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SPECTRAL METHODS FOR LANGEVIN DYNAMICS AND
ASSOCIATED ERROR ESTIMATES

JULIEN ROUSSEL" AND GABRIEL STOLTZ

Abstract. We prove the consistency of Galerkin methods to solve Poisson equations where the
differential operator under consideration is hypocoercive. We show in particular how the hypocoercive
nature of the generator associated with Langevin dynamics can be used at the discrete level to first
prove the invertibility of the rigidity matrix, and next provide error bounds on the approximation of
the solution of the Poisson equation. We present general convergence results in an abstract setting, as
well as explicit convergence rates for a simple example discretized using a tensor basis. Our theoretical
findings are illustrated by numerical simulations.
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1. INTRODUCTION

Statistical physics gives a theoretical framework to bridge the gap between microscopic and macroscopic
descriptions of matter [4]. This is done in practice with numerical methods known as molecular simulation
[2, 11, 21, 32]. Despite its intrinsic limitations on spatial and timescales, molecular simulation has been used
and developed over the past 50 years, and recently gained some recognition through the 2013 Chemistry Nobel
Prize. One important aim of molecular dynamics is to quantitatively evaluate macroscopic properties of interest,
obtained as averages of functions of the full microstate of the system (positions and velocities of all atoms in the
system) with respect to some probability measure, called thermodynamic ensemble. Some properties of interest
are static (a.k.a. thermodynamic properties): heat capacities; equations of state relating pressure, density and
temperature; etc. Other properties of interest include some dynamical information. This is the case for transport
coefficients (such as thermal conductivity, shear viscosity, etc.) or time-dependent dynamic properties such as
Arrhenius constants which parametrize chemical kinetics.

From a technical viewpoint, the computation of macroscopic properties requires in any case the sampling of
high-dimensional measures. We consider in this work the computation of properties in the canonical ensemble,
characterized by the Boltzmann—Gibbs measure, which models systems at constant temperature. One popular
way to sample the canonical ensemble is provided by the Langevin dynamics. Denoting by D the dimension of
the system, by ¢ € D the positions of the particles in the system and by p € RP their momenta, the Langevin
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dynamics reads

th = & dta
m

2
dp; = (—VV(Qt) - V%) dt 44/ % dWs,

where 3 > 0 is proportional to the inverse temperature, m > 0 is the mass of the particles,! 7 > 0 is the friction
coefficient and W, is a standard Brownian motion in dimension D. The potential energy V : D — R is supposed
to be a smooth function. In practice, D is either a compact domain with periodic boundary conditions, as for
example D = (aT)P where T = R/Z is the unit torus and a > 0 denotes the size of the simulation cell; or
the unbounded space D = RP. When e~#V is integrable, the Langevin dynamics admits as a unique invariant
measure the canonical measure

(1.1)

2
1 - p
p(dqdp) = 25 PP dgdp,  H(q.p) = V() + D (1.2)
where the partition functions Zg ,, is a normalization coefficient.
In several situations, one is interested in solutions of Poisson equations of the form
— L& =R—-E,[R], (1.3)

where £ denotes the generator of the Langevin dynamics (1.1). For instance, asymptotic variances of ergodic
averages or transport coefficients can be written as

/ £ (R—E,[R)) Sdu (1.4)
DxRDP

for some functions R and S. For the asymptotic variance related to the time average of an observable R, one has
S = 2R. For transport coefficients, R would be the system response whereas S is the conjugate response (see
for instance the presentation in [23], Sect. 5). In practice, quantities such as (1.4) are evaluated by Monte Carlo
strategies, where the quantity of interest is rewritten as the integral of a time-dependent correlation function
(the famous Green—Kubo formula), which is approximated by independent realizations of the process. In some
cases however, spectral methods are used to solve the Poisson equation (1.3), see for instance [20, 25, 28, 29].

The error analysis associated with spectral Galerkin methods faces several difficulties. The most important
one probably is that the generator £ of the Langevin dynamics is not an elliptic operator, and that it is
not naturally associated with a quadratic form. Many approximation results exist for elliptic operators, see
for instance [6]. In the context of molecular dynamics, elliptic operators correspond to overdamped Langevin
dynamics, which are effective dynamics on the positions only. A Lax-Milgram theorem holds for the quadratic
form associated with the generator of the overdamped Langevin dynamics, which makes it possible to quantify
the error on the solution of Poisson equations, as recently done in [1]. In contrast, the generator £ of the
Langevin dynamics (1.1) is invertible but not coercive, so that a dedicated treatment is required to obtain error
estimates. This is done here by a perturbation of the proof of invertibility obtained as a corollary of the decay
estimates provided in [7, 8], which builds on the theory of hypocoercivity [33]. Note that this proof applies
to a large class of hypocoercive operators. In this work we restrict ourselves to the Langevin dynamics, the
proofs being directly transposable for operators satisfying the hypotheses presented in [8]. Let us also mention
previous results on the numerical analysis of hypocoercive operators, relying on finite element or finite difference
methods, and providing finite time estimates [10, 26].

TOur results can be extended to the case of any symmetric positive definite mass matrix M but we focus on the case when M

is proportional to the identity matrix for simplicity.
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This article is organized as follows. We first recall some fundamental properties of the Langevin dynamics in
Section 2, where we describe in particular the approach developed in [7, 8]. We next provide in Section 3 general
a priori error estimates for the solutions of Poisson equations (1.3). One of the key point to state such error
estimates is to prove the invertibility of the generator restricted to the Galerkin space, which can be shown by
adapting the hypocoercive approach of [7, 8]. We finally turn in Section 4 to an application to a simple, one-
dimensional setting, where explicit convergence rates can be obtained. Numerical simulations are also performed
to test the relevance of the bounds we provide. Some technical results are gathered in the appendices.

2. CONVERGENCE OF THE LANGEVIN DYNAMICS

We recall in this section useful theoretical results on exponential convergence rates for the semigroup e**

associated with the generator of the Langevin dynamics, following the methodology introduced in [7, 8] and
further made precise in [12] (note that the latter works rather considered the adjoint of the generator L, the
so-called Fokker—Planck operator, but this does not change the structure of the proof, see Rem. 2.3); see also [17]
for an application to Langevin dynamics. We formulate the result both for bounded and unbounded position
spaces.

In the following we consider all operators as defined on the Hilbert space L?(u). The adjoint of a closed
operator T on L2?(y) is denoted by T*. The scalar product and norm on L?(u) are respectively denoted by (-, -)
and || - ||. In fact, it is convenient in many cases to work in the subspace

/DXRDgod,u:O} (2.1)

of L?(11). The orthogonal projector onto LZ () is defined by

Li(p) = {w € L*(n)

Vo € L2 (p), Iop = ¢ —Eu(e). (2.2)

Since

(ew‘p) (¢,p) =E (@(Qtapt)

(90, 10) = (Qap))

where the expectation is over all the realizations of the Brownian motion in (1.1), it is expected that et“¢p
converges to E,, (). Therefore, e!“¢ converges to 0 for ¢ € L2(x). In order to state a precise convergence result,
we need some conditions on the potential V', and on the marginal measure of p in the position variable. The
marginal measures in the position and momentum variables are respectively

1 v ﬂ br2 lp|
) = 235 O ag, wap = (52) e o (2.3

We denote by H*(v) the weighted Sobolev spaces of index s € N composed of functions ¢(q) of the position
variables for which 8%y € L?(p) for any multi-index a = (a,...,ap) € NP such that |o| = a1 +---ap <s
(where 05 = 05t ... 03P). The spaces H*(k) and H*(u) are defined in a similar way.

Assumption 2.1. The potential V is smooth, and the marginal measure v satisfies a Poincaré inequality with
constant C,, > 0: for any function of the positions ¢ € H!(v),

o o

2

1
< = IVapliag). 24)
LQ(ZI) v
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Moreover, there exist ¢; > 0, ¢2 € [0,1) and ¢3 > 0 such that V satisfies
AV <o+ %2|VV|2, IV2V| < es (1+|VV]). (2.5)

Note that conditions (2.4) and (2.5) are automatically satisfied when D is compact. The Poincaré inequality
holds when there exists a € (0,1) such that (see [3])

liminf aB|VV (q)|* — AV (q) > 0. (2.6)

[g|—o0

The precise convergence result is then the following [7, 8] (the proof is recalled in Appendix A).
Theorem 2.2 (Hypocoercivity in L2(u)). Suppose that Assumption 2.1 holds. Then there exist C > 0 and
Ay > 0 (which are explicitly computable in terms of the parameters of the dynamics, C being independent of
v > 0) such that, for any initial datum ¢ € LE(u),

vt > 0, ||et£<p|| < Ce ™M gl (2.7)
Moreover, the convergence rate is of order min(y,y~1): there exists X\ > 0 such that

Ay = Amin(y,y 7).

Remark 2.3. Theorem 2.2 admits a dual version in terms of probability measures. Consider an initial condition
o € L2(p), which represents the density with respect to p of a probability measure fy = ¥ou. In particular,

w@at/ Godp =1.
DxRDP

Then the time-evolved probability measure f; = v,u with 1, = e 1)y converges exponentially fast to p in the
following sense:

VE20, [l — 1] < Ce Ml (2.8)

The convergence result (2.7) can be used to deduce that £ is invertible on LZ(). We denote by B(E) the
Banach space of bounded operators on a given Banach space F, endowed with the norm

To|le
ITBe) = sup ITole
weE\{0} H@HE

We simply denote by ||T|| the operator norm on L2 ().
Corollary 2.4. The operator L is invertible on L3(p), with

max(7y,y" ).

> Q

= 7/0 e dt, (1L gz <

The upper bound on the resolvent is sharp in terms of the scaling with respect to v, as shown in [14] for
v — 0 and [22] for v — 400; see also [19] for the case V = 0.

In particular, the Poisson problem (1.3) admits a unique solution @ € L3(u) for any observable R € L?(u). In
order to capture the solution @ of (1.3) numerically, one possibility is to discretize the operator £ on a Galerkin
subspace of LZ(11). Section 3 proves the convergence of this method under appropriate assumptions.
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Let us conclude this section by highlighting some elements of the proof of Theorem 2.2, which will be needed to
establish a convergence result similar to (2.7) when a Galerkin discretization is considered. In order to formulate
the result more rigorously, we introduce the core ¥ composed of all C* functions with compact support. The
first key element in the proof is to use a modified norm equivalent to the standard L?(z) norm. To define this
norm, the generator £ is decomposed into a symmetric part (corresponding to the fluctuation/dissipation) and
an anti-symmetric part (corresponding to Hamiltonian transport):

.
Lhom = (3) vV, - VvV,
L = Lham +YLrp, with m (2.9)

AW 1
L =—(2) v, + 35
With this notation, £}, | = —Lnam while Ly = Lrp. In fact, since
T p' T T
V,=-V, +5E, V,=-V, +8VV ",
the two parts of the generator £ can be reformulated as
1 * 1 * *
EFD = _vavpa ﬁham = E (vpvq - qup) . (2'10)

We also need the orthogonal projector in LZ(1) on the subspace of functions depending only on positions:

Ve €120, () (@)= [ | ela.p)wldp) (211)

Definition 2.5 (Modified squared L?(x) norm). Fix ¢ € (—1,1). For any function ¢ € €,

Hlgl = 3ol < (Apg), A= (14 CramlTy) (CramlTy)) (Lo lTy)" (212)

A more explicit expression of the operator A is provided in (A.9). Since this operator is used in the sequel to
state some conditions required for the error estimates, we gather some of its properties in the following lemma.
Lemma 2.6. It holds A = II,A(1 — II,). Moreover, for any ¢ € L*(p),

1
[Aell < SIA = Il 1LhamAp] < (1 = ILp)ll.

In particular, the operator A is in fact bounded in L?(u) with operator norm smaller than 1, so that v#H is
a norm equivalent to the canonical norm of L?(u) for —1 < e < 1:
1-¢ 1+4+¢

2 2

lell” < Hle] < llell?. (2.13)

The second key element is a coercivity property enjoyed by the time-derivative of the entropy functional.
Denoting by ((-,-)) the scalar product associated by polarization with , the following result can be proved.

Proposition 2.7. There exists € € (0,1) and X > 0, such that, by considering ¢ = min(y,y 1) in (2.12),
Vo € %, le] = (—Lo,0)) = M llell, (2.14)

with Xq, > Amin(y,y71).



1056 J. ROUSSEL AND G. STOLTZ

This coercivity property and a Gronwall inequality then allow to conclude to the exponential convergence
to 0 of H[e**¢], from which (2.7) follows by the norm equivalence of v and || - ||.

3. GENERAL A PRIORI ERROR ESTIMATES

In order to approximate the solution of the Poisson equation (1.3), we consider a Galerkin discretization
characterized by a finite dimensional subspace Vi; C L?(u). We present the structure of the proof of error
estimates in the conformal case (i.e. Vay C L3(u)) for the sake of clarity. Results in the non-conformal case are
presented later on. Note that the results presented in this section for the Langevin generator can be generalized
to other hypocoercive generators satisfying the assumptions required in [7, 8]. For conformal discretization
spaces, the approximate solution @), is defined by the variational formulation

Find @), € Vs such that
{ 110 M M Su (31)

V¢€VM, _<'(/J7[’¢M> = <¢>R>

Note that IIyR can be replaced by R on the right-hand side since functions ¥ € Vj; have average 0 with
respect to p. This coercivity property and a Gronwall inequality then allow to conclude to the exponential
convergence to 0 of H[e*“¢], for any smooth function ¢ with zero mean. Equation (2.7) follows by the norm
equivalence of v and || - ||. Denoting by ITp; the projector onto Vi, the variational formulation can be
rewritten as

*HMEHM@M = HMR.

We first prove in this section the existence and uniqueness of the solution @, of (3.1) by studying the discretized
operator — Iy LIT;. A dedicated study is required since the generator £ is invertible but not coercive on L3(u),
so that the Lax-Milgram theorem cannot be applied. This is a major difference with overdamped Langevin
dynamics for which the discretized problem is automatically well posed when a Poincaré inequality holds true [1].
Note that there are scalar products for which the quadratic form induced by —L is coercive, for instance the
one induced by polarization from H or the scalar product on H!(z) introduced in the hypocoercivity setting
considered in [14, 33]. These scalar products however depend on parameters which are not explicitly known and
on the friction -, so that they cannot be considered for numerical simulations.

We study instead the existence and the uniqueness of the solution @,; by a perturbation of the proof
of Theorem 2.2, in two settings: the conformal case Vj; C L3(u) (see Sect. 3.1) and the non-conformal case
Var € L2(p) but Vay ¢ L3(n) (the functions in the Galerkin basis are not of mean 0 with respect to u, see
Sect. 3.2).

In a second step, we prove a priori error estimates. To this end, we decompose the difference between @,
and the solution @ of the equation (1.3) as the sum of two terms:

Gpp — D = (Bry — Hy®) — (1 — Iy P. (3.2)

The second term on the right-hand side is the approximation error (1 — II;)®, which depends only on the
Galerkin space. We therefore postpone the study of this error to specific models (see Sect. 4.2). The first term is
related to the consistency error ny; = Iy LI P + I R since @pp — [P = (fHMEHMY1 na- We provide
general error estimates on @y — I1;® in Section 3.3. They can be made more precise in specific contexts, with
explicit convergence rates; see Section 4.3.

We conclude the section with a practical reformulation of the variational problem (3.1) in a form more
amenable to numerical computations (see Sect. 3.4).
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3.1. Conformal case

In this section we suppose that Vi; C L3(1). The following theorem states that if the additional terms arising
from the discretization in the expression of the entropy dissipation are sufficiently small, then hypocoercivity
holds on the subspace Vjs, and the exponential rate of convergence to 0 of the semigroup associated with
Ty LITy; is uniform in M.

Theorem 3.1 (Discrete hypocoercivity). Fiz v > 0. Assume that the Galerkin space is composed of functions
with mean 0 with respect to u (i.e.Vay C L3(n)) and that

(A -+ A")(1 = ) LI || o 0. (3.3)

Then there exist C > 1 (independent of M,~y) and My € N such that, for any M > My, there is Ay pr > 0 for
which

Yo eV, VE2=0, ||etHM£HMga|| < Ce MMt|y). (3.4)

Moreover, Ay m Sy Ay where Ay > 0 is introduced in (2.7).
— 00

If in addition Lpp stabilizes Vs (in the sense that Iy Lrp = Lepllyy ), then there exist M, > 1 (independent
of v) such that, for any M > M,, the following uniform bound holds:

Yy >0, Aya = Aamin(y,yh), (3.5)
with X M—> X where X > 0 is introduced in Proposition 2.7.
—00

Let us emphasize that the condition (3.3) should be checked for the specific model under consideration; see
Appendix B for an example. Note that the left hand side of (3.3) is constituted of a regularization operator
A+ A* applied to a residual off diagonal part of the operator L. It is therefore expected that the norm of this
operator goes to zero.

The stability of Vs by Lgp is automatically ensured when the basis functions are tensor products of functions
of the positions and eigenfunctions of Lpp for the momentum part. The latter eigenfunctions turn out to be
analytically known (they are in fact appropriately scaled Hermite functions, see Sect. 4.1), which makes it easy
to conclude to (3.5).

Proof. Fix ¢o € Vyr and v > 0, and consider ¢ = Zmin(y,y~!) as in Proposition 2.7. Introduce o (t) =
exp(tITn LITnr)po and 3 (t) = Hlear(t)]. Note that the discretized generator Iy, LIT) stabilizes the Galerkin
space Vi C L(u). In particular, ¢ps(t) € Vay C L&(p) for all £ > 0 when ¢o € Vis. The time-derivative of the
entropy functional is 73, (t) = —Pm[em(t)], where Py is similar to the entropy dissipation defined in (2.14)
apart from two additional terms arising from the discretization. More precisely, for ¢ € Vjy,

Dulel = — (o, Iy LI ) — e (AL LIy, ) — € (Ap, I LITv )
— (@, Lo) — e (ALl Lop, ) — € (@, ATz Lop)

D)+ e (Al = ) Lo, o) + & (@, A" (1 = Ha) Lop)
D¢l — ell(A+ A") (1 — Hpr) LT || [0

> /\v—EII(AJrA*)(l—HM)EHMH)IIWHQ, (3.6)

/\

where the last inequality follows from Proposition 2.7. The conclusion then follows from the same reasoning as
the one used at the end of Appendix A to prove Theorem 2.2, with an exponential convergence rate which is
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degraded uniformly in M:

3

T 1A+ AT = ) LTy | > 0 (3.7)

)\'y,]\/f = )\'y -

for M large enough.
Assume now that

Leplly = 11y Lrp (3.8)

so that (1 — Iy LITy = (1 — I pg) Lyam T does not depend on +. The only v-dependence on the right-hand
side of (3.7) therefore arises from ¢ = £min(y,v~1). We then deduce the following lower bound from (2.7):

Ayar = (N —E[[(A+ A")(1 = Iag) Lnam Mar|]) min(y, 1),

which implies (3.5). O

Remark 3.2. Another way to prove the hypocoercivity of the discretized generator on L?(u) would be to
first prove this property on H!(u) (as in [33]), and then use hypoelliptic regularization [15]. This program is
performed for Langevin dynamics in [14], with an emphasis on the Hamiltonian limit v — 0 (see also [23],
Sections 2.3.3 and 2.3.4 for a careful analysis of the two limiting regimes v — 0 and v — 400). This approach
introduces scalar products on H'(u) depending on three coefficients a, b,c € R. The corresponding proofs are
therefore more involved than the approach described here, and, more importantly, the conditions for H* (1)
hypocoercivity are incompatible with the conditions for L?(u) regularization for the Galerkin space proposed
in Section 4; see [30] for further precisions.

An immediate consequence of the convergence result stated in Theorem 3.1 is the following corollary. It
states that the discrete operator has a spectral gap, which does not vanish when the size of the Galerkin basis
increases.

Corollary 3.3 (Discrete invertibility). For any M > My, the operator Il LITys is invertible on Vi and the
following equality holds on B(Vas):

ey = [ e
0

Moreover,

C

)_1HB(VM) < Ayar

| (ITas LT
In particular, when Lyp stabilizes V), the dependence on 7 of the resolvent bound can be made explicit
thanks to (3.5). Corollary 3.3 shows that the Galerkin problem (3.1) admits a unique solution, denoted by

Bpp = — (I LITyy) " R

3.2. Non-conformal case

In practice the assumption Vj; C L3(u) is constraining since it may not be convenient to construct a basis
of LZ(u) which is orthogonal for the associated scalar product. It seems easier in many situations to consider
bases which are orthonormal on L2(p) rather than L3 () (as we do here for the application treated in Sect. 4).
Moreover, it may be preferable in practice to create bases adapted to the operators V,, V7, V;, and V7 in order
to simplify the algebra involved in the computation of the elements of the rigidity matrix. For these two reasons
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basis functions are rarely of mean 0 with respect to p in the literature, see for instance [1, 20, 28] for recent
examples. We therefore need to extend the results of Section 3 to the non-conformal case Vis ¢ L3(u).

Now, the generator £ is invertible on L3(u) (by Cor. 2.4) but not on L2(u) since £1 = 0. The purpose of this
subsection is to show how this degeneracy can be dealt with by introducing a Lagrangian formulation. We start
by applying Theorem 3.1 to the Galerkin space Vi o = Viy N LE(11), whose associated orthogonal projector we
denote by ITjs 0. The issue is to control the solution in the direction associated with the function

Iyl

= — € VM7 3.9
Tl (3.9

Unr

which is not of zero mean. In this setting the approximate solution @, is defined by the variational formulation

(3.10)

Find &)s € Vs o such that
Vl/f S VM,O? - <7/}7‘C¢M> = <¢7R> )

which can be rewritten as
—I o LI 0@ = o R.

The precise result is the following.

Corollary 3.4 (Non-conformal Galerkin method). Assume that the Galerkin space Vi is such that (3.3) holds
and additionally that

[y —" (3.11)
M —o00

Then there exist C > 1 (independent of M,~y) and My > 1 such that, for any M > My, the operator Iy o LI n o
is invertible on Vs and there is Ay p > 0 for which

_ C
H(HMpCUM,o) 1” < =—y
B(Varo) Ay mr

with X%M —— A, > 0 where A\, > 0 is introduced in (2.7).
M—o0

If in addition Lyp stabilizes Vg, then there exist M, > 1 (independent of ) such that, for any M > M,,
the following uniform bound holds:

Yy >0, //\\W,M > Ay min(y,y7),
with A m X where A > 0 is introduced in Proposition 2.7.
Proof. Let us first decompose V), as an orthogonal direct sum:
Ve = Var,o @ Ruyy.
Denoting by I1,,, the orthogonal projection onto Ruys, it then holds Iy = Iy o + I1,,,. We can now show

how the hypotheses on IIy; allow to apply Theorem 3.1 on the Galerkin space Vi o. We follow the proof
of Theorem 3.1 until (3.6), replacing IIy; with ITpso. It then suffices to prove that the following term is of



1060 J. ROUSSEL AND G. STOLTZ
order ||¢||? for any ¢ € Varo:
(A+ A1 = Ia0) Lo, ) = (A+ AT = L) Lo, ) + (A + ALy Lo, ) -

The first term on the right-hand side can be dealt with as in the proof of Theorem 3.1, making use of (3.3). For
the second one, we remark that

(A4 Ay, Lo, ) = (Lo, un) (A + Aunr, )
so that, using ||A]| = [|[A*|| < 1/2 (from Lem. 2.6):
(A + ALy, Lo, )] < el 1£7uar ]| (A + A Yunr|| ol < L uarll llf*. (3.12)

Plugging this additional term into the bound (3.6) obtained in the conformal case, it follows
Tl > (A — e (A + A7) (1 = ) L = el £7unrll) ol

We can then conclude to the exponential convergence of the semi-group, with rate

£

(1A + A0 — I LT | + | £7ua ) > 0, (3.13)

:\\%M = Ay =

when M is sufficiently large. The remainder of the proof follows the lines of the end of the proof of Theorem 3.1.
O

Corollary 3.4 implies that the following saddle-point formulation is well-posed.

Proposition 3.5 (Saddle-point formulation). Assume that (3.3) and (3.11) hold. Then, for any R € L?(u),
there exist a unique @y € Vi and a unique apr € R such that

(3.14)

— Iy LIy Pps + apjupyr = R,
<@M,UM> =0.

Note that the unique solution @5/ in fact belongs to Vi o since (@ar, ups) = 0. Moreover, R does not need to
be of mean 0 with respect to p thanks to the term apsups on the left-hand side of the first equality in (3.14).
We show in the next subsection that @, actually converges to the solution of the Poisson equation (1.3) with
right-hand side IIyR.

Proof. Consider R € L?(u). In view of Corollary 3.4, there exists a unique @, € Viar,o such that
I 0 LPy = HppR.
Recalling that Iy 0 = Iy — I1,,,, it follows that
— I LI Das + HuM (EHM@M + R) =1IIyR,

which leads to the saddle-point formulation (3.14) upon introducing the Lagrange multiplier ap =
(upr, LI D + RY (which is uniquely defined). O
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The system (3.14) can be reformulated as

L (i\f‘j) = (H“O”R) , (3.15)

where the Lagrangian operator L m on Vas x R reads
~ © —1 N LI + qupy
L = . 3.16
w (@)= () (316)

Let us conclude this section by providing an estimate on the resolvent bound of L - This estimate is used in
Section 3.4 to show that the matrix reformulation of (3.14) is well-posed, and in fact enjoys a good conditioning.
Let us first prove that the Lagrangian operator £, is invertible on V); x R for M > M, (with My the integer

considered in Cor. 3.4). This is done by proving that the equation Lo (p, ) = (¥, s) admits a unique solution
for an arbitrary element (1, s) € Vi x R. Note that

()-()

7 <cp—suM) B (w—sHMEuM)
M = .

is equivalent to

o 0
For the latter equality to hold true, the function ¢s pr = ¢ — sups must satisfy the Poisson equation
7HM,CHM¢SVM:¢78HM£UM7QUM, <¢5,M>UM>:0- (318)

Then, ¢g . € Vo so that Iy LIy ds p = Iy LI v obs, 00 = a0 LI 00s, 0 + (Ls ar, uns) ung. Therefore,
(3.18) can be reformulated as

—IIn o LI v 0¢s v = O — sITy Lung + ((Lds s unr) une — @)ung,  (Ps, v, unr) = 0.

Since ITns LI is invertible on Vaz g, the equation (3.18) admits a unique solution in Vo if and only if the
right-hand side of the above Poisson equation is in Vs, which is the case if and only if

a = {upr, LHp (@ — supg) + (Y — sy Lupy)) (3.19)

This proves the existence and uniqueness of the solution to (3.17) since v and ¢, ar are completely identified
through (3.19) and

© = Sup + (_HM70£HM,O)_1 HM,() (’(/J — SHMEUM) . (320)

This allows to conclude that £, is invertible on Vs x R. Moreover, using Corollary 3.4,

¥, M

2
c
lol® < 5% + (X) (Il + | Lunrll s))*
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and, in view of (3.19)—(3.20),
. C
ol < <1 + £ UM”A) (Il + 1 Lunrll 1) - (3.21)
Ay M

Therefore, endowing Vj; x R with the norm associated with the canonical scalar product, the following resolvent
bound holds:

2 2
~ 2 C C
1234 <1+ [ =) + 1+ =—=lcunl) | Q+lILurP). (3.22)
B(Var xR) ¥ M Ay,
In fact, the operators Zﬁ are bounded uniformly in M > Mj, since the upper bound on HENH HB(V ® tends
M X

to /24 (C/Ay)? as M — +o0.

3.3. Consistency error

We study in this section the error ||@pr — ITpr0P|| associated to the consistency error naro = 0L P +
Iy oR, sticking to the non-conformal case since this setting is the most appropriate for actual applications.
With some abuse of terminology, we simply call ||Ppr — IIp 09| the consistency error.

As in (3.2), the error can be decomposed as

Py — D= (Ppyr — Hpg0P) — (1 — o) ®- (3.23)
Very similar results are obtained in the conformal case upon replacing I1ys o with II;. Moreover, we do not
suppose in this section that R has mean 0 with respect to u, but consider the Poisson problem (1.3) with R
replaced by Iy R:
— L& = IIyR. (3.24)
The solution @ is approximated by the solution of the Poisson equation

— o L1 0 0P = o R (3.25)

which is well-posed in view of Corollary 3.4.

Theorem 3.6. Assume that (3.3) and (3.11) hold. Then the consistency error between the unique solution
@ € L3(n) of (3.24) and the approzimate solution ®pr € Varo of (3.25) can be bounded by

C
[Pnr = Iar0®| < . (IHIn £(1 = )P + | Lun |21 (3.26)
v, M

where C| X% M are the constants introduced in Corollary 3.4.

The extra term ||[Lups||||®|| on the right-hand side of (3.26) arises from the fact that the Galerkin space is
not conformal. It would not be present for conformal spaces.

Proof. Upon applying IIns o to both sides of (3.24), it holds

—HM70£HM70¢ = H]\/[,()R + HM7OL(1 — HMjo)Q.
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After subtraction with (3.25), it follows
I o LI o (Par — Har,0®P) = a0 L(1 — Hpg0)P. (3.27)
Therefore, using Corollary 3.4,

D8 — g o®n2(wy = ||(Har0Ln0) ™ a0 L(1 — HM,O)¢||L2(H)
< H(HM,OLHM,O)il||B(VM’0) 10,0 £(1 = 1ag0)®Plly 2,

C
< = || poL(1 — HM,O)@HLZ(#) . (3.28)

Ay, M

Moreover
| Tar0£(1 = Mg o)l < MTa £ = Dag + Dy )8l

SN L = IIn) P12, + I LIy Pl 2,0

SAHIMLQ = IIa) Pl + v Lung |2y (P uan)|, (3.29)
which allows to conclude. O

There are several ways to bound the right-hand side of (3.26). It is difficult to state general results, and the
strategy to be used depends on the model under consideration. One straightforward manner is to write

[ I L£(1 — HM)¢||L2(M) < I £(1 - HM)||B(H2(N)7L2(;L)) (1= HM)Q’HH’Z(H) )
and make use of the following (possible quite crude) bound which is independent of M:
HIar £01 = )| ez gy 2 ) < LB ), 2 -

It remains then to show that the approximation error measured in the H?(u) norm goes to zero. Possibly sharper
estimates can be obtained by writing that

M £(1 = 1)@ |2y < M £ = 1) gz 11— an) @l ) - (3.30)

and showing that |[ITaL(1 — IInr)||5(1,2(,,)) does not go too fast to infinity as M goes to infinity. We can then

conclude in the case when the approximation error vanishes sufficiently fast in L?(u). This is the path we follow
in Appendix B.

Remark 3.7. We expect the operator IIy0LIIn o to be larger in a certain sense than ITy0L(1 — IIarp) in
L2(p), so that (3.27) suggests that the consistency error is smaller than the approximation error ||(1 — IT)®||.
This is indeed what we observe in the numerical experiments we present in Figure 1. This shows that the way
we bound the consistency error is probably not as sharp as it could be.

3.4. Matrix conditioning and linear systems

We introduce in this section the linear system associated with the practical implementation of either the
Galerkin formulation (3.1) in the conformal case Va; C L3(u), or of (3.14) in the non-conformal case Vi C L2(u)
but Vas ¢ LE(1). In any case, we denote by (e;)1<j<m an orthogonal basis of the Galerkin space V), assumed
to be of dimension M.



1064 J. ROUSSEL AND G. STOLTZ

3.4.1. Conformal case.

The weak formulation (3.1) can be equivalently reformulated as the linear system
Ly Xy =Y, (3.31)
where
Vi<i,j <M, (Lum);;= (e, —Lej), (Xum);=(Pum,ei), (Ym), = (R e).
When the assumptions of Theorem 3.1 hold, (3.31) admits a unique solution, so that L is invertible. Moreover
|Ly/ | < C/A, s bounded uniformly in M for M > My. The linear system is therefore well-conditioned, and

can be solved efficiently using any solver adapted to non-symmetric problems.

3.4.2. Non-conformal case.

We suppose that the assumptions of Corollary 3.4 hold. Let us introduce the vector U, € RM corresponding
to ups € Ve

Vi<i< M, (Uum);, = (um e)= <HMl>

Then the saddle-point problem (3.15) is equivalent to

LyXar + AUy =Yy,
U, Xy =0,

with the same definition for Lj,; and Y, as in the conformal case. With

R Ly, Uy R R
Ly = . Xy = Xm . Yy = Y , (3.32)
\ U,, ‘ 0 } A 0

the saddle-point problem can finally be rewritten as

Ly Xar = Yar.

Proposition 3.5 and (3.22) imply that Ly is invertible, with HIA;]_Ml‘ uniformly bounded in M for M > M. This

proves that the matrix L M does not have vanishing eigenvalues, in contrast to Ljs (since LUy, M—> 0).
— 00

Therefore the linear system L M)A( M= Y M can be solved as efficiently as in the conformal case. In the following
we choose to use a sparse LU factorization.

Remark 3.8. Let us conclude this section with some criteria discriminating a good Galerkin space, and more
generally a good function basis. Anticipating on the analysis of Section 4.1, a standard choice is to use tensorized
bases. The difficult part is to find a basis to describe the position dependence of the function of consideration.
This requires considering the following points:

— approximation errors and consistency errors should be small. It should be checked in particular that
condition (3.3) holds and that the norm of the operator IT;£(1 — II;) does not grow too fast;
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— the implementation is easier if the space is conformal, since it avoids the computation of U, using integral
quadratures;

— when the basis is non-orthogonal, the Gram matrix should be inverted. The latter can be ill conditioned,
leading to numerically instability, specifically for unbounded position spaces.

4. APPLICATION TO A SIMPLE ONE-DIMENSIONAL SYSTEM

We present in this section an application of the theory developed in Section 3 to a specific example, described
in Section 4.1 together with the Galerkin basis used to discretize the generator. This allows us to prove explicit
convergence rates for the approximation error (Sect. 4.2) and the consistency error (Sect. 4.3). For the latter
error, we have to further specify the potential in order to check the assumptions ensuring the hypocoercivity
of the discretized generator. The final, global error estimate is summarized in (4.11). The technical proofs of
some claims and bounds are postponed to Appendix B. We finally present in Section 4.4 some numerical results
illustrating the predicted error bounds.

4.1. Description of the system and the Galerkin space

We consider a single particle in a one-dimensional periodic potential: D =1, m =1 and D = 27T = R/27Z.
The Galerkin space is constructed using the spectral tensor basis

ere(q,p) = Gr(q)He(p),

where 0 < k < 2K — 1 and 0 < £ < L. Compared to the notation of Section 3, the basis size M = (2K — 1)L
depends on two parameters K, L, which both have to go to infinity for the convergence results to hold. In this
section we prefer the index K L instead of M, denoting thus Vi, Ik, Pk r,... In the remainder of this section
we describe our choices for GG, and H,.

Note that the size of the matrix, namely the number of tensorized basis elements, increases exponentially
with the dimension of the system. In larger dimension one could consider resorting to tensor formats [13], as is
done for the high-dimensional Schrodinger equation in [34], carefully making use of the symmetries and of the
structure of the equation.

4.1.1. Weighted Fourier basis (Gy).

Fourier modes provide a natural basis to approximate periodic functions, such as functions of the positions
here. Since the measure appearing in the scalar product is v, we consider in fact the following L?(v)-orthonormal
modes:

Zp .y
Go(q) D2 V()2

2m
Zpw
Gan(g) = \/ 2% cos(kg) ™V (D2, k> 1,
Zgy .
Gar-1(q) = i sin(kq) V@2 > 1 (4.1)

Note that the functions Gy, for k > 1 do not have mean 0 with respect to v (except for very specific potentials
such as V = 0). The spanned discretization space is thus non-conformal: Vi, ¢ L2(p).
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4.1.2. Hermite functions basis (Hy).

Since the marginal measure s in the momentum variables is Gaussian with variance S~!, we consider the
following orthonormal Hermite modes for ¢ € N:

Hy(p) = %ﬁe (ﬂp) . Hy(y) = (—1)£e% d* (ey;> .

dy*
They are well suited to our problem since they are the eigenfunctions of the symmetric part Lrp = —f _1(9; Op
of the generator. Indeed,
VOeN, 0,H,=+\/BtH, -y and 93 H,=\/B({+1)Hp1, (4.2)
so that
VeeN, LypH,=—{H,. (4.3)

Remark 4.1. The basis we consider is similar to the one used in [25, 29], where the modes in position are the
standard Fourier modes. The latter modes are orthogonal for the uniform measure on the compact position space
D rather than on L?(v). Therefore, the scalar product used in Section 3.4 should be replaced with the scalar
product associated with the measure zi(dg dp) = |D|~1k(dp) dq. The results of Section 3 could be adapted to this
scalar product since the measures p and g are equivalent. Note that the discretization based on the standard
Fourier modes is a conformal one since one of the tensorized modes is proportional to 1, which simplifies the
implementation. It is however not generalizable to unbounded position spaces because the uniform measure is
not normalizable. An interesting question, not considered in this work, is to quantify the relative performances
of the approaches based on orthonormal bases either on L?(u1) or L2(f).

4.1.8. Rigidity matrix.

In order to give the expression of the rigidity matrix, we introduce, for a Fourier basis of 2K — 1 weighted
Fourier modes, the matrix Q with entries

Qkir = (Ghs 0gGr)12(,) - (4.4)

and, for L Hermite modes, the matrix P with entries
Peo = (He,OpHp oy = (He VBOHe 1) = V/B0B0 . (4.5)

Note that P is sparse in view of (4.2). The matrix Q is, on the other hand, dense in general, except when V is a
trigonometric polynomial. In the following, we choose V' (q) = 1 — cos(q) in order for Q to be tridiagonal. For a
general, smooth potential V', Q would be dense but with coefficients which decay fast away from the diagonal.

The rigidity matrix which appears on the left-hand side of (3.31) has entries (for 0 < k¥ < 2K — 2 and
0<(<L—1)

Lo e = (ere, —Lewrer)
= *571 [<Gng,aq3;Gk/Hg/> — <Gng,8;‘6ka/Hg/> — ’Y<Gng,8;8ka/Hg/>]
B ' Qr i Pe o+ B Qu kPowr + YLk No o,

where I, v = 5 1 and Ny ¢ = £, 0. In practice we transform these tensors into matrices by a hashing function
¢: (k,0) = ((k,£) € N. The matrix L is then of size (2K — 1)L.
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4.2. Approximation error for the tensor basis

We define the projectors IT}. and IT7 by

2K—2 L—1
H}I(QO: Z <§03Gk>Gk7 HfSD: Z <503H£> Hy.
k=0 £=0

Their complements are H}](J‘ =1—1II}. and Hfl = 1— II7}. With this notation, the projector onto the Galerkin
space is IIxcr, = II}. 117 . The study of the approximation error (1 — Ik )® is performed by first estimating the
error arising from the projection ITf. (see Lem. 4.2), and then the error arising from II7 (see Lem. 4.3). The
conclusion follows by remarking that

0<1—Igp=1— %+ IL(1— I17) < T+ 118+, (4.6)

see Proposition 4.4.

Lemma 4.2. Assume that V is smooth. Then, for any s € N, there exists My € Ry such that

S MS
Vo e H(v), VK 21, |lo—Hgels,, < ﬁ”‘ﬂ He (1)
Proof. For ¢ € H*(v), we introduce ¢ = Z,g,lj/ge’ﬁv/% € L2(dg), as well as the flat Fourier basis Gj =

Z[;lll/Qe*ﬂVﬂGk which is orthonormal on L2([0, 27]). Since D = 27T is compact, H*(v) = H*(dq) for any s € N
and there exists M € Ry such that

||8330||L2(dq) < MSHQO‘ Hs(v)- (47)

By the Bessel-Parseval inequality,
) 27 .
lo- Mol = 3 teGt= 3 ([ paua)
1 27 2 27
- ( / ¢(q) cos(kq) dq) + ( / ¢(q) sin(kq) dq)
™ K>k \J0 0

. ( /0 " 50 X cos(ka) dq)2 + ( /O 7 5) X sin(kg) dq>

_ W% 3 < /0 " 5q) 0 cos(ka) dq)2 + ( /0 " 5() 0 sinlkg) dq>

k>K

2

2

N

2

1 o~
ﬁ”%@”%%dqy

/N

which allows to conclude with (4.7). O

Lemma 4.3. For any s € N and p € H*(k), it holds

VL2 s, o - Ml < B — s+ D] 1830l
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Proof. Fix L > s. In view of (4.2), it holds
( ) Hy s 58/2 \/ _3+1 Hfa
with /(l —s+1)...0 > (L — s+ 1)*/? when £ > L. Therefore,

2
lp = 72y = Z (¢, Hy)

L

C—st0..7, \
= <90a (L—S+ 1)3/2 HZ>
=[BL=s+1]" > (0, () Hes)®

(=L
<[BL = s+ 1] 10501122y

N

from which the conclusion follows. O
The following approximation result is then directly deduced from the previous lemmas and (4.6).
Proposition 4.4. Assume that V is smooth. Then, for any s € N, there exists As € Ry such that

s 1 1
VQD eH (:U’)v VK 21, L>s, H(p - HKLSOHLQ(H) < As ([(5 + Ls/g) HSO'

Hs(p)

The approximation error ||(1 — Ik )®|| thus depends on the regularity of the solution @ of the Poisson
problem. Now, the operator £7! is a bounded operator on H*(u) N L&(1) for any s > 0 by the results of ([31],
Sect. 3.2) and [18], (see also [9, 16]). Therefore, when R € H* () NL3(u), the solution @ belongs to H*(u) NL3(u),
and there is A, € R, such that

K e H (1) (4.8)

10~ ict@lhoy < 10— Tl + 10~ 0l < A (g + 127 ) I
Remark 4.5. In fact, it can be expected that the operator £~! further regularizes in the momentum variable;
more precisely that 0,¢ € H*(u) when R € H(p). This is consistent with what we observe in the numerical
simulations reported in Section 4.4. Note also that the estimates provided by [9, 16, 18, 31] are obtained for a
fixed friction v > 0. Some additional work is needed to carefully quantify their dependence upon -, although we
expect that the bounds on £7! considered as an operator on H*(x) N L2 (1) should still scale as max(y,y~1).

Let us conclude this section by an approximation result involving ITxp o rather than iy (see the
decomposition (3.23), to be compared with (3.2)).

Corollary 4.6. Assume that V is smooth. Then, for any s € N, there exists As € Ry such that

1 1
Ve € H (W) NI, YK >1 Les, |- Hxroeliog < As ( n ) ol

Ks Is/2

Proof. Note first that (Hy, 1) = 8,0, so that IIx ;1 = II}1 and ux = II}.1/|II} 1| depends only on the position
variables for L > 1. Next, in view of the computations performed in the proof of Corollary 3.4,

Hq
I =11 —
KL,0¥ KLY <|Hq 1H >UK7
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where ||ug|| = 1. Since ¢ € L3(u), it holds in fact

< mi1 (p>: <(1H§’()1 S0>
[res-atil [P25-3 8 A

which converges to 0 faster than any polynomial in K in view of Proposition 4.4. O

4.3. Consistency error

In order to simplify the computations (in particular to have some simple structure on the derivatives of the
Fourier modes) we consider the following potential:

V(g) =1 —cos(q).
In this case, using the trigonometric identities

2 cos(kq) sin(q) = sin((k + 1)q) — sin((k — 1)q)
2sin(kq) sin(g) = — cos((k + 1)gq) + cos((k — 1)q),

a straightforward computation shows that the derivatives of the basis functions satisfy

B B B
0,Go = —=G1, 0,G1 = —=Go+ Gg — =Gy,
LN e N R
_ B B B B
0qGay = _ZG%_?’ — kGap—1 + ZG%H, 0qGor—1 = ZG%_Q + kGay, — ZG2/«+2, (4.9)

where by convention G_; = 0. The matrix Q defined in (4.4) is therefore a band matrix with width 4.
The well-posedness of the variational formulation associated with the Galerkin space is given by the following
result.

Proposition 4.7. The matriz IAJKL defined in (3.32) is invertible for K, L sufficiently large. More precisely the
resolvent bound satisfies

e |a+v2)p BT )
1+e| 2K 161— [[(1— L)1)

My KL = Ay (4.10)

In practice the term ||(1 — IT{, _,)1]| is very small (it decays faster than any polynomial in K by Lemma 4.2),

so that the difference between the two estimates A, — X% k1 scales as 1/K and in particular it does not depend
on L. The proof presented in Appendix B consists in showing that the assumptions of Corollary 3.4 hold. Recall
also that €, A, ~ min(y,7~1) by Proposition 2.7, so that the error term on the right-hand side of (4.10) is
uniformly bounded with respect to A,. This suggests that the relative error on the spectral gap is uniformly
bounded with respect to v > 0.

According to Theorem 3.6 and (B.5) the following rate of convergence can be deduced for the error @5, —
Tk 1,,0@ (which is related to the consistency error i oL kr,0P + k1 o0R).

Proposition 4.8. The error | Pk, — Hk1,0P| is bounded by the approrimation error as

c

|Prr — Hir,oPlL2() < =
Ay KL

L
\/ 3 (K =1+ B) (1 = rr)®PlLz(u + [Lux [ PllLz( | -
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where ||[Luk]|| decays faster than any polynomial (see (B.2) for an explicit computation). Therefore, for any
s > 1, there exists A s € Ry such that, for all R € H*(n) and & = —L ') R,

Hs(p)-

1
1Prr, — Hicr,0P||12(u) < Ay sKVL ( L8/2> | Rl

The second statement follows from the bounds on the approximation error ||® — Ik o®||12(,) provided by
Proposition 4.4, together with the fact that £~ is a bounded operator on H*(u) N L (1) (see the discussion at
the end of Sect. 4.2). The total error can thus be bounded as

[Pxr — @|| < |Pxr — Hrr,o®| +[|@ — Hir,0?|
1 1 1
<A75Kf( >||R|HS + A, ( +LS/2>||R

Ls/2
He (1) (4.11)

He (p)

1
< ALKVE (5 + 1 ) IR

4.4. Numerical results

In this section we call for simplicity consistency error the quantity | @k — Ik ®||. In order to validate
the results of Section 3 in the non-conformal case studied here, we compute the consistency error and the
approximation error | — IIx®|| as a function of the number K, L of modes and of the friction coefficient
v. We start by considering an observable which is not very regular; and then turn our attention to the case
when R(q,p) = p (which belongs to H*(u) for any s € N). Solving the Poisson equation associated with this
observable allows to predict the self-diffusion coefficient, which can be seen as the magnitude of the effective
Brownian motion describing Langevin dynamics over diffusive timescales [24]. In all this section we set 8 =1
and m = 1.

As a sanity check we also verified in the case V' = 0 that the eigenvalues of the rigidity matrix L converge to
their analytical expressions provided in [29].

4.4.1. Observable nearly in H?(1).

Fix v =1 and consider the observable

R= Z reGrHy, TR = maux(l,k)_w2 max(l,()_?’/Q.
kEN,LEN

Note that

||R||2 = Z |’I“kg|2 < +00.
keN,LeN

Using (4.9) and (4.2) it can be shown that R is in H!(x) but fails to be in H?(u) (the exponents in 7y, are
critical). Note also that R does not have mean 0 with respect to p, so that the solution of the saddle point
problem (3.14) converges to the solution of the Poisson problem with IIpR on the right-hand side. A very
accurate approximation of the solution @, which serves as a reference value, is computed by setting K = 100
and L = 1000. The errors are plotted in Figure 1.

The polynomial power of the numerically observed decay of the approximation error is directly linked to the
regularity of the solution @. Here the scalings K3 and L2 suggest that ®,9,¢ € H?(u), meaning that in this
particular case £~! regularizes one derivative of R in position and two in momenta, which is the most that
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FIGURE 1. Approximation and consistency errors as a function of the number of modes. Left:
Varying number of Fourier modes for a large number of Hermite modes; the approximation
error scales as K3 while the consistency error scales as K~7/2. Right: Varying number of
Hermite modes for a large number of Fourier modes; the approximation error scales as L2
while the consistency error scales as L™3.
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FI1GURE 2. Approximation error, consistency error and error on the mobility as a function of the
number of Fourier modes (left) or Hermite modes (right) for v = 1. Logarithmic units are used
on the ordinate axis. When the number of Hermite modes is large, the error on the mobility

scales as 10~

25K

, while the approximation and consistency errors both scale as 10™%. When
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FIGURE 3. Self-diffusion as a function of the friction 7. It scales as y~! both for small y (with

prefactor 0.15) and large v (with prefactor 0.6).
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FIGURE 4. Error on the spectral gap as a function of the size of the basis in three cases for
v = 1. For a large number of Hermite modes the error scales approximatively as 10~ 1-2(2K—1)
(top left); for a large number of Fourier modes it scales approximatively as 1079-32F (

top right);
and for L = 2(2K — 1) it scales approximatively as 10738 (bottom).

could be expected. Note that the approximation error is therefore much smaller than predicted in (4.8), where
we only stated that @ is at least as regular as R. Moreover, we observe that the consistency error decays faster
than the approximation error, as anticipated in Remark 3.7.

4.4.2. Velocity observable.

The self-diffusion of a particle subjected to Langevin dynamics in dimension 1 is (see for instance [23], Sect. 5
for further background)

D= /OOE(ptPO) dt = (—L 'p,p). (4.12)
0

where the expectation is taken over all initial conditions (go,pp) ~ p and for all realizations of the Brownian
motion in (1.1). This transport coefficient can be computed by approximating ¢ = £~ !p with the Galerkin
method described in this article. The accurate reference is here computed by setting K = 50 and L = 100. We
plot on Figure 2 the approximation error and the consistency error obtained for the observable R(q,p) = p.
They decay faster than any polynomial since p € H*(u) for any s € N. They are in fact observed to decay
exponentially fast with the number of modes. The error on the self-diffusion coefficient therefore also decays
faster than any polynomial, in fact exponentially.

As an illustration of our approach, we plot the value of the self-diffusion as a function of « in Figure 3, as
already done in [24] using Monte-Carlo techniques and in [25] using a very similar spectral method. We indeed
retrieve the scaling D ~ ! proved in [24]. This computation can be done in a matter of seconds as it involves a
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FIGURE 5. Left Spectral gap as a function of the friction . Right: Relative error on the
spectral gap as a function of v for several couples K, L. Note that the curve corresponding to
K =3, L = 8 coincides with K =5, L = 8 for « small and with K = 3, L = 20 for  large.

single inversion of a sparse matrix of size KL = 5000 for each value of the friction ~. It is thus much faster that
a standard Monte-Carlo simulation. This approach however becomes intractable when the dimension increases.

4.4.3. Estimates on the spectral gap.

In order to illustrate the statements of Proposition 4.7, we compute the relative error between the spectral gap
of L (approximated using a very large discretization basis) and the spectral gap of the matrix L; see Figure 5.
The spectral gap is close to the value min(vy,y~!) obtained when V = 0 (see [19]), with deviations essentially
around v = 1. Note on Figure 4 that the relative error on the spectral gap decays exponentially with K and L.
Let us also emphasize that, as suggested by (3.5), the relative error on the spectral gap is bounded uniformly
with respect to 7 for any K, L. We also observe that in the overdamped limit v — oo the relative error depends
only on the discretization accuracy in the position variable. This is due to the fact that the resolvent £!
converges in this regime to an operator acting only on the position variables [22].

APPENDIX A. PROOF OF THEOREM 2.2 (L?(x) HYPOCOERCIVITY)

We recall in this section the proof of Theorem 2.2, as presented in [7, 8]. We start with the proofs of the
technical results presented at the end of Section 2.

Proof of Lemma 2.6. Consider p € ¢ NL3(u). A simple computation shows that

1

Ehame = ﬁ

AT (%)T V,I,, (A1)

which immediately implies that LpamIl,¢ has average 0 with respect to k(dp) for any ¢ € D. Therefore,
II,Lyam T, = 0, which implies A = A(1 — I,).
By definition of the operator A, it also holds

Ap + (Ehame)*(Ehame)AQO = (Lhame)*‘P~
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This identity immediately implies that 17,4 = A. Taking the scalar product with Ay, we obtain, using LpamA =
EhameA = (1 - Hp)ﬁhamA:

”A‘P”2 + HEhamA‘P”2 = (Lham A, ¢) = (LnamAp, (1 — Hp)‘P>
<1101 - Tl [ Lram A "
1
< gIa= )01 + [| Lham Ap|1?.

The last inequality gives ||A¢|| < |[(1 — II)g||/2, while the second one implies that ||LhamAp|| < [[(1 — IIp)¢||.
The conclusion is finally obtained by density of ¢ in L?(u). O

The key element to prove Proposition 2.7 is the following coercivity estimates, respectively called
“microscopic” and “macroscopic” coercivity in [7, §].

Proposition A.1 (Coercivity properties). The operators Lep and LnamlI, satisfy the following coercivity
properties:

1

Vo e %, —(Leny,w) > —|I(1- ,)¢|1?, (A3)
C,

Vo €6 L3GW.  Caun el > 2Tyl (A4)

where C,, is defined in (2.4). As a corollary, the following inequality holds in the sense of symmetric operators

on Lg(p):

—1
A‘chame 2 )\hamey )\ham =1- <1 + BC;;) > 0 (A5)

Proof. The inequality (A.3) directly results from a Poincaré inequality for the Gaussian measure k (see [5]), the
position g being seen as a parameter. Indeed, for a given p € ¥,

voeD, [ ueten)l stap) > 2 [ 10 m)en)? ) (4.6)

m JrD

Integrating against v and noting that — (Lrpy, @) = B71||V,e||? leads to the desired inequality.
To prove (A.4), we use (A.1), which leads to

1
[ Lham o7 () = %||anp¢||i(u)- (A7)

The conclusion then follows from the Poincaré inequality (2.4), since, for ¢ € ¥ NL3(u), the function I, has
average 0 with respect to v (namely, E, [II,¢] = E,[p] = 0).

The macroscopic coercivity (A.4) allows to write (LhamIZp)* (LhamIlp) = %Hp in the sense of symmetric
operators on LZ(u). Moreover,

A‘Chamﬂp = [1 + (‘Chamﬂp)*(‘chamﬂp)rl (‘Chamﬂp)*(‘chamﬂp)'

Since (LnamIIp)* (LhamIlp) is self-adjoint and the function = — z/(1+x) =1 —1/(1 + z) is increasing, the
inequality (A.5) follows by spectral calculus. O
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Another technical argument is the boundedness of certain operators, which appear in the proof of
Proposition 2.7.

Lemma A.2. For any ¢ € N*, i€ {1,2,...,D} and p € L?(p),

3\
11,35 el <\ (2) el mel.
In particular, ||Hp8£i|| = H(@;i)eﬂpH </ Be.

Proof. Fix p € €. For q € D,

(1,050 @ = [ (05,01~ 1,)¢) (ap) wldp) = [

IRD(l — 11,)(q,p) (9,,)"1 k(dp).

Denoting by Hy(p;) = (m/B)*/20171/2(8% )1 the Hermite polynomials in the variable p; (which, we recall, are
such that ||Hgl[2(x) = 1), a Cauchy-Schwarz inequality shows that

2

J4
11,286l < [ | [ 10 = mostan |\ (2) etion)| wan) | viao

B ‘ 2 2 B ‘ 2
<(2) o [ 10 mola oo Veliagomian) = (2) a1 - 1)l
which gives the claimed result. O

Proposition A.3 (Boundedness of auxiliary operators). There exist Rpam > 0 such that

| ALpam (1 — Hp)‘ﬂ” < Rpaml|(1 - Hp)‘ﬂ”v

A8
(1= Ip)e|- )

Vo €€, 1
|ALropll < 5|

m
Proof. The first task is to give a more explicit expression of the operator A. In the following we use frequently
the fact that operators acting only on the variables ¢ (such as V, and VZ) commute with operators acting
only on variables p (such as V,,, Vj and II,). Moreover the relations 9,11, = 0, 11,0, =0 and I1,0,,0; =

Pi~“pj
Op; 3;_ II, = %Hpéij allow to simplify the action of (LnamIIp)* (LhamIly,) as follows:

1

(ﬁhamnp)*(ﬁhamnp) = _@Hp(v;vq - VZVP)(V;VQ - VZVP)HP
1 * * 1 *
- @Hp(qup)(vpvq)ﬂp - %quqnp.

The operator A can therefore be reformulated as

1 1 -1
A= 3 (1 T ﬁmv;vq) ViV, (A.9)
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To obtain bounds on the operator ALpam (1 — II,,), we next consider its adjoint:

* 1 * * * 1 * -
—(1 = II,)) LramA* = *@(1 —11,) (V;Vq — ViV,) ViV, I, (1 + I@,quv(,)
1 B

= (- 1) (vpqupvq - quvq) 1, (1 + Bquvq)
=~ 5 (1= 1)V, 9, V¥, I, (1 + ﬁquvq) :

where we used (1 — II,)V;V,II, = 0 in the last line. Moreover, the operator

D
ViV ViV, = Y 0505 11,0,,0,,
ij=1
is bounded from H?(v) to L?(u) according to Lemma A.2. Moreover, as proved in [8], Assumption 2.1 ensures
—1
that the operator II, (1 + [%mv;vq) is bounded from L2(u) to H?(v). In conclusion, —(1 — IT,) Lham A* is
bounded on L2 ().

The boundedness of the operator ALrp comes from the fact that

_ L

1 * * * * *
Iy LhamLrp = _@HP (Vqu - qup) VpVp = B2 11,V VpV,Vp
1 . 1
= %Hpqup = _Eﬂpﬁham'
In conclusion, ALpp = —A/m, which gives the claimed result with Lemma 2.6. O

We can now proceed with the proof of Proposition 2.7.

Proof of Proposition 2.7. Note first that, for a given ¢ € %, the entropy dissipation 2[¢p] can be explicitly
written as

@[90] = <_'7£FDSD7 4P> +e <A£hamnp<p7 (P> +e <A£ham(1 - Up)@a 90>

A.10
— & <»ChamA903 S0> + ey <A’CFD90a §0> 3 ( )

since LrpA = Lppll, A = 0. Using respectively the properties (A.3), (A.5), (A.8) and Lemma 2.6, it follows

Y 2 2 il
> L _ _ _ —
2lel > L0 = L)@l + Xnam | Tell? = & (Riam + 52 ) 12 = )l 1 el &)
— € <£hamA(pa §0> .
Since, by Lemma 2.6,
<£hamA507 90> = <(1 - Hp)ﬁhameA(l - Hp)% %0> < ||(1 - Hp)‘PH2v

it holds Z[¢] > X TSX, where

X = (I(lnﬁ”)@H) » 8= (5?1_/2 5512) )
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with
v gl
S__ = 5Aham7 S_+ = —€ (Rham + %) 5 S++ = E — €.
The smallest eigenvalue of S is
S__+S8 1
Ay, e) = % - 5\/(577 = S44)? + (5-4)%

In the limit v — 0, the parameter € should be chosen of order v in order for A(y, ) to be positive (in particular
for S; 1 to remain positive). When v — 400, the parameter ¢ should be chosen of order 1/~ in order for the
determinant of S to remain positive. We therefore consider the choice

e = Emin(y,y ). (A.12)

It is then easy to check that there exists € > 0 sufficiently small such that A(vy,zmin(y,y"!)) > 0 for
all ¥ > 0. Moreover, it can be proved that A(vy,Zmin(y,v71))/y converges to a positive value as v — 0,
while yA(y,Emin(y,7~1)) converges to a positive value as v — +oo. This gives the claimed result with

Ay = A(vy,Emin(y,77")). O

The proof of Theorem 2.2 is now easy to obtain. Consider ¢y € Dom(L) N L3() (which contains H?(u) N
L2(x)) and introduce J#(t) = H[p(t)], where ¢(t) = ety € Dom(L) for any ¢ > 0. Then,

H'(t) = —D[p(t)] < M lle®)]2.

Using the norm equivalence (2.13) and the choice (A.12) for € < 1, it follows that

2X
H'(t) < — - H(t
(*) 14+ Zmin(y,y71) ®),
so that, by a Gronwall estimate,
H(t) < H(0)e - 2, t
h P\ T EminG D)

Using again the norm equivalence (2.13), it follows that

o
T e o)),

H|? <
le@I < 1=

with the decay rate

Ay

A = .
T 14 Zmin(y,q7 1)

The desired estimate finally follows by density of Dom(£) in L?(p).
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APPENDIX B. PROOF OF TECHNICAL ESTIMATES FOR THE SYSTEM

CONSIDERED IN SECTION 4

We prove in this section that the conditions (3.11) and (3.3) allowing to apply the results of Section 3 hold for
the system considered in Section 4. Recall that the condition M — +00 should be understood as K, L — 4ooc.
i i q - 9

Let us also emphasize that, although we perform the computations for the simple potential V(q) = 1 — cos(q)

the extension to a general trigonometric polynomial V is straightforward

B.1 Condition (3.11) and bound on ||Lugk]|

Since ups depends only on the positions, it is denoted ux and

1 s 10,112
Lug|? = || Luk|? = O I 1" = BAE.
In order to estimate ||9,11%1||, we decompose [T} 1 in the basis under consideration as follows

2K—2
H}Z(:l: Z ngj, g; = H 1 G /G dv.
7=0

Then, using 90,1131 = —9,(1 — II})1 and (with (4.9))
. B B
0;Gop—1 = Zsz_? — kGai, — ZG%H’ (B.1)

Vk 21, 0;Gox = _§G2k—3 + kGor—1 + §G2k+1,

it follows that, for K > 1

> (0,11%1.G;)°

10,1131 =
JEN
2K—2 too
2 2
= > (F0,(1 - )1,Gy)° + D (9,11} 1,Gy)
=0 j=2K—1
2K -2 ) +oo )
= Y E[0-I)o;G] "+ > B [}0;G)]
j=0 j=2K—1
7 )8*G2K 2}2+EV[H?<8;G2K_1]2+E,,[H?(8;G2K]

EU[(l e )6*G2K 3] +E,[(1
(1 1%’

Q

( 3k T 9ok—1+ 9o+ Gk 3) g%”

—

Since 1 € H*(v) for any s € N, it follows that ||(1 — I} _,)1|| vanishes faster than any polynomial in K in view
of Lemma 4.2. This implies that ||0,IT% 1], and hence ||Lug|| and ||£*uk||, vanish faster than any polynomial

in K. More precisely,
® ST LR S 161— (1 1 '
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B.2 Condition (3.3).
Let us now prove that ||[(A+ A*)(1 — Hxr) LI k1| o 0 for the model under consideration. Introducing
,L—00

L} = (1 —Ig) LKy, we prove in fact that ALY and A*L} are bounded operators whose norms converge
to 0 as K, L — +o00. In all this proof, we consider K > 1 and L > 2.

The first task is to provide a more explicit expression of ﬁ}}i. We introduce to this end the operator D};_ =
9,11 . Tn view of (4.9),

+oo  2K-2
Dire= Y Y (0.G)(0465.Cy) Gy = 2 (. Gars) Gaeor — (. G —s) G ).
J=2K—1 j=0

This shows that the operator D}~ is bounded on L2?(p), and in fact

- B\ ol
1Dl < ZIHGEG el (B.3)
Comparing (B.1) and (4.9), we also see that D~ = I1%-9,11L = Hfé‘@j;ﬂ}l(. We can now compute more

explicitly the action of E}z by noting that
6£KL = (1 — HKL)(‘)q@;HKL — (1 — HKL)O”!;‘@pHKL — ’y(l — HKL)ﬁzapHKL,
where (1 — If1)050p k1, = 0 by (4.3), while (using (4.2) to write II]_,0, = 0,11} and II] 05 = 05 1I7)
(1 = Hgp)0,05 i, = (1 — I} II7 )0 17, Oy IT
= (1 - HEI7)0,(I} + 7)Y, 05 1T
1 *
= (I} + 17 M7 — M IT7)0,05 TG
* 1 A%
= I} (1 — [T} ) 0,0, IT}, + 0117 | 1170, IT;
= 195D + 0,05 ITY ITY - | 1T,
=M% _ D + 0,05 14" Il

and

(1= Hgp)0;0, Ik = 0p(1 — ITE 17 )05 I} 1T} = 0,117 (1 — I3 )5 1T},
= D} 9,117,

Therefore,

BLEL = OIIL_ D™ + 0,05 110" I, — D8, 117. (B.4)
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Moreover [|05I17 || < /B(L —1), 0,117]| < /B(L —1) and using the Gerschgorin theorem (see [27] for
example) ||0,11%|| < K — 1+ (3/2, so the operator £} is bounded, with

kel < 67 VAE=D2 + 5 VAL (K =14 5 ) + 5 VAT - 175

< %(K—1+6)-

(B.5)

We are now in position to provide a more explicit expression of AL}, and A*L}; based on (B.4). Recalling
the definition (2.11) of IT, = IT?, it holds IT, [T, = 0 and II, I1”_, = II,, for L > 2. Using also the relation
11,0,0, = 3, we obtain

(Cranly) "Ly = 57 11,0,0,L57
= BTULOIT, Dy + B HL0.0,IT0 Ik, — B211,0:02 D5 IT%
=B ,0; D} — B2 1,0;02D
=B, (1-37%82) 0; Dy~

since L > 2. Introducing the generator of the overdamped Langevin dynamics (for m = 1 here)
Lova = —B710:0,,
it is possible to rewrite (A.9) as A = (1 — Loya) " 11,0,0;, so that
AL}, = (B, — B721,07) (1 — Lova) ' 0; D). (B.6)
Similar computations show that (using 7,0, = 0)

AL =-p72050,(1 — Lova) ' T,0,Df 117

B.7
= f[a*?a;H,,apaqu — Lova) 'D}. (B.7)
The momentum operators I1,, Hp8§ and 9, 11,0, are bounded according to Lemma A.2:
_ _ V2+1 .
Hﬂ 21@,82 -6 1HPHB(L2(R)) I HBPHP8P||B(L2(H)) <6
so that
\f+ 1 i
HAL LHB L2(u)) S H Lova) 18qD;Q ”B(Lz(l/)) ’ (B.8)
1A L3l gy < 3 Haq(l — Lova) "D sz

At this stage, it remains to prove that the operators on L2(v) in the right-hand sides of the previous
inequalities are bounded, with vanishing norms as K — +00. We use to this end the following decompositions:

(1= Lova)™ 1a*D+— =T1S1, kD", 04(1 — Loya) ' D™ = TuSe xk D},
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3 3 +— _ et +-
with (using Dy~ = II  Dy7)

Tl = (1 — Eovd)718;(1 - Eovd)l/za Sl,K = (1 - EOVd)71/2H%i17

(B.9)
T2 = aq(l - ‘Covd)_l/Qa SZ,K = (1 - Eovd)_lhﬂjq(ip
where we introduced the symmetric negative operator Zovd = —ﬁ_laq(?;. Let us show that 77 and 15 are

bounded and S x and Sa g can be made small for K sufficiently large. Note first that
TV} = (1= Lova)"'0; (1 . Zovd) By(1 — Loya) ™t
= (1= Lova) " (970, + B71070,050,) (1 — Lova) ™" = —B(1 — Lova) ™ Lova,

so that, by spectral calculus, 0 < 71T} < (. This shows that T} and T; are bounded operators on L?(v), with
|75 = [|T1]] < +/B. Similarly,

5Ty = —B(1 = Lova)™*Lova(1 = Lova) ™72,

from which we deduce || T5| = ||T2|| < v/B. We next prove that the operators S x and S i can be made as
small as wanted by increasing K. We start by proving the following lemma.

Lemma B.1. For K > 2, the following inequalities hold in the sense of symmetric operators:
L= Lowa 2 BN K = 1M, 1= Lo > B (K = 11T,

Proof. The operator 1 — L,,q can be expressed in the L?(u)-orthonormal basis G}, as

1 k2
(1 = Lova)Gok—1 = —%(sz—5 + Gopqs) — Z(G%_?’ + Gaky1) + <1 + g + 5) Gak—1,
s ) D (B.10)
(1 — Lova)Gax = 7176(G2k_4 + Gopya) — Z(G%_2 + Gakyo) + <1 + S + 5) Ga.

Similar formulas hold for 1 — L4yq, upon changing the factors —1/4 into 1/4 in the above expressions. Therefore,
the symmetric operators 1 — Loyq — (B_I(K —-1)2+ %) H?;l and 1 — Lovq — (ﬁ_l(K —-1)2+ %) H}Z(J;l can be
represented by diagonally dominant matrices in the basis (G}, ), which shows that these operators are positive. [

Lemma B.2. There exists Ko € N such that, for any K > Ky, the following inequalities hold in the sense of
symmetric operators:

20

0< Hg(l_1<1 - ‘Covd)_lH}I{L_l < ﬁa

0< Mg, (1 Loa) T, < 5

Proof. We write the proof for the operator A = 1 — Lyyq, the result for 1 — L,,q being obtained by similar
manipulations. Consider the following block decomposition with respect to H}J(il for K fixed:

A= A+
A= (A*‘ A++> :
More precisely, A=~ = II}, AT} |, A~T = U}I(_lAH}I(L_l, At = H}J(L_IAHg(_l and ATt = H}J(L_IAHE(L_Y
A similar decomposition holds for A~. With this notation, the goal is to estimate (A=1)"" = & (1 -
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Eovd)_lﬂ}lé_l. By the Schur complement formula,

-1

(A= At At (A A
provided the operators under consideration are all invertible. By Lemma B.1,

(K —1)

At s (B e o)) s

-1

Since (A7) ~ <1 (because A™~ > 1) and, in view of (B.10),
1 B2
L
< b+ 2

the Schur complement is invertible for K sufficiently large, and its inverse is a symmetric operator satisfying

-1
N

The right-hand side is, in turn, smaller than 23/K? for K > K with K, sufficiently large. O

Since S5 jcSo.x = I (1 = Lova) T, and Sf jS1c = I (1 — Lova) " T, Lemma B.2 immedi-
ately implies that

\2
VK > Ko, ||S1,kllL20) < %7 152,k Iy < (B.11)

A3

The conclusion now follows from (B.3) (which implies that || D}~ ||L2(V) < B/4) and (B.6)—(B.7), which lead to

_ Vo

Vap?
L) S K K

I7:50D | 25

7282k D ) <

L2(v
Using (B.8), we finally obtain

o e (1+v2)B
[(A+A )E}QLHB(LQ(M)) S Tor

B.3 Final explicit estimates.

Using the bounds provided in this appendix, it is easily seen that the constant X% k1 introduced in
Corollary 3.4 satisfies (4.10). It is then possible to make explicit the resolvent bound (3.22).
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