exists a wave-number k = k(j, m) € Z? such that

. k4 il2
W) = ) = 4P (3.16)

Accordingly, for A = (j,m), we have Uy (z) = e2mi(k+i) @/ and the Poynting number is

_ 2
Py =Im{ Uy (@)er- VU (2)de = = (ks + ) -
Y.

In particular, for the first energy level, A = (4, 0), we find

k= k(j,0) € argmin |k + j|?,
kez2
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and thus, for j = (j1, j2) with j1 # 3:

(3.17)

€ P |2 _ J1 for J1€ [07 %)7
2m (4,0 kL EZ =1

= 41 +argmin |k1 + 7
)~ & [fr + 51 forjle(%,l].

The wave U(; 0) is right-going in the sense of Definition 3.1 if and only if j; € [0, %)

Remark 3.7 (Outgoing wave condition in a homogeneous medium). Let uy be as in Definition 3.2. Remark 3.6
implies that, for every index A = (j,m) € Ig, there exists an index k = k()\) € Z? with U, (z) = e?mi(k+i)o/e =
e?mifi(k+i)@/ e Using the shorthand notation (\) := R (k(\) +j) € Z?, the Bloch expansion of uj can be
rewritten as a Fourier expansion,

ug(®) = Z a, gUy (2) = Z ay g e2mil(A)-x/Re

AEIR AEIR

By Remark 3.6, the basis function U, (z) is right-going in the sense of Definition 3.1 if and only if ;(\) > 0.
This simplifies the radiation condition: The function w with the truncations u on the left satisfies the outgoing
wave condition (3.7) if and only if

> loggl* =0 as R— . (3.18)

Xelp
11(A\)>0

We emphasize that, in order to evaluate the radiation condition, the map I : Ir — Z2 need not be evaluated
(we know that it is bijective). By expanding uy in a classical Fourier series, up () = 3,2 Bj g €20/ B with
some coefficients 3, 5, the outgoing wave condition (3.18) is equivalent to > ;cz2 |8 |? = 0 as R — oc.

) 11>0 ’

3.4.2. Comparison to the outgoing wave condition of Fliss and Joly [16]

We claim that the outgoing wave condition of Fliss and Joly is formally stronger than our condition. More
precisely: Every solution u that satisfies the radiation condition (1.5) of [16] satisfies also our radiation condition
(3.6) (we restrict the considerations here to the right side 1 — +00). Indeed, let u be as in (1.5), i.e. a finite
sum of right-going Bloch-waves plus an exponentially decaying remainder w™ (). In order to check (3.6) for u,
it suffices to verify, for each of the finitely many terms, the smallness of its Hi‘o—projection. The smallness of the
projection of w*(z) is clear because of the exponential decay of w™(x) and the boundedness of the projection
operator. The smallness of the projection for each of the Bloch waves is shown in the subsequent lemma.

Since the expansion (1.5) contains only vertically periodic waves with frequency w that are outgoing, we
restrict our analysis to such Bloch-waves U;“ .

Lemma 3.8 (Right-going Bloch waves satisfy the radiation condition). Let K € N denote the number of period-
icity cells in vertical direction and let U; be a Bloch wave with A = (j,m) € Z x Ny, ja € Qx = {0, %, e %},
wt(j) = w?, and P;‘ > 0. We impose that the frequency w satisfies Assumption 1.1 (hence m = 0). Then, as
NK 3 R — oo:

ﬁ @R 0. (3.19)

2
‘ 1. (3.20)

£, @i
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Proof.
Step 1: Equivalence of (3.19) and (3.20). By L2-orthogonality of the projections we can calculate
|2

b

= f i =f @]+ of it

=

which yields the equivalence of (3.19) and (3.20).

Step 2: Proof of (3.19). Let A = (j,m) = (5,0) be as in the lemma. Arguing exactly as in Lemma 3.5 we
conclude that contributions from energy levels m > 1 are negligible,

2
][ ’H:XSJE((U;);S)‘ —0 as R— oo.
RY. =

Consequently, for the weighted L?-norm of II1,((U)}) we calculate

| 2

S NUHEUDR = Y (O U]+ oe(1)
XeIgpnI{, ielﬁ_m;ro

£ @
RY.

= Z U U5\>R‘2 +o(1) as R— oo.
Xerpnit,
m=0, ja=j2

In the last line we exploited that due to j, € Qg all scalar products with jo # jo vanish. Next we show that
there exists a constant C' = C'(A) > 0 such that

(U R Us)r| < (3.21)

= Q

for all A = (3, 0) e IrN I:O with jo = jo. Indeed, a direct calculation analogous to that of Lemma A.1 yields

—amijnr O, M) 1= e?riliik
R 1 — e2mi(ji—s)

(U Us)r =€

with C(\, \) == f( ‘I/I\I';ez’”(ﬁl_jl)yl/edy. In particular |C'(\,A)| < 1 and therefore

0,e)2

_ o2mi(j1—j1)R
1-¢ <L 2 . (3.22)
R ‘1 _ e2mi(j1—j1)

1
(WhUsal < %

1 — e2mi(ji—j1)

We now exploit P;' > 0. The eigenvalue pd (j) is simple, hence the Poynting number Pj‘ = P(‘; 0) is continuous
in the wave number j. One thus finds a positive constant 6 = d(A) > 0 such that

1—exriti=il| 5 §

for all A\ = (j,0) € I N I£, with j» = jo. Together with (3.22) this yields the claim (3.21) with C' = 2



OUTGOING WAVE CONDITIONS AND TRANSMISSION AT INTERFACES OF PHOTONIC CRYSTALS 1931

With estimate (3.21) at hand we conclude
+ C? ot C
|H<0((U V& )| SR H)\—( O)GIRQI<OW1th]2:]2H+0(1)§ero(l)%O as R — oo,
RY.
which was the claim. O

- +
3.4.3. The sesquilinear form by

Let n = nr be a family of cut-off functions as in (3.10). In view of Relation (3.13) of Lemma 3.4, the
outgoing wave conditions (3.6) and (3.7) are equivalent to outgoing wave conditions for the truncated functions

uljfi n = uﬁ 1. More precisely, they are equivalent to the conditions

for

In the proof of our uniqueness result we will use (3.23) instead of the original conditions (3.6) and (3.7). In fact,
even a weaker form of the conditions is sufficient and we discuss this relaxation in the following.

Corresponding to the energy flux definition in (3.1), we associate to a function w € H(Wg; C) on Wr = RY.
the Poynting number

2
‘—>0 as R — oo, (3.23)

It (uRn))2—>O and ][

T (0,
Wr

Bf(w) :=1Im . w(x)ey - [a (z)Vw(z)] dz . (3.24)

The quadratic expression By, is defined analogously, with a®(x) replaced by 1

Definition 3.9 (Weaker form of the outgoing wave condition). For K, R € N with R € KN we consider
u€ HL (R x (0,6K);C) and u%m as in (3.23). We say that u satisfies the energetic outgoing wave condition on
the right, if

B} (Hjongj;)(u;m)) ~0asR— . (3.25)
Accordingly, we say that u satisfies the energetic outgoing wave condition on the left, if
By (H;OH;V;O(u,;m)) —0as R — co. (3.26)

In two respects, the condition (3.25) is similar to the condition (3.23): the function w is considered at
the far right since only ujg y 18 used. In view of Lemma 3.5, contributions from energy levels m > 1 can be

neglected and we consider only IT; " + (u R ). Furthermore, this function is projected to left-going waves, i.e. only

It Iy t(uh k) 18 studied. The main difference between the two conditions is that, instead of looking at the

weighted L2-norm, one demands in (3.25) a decay property for the energy-flux quantity Bj,. At the end of
this section, we will see that condition (3.23) (together with the uniform L?-bounds and the solution property)
implies (3.25).
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The definition of BE in (3.24) suggests to introduce additionally the (nonsymmetric) sesquilinear forms
b 0 L2(Wg;C) x H'(Wg; C) — C,

bih(u,v) = ][W u(x) ey - [a® (z)Vu(x)] dz,

br(u,v) = ][W a(z) ey - Vo(z)de. (3.27)

The definition is tailored to calculate energy fluxes. The energy flux of the left-going contributions of uﬁn (in
the right half-plane) is quantified by

BE(HIOUE,n) =Imb}, (Hiougm,ﬂzougo =Im . Hzougm(x)el - {aa(:c)V(HzOuEm)(x)} dz.
R

The connection to Pf is given by
P = BE(UY) = Imbf;, (UE,UY) . (3.28)

Let us collect some properties of the sesquilinear forms bﬁ.

Lemma 3.10 (Properties of the sesquilinear form bﬁ). For R € N, the following holds:
1. Orthogonality property of bli%. Let \, \ € Ig be such that A = (j,m), A = (j, ) with j # j. Then U/\i, U:\i
of (2.8) satisfy

b(Ux, US) = 0. (3.29)

2. Convergence property of bljé. Let sequences ur € L?>(Wg;C) and vg € H'(Wg;C) be such that
][ lur|® + |Vor|* < Co (3.30)
Wr

with Cy independent of R. Let either JCWR lur|*> = 0 or JCWR |Vug|? = 0 as R — oo. Then there holds
bﬁ(uR,vR) —0. (3.31)

Proof. 1. We prove (3.29) for U;r, U;, the argument for U, _, U; is analogous. We have to show that

bE(US U = ][WR UF@)er - [0 (@)VUF ()] de 0.
By definition of U ;L and U ; there holds
US (2) = U (a)e 00/,
VU (2) = [w;(x) + (27 /e) \p;(x)} gi2mi-e/e

with e-periodic functions \Il;\", \II;\F, and V\I/;-\". Due to the e-periodicity of a° and since j, j € Qr satisfy j # J,
we can apply Lemma A.1 of Appendix A, which yields the claim.
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2. We show the claim for b;, the argument for by is analogous. The Cauchy-Schwarz inequality allows to

calculate
1/2 1/2
< |la®] oo <][ |u32> <][ |Vv32> —0as R— oo,
Wr Wr

which concludes the proof. O

b (ur, vR)| = ’][W ur(z)er - [a°(2)Vur(z)] dz

Lemma 3.10 shows that the outgoing wave condition (3.23) together with the L2-bounds of Definition 3.3
imply (3.25). Indeed, by (3.23), there holds

o

Moreover, ITE TSV (uf; ,) satisfies fW \% (H+ eV (uf n)) | < C with C independent of R due to Lemma

2 2
+ ev,+ /  + + +
H<0Hm:0(uR,n)‘ < ][W ‘H<0(UR,U)’ —0as R — o0.
R

m=0 m=0

A.3 and Lemma A .4 of Append1x A. Lemma 3.10 provides
Bf (H+0H‘sv *(u Rm)) Tm b; (H*OHEV o (uh,)s T TIE T (ufy )) ~0as R— o0,

and hence (3.25).

Remark 3.11 (On the sesquilinear form b%). Another choice of a bilinear form is
7+ 1 = € e —
bi(u,v) == 5 {u(m) e1-[a®(z)Vou(x)]—v(z)er - [a (w)Vu(x)]} dz. (3.32)
Wr

With this choice, the energy flux BE can be calculated as before, since Tm bk (u,u) = Im b} (u,u) holds for
every u. The properties of Lemma 3. 10 remain also unchanged, the only additional requirement would be an
H'-bound also for ug in (3.30). ~

The advantage of b;(u,v) is that more orthogonality can be expected for b}; than for b;. Essentially, the
bilinear form q of (27) in [16] coincides with 5; (up to a factor 2, our coeflicient a®, and the fact that we use
a volume integral for the averaging). In Theorem 3 of [16], an orthogonality property is shown for ¢, which
resembles our orthogonality relation (3.29), stating that orthogonality holds also for A = (4, m) and A= (j,m)
with m # m. Unfortunately, such an orthogonality is only true for basis functions corresponding to the same
frequency w, while our analysis of an interface would require orthogonality independent of the frequency.

4. BLOCH MEASURES AND UNIQUENESS PROPERTIES

Our aim is to show uniqueness properties of the transmission Problem 1.2 with incoming wave Uy, and
outgoing wave conditions. Following the standard procedure of uniqueness proofs, we consider two solutions u
and @ of the problem. Due to linearity of the system, the difference v := u — @ satisfies again (1.1). Furthermore,
it satisfies outgoing wave conditions on the left and on the right according to Definition 3.3, without any
incoming wave Uj,.. At this point, we have exploited the triangle inequality: Certain projections of v and @ tend
to zero in a weighted L2-norm, hence also the projections of v tend to zero. We can not show that v vanishes
(indeed, as explained in the introduction, we expect that there exist nontrivial solutions for vanishing Ujyc).
But we can show that the functions v?.tf con51st in the limit R — oo, only of vertical waves. The right object to
study is the Bloch measure associated with v =

We recall that the frequency assumption (1.7) implies that, in the limit R — oo, the discrete Bloch expansions
of ul,i;c contain only modes corresponding to A = (j, m) with m = 0, see Lemma 3.5.
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4.1. Bloch measures

In the definition of Bloch measures we use the space of all Radon measures on the unit square Z, which
we denote as M(Z). It is the dual of the space of continuous functions on Z and accordingly equipped with
the topology of weak-* convergence. This means, in particular, that every bounded sequence in M(Z) has a
convergent subsequence.

Definition 4.1 (Discrete Bloch measure). Let ur € L?(Wg;C) be a sequence of functions with discrete Bloch-
expansions

up(z) = Y a3 Uy (x),

ANelR

where af = aF (R) depend on R € N. Given these coefficients, for fixed I € Ny, we define the I-th discrete

Bloch-measure Vlij e M(Z) by

+ +
ViR = Z lax ? 65, (4.1)
A=(,D)€lr

where 0; denotes the Dirac measure at the frequency j € Z.

For up fixed, ulﬂfR is a non-negative Radon measure on Z = [0, 1]?. There holds

> ok = ffunf. (4.2

elr Wr

o]

+ _
Z/ dvjp =
1=0"%2

Our aim is to study the limiting behavior R — oo of the discrete Bloch measures VﬁR.

Definition 4.2 (Bloch measure). For £ > 0, K € N and h = K¢, let u be a function u € L (R x (0,h);C).

loc
We consider a sequence NK 5 R — co. We extract uﬁm = uﬁ 7 according to Definition 3.2 with a sequence of

cut-off functions n = nr as in (3.10). For I € Ny, let Vlij be the discrete Bloch measures associated with uﬁm.
We say that the measure Vfoo € M(Z) is a Bloch measure generated by wu if there holds, along a subsequence

R — o0, in the sense of measures (i.e. weak-*),

VﬁR — Vﬁm . (4.3)

Relation (4.3) is equivalent to the following: for every test-function ¢ € C(Z) on Z = [0,1]? there holds

S oWl = [ iy [ o, as R
Z Z

A=(j,1)€lr

The methods of Section 4.3 force us to work with cut-off functions, i.e. with uﬁm and with VliR. Nevertheless,

one may also study the discrete Bloch measures DliR associated to uﬁ (without cut-off function). In the limit

R — oo, the two measures coincide,
+ ~ 4
ViR —Vip— 0

in the sense of measures. In particular, the Bloch measure generated by u,im is independent of the choice of 7.
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4.2. Energy estimates and consequences for the Bloch measure

Up to this point (with the exception of Lem. 3.5), our considerations have been completely abstract in the
following sense: Given a function u € L2 (R x (0, h); C), we have constructed restrictions of u to large boxes,
projections of these restrictions, and finally discrete and limiting Bloch measures corresponding to u. Except
for regularity properties, we have not exploited the Helmholtz equation. In this section, we will derive relations
that express a physical law: energy conservation. This will eventually lead us to the uniqueness properties which
are expressed with the Bloch measures.

The subsequent result states that, while left-going waves on the right vanish by the outgoing wave condition,
right-going waves vanish by energy conservation.

Proposition 4.3. Let Assumption 1.1 on w > 0 be satisfied and let v be a solution to the scattering problem
(1.1), periodic in vertical direction, satisfying outgoing wave conditions on the left and on the right according
to Definition 3.3, without incoming wave, i.e. Ui = 0. For a sequence of cut-off functions n = nr as in (3.10)

we consider Ulj%:m = Uﬁ NR = ZAGIR aiRUf, c.f. Definition 3.2. Then, as NK 5 R — oo,

Z oy p> Py =0 and Z lof p> P —0. (4.4)
A=(7,0) A=(4,0)
NeTRNIZ, AeIRmI;rO

Proof.
Step 1: Energy flux equality. For h = ¢K and R € NK, we consider the special cut-off function d(x) = ¥g(x),
defined for z = (z1,z2) as

1 if 21| < 2R,
d(z) =2l if R < |ay] < 2R,
0 if |z1| > 2eR.

We multiply the Helmholtz equation (1.1) with coefficients a = a® and solution v by the test-function ¥(z) v(x).

An integration over R x (0, h) and integration by parts yields (no boundary terms appear due to periodicity in
zo-direction and compact support):

h h
// {a€19 |Vv|2—|—a68x119@8xlv} =w2/ 9 |v|?.
R Jo R Jo

Due to the special choice of ¥ and a®(z) = 1 for 1 < 0, this equation reads

2Re  rh h
][ / Oy, ¥ ][ / Va0, v = / / {w219|v|2—a619 |V1)|2} .
2Re 0 R J0O

On the left-hand side, we recognize the sesquilinear forms bﬁ of (3.27). Because of periodicity in xs-direction,
we may write

h [bg (vr.vg) — bF (vh,vh)] / / 219 \v| — a9 |Vl } (4.5)
Since the right hand side is real, taking the imaginary part of (4.5) yields

Imby, (vg,vp) — Imbj (vh,vf) =0. (4.6)
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Relation (4.6) is an energy conservation: The energy flux into the domain from the left must coincide with the
energy flux out of the domain at the right.

Step 2: Truncations and (m > 1)-waves. We start this part of the proof with an observation regarding the
cut-off functions; we want to have them in the argument of the sesquilinear form. Due to Lemma A.3 and the
properties of the cut-off functions n = nr we have

C
F Ik -k, P Vo - Vo, P < T (@)

Wr

and therefore, by Lemma 3.10,
bﬁ (v%,v%) — bﬁ (vﬁn,vﬁ,ﬂ = bﬁ (1% = U??in’”%) + bﬁ (vﬁ’n,vﬁ — vin) —0 as R— o0.
The energy conservation (4.6) therefore implies that, as R — oo,
Imby, (v;ﬁn,v};n) —Imbj (vﬁn, vgm) —0. (4.8)

We next decompose the sesquilinear forms b§ according to the projections of Definition 3.1, and suppress
the superscript “+” in the projection. We exploit sesquilinearity of b;?i in both arguments and write

T bt (v v, ) = Tt (s (v7,) 0y ) + Tt (5o (v, ) Tk (v,) )

I (T, (vt,) T, (vi,)) - (4.9)

We want to exploit the smallness of m > 1-contributions of Lemma 3.5. The regularity result of Lemma A.3
together with the properties of the sesquilinear form bjg of Lemma 3.10 yield that the first term on the right
hand side of (4.9) vanishes in the limit as R — oo. For the second term we apply Lemma A.4, which provides

that also the gradient of II[7- (UEJ is small; Lemma 3.10 implies
bl (HZ‘L’ZO (vlfm) 1 A (vgm)) —+0 asR— o0,
i.e. also the second term on the right hand side of (4.9) vanishes in the limit. We find that, as R — oo,

Im b; (v;n,vgm) =Im b;g (H%’ZO (Ug)n) I, (vg’n)) +o(1). (4.10)

Step 3: Energy flux and outgoing wave conditions. In this step we decompose Im bg (Hf,‘{zo (Ultt,n) I 1 A (U;;,n>)
as follows:

Im bJ}% (Hfr\{:o (Ug,n) Aln—o (”En)) = mb; (Hioﬂzzo (”;,n) vnioﬂfrz:o (”E,n»
+mbg (M550 (v, (via)) + 1 (MM (v TZT 0 (v
b, (T (v, ) Tl (vf,) ) = b (OIS (v, ) TG, (v,) )
) (v
R

+Im b (T (o, ) (4.11)
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where the last equality holds, since for A = (j,m =0) € IIO and A= (j,m=0) e I J, one always has j # 7 and
thus the mixed sesquilinear forms vanish due to orthogonality in the wave number, cf. Lemma 3.10. Exploiting
the outgoing wave condition (3.23) on the right or, better, the weaker expression (3.25), we find that the first
term on the right hand side of (4.11) vanishes in the limit R — oo. Hence

Imb+ ( m=0 (U??_ n) =0 (vg,n)) = Imb; (Hzo =0 (UR ?7) Hio =0 (UR 77)) +0(l) as R— oo. (4.12)

We emphasize that we only used the energetic outgoing wave condition (3.25) in this calculation.
Combining (4.10) with (4.12) we finally obtain, as R — oo,

Im b; (UEW, vﬁn) =Im bk (HJZFO 0 (’UR n) HJ;O —0 (’UR n)) +o(1). (4.13)

Step 4: Consequences for outgoing waves. We analyze (4.13) further, exploiting the discrete Bloch expansion of v}i%m =

+ gr.
Z,\ezR oy gUS:

Im b, (1350 (vf ) - T M=o (vf;,)) = Im > > ajRa b (U, U
A=(.0elrnIZ, A=(G.0)elrnii,
= > ledgPmbn (U U= DT JelRlP A
A:(j,O)EIRﬁlgo /\:(j,O)ellego

In the last line we again exploited the orthogonality of the sesquilinear form b; in the wave number j, see Lemma 3.10,
and the relation (3.28) for PE. We may therefore write (4.13) as

mbp (Vi vhy) = D, ledal? PU+o(1).

A= (],O)GIRmﬁ

On the left, we find similarly

Imbp (UE,W Ul_?,n) = Z |0‘>_\,R|2 Py +0(1).

A=(4,0)€TpNI_,

The energy relation (4.6) together with the sign properties P/{" >0for A e Igo and P,” <O0for A € 12, allows to conclude
(4.4). O

4.3. Proof of Theorems 1.3 and 1.6
We study solutions to the Helmholtz equation (1.1). In order to prove Theorems 1.3 and 1.6, we have to
check conditions that are satisfied by the support of Bloch measures of solutions. We recall the notation

JOZ_{jEZ [0,1]2|Pi20f01‘>\:(_]’l>}

for the index set corresponding to vertical waves.

Proof of Theorem 1.3. In the following, we consider solutions to the transmission Problem 1.2. We are interested
in a solution to the problem without incoming wave. O

Proposition 4.4 (Solutions in absence of incoming waves). Let Assumption 1.1 on w > 0 be satisfied and let v
be a solution to the scattering problem (1.1), periodic in vertical direction, satisfying outgoing wave conditions
on the left and on the right according to Definition 3.3, without incoming wave. Let l/foo, with | € Ny, be Bloch
measures that are generated by v. Then

vie =0 forl>1, (4.14)

supp(ugfoo) C Jio,o- (4.15)
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Proof. We only show the statement for the limiting Bloch measures I/l+oo, the argument for v, __ is analogous.

Let UE,n = e In aj\r’ rU ;f be the expansion of the truncated solution. Then the corresponding discrete Bloch
measures are given by

vig= > laigld;.

A=, D)€ElR
The case | > 1: From (3.15) we know that
2 C
ev + + |2
le(vR,n)‘ = E |O‘A,R| <=,
][WR A=(j,m)ElR R
m>1

and hence

+ + 2
/ dv)'p = Z lay gl =0 as R — oo.
d A=(Delr

This shows uffm =0 for every [ > 1.

The case | = 0: We have to show supp(l/g: ) C Jio,o- To this end, we consider an arbitrary test function
¢ € C(Z) with

supp(¢) C {j € Z| A= (j,0) € IZ, U I}

The outgoing wave condition (3.6) and Proposition 4.3 yield, in the limit R — oo,

+ 2 + 12 p+
E lay gl — 0 and E lay g|° Py — 0.
A=(j,0)€IrNIZ, A=(5,0)€IrNIZ,

In the following we assume that supp(¢) N {j € Z|A = (4,0) € I} # 0, otherwise the proof simplifies. We find

c1 = inf P;' >0.
A=(4,00e13,
jEsupp(d)

Without loss of generality, we assume ¢ > 0 (otherwise we consider absolute values). For the limit R — oo we
calculate

/Z pdviip= 3 latalPet)+ S labale()

A=(j,0)elt nIg A=(,00erdynIg
jE€supp(e) jEsupp(¢)
1
< ¢l > X gl* + [0l o > X Rl? PY = 0.
A=(j,0)€IrNIZ, A=(j,0)€IrNIZ,

“—” is analogous.

O

This shows (4.15) for “+”, since ¢ with support outside JI(LO was arbitrary. The argument for

We next prove that, far away from the interface, solutions to the transmission problem contain only waves
that satisfy the frequency condition and the vertical periodicity.
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Proposition 4.5 (Bloch measures and frequency condition). Let Assumption 1.1 on w > 0 be satisfied and let
v be a solution to the scattering problem (1.1), periodic in vertical direction, satisfying outgoing wave conditions
on the left and on the right according to Definition 3.3, with incoming wave Uy, or without incoming wave. Let
I/Oi,oo be the Bloch measure to l = 0 that is generated by v. Then

supp(vg o) © {4 € Zlug (j) =w?, jo € Z/K} . (4.16)
Proof. Remark 2.3 implies that the discrete Bloch measures l/fR are supported on {j € Z|jo» € Z/K}. This
implies that also the limit measure I/li are supported on this set.

In order to show (4.16), it remains to check the frequency condition; we proceed as in the last proof. Let
¢ : Z — R be continuous and bounded with supp(¢) N {j|po(j) = w?} = (Z). Arguing with decompositions of the
domain of integration, we can consider separately a test-function ¢ > 0 with the property ¢(j) > 0 = po(j) > w?
and a test-function ¢ > 0 with the property ¢(j) > 0 = uo(j) < w? The arguments are analogous and we
consider here only ¢ as above.

By continuity of ¢ we find some § > 0 such that jo(j) — w? > § for every j € supp(¢). Our aim is to show
that [, ¢du0+m = 0. By definition of the Bloch measure VO+’OO we have, as R — oo,

os&/zwvaooeé/ﬁduafé S lafglPeG) < DD (o(h) = wlaf z60) - (4.17)

A=(5,0)€IRr A=(j,0)€lr

The result || quduof w = 0 is shown once we prove that the right hand side of (4.17) vanishes in the limit
R — oo. In order to show this fact, we recall that the coefficients a:{ r are obtained from a Bloch-expansion of
the solution at the far right, i.e. a}tR = (u};,n, Uy")r. We calculate

S (o) —AlafalPo() E S oU)aln [(why m U R — WP u,, Ul n

A=(j,0)€lr A=(j.0)ElR
(2) N T (3)
= Z o(j) o p [<UE,U,£0U;\F>R — (W* UE,,,»U;QR} = Z o(j )a)\ r(Loufy, —wuf, U )R
A=(j,0)€Ir A=(J4,0)EIR
1/2 1/2
1) 2
<lollee | X0 lakal? > [(eouk, -tk U g
A=(j,0)elr A=(j,0)€lr

In this calculation we used the following: (1) formula for a; R»> (2) the eigenvalue property of Uy with eigenvalue
wx = i (4), (3) integration by parts without boundary terms due to the cut-off function 7, (4) Cauchy—Schwarz
inequality. Using orthonormality of the basis functions U /\i we obtain

1/2
Hev O’U,Rn‘ > <][W
R

o\ 1/2
-
,COuRJ7 w uRm’ ) .

+ 2+ \|° 1
ev
I —o (LOURJ] —w U’R,n)‘

S (o) — wAlad al260) < 6] (f

A=(j,0)€lr Wr

<o (f, )" (f,

Since uE,n satisfies uniform L2-bounds and since Eou}n =w u}rm holds up to a small L2-error, the right hand

side of (4.17) is small for large R > 0. This proves [, ¢ dyg ., = 0 and hence (4.16) for “+”. The proof for “—”
is analogous. O

2
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Proof of Theorem 1.3. Since a solution of the transmission problem without incoming wave satisfies the
assumptions of Propositions 4.4 and 4.5, Theorem 1.3 is an immediate consequence of these propositions. [J

Proof of Theorem 1.6. We now provide the proof of Theorem 1.6. We therefore assume that: Assumption 1.1
on w > 0 is satisfied and u is a solution of the scattering problem with incoming wave Uiy, which has the wave
number k = (k1, k2). In particular, u is a vertically periodic solution of (1.1) such that u and u — Uiy, satisfy
the outgoing wave conditions on the right and on the left. O

Let l/l be Bloch measures that are generated by the solution u. The frequency condition (1.7) is satisfied
and we can therefore use Lemma 3.5. As in Proposition 4.4, case | > 1, we conclude from (3.15) (and the
analogous result for “—”) that ulioo = 0 holds for every [ > 1. Moreover, according to Proposition 4.5 we have
that SUPP(VOi,oo) cije ZluE () = w?, ja € Z/K}.

Theorem 1.6 is shown once we verify the following property of the Bloch measure Z/Oim:

supp(Vg o) C {J € Zlj2 = ka} U JZ . (4.18)

Proof of (4.18). We consider the projection Hve”u of w. This function is again a solution of the scattering
problem. Indeed, by Lemma A.2 one has TI}S"u € H} (R x (0,h);C) with periodicity in the xs-variable, and
for arbitrary test functions ¢ € C°(R x (0, h)) there holds

// V- a®V (I ) // V- a® I (Vu) // IS (Vo) - a® Vu
// chrt Cl Vu—w // chrt U =w // (pchrt ,

where we exploited the orthogonality properties of Hv‘zrt from Lemma A.1 and the solution property of w.

As a consequence, the difference v := u — Hve”u is a solution of the scattering problem with vanishing
incoming wave. The statement of Proposition 4. 4 1mplies: Bloch measures (for [ = 0) that are generated by v
have their support in vertical waves, i.e.in Jitoﬁ.

On the other hand, the Bloch measure of ngtu is concentrated on waves with vertical wave number ko,
i.e.in {j € Z|jo = ko}. This follows immediately from the fact that all coefficients ;) with jo # k2 in the
expansion of II}*"u vanish.

Since the Bloch measure of v can have its support only in the union of the supports corresponding to szrtu
and u — I}y, the claim (4.18) follows.

Theorem 1.6 is shown.

5. OUTLOOK AND CONCLUSIONS

5.1. Remarks on the existence of solutions

We give some remarks concerning the existence of solutions to the scattering problem. In the end, our
radiation condition is “the right one” only if, besides uniqueness, an existence result can be shown.

We formulate the following conjecture: Given a non-singular frequency w > 0, given coefficients a = a® that
are equal to 1 in the left half plane and e-periodic in the right half plane, strictly positive and bounded, given
finally an incoming wave Uy, as in (1.2) (possibly with a condition on k), there exists a solution u of the
transmission Problem 1.2.

The idea for an existence proof is the limiting absorption principle (see e.g. [19, 24, 31] for recent
contributions): For a positive artificial damping parameter § > 0, we consider the equation
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— V- (1 —id)a(x)Vul (z)) = w?u’(z) (5.1)

for x € Q =R x (0, h). Due to the strictly negative imaginary part of the coefficient (1 — i§)a(x), this equation
admits a unique solution «° in the Beppo-Levi space H L(Q) as can be shown with the Lax-Milgram Lemma.
To proceed, two properties must be shown. The first is: The sequence u® satisfies estimates in some function
space, uniformly in § > 0. Once this is shown, one can consider the distributional limit u of the sequence v’ as
6 — 0. As a consequence of distributional convergence, the limit u is a solution of the Helmholtz equation with
coefficients a.
The other part of this approach is to show: The limit u satisfies the outgoing wave condition. We do not see

a straightforward argument that yields this condition.

5.2. Our outgoing wave condition in a numerical scheme

The radiation condition of Definition 3.3 can be used for numerical purposes: Instead of demanding that
limits R — oo vanish, we demand that, for some fixed distance R, the left hand side of (3.6) vanishes. In the
numerical scheme, this amounts to imposing that a finite number of projections to left-going waves vanishes.
Results with such a scheme are presented in [11].

5.3. Conclusions

We have investigated transmission properties at the boundary of a photonic crystal. Our theorems justify
the following: An incoming wave generates, inside the photonic crystal, only those Bloch waves, for which the
eigenvalue coincides with the (squared) frequency of the incoming wave. Furthermore, only those Bloch waves
can be generated that have the same vertical wave number as the incoming wave; this latter statement is true
up to vertical waves. Conservation of the vertical wave number is essential for negative refraction without a
negative index.

Our results rely on a new outgoing wave condition in photonic crystals. The new radiation condition is based
on Bloch expansions. It is accompanied by a (weak) uniqueness result, which is expressed with Bloch-measures.
The uniqueness result is the basis for the analysis of the transmission problem.

APPENDIX A. ORTHOGONALITY AND REGULARITY PROPERTIES

Lemma A.1 (Orthogonality with periodic weight). Let f : R — C be e-periodic and integrable, let R € N be
an integer.

1. Orthogonality of exponentials. Let j,j € Qr with j # j. Then
ER .. Pt
/ f(y)627m]y/66727m]y/5 dy —0. (Al)
0

2. Orthogonality of the vertical pre-Bloch projection. Let u,v € L (R x (0,eR);C) and let ks € Qr. Then
there holds

/ F() ulan, y) T 0, ) dy = / ST u(zr, o) T (e, y) dy (A2)
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Proof.

1. By dividing the interval (0,R) into subintervals of length ¢, we obtain

eR . ~ R-1 (k+1)5 L.
/ f(y)eZ‘n'zyy/ee—Qﬂ'z]y/E dy = Z / f(y)e27fl(]—])y/6 dy
0 k—0 v ke

- ) i rl s € AP
= g / f(y + ke)e?™U=Dlytke)/e gy — E e2mi(i—i)k / Fly)exmii=iv/= gy
k=070 k=0 0

where in the last equality we exploited the periodicity of the weight f. By setting C(j,7) =
Jy f(y)e?mit= Dv/e dy we conclude

H

R N R k L1 e2mii—i)R
/ fly)e*mav/ee=2mimle dy = ¢ (2"” ”) =0G.j)— =0
0

k:O 1 — e2mi(G—3)

In the last step we used j,j € Qg, which implies R(j — j) € Z and 7,j < 1, and exploited j # j.
2. Let u, v have vertical pre-Bloch expansions

u(xth) _ Z (bjz (331,1‘2) 62‘rrij2r2/s7 v(x17x2) _ Z (i)52 ($1,$2) 6271-1'32962/5 )
J2€QR J2€QR

Then the left hand side of (A.2) reads

/ f 331, )Hvert (:171,11 Z / f 12(x1,y) e2712Y/€ & By, (-Tl y) —2mikay/e dy.

J2€QR

Since the function f(-)®;,(21, )@k, (x1,-) is e-periodic, we can apply the orthogonality (A.1) of Item 1.
The sum on the right hand side collapses to jo = ko and we find (A.2).

O
Lemma A.2 (Vertical pre-Bloch projection and gradients). Let K € N, h = eK, and ko € Qk. Let u €

HY (R x (0,h);C) be periodic in the xy-variable. Then the function IL[w € Hy, (R x (0, h); C) is periodic in
zo and there holds

V(Mg ) = IS (Vu) (A.3)

Proof. Let u have the pre-Bloch expansion u(z1,22) = -, cq, ®j.(1,22) e?™52%2/¢ Due to the periodicity of
u in the xo-variable, each ®;, in the above (finite) sum has H L_regularity, and thus

u(xy, x2) E V( o (21, 22) 27””“/6)

J2€QK (A 4)
= Z [V@h (xl, (EQ) + 27Tij2/€ (I)j2 (1'1, 5172)62] (32#”212/‘E ;
J2€QK
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where e; = (0,1) € R? denotes the second unit vector. Since the expression in the squared brackets is e-periodic,
(A.4) is an expansion of Vu; uniqueness of the pre-Bloch expansion implies

H‘,gzrt (Vu) (x1,x2) = (V®p, (21, 22) + 2wiks /e Py, (21, x2)e2) e2mikaa/e
=V (Br(or,0) 20) = T () (1,22).

which proves (A.3). O

Lemma A.3 (Caccioppoli estimate). Let u € L2 (R x (0,h)) be a vertically periodic solution of the Helmholtz

loc

equation Lou = w?u. Let u satisfy the uniform L?-bounds of Definition 3.3. Then there holds

1
L WE[? + VUi < C and ][ Wt + [Vt < © (A5)
R WR\WR,1 WR

with C' independent of R.

Proof. The proof is, up to translations and a summation, analogous to the proof of the standard Caccioppoli
estimate: On a rectangle (L — 1, L 4 2) x (0, h) we use a cut-off function § with compact support that depends
only on z; and which is identical 1 on (L, L + 1) x (0, k). Testing the equation with 6% provides

L+2 h L+2 h L+2 h
/ </ﬂlu\zez’:/ / EOU(QQQ)Z/ / (5| Vul202 + 205 (Vub) - (VOa)} .
-1 Jo -1 Jo -1 Jo

The Cauchy—Schwarz inequality is used to treat the last term, the first factor is absorbed with Young’s inequality
in the gradient term, the other consists (up to bounded factors) only of the L?-norm of u. We conclude that a
bound for the L% norm on (L — 1, L + 2) x (0, k) implies a bound for the L?-norm of the gradient on (L, L +
1) x (0,h). A summation over many squares yields the result. O

Lemma A.4 (Regularity of eigenvalue projections I1°). Let (vr)ren be a sequence of functions with H>-
regularity and vanishing boundary data, i.e. vg € HZ(Wg;C). We assume that

£ tonl® + (Vonf + Laton)]® < G (A6)
Wr

holds for Lo = =V - (a® V) with some R-independent constant C.

1. Let II be any of the projections of Definition 3.1. Then there exists an R-independent constant C' such
that

2
][ |V (W Zhon) [+ |V (o) |+ [V (0 (5 25eR))[* < € (A7)
\4%

2
2. 1If, additionally, JCWR ‘H:’Zil’l)}%’ — 0 as R — oo, then there holds

Joo

v(nwviv )‘2—>o as R — 00 (A.8)
m>1VR . .
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Proof.

1. We omit the superscripts +. Concerning (A.7) we note that, because of II%s ,vg = vg — IIV_vr, the

estimate for I1¢'5 v follows directly from the estimate for II®V_ vz and Assumption (A.6).
Since II$Y_vp = ZA:(j,O)eIR a)U, is a finite sum of periodic functions, we find that II?Y_,vg is periodic

in Wg. This allows to calculate, with 0 < a, < inf a®,

f IV (I _gur)|? < f 0V (I yvp) - ¥ (T _gvr)
WR WR

1 _ (2
e Lo (I _gvr) 5 _gvr @ ][ m=o (Lovr) TI57_gvr
WR WR

1/2 1/2 1/2 1/2
g(f |H2:_o<ﬁovR>|2> (][ |anv_ovR|2) g(f |£ovR|2) (][ vRQ) < Co.
Wr Wgr Wr Wr

In (1) we exploited the periodicity of TI$V_,vg to perform integration by parts without boundary terms.
In (2), we used the periodicity of vg, which yields Lo (II&_yvgr) = II&V_, (Lovr), as shown in (3.14).
In the last line we exploited the norm-boundedness of projections. The claim for II (IISV_,vg) is shown
analogously, using again periodicity. This concludes the proof of Relation (A.7).

. The proof of Relation (A.8) is similar and can be interpreted as an interpolation between function spaces.
Once more, we exploit that vg has vanishing (and thus periodic) boundary data and that TISV_,ug is
periodic as a finite sum (see Item 1.). Therefore also the difference ISV, vp = vg — IIV_yvg is periodic.
Arguing as above we obtain, as R — oo, B

) 1/2 L\ 12
a*][ |V (H%ZlvRH < (][ |£OUR|2) <][ |Hfr\:21“R| > — 0. (A.9)
Wr Wr Wr

This shows (A.8) and concludes the proof.

Acknowledgements. Support of both authors by DFG grant Schw 639/6-1 is gratefully acknowledged.

(1]
2]

3]
(4]
(5]
(6]

[7]
(8]

(9]
(10]

(11]

REFERENCES

G. Allaire and C. Conca, Bloch wave homogenization and spectral asymptotic analysis. J. Math. Pure Appl. 77 (1998) 153—208.
G. Allaire, M. Palombaro and J. Rauch, Diffractive behavior of the wave equation in periodic media: weak convergence analysis.
Ann. Mat. Pura Appl. 188 (2009) 561-589.

G. Allaire, M. Palombaro and J. Rauch, Diffractive geometric optics for Bloch wave packets. Arch. Ration. Mech. Anal. 202
(2011) 373-426.

H. Ammari and F. Santosa, Guided waves in a photonic bandgap structure with a line defect. STAM J. Appl. Math. 64 (2004)
2018-2033.

H. Ammari, N. Béreux and E. Bonnetier, Analysis of the radiation properties of a planar antenna on a photonic crystal
substrate. Math. Methods Appl. Sci. 24 (2001) 1021-1042.

A.-S. Bonnet-Ben Dhia, G. Dakhia, C. Hazard and L. Chorfi, Diffraction by a defect in an open waveguide: a mathematical
analysis based on a modal radiation condition. SIAM J. Appl. Math. 70 (2009) 677-693.

G. Bouchitté and D. Felbacq, Negative refraction in periodic and random photonic crystals. New J. Phys. 7 (2005).

G. Bouchitté and B. Schweizer, Homogenization of Maxwell’s equations in a split ring geometry. Multiscale Model. Simul. 8
(2010) 717-750.

Y. Chen and R. Lipton, Tunable double negative band structure from non-magnetic coated rods. New J. Phys. 12 (2010)
083010.

D. Colton and R. Kress, Inverse Acoustic and Electromagnetic Scattering Theory. Vol. 93 of Applied Mathematical Sciences,
2nd edn. Springer-Verlag, Berlin (1998).

T. Dohnal and B. Schweizer, A Bloch wave numerical scheme for scattering problems in periodic wave-guides. STAM J. Numer.
Anal. 56 (2018) 1848-1870.



(12]

(13]
(14]

(15]
(16]
(17]
(18]
(19]
(20]
(21]
(22]
(23]
(24]
(25]
(26]
27]
(28]
(29]

(30]
(31]

(32]
(33]

(34]
(35]

OUTGOING WAVE CONDITIONS AND TRANSMISSION AT INTERFACES OF PHOTONIC CRYSTALS 1945

A. Efros and A. Pokrovsky, Dielectric photonic crystal as medium with negative electric permittivity and magnetic permeability.
Solid State Commun. 129 (2004) 643-647.

A. Figotin and A. Klein, Midgap defect modes in dielectric and acoustic media. STAM J. Appl. Math. 58 (1998) 1748-1773.

S. Fliss, A Dirichlet-to-Neumann approach for the exact computation of guided modes in photonic crystal waveguides. SIAM
J. Sci. Comput. 35 (2013) B438-B461.

S. Fliss and P. Joly, Wave propagation in locally perturbed periodic media (case with absorption): numerical aspects. J.
Comput. Phys. 231 (2012) 1244-1271.

S. Fliss and P. Joly, Solutions of the time-harmonic wave equation in periodic waveguides: asymptotic behaviour and radiation
condition. Arch. Ration. Mech. Anal. 219 (2016) 349-386.

S. Fliss, D. Klindworth and K. Schmidt, Robin-to-Robin transparent boundary conditions for the computation of guided modes
in photonic crystal wave-guides. BIT 55 (2015) 81-115.

H. Helmholtz, Theorie der Luftschwingungen in Rohren mit offenen Enden. J. Reine Angew. Math. 57 (1860) 1-72.

V. Hoang, The limiting absorption principle for a periodic semi-infinite waveguide. STAM J. Appl. Math. 71 (2011) 791-810.
V. Hoang and M. Radosz, Absence of bound states for waveguides in two-dimensional periodic structures. J. Math. Phys. 55
(2014) 033506.

Z. Hu and Y.Y. Lu, Efficient analysis of photonic crystal devices by Dirichlet-to-Neumann maps. Opt. Ezpress 16 (2008)
17383-17399.

J. Joannopoulos, S. Johnson, J. Winn and R. Meade, Photonic Crystals — Molding the Flow of Light. Princeton University
Press (2008).

P. Joly, An elementary introduction to the construction and the analysis of perfectly matched layers for time domain wave
propagation. SeMA J. 57 (2012) 5-48.

P. Joly, J.-R. Li and S. Fliss, Exact boundary conditions for periodic waveguides containing a local perturbation. Commun.
Comput. Phys. 1 (2006).

A. Lamacz and B. Schweizer, Effective Maxwell equations in a geometry with flat rings of arbitrary shape. SIAM J. Math.
Anal. 45 (2013) 1460-1494.

A. Lamacz and B. Schweizer, A negative index meta-material for Maxwell’s equations. STAM J. Math. Anal. 48 (2016)
4155-4174.

C. Luo, S.G. Johnson, J.D. Joannopoulos and J.B. Pendry, All-angle negative refraction without negative effective index. Phys.
Rev. B 65 (2002) 201104.

R.D. Meade, K.D. Brommer, A.M. Rappe and J.D. Joannopoulos, Electromagnetic Bloch waves at the surface of a photonic
crystal. Phys. Rev. B 44 (1991) 10961-10964.

E. Moreno, F.J. Garcia-Vidal and L. Martin-Moreno, Enhanced transmission and beaming of light via photonic crystal surface
modes. Phys. Rev. B 69 (2004) 121402.

J. Pendry, Negative refraction makes a perfect lens. Phys. Rev. Lett. 85 (2000).

M. Radosz, New limiting absorption and limit amplitude principles for periodic operators. Z. Angew. Math. Phys. 66 (2015)
253-275.

F. Rellich, Uber das asymptotische Verhalten der Losungen von Au + Au = 0 in unendlichen Gebieten. Jber. Deutsch. Math.
Verein. 53 (1943) 57-65.

S.H. Schot, Eighty years of Sommerfeld’s radiation condition. Historia Math. 19 (1992) 385-401.

B. Schweizer, The low-frequency spectrum of small Helmholtz resonators. Proc. A 471 (2015) 20140339.

A. Sommerfeld, Die Greensche Funktion der Schwingungsgleichung. Jbr. Deutsch. Math.- Verein. 21 (1912) 309-353.



	Outgoing wave conditions in photonic crystals and transmission properties at interfaces
	1 Introduction
	1.1 Outgoing wave conditions
	1.1.1 On radiation in waveguides and photonic crystals

	1.2 Uniqueness properties
	1.3 Main results
	1.4 Further comments on the main results
	1.4.1 On the uniqueness result
	1.4.2 Relations to Fliss and Joly FlissJoly2016
	1.4.3 A possible scaling in >0
	1.4.4 Outline of this contribution


	2 Bloch expansions
	2.1 Pre-Bloch expansions
	2.1.1 Pre-Bloch expansion in two variables

	2.2 Bloch expansion

	3 Outgoing wave condition
	3.1 Poynting numbers and projections
	3.2 Bloch expansion at infinity and outgoing wave condition
	3.3 Truncations and m1-projections
	3.3.1 A warning concerning the non-periodicity of truncated solutions

	3.4 Other radiation conditions and the sesquilinear form bR
	3.4.1 In free space, Bloch expansions are Fourier expansions
	3.4.2 Comparison to the outgoing wave condition of Fliss and Joly FlissJoly2016
	3.4.3 The sesquilinear form bR


	4 Bloch measures and uniqueness properties
	4.1 Bloch measures
	4.2 Energy estimates and consequences for the Bloch measure
	4.3 Proof of Theorems 1.3 and 1.6

	5 Outlook and conclusions
	5.1 Remarks on the existence of solutions
	5.2 Our outgoing wave condition in a numerical scheme
	5.3 Conclusions

	Appendix A Orthogonality and regularity properties

	References

