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INHOMOGENEOUS STEADY-STATE PROBLEM OF COMPLEX HEAT
TRANSFER*

ALEXANDER YU. CHEBOTAREV!™?, GLEB V. GRENKIN'? AND ANDREY E. KOVTANYUK!?

Abstract. An inhomogeneous steady-state problem of radiative-conductive heat transfer in a three-
dimensional domain is studied in the framework of the P1 approximation of the nonlinear complex heat
transfer model. The unique solvability of the problem is proved. The Lyapunov stability of solutions is
shown.
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1. INTRODUCTION

The steady-state normalized Py approximation of the complex heat transfer model describing radiative and
conductive contributions is considered in a bounded domain 2 C R3. The model has the following form [1]:

—a A0 + bk, (10)10° — ») = f, (1.1)
—aAp + ko —1016%) = g. (1.2)

Here, 6 is the normalized temperature, ¢ the normalized radiation intensity averaged over all directions, f,g
the volume densities of temperature and intensity sources, and k, the absorption coefficient. The constants a,
b, and « are given by the formulas:

a=—, b=—"7""3 o= ——7—,
pCp PCp 3k — Ak

k B 4on?T3 1
where k is the thermal conductivity, ¢, the specific heat capacity, p the density, o the Stefan-Boltzmann
constant, n the refractive index, T, the maximum temperature in the unnormalized model, k := ks + K, the
extinction coefficient (total attenuation factor), and s the scattering coefficient. The coefficient A € [—1,1]
describes the anisotropy of the scattering.
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The following boundary conditions on I" = 92 are assumed:
adf/on+ B0 —0y)|r =0, adp/On+ (e —|007)|r = 0. (1.3)

Here, the boundary functions, 6, = 6,(x), 8 = ((x), and the function v = v(z), x € I', describing reflecting
properties of the boundary, are fixed.

The problems of complex heat transfer in scattering media with reflecting boundaries are of growing interest in
connection with engineering applications (see e.g. [2-6]). A considerable number of works is devoted to theoretical
analysis of complex heat transfer models. In [7], the solvability of a homogeneous non-stationary boundary-value
problem of complex heat transfer (1.1)-(1.3) (the case f = g = 0) and stability of steady-state solutions are
proved. Theoretical analysis of similar non-stationary models is conducted in [8-10]. In [9], an inhomogeneous
boundary-value problem for the SP3 approximation of a complex heat transfer model is studied. For the case
of bounded temperature sources, the unique solvability of the problem is proved. In [10], the unique solvability
of an inhomogeneous boundary-value problem for P; approximation is proved using softer constraints on the
sources. Theoretical aspects of homogeneous steady-state boundary-value problems of complex heat transfer are
studied in [11-18], in particular, under some physical constraints [11-15].

The study of complex heat transfer models with sources which are described by functionals or p-integrable
functions has not only theoretical interest. The estimates of solutions can be applied, particularly in analysis of
inverse problems for complex heat transfer models. The main results of the current work consist in the derivation
of new a priori estimates for a solution of the boundary-value problem (1.1)—(1.3) and the proof of its unique
solvability. Also, Lyapunov stability of steady-state solutions of a non-stationary complex heat transfer problem
is proved. This is very important for the problem of the adequacy of the steady-state complex heat transfer
model.

2. PROBLEM FORMALIZATION

Let £2 C R? be a bounded Lipschitz domain. Let the notation LP, 1 < p < oo, stand for the space of
p-integrable functions, and H* denote the Sobolev space W5. Denote H = L2(2) and V = H'(2). Let V' be
the adjoint space of V. Identifying H with the dual space H' yields the Gelfand triple V.C H = H' C V. Let
Il -1l Il - llv, and || - [y be the norms in the spaces H, V, and V', respectively. Let the value of a functional
f € V' on an element v € V be denoted by (f,v). Notice that (f,v) is the inner product in H if f and v are
elements of H.

Suppose that the problem data satisfy the following conditions:

(1) 577 € LOO(F), 5 2 50 > 0, Y Z Yo > Oa 50770 = COHSt, 017 S L16/3(F),
(ii) fe V', ge L/>(N).

Let us introduce the functions hy,(s) := |s|’signs, p > 0, s € R. Notice that h/(s) = p|s[’~' and

hyp(hq(s)) = hpg(s).
Assuming that 0, ¢, v are arbitrary elements of V', define operators and functionals Ay, As: V. — V', f1, fo €
V' by the following relations:

(A10,v) = a(V0O,Vv) —I—/ B0vdIl,  (Axp,v) = a(Ve, Vo) —I—/ ~vpvdT,
r r
(f1,v) = /Fﬁebvdf, (g1,v) = /th4(9b)vdf.

Notice that the bilinear forms (Aju,v), (Agu,v) can be considered as inner products of V. The corresponding
norms are equivalent to the conventional norm of V. Therefore, the bounded inverse operators A;l, A5 L vie
V are well defined.
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Definition 2.1. A pair {6,¢} € V x V is called a weak solution of the problem (1.1)-(1.3) if it satisfies the
equations
A10 + bra(ha(0) — ) = f + fu, (2.1)
A2p + Ralp = ha()) = g+ 1. (2.2)
3. UNIQUE SOLVABILITY

Let us reduce the boundary-value problem (2.1), (2.2) to an operator equation in the Hilbert space V.=V xV
with inner product

((y,2)) = (Arur, v1) + (A2ug, v2) Vy = {u1,us}, 2 = {v1,v2} € V.
Define a non-linear operator F': V — V,
Fy={A7H(f + fr = bra(ha(8) = ), A3 (g + g1 + Ka(ha(8) — 9))} Yy ={0,0} € V.
The problem (2.1), (2.2) is reduced to finding the fixed point of the operator F,

y=Fy, y={0,p} €V, (3.1)

Lemma 3.1. The operator F' is completely continuous.
Proof. Let y1 = {01,01}, y2 = {02,p2}, 2 = {z1,22} be arbitrary elements of the space V, § = 6; — 65,
P =¥1— P2
(Fy1 — Fyz,2)) = —kab(|01167 — 162165 — @, 21) + Ka (61167 — 102]65 — @, 22)
< 2k4b (||91||ie(9) + H‘%Hism)) 10l L+ (2) 121l 2(2) + Babll@ll |21 + &allell 22|
+ 264 (10111302 + 1021 Eocay ) 16132 22 g0

Let z = {21, 22} := Fy; — Fy,. Taking into account the continuity of the embedding V in L*(2), 1 < s < 6,
from the last inequality, it follows:

[1Fy1 — Fyz|lv < C (116l a2 + llell) - (3.2)

Here, C' depends only on kg, b, norms of embedding operators, and norms of 6; and 65 in the space V. From
estimate (3.2), it follows the continuity of the operator F' : V +— V. Moreover, the compactness of embedding
the space V into L*(£2), and into L?({2) gives the compactness of F. O

Theorem 3.2. If the conditions (i), (ii) are fulfilled, then the problem (2.1), (2.2) is solvable.

Proof. To prove the existence of a fixed point of the completely continuous operator F, it is sufficient, based on
the Leray—Schauder principle, to show the uniform boundedness (with respect to A € (0, 1]) of the solutions of
the operator equation

y=AFy, y={0,p} €V. (3.3)

Equation (3.3) is equivalent to the following equalities:

a(Ve,Vv) —|—/ B0vdI + Nokg(ha(0) — @, v) = A(f + f1,v) Yv eV, (3.4)
r

a(Ve, V) —|—/ yowdl" — Akq(ha(0) — @, w) = Mg + g1, w) Yw € V. (3.5)
r
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Denote 1 = hy,4(¢) and, for € > 0, define
P1—¢&, P1>E¢,
we =10, lo1] <,
p1te, p1 < —c
Notice that if ¢ € V, then @1 € L**(92), ¢1|r € L'S(I"), w. € V, and

{Is@‘?’/‘lv% lp1| > €,

0, otherwise.

Vw: =

R

It is important that

/wwwedf—kﬁa(hzx(@)—so,wa)—k(ngghwe)=/v(w—khzx(@b))wldf—/\Ha(hzx(@)—so,sol)—k(g,sm)ﬂe
I I

Herewith |c.| < Ce, where C' > 0 does not depend on ¢.
Set v = 0 in (3.4), w = bw. in (3.5), and add these equalities. Then, taking into account monotonicity of
(ha(0) — ©)(0 — h1/4()) > 0, we obtain the inequality

16
| Vol+ [ ge*ar+ o VP [ 7020 <A+ 1,6)+ 3blg. 00+ 7b [ Aha(Bu)rdl ~bee.
Ir r Ir

(3.6)

[9p|>e5/2
Here, 1) = hs/3(), ¢1 = ha;5(¢). Let us show that from estimate (3.6) follows 1) € V. Denote

b — €52 ah > €512,
e =40, [¥| < €52,
52 h < —eB/2
Since [, — | < €5/2, then . — v in L?(2) as € — 40. As follows from (3.6), the sequence v, is bounded in

the space V and Vi, — V4 in L%(£2) weakly. Moreover, || V| < liminf || V). ||.
Therefore, passing to the limit in inequality (3.6) as € — 40, we obtain

k1013 + k2[5 < 1(f + f1,0) + bl (g, hays(¥))] + b/F7|h4(9b)h2/5(¢)|dF. (3.7)
Here, k1 = min{a, Go}, k2 = bmln{ a,70}. The norm in the space V is defined by the following equality:
ol = |vel + [ v2ar.
r
Using Holder and Young inequalities with parameter ¢ > 0, we estimate the terms in the right-hand side of (3.7):
02 1 2
[(f+ fr.0) < S6]v + %Hf“‘fl”v'v

5/4

5°
‘(ga hz/s@/’))‘ < = ||1/)HL5(Q) t 5 555/4 Hg”LlS/M(Q)a

4
2 5
[ A @neys(1ar < ey (S0 + g0 )
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Taking into account the continuity of the embedding of V' into L°(2), the continuity of the trace operator from
V into L*(I"), and choosing a sufficiently small §, we obtain from (3.7) the uniform estimate with respect to
A e (0,1):
5/4 5
101 + 1613 < o (1F + Sl + 191358 a0y + 106013 0s0(1) (3.8)

Here, K depends only on a, a, b, 5o, Y0, |||z (r), and the domain 2.
The estimate of ||f||y allows to obtain the uniform estimate of |||y with respect to A. By setting w = ¢
in (3.5), and denoting k3 = min{c, vy}, we obtain the inequality

ksllelly + ralloll® < 1(g, )] + Kal (ha(6), ) +/F7|h4(0b)<pldf.

Using Holder and Young inequalities with parameter § > 0, we estimate the terms in the right-hand side:
0 1
9.0)1 < Sl + 5590207500
g 2 1 8
|(ha(6), )] < 5llelLs () + 55101200,

1) 1
[ Aa@)elar < =y (o) + 3510 Eamscr ) -

Taking into account the continuity of the embedding of V' into L°(2), the continuity of the trace operator from
V into L*(I'), and a sufficiently small §, we obtain the uniform estimate of |||y with respect to A € (0,1]:

ol < Ko (lgll3ors(ay + 106l sess(ry + 161 ) (3.9)

Here, Ky depends only on «, Y0, fa ||7|[z(ry, and the domain §2. The estimates (3.8) and (3.9) give the
boundedness (uniform with respect to A € (0,1]) of the set of solutions of the operator equation (3.3). This
proves the theorem. O

Theorem 3.3. The problem (2.1), (2.2) has a unique solution.

Proof. Let {01, 1}, {02,902} € V be the solutions of the problem (2.1), (2.2). Let 6 = 01 — 02, ¢ = p1 — V2,
and w = hy(01) — ha(f2). Then we obtain

A10 4+ brg(w — @) =0, Azp+ ke(p —w) =0. (3.10)

Let us consider a regularization of sign function: rs(s) = s/|s|, if |s| > §, and r5(s) = s/4, if |s| < . Multiplying
the first equation in (3.10), in the sense of the inner product of H, by r5(6), the second one by brs(p), and
adding these equalities, we obtain

a(V8.15(0)96) + [ Brs(O)AT + ab(Vip, 1 (0)99) +b [ qers(o)dl + bialw = .75(6) = r3()) = 0. (3.11)

Note that 75(s) > 0, s € R. Moreover, the values of the functions # and w have the same sign. Therefore,
from (3.11), it follows:

/ B0rs(0)dI" + b/ ~yors(p)dl + b/@a/ (w— ) (rs(0) —rs(p))da < 0.
r r w,pF#0

In the limit as § — +0, we obtain

/ Blo|dr + b/ ~Y|eldl™ + b/{a/ (w — ) (signd — signy)dz < 0.
r r w,p#0
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Therefore, 0| = ¢|r = 0. Further, from (3.10), it follows that

A0 4+ bAsp = 0. (3.12)
Multiplying (3.12), in the sense of the inner product of H, by af + abp, and taking into account zero boundary

values of § and ¢, we obtain ||V (a + aby)|? = 0. Therefore, af + abp = 0. As a result, from the first equation
of (3.10), it follows:

a
a(V0,Vv) + brg (w + @e,v) =0 WweV (3.13)
Setting v = 6 in (3.13), we obtain @ = 0. Therefore, also ¢ = 0. O

4. LYAPUNOV STABILITY

In this section, the Lyapunov stability of steady-state solutions of a non-stationary complex heat transfer
problem [7,10,19] is studied. This is very important for the problem of the adequacy of the steady-state complex
heat transfer model. To formulate the problem of stability, we consider the following non-stationary system with
initial and boundary conditions [10]:

060t — a0 + bra(ha(8) — @) = f, (4.1)

wop /ot — alAp + ko(@ —ha(0)) =g, z€ 2, te(0,+00), (4.2)
adl/on + B0 —0y)|r =0, adp/On+ (e — ha(0p))|r =0, (4.3)
Olt=0 = 0o, ¢li=0 = ¢o- (4.4)

Here, ;1 = 1/¢, where c is the speed of light in the medium. The functions f, g, and 6, do not depend on time.
The unique solvability of the problem (4.1)—(4.4) is proved in [10] for any finite interval of time. Let W =
{y € L?(0,T;V): y' € L?>(0,T;V')}. Hereinafter, y' = dy/dt. Suppose that the following conditions hold:

(.]) ﬁvry € LOO(F)v ﬁ Z ﬁO > 07 Y Z Yo > Oa ﬁOv’YO = COIlSt, 9b S LS(F)v
(i) fe L), ge L),
(jii) 6o € L°(£2), wo € L*(£2).

Theorem 4.1. Let the conditions (j)—(jjj) hold. Then for any T > 0 there exists a unique pair {0, o} € W x W
such that

0 + A10 + bra(ha(0) — ) = f + f1, (4.5)
e’ + A2 + Ka(p — ha(0)) = g + g1, (4.6)
Oli=0 =00,  #lt=0 = po. (4.7)

Moreover, hy(f) € L*(Q).

Let {05, ps} € V be a stationary state of system (4.5), (4.6). Notice that this state is a solution of the system
of the operator equations (2.1), (2.2). To perform the stability analysis, let us consider a pair {6, ¢} which is a
solution of the problem (4.5)-(4.7) over the interval (0, 4+00). Let ( =60 — 605 and £ = ¢ — ¢5. Then

C/ + Al( + bﬁa(q(ga .’L‘) - 5) = Ov /’65/ + A2§ + Ka(f - q(C, '/E)) = 07 (48)
Cli=o = Co =00 — 05, &li=0 = &0 = Yo — ¥s- (4.9)

Here, (¢, z) = ha(0s(x) + ¢) — ha(0s(x)).
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For any € > 0, let us define the function: r-(s) = s/|s|, if |s| > ¢, and r.(s) = s/e, if |s| < €. Also, we

introduce the function
—/2—5, s<—¢,

ze(s) = 4 82 /2e, |s| <e,
—/24s, s>e.
Notice that z.(s) = r.(s).
Lemma 4.2. Lety € W, e > 0. Then r.(y) € L*(0,T;V),

/0 /(). () )y = / /Q 2 ((0)dz, T [0,T].

Proof. Notice that the space H'(Q) is dense in W ([20], p. 423). Let y; € H*(Q), y; — y in W. Let us consider
the following integral:

/ (W ()T = |/ (e () drda = |zt = [ o) (4.10)

Notice that 7-(y;) — 7<(y) in L?(0,T; H) because

1 T 1 [T
\Te(yj)—rs(y)lég\yj—w /Ollrs(yj)—rs(y)\lzdtég—g/o ly; — yl*dt — 0.

The sequence 7. (y;) is bounded in L%(0,T; V) because V(rc(y;)) = r.(y;)Vy;, and

T
[ivewnra=% [0 [ wyreas k[ iegea

lyjl<e

Similarly, it can be proved that r-(y) € L?(0,T; V). Therefore, r.(y;) — r-(y) weakly in L?(0,T; V). Thus,

/Ot(y§,rg(yj))dr . /Ot(y’,rs(y))dr_

Notice that the embedding W C C([0,T]; H) is continuous. Therefore, the trace y|i=¢, is valid, and besides
y;(t) = y(t), y;(0) — y(0) in H. Thus, using the estimate |z-(y;) — 2-(y)| < |y; —y|, we obtain that z.(y;(t)) —

ze(y(t)) and 2z (y;(0)) — 2:(y(0)) in H.
Passing to the limit in (4.10), we obtain the statement of the lemma. 0

In the following theorem, the Lyapunov stability of steady-state solutions of the problem (4.1)-(4.4) is proved.
Theorem 4.3. Let the conditions (j)—(jjj) hold. Then the following estimate of the stability is true:

/ |6(t) — 65|dx + bu/ lo(t) — ps|de < / |60 — 05|d:c+b,u/ lpo — psldx, t>0.
7 2
Proof. Notice that the statement hy(0) € L?(Q) implies ¢(¢,x) € L*(Q). Multiplying the first equation in (4.8),

in the sense of the inner product of H, by r.(¢), multiplying the second equation in (4.8) by br.(§), integrating
them with respect to ¢, and adding the obtained equalities, we obtain:

/ ((C’,Te(C))+a(VCM“é(C)VC)+/ﬁCTE(C)dFerM(f’,Ts(ﬁ))
0 r

+ba(VE, rL(§)VE) + b/Fvére(é“)dF + bra(a(C ) — & 7e(C) — u(&))) dr = 0. (4.11)



2518 A.YU. CHEBOTAREV ET AL.

Notice that the second, the third, the firth, and the sixth terms in (4.11) are nonnegative. Moreover, (¢(¢, z) —
&) (re(¢) —r(&)) >0, if { =0 or & = 0. Therefore,

/0 (¢ 72(C)) + b€, 72(€)) + b / (¢(C.2) — €)(re(€) — re(€))dz | dr <. (4.12)
(,6#0

Let us pass to the limit in (4.12) as ¢ — 0. Consider the first term. By lemma 2

/0 (¢ (1), re(C(r)))dr = /Q 2 () — / 2£(¢(0))d.

2
Since
2 Ct) — KONl < /2 W,
then
[ ztcoyts = [ o, [ =@ [ o).
Therefore,

/0 (¢ (7). (C(r)))dr — /Q C(t)|de /Q C(0)d,
and similarly

/0 (7)o (E(r))dr — /Q ()| de — /Q £(0)]d.

Taking into account that r.(¢) — sign(, r-(§) — signé a.e. in §2, and applying the Lebesgue theorem, we obtain

/ / (4(C 2) — )(ra(¢) — ro(€))dadr — / / (4(C. ) — €)(signC — signé)dadr > 0.
0 J¢, 60 0 J(,E#0

Thus, passing to the limit in (4.12), and dropping the nonnegative terms, we obtain the statement of the
theorem. =

5. CONCLUSION

The conducted study allows us to consider the cases of singularity sources. For example, setting the right-hand
side in equation (1.1) from the space V’,

(f,v>=/fvdr, veV, FeIXs),

S

where S is a surface in the domain (2, we define a jump of the heat flow through the surface S. This allows us
to consider the cases of practical interest with surface temperature sources.

Also, this article significantly generalizes the previous results obtained in [17], where the unique solvability
of the homogeneous steady-state boundary-value problem was proved in the class L>°(f2).



(1]
2]

(3]

(10]
(11]
(12]
(13]
(14]
(15]
(16]
(17]
(18]
(19]

20]

INHOMOGENEOUS STEADY-STATE PROBLEM OF COMPLEX HEAT TRANSFER 2519

REFERENCES

M.F. Modest, Radiative Heat Transfer. Academic Press (2003).

G. Thémmes, R. Pinnau, M. Seaid, T. Gotz and A. Klar, Numerical methods and optimal control for glass cooling processes.
Trans. Theory Stat. Phys. 31 (2002) 513-529.

R. Backofen, T. Bilz, A. Ribalta and A. Voigt, SPn-approximations of internal radiation in crystal growth of optical materials.
J. Cryst. Growth 266 (2004) 264-270.

A. Klar, J. Lang and M. Seaid, Adaptive solution of SPyn-approximations to radiative heat transfer in glass. Int. J. Therm.
Sci. 44 (2005) 1013-1023.

M. Frank, A. Klar and R. Pinnau, Optimal control of glass cooling using simplified Py theory. Transport Theory Statist. Phys.
39 (2010) 282-311.

D. Clever and J. Lang, Optimal control of radiative heat transfer in glass cooling with restrictions on the temperature gradient.
Optimal Control Appl. Methods 33 (2012) 157-175.

G.V. Grenkin and A.Yu. Chebotarev, A nonstationary problem of complex heat transfer. Comput. Math. Math. Phys. 54
(2014) 1737-1747.

R. Pinnau, Analysis of optimal boundary control for radiative heat transfer modelled by the SPi-system. Commun. Math.
Sci. 5 (2007) 951-969.

O. Tse and R. Pinnau, Optimal control of a simplified natural convection-radiation model. Commun. Math. Sci. 11 (2013)
679-707.

G.V. Grenkin and A.Yu. Chebotarev, A nonhomogeneous nonstationary complex heat transfer problem. Sib. Elektron. Mat.
Izv. 12 (2015) 562-576.

C.T. Kelley, Existence and uniqueness of solutions of nonlinear systems of conductive-radiative heat transfer equations. Trans.
Theory Stat. Phys. 25 (1996) 249-260.

A.E. Kovtanyuk and A.Yu. Chebotarev, An iterative method for solving a complex heat transfer problem. Appl. Math. Comput.
219 (2013) 9356-9362.

A.E. Kovtanyuk and A.Yu. Chebotarev, Steady-state problem of complex heat transfer. Comput. Math. Math. Phys. 54 (2014)
719-726.

A.E. Kovtanyuk and A.Yu. Chebotarev, Stationary free convection problem with radiative heat exchange. Differ. Equ. 50
(2014) 1592-1599.

A.E. Kovtanyuk, A.Yu. Chebotarev, N.D. Botkin and K.-H. Hoffmann, Theoretical analysis of an optimal control problem of
conductive-convective-radiative heat transfer. J. Math. Anal. Appl. 412 (2014) 520-528.

A.E. Kovtanyuk, A.Yu. Chebotarev, N.D. Botkin and K.-H. Hoffmann, Solvability of P; approximation of a conductive-
radiative heat transfer problem. Appl. Math. Comput. 249 (2014) 247-252.

A.E. Kovtanyuk, A.Yu. Chebotarev, N.D. Botkin and K.-H. Hoffmann, Unique solvability of a steady-state complex heat
transfer model. Commun. Nonlin. Sci. Numer. Simul. 20 (2015) 776-784.

G.V. Grenkin, A.Yu. Chebotarev, A.E. Kovtanyuk, N.D. Botkin and K.-H. Hoffmann, Boundary optimal control problem of
complex heat transfer model. J. Math. Anal. Appl. 433 (2016) 1243-1260.

M. Frank, A. Klar, E.W. Larsen and S. Yasuda, Time-dependent simplified PN approximation to the equations of radiative
transfer. J. Comput. Phys. 226 (2007) 2289-2305.

E. Zeidler, Nonlinear functional analysis and its applications. II/A: Linear monotone operators. Springer, New York (1990).



	Introduction
	Problem formalization
	Unique solvability
	Lyapunov stability
	Conclusion
	References

