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A SEMI-DISCRETE LARGE-TIME BEHAVIOR PRESERVING SCHEME
FOR THE AUGMENTED BURGERS EQUATION

Liviu I. IeaNAT! AND ALEJANDRO P0z0?3

Abstract. In this paper we analyze the large-time behavior of the augmented Burgers equation. We
first study the well-posedness of the Cauchy problem and obtain L'-L? decay rates. The asymptotic
behavior of the solution is obtained by showing that the influence of the convolution term K * g, is
the same as ug, for large times. Then, we propose a semi-discrete numerical scheme that preserves this
asymptotic behavior, by introducing two correcting factors in the discretization of the non-local term.
Numerical experiments illustrating the accuracy of the results of the paper are also presented.
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1. INTRODUCTION
In this paper we consider the following equation:
Ut = Uy + VUgy + CKp % Uy, (t,2) € (0,00) X R,
{u(O,x) = ug(x), z €R, (L)

where * denotes the convolution in the x variable, the parameters v, ¢, 8 are positive and

1
Ze—z/0 >0

Ke(z)=1008° o (1.2)
0, elsewhere.

This is a constant-parameter version of the augmented Burgers equation, which has been used to model the
propagation of the sonic-boom produced by supersonic aircrafts from their near-field down to the ground level.

Until the last decade of the 20th century, linear theory was used to model the evolution of this strident noise,
based on the seminal works by Hayes [13] and Whitham [33]. In fact, until recently, most of the research, both
from and analytical and a numerical point of view, followed the so-called Jones—Seebass—George—Darden theory
for sonic-boom minimization [8,17,27-29].
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Newer trends have started to use nonlinear physical models to improve the characterization of the sonic-boom
propagation. In this paper we focus on Burgers-type equations, which have been one of the main tools to model
the propagation of finite-amplitude plane waves. The classical viscous Burgers equation [4] was first considered
for wave propagation in a lossy medium. Successive generalizations included other effects such as geometrical
spreading and inhomogeneous mediums [5,11,20] or relaxation processes [22,23]. All those phenomena were
taken into account in the augmented Burgers equation, initially developed by Cleveland [7] and then adopted
by Rallabhandi [25,26]. This equation is given by

2 2
oP 0P 109°P Z 1 9P 1aGP 1 5(,0000)]3’ (1.3)

9 ' or 'Tor “146,Z 0> 2Gd0"  2pcy o

where P = P(o,7) is the dimensionless perturbation of the pressure distribution. The covered distance o and
time of the perturbation 7 are also dimensionless. The operator appearing in the summation, corresponding to
the molecular relaxations, it is defined by:

.
e f = [ ST (e = Ko, ¢ 1) (1.4)
1 + QVE 9” —00

Typically, two relaxation modes are considered: one for Oxygen molecules and another one for Nitrogen ones.
0, and C, are the dimensionless relaxation time and dispersion parameter, respectively, for each one. I is a
dimensionless thermo-viscous parameter and function G = G(o) denotes the ray-tube area. The atmosphere
conditions are given by density pg = p(o) and speed of sound ¢y = ¢o(0), both closely related to the altitude of
the flight. We refer the reader to [7] for a detailed description on the development of this model and to [1] for
a comprehensive review about the sonic-boom minimization problem.

Industrial applications of this kind of models, such as the aforementioned sonic-boom phenomena, need
to approximate solutions for large time. Therefore, they need a good understanding of the behavior of the
solutions in these extended regimes in order to be able to simulate them accurately. This issue needs to be
treated carefully, as it was already shown in [14]. In that work, the authors proved that a numerical scheme
with an acceptable accuracy in short-time intervals could completely disturb the large-time behavior of solutions
due to the numerical viscosity introduced by the numerical approximation. It is well known that the asymptotic
profile of the inviscid Burgers equation belongs to a two-parameter family of N-waves [21], whereas these N-
waves are mere intermediate metastable states of the viscous Burgers equation [19]. In our case, (1.1) is not a
hyperbolic equation and, hence, the asymptotic profile is not an N-wave, but a diffusive wave too. Nevertheless,
in our simulations we show that small values for v and ¢ require a similar treatment from the numerical point of
view, as if the equation was a hyperbolic conservation law. In fact, in those situations, the solution may develop
very steep regions (in what follows we refer to these as quasi-shocks), which numerically behave almost like
shocks.

Besides the nonlinear term, in this work we also analyze the influence of the operator (1.4) on the large-time
behavior of the solutions of the augmented Burgers equation. For the sake of simplicity, we consider only one
molecular relaxation phenomenon and homogeneous atmosphere —thus, we neglect the last two terms in (1.3).
In that framework, note that (1.3) can be expressed as in (1.1). Moreover, the asymptotical analysis done in the
first sections is focused on the case v = ¢ = § = 1, but the extension to any positive value of these parameters
is immediate. We will omit the subindex 6 whenever its value is one. In this case, we have that

Kxug, = K *xu—u-+ ug.
Thus, (1.1) can be rewritten in a more suitable manner as follows:

(1.5)

Ut = Wy + Upy + K xu—u+u,, (tz)e€(0,00) %R,
u(t =0,z) = uo(x), z eR.
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The main goals of the present paper are to analyze the asymptotic behavior of the solutions to (1.5) as t — oo
and to build a semi-discrete numerical scheme that preserves this behavior. In what concerns the large-time
behavior of solutions of system (1.5), the main result is stated in the following theorem.

Theorem 1.1. Let ug € LY(R). For any p € [1, ], the solution u to (1.5) satisfies
2079 u(t) — upr(t)[l, — 0, ast — oo,
where up(t,x) is the solution of the following equation:
Ut = Uy + 2Uzz, X E€ER,E >0,
{u(O) = Mdy.

Here §y denotes the Dirac measure at the origin and M is the mass of the initial data, M = fR uo(z)dz.

In the cases when v, ¢ and 6 are no longer equal to one, the asymptotic profile does not depend on 6. Moreover,
the coefficient in front of the viscosity term in the equation satisfied by the profile is v + ¢:

Up = Uy + (V + gy, = €RE>0,

As a matter of fact, our results are also valid for the case v > 0 and ¢ = 0, which corresponds to the classical
viscous Burgers equation. At the continuous level, this has been long known (see, for instance, [10] and the
references therein). But, to the best of our knowledge, the results for the semi-discrete framework included in
our work are new too. On the contrary, the case v = 0 and ¢ > 0 would require additional results that are
beyond the scope of this paper.

Note also that the general case mentioned above will be particularly important at the numerical level. On
the one hand, when choosing the numerical flux to discretize the nonlinearity, we need to handle thoroughly the
numerical viscosity that is introduced. In [14], it is shown that in the hyperbolic case, the N-wave asymptotic
profile could be destroyed if the numerical flux is not chosen carefully. In our case, if ¥ and ¢ are much smaller
than Ax?/(2At) (Az being the mesh-size and At, the time-step), the Lax—Friedrichs scheme would make the
diffusion start dominating much earlier due to the numerical viscosity. On the other hand, we need to treat
the truncation of the integral term in such a manner that we do not introduce undesired pathologies in the
large-time behavior of the numerical solutions. We do this by means of two correcting factors for the terms u
and ug in (1.5).

Let us denote by ua an approximation to the solution u of (1.5). We define this piecewise constant in space
function as follows:

UA(t,l‘) = u]‘(t), x < (.Tj,l/g,.TjJrl/Q),t >0, (16)

where x;41/9 = (j + %)Aw, for all j € Z, and Az > 0 is a given mesh-size. We will also denote by z; = jAx the
intermediate points of the spatial cells. For each j € Z we need to compute a function u;(¢) that approximates
the value of the solution in the cell. Taking into account the issues enumerated above, we choose the following
discretization of (1.5): the Engquist—Osher scheme for the flux, centered finite differences for the laplacian and
the composite rectangle rule for the integral:

o 9i+12(t) = gi—1p2(t) | ugoa(t) — 2uy(t) + g (t)
uj(t) - Ax + Ax?

AU+1(t) — u (1)

N
+;wmuj_m(t) — Ffu;(t) + F T ., jEZt>0, (1.7)

1 Tj+1/2 _
w0 =5 [ wes, jez,
xT

j—1/2
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where "
wm:/ K(z)dz = e~ ™mA® (eA””—l), m=1,...,N, (1.8)
Tm—1

and

Gye1ja(t) = u;(t) (uj(tzl_ |u;(t)]) n wjq1(t) (Uj+1(i) + ‘uj+1(t)‘)’ ieZt>0.

The parameter N = N(Az) € N denotes the number of nodes considered in the quadrature formula of the
integral. The correcting factors FOA and FlA in front of the approximations of v and w,, given by

N N
FA = Z wn and  FA = Az Z MW s (1.9)
m=1

m=1
handle, from the asymptotic behavior point of view, the correct truncation of the nonlocal term:
al U U
—
(Kxu—u+u,)(z) = / Kz —y)(u(y) —u(z) — (y — 2)uz(z))dy ~ Z Wm <ujm —uj + mﬁij> )
R m=1
Finally, for Ax fixed we study the asymptotic behavior as ¢ — oo of these semi-discrete solutions u .

Theorem 1.2. Let ug € L*(R), Az > 0 and ua be the corresponding solution of the semi-discrete scheme (1.7)
for the augmented Burgers equation (1.5). For any p € [1,00], the following holds

20D lua(t) — u ()], — 0, as t — oo, (1.10)

where uf/[(t,x) is the unique solution of the following viscous Burgers equation:

v = g + (1 4+ Ff )vge, x€RE>0,
v(x,0) = Mdy.

Here, M = [, uo(x)dx is the mass of the initial data and

9 / N
FP = ATx (Z m(m — 1)wm> . (1.11)

m=1

Let us observe that if N is taken such that NAz — oo when Az — 0 and N — oo, then Ff* — 1, which is,
precisely, the value that we should expect from the continuous model. Besides, let us remark that in the case
where v, ¢ and 6 are not necessarily equal to one, the asymptotic profile is the unique solution of:

vy = Vg + (zz—l—chA’e)vm, reR,t>0,
v(x,0) = Mdy.

In this case, we take
wz@ — o—mAz/0 (eAx/O _ 1)

and
N Ar Ay Ax? N 0
A0 0 A0 0 )
F' = m§:1 Wi s FY = 7 m§:1 mw,, and Fy = YE 5:1 m(m — 1w, | .

In the same conditions as above, for a fixed 6 we still have that FQA ¥ converges to one.
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Remark 1.3. We emphasize that function uy; in Theorem 1.1 and uf/l in Theorem 1.2 are both particular
cases of u}, (v =2 and v = 1 + F§* respectively), which is solution of the equation

Up = Uy + VUge, T € R, T>0,

In fact, u}, is explicitly given by (see [10])

2
ub,(t,x) = 2wt exp <4—ft>

— 00

z /vt g2 -1

where Cyy € R is a constant such that [ u, (¢, #)dz = M, for all ¢ > 0. This shows that both ua; and u4y are
of the form t_%fM (%) for some function fj; and, hence, self-similar. Note also that uﬁ — up as Az — 0.

Moreover, as we can see in the numerical experiments, the numerical flux needs to be chosen carefully, to
avoid adding an extra viscosity term to the equation of the asymptotic profile. This has already been observed
in [14] in the context of the numerical approximation of the inviscid Burgers equation. That extra viscosity
term, of the order of Az?/(2At), would affect critically the numerical solution if both parameters v and ¢ were
much smaller. Note also that taking FOA = FIA = 1 would add undesired phenomena, such as a transport, to
the equation too.

Let us conclude this section by adding a final comment on the time discretization, which we do not address
in this paper. At the continuous/semi-discrete level, we obtain estimates on the solution that allow us to prove
the compactness of a family of rescaled solutions. Then, the asymptotic behavior is obtained as in (1.10). The
analogous step for the fully time-explicit discrete scheme requires further development.

The paper is organized as follows. In Section 2, we deal with the well-posedness of equation (1.5) and the
asymptotical behavior of its solutions. In Section 3, we focus on the semi-discrete numerical scheme (1.7),
showing its convergence and analyzing for a fixed Az the large-time behavior of the numerical solutions. To
illustrate the main results of this work, we conclude with some numerical simulations in Section 4.

In this paper we have considered Engquist—Osher numerical flux for the discretization of the convective term.
Let us remark that any other scheme satisfying the analysis done in [14] would be valid too. For instance,
Godunov numerical flux would be acceptable, whereas Lax-Friedrichs-type ones are not (as we highlight in
Section 4).

2. ANALYSIS OF THE AUGMENTED BURGERS EQUATION

In this section we study the well-posedness of the Cauchy problem for (1.5) with initial data in L*(R). We
also obtain estimates in the LP-norms of its solution, which we subsequently denote || - ||,. We mainly proceed
as in [10,18].

2.1. Existence and uniqueness of solutions

The following theorem concerns the global existence of solutions and specifies their regularity. Let us remark
that the result coincides with the one for the classical convection-diffusion equation [10].

Theorem 2.1. For any ug € L*(R), there exists a unique solution u € C([0,00), LY(R)) of (1.5). Moreover, it
also satisfies
u € C((0,00), W2P(R)) N CH((0,00), L' (R)),  p € (1,00).

Additionally, equation (1.5) generates a contractive semigroup in L'(R).
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Proof. Eristence in L'(R) NL>(R). The local existence of the solution follows by a classical Banach fixed point
argument as in [10] or [15]. To extend the solution globally, we deduce a priori estimates on the L!(R) and
L>°(R) norms of the solution. Let us first focus on the L'-norm. Multiplying (1.5) by sign(u) and integrating in
R, it follows that

g/\u|dac§/(K>|<u—u)sign(u)dacS/Kdar;/\u|daz—/|u\dﬂr;§0 (2.1)
dt Jr R R R R

and, consequently, ||u(t)]|1 < ||uoll1-
To estimate the L°°-norm similar arguments apply. We define p1 = ||ug|loo, multiply equation (1.5) by
sign[(u — p)*], where 2 := max{0, z}, and integrate it in R. We obtain

d (u—p)tde S/

dt Ja R
< [Ketw=m = [w=-p* <0

We conclude that (u — )t < (ugp — pu)* = 0 and, consequently, u(t) < p almost everywhere. The same
argument for (u+ u)~, where 2~ := — max{0, —z}, shows that u > —pu. Therefore, if uy € L!(R) NL>*(R), then
lu(t)||oo < |luollco for all ¢ > 0. Lastly, since both L!-norm and L°-norm remain bounded in time, the solution
u exists globally.

(K *u —u+ug)sign(u — p)Tde = /R(K #(u—p) — (u—p))sign(u — p)Tde  (2.2)

Regularity. Tt follows from classical regularity arguments (e.g., [16]) that
u € C((0,T), W*P(R)) N C1((0,T), L7 (R))

for every p € (1,00). This also holds for T' = oco. Let us remark that this regularity makes the integrals in the
previous steps well defined.

Uniqueness. To prove the uniqueness of solution it is enough to check that (1.5) generates a contractive semigroup
in L1(IR); that is, for any initial datum wug,vo € L'(R) N L>®(R)

||U(t) - 'U(t)”] S ||U() - UOHla vt > 07 (23)

where u and v are the corresponding solutions. An analogous argument as in (2.1), applied to the equation

verified by u — v, shows
d
—/ |lu —v|dx <0,
dt Jr

hence the contraction property in L!(R).

Ezistence and uniqueness in L'(R). The extension of the result to a general uy € L*(R) can be done following
the same arguments as in [10]. ]

2.2. Decay estimates and large-time behavior

Now we obtain LP-decay rates for the solution to (1.5). These are the same as the ones for the viscous Burgers
equation [10].

Proposition 2.2. For all p € [1,00], there exists a positive constant C(p) such that
lu(®)ll, < C@)lluollit™ 2%, vt >0, (2.4)

for all solutions of equation (1.5) with initial data ug € L1(R).
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Proof. The case p = 1 is an immediate consequence of Theorem 2.1. In the case p € [2,00), we multiply
equation (1.5) by |u|P~?u and integrate it in R. We obtain:

1d

=—7§H(lu\f’/2) (I / [l 2u(K * u)da.
p zl12 R

Let us focus on the last term, so that we can compare it with the L”-norm of u. Young’s inequality gives us that

[[u(t, ) [P~ 2u(t, 2)u(t, y)| = ult, )"~ u(t, y)| < = Jult, ) + %M(t,y)lp-

Thus, using that K has mass one, it follows:

/ JulP~2u(K * u)dz
R

< / / Kz — y)lult, )P u(t,y)|dydz < [lull?.
RJIR

Plugging this last estimate in (2.5) we have

& (o) + =2 (o) [ <o, 26)

Finally, with the same arguments as in [10] we obtain the desired estimate (2.4) for any p € [2,00). The case
p = oo follows using the techniques of Véron [32]. The case p € (1,2) follows by applying Holder’s inequality
and (2.4) with p =1 and p = 2. O

Similar estimates can be found for the derivative of the solution of (1.5). Let us define the re-scaled function
uy, which will also be used in the following section to obtain the asymptotic profile. For A > 0 we define

ur(t, z) = Mu(N\%t, \x). (2.7)

The scales are the same as for the Burgers or heat equations. Clearly, uy is the solution of the following equation:

{“A,t = UnUxz + Un gz + AZ(K) xuy —uy) + Mung, (¢ ) € (0,00) x R, 28)
2.8

ux(0,z) = uxo(z) = Mug(Ax), z € R,
where Ky (2) = AK(Az), z € R.

Proposition 2.3. For each p € [1,00], there exists a constant C' = C(p, ||uo||1) > 0, such that the solution of
equation (1.5) satisfies
ua ()], < Ct 207372 v > 0. (2.9)

Proof. First, note that, for any 7 > 0,
21
lura(T)llp = A7 [lua (X27)],

so proving (2.9) is equivalent to showing that for some 7 > 0, ||ux(7), is uniformly bounded on A > 0 and,
afterwards, taking A\ = /t/7. Let us denote by DY the semigroup associated with the linear problem

v = AN (Kx*v—v)+ Mg, ()€ (0,00) xR,
v(0, ) = vo(z), r eR.
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It is immediate that DY is non-expansive in LP(R), 1 < p < o0,

1d

——/ lv[Pdz = A2 /(K,\ x v —v)|v[P~! sign(v)de < 0.
pdt Jg R

On the other hand, for all 7 > 0, function uy solution of (2.8) verifies the following integral equation:

u(t +7) = G(t) * Dhur(7) + /Ot G(t — s) % DL ((@)) ds,

where G(t) is the heat kernel. Using the fact that D) is non-expansive in LP(R), 1 < p < oo, and following the
same arguments as in [10] we obtain the desired results. For complete details see [24]. O

2.3. Asymptotic expansion

The decay rates of the previous section will allow us to obtain the asymptotic profile of solutions for (1.5).
Note that taking A\ = v/t we have that

lux(1) —war(Dly = lJu(t) — uar ()]s,

due to the definition of u) and the self-similar nature of uwy;. Thus, the aim is to compute the limit A — oo
in (2.8), which is equivalent to taking the limit ¢ — oo in (1.5) when p = 1.

Let us first observe that the estimates in Proposition 2.2 and Proposition 2.3 are also valid for u) defined
in (2.7). The mass is conserved too. We state this in the following lemma.

Lemma 2.4. For each p € [1,00], there exists a constant C = C(p, ||ugll1) > 0 such that, for all X > 0, the
solution of (2.8) satisfies

lur(®)]l, < Ct~21—%) and  Jluro(t)|l, <Ct 2B vt > 0.
Moreover, the mass of uy is conserved in time.

Proof. We just have to use the definition of uy in (2.7) and apply Proposition 2.2. For all ¢ > 0 and A\ > 0 we
have 1 o
lua(®)llp = A7 [u()]|, < Ct~2075),

Same procedure applies to uy ,, concerning Proposition 2.3. Regarding the last result, it is easy to see that:

/RuA(t,ac)dx:/Ru()ﬁt,x)de/Ruo(ac)dx,

which proves the mass conservation. O

In particular, this lemma implies that, for any finite time interval [7, T] with 0 < 7 < T' < o0, the set {ux}r>0
is uniformly bounded in L*°([r, T],LP(R)), 1 < p < cc.

2.3.1. Compactness of the family {ux}rso

As we said at the beginning, we would like to pass to the limit A\ — co. We need the following theorem due
to J. Simon [30], as an extension of the Aubin-Lions Lemma, to assure the compactness of the set {ux}a>o.

Theorem 2.5 ([30], Thm. 5). Let X, Z andY be Banach spaces satisfying X C Z C'Y with compact embedding
X C Z. Assume, for p € [1,00] and T > 0, that F is bounded in LP(0,T;X) and {Of : [ € F} is bounded in
LP(0,T;Y). Then, F is relatively compact in LP(0,T; Z) and, in the case of p = o0, also in C(0,T;Z).
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Applying this result we can prove the following theorem regarding the relative compactness of the set {ux}aso.
In the sequel, for any functions f and g, we denote f < g if there exists a constant C' > 0, not depending on
the scaling parameter nor the time, such that f < Cyg.

Theorem 2.6. For every 0 < 7 < T < 0o, the set {ux}r>o C C([r,T],L(R)) is relatively compact.

Proof.
Step 1. Compactness in C([r, T],L%OC(R)). First, for any r > 0 we will show the relative compactness in
C([r,T),L3(I)), with I = [—r,7]. Let us consider the spaces X = H!(I), Z = L?(I) and Y = H~1(I). We would
like to apply Theorem 2.5 to the set F' = {ux}aso.

From Lemma 2.4 we know that {u)}xso and {uy.}r>o are bounded in L°°([r,T],L3(I)). In particular,
the first condition of Theorem 2.5 on F' is fulfilled. Therefore, it suffices to check that wy; is bounded in

L>([r, T], H-*(I)). Using (2.8), for every ¢ € C°(I), we have:

‘/u,\’tgodx /uA uy ppde /u,\’mgodx
R R R

< lpallzllualld + llezll2llusell2 + ‘/ (A2 (Ex # ux = un) + Aun o) pda
R

< +

+ (2.10)

/ ()\Q(KA x Uy — uy) + )\u,\’x)cpdw
R

Obviously, the first two terms on the right hand side of (2.10) are uniformly bounded in [7,T], so let us focus
on the third one:

Iy = / (/\2([(,\ * Uy — Ux) + Aup g ) pda
R

=[] (eREm 1) + nea@a

Let us denote ¢

ma(€) = A2 (IA(()\) - 1) FAE.

We claim that
ma(§)] < €%, VEER,YA>0. (2.11)

Using the Cauchy—Schwartz inequality, we have:

Iy =

/ mA<fm<5>¢<s>ds\ < Nl oy sl - (2.12)

Hence, going back to (2.10) and replacing (2.12), we obtain

/ uy,ppde
R

By Lemma 2.4, all the quantities in the right-hand side are uniformly bounded in [r, T']. Consequently, the set
{ux}rso is relatively compact in C([r, T],L%(I)).
It remains to prove claim (2.11). Observe that

< elles ey (sl + ea s ey ) -

K()=——, E€R, (2.13)

and, therefore,

1 A2
2 . 2
—— 1]+ = ———= <&, VA>0.
(Trem 1)+ = g <€
Since L2(I) is continuously embedded in L!(I), the compactness in C([r,T],L%(I)) is clearly transferred to
C([r,T],L*(I)). To extend this local result to the globally we prove uniform, with respect to ), estimates on
the tails of uy.

[maA(§)] = |A
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Step 2. Uniform control of the tails. For every r > 0, let us define function ¢,(z) = (z/r), where ¢ is a
nonnegative C*°(R) function such that
0, [|z]<1,
= 2.14
V) {1, 2] > 2. (2.14)
Since {uy}rso is relatively compact in C([r,T],L*(I)), it suffices to show that

sup ||ux(t)¥r]lt — 0 as r — oo, uniformly for A > 0. (2.15)
te[r,T]

We first observe that it is enough to consider nonnegative initial data. For any wug,vo € L'(R) satisfying
up < v we can show that the corresponding solutions of (2.8) satisfy uy < wy. Thus choosing vg = |ug|
and vy = —|ug| we can show that |uy| < @y where @y is the solution corresponding to |ug| initial data. This
reduces (2.15) to the case of non-negative solutions. Let us assume that wuy is a nonnegative solution. We
multiply (2.8) by #, and integrate it over (0,¢) x R. We obtain:

t 1/t ¢
/ /u,\vswrdxds:— 5/ /uizﬁ;dxds—i—/ /u,\w;’dxds
0o Jr 0o Jr 0o Jr
t
+/ /(Az(KA*uA—u>\)+)\u>\’x)wrdwds‘
o Jr

and, therefore,

/uA( )¢de</um¢rdx+ I¥ ”°°/ ux(s)|2ds + 1 ”°°/ un(s)[|1ds (2.16)

/ / (R ua(s) — ur(5)) + Auir o (5) ) s,

We have to obtain an estimate on the last term in the integral, uniformly on A. Let us denote

J = / KA xu(s) — uA(s)) + )\u,\’m(s))wrdx.

A change of variables and integration by parts give us that

J = AQ//K (x—y 25, y)har(x )dydw—)\Q/RU()\Qs,x)wAr(x)dw—)\Q/u()\Qs,x)z/)g\r(x)dw (2.17)

R
3 /Ruws, v) /RK (2= 9) (¥ () = ¥arly) = (@ = )5, (4))der ) dy

oo 1|
< X2ugly () = L0l e

Plugging (2.17) into (2.16) and using Proposition 2.2, we get:

/Rux(t)wrdx < /Ruotb)\rdw +C (g + %)

where C' > 0 depends only on |lug||; and [[¢||yy2.5 ®), Which are both bounded. For A > 1, since ¥.(z) > ¥, (z),

we get
g [usttariarie < [ untayas+o (L L),

R

which tends to zero uniformly on A when r — oo. Therefore, we proved (2.15) and, consequently, we can assure
that {ux}rso is relatively compact in C([r, T], L}(R)). O



A LARGE-TIME BEHAVIOR PRESERVING SCHEME FOR THE AUGMENTED BURGERS EQUATION 2377

Modifying slightly the previous proof, we can also conclude the following lemma, regarding the initial condi-
tion wuy 0.

Lemma 2.7. For every test function p € CZ(R), there exists a constant C = C(p,ug) > 0, such that

<C(t+V), V>0,

/R ur(ta)ela)ds — [ uo(@)p(o)ds

R

holds uniformly on A\ > 0.

Proof. We multiply (2.8) by ¢ € C(R) and integrate it over (0,¢) x R. We get:

t t t t
/ /UA,M:/ /UAUA,x@+/ /UA,xx@+/ /(/\Q(KA*UA—UA)‘F)\UA@)%
0 Jr 0o Jr 0o Jr 0o Jr

Integrating by parts and making use of Lemma 2.4, we have

/u,\(t)cpd:r—/w\,ogodx
R R

B TS & )
<152 [ I @)lEds + 119l [ lua(s) s

+

/Ot/R ()\2(K,\ xuy(s) — u,\(s)) + )\U,\,I(S))godxds

To conclude the proof, it is enough to apply a similar argument as for (2.16) to get:

/uA(t)wdx—/u,\p(pdm
R R

The proof is now finished. O

< C(|lllwz ), [[uoll) (VE + t).

2.8.2. Passing to the limait

Now we have all the ingredients that we need to prove our main result on the large-time behavior of solutions
to problem (1.5), stated in Theorem 1.1.

Proof of Theorem 1.1. By Theorem 2.6, we know that for every 0 < 7 < T' < oo, the family {u}so is relatively
compact in C([r,T],L}(R)). Consequently, there exists a subsequence of it (which we will not relabel) and a
function @ € C((0,0), L!(R)) such that

uy — u € C([r, T],L*(R)), as A — oo. (2.18)

We can also assume that uy(¢,2) — @(t, ) almost everywhere in (0,00) X R as A — oo.
Our claim is that, passing to the limit A\ — oo, we obtain that @ is a weak solution of the equation:
{at( = Ully + 2Ugy, (t,2) € (0,00) X R, (2.19)

Let us multiply equation (2.8) by a test function ¢ € C°((0,00) x R) and integrate it over (0, c0) x R. We have:

—/OOO/RUA@:/OOO/RUA uA,x¢+/ooo/RuA,m¢+/Ooo /R()\Q(KA*“A_“A)'F)‘WJW'

Using the properties of {ux}a>o shown in the previous section, it is sufficient to check that

lim /O - /R (3 (K = ur(1) — ur(1)) + Aux o(0)) G(1)cdadlt = /0 h /R 0(t) o (1) dardl.

A—00
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Let us focus on the integral over the spatial domain. Taking into account the definition of K, and that
Jg 2" K (z)dz = m! for m € NU {0} we obtain

La(t) = /R (v (Kx = u(t) — ux(t) + AuA,I(t)>¢(t)dx (2.20)

= / / u(t, z)K(y) <gz5 (t,x + %) —o(t,x) — %qﬁz(t,w)) dxdy
= )\2/ / t,x —|— qb(t,x)) K(y)ux(t,z)dydx — )\/R/Rqﬁz(t,x)yK(y)uA(t,x)dydw,

Now, because of Taylor’s Theorem, we know that there exists a point ¢ € (x,x + y/\) such that

o (tx+5) —alt.x) = Joult.a) +

. L bnalt) +

¢xmm(t Q)

2)\2 6)\3

We introduce this in (2.20):
_1 2 1 3
=5 [ esltunt s [ PG+ O Oll)gs [ ur(toits [ Ky
_ / Bualt, 2)ux (1, 2)Az + Oz (D) )3 / un(t, 2)dz
R R

_ /Hq{gbm(t,x)u,\(t,x)dx A0 ()| o0)-

Since uy(t) — @(t) in C([r,T],L}(R)) and ¢ has compact support, we obtain that

AILH;O/OOO EA(t)dt:/ /gzbm t,x)u(t, x)dzdt.
—/OOO/RM=—%/000/Rf62¢z+2/000/Rﬂ¢m.

It remains to identify the behavior of @ as ¢ — 0. From Lemma 2.7, for any ¢ € C3(R) we have

It follows that u satisfies

< C(t+ V1)

/R ur(ta)ela)de — [ uxo(e)p(o)ds

R

and, due to (2.18) and the definition of uy in (2.8), we deduce by letting A — oo that

lim [ a(t,z)p(z)de = Me(0).
tl0 R

Using classical approximation arguments together with the uniform tail control of uy in (2.15), we conclude
that @(0) = Mdo in the sense of bounded measures.

Therefore, we can finally conclude that @ is the unique solution ups of (2.19), and that, indeed, the whole
family {ux}rso converges to uys in C((0,00), L} (R)). In particular, we have:

lim [lux(1) —up(1)|lr = 0.
A—00
Setting A\ = v/t and using the self-similar form of uy; (see e.g. [10]), we obtain that

lim |lu(t) —uar(t)|l1 = 0. (2.21)

t—o0
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Finally, the convergence in the LP-norms for p € (1,00) follows from (2.21), the decay estimate given in
Lemma 2.4 for p = oo and the Hoélder inequality. In fact, we have:

lt) —uar(@)llp < (lu®lloe + luar@lloc)' ™ Jult) —uss @7 < o(t=2075). (2.22)

In the case of the L>°-norm, we use the decay of u,(t) given by Proposition 2.3 and the estimate |Jups . (t)|l2 <

t*%, resulting from the explicit formula (1.12). Using the Gagliardo—Nirenberg interpolation inequality
and (2.22), we obtain:

=

() = unt () loe < (lta®llz + lunrall2)* () —unr (B)3 <o (£73). (2.23)

The proof is now finished. O

3. SEMIDISCRETE SCHEME

In this section, we focus on the semi-discrete numerical scheme for equation (1.5), defined in (1.7). In order to
prove Theorem 1.2, we need some preliminary results on the decay of u similar to those obtained in Section 2
for the solution of equation (1.5). For simplicity, for every h > 0, we define the operators dz and d, as follows:

flx+h) - f(z) fl@) ~ fla—h)

d;rf(x) = Y W

and d, f(z) =
As in the continuous case, for p > 0 we also introduce the family of rescaled solutions
ut(t,x) = pua(p’t, px), t >0,z €R, (3.1)

and analyze the behavior of u* when p — oco. Note that function u* is piecewise constant on space intervals of
length Ax/p. Moreover, it satisfies the following system:

ul (t,x) = i(dzﬂc/u (u"(t, x)z) +d (u"(t, x)2)>

+ Az dzz/uR (u”(t, x — %), uf(t, :E)) +da,, (dzx/uu“(t, x))

N (3.2)
+ p? Zwmu“ (t,x — m%) — 2 FPur(t, o) + uFlAde/“u“(t,x), t>0, ae. x €R,
ut(0,z) = MU%T;.’EI), a.e. z € R,
where
R(u,v) = E(UM — ulul). (3.3)

Of course, the approximated solution ua defined in (1.6) and (1.7) satisfies (3.2) when p = 1. Let us recall that
this decomposition of the numerical flux is called the viscous form of the scheme (see, for instance, Chap. III
n [12]). Note also that R is homogeneous of degree 2, allowing the term containing it in (3.2) to disappear as
[ — 00, as observed in [14].

For any initial data u% € L!(R), there exists a unique solution in C'([0,00),L!(R)) for (3.2). The local
existence is obtained by Banach’s fixed point argument, whereas the following Lemma 3.1 excludes blow-ups.
Let us remark that the solution u* of system (3.2) conserves the mass of the initial data u%. In fact, note that it
is the same as the mass of ug, when uY is defined as in (1.7). Moreover, we show that (3.2) defines a contractive
semigroup. This will be useful to obtain the estimates for the compactness of {u*},~0. For the sake of clarity,
we prove this lemma in the Appendix A.
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Lemma 3.1. For any initial data u% € L1(R), the solution u* to (3.2) satisfies

/Ru“(t,x):/Rqu(x), vt > 0.

Moreover, (3.2) defines a contractive semigroup in L*(R).

3.1. L1-LP estimates

We are interested in the large-time behavior of ua. The following two propositions are the discrete versions
of Proposition 2.2 and Proposition 2.3. The way of proceeding will be, indeed, very similar.

Proposition 3.2. For all p € [1,00] there exists a positive constant C(p) such that:
lw @l < Ot 2(5), v >0, (3.4)
for all solutions of (3.2) with initial data v’ € L*(R).

Proof. The case p = 1 follows from Lemma 3.1 with C(p) = 1. Let us consider the case p = 1 and p € [2,00).
We multiply (3.2) by |ua|P~2ua and integrate it over the whole space domain. We have:

1d _ -
EEHUA@)H% <I+ / da, (dzqu(t,x)) lua(t,z)|? 2uA(t,w)dx + I, (3.5)
R
where
1 + 2 — 2 —2
=1 [ (44 (walt.2)?) + d3, (ua(t,2)?) ) Jua(t, )P~ 2ua(t,2)de
R
+ Aw/ di, R(ua(t,z — Az),ua(t,z))ualt,z)[P 2ua(t, z)dx
R
and

N
(Z wmta(t,r —mAz) — Ffua(t, ) + FlAdZqu(t,x)> lua(t, 2)|P2una(t, z)ds

- i W ( /R wa(ty e — mAD) ua(t, o)~ >ua(t z)dz — /R uA(t,gg)|pdg;)

+ Ar (/RuA(t,x + Aw)|uA(t,x)\p_2uA(t,x)dx — /]R uA(t,x)pdx> .

On the following, we will not make explicit the time dependence unless this is necessary.
Now, on the one hand, for any k € Z, we have that

/ wn(@ + kA ua(@)P~2ua(z)dz < p;l/ lua(z + kAz)Pdz + 1/ lua (@) |Pde = / lua(2)|Pda.
R p R P Jr R

Therefore, I, < 0.
On the other hand, for i € {—1,0,1} let us denote

U ={z e R:4up(zx+iAz) >0} and Ul ={z€R:un(r+ilz)=0}.
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From the definition of R in (3.3), reordering I; we get:

= 0 st 2 [ st
L = 4A$/R(UA(JC—I—AJC)+uA(1‘+AJ;)\uA(x+AJ;)\) lua(x) P *ua(z)de A R|UA(x)‘ dz

L
4Ax R

1 1
< 2 A P=1lqy — / p+1g
< s /U e VAl AR e = 7 | a()ltde

(ua(z — Az)|ua(z — Az)| — vy (z — Az)) Jua ()P 2ua(z)de

1 / 2 ~1
+— ufy(x — Azx)|ua(z) P~ de.
2Ax U-,nU; 4
Using the following inequality

2 -1
APt < ——|aP*t + EZ bt Va,beR,
p+1 p+1

we obtain that

p+1 P+ 1 Jufauy

1 [ 2 / Lope1 )
+—— lua(z — Ax)|PHdr + —/ lua(z) P da
24z <p+1 U Uy P+1Ju-nus
1 P p—1 1
=— | — ua(z p“dx—i——/ ua(z)|Pde ——/ ua(x)Pde
. (pH/UW st by [ ) 5 [ luate)

1 [ 2 / Lope1 )
Sawvell ey ua(z)Pde + —— ua(z)Pdz
24z (p +1 Jusaup p+1Ju-nus

1 1 1
< P+1d _ / P+1d P+1d
= 2Az /UJ ua(@)"" de = 570 " ua(@)"" dz+ 570 - ua(@) dz

0

L (2 p—1 1
< — p+1 p+1 _ 1
L= 2Ax ( /UgrnUf ua(z + Az)[" dz + lua(z)| dl‘) Y /]R lua(z)P da

and, hence, I; < 0.
Thus, from (3.5) we deduce:

S la®I < [ 5, (@5, 0a@) lea@)Puala)da (3:6)
= _ALJJQ /]R (ua(z + Az) —ua(z)) (jua(z + Ax)|P2up(x + Az) — \uA(:c)|p_2uA(w)) de.

Moreover, the following inequality (see [31], Lem. I1.5.5, p. 22)

2 2
p _ _
|1.|p/2 - ‘y|p/2‘ S 4(p — 1) (1' - y) (|1.|p QZE - |y‘p 2y) ’ any S Rv v peE (1’ OO),

guarantees that

ua(e + A)P/2 — lua(@)P2|* A(p—1)

d dp—1)
4 HIP < — == gt P/2)|12 < 0. 3.7
Flea@ly < -2 - 5, (ual ) B <0, (37
This estimate and Lemma A.1 allow us to write
d (p B 1) H’LLA(t)||p(p+1)/(p_l)
g luea®lly + . (3-8)

2 —1
P @)Y
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Following the same arguments as in [10], we conclude that for any p € [2, 00)
lua®llp < C@)lulh 242, vi>o. (3.9)

The case p € (1,2) follows by interpolation. The case p = co follows by tracking carefully the constants in (3.8)
as in [32].

Finally, the general case 1 > 0 is immediate from (3.9) and the definition of u* (3.1), since for any p € [1, o0]
we have

()]l = 12 Fllua@?0)ll, < C@)Jud )l ¢ 205

The proof is now complete. O

Now that we have estimates on the LP-norms of the solution, we need to obtain a similar result for the discrete
gradient.

Proposition 3.3. For all p € [1, 00| there exists a constant C' = C(p, ||u%]|1) > 0 such that:

N

ldk, u" (Dll, < Ot~ 307573 v >0, (3.10)
for all solutions of (3.2) with initial data u° € L*(R).

Proof. We proceed as in Proposition 2.3. Let us denote by Dﬁ the semigroup associated with

N
A
v (t, ) = p? E Win ¥ <t,x = m—$> — p2Ffo(t, x) + ,uFlAdJArx/Hv(t,x), t>0, ae xR,
u
m=1

(3.11)
v(0, ) = vo(z), a.e. z € R
Multiplying (3.11) by sign(v(t, x)), integrating on R and using that
/ v(x — h)sign(v(z))dx < / |v(z)|dz, Vh€eR,
R R
one shows that D!, is non-expansive in L'(R).
Now, for every 7 > 0 and p > 0, the solution of (3.2) satisfies:
t
Wt +7) = GA () * Dhu(r) + / G (t—s) « D' (H(u”(s + T)))ds. (3.12)
0

where
( H( )) 1 (dA ( H( )2) d_ ( H( )2)) d;i R : . H( )
H(u" (s, x =17 oy W(8,0)7) +dy,, (uF(s, @ + Az o/ ut s,z sut' (s, o

and G’} is the fundamental solution of the one-dimensional semi-discrete heat equation, defined by

1 m/Ax R
(Ga20); = 5 e” A I SSGEN qe, j ez
T —mp/Ax

It is well known (e.g. [3]) that, for any p € [1, o],

IGH )], < Cp)t~2075), >0,
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and 1 o
a5, Gall, < Cp)*075)7% 1> 0.

Now let us apply the discrete operator de/u to (3.12). Then
t
dh,u(t ) =Y, G () * Diub(r) + / oGt — )+ D;*S(H(uﬂ(s +T)))ds. (3.13)
Using the decay properties of G, Proposition 3.2 and the L!-stability of D“, we obtain

%, + Dl < |[as, , GL0)| D@, (3.14)

o [ ot o (srwets = )
< |45, Ga O Tl + / |5, 6= )| [1# (s + ) ], ds
<Ol -t [0t s )], s
0
We now prove that for any p € [1,00), we have
1 (u¥ (s +7))llp < CT72 | dE, 0" (s + 7). (3.15)
Observe that, in view of Proposition 3.2, we have
[u (s + T)loo < (s +7) 2w (0)][1 S 7712 Juo]1-
Thus we obtain

dzw/“u“(s + 7')Hp.

5o s 7], < 200+ Pl 500+ )], < 07

A similar result holds for d, , . Moreover, from the definition of R in (3.3) we have:

Az||d

. Az 1 .
A /HR (ul (s—i—T,x—?)’u“(s—i—T,w) H < §Hdﬂz/,u (! (s + 1) |[u"(s + 7))

p

< lu*(s +7)| OOHdAI/Mu“(s+7') <Cr HdA /Hu“(s—l—T)

9

p p

where we have used Proposition 3.2 and that
|zla| = ylyl| < 2[x —ylmax{|z], [y}, Vz,yeR.

Therefore, introducing (3.15) with p = 1 in (3.14) we get

+ I3
Ay (S+T)H1ds

t
Ik, it + 1)l < Cth +CT—%/O (t— )

Applying fractional Gronwall’s Lemma (see for example [2], Lem. 2.4) and taking ¢t = 7, we conclude that

s, (@)l < Cry ¥ >0, (3.16)

Az/p



2384 L.I. IGNAT AND A. POZO

for some Cr > 0 depending only on 7 and |Jugl|;. It is enough now to use the definition of u* in (3.1), taking
7 =1/2 to obtain ||df, (ua(u?))|l1 < C/p, for all u > 0. Putting p? =t we find

C
dh (ua(t <=, Vt>0,
ldA, (wa(®)lh < i
that is, (3.10) for p =1 and p = 1.
The case p =1 and p € (1, 00) is immediate from (3.13), (3.15) and (3.16). Indeed, we have

I8¢+ Dl < a5, CAO|| @)+ / |Gt = )| 1 (s + ) ) s
<2077 +CT/ (t—s)"2070)"2ds.
0

with C. = C(p, 7, ||luo|l1). Applying again fractional Gronwall’s Lemma and taking ¢ = 7 we obtain that
||dAx/ U‘H(QT)HP < C-,—, V;U’ > Oa (317)

This is equivalent to (3.10) for 4 =1 and p € (1, 00).
Furthermore, repeating similar arguments, the case p = oo follows from (3.13) and estimates (3.15) and (3.17):

Ik, (¢ + Dl < |5, , G5O Il + / |5, Gt = 9)|| 7 (s + 7)), s
gOTt—lJrCT/ (t—s)"1ds.
0

where C. = C(1, |Jupl|1). It is now enough to take t = 7 to conclude that

dt , uh(27)]|oo < Cry Vi >0,

Az/p

which is equivalent to (3.10) for 4 =1 and p = oo.
Finally, the general case > 0 is immediate from the case p = 1 and the definition of u* (3.1), since for any
p € [1,00] we have
_1(_1y_1
|, ()l = 1277 [d5 ua(u®D)], < O35,

This concludes the proof. O

3.2. Compactness of the set {u},>0

In this section, we prove the compactness of the trajectories of the family {u/(¢)},>o introduced in the
previous section, in order to pass to the limit gy — oco. Unlike the continuous case, we do not have estimates of
ut in HY(R), since u# is piecewise constant. Nevertheless, the following lemma makes possible the use of the
compact embedding of H{ .(R) into L2 (R), with 0 < s < 1/2. The proof will be given in the Appendix.

loc

Lemma 3.4. For any 0 < s < %, there exists a positive constant C = C(s) such that, for any mesh-size

0 < Az < 1, the following holds for all piecewise constant functions w as in (1.6):
| ® < C ([wll2 + |dh,wll2) -

Let us remark that, as a consequence of this lemma and Propositions 3.2 and 3.3, we obtain a time-decay
estimate for v* in H*(R) with 0 < s < 1/2 (this can be done since u* is piecewise constant on intervals of
length Ax/\):

[u*(®)]

Thus, we can use Theorem 2.5 to prove the compactness of the family {u”},~o.

e < C (Hu“( )2 + Hdm:/u““(t”b) <cC (t—i + t—%) . VE> 0,0 > 0. (3.18)
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Theorem 3.5. For every 0 < 7 < T < oo, the family {u"},~o C C([r,T],LY(R)) is relatively compact.

Proof. We will proceed in two steps, analogously to Theorem 2.6.

Step 1. First we will show the result locally in C([r,T],L'(I)), with I = [—r, 7] for an arbitrary r > 0. Let us
consider the spaces X = H*(I) with s € (0,%), Z =L*(I) and Y = H~ ().

From (3.18) we know that the set {u/},~0 is bounded in L*>°([7,T],H; .(R)). In particular, the first con-
dition of Theorem 2.5 is fulfilled. Thus, it suffices to check that u}' is bounded in L>°([r,T], H=*(I)). Let us

multiply (3.2) by a function ¢ € C2°(R) and integrate it over R. Using the definition of R in (3.3), we have:

[uteas] < | [ (a5 00 @P) + 0 <x>2>) o)

" L Ax L

+ Ax RdAw/“R ut |z — 7 Jut(x) x)dz| + dAx/“ Aw/“ (.T))(p(l‘)dl‘
N Ax

+ /R <u2 > wput (w —m7> — P Fut () + uFlAde/;Lu“(ﬂﬁ)) p(r)dz
m=1

1 1

< §\|d2x<ﬂ\|2||u“||3 + EHdZMHzHu“Hi + lldh, ellalldf vl

Al (Mziwm (e (2= m22) i) + Adzw/,lu%x)) ola)da|.

m=1

Obviously, the first three terms on the right hand side of the inequality are uniformly bounded for p > 0, so let
us focus on the last one. Using the Fourier transform and the definition of F&* in (1.9), we have

,u2§:wm - —ul(z) ) + pFPdY, 0t (@) | e(a)de
[ (#35 e < ) ) )
<s [ o e

If we take a = e=4% and b = ¢ *%"¢ on Lemma A.2 and use the definitions of wy, in (1.8) and F2 in (1.9), we
have:

I, =

ACL‘E

i
. 1
1) + FlAe }AZ‘

[uf(€)]|B(€)] dé.

N Ae I‘ o€ — 1
" —1) o S —— 3.19
N . N .
= |eAI — 1’ Z e mAT (e_zm%_‘mf — 1) + Z me” AT (1558 1)
m=1 m=1
A — Az & 1|2

= et

A —idze _
<le I_1|‘e ‘ 1 (1—ed7)8 ~ (1 _e ar)2

Combining this inequality with the Cauchy—Schwartz inequality and the fact that

- )
%01 = [ | T
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we obtain

Ax?

5o = g eyl

Thus, using that ”dAx/,ﬁD”? < l¢'||2, we get

’/ut Yedx

<%, el (O + %, Pl a5, w02
Ax? .
+ (1 _ e—Ax)2 ||dAx/Hul ( )” ||dAx/H90||2
< Cllpln ey (w013 + 2%, a2 ).

for any ¢ € C(I) and with C' > 0 independent of p. In view of Propositions 3.2 and 3.3, both norms of u*
in the right-hand side are uniformly bounded in [r,T], so u} is uniformly bounded in L*°([r,T], H=(I)). We
conclude that the family {u”},~0 is relatively compact in C([r,7],L% .(R)). Finally, compactness in L% (R)

loc
implies compactness in Li (R), so {u*},~0 is also relatively compact in C([r,T],LL (R)).

Step 2. Now we need to extend the result globally. Let us consider again the same function v, defined in the
third step of the proof of Theorem 2.6, such that 1, (z) = ¢(z/r) with ¢ given by (2.14) and r > 0. Since we
know that {u”},>o is relatively compact in C([r,T],Li (R)), it suffices to show that

loc

sup ||u”(t)¢r|l1 — 0 as r — oo, uniformly on p > 1. (3.20)
[7.7]

A similar argument as in Theorem 2.6 shows that it is enough to prove (3.20) for nonnegative initial data and
solutions. Thus, we focus on those. Let us multiply (3.2) by v, and integrate it over (0,t) x R. We obtain:

/u“(t,x)zﬂr(ac)dx :/ug(ac)wr(x)das (3.21)
R R
1/ / dzx/u(u“(s,as)z) —l—dZw/“(u”(s,m)Q)) Yy (z)dzds

v [ [y (1o (- 2) ) ) s

/ / A/ Aw/u(“”(sax)))wr(w)dxds

+/O /R <M2 mz:;wm (u” (s,m _ m%) —ut(s,x)) + pFy dAw/“ (s,m)) . (z)dads.

We pass now the discrete derivatives to v, and estimate the right-hand side using time-decay estimates from
Proposition 3.2:

[uten@in s [ b+ 191+ 1wl (3.22)
R R

t N
A
+/ / (,uz E Wi (u“ (s,x = mjx) - u“(s,x)) + pky dzz/uu“(s,x)> U (x)dads.
o Jr oo
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Let us focus on the last term. Using Taylor expansions and the definition of F@* and F{* from (1.9), we have

/]R <M2 mzji:lwm (u“ (s,gg — m%) - u“(s,x)) + pFA dAw/“ (s,m)) by (@)de

_ i_ o [1#(6.2) (e (24 m B ) —00) - mEE ) 1)) o

m

1
2 i Wiy (% <x+m%) — () — mAx A (Ur (@ )))

S [[u ()11
m=1 o)
IW \
S = [fus 1
Thus, plugging this into (3.22) and using the non-negativity of the solution, we get
Iz < 1 Vi " ¢
A |k (t, 2)[¢r ()dz S A |ug () Yoy (z)da + |0 ||oo— 1Y oo (3.23)

which tends to 0 uniformly on g > 0 when r — oco. Therefore, we proved (3.20) and, consequently, we can assure
that {u”},¢ is relatively compact in C([r,T],L}(R)). O

A slight modification of the proof of the previous theorem gives as the necessary estimate to identify the
initial data, stated in the following proposition.

Lemma 3.6. For every test function ¢ € C(R), there exists C > 0, independent of u, such that

/Ru"(t,x)cp(:r)dx—/Rug(x)go(w)dx

Proof. It is enough to multiply (3.2) by ¢ € C°(R) and integrate it over (0,¢) x R. Then, integrating by parts and
repeating arguments similar to the ones in the second step of the proof for Theorem 3.5, we deduce (3.24). O

< C(t+ V). (3.24)

3.3. Passing to the limit

Finally, we have everything that we need to prove our main result, stated in Theorem 1.2, regarding the
large-time behavior of the approximations to the solution of problem (1.5).

Proof of Theorem 1.2. By Theorem 3.5, we know that for every 0 < 7 < T' < 00, the family {u} >0 is relatively
compact in C([r,T],L*(R)). Consequently, there exists a subsequence of it (Wthh we will not relabel) and a
function @ € C((0,00), L'(R)) such that

ut — a € C([r,T],LY(R)), as u — oo. (3.25)

We can also assume that u#(t,z) — @(t, ) almost everywhere in (0,00) x R as u — oc.
Now, we multiply equation (3.2) by a test function ¢ € C2°((0,00) x R) and integrate it over (0,00) x R. We
have:

/ /ut t,z)o(t, x)dzdt = / / Az/u (u(t, z)?) +da. (u“(t,x)2)>¢(t,x)dxdt (3.26)

+ Aac/ / dAI/H (u“ (t,x — %) ,u“(t,x)) o(t, z)dzdt

/ / dAW Syt ‘(t,x)) (¢, x)dxdt
2 Az 2A, u + L
+ 7 E wmut | t,x — m7 — p2FfuR (o) 4 pFP Ay, 0 () | o(t, x)dadt.
0 R m=1
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Our claim is that, passing to the limit ;1 — oo, we obtain that @ is a weak solution of the equation:

(3.27)

Uy = Uty + (14 Ff)tgs, (t,7) € (0,00) x R,
a(0) = Mdo.

All the limits in (3.26) are known except for the last term. In fact, let us recall that the degree of homogeneity
of R makes the corresponding numerical viscosity term vanish as p — oo, as shown in [14].
Thus, it is sufficient to check that we can take the limit p — oo in

N
A
LH(t) = /R (/ﬂ Z W ut (t,x - mf) — WPFPub(t, ) + uFlAde/“u“(t,x)> o(t, z)dx.
m=1

First, we reorder L,:

L) = p? /Ru”(t,w) Z W <¢> (t,w —l—m&) —o(t,x) — m% Zw/“(gb(t,x))) dx. (3.28)

m=1 H

Now, due to Taylor’s Theorem, for each m € {1,..., N}

6 (12 +m2L) = olt.0) = m 200, + 2 2 s, + O]
In the same way,
_ 1 Az 1
Ay (Ot 1)) = Gu(t, ) — §7¢m(ta$) + EO(H%m(t)Hm)
We combine this into (3.28) and get
B(t) = A Iz l n
L) = I /Ru (t, 2)aa(t, )z + O(II%xx(t)Hoo)u /Ru (t, z)da, (3.29)

where
Ar? [
A _
Fy = 5 (Z m(m 1)wm> .
m=1
Therefore, as u* — @ in C([r, T],L}(R)), taking the limit u — oo in (3.29), we obtain:

o

lim LA(t) = Ff /Oo/ﬂ(t,x)gbm(t,x)dx.
o Jr

p—oo Jq

Remark 3.7. Let us emphasize the key role that the correcting factors F* and F{* have on the limit above.

Note that the fact that
/ K(z)dz = /zK(z)dz =1
R

played an important role in the proof of Theorem 2.6, allowing us to show that K * u,, behaves as u,, as
t — o0o. Moreover, this is related also with the decomposition of K in Dirac delta functions as in [9]. Now, at the
discrete level, the corrector factors FOA and F2 had to be chosen accordingly. In this case, due to the truncation
of the integral, the use of a third factor F§* is required, though. All the same, these three coefficients are the
discretized moments of the kernel K.
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//u@ ——// 26, + (1+ Ff / [ e

so it is a weak solution of the equation in (3.27). It remains to identify the behavior of @ as ¢ — 0. Due to
Lemma 3.6, for any ¢ € C°(R) we have

It follows that u satisfies

< C(t+ V1)

/Ru"(t,x)cp(:r)dx—/ug(:r)go(x)dw

R

and from (3.25) we deduce

[ att.arp(@ae - 3o00) < e+ VB

by letting © — oco. Passing to the limit ¢ — 0 and using classical approximation arguments, we deduce that
u(0) = My in the sense of bounded measures. Thus, we conclude that @ is the unique solution wuy; of equa-
tion (3.27), and that, in fact, the whole family {u*},~o converges to ups in C((0,00), L' (R)).

Therefore, by (3.25), we have:

lim |lu*(1) —up(1)|1 =0
—00

and setting p = v/t and making use of the self-similar form of u; (see e.g. [10]) we obtain
lim ||ua(t) —uam(t)]1 = 0. (3.30)
t—o0

Finally, the convergence in the LP-norms for p € (1, 00) follows from (3.30), the decay estimate of Proposi-
tion 3.2 for p = co and the Holder inequality. In fact, we have:

huat) = une (@)l < (lua®lloe + lune(@)llo0) 7 fua(t) — w0 <o (17307

Using the piecewise constant interpolation of uys, which we denote S(uas), and (A.2) from the Appendix, the
case p = oo follows:
lua(t) = up(t)lloc < luat) = S(uar(t))lloo + 15 (war(t)) — war(t) oo
1
< flua(t) = SCuar )3 |4k, (walt) = SCuarODIF + Azura(t)]oc
)

S (lualt) = un @)l + llunr(t) = S(uar()12)% (|dh,ua(t)z + dh,S (w (®))]]2)2
+ Azflunre (8]0

_1 _3 —1
<o (t 2411+t ) .
Now the proof is complete. O

3.4. Convergence of the scheme

To conclude this section, let us prove that ua converges to the solution u of (1.5) as Az — 0.

Theorem 3.8. Let ug € L*(R) and N = N(Az) € N such that NAz — oo as Ax — 0. The set of approzimated
solutions {ua}azso given by (1.7) converges in C((0,00), L1(R)) to the solution u of (1.5) as Az — 0.
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Proof. Following the same arguments as in Theorem 3.5, one shows that for every 0 < 7 < T < 00, the family
{ua}azso C C([r,T],L*(R)) is relatively compact. Thus, there exists a subsequence of it (which we will not
relabel) and a function 4 € C((0, 00), L*(R)) such that

up — u € O([r,T],LY(R)), as Az — 0. (3.31)
We can also assume that ua(t,z) — u(t,x) almost everywhere in (0,00) x R as Az — 0.

Now, we take p = 1 in equation (3.2), multiply it by a test function ¢ € C2((0,00) x R) and integrate it
over (0,00) x R. We have:

/0 /]R wa (b 2)p(t, )dadt = 7 /0 /]R (dzx(uA(t,x) ) +dxa, (ua(t, ) ))gb(t,x)dwdt (3.32)
+ Aw/o /RdzzR(uA(t, x — Az),ua(t,z))o(t, z)dzdt
—|—/00/de (i, ua(t,z)) ¢(t, z)dzdt
/ / (Z Wnua(t,x —mAz) — Ffua(t, ) + FAdh,ualt, )) o(t, x)dadt.

Our claim is that, passing to the limit Ax — 0, we obtain that @ is a weak solution of the equation (1.5). Using
classical arguments, thanks to (3.31), Propositions 3.2 and 3.3, we can take all the limits in (3.32), except for
the last term. Thus, it is sufficient to check that we can also pass to the limit Az — 0 in

N
La(t) = /]R (Z wmta(t, — mAz) — Ffua(t,z) + FlAdeuA(t,w)> o(t, x)dx

m=1

/uA t,x (Z wWmd(t, x +mAz) — FRo(t, x) — FlAdAxgb(t,x)) dz.
R

m=1

First, let us first observe that

and

NAgpe—NAz (((N+1D)Az _ Az (pn 4| N
Z mefmAz — €re (e © ( + ) + ) 1

FA = Ax(
1 ‘T edzr _ ] ’

as long as N = N(Az) is taken such that NAxz — oo as Az — 0. Moreover, using (2.13) and that

1 _ e—NAz(1-if) 1
Az
(™ D —mgam —1 " 1o 20
we obtain
N . A~
Zwm¢tx+mAx) K % ¢(t, x) /|¢t§ D wnem A — K(=€)| d¢
m=1
efNAx(lfig) 1

d§ — 0,

/|¢t£

) (1—2‘5)Az —1 - 1— Zf
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where K (z) = K(—z). Therefore

Jim£a(t) = /R a(t,2) (K » 6(t.2) — 0(t.2) — 6u(t.2)) d.

It follows that u satisfies

_/OOO/RM:_%/OOO/Ra%I+/OOO/Ra¢m+/OOO/Ra(K*¢—¢—¢I)~

so it is a weak solution of the equation in (1.5).

Now, it remains to identify the behavior of @ as ¢t — 0. Using similar estimates as in the proof for Lemma 3.6,
we can show that for every test function ¢ € C°(R) and Az < 1, there exists C' > 0, independent of Az, such
that

/uA(t,x)go(ac)dx - / uly (z)p(z)dz| < C(t+ V).
R R
and from (3.31) and the definition of u% in (1.6), we deduce
/ﬂ(t,x)g@(x)dx — / uo(z)p(x)dz| < Ot + V1)
R R

by letting Az — 0. Using an approximation argument we deduce that u(t) — ug in L'(R) as t — 0. Thus,
we conclude that @ is the unique solution u of equation (1.5) and that, in fact, the whole family {ua}az>0
converges to u in C((0, ), L1(R)). Now the proof is complete. O

4. NUMERICAL EXPERIMENTS

The aim of this last section is to support the necessity of using large-time behavior preserving schemes for
the augmented Burgers equation. On the one hand, we show the importance of a numerical flux that does not
destroy the N-wave shape at the early stages. On the other, we emphasize the role of the correcting factors Fj*
and F{ in the truncation of the convolution. Note that the former phenomenon was already stated in [14] in
the hyperbolic case, while the latter is an original contribution of the present work.

Regarding the time discretization, we opt for the explicit Euler for its simplicity. Even if there is no guaran-
tee that the asymptotic behavior is preserved, numerical simulations exhibit a correct performance. Thus, we
consider it enough to illustrate the key points enumerated above. We need to take into account that there is a
stability condition that must be satisfied to ensure the convergence. It is easy to see (e.g. [6,12]) that a sufficient
condition is that

0 E

Let us choose the following compactly supported initial data.

—isin (E) , x € [-m0],

10 2
— 1
UO(.T) - —% Sil’l(Q.’E), S [07 g}v (42)
0, elsewhere

We take a mesh size Az = 0.1. In order to avoid boundary issues, we choose a large enough spatial domain.
In Figure 1 we show the solution for ¥ = 1072, ¢ = 2 x 1072 and § = 1 at time t = 10%, as well as the
corresponding asymptotic profile uys, defined in (1.12). As we can observe, the solution given by (1.7) is already
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Solution for ABE (T=10000)

0.006 T T
Using EO ——
Using MLF
| Using FO=F1=1 - i
0.005 Self-sim -
0.004 - R
0.003 - R
0.002 - R
0.001 - R
oL e e,
0 i ; . : —
=200 -150 -100 -50 0 50 100 150

FIGURE 1. Solution of ABE with v = 1072, ¢ = 2 x 1072 and # = 1 at t = 10%, using
scheme (1.7) discretized explicitly. We use EO (solid) and modified LF (dashed) numerical
fluxes for the nonlinearity, as well as EO without correcting factors (dotted), comparing the
solutions to the asymptotic profile (gray).

Evolution of L1-norm Evolution of L.2-norm Evolution of Linf-norm

",

01t N 01 ¢ o 01t

Engquist-Osher
Modified Lax-Friedrichs -
EO with FO=F1=1 e

Engquist-Osher
Modified Lax-Friedrichs -
EO with FO=F1=1 -

Engquist-Osher
Modified Lax-Friedrichs -
EO with FO=F1=1 e

0.01 . . . . . . . l . . . . .
1 10 100 1000 10000 1 10 100 1000 10000 1 10 100 1000 10000

t t t

FIGURE 2. Evolution of the norms of the difference between the asymptotic profile and the
solutions, multiplied by their corresponding rate t20-%) From left to right, L', L? and L*>®
norms. We compare (1.7) (solid), modified LF numerical flux (dashed) and EO with F& =
FA =1 (dotted).

quite close to uy;. However, a non-suitable viscous numerical flux like, for instance, the modified Lax—Friedrichs
(e.g. [12], Chap. 3) can definitely modify the large-time behavior of the solution. In fact, in this case a viscosity
proportional to Ax?/At is being added to the equation of the asymptotic profile (see [14]), producing a more
diffused wave. Nevertheless, the discretization of the non-linear term is not the only one with the ability to
perturb the dynamics of the model. Let us emphasize that an inappropriate discretization of the non-local term
also leads to an incorrect asymptotic profile. Note that in Figure 1 we have the same scheme (1.7) but taking
F§@ = F2 =1, which produces a translated solution.

The convergence rates, given in (1.10), are shown in Figure 2. The graphic highlights the different perfor-
mances mentioned above. In fact, the solution given by (1.7) is the only one for which the norm is converging
to zero with the corresponding rates.

To conclude, let us remark again the importance of taking a well-behaving numerical flux. In this paper we
have proved that the asymptotic profile of (1.5) is a diffusive wave. Therefore, any sign-changing initial data
will lose its positive or negative part, depending on the sign of its mass. As in the case of the viscous Burgers
equation [19], simulations show that N-waves are intermediate states. Therefore, if the numerical viscosity
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Solution for ABE (T=100)

0.1 |
Using EO ——
Using LFM ---==---
0.08 | |
0.06 | |
0.04 | |
0.02 |

FIGURE 3. Solution of ABE with v = 1074, ¢ = 2 x 107% and # = 1 at t = 100, using
scheme (1.7) discretized explicitly. We use Engquist—Osher (solid) and modified Lax—Friedrichs

(dashed) numerical fluxes for the nonlinearity.
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is sufficiently large, the diffusion will become dominant much earlier than in the continuous model and destroy
these profiles. For instance, let us consider the case v = 107* and ¢ = 2 x 10~*. In Figure 3, we can observe that
at t = 100 the N-wave shape is not preserved if the modified Lax—Friedrichs flux is used, while Engquist—Osher
is able to keep the continuous dynamics. This numerical phenomenon was already observed in [14] in the context

of scalar conservation laws. It is interesting to see that the same pathology persist for viscous flows.

APPENDIX A. AUXILIARY RESULTS

Here we prove some of the auxiliary results that we have used along the paper.

Lemma A.1l. For any piecewise constant function w defined as in (1.6) and Ax > 0, the following holds:

_ 2 —1
[w][EE+D/ =1 < g|jaol| 3P/ PV K, P23

for all p € (1,00).

Proof. First, let us define a piecewise linear function v as follows:

Tjp1 — T T —x
O , J
v(x) = w, . + wjq !

On the one hand, we know that

x € [1’j,1’j+1 .

lvllZ < 2[[vllz]lvell2- (A1)
On the other hand, we have that:
2 ! 2 1 2 2 2
ol = 205 [yt = o)+ wpsasde < 545 S (s + g ) =
jez’0 JEZ
Moreover, it is easy to see that ||v,||2 = [|d},w|2. Therefore, we can obtain a similar inequality as (A.1) for w:
lwllZ = vl < 2llvllzllvellz < 2llwll2lldA,wl2- (A.2)
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Applying this inequality to |w|P/?, we deduce:
lwl|Z2 = [[[wl??[1% < 4lllwlP 23]l d5, wP2 13 = 4llwl?ldh, w25

Thus, combining this with
leollp?*/ D < o 22l 37/

)

we conclude
_ 2 —1
][+ =1 < 4| TP/ PV a4, wl? 22,

O

Proof of Lemma 3.1. For the first assertion, we simply integrate (3.2) over the whole space domain. We observe
that all terms on the right hand side vanish, so

4
at

for all i > 0 and, hence, the mass is conserved. Using the definition of u*, we conclude

ut(t,z)de = [ v (0,2)dr = [ pul(pr)de = [ u%(z)de.
R R R R

For the contractivity we prove that for any wug,vo € L*(R), their corresponding solutions u# and v* satisfy

lu# = vl < Jlug — vg - (A.3)

ut(t,x)de =0, Vt >0,

For the sake of clarity, let us define w* = u# — v#. Clearly, w* verifies

wh' (t,z) = (dzw/“ (u(t, z)?) + A ps (u(t, z)?) — dzx/“ (v*(t,2)?) — A/ (v“(t,x)2))

Az Az
+ +
+Avdy, R <u“ (t,x — 7) ,u“(t,x)) —Axd,,, R (v" <t,x = 7) ,v”(t,x))

+da,, (dzz/uw“(t, .T))

N
A
+ p? Z W w <t,x = m%) — PP Ffwh(t, x) + pFj dzz/uw”(t,x).

We multiply it by sign(w*) and integrate it on all R. Using the definition of R in (3.3) and reordering the terms
we get

% / ot ()| dz (A4)
/ dh, (0 (@) + ot (ac - %)2 (@) [ (2)] — (ac - %) u (ac - %) ) sign(w* (z))dz
-1/ (v"(wﬁ o (x - %) +08(@) o (@)] — v = S (e - %n) sign(w (z))dz

/ dzw/“ (de/u (w"(x))) sign(w" (x))dx

e mzzlwm [ (o (o= mEE) — o)) st e + a2 [ a0, sgn(u (e

Y T AN AT R
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For i = 0,1, let us denote W = {z € R : +w*(z — iAz) > 0} and W? = {z € R : w*(z — iAz) = 0}. Now we
can split the domains of the integrals into several parts, according to the sign of w*. On the one hand, we have:

L+ 1= —i /]R (u(z)? + u“(:r)|u“(x)Ddzx/ﬂ(sign(w“(x)))dw

1 Az\? Az
_Z P (i R L P id
4 Jr I I

+1 [ 0@ + @ @) s, e (0 ())da

ut <x - %) D dy, ), (sign(w” (2)))dz

ALY (-2 -2t
-k /W-nw; (u(@)? + ¥ (@) ()] — o (@) — 0" (@) o (2)]) sign(w” (x))da

g o (2 (= 3) e (-2 o ()

x 2 X X X
) e D)o - 2
5k o (P @@ @) o @ ()]) s )
2 for (2 (3 e (-2 o ()
B e e ) anle e 2
- [P @) @) - @) — @) @) sigalu (2))d
el )

(o AY (o AT L (x_%)Dsign(wu (+-25))ar

(b(b+1b]) — a(a+ |a])) sign(b — a) > 0, Va,be R,

Using that

and that
(a(a — |a]) = b(b—|b])) sign(b — a) > 0, Va,b€ R,

we conclude that I + Is < 0. On the other hand, since

/ wh (ac - m%) sign(wt (z))dz < / |wH (x)|dz, Vm € Z,
R R

it 1s immediate that

e [ (o (o= 2) o (o 22) - ) ot <0
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Moreover, for the same reason, we deduce that Iy < and I5 < 0. Therefore, from (A.4) we get that
d
—/ |wH (z)|dx <0, (A.5)
dt Jgr

This guarantees the contractive property (A.3). d

Proof of Lemma 3.4. Let us consider the Fourier transform of w as

w(€) = / e y(z)dr, € €R,
R
and the discrete Fourier transform of the sequence {w;};ez as

w() = Awaje*ijA‘”g, €€ [—

JET

m m
33

It is also clear that for a piecewise constant function w defined as in (1.6)

R ZSln(EAw)_ T ei€dr ]
w(¢) = Ww(f) and  dj,w(§) = Tw(f)~
Now, we know that
) ) ) T /Azx ) (2j+1)w/Ax ) )
il = [ lela@Pds = [ elaPds+ Y / Ela©PE (A6)
R —7/Azx 0 (2j—1)w/Az
For each j # 0, we have
2
(2j+1)w/ Az ) (2541)m/ Az ) ) 2 sin (f?m)
2@ (€) Pdg = / e | ——at | de
/(2j1)7r/Az rB©r (2j—1)m/Ax K17t {Ax
/A |28 QSin(gAw + jm) ?
_ v T e |23 m
/ﬂ/m e+ 25| OP | Ay |
T/Az | o EAx 2 2 EAx a2 o252
= _— _— w 2 —si _— 2—
/_ﬂ/m Ax“l( = ) @) Axsm( : ) e | de
/A 257 ¢\ [2 [
< €17 w(€)] 54
—m/Ax |£ + QJA_Q:|
1 T /Ax ) )
S 5% €7 [w(&)["dE.
2]5] — 177 /—w/Aa: e
Therefore, replacing this in (A.6) and using that 0 < s < %, we get
n/Az w/Ax
ot [ et 5+Z‘2| T AL RCGIRT
—Tr xT - —Tr xT
w/Ax 25111( ) ﬁ T/ Ax _
— [ BOPE+Y o [ el
—m/Azx J#0 ‘2| |_ 1| —7/Azx

w/Azx
< / €2 [w(e) e

—m/Azx
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On the other hand, using analogous arguments, we also have

]2 = / o)2de = /
R

7 /Ax 7 /Ax
> > 2 1w(&) 12
= . @Rz [ I P

—7/Azx
2@ = /<1+|§\2@>\ &)2de = /|w \dg+/|§\2@|w 6)2de

w/Azx w/Azx
< / w(©)2de + / €2 [w(e)Pde

—m/Ax —m/Ax

A

e 2sm(£Aw)

2

EAx

zan: _ ‘

[w(&)[*de

Z§Ax _ 1
Ax

Finally, we conclude

[[]

w/Azx
s/ (1-+ [€2)[@(€) 2de

—m/Ax

w/Ax
N / (L + g @©)*de < (lwll3 + lldh,wl3)-

—m/Ax

Lemma A.2. Given any a € (0,1) and b € C with |b| = 1, the following inequality holds:

XN: A — 1) + (i mam> (% - 1)

m=1

a

T—ap

<|b—1?

Proof. Using that [b| = 1, we have:

fose (£ )]

N N
mH(H" — 1) — (Z mam> (b—1)

m=1 m=1
N m—1 N m—1 k ‘
=p—1|d am > O - =p-1P > ™ > >V
m=1 k=0 m=1 k=0 j=0
1 > 2 a
—b-1 a™ =1b-1" ——.
<3l ° m;m(er Ja™ = |b— 1| EE
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